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Double Photoelectron Counting Rates from Green’s-Function Theory
JOHAN HERMANSSON
Department of Physics and Astronomy
Chalmers University of Technology

Abstract
In conventional spin-singlet superconductors with even parity, the anomalous pairing
amplitude is even in frequency. Odd-frequency superconductivity is an unconven-
tional superconducting state in which the pair amplitude is odd under exchange of
time coordinates. Since superconducting pairing is encoded in two-particle corre-
lations, double photoelectron spectroscopy provides a natural framework for prob-
ing such states through the simultaneous detection of two photoemitted electrons.
When applied to superconducting samples, this approach is commonly referred to as
Cooper pair spectroscopy. In this thesis, a Green’s-function formulation of Cooper
pair spectroscopy for odd-frequency superconductors is developed by extending the
theoretical structure of angle-resolved photoemission spectroscopy to the double-
photoemission case.
Starting from an expansion of the S-matrix, the double-photoelectron counting rate
is derived to second order, which is the lowest order giving a non-vanishing con-
tribution. The result separates into an anomalous contribution, expressed through
greater anomalous Green’s functions, and a normal contribution, expressed through
lesser normal Green’s functions. The anomalous part describes correlated emission
associated with a single Cooper pair, while the normal part describes contributions
from ordinary single-particle correlations.
The main result is that odd-frequency pairing leads to a different momentum struc-
ture in the anomalous contribution than conventional even-frequency pairing. In
particular, the odd-frequency kernel contains a difference of screened Coulomb po-
tentials, whereas the even-frequency case contains their sum. Consequently, for a
symmetric screened Coulomb potential, the momentum dependence of the electron–
photon coupling becomes essential for obtaining a finite odd-frequency anomalous
contribution. The derived expression therefore identifies a key formal distinction
between even- and odd-frequency superconductors in double photoelectron spec-
troscopy and provides a basis for future numerical and experimental investigations.

Keywords: Superconductivity, Odd-frequency pairing, Cooper pairs, Double pho-
toelectron spectroscopy, Green’s functions, Anomalous Green’s functions, Counting
rate.
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Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

ARPES Angle-resolved photoemission spectroscopy
BCS Bardeen–Cooper–Schrieffer
DPE Double photoelectron
PES Photoemisson spectroscopy
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Nomenclature

Below is a list of notation Green’s functions, operators, variables, and superconduct-
ing symmetry labels used throughout this thesis.

Green’s functions

G Matsubara normal Green’s function
F Matsubara anomalous Green’s function
G Real-time time-ordered normal Green’s function
F Real-time time-ordered anomalous Green’s function
X<, X>, XR,
XA

Lesser, greater, retarded and advanced components of the
Green’s function X, where X = G,F

Operators

H Full Hamiltonian
H0 Free Hamiltonian
HI Interaction Hamiltonian
cpσ, c†

pσ Electron annihilation and creation operators
dpσ, d†

pσ Photoelectron annihilation and creation operators
T Time-ordering operator
Tτ Imaginary-time-ordering operator

Variables

t Real time
τ Imaginary time
ω Frequency
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β Inverse temperature, β = 1/(kBT )

Superconducting symmetry labels

S Spin-exchange symmetry
P ∗ Parity/momentum-exchange symmetry
O Orbital-exchange symmetry
T ∗ Time/frequency-exchange symmetry
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1
Introduction

Superconductivity is a macroscopic quantum phenomenon in which a material enters
a phase characterized by dissipationless electrical transport and the expulsion of
magnetic fields [1]. The first successful microscopic theory of superconductivity
was developed by Bardeen, Cooper and Schrieffer, known as BCS theory [2]. In
this theory, an effective attractive interaction between electrons close to the Fermi
surface leads to the formation of Cooper pairs, whose condensate gives rise to the
superconducting state [2], [3]. The properties of a superconductor are therefore
closely related to the structure and symmetry of its Cooper pairs, such as their spin
and orbital configurations, as well as the parity.

The symmetry of the superconducting state is encoded in the anomalous cor-
relation function, which describes the propagation of two particles as a correlated
pair. Due to the fermionic nature of electrons, this correlation function must be
antisymmetric under the combined exchange of all quantum numbers [4]. In addi-
tion to spin, spatial and orbital indices, this classification also includes the exchange
of time coordinates, or equivalently frequency. In standard BCS description, the
superconducting pair amplitude is even under time exchange. However, supercon-
ducting states that are odd under time exchange are also allowed by the general
symmetry constraint [4], [5]. Such odd-frequency superconducting states represent
an unconventional form of superconductivity in which the pair amplitude changes
sign under exchange of the two time coordinates, or equivalently under reversal of
the relative time coordinate.

Experimentally identifying the symmetry of superconducting correlations is a
central problem in the study of unconventional superconductors. Photoemission
spectroscopy (PES) provides one of the most direct probes of the electronic struc-
ture of materials. In photoemission, an incoming photon transfers energy to an
electron in the material, allowing it to escape into the vacuum. By measuring the
kinetic energy of the emitted electrons, PES gives access to the binding energies
and spectral weight of occupied electronic states [6]. In its angle-resolved form,
ARPES additionally measures the emission angle, allowing the electronic structure
to be resolved as a function of momentum [7]. ARPES has therefore become an
important tool for studying superconductors, since the superconducting gap and its
momentum dependence are reflected in the single-particle excitation spectrum [8].

However, ordinary photoemission is fundamentally a single-particle probe. While
it provides access to spectral properties of individual electronic excitations, it does
not directly resolve the two-particle correlations that define the internal structure of
the Cooper pair [9], [10]. This limitation is particularly relevant for unconventional
superconducting states, where essential information may be contained not only in
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1. Introduction

the magnitude of the superconducting gap, but also in the spin, momentum, orbital
or time dependence of the anomalous pair amplitude [4], [11]. To access such corre-
lations, one requires a technique capable of probing two emitted electrons together
[9], [10].

Cooper pair spectroscopy, realized through double-photoelectron (DPE) spec-
troscopy, provides such a possibility [9]. In double photoemission, two electrons are
emitted following the absorption of a photon, allowing the simultaneous detection
of two photoelectrons [12]. Since the detected signal is sensitive to two-particle cor-
relations, DPE offers a natural framework for investigating internal correlations of
Cooper pairs. Previous theoretical studies of Cooper pair spectroscopy have primar-
ily focused on even-frequency superconducting states [9], [10], [13], [14]. Extending
the theoretical description of DPE to odd-frequency superconductivity is therefore
of interest, both conceptually and in view of recent efforts to experimentally realize
Cooper pair spectroscopy [15]. This thesis contributes to that extension by formu-
lating the DPE counting rate in terms of Green’s functions for an odd-frequency
superconducting state.

1.1 Aim
This thesis aims to extend the theoretical description of Cooper pair spectroscopy to
odd-frequency superconductors. In particular, the thesis addresses how the double-
photoelectron counting rate differs between even-frequency superconductors and
odd-frequency superconductors. The central research question is:

How does the DPE counting rate differ between even- and odd-frequency
superconducting pairing?

To answer this question, the DPE counting rate is derived using a Green’s-function
formulation based on an expansion of the S-matrix. The resulting expression is
then analyzed for both even- and odd-frequency anomalous Green’s functions, with
emphasis on how the symmetry of the pairing state affects the formal structure of
the counting rate.

1.2 Limitations
In this work, the odd-frequency superconducting state is assumed to be already
established, and the microscopic mechanism responsible for realizing such pairing
is not addressed. The analysis is restricted to a single-band pairing channel with
spin-triplet, even-parity, odd-frequency symmetry. This restriction applies to the
anomalous Green’s function that enters the transition amplitude, and should not
be understood as a restriction on the symmetry of the full superconducting order
parameter. Consequently, the derived counting rate applies to this particular odd-
frequency pairing channel, while other possible pairing symmetries are left for future
work.
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2
Theoretical Background

In this chapter, the theoretical background needed to describe DPE spectroscopy is
introduced. Throughout this chapter, and in the remainder of this thesis, natural
units with ℏ = 1 are used. The chapter begins with time-dependent perturbation
theory, including the interaction picture, S-matrix expansion and Fermi’s golden
rule, which provide the framework for treating photoemission as a transition pro-
cess and relating transition amplitudes to counting rates. Wick’s theorem is then
introduced to simplify expectation values containing several creation and annihi-
lation operators, while Green’s functions are used to describe the propagation of
electrons, holes and anomalous superconducting correlations. The spectral function
is discussed as the connection between Green’s functions and photoemission spec-
tra. Finally, ARPES is reviewed as a simpler single-particle photoemission process,
serving as a reference point for the later treatment of DPE spectroscopy.

2.1 Perturbation Theory
Many quantum-mechanical systems of interest cannot be solved exactly. This is es-
pecially true in many-body physics, where interactions between particles or couplings
to external probes often make the full Hamiltonian too complicated to diagonalize
directly. Perturbation theory provides a systematic way of treating such problems
when the Hamiltonian can be separated into a solvable part and a weak perturbation
[16, ch. 5],

H = H0 + V. (2.1)

The eigenstates and eigenvalues of H0 are assumed to be known, while the effect of
V is included order by order.

The usefulness of this approach is that the dominant dynamics generated by H0
can be treated exactly, while V is used to compute corrections and transition ampli-
tudes [16, ch. 5]. In many-body theory, this perturbative viewpoint also underlies the
S-matrix, Wick’s theorem, and Green’s function techniques [17, ch. 2]. These tools
are essential for connecting microscopic Hamiltonians to experimentally measurable
quantities, such as the spectral function relevant to photoemission experiments [7],
[12].

2.1.1 Interaction Picture
There are three standard ways of formulating time evolution in quantum mechanics,
referred to as pictures. These are the Schrödinger picture, the Heisenberg picture,
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2. Theoretical Background

and the interaction picture, and quantities in these pictures will be distinguished by
the labels S, H and I. In the Schrödinger picture, the state kets evolve with time,
whereas the operators are time independent. In the Heisenberg picture, by contrast,
the operators carry the time dependence while the state kets remain stationary [16,
p. 75]. The interaction picture combines features of both: the time evolution gen-
erated by a chosen unperturbed Hamiltonian H0 is assigned to the operators, while
the remaining time evolution, generated by the interaction part of the Hamiltonian,
is assigned to the state kets [16, p. 321], [18, pp. 83–84].

The time evolution of a Schrödinger-picture state ket is generated by the time-
evolution operator U(t, t0), defined by

|ψ(t)⟩S = U(t, t0)|ψ(t0)⟩S. (2.2)

To conserve probability, the time-evolution operator must be unitary [16, p. 63]. It
therefore satisfies

U †(t, t0)U(t, t0) = U(t, t0)U †(t, t0) = 1. (2.3)
Furthermore, the time evolution from t3 to t1 can be decomposed into successive
evolutions via an intermediate time t2, so that

U(t1, t2)U(t2, t3) = U(t1, t3). (2.4)

In the Schrödinger picture, the time dependence carried by the state ket is gov-
erned by the Schrödinger equation

i
∂

∂t
|ψ(t)⟩S = H|ψ(t)⟩S. (2.5)

Substituting the definition of the time-evolution operator gives

i
∂

∂t
U(t, t0)|ψ(t0)⟩S = HU(t, t0)|ψ(t0)⟩S. (2.6)

Since the initial state |ψ(t0)⟩S is arbitrary, the time-evolution operator itself satisfies

i
∂

∂t
U(t, t0) = HU(t, t0). (2.7)

For a time-independent Hamiltonian, this equation has the solution

U(t, t0) = e−iH(t−t0). (2.8)

With U(t, t0) we can perform a unitary transformation to move a state ket from
the Schrödinger picture to the Heisenberg picture, in which we define

|ψ(t0)⟩H = U †(t, t0)|ψ(t)⟩S = |ψ(t0)⟩S. (2.9)

We also define the Heisenberg operator from the unitary transformation

A(H)(t) = U †(t, t0)A(S)(t0)U(t, t0) (2.10)

where the picture label has been moved to the top for operators in order to avoid
confusion with other labels. At t = t0, states and operators are the same in the
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2. Theoretical Background

Schrödinger and Heisenberg picture. Henceforth, we set t0 = 0 for notational sim-
plicity and write U(t) = U(t, 0). With the simple expression for the time-evolution
operator in Eq. (2.8), the Hamiltonian takes the same form in the Schrödinger and
Heisenberg picture. Indeed, since the exponential in (2.8) is generated by the Hamil-
tonian itself, its Taylor expansion contains only powers of H. It therefore commutes
with H, so that

H(H) = U †(t)H(S)U(t) = H(S)U †(t)U(t) = H(S). (2.11)

Thus, there is no need to distinguish between the Hamiltonian in the two pictures,
and we will simply write H without an explicit picture label. Because the time-
evolution operator is unitary, it also follows that expectation values are independent
of the picture

⟨ψ(t)|S A(S)|ψ(t)⟩S = ⟨ψ(0)|U †(t)A(S)U(t)|ψ(0)⟩ = ⟨ψ|H A(H)(t)|ψ⟩H . (2.12)

Differentiating Eq. (2.10) with respect to time gives Heisenberg’s equation of motion.
For a Schrödinger-picture operator with no explicit time dependence, this gives

i
d
dtA

(H)(t) =
[
A(H)(t), H

]
. (2.13)

More generally, the Schrödinger-picture operator may itself depend explicitly on
time. In that case, the equation of motion becomes

i
d
dtA

(H)(t) =
[
A(H)(t), H

]
+ i

(
∂A(S)

∂t

)
H

. (2.14)

This explicit time dependence should not be confused with the time dependence gen-
erated by the Hamiltonian. Rather, it represents a time dependence already present
in the Schrödinger-picture operator, analogous to the explicit time dependence of a
classical quantity [19, p. 21].

In the interaction picture, where both state kets and operators are time depen-
dent, the Hamiltonian is separated into two parts;

H = H0 + V (2.15)

where H0 is the unperturbed part and V contains the interactions. H0, which is
often referred to as the free Hamiltonian, is usually selected such that it is exactly
solvable [17, p. 67]. The time-evolution operator for the interaction picture is related
to that of the Schrödinger picture by the transformation

U0(t) = e−iH0t. (2.16)

Then, the state kets in the interaction picture evolves as

|ψ(t)⟩I = U †
0(t)|ψ(t)⟩S = U †

0(t)U(t)|ψ(0)⟩S, (2.17)

and the operators evolves as

A(I)(t) = U †
0(t)A(S)U0(t). (2.18)
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2. Theoretical Background

Therefore, the relation between the interaction picture and the Schrödinger picture
is similar to that of the Heisenberg picture and the Schrödinger picture, except that
the unitary operator U0 only involves the free part of the Hamiltonian, rather than
the full Hamiltonian. From Eq. (2.18) we see that

H
(I)
0 = H

(S)
0 ≡ H0, (2.19)

however, the interaction part V is not necessarily the same in the different pictures.
If we insert Eq. (2.17) into the Schrödinger equation (2.5) we find

i
∂

∂t
|ψ(t)⟩I = i

∂

∂t

(
U †

0(t)|ψ(t)⟩S

)
= −U †

0(t)H0|ψ(t)⟩S + U †
0(t)(H0 + V )|ψ(t)⟩S

= U †
0(t)V

[
U0(t)U †

0(t)
]
|ψ(t)⟩S

and with Eqs. (2.17) and (2.18) we see that

i
∂

∂t
|ψ(t)⟩I = V (I)(t)|ψ(t)⟩I , (2.20)

which is the equation of motion for the state kets in the interaction picture. Unlike
in the Schrödinger picture, where the state kets evolve under the full Hamiltonian,
the evolution of the interaction-picture state kets is governed by the interaction
Hamiltonian V (I)(t). This form is particularly useful for perturbation theory, since
the unperturbed evolution generated by H0 is treated exactly, while the remain-
ing evolution can be expanded systematically in powers of V (I)(t) [17, pp. 67–69].
The corresponding differential form of the operator evolution follows directly from
Eq. (2.18). For an operator with no explicit time dependence in the Schrödinger
picture, differentiating (2.18) gives

i
d
dtA

(I)(t) =
[
A(I)(t), H0

]
. (2.21)

Having related the interaction picture to the Schrödinger picture, it is also useful
to record its direct relation to the Heisenberg picture. Combining Eqs. (2.17) and
(2.18) with the corresponding Heisenberg-picture definitions gives

|ψ(t)⟩I = UI(t)|ψ(t)⟩H (2.22)

for the state kets, and
A(I)(t) = UI(t)A(H)(t)U †

I (t) (2.23)

for operators. The unitary operator connecting the two pictures is

UI(t) = eiH0te−iHt. (2.24)

In what follows, explicit picture labels will be omitted unless required for clarity,
and the relevant picture will be understood from the context.
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2. Theoretical Background

2.1.2 S-matrix Expansion
In many-particle perturbation theory, the interaction-picture time evolution is often
collected into a single operator known as the S-matrix. For finite times, this operator
evolves the interaction-picture state from one time to another [17, pp. 70–71], while
in the limit where the initial and final times are taken to the remote past and
future, its matrix elements give asymptotic transition amplitudes between chosen
initial and final states. The main advantage of introducing the S-matrix is that it
admits a systematic expansion in powers of the interaction, which forms the basis
for perturbative calculations [19, pp. 90–94].

The interaction-picture evolution operator UI(t) introduced in the previous sec-
tion describes how the state changes due to the interaction term. It is therefore con-
venient to define the finite-time S-matrix as the operator that evolves an interaction-
picture state from time t′ to time t,

|ψ(t)⟩ = S(t, t′)|ψ(t′)⟩. (2.25)

Using |ψ(t)⟩ = UI(t)|ψ(0)⟩, this gives

S(t, t′) = UI(t)U †
I (t′). (2.26)

Thus, S(t, t′) may be viewed as the interaction-picture time-evolution operator be-
tween the two times t′ and t. It satisfies

1. S(t, t) = 1
2. S†(t, t′) = S(t′, t)
3. S(t, t′)S(t′, t′′) = S(t, t′′),

where the second relation expresses the unitarity of the time evolution [17, pp. 70–
71]. Taking the derivative of Eq. (2.26) with respect to time gives

i
∂

∂t
S(t, t′) = V (t)S(t, t′), (2.27)

where V (t) is the interaction term in the interaction picture. Equation (2.27) has
the formal solution [17, p. 70]

S(t, t′) = T exp
[
−i
∫ t

t′
dt1 V (t1)

]
, (2.28)

where T denotes the time-ordering operator. The time-ordering operator arranges
the operators with later times to the left. For bosonic operators, this can be written
explicitly as

T
[
V (t)V (t′)

]
= Θ(t− t′)V (t)V (t′) + Θ(t′ − t)V (t′)V (t), (2.29)

where the Heaviside step function is defined as

Θ(t) =


1, t > 0,
1/2, t = 0,
0, t < 0.

(2.30)
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The choice Θ(0) = 1/2 is a convention that is useful when equal-time limits are
encountered. For fermionic operators, the time-ordering operation must also account
for the anticommutation of the operators. Consequently, a minus sign appears
whenever the reordering requires an odd number of fermionic interchanges, as follows
from the fermionic anticommutation relations [17, pp. 17–18]. The first terms in the
expansion of the time-ordered exponential are

S(t, t′) = 1 − i
∫ t

t′
dt1 V (t1) + (−i)2

2!

∫ t

t′
dt1

∫ t

t′
dt2 T

[
V (t1)V (t2)

]
+ · · · . (2.31)

The Dyson series can be written in the compact form [19, p. 93]

S(t, t′) =
∞∑

n=0

(−i)n

n!

∫ t

t′
dt1 · · ·

∫ t

t′
dtn T

[
V (t1) · · ·V (tn)

]
=

∞∑
n=0

S(n)(t, t′), (2.32)

with
S(n)(t, t′) = (−i)n

n!

∫ t

t′
dt1 · · ·

∫ t

t′
dtn T

[
V (t1) · · ·V (tn)

]
, (2.33)

where the notation S(n) denotes the contribution of order n in the interaction.
By taking the initial and final times to the remote past and future, the finite-time

operator S(t, t′) gives the asymptotic transition amplitude between chosen initial and
final states. If the initial state in the remote past is denoted by |i⟩, then

|ψ(∞)⟩ = S(∞,−∞)|i⟩. (2.34)

The amplitude for finding the system in the final state |f⟩ is therefore

Sfi ≡ ⟨f |S(∞,−∞)|i⟩, (2.35)

and the corresponding transition probability is proportional to

|Sfi|2 = |⟨f |S(∞,−∞)|i⟩|2. (2.36)

Thus, the same operator that describes finite-time interaction-picture evolution also
provides the transition amplitudes between asymptotic many-body states.

2.1.3 Fermi’s Golden Rule
Fermi’s golden rule is a central result of time-dependent perturbation theory. It
gives the transition rate induced by a weak perturbation between eigenstates of
an unperturbed Hamiltonian [20]. Although commonly associated with Fermi, the
result is usually traced back to Dirac’s 1927 treatment of radiative transitions, while
Fermi later helped establish the terminology of the “golden rule” [20]–[22]. We begin
from the standard perturbative setup for deriving Fermi’s golden rule [20], taking the
perturbation to be constant after it is switched on. This gives the usual transition
rate in terms of the matrix element ⟨f |V |i⟩ and the energy-conserving condition
Ef = Ei. This form will later be used in the discussion of ARPES.

We consider a system described by

H(t) = H0 + V (t) (2.37)
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2. Theoretical Background

where V (t) is weak compared with H0. If the system is initially prepared in an
eigenstate |i⟩ of H0, the perturbation may induce transitions to other eigenstates
|f⟩. The corresponding transition probability is denoted Pfi(t). The transition rate
is defined as the rate of change of this probability,

wfi(t) = dPfi(t)
dt . (2.38)

In the golden-rule limit considered below, Pfi(t) becomes proportional to t, so that
wfi(t) becomes time independent and will simply be denoted wfi.

Although picture labels are generally suppressed, we keep them in the following
step for clarity. Let |i⟩0 and |f⟩0 denote eigenstates of the unperturbed Hamiltonian
H0, with eigenvalues Ei and Ef , respectively,

H0|i⟩0 = Ei|i⟩0, H0|f⟩0 = Ef |f⟩0.

For a constant perturbation that is switched on at time −t/2, we take the Schrödinger-
picture interaction Hamiltonian to be [16, p. 341]

V (S)(t) =

0, t < −t/2,
V (S), t ≥ −t/2.

(2.39)

The corresponding interaction-picture perturbation is obtained through Eq. (2.18),
hence

⟨f |0 V (I)(t)|i⟩0 = ⟨f |0 eiH0tV (S)e−iH0t|i⟩0

= ⟨f |0 V (S)|i⟩0e
i(Ef −Ei)t.

