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Abstract 
 

 
The Chalmers Vehicle Simulator (CVS) was built by students in 1999 and is constantly being 
upgraded ever since. The main objective is to provide a realistic simulation environment for 
students to perform projects and master thesis works, investigating and testing new products 
and ideas relevant to the car industry. It consists of a hexapod motion platform (Stewart 
platform) and five computers responsible for the simulation. A quarter of a Volvo car (the part 
where the driver sits) is mounted on the platform and the visual cues are projected on a 
screen in front of the driver. 
 
The algorithm that transforms the desired vehicle motion into realizable simulator motion 
commands is called a washout filter. The washout filter is responsible for keeping the motion 
platform within its physical boundaries and for stimulating the driver to feel that driving the 
simulator is close to driving a real car. The washout filter “washes out” cues below the driver’s 
perception threshold and returns the platform state to the neutral position. It calculates the 
platform position and angular displacement in real time, taking the desired translational 
acceleration and angular displacement as an input signal. Washout filters have been widely 
investigated, mainly in the field of flight simulations.  
 

In this work three washout filters ([ 1 ][ 7 ],[ 8 ], [ 9 ]) originally developed for NASA airplane 

simulators are considered for the CVS. The Classical and Optimal washout filters are 
implemented for real-time use, while the Adaptive washout filter is tested only by off-line 
simulation.  
 
The quality of a washout filter depends on how realistic motion it produces. This goal is 
achieved by minimizing the difference between the measured sensed accelerations and 
rotations that a driver feels in a real car, with those the driver feels in the simulator. The 
sensed accelerations and rotations are determined by a mathematical model of the human 
vestibular system which is mainly responsible for motion sensations. An interesting feature of 
the vestibular system is that it does not differentiate between accelerations produced by 
translational movement and accelerations produced by tilting the driver’s head with respect to 
the gravity vector. This phenomenon is known as “tilt coordination” and makes it possible to 
simulate low frequency translational accelerations by tilting the platform. This augments the 
high frequency acceleration cues produced by the washout filters. 
 
The washout filter parameters are tuned by optimization algorithms. A Genetic Algorithm is 
used to find a starting point in the parameter space for the ensuing local optimization where a 
Riccati Algebraic Solver and the Steepest Descent Method are used.  The optimization is 
performed on a computer simulation model of the CVS, taking standard driving manoeuvres 
as inputs.  
 
The obtained Classical and Optimal washout filters were tested in real time on the CVS with 
several “test drivers”. During all the tests, the platform never hit the physical boundaries, but 
moved very close to them, thus using most of the actuator’s movement. According to the test 
drivers’ suggestions some of the input signals were rescaled.  After the final adjustments their 
impression was that the washout filters produced realistic driving experience. 
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1. Introduction 
 

The algorithm that transforms the desired vehicle motion into realizable simulator motion 
commands is called a washout filter.The goal of the washout filter is to keep the motion 
platform within its boundaries and to stimulate the driver to feel that driving the simulator is 
close to driving a real car. The washout filter calculates the desired position and angular 
displacement in real time, taking the translational acceleration and angular displacement as an 
input signal.  
 
Another function of the washout filter is to return the platform into its home position even when 
the inputs have some constant value different from zero. This is necessary so that future 
acceleration and rotations can be simulated successfully. 
 
The problem rises when low frequency translational accelerations need to be simulated, 
because this cannot be achieved by only using the translational movement of the platform. 
Therefore, a tilt of the platform is used and the gravity compensates for the low frequency 
components of the translational acceleration. For example, when the driver accelerates in 
longitudinal direction the platform is slowly tilted backwards pressing the diver to the seat. The 
driver perceives the same effect as higher specific force acting on him when driving actual car. 
In this process the driver should not feel rotation and because of that the tilt rate is limited 
beneath the sensitivity threshold for rotation. Therefore, only sustained acceleration (low 
frequency) can be simulated by tilt coordination. The high frequency components are 
simulated by the small translational movement the platform can give (approximately 25cm). 
Even when tilt coordination is applied, very big accelerations cannot be obtained because of 
the platform limitation. Thus, the goal is to simulate realistic motion with smaller amplitude. 
Signals with higher amplitude will be scaled and limited to the desired interval so that the 
platform’s actuators do not extend over their limits.  
 
The vestibular system in humans ([ 7 ] and [ 