(2.40)

From this point onward, the subscript 0 and explicit picture labels are again omitted
unless needed for clarity. We call ∆ω = Ef − Ei so that we can write1

⟨f |V |i⟩ei∆ωt. (2.41)

Then from Eq. (2.33) we get the first order expansion term

S(1)(t/2,−t/2) = −i
∫ t/2

−t/2
dt′ V (t′) (2.42)

such that the first-order finite-time transition amplitude is

S
(1)
fi (t) = −i

∫ t/2

−t/2
dt′ ⟨f |V (t′)|i⟩ (2.43)

and using Eq. (2.41), this simplifies to

S
(1)
fi (t) = −i⟨f |V |i⟩

∫ t/2

−t/2
dt′ ei∆ωt′

. (2.44)

1Remember that E = ω in units of ℏ = 1.
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The time integral gives

S
(1)
fi (t) = −i⟨f |V |i⟩2 sin (∆ωt/2)

∆ω . (2.45)

To the first order approximation, the probability of the state making a transition
from |i⟩ to |f⟩ at time t is

Pfi(t) = |S(1)
fi (t)|2. (2.46)

More explicitly, the transition probability can be written as

Pfi(t) = 4|⟨f |V |i⟩|2 sin2 (∆ωt/2)
(∆ω)2

= 2t|⟨f |V |i⟩|2 sin2 (∆ωt/2)
(∆ω)2t/2 . (2.47)

The second line has been arranged so that the last factor has the form of a sinc-
squared kernel. Defining

Kα(x) = sin2 (xα)
x2α

, (2.48)

we identify x = ∆ω and α = t/2. This kernel acts as a finite-time approximation
to the Dirac delta function. As illustrated in Fig. 2.1, Kα(x) becomes increasingly
concentrated around x = 0 as α grows: its height increases while its width decreases,
with the area under the curve remaining fixed. In the sense of distributions, one has
[16, p. 343]

lim
α→∞

Kα(x) = lim
α→∞

sin2 (xα)
x2α

= πδ(x). (2.49)

Using x = ∆ω and α = t/2, Eq. (2.49) gives

lim
t→∞

sin2 (∆ωt/2)
(∆ω)2t/2 = πδ(∆ω). (2.50)

Thus, in the long-time limit, the transition probability becomes linear in time,

Pfi(t) ≃ 2πt|⟨f |V |i⟩|2δ(∆ω). (2.51)

Using Eq. (2.38), the transition rate is therefore

wfi = 2π|⟨f |V |i⟩|2δ(∆ω). (2.52)

Since ∆ω = Ef − Ei, this may equivalently be written as

wfi = 2π|⟨f |V |i⟩|2δ(Ef − Ei). (2.53)

This is Fermi’s golden rule for transitions induced by a constant perturbation. In
the long-time limit, the finite-time sinc-squared peak becomes a delta function, so
the transition probability is appreciable only when the final and initial states have
the same energy, Ef = Ei [16, pp. 341–346]. The factor |⟨f |V |i⟩|2 determines
the strength with which the perturbation couples the initial and final states. The
result should nevertheless be understood as an approximation: it assumes a weak
perturbation and a regime in which the final states form an effective continuous set,
while the transition probability remains small [20].

10
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Figure 2.1: The sinc-squared kernel Kα(x) = sin2 (xα)/(x2α) for increasing values
of α, with Kα(0) defined by the limit Kα(0) = α. As α increases, the kernel becomes
increasingly concentrated around x = 0: its height grows while its width shrinks,
with the total area remaining fixed. This illustrates the distributional convergence
Kα(x) → πδ(x).

2.2 Wick’s Theorem

In many-body calculations one often encounters expectation values containing more
than two creation and annihilation operators. Direct evaluation of such objects be-
comes cumbersome as the number of operators increases. Wick’s theorem provides
a systematic way of rewriting such higher-order expectation values in terms of prod-
ucts of two-operator expectation values [23]. For a Gaussian reference state, the
expectation value of a product of an even number of operators is given by the sum
over all possible complete pairings of the operators. For fermionic operators, each
term obtains a sign determined by the number of interchanges required to bring
the paired operators together [17, pp. 76–81]. For example, given the fermionic
operators Ai, the four-operator expectation value can be decomposed as

⟨|A1A2A3A4|⟩ = ⟨|A1A2|⟩⟨|A3A4|⟩ − ⟨|A1A3|⟩⟨|A2A4|⟩ + ⟨|A1A4|⟩⟨|A2A3|⟩. (2.54)

Here, |⟩ denotes the zero-temperature reference state, and ⟨| denotes the correspond-
ing bra. If the product is time ordered, the same pairing structure applies, but the
two-operator expectation values are replaced by time-ordered ones. As discussed in
Sec. 2.1.2, the time-ordering operator also includes the fermionic signs associated
with reordering the operators in time. For two fermionic operators Ai(ti) and Aj(tj),

T
[
Ai(ti)Aj(tj)

]
= Θ(ti − tj)Ai(ti)Aj(tj) − Θ(tj − ti)Aj(tj)Ai(ti). (2.55)

11
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Thus,
⟨|T A1A2A3A4|⟩ = ⟨|T A1A2|⟩⟨|T A3A4|⟩

− ⟨|T A1A3|⟩⟨|T A2A4|⟩
+ ⟨|T A1A4|⟩⟨|T A2A3|⟩.

(2.56)

The time-ordered and non-time-ordered decompositions therefore have the same
pairing structure, while the two-operator factors differ because the time-ordered
expectation values already contain the signs generated by fermionic time ordering.

Wick’s theorem is exact when the expectation value is taken with respect to a
Gaussian state, for example the ground state of a quadratic Hamiltonian [24]. If
the state is not Gaussian, the same decomposition may still be used as a mean-
field decoupling, but it is then an approximation in which higher-order connected
correlations are neglected [25].

At finite temperature, the ground-state expectation value is replaced by a ther-
mal average, also referred to as a thermodynamic average. In the grand-canonical
ensemble, this average is defined as

⟨⟨A⟩⟩ = 1
Z

Tr
(
e−βKA

)
(2.57)

with
Z = Tr

(
e−βK

)
, K = H − µN, β = 1

kBT
, (2.58)

where Z is the grand-canonical partition function, µ is the chemical potential and
N is the particle-number operator. The symbol “Tr” denotes the trace, which is a
sum over a complete set of many-body states,

Tr(A) ≡
∑

n

⟨n|A|n⟩. (2.59)

Wick’s theorem retains the same pairing structure at finite temperature, but the
corresponding condition is that the thermal density matrix is Gaussian. This is
the case when the operator appearing in the density matrix is quadratic in the
creation and annihilation operators [26], [27]. If interactions are present in K, the
thermal density matrix is generally not Gaussian, and the same qualifications as
above apply: the Wick decomposition is no longer exact, but may be used as a
mean-field decoupling.

2.3 Green’s Functions
Green’s functions provide a powerful framework for describing the dynamical and
spectral properties of quantum many-body systems [28], [29]. The one-particle
Green’s function is particularly useful because it encodes the propagation of particle-
like excitations and is directly related to the spectral function.

2.3.1 Zero-Temperature Formalism
For a many-body system at zero temperature, the single-particle Green’s function
for fermions is defined as [28], [30]

G(1, 2) = −i⟨|T ψ(1)ψ†(2)|⟩, (2.60)

12
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where |⟩ denotes the exact many-body ground state and T is the time-ordering
operator. We use the compact notation 1 = (r1, σ1, t1), where r1 denotes the spatial
coordinate, σ1 the spin, and t1 the time; the label 2 is defined analogously. The
operator ψ†(1) creates a particle at the space-time point 1, while ψ(1) annihilates
one. Thus, if the ground state contains N particles, which we may write explicitly as
|N⟩, then ψ†(1)|N⟩ represents an (N+1)-particle state, whereas ψ(1)|N⟩ represents
an (N − 1)-particle state.

The Green’s function may therefore be interpreted as an amplitude for the prop-
agation of a particle or a hole through the interacting many-body system [28]. When
t1 > t2, the operator ψ†(2) first adds a particle at position r2 with spin σ2 at time
t2, and ψ(1) later removes a particle at position r1 with spin σ1 at time t1. This
part of the Green’s function describes the propagation of an added particle from 2
to 1. When t2 > t1, the operator ψ(1) first removes a particle at 1, creating a hole,
and ψ†(2) later adds a particle at 2, thereby filling the hole. This part describes the
propagation of a hole from 1 to 2.

The time-ordered Green’s function introduced above is only one of several closely
related two-point Green’s functions. They are all constructed from the same pair
of fermionic field operators, but differ in how the two time arguments are ordered
[17, pp. 96–97]. Since we will mainly be concerned with electrons, it is convenient
to denote the corresponding annihilation and creation operators by c(1) and c†(1),
respectively. We first introduce the greater and lesser Green’s functions, from which
the time-ordered, anti-time-ordered, retarded, and advanced Green’s functions can
be constructed [31], [32]. With this notation, the greater and lesser Green’s functions
are defined as

G>(1, 2) = −i⟨|c(1)c†(2)|⟩, (2.61)
G<(1, 2) = i⟨|c†(2)c(1)|⟩. (2.62)

The greater Green’s function describes the propagation of an added particle, while
the lesser Green’s function describes the propagation of a hole. The time-ordered
Green’s function can then be written as

GT (1, 2) = Θ(t1 − t2)G>(1, 2) + Θ(t2 − t1)G<(1, 2), (2.63)

which is equivalent to the definition given in Eq. (2.60). In addition to the time-
ordered Green’s function, one may define the anti-time-ordered Green’s function,

GT̄ (1, 2) = Θ(t2 − t1)G>(1, 2) + Θ(t1 − t2)G<(1, 2), (2.64)

as well as the retarded and advanced Green’s functions,

GR(1, 2) = Θ(t1 − t2)
[
G>(1, 2) −G<(1, 2)

]
, (2.65)

GA(1, 2) = Θ(t2 − t1)
[
G<(1, 2) −G>(1, 2)

]
. (2.66)

The retarded Green’s function therefore vanishes unless t1 > t2, whereas the ad-
vanced Green’s function vanishes unless t2 > t1. These two functions play a central
role in the description of spectral properties [29], which will be discussed in Sec. 2.3.3.
Unless otherwise stated, we will refer to the time-ordered Green’s function simply
as the Green’s function.
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2.3.2 Finite-Temperature Formalism
The zero-temperature formalism assumes that the system is in its exact many-body
ground state. This is a useful idealization, and it is often sufficient when the tem-
perature is small compared with the relevant energy scales of the problem. However,
experiments are performed at nonzero temperatures, and thermal occupations and
fluctuations can play an important role [17, p. 109]. It is therefore useful to for-
mulate Green’s functions in a way that describes thermal equilibrium rather than
a single ground state. In the finite-temperature formalism, the ground-state expec-
tation value is replaced by a thermal expectation value over a statistical ensemble,
with the zero-temperature formalism recovered in the limit T → 0, or equivalently
β → ∞. This formulation was introduced by Matsubara and is therefore commonly
referred to as the Matsubara formalism [33].

For equilibrium systems, it is often more convenient to work in imaginary time
than directly with real-time finite-temperature Green’s functions, since the equilib-
rium density matrix is proportional to e−βH , which can be viewed as an imaginary-
time evolution operator. This connection allows much of the perturbative machinery
used at zero temperature to be carried over to finite temperature [17, ch. 3]. In the
Matsubara formalism, one introduces the imaginary time τ = it with the domain
−β ≤ τ ≤ β. For fermions, the finite-temperature, or Matsubara, Green’s function
is defined as

G(1, 2) = −⟨⟨Tτc(1)c†(2)⟩⟩, (2.67)
where now 1 = (r1, σ1, τ1) and Tτ orders operators along the imaginary-time axis,
including the appropriate minus sign when fermionic operators are interchanged.
The imaginary-time dependence of the operators is generated by K = H − µN ,

cλ(τ) = eτKcλe
−τK , (2.68)

where λ = (r, σ) denotes the single-particle label. In thermal equilibrium, the
Green’s function is invariant under translations in imaginary time and therefore
depends only on the difference τ1 − τ2 [17, pp. 112–114]. If the system is also
spatially translationally invariant, it is diagonal in momentum space [34], so that it
may be written in momentum space as G(p, τ1 − τ2).

Because fermionic Matsubara Green’s functions are anti-periodic in imaginary
time,

G(τ + β) = −G(τ), (2.69)
they can be expanded in terms of the fermionic Matsubara frequencies

ωn = (2n+ 1)π
β

, n ∈ Z. (2.70)

The corresponding Fourier transform is

G(iωn) =
∫ β

0
dτ eiωnτ G(τ), (2.71)

with the inverse transform

G(τ) = 1
β

∑
n

e−iωnτ G(iωn). (2.72)
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Although the Matsubara Green’s function is defined in imaginary time, physical
response functions are usually formulated in real time. In thermal equilibrium, this
connection is made by analytic continuation from the discrete fermionic Matsubara
frequencies, in Eq. (2.70), to real frequencies [17, pp. 118–128]. The retarded and
advanced Green’s functions are obtained as the boundary values

GR(ω) = G(iωn → ω + iη), (2.73)
GA(ω) = G(iωn → ω − iη), (2.74)

where η is infinitesimal and should be interpreted as the limit η → 0+. Thus,
the imaginary-time formalism provides a convenient framework, where real-time
quantities such as the retarded and advanced Green’s functions are recovered by
analytic continuation.

2.3.3 Spectral Function
The spectral function describes how single-particle excitations are distributed in
energy and momentum. It therefore provides information about the energies and
spectral weights of the particle- and hole-like excitations of an interacting many-body
system [35]. In this sense, the spectral function connects the Green’s function formal-
ism to experimentally accessible excitation spectra. In particular, ARPES directly
probes the occupied part of the momentum-resolved electronic spectral function, as
discussed further in Sec. 2.4 [7].

For this reason, the spectral function is most naturally introduced through the
retarded Green’s function. With the convention used here, it is defined as

A(k, ω) = − 1
π

ImGR(k, ω). (2.75)

To obtain an explicit expression for A(k, ω), we first derive the Lehmann represen-
tation of the retarded Green’s function.

We consider a system at zero temperature consisting of N identical fermions
defined by its Hamiltonian H, and denote the many-body ground state by |ΨN⟩.
The retarded Green’s function in Eq. (2.65) can then be written as

GR
σσ′(k, t; k′, t′) = −iΘ(t− t′)⟨ΨN |ckσ(t)c†

k′σ′(t′)|ΨN⟩
− iΘ(t− t′)⟨ΨN |c†

k′σ′(t′)ckσ(t)|ΨN⟩.
(2.76)

To insert intermediate states, one must use the completeness relation in the appro-
priate particle-number sector. Since c†

k′σ′ adds one electron to |ΨN⟩, the first term
involves eigenstates in the (N + 1)-particle sector. Similarly, since ckσ removes one
electron, the second term involves eigenstates in the (N − 1)-particle sector. Thus,
we use ∑

m

|ΨN+1
m ⟩⟨ΨN+1

m | = 1N+1,
∑
m

|ΨN−1
m ⟩⟨ΨN−1

m | = 1N−1. (2.77)

In the following, the sector labels on the identity operators will be suppressed, and
we write 1N±1 simply as 1 when the particle-number sector is clear from the context.
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Inserting these resolutions of the identity gives

GR
σσ′(k, t; k′, t′) = −iΘ(t− t′)

∑
m

⟨ΨN |ckσ(t)|ΨN+1
m ⟩⟨ΨN+1

m |c†
k′σ′(t′)|ΨN⟩

− iΘ(t− t′)
∑
m

⟨ΨN |c†
k′σ′(t′)|ΨN−1

m ⟩⟨ΨN−1
m |ckσ(t)|ΨN⟩.

(2.78)

The time dependence of the operators can be handled using Eq. (2.10), so that the
two expectation values become

ei(EN
0 −EN+1

m )tei(EN+1
m −EN

0 )t′⟨ΨN |ckσ|ΨN+1
m ⟩⟨ΨN+1

m |c†
k′σ′ |ΨN⟩ (2.79)

ei(EN
0 −EN−1

m )t′
ei(EN−1

m −EN
0 )t⟨ΨN |c†

k′σ′|ΨN−1
m ⟩⟨ΨN−1

m |ckσ|ΨN⟩. (2.80)

Since the Hamiltonian is time independent and the ground state is stationary, the
Green’s function depends only on the time difference

s = t− t′. (2.81)

Furthermore, we introduce

ϵ+
m = EN+1

m − EN
0 and ϵ−

m = EN
0 − EN−1

m (2.82)

to facilitate the calculations. Thus, the retarded Green’s function takes the form of

GR
σσ′(k,k′, s) = −iΘ(s)

∑
m

e−iϵ+
ms⟨ΨN |ckσ|ΨN+1

m ⟩⟨ΨN+1
m |c†

k′σ′ |ΨN⟩

− iΘ(s)
∑
m

e−iϵ−
ms⟨ΨN |c†

k′σ′|ΨN−1
m ⟩⟨ΨN−1

m |ckσ|ΨN⟩.
(2.83)

The goal is now to Fourier transform this expression to the frequency domain. To
make the oscillatory time integral well defined, we introduce a convergence factor
exp (−ηs), where η > 0. As before, this factor should be understood in the lim-
iting sense η → 0+ [17, pp. 121–124]. With this regularization factor, the Fourier
transform becomes

GR
σσ′(k,k′, ω) = −i

∑
m

∫ ∞

0
ds
(
ei(ω−ϵ+

m)s−ηs⟨ΨN |ckσ|ΨN+1
m ⟩⟨ΨN+1

m |c†
k′σ′ |ΨN⟩

+ ei(ω−ϵ−
m)s−ηs⟨ΨN |c†

k′σ′|ΨN−1
m ⟩⟨ΨN−1

m |ckσ|ΨN⟩
)
,

where we have used that the Heaviside step function restricts s to the domain
0 ≤ s < ∞, and where we also interchanged the integration and summation order.
The integral can be carried out using the result∫ ∞

0
ds eixs−ηs = i

x+ iη
. (2.84)

With the identification x = ω − ϵ±
m, the retarded Green’s function is given by

GR
σσ′(k,k′, ω) =

∑
m

(
⟨ΨN |ckσ|ΨN+1

m ⟩⟨ΨN+1
m |c†

k′σ′|ΨN⟩
ω − EN+1

m + EN
0 + iη

+ ⟨ΨN |c†
k′σ′|ΨN−1

m ⟩⟨ΨN−1
m |ckσ|ΨN⟩

ω + EN−1
m − EN

0 + iη

) (2.85)
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in the frequency domain. This is the zero-temperature Lehmann representation of
the retarded Green’s function [28], [35]. The first term can be interpreted as the
propagation of an added electron, whereas the second term describes the propagation
of a hole created by removing an electron from the ground state.

Since the spectral function in Eq. (2.75) is written without explicit spin indices,
we now restrict ourselves to the diagonal spin component of the Green’s function
and suppress the spin label. For a spatially translationally invariant system, the
one-particle Green’s function is diagonal in momentum space [34]. We therefore
focus on the momentum-diagonal component and write

GR(k, ω) =
∑
m

|⟨ΨN+1
m |c†

kσ|ΨN⟩|2

ω − EN+1
m + EN

0 + iη
+
∑
m

|⟨ΨN−1
m |ckσ|ΨN⟩|2

ω + EN−1
m − EN

0 + iη
, (2.86)

where we have omitted the spin label.
We now want to extract the imaginary part of Eq. (2.86). Since the two terms

have the same denominator structure, it is useful to consider the generic term of the
form

M
x+ iη

, (2.87)

where M denotes a real, non-negative transition weight, given by the absolute square
of the relevant matrix element, and x denotes the corresponding real energy differ-
ence appearing in the denominator. For the electron-addition part, these quantities
are

M+
m = |⟨ΨN+1

m |c†
kσ|ΨN⟩|2, x+

m = ω − EN+1
m + EN

0 . (2.88)
For the electron-removal part, they are

M−
m = |⟨ΨN−1

m |ckσ|ΨN⟩|2, x−
m = ω + EN−1

m − EN
0 . (2.89)

Thus, both calculations can be treated by considering

M
x+ iη

= M x− iη

x2 + η2 = M x

x2 + η2 − iM η

x2 + η2 . (2.90)

The imaginary part of the generic term is

Im M
x+ iη

= −M η

x2 + η2 . (2.91)

The factor multiplying M is proportional to the normalized Lorentzian kernel. In
the distributional sense,

lim
η→0+

1
π

η

x2 + η2 = δ(x). (2.92)

Thus,
Im M

x+ iη
= −πMδ(x). (2.93)

Using the definition of the spectral function in Eq. (2.75), we obtain

A(k, ω) =
∑
m

M+
mδ(x+

m) +
∑
m

M−
mδ(x−

m). (2.94)
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where the two contributions originate from the electron-addition and electron-removal
parts of the Green’s function, respectively. It is therefore natural to decompose the
spectral function as

A(k, ω) = A+(k, ω) + A−(k, ω) (2.95)
where

A+(k, ω) =
∑
m

|⟨ΨN+1
m |c†

kσ|ΨN⟩|2δ(ω − EN+1
m + EN

0 ), (2.96)

A−(k, ω) =
∑
m

|⟨ΨN−1
m |ckσ|ΨN⟩|2δ(ω + EN−1

m − EN
0 ). (2.97)

Here, A+(k, ω) is the electron-addition part of the spectral function, while A−(k, ω)
is the electron-removal part of the spectral function.

Although the Lehmann representation above was derived at zero temperature,
this notation is useful because, in thermal equilibrium, the occupied and unoccupied
spectral weights are selected by the Fermi–Dirac distribution. The removal part
corresponds to the occupied spectral weight and is weighted by f(ω), reflecting that
the state must be occupied before a particle can be removed [7]. The complementary
unoccupied part is therefore weighted by 1 − f(ω), so that

A+(k, ω) =
[
1 − f(ω)

]
A(k, ω), A−(k, ω) = f(ω)A(k, ω). (2.98)

The Fermi–Dirac distribution,2

f(ω) = 1
eβ(ω−µ) + 1 (2.99)

gives the thermal occupation probability of a fermionic state with energy ω, where
µ is the chemical potential and β = 1/kBT . In the zero-temperature limit, this
becomes a step function, so that states below the chemical potential are occupied
and states above it are empty [36, pp. 266–277]. If energies are measured relative to
the chemical potential, µ is set to zero, giving f(ω) = [exp (βω) + 1]−1.

2.4 Angle-Resolved Photoemission Spectroscopy
Before turning to DPE, we first consider the simpler case of ARPES. In ARPES, a
single incoming photon ejects one electron from the sample. This provides a useful
reference point for the DPE process, in which the same photon instead leads to the
emission of two electrons.

ARPES is based on the photoelectric effect which occurs when a photon is ab-
sorbed by an electron in a material, giving it enough energy to escape from the
surface, as shown in Fig. 2.2. Through photoemission kinematics, the binding en-
ergy and crystal momentum of the electron prior to emission can be deduced [7],
[8], [37].

Although an ARPES experiment is preformed using a photon beam, the elemen-
tary photoemission process is described as the absorption of a single photon by an

2We may sometimes refer to the Fermi–Dirac distribution simply as the Fermi function.
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SAMPLE

hν e−

θ

Figure 2.2: Schematic of the ARPES measurement geometry. An incident photon
(hν) ejects a photoelectron (e−) at an emission angle θ.

electron in the sample [7], [38]. We therefore consider one such photoemission event.
The initial state of the sample is taken to be an N -electron state, while after emis-
sion the remaining sample is described by an (N − 1)-electron state together with
the emitted electron, which we refer to as the photoelectron. Since we do not con-
sider spin-resolved ARPES here, we suppress spin indices throughout the following
derivation.

The kinetic energy of the photoelectron after transmission through the surface
barrier is given by the photoemission relation [7]

Ekin = ωq′ − ϕ− |EB|, (2.100)

where ωq′ is the photon energy with momentum q, ϕ is the sample work function,
and EB is the binding energy measured relative to the Fermi level. Here Ekin is
measured relative the vacuum level. It is therefore convenient to introduce the
photoelectron energy measured from the Fermi level,

Ee = Ekin + ϕ. (2.101)

With this convention, the energy conservation condition may be written simply as

Ee = ωq′ − |EB|. (2.102)

We now turn from the kinematics of photoemission to the transition probability.
The initial state is taken to consist of one photon and an N -electron state of the
sample,

|i⟩ = |1q′λ′ ; ΨN
i ⟩, (2.103)

where q and λ′ denote the momentum and polarization of the incoming photon,
respectively. After photoemission, the final state contains no photon, one emitted
photoelectron with momentum k, and an (N − 1)-electron system. The final state
can therefore be factorized as

|f⟩ = |k; ΨN−1
m ⟩, (2.104)

where ΨN−1
m denotes an eigenstate of the remaining sample with energy EN−1

m . This
factorization is justified within the sudden approximation, in which the photoelec-
tron has sufficiently high final-state energy that it leaves the system before it can
appreciably interact with the remaining (N − 1)-electron system [8], [37].
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With these definitions, the total initial energy is

Ei = EN
i + ωq′ , (2.105)

where EN
i is the energy of the initial N -electron state of the sample and ωq is the

photon energy. Similarly, the total final energy is

Ef = EN−1
m + Ee, (2.106)

where EN−1
m is the energy of the remaining (N − 1)-electron sample state and Ee is

the photoelectron energy given in Eq. (2.102). Energy conservation therefore gives

EN
i + ωq′ = Ef = EN−1

m + Ee. (2.107)

The photoemission process is induced by the coupling between the electrons
and the electromagnetic field. The interaction Hamiltonian therefore describes the
electron-photon interaction,

HI = 1
2m

(
p + e

c
A
)2

− eϕ− p2

2m (2.108)

and is treated as a perturbation [7], [37]. Here, m is the electron mass, e > 0 is the
elementary charge and c is the speed of light in vacuum. For weak electromagnetic
fields, we neglect terms quadratic in A. Furthermore, working in the Coulomb gauge
and neglecting the scalar potential, the leading contribution becomes

HI ≃ e

mc
A · p. (2.109)

Here p is the electron momentum operator, while ϕ and A are the electromagnetic
scalar and vector potentials.

In second quantization, the vector potential can be expanded in photon modes
as

A(r) =
∑

q

∑
λ

√√√√ c2

2V ωq

(
ϵqλaqλe

iq·r + ϵ∗
qλa

†
qλe

−iq·r
)
. (2.110)

Here ωq = c|q|, λ labels the photon polarization, and a†
qλ and aqλ create and

annihilate photons in the mode (q, λ). Equivalently, after relabeling q → −q in
the photon-creation term and choosing the polarization convention ϵ∗

q = ϵ−q, the
field can be written in the form used in electron–photon vertex formulations of
photoemission [39],

A(r) =
∑

q

∑
λ

√√√√ c2

2V ωq
ϵqλe

iq·r
(
aqλ + a†

−qλ

)
. (2.111)

Using the standard second-quantization identity for one-body operators
[16, pp. 456–457],

Ô =
∑
mn

b†
mbn⟨ℓm|O|ℓn⟩, (2.112)
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the electron–photon interaction can be written as

HI =
∑
p,q

γ(p,q)c†
p+qcp

(
aqλ + a†

−qλ

)
, (2.113)

which has the same absorption/emission structure as the electron–photon vertex
used in used in Ref. [39]. Here, γ(p,q) is the single-particle electron–photon coupling
matrix element,

γ(p,q) = ⟨ϕp
f | e
mc

√√√√ c2

2V ωq
ϵqe

iq·r · (−i∇)|ϕq
i ⟩. (2.114)

Here, |ϕq
i ⟩ and |ϕp

f ⟩ denote the initial and final single-particle electron wave functions
entering the electron–photon matrix element. The initial state describes the electron
before photon absorption, while the final state describes the electron after photon
absorption.

The transition rate from the initial state |i⟩ to the final state |f⟩ is then ap-
proximated by Fermi’s golden rule. Using the form derived in Eq. (2.53), and the
definitions above, we obtain

wfi = 2π|⟨ΨN−1
m ; k|HI |1q′λ′ ; ΨN

i ⟩|2δ(Ee + EN−1
m − EN

i − ωq′). (2.115)

Because there are no photons in the final state, only the photon-annihilation part of
HI contributes to the photoemission matrix element. Furthermore, if the detected
photoelectron has momentum k, we only keep the terms that create an electron in
this outgoing state. The relevant matrix element is therefore

⟨ΨN−1
m ; k|HI |1q′λ′ ; ΨN

i ⟩ =
∑
p,q

∑
λ

γ(p,q)⟨ΨN−1
m ; k|c†

p+qcpaqλ|1q′λ′ ; ΨN
i ⟩

=
∑
p,q

∑
λ

γ(p,q)δp+q,k⟨ΨN−1
m |cp|ΨN

i ⟩⟨0γ|aqλ|1q′λ′⟩ (2.116)

where we only kept the terms that create an electron in the detected vacuum state
|k⟩. For the photon energies commonly used in ARPES, the photon momentum
is usually negligible compared with electronic crystal momenta. We therefore set
the photon momentum to zero in the following [37]. Since translational symmetry
is preserved parallel to a planar surface, the parallel component of the electron
momentum is conserved up to a surface reciprocal lattice vector G∥. By contrast,
translational symmetry is broken in the direction perpendicular to the surface, and
k⊥ is therefore not conserved across the surface [7]. We therefore restrict the rest
of this study to the in-plane momentum k∥. From this point onward, the symbol k
denotes this conserved in-plane momentum

k ≡ k∥. (2.117)

The photon part of the matrix element enforces that the annihilation photon has
the same momentum and polarization as the incoming photon,

⟨0γ|aqλ|1q′,λ′⟩ = δq,q′δλ,λ′ . (2.118)
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We denote this fixed photon momentum by q0. Although q0 is negligible in mo-
mentum conservation for the electronic states, it is not set to zero in the photon
quantities such as the photon energy ωq0 . Thus, whenever q0 appears added to an
electronic crystal momentum, we approximate

k ± q0 ≃ k, (2.119)

while retaining ωq0 in the energy-conservation condition.
Using this in Eq. (2.116) and applying the approximations discussed above, gives

⟨ΨN−1
m ; k|HI |1q′λ′ ; ΨN

i ⟩ ≃ Mfi(k,q0)⟨ΨN−1
m |ck|ΨN

i ⟩. (2.120)

Here Mfi(k,q0) denotes the single-particle photoemission matrix element, obtained
from the electron–photon coupling γ(k,q0) after neglecting the photon momentum
in the electronic momentum labels. Inserting Eq. (2.120) into Fermi’s golden rule,
Eq. (2.115), gives

wfi ≃ 2π|Mfi(k,q0)|2|⟨ΨN−1
m |ck|ΨN

i ⟩|2δ(Ee + EN−1
m − EN

i − ωq0). (2.121)

Explicitly, the matrix element is

Mfi(k,q0) = e

m

√
1

2V ωq0

⟨ϕk
f |ϵq0λ′eiq0·r · p|ϕk

i ⟩ (2.122)

where p = −i∇. In the long-wavelength limit of the photon field, this reduces to

Mfi(k,q0) ≃ e

m

√
1

2V ωq0

⟨ϕk
f |ϵ · p|ϕk

i ⟩. (2.123)

Here, |ϕk
i ⟩ and |ϕk

f ⟩ denote the single-particle electron wave functions before and
after photon absorption, respectively. The common momentum label k follows from
the momentum-conservation constraints in the transition amplitude.

The measured photocurrent is obtained by summing the transition rate over the
initial and final states. Introducing

ω = Ee − ωq0 , (2.124)

the photocurrent can be written as

J(k, ω) ∝
∑
f,i

|Mfi(k,q0)|2
∑
m

|⟨ΨN−1
m |ck|ΨN

i ⟩|2δ(ω + EN−1
m − EN

i ). (2.125)

We recognize the last factor as the removal part of the spectral function, Eq. (2.97).
Using Eq. (2.98), the photocurrent can then be expressed in terms of the full spectral
function as

J(k, ω) ∝
∑
f,i

|Mfi(k,q0)|2A(k, ω)f(ω). (2.126)

This concludes the derivation of the ARPES photocurrent in the sudden approx-
imation. The result shows how a one-electron photoemission process probes the
occupied single-particle spectral function.
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3
Superconducting Pairing

Superconductivity was first discovered in 1911 by Kammerlingh Onnes [40], and is
most prominently characterized by the disappearance of electrical resistivity below a
critical temperature Tc. As a result, currents can flow without dissipative losses [1].
However, it would take around 40 years before the first successful microscopic theory
was formalized, which is known as BCS theory [2]. Microscopically, superconductiv-
ity is associated with correlations between electrons rather than with independent
single-particle motion [41]. These correlations are described in terms of a super-
conducting pair amplitude, whose symmetry strongly influence the properties of the
superconducting state [4].

The BCS framework provides the microscopic starting point for describing su-
perconducting pairing and allows the pair amplitude to be obtained explicitly. We
then turn to the symmetry properties of this amplitude, which provide a system-
atic way to distinguish different superconducting states. In particular, we discuss
its classification in terms of spin, spatial, and frequency dependence, including the
distinction between even- and odd-frequency superconductivity.

3.1 BCS Theory
Superconductivity as described by BCS theory involves the formation of bound elec-
tron pairs, known as Cooper pairs. These pairs are formed due to the presence of an
attractive interaction near the Fermi surface, which in conventional superconduc-
tors arises from lattice vibrations, or equivalently from the exchange of phonons [1].
When an electron moves through the metal, it locally distorts the ionic lattice from
its equilibrium positions due to the attractive interaction between the electron and
the positive ions. Because the ions respond more slowly than the electron motion,
this lattice distortion can persist after the electron has moved on, creating a region
of enhanced positive charge density that can attract another electron [1]. The char-
acteristic frequency scale of these lattice vibrations is set by the Debye frequency,
ωD, which therefore determines the energy range over which the phonon-mediated
attraction is effective [1], [17, pp. 627–629].

This discussion motivates a simplified model for the effective attraction between
electrons close to the Fermi surface. In the simple case, we can describe the potential
responsible for this attractive interaction as [17, p. 629]

V (q) =

−V0 |ξp| < ωD,

0 |ξp| > ωD,
(3.1)
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where ξp is the electronic energy measured with respect to the Fermi level. It is
defined as

ξp = ϵp − µ, (3.2)
with µ being the chemical potential, and ϵp is the single-particle dispersion. At low
temperatures, µ ≃ EF . This approximation therefore restricts the attractive interac-
tion to electronic states lying within an energy window of order ωD around the Fermi
surface. At this point, it is worth noting that this approximation is a weak-coupling
model and is not expected to give a quantitatively reliable description of strongly
electron–phonon coupled systems. In such cases, one generally has to retain more
of the structure of the electron–phonon interaction, for example its frequency and
momentum dependence, rather than replacing it by a constant attractive potential
with a Debye window. However, for the system of interest, the electron–phonon
interaction is weak, and this simple model should provide a suitable starting point.
Having specified the effective interaction that allows two electrons to form a pair,
we now turn to the quantum-statistical nature of such pairs.

Because electrons are identical fermions, they obey Fermi statistics, meaning that
a many-electron state must be antisymmetric under the exchange of any two elec-
trons. As a consequence, no two electrons can occupy the same complete quantum
state, which is known as the Pauli exclusion principle [16, pp. 433–443]. Although
the individual electrons are fermions, a two-electron pair can behave effectively like
a boson rather than a fermion. This means that many such pairs can occupy the
same collective quantum state. At sufficiently low temperatures, where Cooper pairs
can form, they condense into a coherent many-body state that is responsible for the
superconducting properties of the material [1].

Since the superconducting state is built from paired electrons, it is useful to first
write down the ordinary single-particle Green’s function in momentum space. From
Eq. (2.67), this can be written as

G(p, τ − τ ′) = −⟨⟨Tτcpσ(τ)c†
pσ(τ ′)⟩⟩. (3.3)

However, in the superconducting state it is not sufficient to describe only the prop-
agation of individual particles, since the formation of Cooper pairs also implies
correlations between the two electrons forming a pair. These pair correlations can
be described by introducing the anomalous Green’s function,

F(p, τ − τ ′) = ⟨⟨Tτc−p↓(τ)cp↑(τ ′)⟩⟩, (3.4)
F †(p, τ − τ ′) = ⟨⟨Tτc

†
p↑(τ)c†

−p↓(τ ′)⟩⟩, (3.5)

which for conventional pairing relates electrons with opposite spin and opposite mo-
menta. In the normal state, where Cooper pairs cannot form, these pair correlations
are identically zero [17, p. 635]. These correlators are quite special in the sense that
they include a pair of annihilation operators (F), or a pair of creation operators
(F †), meaning that the states |⟩ and ⟨| must have different particle numbers. For
example, in (3.4), |⟩ must have two more electrons than ⟨|. This is possible in the
BCS description because the superconducting ground state which breaks U(1) sym-
metry is written as a coherent superposition of configurations with different numbers
of Cooper pairs, and therefore also with different total electron numbers [17, p. 635].

24



3. Superconducting Pairing

In the following, we provide an outline for the derivation of an explicit expression
of Eqs. (3.3), (3.4), and (3.5), as done in Ref. [17, pp. 635–641]. The details are
provided in Appendix A. We assume the model Hamiltonian

H =
∑
pσ

ξpc
†
pσcpσ + 1

2ν
∑

qpp′ss′
V (q)c†

p+q,sc
†
p′−q,s′cp′s′cps, (3.6)

where ν represents the volume of the system. The derivation is done using the
equation of motion, which for the Green’s function in Eq. (3.3) is given by

∂

∂τ
G(p, τ − τ ′) = −δ(τ − τ ′) −

〈〈
Tτ

[
∂

∂τ
cpσ(τ)

]
c†

pσ(τ ′)
〉〉

. (3.7)

where the definition of the τ -ordered product has been used. This is where the delta
function originates. The τ derivative of the annihilation operator can be found by
using Heisenberg’s equation of motion, giving

d
dτ cpσ(τ) = −ξpcpσ(τ) − 1

ν

∑
qp′s′

V (q)c†
p′−q,s′(τ)cp′s′(τ)cp−q,σ(τ). (3.8)

Inserting this into Eq. (3.7) gives(
− ∂

∂τ
− ξp

)
G(p, τ − τ ′) + 1

ν

∑
qp′s′

V (q)

× ⟨⟨Tτc
†
p′−q,s′(τ)cp′s′(τ)cp−q,σ(τ)c†

p,σ(τ ′)⟩⟩ = δ(τ − τ ′).
(3.9)

Here, the four-operator object can be reduced to products of two-objects using
Wick’s theorem. To simplify this further, we assume that long-wavelength phonons
give a zero potential. Then V (q = 0) = 0, which results in the pairing that occurs
at p = 0 vanishes. Since Wick’s theorem is not exact in our case, we will continue
by working in the Wick-factorization approximation described in Sec. 2.2. In this
approximation, we find that the second term of Eq. (3.9) simplifies to

1
ν

∑
qp′s′

V (q)⟨⟨Tτc
†
p′−q,s′(τ)cp′s′(τ)cp−q,σ(τ)c†

p,σ(τ ′)⟩⟩

= 1
ν

∑
q
V (q)

[
G(p, τ − τ ′)np−q − F(p − q, 0)F †(p, τ − τ ′)

]
. (3.10)

The first contribution corresponds to an exchange correction to the electron self-
energy, arising from the effective phonon-induced interaction between electrons. The
corresponding self-energy term is

Σx = −1
ν

∑
q
V (q)np−q. (3.11)

Since this contribution changes only weakly when going from the normal state to
the superconducting state, it is neglected in the weak-coupling approximation. In
the second term, we find the combination

∆(p) = −1
ν

∑
p
V (p)F(p − q, τ = 0), (3.12)
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which denotes the gap function. With the attractive potential defined in Eq. (3.1),
the right-hand side is positive, so ∆(p) is positive. This quantity sets the supercon-
ducting energy scale and enters directly in the quasiparticle excitation spectrum.
With this, Eq. (3.9) becomes

(
− ∂

∂τ
− ξp

)
G(p, τ − τ ′) + ∆(p)F †(p, τ − τ ′) = δ(τ − τ ′). (3.13)

There are two unknowns in this equation, G and F †. To solve this, we need to find
a coupled equation, which can be obtained from the equation of motion of F †.

Taking the τ derivative of F †, we find its equation of motion

∂

∂τ
F †(p, τ − τ ′) =

〈〈
Tτ

[
∂

∂τ
c†

p↑(τ)
]
c†

−p↓(τ ′)
〉〉

. (3.14)

In contrast to Eq. (3.7), this equation lacks the term δ(τ − τ ′) that vanishes in the
calculations. The τ evolution of F † is described by the τ evolution of the creation
operator, which can be computed as

d
dτ c

†
pσ(τ) = ξpcpσ(τ) + 1

ν

∑
qp′s′

V (q)c†
p−q,σ(τ)c†

p′+q,s′(τ)cp′s′(τ). (3.15)

Inserting this into Eq. (3.14) gives
(

− ∂

∂τ
+ ξp

)
F †(p, τ − τ ′) + 1

ν

∑
qp′s

V (q)⟨⟨Tτc
†
p−q,σ(τ)c†

p′+q,s′(τ)cp′s′(τ)c†
−p↓(τ ′)⟩⟩ = 0.

(3.16)
As before, there is a four-operator object. This can be rewritten as products of
two-operator objects using Wick’s theorem, which is again an approximation. From
this approximation we get three terms, one that requires p = 0, which vanishes by
the same argument as before. One term with the exchange potential in Eq. (3.11)
which is again neglected. Lastly, we get the quantity ∆†(p). This gives the equation
of motion (

− ∂

∂τ
+ ξp

)
F †(p, τ − τ ′) + ∆†(p)G(p, τ − τ ′) = 0. (3.17)

We assume that the gap function is real, leading to ∆†(p) = ∆(p).
From the definition of the inverse Fourier transform in Eq. (2.72), the inverse

Fourier transforms of G, F and F † are defined as

G(p, τ) = 1
β

∑
n

e−iωnτ G(p, iωn), (3.18)

F(p, τ) = 1
β

∑
n

e−iωnτ F(p, iωn), (3.19)

F †(p, τ) = 1
β

∑
n

e−iωnτ F †(p, iωn). (3.20)
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Using these transformations in Eqs. (3.9) and (3.16), they are transformed to the
two algebraic equations

(iωn − ξp)G(p, iωn) + ∆(p)F †(p, iωn) = 1, (3.21)
(iωn + ξp)F †(p, iωn) + ∆(p)G(p, iωn) = 0. (3.22)

These can be solved, giving

G(p, iωn) = − iωn + ξp

ω2
n + ξ2

p + ∆2(p) , (3.23)

F(p, iωn) = F †(p, iωn) = ∆(p)
ω2

n + ξ2
p + ∆2(p) . (3.24)

The equation of motion for F is obtained in the same manner as for F †. In the
convention used here, with a real positive gap function, both anomalous Green’s
functions reduce to the same expression, hence the equivalence in Eq. (3.24). This
concludes the outline of the derivation presented in Ref. [17, pp. 635–641].

Before we move on, it is useful to introduce the excitation energy of the super-
conductor [17, p. 639]

Ep =
√
ξ2

p + ∆2(p). (3.25)
In the conventional s-wave case, the gap function is independent of momentum and
can therefore be written as ∆(p) = ∆ at a fixed temperature. The elementary exci-
tations of the superconducting state are quasiparticles with energy Ep. Since ξ2

p ≥ 0,
this energy is minimized at the Fermi surface, where ξp = 0, giving Ep ≥ ∆. Thus,
∆ represents the minimum energy required to create a single quasiparticle. How-
ever, because the electrons in the superconducting ground state are paired, breaking
a pair creates two excited quasiparticles. In the conventional BCS case, the paired
states have opposite momenta, so the energy for such a pair-breaking excitation is
therefore Ep + E−p ≥ 2∆. The superconducting energy gap is consequently given
by Eg ≡ 2∆ [17, pp. 639–640].

3.2 Pairing Symmetries
The anomalous Green’s function was introduced in Eq. (3.4) of the previous section
for the simple BCS case. There, it was written in momentum space and imaginary
time, and the orbital indices were left out. More generally, it can be written as

Fαβ,ab(r1, t1; r2, t2) = ⟨⟨T cα,a(r1, t1)cβ,b(r2, t2)⟩⟩, (3.26)

where α and β label spin indices, a and b label orbital indices, and r1, r2 and t1,
t2 denote spatial and time coordinates, respectively [4]. From Fermi statistics, we
know that the exchange of two fermions induces a sign change, so that

Fαβ,ab(r1, t1; r2, t2) = −Fβα,ba(r2, t2; r1, t1), (3.27)

which corresponds to interchanging all quantum numbers of the two fermions. How-
ever, the exchange of a single quantum number does not need to produce the sign
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change by itself. It is only under the combined exchange of all quantum numbers
that the anomalous Green’s function must be antisymmetric [4], [5], [42]. The ex-
change of individual quantum numbers can be divided into a set of four symmetry
operations: spin exchange (S), parity (P ∗), orbital exchange (O) and time exchange
(T ∗). Since the combined action of these operators must induce a sign change, we
can schematically write this relation as

SP ∗OT ∗ = −1. (3.28)

Therefore, the pairing symmetry of the superconducting state is determined by the
symmetry properties of the anomalous Green’s function. In what follows, we will
exclusively consider single-band pairing symmetries, meaning that the anomalous
Green’s function is even under orbital exchange, i.e. O = +1.

Consider a superconducting state that is odd under spin exchange (S = −1)
and even under parity exchange (P ∗ = +1). Then, from Eq. (3.28), we can deduce
that this state must be even under the exchange of time coordinates (T ∗ = +1).
Such a superconducting state is called an even-frequency superconductor. If the
superconducting state was instead even under spin exchange (S = +1), it would
be forced to have an odd time-exchange symmetry (T ∗ = −1) by Eq. (3.28). This
type of pairing state is known as an odd-frequency superconducting state [4]. There
are four possible pairing states for the single-band system considered here. These
have been compiled in Tab. 3.1. The first two correspond to even-frequency pairing,
whereas the last two correspond to odd-frequency pairing. All superconducting
states considered in this thesis are even under parity exchange, and hence belong
to the first row for the even-frequency case and the third row for the odd-frequency
case.

Table 3.1: Possible pairing symmetries for the superconducting state. Here, the
time-exchange (T ∗) symmetry determines whether the superconducting state is even
or odd in frequency. Hence, the first two rows correspond to even-frequency states,
and the last two rows correspond to odd-frequency states.

Symmetry factors

S P ∗ O T ∗ SP ∗OT ∗

−1 +1 +1 +1 −1
+1 −1 +1 +1 −1
+1 +1 +1 −1 −1
−1 −1 +1 −1 −1

By introducing the relative spatial coordinate r = r1 − r2, the action of P ∗

corresponds to r → −r. In this form, the earlier use of the term parity becomes
natural. Similarly, introducing the relative-time variable s = t1 − t2, the action of
T ∗ corresponds to s → −s, that is, a reversal of the relative time [4].1 Thus, an

1These operations should not be confused with ordinary spatial inversion or time-reversal sym-
metry.
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anomalous Green’s-function component that is odd in frequency satisfies

Fαβ,ab(r, s) = −Fαβ,ab(r,−s). (3.29)

Since a function that is antisymmetric in a coordinate vanishes when that coor-
dinate is zero, this implies Fαβ,ab(r, 0) = 0 for a purely odd-frequency component.
Here, we encounter a conceptual difference between conventional BCS pairing and
odd-frequency pairing. From the definition of the gap function in Eq. (3.12), it is
clear that the equal-time anomalous amplitude entering the conventional BCS gap
definition vanishes for a purely odd-frequency component. This does not necessarily
mean that the superconducting state is gapless in the odd-frequency case, although
it can be [4].

Since F (s) is odd in the relative time, its relative-time derivative is even and
can therefore be nonzero at s = 0, provided the equal-time limit is well defined.
In the Matsubara formulation, the analogous statement is made by considering the
derivative with respect to the relative imaginary-time coordinate. Thus, although
the equal-time anomalous amplitude itself vanishes for a purely odd-frequency com-
ponent, the slope of the anomalous amplitude at equal relative time may be nonzero.
This motivates an alternative way of characterizing the odd-frequency gap structure
in terms of the appropriate equal-time contribution to the relative-time derivative
of the anomalous Green’s function, rather than in terms of the equal-time anoma-
lous amplitude itself [43]. It is this distinction between the equal-time anomalous
amplitude and the relative-time structure of the anomalous Green’s function that
separates odd-frequency pairing from the conventional BCS case [4], [43].
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4
Double Photoelectron

Spectroscopy of Odd-Frequency
Pairing

The chapter is organized as follows. First, the DPE setup and the corresponding
photoemission Hamiltonian are introduced. The S-matrix expansion developed in
Sec. 2.1.2 is then applied to the DPE process, where the leading nonzero contribution
is the second-order term in the interaction Hamiltonian. This term is used to derive a
general expression for the counting rate in terms of Green’s functions. The resulting
expression is then used to compare the general structure of the anomalous and
normal contributions for even- and odd-frequency pairing. Finally, the BCS limit is
evaluated explicitly and compared with the known even-frequency result, providing
a consistency check of the Green’s-function formulation.

4.1 DPE Setup and Interaction Hamiltonian
Similar to ARPES, DPE is based on the photoelectric effect. However, in DPE, ab-
sorption of a single photon results in the emission of two outgoing electrons rather
than one, as illustrated in Fig. 4.1. In the following, these emitted electrons are
referred to as photoelectrons in order to distinguish them from the conduction elec-
trons in the sample.

SUPERCONDUCTOR

hν e−
1

e−
2

θ1θ2

Figure 4.1: Schematic of the DPE measurement geometry. An incident photon
(hν) impinges on a superconductor, leading to the ejection of photoelectron (e−

1 ) at
an emission angle θ1 and photoelectron (e−

2 ) at an emission angle θ2.

There are two sequential mechanisms by which a single photon may give rise to
the emission of two electrons [10], [44]. In the first scenario, the photon is initially
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4. Double Photoelectron Spectroscopy of Odd-Frequency Pairing

absorbed by a valence-band electron, which is excited into a free photoelectron
state. The resulting photoelectron can subsequently interact with another valence
electron and provide sufficient energy for its emission. In the second scenario, the
photon removes an electron from a core level, leaving behind a core hole. When
this vacancy is filled by a valence electron, the released energy can be transferred
to another valence electron, which is then emitted via an Auger process. However,
the present discussion is limited to DPE spectroscopy performed with relatively
low-photon-energy, laser-based XUV sources. Under these conditions, direct access
to core-level states is not expected [10]; consequently, the Auger-like pathway is
neglected and the discussion focuses on the valence-band process.

In the following derivation, the photoemission process is treated within the sud-
den approximation. The detected photoelectrons are described by plane-wave final
states, while the electronic states in the sample are described as conduction-electron
states. Energies of the conduction electrons are measured relative to the Fermi en-
ergy, which is taken as the zero of energy. Equivalently, we work with ξk = ϵk − µ,
with µ = 0 in this convention.

The superconducting state considered here is modeled as a minimal BCS-like
single-band odd-frequency pairing state. The anomalous pair amplitude entering
the transition amplitude is taken to have spin-triplet, even-parity symmetry. Using
the symmetry notation introduced in Sec. 3.2, this corresponds to

S = +1, P ∗ = +1, O = +1, T ∗ = −1. (4.1)

These symmetry labels indicate that the pair amplitude is spin-symmetric, momentum-
even, single-band, and odd in relative time or frequency. Since P ∗ = +1 only speci-
fies even momentum parity, this symmetry classification includes, for example, both
s-wave and d-wave pairing structure [11]. In this minimal model, the normal Green’s
function is taken to be spin diagonal.

Following the model used in Ref. [10], we write the Schrödinger-picture Hamil-
tonian as

H = H0 +HI , (4.2)
where H0 is described by

H0 =
∑
q,ν

ωqa
†
qνaqν +

∑
k,σ

ϵkd
†
kσdkσ +HSC. (4.3)

At this stage, HSC is left unspecified, since the counting rate can be expressed
generally in terms of Green’s functions without choosing a particular model. An
explicit form of HSC is only needed when these Green’s functions are evaluated or
when the result is further simplified. The interaction Hamiltonian is taken as

HI =
∑

k,q,σ,ν

γν(k,q)d†
k+q,σckσ(aqν + a†

−qν) +
∑

k,p,q,α,β

V (q)d†
k+q,αd

†
p−q,βdpβckα + H.c.,

(4.4)
where H.c. denotes the Hermitian conjugate. The operators d†

kσ and dkσ create and
annihilate a photoelectron with momentum k and spin σ, respectively; while c†

kσ and
ckσ create and annihilate a conduction electron in the sample. Similarly, a†

qν and aqν

create and annihilate a photon with momentum q and polarization ν. The first term
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describes the coupling between the radiation field and the conduction electrons, with
γν(k,q) denoting the effective electron–photon coupling matrix element. The second
term describes the electron–electron scattering process that leads to the emission of
a second photoelectron, mediated by the screened Coulomb interaction V (q).

We next define the states entering the transition amplitude. The initial state
|i⟩ describes the system before photoemission, with the sample in an N -electron
many-body state, one incoming photon, and no photoelectrons. The final state |f⟩
describes the system after the DPE process, with the sample left in an (N − 2)-
electron many-body state, no remaining photons, and two photoelectrons. These
states are written as

|i⟩ = |ΦN
i ⟩|1q′λ′⟩γ|0⟩pe, (4.5)

|f⟩ = |ΦN−2
f ⟩|0⟩γ|k′

1, σ
′
1; k′

2, σ
′
2⟩pe. (4.6)

Having specified the initial and final states, we now identify which terms in the
S-matrix expansion can connect them. For notational convenience, we separate the
interaction Hamiltonian into the electron–photon coupling Hγ and the electron–
electron scattering rate Hee, defined by

Hγ =
∑

k,q,σ,ν

γν(k,q)d†
k+q,σckσ(aqν + a†

−qν), (4.7)

Hee =
∑

k,p,q,α,β

V (q)d†
k+q,αd

†
p−q,βdpβckα. (4.8)

Thus,
HI = Hγ +Hee +H†

γ +H†
ee (4.9)

Using Eq. (2.18), the interaction terms are expressed in the interaction picture before
being inserted into the S-matrix expansion.

From the S-matrix expansion in Eq. (2.32), we see that the zeroth-order term
cannot contribute since the initial and final states contain different photon and pho-
toelectron occupations. The first-order term also vanishes: the electron–photon part
of HI can create only one photoelectron, whereas the electron–electron scattering
term requires an already existing photoelectron in the initial state. Thus, the lowest-
order non-vanishing contribution is obtained from the second-order term, in which
photon absorption is followed by electron–electron scattering. The second-order
term is thus given by

S(2)(∞,−∞) = −1
2

∫ ∞

−∞
dt1 dt2 T

{
[Hγ(t1) +Hee(t1) +H†

γ(t1) +H†
ee(t1)]

× [Hγ(t2) +Hee(t2) +H†
γ(t2) +H†

ee(t2)]
}
.

(4.10)
Expanding the product gives several combinations of Hγ, Hee, and their Hermitian
conjugates. However, only terms with one Hγ and one Hee can connect the states |i⟩
and |f⟩: the former absorbs the incoming photon and creates the first photoelectron,
while the latter creates the second photoelectron through electron–electron scatter-
ing. Thus, the only contributing products are Hee(t1)Hγ(t2) and Hγ(t1)Hee(t2).
Since the two terms are related by the interchange of the integration variables t1
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and t2, they give equal contributions under the time-ordering operation. The factor
1/2 is therefore cancelled, and the contribution relevant for the DPE process can be
written as

S(2)(∞,−∞) = −
∫ ∞

−∞
dt1 dt2 T

[ ∑
k2,p,l

∑
σ,σ̄

V (l)d†
k2+l,σ̄(t1)d†

p−l,σ(t1)dpσ(t1)ck2σ̄(t1)

×
∑

k1,σ1

∑
q,ν

γν(k1,q)d†
k1+q,σ1

(t2)ck1σ1(t2)aqν(t2)
]
.

(4.11)
The DPE counting rate is obtained from the transition probability per unit time

for detecting two photoelectrons with momenta and spins (k′
1, σ

′
1) and (k′

2, σ
′
2). Since

the final many-body state of the sample is not resolved experimentally, we sum over
all final states |ΦN−2

f ⟩. The initial states of the sample are thermally averaged,
giving the second-order contribution to the counting rate [10]

P (2)(k′
1, σ

′
1,k′

2, σ
′
2) = 1

Z

∑
i,f

e−βEi

∆t |⟨f |S(2)(∞,−∞)|i⟩|2, (4.12)

where Z is the partition function and ∆t denotes the duration of the photoemission
process.

4.2 Counting Rate in Terms of Green’s Functions
We now evaluate the second-order transition amplitude that enters the DPE count-
ing rate. The photon beam is taken to be incident over a time interval of duration
∆t, centered at t = 0, giving∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∑
k2,p,l

∑
σ,σ̄

V (l)
∑

k1,σ1

∑
q,ν

γν(k1,q)

× ⟨f |d†
k2+l,σ̄(t1)d†

p−l,σ(t1)dpσ(t1)ck2σ̄(t1)d†
k1+q,σ1

(t2)ck1σ1(t2)aqν(t2)|i⟩.
(4.13)

The overall sign is omitted, as it drops out of the counting rate. To handle the time
dependence of the operators, we use Eq. (2.18). Since the photon and photoelectron
parts of H0 are diagonal in the corresponding number operators, their interaction-
picture time dependence is simply

d†
k(t) = eiϵktd†

k, dk(t) = e−iϵktdk, (4.14)
a†

k(t) = eiωkta†
k, ak(t) = e−iωktak. (4.15)

The conduction-electron operators are instead evolved with HSC. Since this Hamil-
tonian is not assumed diagonal in the ck,σ operators, their time dependence cannot
in general reduce to a simple phase factor. We therefore keep ck,σ(t) explicitly. The
corresponding transition amplitude is then simplified to∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∑
k2,p,l

∑
σ,σ̄

V (l)
∑

k1,σ1

∑
q,ν

γν(k1,q)e−iωqt2eiϵk1 t2ei(−ϵp+ϵp−l+ϵk2+l)t1

× ⟨f |d†
k2+l,σ̄d

†
p−l,σdpσck2σ̄(t1)d†

k1+q,σ1
ck1σ1(t2)aqν |i⟩.

(4.16)
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Since the Hilbert space factorizes into sample, photon, and photoelectron sectors,
the matrix element can be separated into contributions from each sector. Using
the fermionic anticommutation relations to collect the photoelectron operators, and
denoting the momentum of the incoming photon by q′

0, we obtain

⟨k′
1, σ

′
1; k′

2, σ
′
2|pe ⟨0|γ ⟨ΦN−2

f |d†
k2+l,σ̄d

†
p−l,σdpσck2σ̄(t1)d†

k1+q,σ1
ck1σ1(t2)aqν |ΦN

i ⟩|1q′
0λ′⟩γ|0⟩pe

= − ⟨k′
1, σ

′
1; k′

2, σ
′
2|pe d†

k2+l,σ̄d
†
p−l,σdpσd

†
k1+q,σ1

|0⟩pe ⟨0|γ aqν |1q′
0λ′⟩γ

× ⟨ΦN−2
f |ck2σ̄(t1)ck1σ1(t2)|ΦN

i ⟩,
(4.17)

The minus sign arises from interchanging ck2σ̄(t1) with d†
k1+q,σ1

. The photon matrix
element fixes the momentum and polarization of the photon operator to those of the
incoming photon,

⟨0|γ aqν |1q′
0λ′⟩γ = δqq′

0
δνλ′ (4.18)

Since q′
0 is small compared with the electronic momenta, we neglect it in the photo-

electron momenta appearing in the matrix element. The photon energy is retained
throughout. We now simplify the photoelectron matrix element in the same way.
First,

dpσd
†
k1,σ1

|0⟩pe = δpk1δσσ1|0⟩pe, (4.19)

which fixes p = k1 and σ = σ1. The remaining two-photoelectron overlap is then

⟨k′
1, σ

′
1; k′

2, σ
′
2|pe d†

k2+l,σ̄d
†
p−l,σ|0⟩pe

= δk′
1,k2+lδσ′

1σ̄δk′
2,k1−lδσ′

2,σ − δk′
1,k1−lδσ′

1,σδk′
2,k2+lδσ′

2,σ̄.
(4.20)

The minus sign in the second term follows from the antisymmetry of the two-
photoelectron state. Substituting the photon and photoelectron matrix elements
into the transition amplitude yields

∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∑
k2,p,l

∑
σ,σ̄

V (l)
∑

k1,σ1

∑
q,ν

γν(k1,q)e−iωqt2eiϵk1 t2ei(−ϵp+ϵp−l+ϵk2+l)t1

× δqq′
0
δνλ′δpk1δσσ1

(
δk′

1,k2+lδσ′
1σ̄δk′

2,k1−lδσ′
2,σ − δk′

1,k1−lδσ′
1,σδk′

2,k2+lδσ′
2,σ̄

)
× ⟨ΦN−2

f |ck2σ̄(t1)ck1σ1(t2)|ΦN
i ⟩.

(4.21)
The Kronecker deltas collapse the sums over q, ν, p, σ, and the remaining photo-
electron momenta, giving the transition amplitude

⟨f |S(2)(∞,−∞)|i⟩

= −
∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∑
k2,k1

δk′
1+k′

2−k1−k2,0e
−iωq′

0
t2
eiϵk1 t2e

i(−ϵk1 +ϵk′
2

+ϵk′
1

)t1

× γλ′(k1,q′
0)
[
V (k1 − k′

2)⟨ΦN−2
f |ck2σ′

1
(t1)ck1σ′

2
(t2)|ΦN

i ⟩

− V (k1 − k′
1)⟨ΦN−2

f |ck2σ′
2
(t1)ck1σ′

1
(t2)|ΦN

i ⟩
]
,

(4.22)

where the remaining Kronecker delta enforces momentum conservation.
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The expression above is general within the assumptions stated so far. We now
specialize to the zero-center-of-mass channel, which is the channel relevant for the
superconducting correlations considered in this work. This implies

k1 = −k2, k′
1 = −k′

2. (4.23)

We neglect the photon momentum in the electron–photon coupling, since it is small
compared to the electronic momenta, while retaining the photon energy. For nota-
tional compactness, we therefore write

γλ′(k1,q′
0) ≡ γ(k1), (4.24)

where the polarization index is suppressed. For compactness, we relabel the inde-
pendent incoming and outgoing momenta as

k1 ≡ p, k′
1 ≡ k′. (4.25)

With these definitions, the transition amplitude becomes

⟨f |S(2)(∞,−∞)|i⟩

= −
∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∑
p
ei(ϵp−ωq)t2ei(−ϵp+2ϵk′ )t1γ(p)

×
[
V (p + k′)⟨ΦN−2

f |c−pσ′
1
(t1)cpσ′

2
(t2)|ΦN

i ⟩ − V (p − k′)⟨ΦN−2
f |c−pσ′

2
(t1)cpσ′

1
(t2)|ΦN

i ⟩
]
,

(4.26)
where we have used that ϵk = ϵ−k.

We now form the transition probability by taking the modulus squared of the
transition amplitude. To keep the resulting expression compact, we introduce the
following shorthand notation:

K ≡ ⟨ΦN−2
f |c−pσ′

1
(t1)cpσ′

2
(t2)|ΦN

i ⟩, K† ≡ ⟨ΦN
i |c†

p′σ′
2
(t′2)c

†
−p′σ′

1
(t′1)|ΦN−2

f ⟩, (4.27)

R ≡ ⟨ΦN−2
f |c−pσ′

2
(t1)cpσ′

1
(t2)|ΦN

i ⟩, R† ≡ ⟨ΦN
i |c†

p′σ′
1
(t′2)c

†
−p′σ′

2
(t′1)|ΦN−2

f ⟩. (4.28)

For compactness, we define the phase factor

A ≡ A(p,k′,q, t1, t2) = ei(ϵp−ωq)t2ei(−ϵp+2ϵk′ )t1 . (4.29)

The modulus square of the transition amplitude is then

|⟨f |S(2)(∞,−∞)|i⟩|2

=
∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∫ ∆t′/2

−∆t′/2
dt′2

∫ ∞

t′
2

dt′1
∑
p,p′

AA†γ(p)γ†(p′)

×
[
V (p + k′)V (p′ + k′)K†K + V (p − k′)V (p′ − k′)R†R

− V (p + k′)V (p′ − k′)R†K − V (p − k′)V (p′ + k′)K†R
]
.

(4.30)

After summing over the unobserved final many-body states and thermally aver-
aging over the initial states, the sample part of the squared transition amplitude can
be organized into normal and anomalous equilibrium correlation functions F> and
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G<. These Green’s functions are defined with respect to the same thermal average
over the initial sample-state ensemble. The first is the greater anomalous Green’s
function, defined as

F>(p, t1, t2) = i⟨⟨c−pσ′
1
(t1)cpσ′

2
(t2)⟩⟩, (4.31)

F †>(p, t1, t2) = i⟨⟨c†
pσ′

2
(t1)c†

−pσ′
1
(t2)⟩⟩, (4.32)

and the latter is the lesser Green’s function defined in Eq. (2.62). To illustrate how
the sample-state sums are rewritten in terms of Green’s functions, we show one
representative contraction explicitly. The corresponding algebra for all four terms
is collected in Appendix B. Consider, for example, the contribution

1
Z

∑
i,f

e−βEiK†K = ⟨⟨c†
p′σ′

2
(t′2)c

†
−p′σ′

1
(t′1)c−pσ′

1
(t1)cpσ′

2
(t2)⟩⟩. (4.33)

Using Wick’s theorem described in Sec. 2.2, this becomes

1
Z

∑
i,f

e−βEiK†K ≈ ⟨⟨c†
p′σ′

2
(t′2)c

†
−p′σ′

1
(t′1)⟩⟩⟨⟨c−pσ′

1
(t1)cpσ′

2
(t2)⟩⟩

− ⟨⟨c†
p′σ′

2
(t′2)c−pσ′

1
(t1)⟩⟩⟨⟨c†

−p′σ′
1
(t′1)cpσ′

2
(t2)⟩⟩

+ ⟨⟨c†
p′σ′

2
(t′2)cpσ′

2
(t2)⟩⟩⟨⟨c†

−p′σ′
1
(t′1)c−pσ′

1
(t1)⟩⟩.

(4.34)

The first term corresponds to greater anomalous Green’s functions, and with the
symmetries described in Eq. (4.1), it can be written as F †>F>. This represents the
emission of two electrons from the same Cooper pair, while the remaining terms
are lesser Green’s functions and correspond to the emission of two electrons from
different Cooper pairs. For the superconducting state considered here, the normal
Green’s function is diagonal in spin. We therefore write

1
Z

∑
i,f

e−βEiK†K ≈ F †>(p′, t′1 − t′2)F>(p, t1 − t2)

+ δp,−p′δσ′
1σ′

2
G<(p, t1 − t′2)G<(−p, t2 − t′1)

− δpp′G<(p, t2 − t′2)G<(−p, t1 − t′1),

(4.35)

with
G<(p, t− t′) = i⟨⟨c†

kσ(t′)ckσ(t)⟩⟩. (4.36)

Each of the four products K†K, R†R, R†K, and K†R contains one anomalous
term proportional to the greater anomalous Green’s-function pair F †>F>. After
applying the superconducting symmetry relations, the relative sign of these anoma-
lous terms depend on the frequency symmetry of the pair amplitude. For the odd-
frequency state considered here, defined by Eq. (4.1), all four anomalous terms
acquire the same relative sign. For comparison, an even-frequency single-band spin-
singlet state with even-parity pairing has the symmetry structure

S = −1, P ∗ = +1, O = +1, T ∗ = +1. (4.37)
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Table 4.1: Relative sign of the anomalous terms proportional to −F †>F> in the
four contributions to the squared transition amplitude. The signs are shown after
applying the superconducting symmetry relations for the odd-frequency state in
Eq. (4.1) and for the even-frequency comparison state in Eq. (4.37).

Contribution Odd-frequency state Even-frequency state
K†K + +
R†R + +
R†K + −
K†R + −

This includes both s-wave and d-wave singlet states, since both are even under
inversion of the relative momentum. In that case, two of the anomalous terms
acquire the opposite relative sign. The resulting sign structure is summarized in
Tab. 4.1; the explicit contractions are given in Appendix B.

In the following, all expressions are evaluated within the Wick-factorization ap-
proximation described in Sec. 2.2. Within this approximation, we decompose the
counting rate as

P (2) = P (2)
anom + P (2)

norm. (4.38)

4.2.1 The Anomalous Contribution to the Counting Rate
We first consider the part of the counting rate containing anomalous Green’s func-
tions. After the sample-state sums have been evaluated, this contribution takes the
form

P (2)
anom = 1

∆t

∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∫ ∆t′/2

−∆t′/2
dt′2

∫ ∞

t′
2

dt′1
∑
p,p′

AA†γ(p)γ†(p′)

×
[
V (p + k′) − V (p − k′)

][
V (p′ + k′) − V (p′ − k′)

]
×
[
−F †>(p′, t′2 − t′1)

]
F>(p, t1 − t2).

(4.39)

From the definitions of the greater anomalous Green’s functions in Eqs. (4.31) and
(4.32), it follows that

[
F>(p, t1 − t2)

]†
= −F †>(p, t2 − t1). (4.40)

The anomalous contribution therefore has the form of an amplitude multiplied by
its Hermitian conjugate. We can then rewrite it as

P (2)
anom = 1

∆t

∣∣∣∣∣
∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∑
p

AWodd(p,k′)F>(p, t1 − t2)
∣∣∣∣∣
2

, (4.41)

where we have introduced the kernel

Wodd(p,k′) = γ(p)
[
V (p + k′) − V (p − k′)

]
. (4.42)
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The relative minus sign between the two terms follows from the odd-frequency sign
structure summarized in Tab. 4.1. For an even-frequency state with the symmetry
structure in Eq. (4.37), the same calculation would instead give

Weven(p,k′) = γ(p)
[
V (p + k′) + V (p − k′)

]
. (4.43)

Since V (q) is even in momentum, the odd-frequency kernel contains an antisym-
metric combination V (p + k′) − V (p − k′). In particular, if γ(p) is replaced by a
momentum-independent constant, an approximation used in Ref. [10], the anoma-
lous odd-frequency contribution vanishes after summing over p. Retaining the mo-
mentum dependence of γ(p) is therefore essential for obtaining a finite anomalous
DPE signal in this case.

To further simplify Eq. (4.41), we introduce the relative time

s = t1 − t2. (4.44)

The anomalous contribution to the counting rate can then be written as

P (2)
anom = 1

∆t

∣∣∣∣∣
∫ ∆t/2

−∆t/2
dt2 ei(2ϵk′ −ωq)t2

∣∣∣∣∣
2

×
∣∣∣∣∣
∫ ∞

0
ds

∑
p
ei(2ϵk′ −ϵp)sWodd(p,k′)F>(p, s)

∣∣∣∣∣
2

.

(4.45)
Here, the change of variables separates the dependence on the absolute time t2 from
the dependence on the relative time s. The first factor gives

1
∆t

∣∣∣∣∣
∫ ∆t/2

−∆t/2
dt2 ei(2ϵk′ −ωq)t2

∣∣∣∣∣
2

= 2
sin2

[
(2ϵk′ − ωq)∆t/2

]
(2ϵk′ − ωq)2∆t/2 . (4.46)

Using Eq. (2.49), this becomes, in the long-time limit,

2πδ(2ϵk′ − ωq). (4.47)

To simplify the second factor, we Fourier transform the anomalous correlation

F>(p, s) = 1
2π

∫ ∞

−∞
dω e−iωsF>(p, ω). (4.48)

Using the energy-conservation condition imposed by the delta function, 2ϵk′ − ωq,
the anomalous contribution becomes

P (2)
anom = 2πδ(ωq − 2ϵk′)

∣∣∣∣∣ 1
2π

∑
p
Wodd(p,k′)

∫ ∞

0
ds ei(ωq−ϵp)s

∫ ∞

−∞
dω e−iωsF>(p, ω)

∣∣∣∣∣
2

.

(4.49)
Here, the delta function enforces energy conservation between the absorbed photon
and the two detected photoelectrons, and its constraint has been used in the re-
maining phase factor. We have also used δ(x) = δ(−x) to write the argument in
this form.
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4.2.2 The Normal Contribution to the Counting Rate
To keep the normal contribution compact, we define

p± = p ± k′, p′
± = p′ ± k′, K(p±,p′

±) = V (p±)V (p′
±). (4.50)

The signs in the two arguments are independent; e.g.,

K(p+,p′
−) = V (p + k′)V (p′ − k′). (4.51)

The normal contribution to the counting rate can then be written as

P (2)
norm = 1

∆t

∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∫ ∆t′/2

−∆t′/2
dt′2

∫ ∞

t′
2

dt′1
∑
p,p′

AA†γ(p)γ†(p′)

×
{
K(p+,p′

+)
[
δp,−p′δσ′

1σ′
2
G<(p, t1 − t′2)G<(−p, t2 − t′1)

− δpp′G<
σ′

2
(p, t2 − t′2)G<

σ′
1
(−p, t1 − t′1).

]
+K(p−,p′

−)
[
δp,−p′δσ′

1σ′
2
G<(p, t1 − t′2)G<(−p, t2 − t′1)

− δpp′G<
σ′

1
(p, t2 − t′2)G<

σ′
2
(−p, t1 − t′1).

]
−K(p+,p′

−)
[
δp,−p′G<

σ′
1
(p, t1 − t′2)G<

σ′
2
(−p, t2 − t′1)

− δpp′δσ′
1σ′

2
G<(p, t2 − t′2)G<(−p, t1 − t′1).

]
−K(p−,p′

+)
[
δp,−p′G<

σ′
2
(p, t1 − t′2)G<

σ′
1
(−p, t2 − t′1)

− δpp′δσ′
1σ′

2
G<(p, t2 − t′2)G<(−p, t1 − t′1).

]}
,

(4.52)
where we have suppressed the spin label in the terms proportional to δσ′

1σ′
2
, since

the detected spins are constrained to be equal. The terms that are not proportional
to δσ′

1σ′
2
, where already diagonal in spin. Here, we have kept the spin label in order

to distinguish between the σ′
1, and σ′

2 channels.
The Kronecker deltas collapse the p′-sum into two channels, p′ = −p and p′ = p.

Since A depends on momentum only through the even dispersion ϵp = ϵ−p, both
channels give the same factor A†. The normal contribution can therefore be written
compactly as

P (2)
norm = 1

∆t

∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∫ ∆t′/2

−∆t′/2
dt′2

∫ ∞

t′
2

dt′1

×
∑

p
AA†γ(p)

[
γ†(−p)N− + γ†(p)N+

]
.

(4.53)

Here, N− collects the terms arising from the p′ = −p channel, while N+ collects
the terms arising from the p′ = p channel. They are given by

N− = δσ′
1σ′

2

[
K(p+,−p−) +K(p−,−p+)

]
G<(p, t1 − t′2)G<(−p, t2 − t′1)

−K(p+,−p+)G<
σ′

1
(p, t1 − t′2)G<

σ′
2
(−p, t2 − t′1)

−K(p−,−p−)G<
σ′

2
(p, t1 − t′2)G<

σ′
1
(−p, t2 − t′1),

(4.54)
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and

N+ = δσ′
1σ′

2

[
K(p+,p−) +K(p−,p+)

]
G<(p, t2 − t′2)G<(−p, t1 − t′1)

−K(p+,p+)G<
σ′

2
(p, t2 − t′2)G<

σ′
1
(−p, t1 − t′1)

−K(p−,p−)G<
σ′

1
(p, t2 − t′2)G<

σ′
2
(−p, t1 − t′1).

(4.55)

In Eq. (4.54), the notation −p± should be understood as the corresponding shifted
momentum after imposing p′ = −p. Explicitly,

−p+ = −p + k′, −p− = −p − k′. (4.56)

In contrast to the anomalous contribution, the normal contribution does not acquire
additional sign changes from the pairing symmetries. The superconducting-state
dependence instead enters through the normal Green’s function.

For practical evaluations, it is useful to express the normal contribution in fre-
quency space, since explicit forms of the lesser Green’s functions are typically avail-
able in this representation. We Fourier transform each lesser Green’s function ac-
cording to

G<
σ (p, t− t′) = 1

2π

∫ ∞

−∞
dω e−iω(t−t′)G<

σ (p, ω). (4.57)

After inserting this into Eq. (4.53), the time integrations can be used to eliminate two
of the frequency variables. The remaining result can therefore be written in terms
of two independent frequencies, ω1 and ω2. The intermediate steps are collected in
Appendix B.3, while the final expression is

P (2)
norm = 1

2π

∫ ∞

−∞
dω1

∫ ∞

−∞
dω2

∑
p
γ(p)

[
γ†(−p)D1C1 + γ†(p)D2C2

]
. (4.58)

The dependence of the compact factors ω1,2, p, k′, and q is left implicit in Eq. (4.58).
The factors C1,2 contain the frequency-domain products of the lesser Green’s func-
tions and are given by

C1 ≡ C1(ω1; p,k′,q)
= δσ′

1σ′
2

[
K(p+,−p−) +K(p−,−p+)

]
G<(p, ω1)G<(−p, 2ϵk′ − ωq − ω1)

−K(p+,−p+)G<
σ′

1
(p, ω1)G<

σ′
2
(−p, 2ϵk′ − ωq − ω1)

−K(p−,−p−)G<
σ′

2
(p, ω1)G<

σ′
1
(−p, 2ϵk′ − ωq − ω1),

(4.59)

and
C2 ≡ C2(ω2; p,k′,q)

= δσ′
1σ′

2

[
K(p+,p−) +K(p−,p+)

]
G<(p, ω2)G<(−p, 2ϵk′ − ωq − ω2)

−K(p+,p+)G<
σ′

2
(p, ω2)G<

σ′
1
(−p, 2ϵk′ − ωq − ω2)

−K(p−,p−)G<
σ′

1
(p, ω2)G<

σ′
2
(−p, 2ϵk′ − ωq − ω2).

(4.60)

The remaining factors D1,2 arise from the time integrations and are defined as

D1 ≡ D1(ω1; p,k′,q) = 1
−ϵp + 2ϵk′ − ω1 + iη

1
−ϵp + ωq + ω1 − iη

, (4.61)
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and

D2 ≡ D2(ω2; p,k′,q) =
∣∣∣∣∣ 1
ωq − ϵp + ω2 + iη

∣∣∣∣∣
2

. (4.62)

Equation (4.58) gives the normal contribution to the second-order DPE counting rate
in a frequency-domain form suitable for inserting explicit expressions for the lesser
Green’s function. Since the anomalous contribution was obtained in Eq. (4.49), this
completes the decomposition of the counting rate into its anomalous and normal
parts.

4.2.3 Differences Between Even- and Odd-Frequency Con-
tributions

We have found an expression for the anomalous contribution to the counting rate
in Eq. (4.49) in terms of anomalous Green’s functions, and an expression for the
normal contribution in Eq. (4.58) in terms of normal Green’s functions. In these ex-
pressions, the temperature dependence is encoded directly in the Green’s functions.
Both expressions can be generalized straightforwardly to odd- and even-frequency
superconductors. One difference between the corresponding counting rates is there-
fore encoded in the explicit form of the Green’s functions. These functions can be
difficult to determine, especially for odd-frequency superconductors, where the pair-
ing gap, or more generally the order parameter, must be treated differently from the
familiar BCS case.

Apart from the explicit form of the Green’s functions, a further difference be-
tween even- and odd-frequency superconductors appears in the anomalous contri-
bution to the counting rate. This difference is encoded in the kernel W , given
in Eqs. (4.42) and (4.43). In the odd-frequency case, the kernel contains an anti-
symmetric combination of the effective screened Coulomb potential V (q), whereas in
the even-frequency case the corresponding combination is symmetric. Consequently,
the momentum dependence of the effective electron–photon coupling matrix element
γ(p) is crucial for obtaining a nonzero anomalous contribution in the odd-frequency
case. In particular, γ(p) cannot in general be approximated as momentum indepen-
dent, in contrast to the even-frequency case.

As a separate observation, the frequency symmetry of the anomalous Green’s
function can also be reflected in the corresponding anomalous spectral function.
This statement, however, relies on an additional assumption and is not needed for
the preceding discussion of the counting rate. We define the anomalous spectral
function as

AF (ω) = − 1
π

ImFR(ω). (4.63)

The retarded and advanced Green’s functions are related by

GR(ω) =
[
GA(ω)

]∗
, (4.64)

for real frequencies [17, pp. 119–120]. If we assume, for the purpose of the present
spectral-function argument, that the anomalous Green’s function satisfies the cor-
responding relation

FR(ω) =
[
FA(ω)

]∗
, (4.65)
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where ∗ denotes ordinary complex conjugation, one finds that the spectral function
has the opposite frequency symmetry to the Matsubara anomalous Green’s function
F(iωn). Thus, under this assumption, an even-frequency F(iωn) gives an anti-
symmetric spectral function, whereas an odd-frequency F(iωn) gives a symmetric
spectral function. This condition is satisfied, for example, in the conventional BCS
case when the superconducting phase is chosen such that the gap parameter is real.
In this case, the anomalous Green’s functions obey F = F †, as shown explicitly in
Eq. (3.24). More generally, however, the anomalous Green’s function may have a
more complicated internal structure, so the opposite-symmetry relation should not
be regarded as universal. The detailed derivation is given in Appendix C.

4.3 Counting Rate in the BCS Limit

The Green’s function formulation derived in the previous section expresses the count-
ing rate in terms of the normal and anomalous Green’s functions of the supercon-
ducting state. As a consistency check, we now evaluate this expression using the
BCS Green’s functions derived in Sec. 3.1. These Green’s functions were written for
a real, even-frequency gap function ∆(p), and therefore have the same mean-field
structure as the Green’s functions of a spin-singlet d-wave superconductor, with the
difference contained in the explicit momentum dependence of the gap. This allows
us to compare the present Green’s-function approach with the result obtained in
Ref. [10] for a d-wave even-frequency superconductor using a Bogoliubov transfor-
mation. To make this comparison, we work in the opposite-spin channel,

σ′
1 = −σ′

2. (4.66)

In this channel, the terms proportional to δσ′
1σ′

2
vanish. For the BCS Green’s func-

tions derived in Sec. 3.1, the normal Green’s function is diagonal in spin space. For
equal spin indices, the two diagonal components are equal,

G↑ = G↓. (4.67)

Thus, whenever a normal Green’s function appears with equal spin indices, the ex-
plicit spin label can be suppressed. Furthermore, to match the comparison with
Ref. [10], we approximate the effective electron–photon matrix element as momen-
tum independent, γ(p) → γ0.

Equations (4.49) and (4.58) are expressed in terms of greater and lesser Green’s
functions, whereas the BCS Green’s functions in Eqs. (3.23) and (3.24) were derived
in the Matsubara formalism. Before inserting the explicit BCS expressions into the
counting rate, we therefore need to relate the Matsubara Green’s functions to the
corresponding real-frequency greater and lesser Green’s functions. The retarded
and advanced Green’s functions are obtained from the Matsubara Green’s function
through the analytic continuations given in Eqs. (2.73) and (2.74), respectively. In
thermal equilibrium, the greater and lesser components can then be related to the
spectral function, or equivalently to the imaginary part of the retarded Green’s

43



4. Double Photoelectron Spectroscopy of Odd-Frequency Pairing

function, through

G>(ω) = 2i
[
1 − f(ω)

]
ImGR(ω), (4.68)

G<(ω) = −2if(ω) ImGR(ω), (4.69)

where f(ω) is the Fermi–Dirac distribution. These equilibrium relations are a form
of the fluctuation-dissipation theorem [29], [34]. In the following, we will assume
that the corresponding equilibrium relations can also be applied to the anomalous
Green’s functions.

Using the relations above, the greater anomalous Green’s function becomes

F>(p, ω) = 2πi∆(p)
2Ep

{[
1 − f(Ep)

]
δ(ω − Ep) − f(Ep)δ(ω + Ep)

}
, (4.70)

where Ep =
√
ξ2

p + ∆2(p) is the quasiparticle excitation energy of the superconduc-
tor, as introduced in Eq. (3.25). The detailed derivation is given in Appendix D.1.
To obtain the normal lesser Green’s function, we first rewrite the BCS Green’s
function in terms of the coherence factors [17, p. 640]

u2
p = 1

2

(
1 + ξp

Ep

)
, (4.71)

v2
p = 1

2

(
1 − ξp

Ep

)
, (4.72)

upvp = 1
2

(
1 −

ξ2
p

E2
p

)1/2

= ∆(p)
2Ep

, (4.73)

u2
p + v2

p = 1. (4.74)

With these definitions, the Matsubara Green’s function in Eq. (3.23) can be written
as

G(p, iωn) =
u2

p

iωn − Ep
+

v2
p

iωn + Ep
. (4.75)

Applying the equilibrium relation for G< then gives

G<(p, ω) = 2πif(ω)
[
u2

pδ(ω − Ep) + v2
pδ(ω + Ep)

]
, (4.76)

with the details given in Appendix D.2.
With the explicit expressions for the greater anomalous and normal lesser Green’s

functions at hand, we can now evaluate the anomalous and normal contributions to
the counting rate. The derivations are rather lengthy and are therefore given in
Appendix D.3 for the anomalous contribution and in Appendix D.4 for the normal
contribution. The anomalous contribution is found to be

P (2)
anom = 8πδ(ωq − 2ϵk′)

∣∣∣∣∣γ0
∑

p
V (k′ − p)∆(p)

2Ep

×
[

f(Ep)
ωq + Ep − ϵp + iη

− 1 − f(Ep)
ωq − Ep − ϵp + iη

]∣∣∣∣∣
2

.

(4.77)
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This contribution is supported at ωq = 2ϵk′ , as expected for the superconducting
zero-excess-energy channel. A detailed comparison with Ref. [10] will be made after
the normal contribution has also been evaluated.

The normal contribution can be split into two parts

P (2)
norm = P

(2)
norm,1 + P

(2)
norm,2. (4.78)

The first term is given by

P
(2)
norm,1 = 8πγ2

0
∑

p

[
δ(ωq − 2ϵk′ − 2Ep)

∣∣∣∣∣ V (k′ − p)v2
p

ωq − ϵp − Ep + iη

∣∣∣∣∣
2[

1 − f(Ep)
][

1 − f(Ep)
]

+ δ(ωq − 2ϵk′ + 2Ep)
∣∣∣∣∣ V (k′ − p)u2

p

ωq − ϵp + Ep + iη

∣∣∣∣∣
2

f(Ep)f(Ep)
]
.

(4.79)

Thus, if we define the excess energy as ∆ω = ωq−2ϵk′ , this contribution is supported
at ∆ω = ±2Ep. The positive-excess branch, ∆ω = 2Ep, is weighted by [1 −
f(Ep)]2. Since 1 − f(Ep) is the probability that a fermionic quasiparticle state is
unoccupied, this branch corresponds to the normal contribution in which the relevant
quasiparticle states are initially empty. The negative-excess branch, ∆ω = −2Ep, is
weighted by f(Ep)2 and therefore requires occupied quasiparticle states. The second
term is given by

P
(2)
norm,2 = 4πγ2

0
∑

p
δ(ωq − 2ϵk′)

∣∣∣∣∣V (k′ − p)∆(p)
2Ep

∣∣∣∣∣
2

f(Ep)
[
1 − f(Ep)

]

×
∣∣∣∣∣ 1
ωq − ϵp + Ep + iη

+ 1
ωq − ϵp − Ep + iη

∣∣∣∣∣
2

.

(4.80)

This is supported at ωq = 2ϵk′ and is proportional to f(Ep)[1 − f(Ep)]. Although
this contribution occurs at the same excess energy as the anomalous condensate
contribution, it should not be interpreted as arising from the emission of two elec-
trons from the same Cooper pair. That coherent pair contribution is encoded in the
anomalous Green’s functions. Instead, P (2)

norm,2 originates from mixed particlelike and
holelike poles of the normal Green’s functions and represents a finite-temperature
quasiparticle background.

We can now compare the result with the finite-temperature expressions in Ref. [10].
Since the anomalous contribution was obtained by applying Wick’s theorem to the
thermal four-operator average, it is written in terms of thermally averaged anoma-
lous amplitudes. Its structure is therefore schematically of the form P (2)

anom ∼ |⟨⟨I⟩⟩|2.
Here, I is only a placeholder used to indicate the position of the thermal average.
By contrast, the superconducting contribution P

(2)
SC in Eq. (A8) of Ref. [10] is writ-

ten as a thermal average of the modulus squared matrix element, P (2)
SC ∼ ⟨⟨|I|2⟩⟩.

The same symbol I need not denote the same explicit expression in both cases.
These two quantities are not equivalent at finite temperature, so P (2)

anom should not
be compared directly with P (2)

SC alone. The mixed normal contribution P (2)
norm,2 is also

supported at ωq = 2ϵk′ and must therefore be included in the zero-excess-energy
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part of the comparison. Thus, the appropriate finite-temperature comparison to
Eq. (A8) of Ref. [10] is with the combined contribution P (2)

anom +P
(2)
norm,2, while P (2)

norm,1

corresponds to the two-Cooper-pair contribution P
(2)
2cp in Eq. (A12) of Ref. [10].

Taken together, this comparison shows that the Green’s-function formulation
reproduces the same organization into zero- and finite-excess-energy channels as
the Bogoliubov approach in the BCS mean-field limit. This provides a consistency
check of the Green’s-function approach before applying it to pairing states where the
explicit Green’s functions, and in the odd-frequency case also the kernel structure,
take a different form.
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5
Conclusion

In this thesis, we have extended the theoretical description of Cooper pair spec-
troscopy to an odd-frequency superconducting state. More specifically, we consid-
ered a spin-triplet, even-parity, single-band odd-frequency pairing channel charac-
terized by S = +1, P ∗ = +1, O = +1, and T ∗ = −1. The central aim was to
determine how the double-photoelectron counting rate differs between even- and
odd-frequency superconducting pairing.

To address this question, we formulated the DPE counting rate in terms of su-
perconducting Green’s functions. This provides a natural language for the problem,
since the normal and anomalous Green’s functions directly encode the single-particle
and pair correlations of the superconducting state. In particular, the anomalous
Green’s function carries the symmetry of the pair amplitude, making it possible to
analyze how spin, spatial, orbital and frequency symmetries enter the counting rate.
The Green’s-function formulation also provides an alternative to the Bogoliubov-
transformation approach used in previous work, although the explicit analysis in
this thesis was restricted to the BCS case and to the odd-frequency pairing channel
specified above.

Starting from an expansion of the S-matrix, we derived the counting rate to
second order in the interaction Hamiltonian, which is the lowest order giving a non-
vanishing DPE contribution. The resulting expression separates into an anomalous
part and a normal part. The anomalous contribution is expressed in terms of greater
anomalous Green’s functions and describes correlated emission associated with a
single Cooper pair. The normal contribution is expressed in terms of lesser normal
Green’s functions and describes contributions arising from ordinary single-particle
correlations.

The main result is that the odd-frequency character of the anomalous Green’s
function changes the momentum structure of the anomalous contribution. In the
even-frequency case, the kernel contains a symmetric combination of screened Cou-
lomb potentials. In the odd-frequency case considered here, the corresponding kernel
instead contains an antisymmetric combination. Consequently, for a symmetric
screened Coulomb interaction, a momentum-independent electron–photon matrix
element gives a vanishing odd-frequency anomalous contribution. A finite anomalous
signal therefore requires additional momentum dependence, for example through
the electron–photon coupling. This provides a formal distinction between even- and
odd-frequency superconducting correlations in the DPE counting rate.

As a consistency check, the Green’s-function formulation was also evaluated in
the BCS limit for a real, even-frequency gap function. This allowed the result to be
compared with the Bogoliubov-transformation approach used in previous work on
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double photoemission from conventional superconductors. In this limit, the anoma-
lous contribution reproduces the expected zero-excess-energy structure associated
with coherent pair emission, while the normal contribution separates into a two-
Cooper-pair continuum and a finite-temperature quasiparticle background. This
comparison provides a useful check on the formalism and clarifies the physical in-
terpretation of the different terms in the counting rate: the anomalous contribution
describes emission of electrons originating from the same Cooper pair, while the
normal contribution contains both the emission of electrons from different Cooper
pairs and a finite-temperature quasiparticle background.

A natural direction for future work would be to evaluate the counting rate explic-
itly for an odd-frequency superconducting state. This would require explicit expres-
sions for both the anomalous and normal Green’s functions associated with the odd-
frequency pairing, and would allow the DPE signal to be studied for specific models
or candidate materials. A complementary direction would be to make a more gen-
eral comparison between the anomalous contributions for even- and odd-frequency
pairing. This could be done by approximating the anomalous Green’s function near
zero relative time, giving a rough but material-independent comparison of how the
different frequency symmetries enter the anomalous transition amplitude.
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A
Derivational Details for the BCS

Green’s Functions

In this appendix, we provide the derivational details for the normal and anomalous
Green’s functions appearing in the BCS theory discussed in Sec. 3.1. These details
are omitted from the main text in order to keep the discussion of BCS theory
compact. The appendix is organized into four sections: the first section derives the
imaginary-time evolution of the creation and annihilation operators, the second and
third sections derive the equations of motion for the normal and anomalous Green’s
functions, respectively, and the final section uses the coupled equations of motion
to obtain the explicit expressions for the normal and anomalous Green’s functions.

A.1 Imaginary-Time Evolution of Creation and
Annihilation Operators

We want to compute the time derivative of ckσ, which can be done as

d
dτ ckσ(τ) = [H, ckσ(τ)] = eHτ

(
[H0, ckσ] + [HI , ckσ]

)
e−Hτ . (A.1)

The first commutation can be computed as

[H0, ckσ] = (H0ckσ − ckσH0)

=
(∑

k′σ′
ξk′c†

k′σ′ck′σ′

)
ckσ − ckσ

(∑
k′σ′

ξk′c†
k′σ′ck′σ′

)
=
∑
k′σ′

ξk′c†
k′σ′ck′σ′ckσ −

∑
k′σ′

ξk′ckσc
†
k′σ′ck′σ′

=
∑
k′σ′

ξk′c†
k′σ′ck′σ′ckσ −

∑
k′σ′

ξk′

{
ckσ, c

†
k′σ′

}
ck′σ′ +

∑
k′σ′

ξk′c†
k′σ′ckσck′σ′

=
∑
k′σ′

ξk′c†
k′σ′ck′σ′ckσ −

∑
k′σ′

ξk′c†
k′σ′ck′σ′ckσ −

∑
k′σ′

ξk′δkk′δσσ′ck′σ′

= −ξkckσ, (A.2)

so that
eHτ [H0, ckσ] e−Hτ = −ξkckσ(τ). (A.3)
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The second term can be computed as

[HI , ckσ] = 1
2ν

∑
qpp′ss′

V (q)
(
c†

p+q,sc
†
p′−q,s′cp′s′cpsckσ − ckσc

†
p+q,sc

†
p′−q,s′cp′s′cps

)
.

(A.4)

Using the relation cc† =
{
c, c†

}
− c†c, we can rewrite it as

{
ckσ, c

†
p+q,s

}
c†

p′−q,s′cp′s′cps − c†
p+q,sckσc

†
p′−q,s′cp′s′cps

=
{
ckσ, c

†
p+q,s

}
c†

p′−q,s′cp′s′cps − c†
p+q,s

{
ckσ, c

†
p′−q,s′

}
cp′s′cps + c†

p+q,sc
†
p′−q,s′ckσcp′s′cps

= δk,p+qδσsc
†
p′−q,s′cp′s′cps − δk,p′−qδσs′c†

p+q,scp′s′cps + c†
p+q,sc

†
p′−q,s′cp′s′cpsckσ. (A.5)

Putting this back into Eq. (A.4) gives

[HI , ckσ] = 1
2ν

∑
qpp′ss′

V (q)
(
c†

p+q,sc
†
p′−q,s′cp′s′cpsckσ −

[
δk,p+qδσsc

†
p′−q,s′cp′s′cps

− δk,p′−qδσs′c†
p+q,scp′s′cps + c†

p+q,sc
†
p′−q,s′cp′s′cpsckσ

])
.

(A.6)
The first and the last term cancel, giving

− 1
2ν

∑
qp′s′

V (q)c†
p′−q,s′cp′s′ck−q,σ + 1

2ν
∑
qps

V (q)c†
p+q,sck+q,σcps

= − 1
2ν

∑
qp′s′

V (q)c†
p′−q,s′cp′s′ck−q,σ − 1

2ν
∑
qps

V (q)c†
p+q,scpsck+q,σ. (A.7)

By relabeling p′ → k′ in the first term and p → k′, s → s′ and q → −q in the
second term, we can write this as

− 1
2ν

∑
qk′s′

V (q)c†
k′−q,s′ck′s′ck−q,σ − 1

2ν
∑

qk′s′
V (−q)c†

k′−q,s′ck′s′ck−q,σ (A.8)

and using that V (q) = V (−q) is symmetric, we find

[HI , ckσ] = −1
ν

∑
qk′s′

V (q)c†
k′−q,s′ck′s′ck−q,σ. (A.9)

The time dependent contribution of the second term is then given by

eHτ [HI , ckσ] e−Hτ = −eHτ 1
ν

∑
qk′s′

V (q)c†
k′−q,s′ck′s′ck−q,σe

−Hτ

= −1
ν

∑
qk′s′

V (q)eHτc†
k′−q,s′e−HτeHτck′s′e−HτeHτck−q,σe

−Hτ

= −1
ν

∑
qk′s′

V (q)c†
k′−q,s′(τ)ck′s′(τ)ck−q,σ(τ). (A.10)
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With Eqs. (A.3) and (A.10), the imaginary-time derivative in Eq. (A.1) is given by

d
dτ ckσ(τ) = [H, ckσ(τ)] = −ξkckσ(τ) − 1

ν

∑
qk′s′

V (q)c†
k′−q,s′(τ)ck′s′(τ)ck−q,σ(τ).

(A.11)
The steps for finding the imaginary-time derivative of c†

kσ are virtually the same.
They result in

d
dτ c

†
kσ = ξkc

†
kσ(τ) + 1

ν

∑
qk′s′

V (q)c†
k−q,σ(τ)c†

k′+q,s′(τ)ck′s′(τ). (A.12)

A.2 Equation of Motion for the Normal Green’s
Function

Computing the τ derivative of Eq. (3.3) gives

∂

∂τ
G(k, τ − τ ′) = − ∂

∂τ

[
Θ(τ − τ ′)⟨⟨ckσ(τ)c†

kσ(τ ′)⟩⟩ − Θ(τ ′ − τ)⟨⟨c†
kσ(τ ′)ckσ(τ)⟩⟩

]
= −δ(τ − τ ′)⟨⟨ckσ(τ)c†

kσ(τ ′)⟩⟩ − Θ(τ − τ ′)
〈〈

∂ckσ(τ)
∂τ

c†
kσ(τ ′)

〉〉

− δ(τ ′ − τ)⟨⟨c†
kσ(τ ′)ckσ(τ)⟩⟩ + Θ(τ ′ − τ)

〈〈
c†

kσ(τ ′)∂ckσ(τ)
∂τ

〉〉
.

(A.13)

Here, it is worth noting that δ(τ − τ ′) = δ(τ ′ − τ) is symmetric. Therefore, we can
simplify those two terms as follows

δ(τ − τ ′)⟨⟨ckσ(τ)c†
kσ(τ ′)⟩⟩ + δ(τ ′ − τ)⟨⟨c†

kσ(τ ′)ckσ(τ)⟩⟩
= δ(τ − τ ′)

〈〈{
ckσ(τ), c†

kσ(τ ′)
}〉〉

= δ(τ − τ ′), (A.14)

where we have used ⟨⟨a + b⟩⟩ = ⟨⟨a⟩⟩ + ⟨⟨b⟩⟩ and where we also used that the delta
function enforces equal time, so that we can use the anticommutation relation for
fermions. We may also notice from Eq. (A.13) that〈〈

Tτ
∂ckσ(τ)
∂τ

c†
kσ(τ ′)

〉〉
= Θ(τ − τ ′)

〈〈
∂ckσ(τ)
∂τ

c†
kσ(τ ′)

〉〉

− Θ(τ ′ − τ)
〈〈
c†

kσ(τ ′)∂ckσ(τ)
∂τ

〉〉
.

(A.15)

With these two simplifications, Eq. (A.13) can be written as

∂

∂τ
G(k, τ − τ ′) = −δ(τ − τ ′) −

〈〈
Tτ
∂ckσ(τ)
∂τ

c†
kσ(τ ′)

〉〉
. (A.16)
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Using the result of Eq. (A.11) in Eq. (A.16) gives

∂

∂τ
G(k, τ − τ ′) = −δ(τ − τ ′) + ξk⟨⟨Tτckσ(τ)c†

kσ(τ ′)⟩⟩

+ 1
ν

∑
qk′s′

V (q)⟨⟨Tτc
†
k′−q,s′(τ)ck′s′(τ)ck−q,σ(τ)c†

k,σ(τ ′)⟩⟩,
(A.17)

where we pulled out factors not affected by the thermal average. This can then be
rewritten as(

− ∂

∂τ
− ξk

)
G(k, τ − τ ′) + 1

ν

∑
qk′s′

V (q)

× ⟨⟨Tτc
†
k′−q,s′(τ)ck′s′(τ)ck−q,σ(τ)c†

k,σ(τ ′)⟩⟩ = δ(τ − τ ′),
(A.18)

where we have used that

ξk⟨⟨Tτckσ(τ)c†
kσ(τ ′)⟩⟩ = −ξkG(k, τ − τ ′). (A.19)

Focusing on the four-operator object, we can simplify this using Wick factorization,
so that

⟨⟨Tτc
†
k′−q,s′(τ)ck′s′(τ)ck−q,σ(τ)c†

k,σ(τ ′)⟩⟩
≈ ⟨⟨Tτc

†
k′−q,s′(τ)ck′s′(τ)⟩⟩⟨⟨Tτck−q,σ(τ)c†

k,σ(τ ′)⟩⟩
− ⟨⟨Tτc

†
k′−q,s′(τ)ck−q,σ(τ)⟩⟩⟨⟨Tτck′s′(τ)c†

k,σ(τ ′)⟩⟩
+ ⟨⟨Tτc

†
k′−q,s′(τ)c†

k,σ(τ ′)⟩⟩⟨⟨Tτck′s′(τ)ck−q,σ(τ)⟩⟩,

(A.20)

where the minus sign arises from an odd number of fermion exchanges. Moving
forward, all expressions are evaluated in the Wick-factorization approximation de-
scribed in Sec. 2.2. To further simplify this, we assume that long-wavelength phonons
give a zero potential. We can therefore neglect the pairing that occurs at q = 0
which makes the first term vanish. The second term is only nonzero when k′ = k
and s′ = σ, and it simplifies to

−δk′kδs′σ⟨⟨Tτc
†
k−q,σ(τ)ck−q,σ(τ)⟩⟩⟨⟨Tτckσ(τ)c†

k,σ(τ ′)⟩⟩ = δk′kδs′σnk−qG(k, τ − τ ′),
(A.21)

where we used that
⟨⟨c†

kσ(τ)ckσ(τ)⟩⟩ = nk. (A.22)
Here, we have used the convention where the annihilation operators are placed to
the right whenever there is a τ ordering of two operators occurring at the same
imaginary time. This convention follows the convention used to write down the
Hamiltonian in Eq. (3.6). The third term is only nonzero when k′ = −k + q and
s′ = −σ. For this term, we need to consider two cases σ =↑ and σ =↓. First, we
consider the case with σ =↑, we find

δk′,−k+qδs′,−σ⟨⟨Tτc
†
−k,↓(τ)c†

k,↑(τ ′)⟩⟩⟨⟨Tτc−k+q,↓(τ)ck−q,↑(τ)⟩⟩
= −δk′,−k+qδs′,−σ⟨⟨Tτc

†
k,↑(τ ′)c†

−k,↓(τ)⟩⟩⟨⟨Tτc−k+q,↓(τ)ck−q,↑(τ)⟩⟩
= −δk′,−k+qδs′,−σF †(k, τ ′ − τ)F(k − q, 0), (A.23)
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where we exchanged the two electron operators in the first thermal average. The
second spin case to consider is σ =↓. This gives

δk′,−k+qδs′,−σ⟨⟨Tτc
†
−k,↑(τ)c†

k,↓(τ ′)⟩⟩⟨⟨Tτc−k+q,↑(τ)ck−q,↓(τ)⟩⟩
= −δk′,−k+qδs′,−σ⟨⟨Tτc

†
−k,↑(τ)c†

k,↓(τ ′)⟩⟩⟨⟨Tτck−q,↓(τ)c−k+q,↑(τ)⟩⟩
= −δk′,−k+qδs′,−σF †(−k, τ − τ ′)F(−k + q, 0), (A.24)

where we exchanged the two electron operators in the second thermal average. In
the conventional BCS case, F and F † do not depend on the sign of their momentum
and τ arguments. Because of this, Eqs. (A.23) and (A.24) are identical. The second
term of Eq. (A.18) consisting of the four-operator object, simplifies as

1
ν

∑
qk′s′

V (q)⟨⟨Tτc
†
k′−q,s′(τ)ck′s′(τ)ck−q,σ(τ)c†

k,σ(τ ′)⟩⟩

= 1
ν

∑
q
V (q)

[
G(k, τ − τ ′)nk−q − F(k − q, 0)F †(k, τ − τ ′)

]
. (A.25)

Defining the gap function as in Eq. (3.12) and following the reasoning above that
definition, the equation of motion can be written as(

− ∂

∂τ
− ξk

)
G(k, τ − τ ′) + ∆(k)F †(k, τ − τ ′) = δ(τ − τ ′) (A.26)

A.3 Equation of Motion for the Anomalous Green’s
Function

Computing the τ derivative of Eq. (3.5) gives

∂

∂τ
F(k, τ − τ ′) = ∂

∂τ

[
Θ(τ − τ ′)⟨⟨c†

k↑(τ)c†
−k↓(τ ′)⟩⟩ − Θ(τ ′ − τ)⟨⟨c†

−k↓(τ ′)c†
k↑(τ)⟩⟩

]
= δ(τ − τ ′)⟨⟨c†

k↑(τ)c†
−k↓(τ ′)⟩⟩ + Θ(τ − τ ′)

〈〈
∂c†

k↑(τ)
∂τ

c†
−k↓(τ ′)

〉〉

+ δ(τ ′ − τ)⟨⟨c†
−k↓(τ ′)c†

k↑(τ)⟩⟩ − Θ(τ ′ − τ)
〈〈
c†

−k↓(τ ′)
∂c†

k↑(τ)
∂τ

〉〉
.

(A.27)

The delta functions are symmetric in their arguments, and these two terms can
therefore be simplified as follows

δ(τ − τ ′)⟨⟨c†
k↑(τ)c†

−k↓(τ ′)⟩⟩ + δ(τ ′ − τ)⟨⟨c†
−k↓(τ ′)c†

k↑(τ)⟩⟩
= δ(τ − τ ′)

〈〈{
c†

k↑(τ), c†
−k↓(τ ′)

}〉〉
= 0, (A.28)

where we have used ⟨⟨a + b⟩⟩ = ⟨⟨a⟩⟩ + ⟨⟨b⟩⟩ and where we also used that the delta
function enforces equal time, so that we can use the anticommutation relation for
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fermions. The other two terms of Eq. (A.27) can be written as
〈〈

Tτ

∂c†
k↑(τ)
∂τ

c†
−k↓(τ ′)

〉〉
= Θ(τ − τ ′)

〈〈
∂c†

k↑(τ)
∂τ

c†
−k↓(τ ′)

〉〉

− Θ(τ ′ − τ)
〈〈
c†

−k↓(τ ′)
∂c†

k↑(τ)
∂τ

〉〉
.

(A.29)

Using these two results in Eq. (A.27) gives

∂

∂τ
F(k, τ − τ ′) =

〈〈
Tτ

∂c†
k↑(τ)
∂τ

c†
−k↓(τ ′)

〉〉
. (A.30)

Using the result of Eq. (A.12) in Eq. (A.29), we find

∂

∂τ
F(k, τ − τ ′) = ξk⟨⟨c†

k↑(τ)c†
−k↓(τ ′)⟩⟩

+ 1
ν

∑
qk′s′

V (q)⟨⟨c†
k−q,↑(τ)c†

k′+q,s′(τ)ck′s′(τ)c†
−k↓(τ ′)⟩⟩.

(A.31)

We can rewrite this as(
− ∂

∂τ
+ ξk

)
F †(k, τ − τ ′) + 1

ν

∑
kk′s

V (q)⟨⟨Tτc
†
k−q,↑(τ)c†

k′+q,s′(τ)ck′s′(τ)c†
−k↓(τ ′)⟩⟩ = 0.

(A.32)
We can simplify the four-operator object using Wick factorization, so that

⟨⟨Tτc
†
k−q,↑(τ)c†

k′+q,s′(τ)ck′s′(τ)c†
−k↓(τ ′)⟩⟩

≈ ⟨⟨Tτc
†
k−q,↑(τ)c†

k′+q,s′(τ)⟩⟩⟨⟨Tτck′s′(τ)c†
−k↓(τ ′)⟩⟩

− ⟨⟨Tτc
†
k−q,↑(τ)ck′s′(τ)⟩⟩⟨⟨Tτc

†
k′+q,s′(τ)c†

−k↓(τ ′)⟩⟩
+ ⟨⟨Tτc

†
k−q,↑(τ)c†

−k↓(τ ′)⟩⟩⟨⟨Tτc
†
k′+q,s′(τ)ck′s′(τ)⟩⟩,

(A.33)

where the minus sign arises from an odd number of fermion exchanges. Moving
forward, all expressions are evaluated in the Wick-factorization approximation de-
scribed in Sec. 2.2. To further simplify this, we assume that long-wavelength phonons
give a zero potential. We can therefore neglect the pairing that occurs at q = 0
which makes the first term vanish. The nonzero contributions are

δk,−k′δs′↓F †(k − q, 0)G(−k, τ − τ ′) − δk′,−k−qδs′↑nk−qF †(k, τ − τ ′)
+ δq,0nk′F †(k, τ − τ ′).

(A.34)

The second term vanishes because of the arguments made above Eq. (3.12) of
Sec. (3.1), and the last term vanishes because it requires q = 0. Inserting this into
Eq. (A.32) and using the definition of the gap function in Eq. (3.12), the equation
of motion can be written as(

− ∂

∂τ
+ ξk

)
F †(k, τ − τ ′) + ∆†(k)G(k, τ − τ ′) = 0. (A.35)
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A.4 Normal and Anomalous Green’s Functions
from the Coupled Equations of Motion

The equations of motion given in Eqs. (A.26) and (A.35) are two coupled equations,
and Fourier transforming them gives

(iωn − ξk)G(k, iωn) + ∆(k)F †(k, iωn) = 1, (A.36)
(iωn + ξk)F †(k, iωn) + ∆(k)G(k, iωn) = 0, (A.37)

where we have assumed that the gap function is real. These equations can be solved
algebraically. We begin by solving for F † in Eq. (A.37) and get

(iωn + ξk)F †(k, iωn) + ∆(k)G(k, iωn) = 0

=⇒ F †(k, iωn) = − ∆(k)
(iωn + ξk)G(k, iωn). (A.38)

We use this in Eq. (A.36) and solve for G. This gives

(iωn − ξk)G(k, iωn) + ∆(k) −∆(k)
(iωn + ξk)G(k, iωn) = 1

=⇒ G(k, iωn)
[
iωn − ξk − ∆2(k)

(iωn + ξk)

]
= 1

=⇒ G(k, iωn)
[
−ω2

n + ξ2
k + ∆2(k)

(iωn + ξk)

]
= 1

=⇒ G(k, iωn) = − iωn + ξk

ω2
n + ξ2

k + ∆2(k) . (A.39)

We can now use this in Eq. (A.38) to get

F †(k, iωn) = − ∆(k)
(iωn + ξk)

[
− iωn + ξk

ω2
n + ξ2

k + ∆2(k)

]

= ∆(k)
ω2

n + ξ2
k + ∆2(k) . (A.40)

The solutions to the equations of motion for G and F † are therefore given by

G(k, iωn) = − iωn + ξk

ω2
n + ξ2

k + ∆2(k) , (A.41)

F †(k, iωn) = ∆(k)
ω2

n + ξ2
k + ∆2(k) . (A.42)

In the conventional BCS case with a real gap, the anomalous Green’s functions
satisfy F = F †. This can be verified by deriving the corresponding equation of
motion for F .
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B
Evaluation of the Sample-State

Sums in the DPE Counting Rate

In this Appendix, we give the algebraic steps used to simplify the sample contribu-
tion to the DPE counting rate. Starting from the transition amplitude in Eq. (4.30)
and inserting it into the counting-rate expression in Eq. (4.12), one obtains terms
of the form

1
Z

∑
i,f

e−βEiK†K = ⟨⟨c†
p′σ′

2
(t′2)c

†
−p′σ′

1
(t′1)c−pσ′

1
(t1)cpσ′

2
(t2)⟩⟩, (B.1)

1
Z

∑
i,f

e−βEiR†R = ⟨⟨c†
p′σ′

1
(t′2)c

†
−p′σ′

2
(t′1)c−pσ′

2
(t1)cpσ′

1
(t2)⟩⟩, (B.2)

1
Z

∑
i,f

e−βEiR†K = ⟨⟨c†
p′σ′

1
(t′2)c

†
−p′σ′

2
(t′1)c−pσ′

1
(t1)cpσ′

2
(t2)⟩⟩, (B.3)

1
Z

∑
i,f

e−βEiK†R = ⟨⟨c†
p′σ′

2
(t′2)c

†
−p′σ′

1
(t′1)c−pσ′

2
(t1)cpσ′

1
(t2)⟩⟩, (B.4)

where K, R, and their respective Hermitian conjugate are defined in Eqs. (4.27) and
(4.28). The purpose of this appendix is to show how these terms can be written in
terms of normal and anomalous Green’s functions.

Let us define

c(1) = c−pσ′
1
(t1), c(3) = cpσ′

1
(t2), (B.5)

c(2) = c−pσ′
2
(t1), c(4) = cpσ′

2
(t2). (B.6)

Then, the above terms can be written as

1
Z

∑
i,f

e−βEiK†K = ⟨⟨c†(4′)c†(1′)c(1)c(4)⟩⟩,

1
Z

∑
i,f

e−βEiR†R = ⟨⟨c†(3′)c†(2′)c(2)c(3)⟩⟩,

1
Z

∑
i,f

e−βEiR†K = ⟨⟨c†(3′)c†(2′)c(1)c(4)⟩⟩,

1
Z

∑
i,f

e−βEiK†R = ⟨⟨c†(4′)c†(1′)c(2)c(3)⟩⟩.
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These terms can be simplified using Wick’s theorem

1
Z

∑
i,f

e−βEiK†K ≈ ⟨⟨c†(4′)c†(1′)⟩⟩⟨⟨c(1)c(4)⟩⟩

− ⟨⟨c†(4′)c(1)⟩⟩⟨⟨c†(1′)c(4)⟩⟩
+ ⟨⟨c†(4′)c(4)⟩⟩⟨⟨c†(1′)c(1)⟩⟩,

(B.7)

1
Z

∑
i,f

e−βEiR†R ≈ ⟨⟨c†(3′)c†(2′)⟩⟩⟨⟨c(2)c(3)⟩⟩

− ⟨⟨c†(3′)c(2)⟩⟩⟨⟨c†(2′)c(3)⟩⟩
+ ⟨⟨c†(3′)c(3)⟩⟩⟨⟨c†(2′)c(2)⟩⟩,

(B.8)

1
Z

∑
i,f

e−βEiR†K ≈ ⟨⟨c†(3′)c†(2′)⟩⟩⟨⟨c(1)c(4)⟩⟩

− ⟨⟨c†(3′)c(1)⟩⟩⟨⟨c†(2′)c(4)⟩⟩
+ ⟨⟨c†(3′)c(4)⟩⟩⟨⟨c†(2′)c(1)⟩⟩,

(B.9)

1
Z

∑
i,f

e−βEiK†R ≈ ⟨⟨c†(4′)c†(1′)⟩⟩⟨⟨c(2)c(3)⟩⟩

− ⟨⟨c†(4′)c(2)⟩⟩⟨⟨c†(1′)c(3)⟩⟩
+ ⟨⟨c†(4′)c(3)⟩⟩⟨⟨c†(1′)c(2)⟩⟩.

(B.10)

The first term in each expression contains anomalous correlations, while the re-
maining two terms contain normal correlations. We therefore separate the following
derivation into two parts: first the anomalous contribution, and then the normal
contribution.

B.1 Anomalous Contribution
Since we consider a superconducting sample with the symmetries S = +1, P ∗ = +1,
O = +1, and T ∗ = −1, we can simplify the first terms of Eqs. (B.7), (B.8), (B.9)
and (B.10) as follows

1
Z

∑
i,f

e−βEiK†K ≈ ⟨⟨c†
p′σ′

2
(t′2)c

†
−p′σ′

1
(t′1)⟩⟩⟨⟨c−pσ′

1
(t1)cpσ′

2
(t2)⟩⟩ (B.11)

1
Z

∑
i,f

e−βEiR†R ≈ ⟨⟨c†
p′σ′

1
(t′2)c

†
−p′σ′

2
(t′1)⟩⟩⟨⟨c−pσ′

2
(t1)cpσ′

1
(t2)⟩⟩

= ⟨⟨c†
p′σ′

2
(t′2)c

†
−p′σ′

1
(t′1)⟩⟩⟨⟨c−pσ′

1
(t1)cpσ′

2
(t2)⟩⟩, (B.12)

1
Z

∑
i,f

e−βEiR†K ≈ ⟨⟨c†
p′σ′

1
(t′2)c

†
−p′σ′

2
(t′1)⟩⟩⟨⟨c−pσ′

1
(t1)cpσ′

2
(t2)⟩⟩

= ⟨⟨c†
p′σ′

2
(t′2)c

†
−p′σ′

1
(t′1)⟩⟩⟨⟨c−pσ′

1
(t1)cpσ′

2
(t2)⟩⟩, (B.13)
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1
Z

∑
i,f

e−βEiK†R ≈ ⟨⟨c†
p′σ′

2
(t′2)c

†
−p′σ′

1
(t′1)⟩⟩⟨⟨c−pσ′

2
(t1)cpσ′

1
(t2)⟩⟩

= ⟨⟨c†
p′σ′

1
(t′2)c

†
−p′σ′

2
(t′1)⟩⟩⟨⟨c−pσ′

2
(t1)cpσ′

1
(t2)⟩⟩. (B.14)

From the definition of the greater anomalous Green’s function in Eqs. (4.31) and
(4.32), we see that

⟨⟨c†
p′σ′

1
(t′1)c

†
−p′σ′

2
(t′2)⟩⟩⟨⟨c−pσ′

2
(t1)cpσ′

1
(t2)⟩⟩ =

[
iF †>(p′, t′1, t

′
2)
][
iF>(p, t1, t2)

]
= −F †>(p′, t′1, t

′
2)F>(p, t1, t2).

(B.15)

Having applied Wick’s theorem, we work henceforth within the resulting factorized
approximation and use equality signs for the corresponding expressions. With this
simplification, the anomalous part of the counting rate can be written as

P (2)
anom = 1

∆t

∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∫ ∆t′/2

−∆t′/2
dt′2

∫ ∞

t′
2

dt′1
∑
p,p′

AA†γ(p)γ†(p′)

×
[
V (p + k′) − V (p − k′)

][
V (p′ + k′) − V (p′ − k′)

]
×
[
−F †>(p′, t′2, t

′
1)
]
F>(p, t1, t2).

(B.16)

In equilibrium, the real-time Green’s functions are time-translation invariant and
therefore depend only on relative time. Hence,

F>(p, t, t′) = F>(p, t− t′). (B.17)

B.2 Normal Contribution

To simplify the contribution to the normal part, we use the definition in Eq. (4.36),
and not that

−⟨⟨· · ·⟩⟩⟨⟨· · ·⟩⟩ = (iG<)(−iG′<) = G<G′<, (B.18)
⟨⟨· · ·⟩⟩⟨⟨· · ·⟩⟩ = (−iG<)(−iG′<) = −G<G′<. (B.19)

Then, from the K†K term, we get the contribution

G<
σ′

1σ′
2
(−p, t1; p′, t′2)G<

σ′
2σ′

1
(p, t2; −p′, t′1) −G<

σ′
2σ′

2
(p, t2; p′, t′2)G<

σ′
1σ′

1
(−p, t1; −p′, t′1)

= δp,−p′δσ′
1σ′

2
G<(p, t1 − t′2)G<(−p, t2 − t′1) − δpp′G<

σ′
2
(p, t2 − t′2)G<

σ′
1
(−p, t1 − t′1).

(B.20)

From the R†R term, we get the contribution

G<
σ′

2σ′
1
(−p, t1; p′, t′2)G<

σ′
1σ′

2
(p, t2; −p′, t′1) −G<

σ′
1σ′

1
(p, t2; p′, t′2)G<

σ′
2σ′

2
(−p, t1; −p′, t′1)

= δp,−p′δσ′
1σ′

2
G<(p, t1 − t′2)G<(−p, t2 − t′1) − δpp′G<

σ′
1
(p, t2 − t′2)G<

σ′
2
(−p, t1 − t′1).

(B.21)
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From the R†K term, we get the contribution

G<
σ′

1σ′
1
(−p, t1; p′, t′2)G<

σ′
2σ′

2
(p, t2; −p′, t′1) −G<

σ′
2σ′

1
(p, t2; p′, t′2)G<

σ′
1σ′

2
(−p, t1; −p′, t′1)

= δp,−p′G<
σ′

1
(p, t1 − t′2)G<

σ′
2
(−p, t2 − t′1) − δpp′δσ′

1σ′
2
G<(p, t2 − t′2)G<(−p, t1 − t′1).

(B.22)

From the K†R term, we get the contribution

G<
σ′

2σ′
2
(−p, t1; p′, t′2)G<

σ′
1σ′

1
(p, t2; −p′, t′1) −G<

σ′
1σ′

2
(p, t2; p′, t′2)G<

σ′
2σ′

1
(−p, t1; −p′, t′1)

= δp,−p′G<
σ′

2
(p, t1 − t′2)G<

σ′
1
(−p, t2 − t′1) − δpp′δσ′

1σ′
2
G<(p, t2 − t′2)G<(−p, t1 − t′1).

(B.23)

With these simplifications, the normal part of the counting rate can then be written
as

P (2)
norm = 1

∆t

∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∫ ∆t′/2

−∆t′/2
dt′2

∫ ∞

t′
2

dt′1
∑
p,p′

AA†γ(p)γ†(p′)

×
{
V (p + k′)V (p′ + k′)

[
δp,−p′δσ′

1σ′
2
G<(p, t1 − t′2)G<(−p, t2 − t′1)

− δpp′G<
σ′

2
(p, t2 − t′2)G<

σ′
1
(−p, t1 − t′1).

]
+ V (p − k′)V (p′ − k′)

[
δp,−p′δσ′

1σ′
2
G<(p, t1 − t′2)G<(−p, t2 − t′1)

− δpp′G<
σ′

1
(p, t2 − t′2)G<

σ′
2
(−p, t1 − t′1).

]
− V (p + k′)V (p′ − k′)

[
δp,−p′G<

σ′
1
(p, t1 − t′2)G<

σ′
2
(−p, t2 − t′1)

− δpp′δσ′
1σ′

2
G<(p, t2 − t′2)G<(−p, t1 − t′1).

]
− V (p − k′)V (p′ + k′)

[
δp,−p′G<

σ′
2
(p, t1 − t′2)G<

σ′
1
(−p, t2 − t′1)

− δpp′δσ′
1σ′

2
G<(p, t2 − t′2)G<(−p, t1 − t′1).

]}
.

(B.24)

B.3 Fourier Transform of the Normal Contribu-
tion

Because Eq. (4.53) follows two time structures, namely, the one in Eq. (4.54) and
the one in q. (4.55), we choose to split this into two calculations. These can be put
together at the end. We will use the Fourier transform

G<(p, t− t′) = 1
2π

∫ ∞

−∞
dω e−iω(t−t′)G<(p, ω). (B.25)

We begin with the first relative-time structure.

G<(p, t1 − t′2)G<(−p, t2 − t′1)
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Using the Fourier transform in Eq. (B.25) we can write the integrals as

1
∆t

∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∫ ∆t′/2

−∆t′/2
dt′2

∫ ∞

t′
2

dt′1
∑

p
AA†γ(p)γ†(−p)

× 1
4π2

∫ ∞

−∞
dω

∫ ∞

−∞
dω′ e−iω(t1−t′

2)e−iω′(t2−t′
1)G<(p, ω)G<(−p, ω′).

(B.26)

Some of these integrals require regularization in order to ensure convergence, and
we will introduce this regularization later, when we evaluate these integrals We will
therefore treat these integrals as regulated. This allows us to simplify this further
by changing the order of integration and using the explicit expression of A found in
Eq. (4.29), to

1
4π2∆t

∫ ∞

−∞
dω

∫ ∞

−∞
dω′

∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∫ ∆t′/2

−∆t′/2
dt′2

∫ ∞

t′
2

dt′1
∑

p
γ(p)γ†(−p)

× ei(ϵp−ωq−ω′)t2ei(−ϵp+2ϵk′ −ω)t1ei(−ϵp+ωq+ω′)t′
2ei(ϵp−2ϵk′ +ω)t′

1G<(p, ω)G<(−p, ω′).
(B.27)

We introduce the relative-time variables

s = t1 − t2, s′ = t′1 − t′2,

and focus on the time integrals. The time integrals are then given by

1
∆t

∫ ∆t/2

−∆t/2
dt2

∫ ∞

0
ds

∫ ∆t′/2

−∆t′/2
dt′2

∫ ∞

0
ds′

× ei(−ωq+2ϵk′ −ω−ω′)t2ei(−ϵp+2ϵk′ −ω)s−ηsei(ωq−2ϵk′ +ω+ω′)t′
2ei(ϵp−2ϵk′ +ω′)s′−ηs′

,

(B.28)

where we introduced the regularization factor η to ensure convergence. To calculate
the integrals over s and s′ we use the result∫ ∞

0
dt eixt−ηt = i

x+ iη
. (B.29)

Then the integral over s integrates to∫ ∞

0
ds ei(−ϵp+2ϵk′ −ω)s−ηs = i

−ϵp + 2ϵk′ − ω + iη
, (B.30)

and the integral over s′ integrates to∫ ∞

0
ds′ ei(ϵp−2ϵk′ +ω′)s′−ηs′ = i

ϵp − 2ϵk′ + ω′ + iη
= −i

−ϵp + 2ϵk′ − ω′ − iη
. (B.31)

We now have the two integrals over t2 and t′2 left. Here we notice that

1
∆t

∫ ∆t/2

−∆t/2
dt2

∫ ∆t′/2

−∆t′/2
dt′2 ei(−ωq+2ϵk′ −ω−ω′)t2ei(ωq−2ϵk′ +ω+ω′)t′

2

= 1
∆t

∫ ∆t/2

−∆t/2
dt2

∫ ∆t′/2

−∆t′/2
dt′2 ei(−ωq+2ϵk′ −ω−ω′)t2e−i(−ωq+2ϵk′ −ω−ω′)t′

2

= 1
∆t

∣∣∣∣∣
∫ ∆t/2

−∆t/2
dt2 ei(−ωq+2ϵk′ −ω−ω′)t2

∣∣∣∣∣
2

(B.32)
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and this integral is calculated using the relation∫ ∆t/2

−∆t/2
dt′ eixt′ = 2 sin (x∆t/2)

x
. (B.33)

Using this, we get

1
∆t

∣∣∣∣∣
∫ ∆t/2

−∆t/2
dt2 ei(−ωq+2ϵk′ −ω−ω′)t2

∣∣∣∣∣
2

= 1
∆t

∣∣∣∣∣2 sin
[
(−ωq + 2ϵk′ − ω − ω′)∆t/2

]
−ωq + 2ϵk′ − ω − ω′

∣∣∣∣∣
2

= 2 2
∆t

sin2
[
(−ωq + 2ϵk′ − ω − ω′)∆t/2

]
(−ωq + 2ϵk′ − ω − ω′)2

= 2
sin2

[
(−ωq + 2ϵk′ − ω − ω′)∆t/2

]
(−ωq + 2ϵk′ − ω − ω′)2∆t/2 . (B.34)

In the long-time limit, we can use Eq. (2.49) to find

lim
∆t→∞

2
sin2

[
(−ωq + 2ϵk′ − ω − ω′)∆t/2

]
(−ωq + 2ϵk′ − ω − ω′)2∆t/2 = 2πδ(−ωq + 2ϵk′ − ω − ω′). (B.35)

Putting these results back together gives us
2π
4π2

∫ ∞

−∞
dω

∫ ∞

−∞
dω′ δ(−ωq + 2ϵk′ − ω − ω′)

× i

−ϵp + 2ϵk′ − ω + iη

−i
−ϵp + 2ϵk′ − ω′ − iη

G<(p, ω)G<(−p, ω′), (B.36)

and integrating out ω′ gives
1

2π

∫ ∞

−∞
dω 1

−ϵp + 2ϵk′ − ω + iη

1
−ϵp + ωq + ω − iη

G<(p, ω)G<(−p,−ωq + 2ϵk′ − ω).

(B.37)

The simplified Fourier transform of Eq. (B.26) is then given by
1

2π

∫ ∞

−∞
dω

∑
p
γ(p)γ†(−p)

× 1
−ϵp + 2ϵk′ − ω + iη

1
−ϵp + ωq + ω − iη

G<(p, ω)G<(−p,−ωq + 2ϵk′ − ω).

(B.38)
This concludes the Fourier transform of the first structure.

We continue with the second relative-time structure.

G<(p, t2 − t′2)G<(−p, t1 − t′1)

Using the Fourier transform in Eq. (B.25) we can write the integrals as

1
∆t

∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∫ ∆t′/2

−∆t′/2
dt′2

∫ ∞

t′
2

dt′1
∑

p
AA†γ(p)γ†(p)

× 1
4π2

∫ ∞

−∞
dω

∫ ∞

−∞
dω′ e−iω(t2−t′

2)e−iω′(t1−t′
1)G<(p, ω)G<(−p, ω′).

(B.39)
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Just as in the previous case, some of the integrals require regularization to ensure
convergence, and since we will regularize these integrals later, we treat them as reg-
ularized. This is so we can simplify this further by changing the order of integration,
and if we use the explicit expression of A, found in Eq. (4.29), we can write this as

1
4π2∆t

∫ ∞

−∞
dω

∫ ∞

−∞
dω′

∫ ∆t/2

−∆t/2
dt2

∫ ∞

t2
dt1

∫ ∆t′/2

−∆t′/2
dt′2

∫ ∞

t′
2

dt′1
∑

p
γ(p)γ†(p)

× ei(ϵp−ωq−ω)t2ei(−ϵp+2ϵk′ −ω′)t1ei(−ϵp+ωq+ω)t′
2ei(ϵp−2ϵk′ +ω′)t′

1G<(p, ω)G<(−p, ω′).
(B.40)

We introduce the relative-time variables

s = t1 − t2, s′ = t′1 − t′2, (B.41)

and the expression simplifies to

1
4π2∆t

∫ ∞

−∞
dω

∫ ∞

−∞
dω′

∫ ∆t/2

−∆t/2
dt2

∫ ∞

0
ds

∫ ∆t′/2

−∆t′/2
dt′2

∫ ∞

0
ds′ ∑

p
γ(p)γ†(p)

× ei(−ωq+2ϵk′ −ω−ω′)t2ei(−ϵp+2ϵk′ −ω′)s−ηse−i(−ωq+2ϵk′ −ω−ω′)t′
2ei(ϵp−2ϵk′ +ω′)s′−ηs′

×G<(p, ω)G<(−p, ω′).

(B.42)

The s integral integrates to∫ ∞

0
ds ei(−ϵp+2ϵk′ −ω′)s−ηs = i

−ϵp + 2ϵk′ − ω′ + iη
, (B.43)

and the s′ integral integrates to∫ ∞

0
ds′ ei(ϵp−2ϵk′ +ω′)s′−ηs′ = i

ϵp − 2ϵk′ + ω′ + iη
= −i

−ϵp + 2ϵk′ − ω′ − iη
. (B.44)

Multiplying the two results together gives

i

−ϵp + 2ϵk′ − ω′ + iη
× −i

−ϵp + 2ϵk′ − ω′ − iη
=
∣∣∣∣∣ 1
−ϵp + 2ϵk′ − ω′ + iη

∣∣∣∣∣
2

. (B.45)

We notice that the t′2 exponential is just the complex conjugate of the t2 expo-
nential. We can therefore solve the two integrals as

1
∆t

∫ ∆t/2

−∆t/2
dt2

∫ ∆t′/2

−∆t′/2
dt′2 ei(−ωq+2ϵk′ −ω−ω′)t2e−i(−ωq+2ϵk′ −ω−ω′)t′

2

= 1
∆t

∣∣∣∣∣
∫ ∆t/2

−∆t/2
dt2 ei(−ωq+2ϵk′ −ω−ω′)t2

∣∣∣∣∣
2

= 1
∆t

∣∣∣∣∣2 sin
[
(−ωq + 2ϵk′ − ω − ω′)∆t/2

]
−ωq + 2ϵk′ − ω − ω′

∣∣∣∣∣
2

= 2
sin2

[
(−ωq + 2ϵk′ − ω − ω′)∆t/2

]
(−ωq + 2ϵk′ − ω − ω′)2∆t/2 , (B.46)
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and in the limit as η → 0+ we get

lim
η→0+

2
sin2

[
(−ωq + 2ϵk′ − ω − ω′)∆t/2

]
(−ωq + 2ϵk′ − ω − ω′)2∆t/2 = 2πδ(−ωq + 2ϵk′ − ω − ω′). (B.47)

We therefore have
2π
4π2

∫ ∞

−∞
dω

∫ ∞

−∞
dω′ δ(−ωq + 2ϵk′ − ω − ω′)

∑
p
γ(p)γ†(p)

×
∣∣∣∣∣ 1
−ϵp + 2ϵk′ − ω′ + iη

∣∣∣∣∣
2

G<(p, ω)G<(−p, ω′),
(B.48)

and integrating over ω′ forces ω′ = −ωq + 2ϵk′ − ω such that we get

1
2π

∫ ∞

−∞
dω

∑
p
γ(p)γ†(p)

∣∣∣∣∣ 1
ωq − ϵp + ω + iη

∣∣∣∣∣
2

G<(p, ω)G<(−p,−ωq + 2ϵk′ − ω),

(B.49)
which is the simplified Fourier transform of Eq. (B.39).
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C
Frequency Symmetry of

Anomalous Spectral Functions

In this appendix, we derive how the frequency symmetry of the anomalous Matsub-
ara Green’s function is reflected in the corresponding anomalous spectral function.
The derivations are performed under the assumption that the anomalous Green’s
function F(iωn) is Hermitian. The retarded and advanced anomalous Green’s func-
tions are obtained through the analytic continuations [4]

F(iωn → ω + iη) = FR(ω), (C.1)
F(iωn → ω − iη) = FA(ω). (C.2)

The appendix is organized into two sections, where the even-frequency and odd-
frequency anomalous Green’s functions are considered separately.

C.1 Even-Frequency Anomalous Green’s Function
Consider that F(iωn) is even in frequency,

F(iωn) = F(−iωn). (C.3)

Then, from the analytic continuation in Eqs. (C.1) and (C.2), we must have

FR(ω) = F(iωn → ω + iη) = F(−iωn → −ω − iη) = FA(−ω), (C.4)

and

FA(ω) = F(iωn → ω − iη) = F(−iωn → −ω + iη) = FR(−ω). (C.5)

Using this relation together with Eq. (4.65), we find that

FR(ω) =
[
FA(ω)

]∗
=
[
FR(−ω)

]∗
. (C.6)

From the definition of the anomalous spectral function in Eq. (4.63), we can write

AF (ω) = − 1
π

ImFR(ω)

= − 1
π

Im
[
FR(−ω)

]∗
= 1
π

ImFR(−ω)

= −AF (−ω) (C.7)
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where we see that
AF (ω) = −AF (−ω) (C.8)

is odd in frequency.

C.2 Odd-Frequency Anomalous Green’s Function
For F(iωn) odd in frequency, such that

F(iωn) = −F(−iωn). (C.9)

We get from the analytic continuation in Eqs. (C.1) and (C.2) that

FR(ω) = F(iωn → ω + iη) = −F(−iωn → −ω − iη) = −FA(−ω), (C.10)

and

FA(ω) = F(iωn → ω − iη) = −F(−iωn → −ω + iη) = −FR(−ω) (C.11)

needs to hold. With this relation together with Eq. (4.65), we find that

FR(ω) =
[
FA(ω)

]∗
=
[
−FR(−ω)

]∗
. (C.12)

From the definition of the anomalous spectral function in Eq. (4.63), we can write

AF (ω) = − 1
π

ImFR(ω)

= − 1
π

Im
[
−FR(−ω)

]∗
= 1
π

Im
[
FR(−ω)

]∗
= − 1

π
ImFR(−ω)

= AF (−ω) (C.13)

where we see that
AF (ω) = AF (−ω) (C.14)

is even in frequency.
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D
Derivation of the Explicit

Counting-Rate Contributions

In this appendix, we provide the derivations of the greater anomalous Green’s func-
tion, the lesser normal Green’s function, and the anomalous and normal contri-
butions to the counting rate for the d-wave superconducting state considered in
Ref. [10]. The derivations are performed for the case of zero center-of-mass momen-
tum. The appendix is organized into four sections: the first two sections derive the
greater anomalous and lesser normal Green’s functions, respectively, while the final
two sections derive the anomalous and normal contributions to the counting rate.

D.1 Derivation of the Greater Anomalous Green’s
Function

From Eq. (3.24) in Sec. 3.1 we have the following expression for the anomalous
Green’s function

F (p, iωn) = ∆(p)
ω2

n + E2
p
. (D.1)

Through analytic continuation, we get the retarded anomalous Green’s function

FR(p, iωn → ω + iη) = ∆(p)
E2

p − (ω + iη)2 = −∆(p)
2Ep

(
1

ω − Ep + iη
− 1
ω + Ep + iη

)
,

(D.2)
and the advanced anomalous Green’s function

FA(p, iωn → ω − iη) = ∆(p)
E2

p − (ω − iη)2 = −∆(p)
2Ep

(
1

ω − Ep − iη
− 1
ω + Ep − iη

)
.

(D.3)
To find the greater anomalous Green’s function, we need to use Eq. (4.68) where
we will assume that the corresponding equilibrium relations can also be applied to
the anomalous Green’s functions. Here, we need the imaginary part of the retarded
anomalous Green’s function. For the given anomalous Green’s function in Eq. (D.1),
the relation in Eq. (4.65) holds. Hence, we can use the standard relation

Im z = z − z̄

2i , (D.4)
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with z̄ being the complex conjugate of z. Then,

ImFR(p, ω) = FR(p, ω) − FA(p, ω)
2i

= −∆(p)
4iEp

(
1

ω − Ep + iη
− 1
ω − Ep − iη

+ 1
ω + Ep − iη

− 1
ω + Ep + iη

)

= −2πi∆(p)
4iEp

(
1
π

η

(ω + Ep)2 + η2 − 1
π

η

(ω − Ep)2 + η2

)

= −π∆(p)
2Ep

[
δ(ω + Ep) − δ(ω − Ep)

]
, (D.5)

where we have used that the regularization factor η is always to be understood in
the limit η → 0+, so that Eq. (2.92) yields the Dirac delta functions. This can then
be inserted into Eq. (4.68) to give

F>(p, ω) = −2πi∆(p)
2Ep

[
1 − f(ω)

][
δ(ω + Ep) − δ(ω − Ep)

]
= 2πi∆(p)

2Ep

{[
1 − f(Ep)

]
δ(ω − Ep) − f(Ep)δ(ω + Ep)

}
, (D.6)

where we used 1−f(ω) = f(−ω) together with the constraints imposed by the delta
functions.

D.2 Derivation of the Lesser Green’s Function
From Eq. (4.75) in Sec. 4.3 we have the following expression for the normal Green’s
function

G(p, iωn) =
u2

p

iωn − Ep
+

v2
p

iωn + Ep
. (D.7)

Through analytic continuation, we find the retarded Green’s function as

GR(p, iωn → ω + iη) =
u2

p

ω − Ep + iη
+

v2
p

ω + Ep + iη
. (D.8)

In order to use Eq. (4.69), we first need to find the imaginary part of the retarded
Green’s function. We therefore introduce the variables

x− = ω − Ep, x+ = ω + Ep, (D.9)

so that Eq. (D.8) can be written as

GR(p, ω) =
u2

p

x− + iη
+

v2
p

x+ + iη
. (D.10)

We can then separate the real and imaginary part

GR(p, ω) =
u2

p(x− + iη)
(x− + iη)(x− − iη) +

v2
p(x+ − iη)

(x+ + iη)(x+ − iη)

=
u2

px
−

(x−)2 + η2 +
v2

px
+

(x+)2 + η2 + i
−u2

pη

(x−)2 + η2 + i
−v2

pη

(x+)2 + η2 , (D.11)

XX



D. Derivation of the Explicit Counting-Rate Contributions

where we see that

ImGR(p, ω) = −u2
pπ

1
π

η

(ω − Ep)2 + η2 − v2
pπ

1
π

η

(ω + Ep)2 + η2 . (D.12)

Because the regularization factor η is always to be understood in the limit limη→0+ ,
Eq. (2.92) simplifies this to

ImGR(p, ω) = −π
[
u2

pδ(ω − Ep) + v2
pδ(ω + Ep)

]
. (D.13)

Then, from Eq. (4.69), we find the lesser Green’s function to be

G<(p, ω) = 2πif(ω)
[
u2

pδ(ω − Ep) + v2
pδ(ω + Ep)

]
. (D.14)

D.3 Derivation of the Anomalous Counting-Rate
Contribution

P (2)
anom = 2πδ(ωq − 2ϵk′)

∣∣∣∣∣ 1
2π

∑
p
Weven(p,k′)

∫ ∞

0
ds ei(ωq−ϵp)s

∫ ∞

−∞
dω e−iωsF>(p, ω)

∣∣∣∣∣
2

.

(D.15)
We begin by inserting Eq. (D.6) into the anomalous contribution to the counting

rate in Eq. (4.49). This gives

P (2)
anom = 2πδ(ωq − 2ϵk′)

∣∣∣∣∣∑p
∆(p)
2Ep

Weven(p,k′)
∫ ∞

0
ds ei(ωq−ϵp)s

×
∫ ∞

−∞
dω e−iωs

{[
1 − f(Ep)

]
δ(ω − Ep) − f(Ep)δ(ω + Ep)

}∣∣∣∣∣
2

,

(D.16)

where the factor i vanish due to the modulus square. Integration over ω gives

P (2)
anom = 2πδ(ωq − 2ϵk′)

∣∣∣∣∣∑p
∆(p)
2Ep

Weven(p,k′)
∫ ∞

0
ds ei(ωq−ϵp)s

×
{
e−iEps

[
1 − f(Ep)

]
− eiEpsf(Ep)

}∣∣∣∣∣
2

.

(D.17)

The relative-time integral requires regularization to ensure convergence. We there-
fore introduce the regularization factor η that should be understood as the limit
η → 0+. The relative-time integral can then be written as∫ ∞

0
ds ei(ωq−ϵp−Ep)s−ηs

[
1 − f(Ep)

]
−
∫ ∞

0
ds ei(ωq−ϵp+Ep)s−ηsf(Ep). (D.18)

This can be integrated using the result of Eq. (2.84), so that we get

i
1 − f(Ep)

ωq − ϵp − Ep
− i

f(Ep)
ωq − ϵp + Ep

. (D.19)
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Inserting this back into Eq. (D.17) gives

P (2)
anom = 2πδ(ωq − 2ϵk′)

∣∣∣∣∣∑p
∆(p)
2Ep

Weven(p,k′)

×
[

f(Ep)
ωq − ϵp + Ep

− 1 − f(Ep)
ωq − ϵp − Ep

]∣∣∣∣∣
2

,

(D.20)

where we again used |i|2 = 1. Here, we have also utilized |a− b|2 = |b− a|2 to write
it more in line with how they express it in Ref. [10]. To simplify this further, we
approximate the effective electron–photon coupling matrix element as momentum
independent, γ(p) → γ0. Since this is to be compared to Ref. [10], we use their
definition of the gap function

∆(p) = ∆0

2
[
cos (px) − cos (py)

]
. (D.21)

We may notice that this definition makes the gap function symmetric in p, so that
∆(p) = ∆(−p). For the system in question, it also holds that ϵp = ϵ−p, leading to
Ep = E−p. Then, we may simplify the kernel as follows

∑
p
γ0
[
V (p + k′) + V (p − k′)

]
=
∑

p
γ0
[
V (−p + k′) + V (p − k′)

]
= 2γ0

∑
p
V (k′ − p), (D.22)

where we let p → −p in the first step and used that the effective Coulomb potential
is symmetric. With this simplification, Eq. (D.20) becomes

P (2)
anom = 8πδ(ωq − 2ϵk′)

∣∣∣∣∣γ0
∑

p
V (k′ − p)∆(p)

2Ep

×
[

f(Ep)
ωq + Ep − ϵp + iη

− 1 − f(Ep)
ωq − Ep − ϵp + iη

]∣∣∣∣∣
2

.

(D.23)

D.4 Derivation of the Normal Counting-Rate Con-
tribution

We begin by approximating the effective electron–photon coupling matrix element
as momentum independent and real, γ(p) → γ0 with γ†

0 = γ0. Because we are
working in the opposite spin channel, the normal contribution to the counting rate
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in Eq. (4.58) can be written as

P (2)
norm = 1

2π

∫ ∞

−∞
dω1

∫ ∞

−∞
dω2

∑
p
γ2

0

×
{

D1

[
−K(p+,−p+)G<(p, ω1)G<(−p, 2ϵk′ − ωq − ω1)

−K(p−,−p−)G<(p, ω1)G<(−p, 2ϵk′ − ωq − ω1)
]

+ D2

[
−K(p+,p+)G<(p, ω2)G<(−p, 2ϵk′ − ωq − ω2)

−K(p−,p−)G<(p, ω2)G<(−p, 2ϵk′ − ωq − ω2)
]}
.

(D.24)

Due to the symmetry arguments above Eq. (D.22) of Appendix D.3, it follows that
the two coherence factors up and vp are also symmetric in p. With the explicit
expression of the lesser Green’s function in Eq. (D.14), we may notice that

G<(p, ω) = G<(−p, ω). (D.25)

Thus, we can rename the dummy variable p → −p and use the symmetric property
of the effective Coulomb potential to simplify Eq. (D.24) to

P (2)
norm = 2

2π

∫ ∞

−∞
dω1

∫ ∞

−∞
dω2

∑
p
γ2

0V (k′ − p)V (k′ − p)

×
{

D1

[
−G<(p, ω1)G<(p, X − ω1)

]
+ D2

[
−G<(p, ω2)G<(p, X − ω2)

]}
.

(D.26)

where we introduced the variable

X = 2ϵk′ − ωq. (D.27)

From Eq. (D.14), we can write the product of the two lesser Green’s functions as

−G<(p, ω1,2)G<(p, X − ω1,2) = 4π2f(ω1,2)f(X − ω1,2)

×
{
u2

pu
2
pδ(ω1,2 − Ep)δ(X − ω1,2 − Ep)

+ u2
pv

2
pδ(ω1,2 − Ep)δ(X − ω1,2 + Ep)

+ v2
pu

2
pδ(ω1,2 + Ep)δ(X − ω1,2 − Ep)

+ v2
pv

2
pδ(ω1,2 + Ep)δ(X − ω1,2 + Ep)

}
.

(D.28)

Since D1 and D2 are defined differently, and because the above expression includes
four terms, we solve the integrals over ω1,2 separately.
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D. Derivation of the Explicit Counting-Rate Contributions

Computing the integral with respect to ω1

We proceed to compute∫ ∞

−∞
dω1

f(ω1)f(X − ω1)
(2ϵk′ − ϵp − ω1 + iη)(ωq − ϵp + ω1 − iη)

×
{
u2

pu
2
pδ(ω1 − Ep)δ(X − ω1 − Ep)

+ u2
pv

2
pδ(ω1 − Ep)δ(X − ω1 + Ep)

+ v2
pu

2
pδ(ω1 + Ep)δ(X − ω1 − Ep)

+ v2
pv

2
pδ(ω1 + Ep)δ(X − ω1 + Ep)

}
.

(D.29)

To do this, we integrate each of the four terms separately. Beginning with the first
term∫ ∞

−∞
dω1

u2
pu

2
pf(ω1)f(X − ω1)

(2ϵk′ − ϵp − ω1 + iη)(ωq − ϵp + ω1 − iη)δ(ω1 − Ep)δ(X − ω1 − Ep)

=
u2

pu
2
pf(Ep)f(X − Ep)

(2ϵk′ − ϵp − Ep + iη)(ωq − ϵp + Ep − iη)δ(X − 2Ep)

=
u2

pu
2
pf(Ep)f(Ep)

(ωq − ϵp + Ep + iη)(ωq − ϵp + Ep − iη)δ(ωq − 2ϵk′ + 2Ep), (D.30)

where we used that the delta function imposes X = 2Ep and that δ(x) = δ(−x)
is symmetric. Furthermore, we inserted the explicit expression of X given by
Eq. (D.27). The delta function then also imposes that 2ϵk′ = ωq + 2Ep, which
we used. Once can see that the denominator takes the form of a modulus squared,
hence we can write the expression as

δ(ωq − 2ϵk′ + 2Ep)
∣∣∣∣∣ 1
ωq − ϵp + Ep + iη

∣∣∣∣∣
2

u2
pu

2
pf(Ep)f(Ep). (D.31)

Continuing with the second term, we find
∫ ∞

−∞
dω1

u2
pv

2
pf(ω1)f(X − ω1)

(2ϵk′ − ϵp − ω1 + iη)(ωq − ϵp + ω1 − iη)δ(ω1 − Ep)δ(X − ω1 + Ep)

=
u2

pv
2
pf(Ep)f(X − Ep)

(2ϵk′ − ϵp − Ep + iη)(ωq − ϵp + Ep − iη)δ(X)

=
u2

pv
2
pf(Ep)f(−Ep)

(ωq − ϵp − Ep + iη)(ωq − ϵp + Ep − iη)δ(ωq − 2ϵk′)

=
u2

pv
2
pf(Ep)

[
1 − f(Ep)

]
(ωq − ϵp − Ep + iη)(ωq − ϵp + Ep − iη)δ(ωq − 2ϵk′). (D.32)

Here, we used the same kinds of simplifications as we did with the first term. Note
that δ(X) imposes X = 0, which is why f(X + Ep) could be simplified to f(Ep).
We have also used that f(−Ep) = 1 − f(Ep).
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We compute the third term, which gives

∫ ∞

−∞
dω1

v2
pu

2
pf(ω1)f(X − ω1)

(2ϵk′ − ϵp − ω1 + iη)(ωq − ϵp + ω1 − iη)δ(ω1 + Ep)δ(X − ω1 + Ep)

=
v2

pu
2
pf(−Ep)f(X + Ep)

(2ϵk′ − ϵp + Ep + iη)(ωq − ϵp − Ep − iη)δ(X)

=
v2

pu
2
p

[
1 − f(Ep)

]
f(Ep)

(ωq − ϵp + Ep + iη)(ωq − ϵp − Ep − iη)δ(ωq − 2ϵk′), (D.33)

where we have used the same kinds of simplifications as we did for the first term.
We now compute the fourth term

∫ ∞

−∞
dω1

v2
pv

2
pf(ω1)f(X − ω1)

(2ϵk′ − ϵp − ω1 + iη)(ωq − ϵp + ω1 − iη)δ(ω1 + Ep)δ(X − ω1 + Ep)

=
v2

pv
2
pf(−Ep)f(X + Ep)

(2ϵk′ − ϵp + Ep + iη)(ωq − ϵp − Ep − iη)δ(X + 2Ep)

=
v2

pv
2
pf(−Ep)f(−Ep)

(ωq − ϵp − Ep + iη)(ωq − ϵp − Ep − iη)δ(ωq − 2ϵk′ − 2Ep)

=
v2

pv
2
p

[
1 − f(Ep)

][
1 − f(Ep)

]
(ωq − ϵp − Ep + iη)(ωq − ϵp − Ep − iη)δ(ωq − 2ϵk′ − 2Ep). (D.34)

As with the first term, we notice that the denominator takes the form of a modulus
squared. We therefore rewrite this as

δ(ωq − 2ϵk′ − 2Ep)
∣∣∣∣∣ 1
ωq − ϵp − Ep + iη

∣∣∣∣∣
2

v2
pv

2
p

[
1 − f(Ep)

][
1 − f(Ep)

]
. (D.35)

Computing the integral with respect to ω2

We want to compute

∫ ∞

−∞
dω2

∣∣∣∣∣ 1
ωq − ϵp + ω2 + iη

∣∣∣∣∣
2

f(ω2)f(X − ω2)

×
{
u2

pu
2
pδ(ω2 − Ep)δ(X − ω2 − Ep)

+ u2
pv

2
pδ(ω2 − Ep)δ(X − ω2 + Ep)

+ v2
pu

2
pδ(ω2 + Ep)δ(X − ω2 − Ep)

+ v2
pv

2
pδ(ω2 + Ep)δ(X − ω2 + Ep)

}
.

(D.36)

As before, we integrate each of the four terms separately. Beginning with the
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first term

∫ ∞

−∞
dω2

∣∣∣∣∣ 1
ωq − ϵp + ω2 + iη

∣∣∣∣∣
2

u2
pu

2
pf(ω2)f(X − ω2)δ(ω2 − Ep)δ(X − ω2 − Ep)

=
∣∣∣∣∣ 1
ωq − ϵp + Ep + iη

∣∣∣∣∣
2

u2
pu

2
pf(Ep)f(X − Ep)δ(X − 2Ep)

= δ(ωq − 2ϵk′ + 2Ep)
∣∣∣∣∣ 1
ωq − ϵp + Ep + iη

∣∣∣∣∣
2

u2
pu

2
pf(Ep)f(Ep), (D.37)

where we used the symmetric property of the delta function, and that it imposes
X = 2Ep for the simplifications in the last step.

Continuing with the second term, we find

∫ ∞

−∞
dω2

∣∣∣∣∣ 1
ωq − ϵp + ω2 + iη

∣∣∣∣∣
2

u2
pv

2
pf(ω2)f(X − ω2)δ(ω2 − Ep)δ(X − ω2 + Ep)

=
∣∣∣∣∣ 1
ωq − ϵp + Ep + iη

∣∣∣∣∣
2

u2
pv

2
pf(Ep)f(X − Ep)δ(X)

= δ(ωq − 2ϵk′)
∣∣∣∣∣ 1
ωq − ϵp + Ep + iη

∣∣∣∣∣
2

u2
pv

2
pf(Ep)f(−Ep)

= δ(ωq − 2ϵk′)
∣∣∣∣∣ 1
ωq − ϵp + Ep + iη

∣∣∣∣∣
2

u2
pv

2
pf(Ep)

[
1 − f(Ep)

]
, (D.38)

where we used the same kinds of simplifications as we did for the first term, and the
relation f(−Ep) = 1 − f(Ep).

We now compute the third term, which gives

∫ ∞

−∞
dω2

∣∣∣∣∣ 1
ωq − ϵp + ω2 + iη

∣∣∣∣∣
2

v2
pu

2
pf(ω2)f(X − ω2)δ(ω2 + Ep)δ(X − ω2 − Ep)

=
∣∣∣∣∣ 1
ωq − ϵp − Ep + iη

∣∣∣∣∣
2

v2
pu

2
pf(−Ep)f(X + Ep)δ(X)

= δ(ωq − 2ϵk′)
∣∣∣∣∣ 1
ωq − ϵp − Ep + iη

∣∣∣∣∣
2

v2
pu

2
pf(−Ep)f(Ep)

= δ(ωq − 2ϵk′)
∣∣∣∣∣ 1
ωq − ϵp − Ep + iη

∣∣∣∣∣
2

v2
pu

2
p

[
1 − f(Ep)

]
f(Ep), (D.39)

where we have used the same kinds of simplifications as we did for the first term.
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Lastly, we compute the fourth term, giving
∫ ∞

−∞
dω2

∣∣∣∣∣ 1
ωq − ϵp + ω2 + iη

∣∣∣∣∣
2

v2
pv

2
pf(ω2)f(X − ω2)δ(ω2 + Ep)δ(X − ω2 + Ep)

=
∣∣∣∣∣ 1
ωq − ϵp − Ep + iη

∣∣∣∣∣
2

v2
pv

2
pf(−Ep)f(X + Ep)δ(X + 2Ep)

=
∣∣∣∣∣ 1
ωq − ϵp − Ep + iη

∣∣∣∣∣
2

v2
pv

2
pf(−Ep)f(−Ep)δ(X + 2Ep)

= δ(ωq − 2ϵk′ − 2Ep)
∣∣∣∣∣ 1
ωq − ϵp − Ep + iη

∣∣∣∣∣
2

v2
pv

2
p

[
1 − f(Ep)

][
1 − f(Ep)

]
, (D.40)

where we used the same kinds of simplifications as we did for the first term. We can
now finalize the calculation.

Finalizing the calculations

Having computed the two integrals with respect to ω1 and ω2, respectively. We
may notice that the terms in Eqs. (D.32), (D.33), (D.38), and (D.39), are pro-
portional to the mixed occupation–vacancy factor f(Ep)[1 − f(Ep)], whereas the
remaining terms involve only occupation–occupation or vacancy–vacancy factors.
We therefore split the normal contribution into two terms

P (2)
norm = P

(2)
norm,1 + P

(2)
norm,2, (D.41)

where we collect the occupation–occupation and vacancy–vacancy factors in P (2)
norm,1,

and the occupation–vacancy factors in P
(2)
norm,2. We begin with P

(2)
norm,1, where we

collect the terms given in Eqs. (D.31), (D.35), (D.37), and (D.40), giving

P
(2)
norm,1 = 8πγ2

0
∑

p

[
δ(ωq − 2ϵk′ − 2Ep)

∣∣∣∣∣ V (k′ − p)v2
p

ωq − ϵp − Ep + iη

∣∣∣∣∣
2[

1 − f(Ep)
][

1 − f(Ep)
]

+ δ(ωq − 2ϵk′ + 2Ep)
∣∣∣∣∣ V (k′ − p)u2

p

ωq − ϵp + Ep + iη

∣∣∣∣∣
2

f(Ep)f(Ep)
]
.

(D.42)

Collecting the terms given in Eqs. (D.32), (D.33), (D.38), and (D.39), yields the
occupation–vacancy contribution P

(2)
norm,2:

P
(2)
norm,2 = 4πγ2

0
∑

p
δ(ωq − 2ϵk′)

∣∣∣∣∣V (k′ − p)∆(p)
2Ep

∣∣∣∣∣
2

f(Ep)
[
1 − f(Ep)

]

×
{

1
(ωq − ϵp − Ep + iη)(ωq − ϵp + Ep − iη)

+ 1
(ωq − ϵp + Ep + iη)(ωq − ϵp − Ep − iη)

+
∣∣∣∣∣ 1
ωq − ϵp + Ep + iη

∣∣∣∣∣
2

+
∣∣∣∣∣ 1
ωq − ϵp − Ep + iη

∣∣∣∣∣
2}
.

(D.43)
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At first glance, the expression appears as if it could take complex values. To see the
relevant structure, define

w = (ωq − ϵp − Ep + iη), (D.44)
z = (ωq − ϵp + Ep + iη), (D.45)

Then the quantity in braces in the summand has the structure

1
wz̄

+ 1
w̄z

+
∣∣∣∣∣ 1w
∣∣∣∣∣
2

+
∣∣∣∣∣1z
∣∣∣∣∣
2

. (D.46)

This can be written as ∣∣∣∣∣ 1w + 1
z

∣∣∣∣∣
2

, (D.47)

where it is clear that this is indeed real valued. We use this factorization to write

P
(2)
norm,2 = 4πγ2

0
∑

p
δ(ωq − 2ϵk′)

∣∣∣∣∣V (k′ − p)∆(p)
2Ep

∣∣∣∣∣
2

f(Ep)
[
1 − f(Ep)

]

×
∣∣∣∣∣ 1
ωq − ϵp + Ep + iη

+ 1
ωq − ϵp − Ep + iη

∣∣∣∣∣
2

.

(D.48)

Thus, the normal contribution is given by Eq. (D.41), where the two terms are given
in Eqs. (D.42) and (D.48).
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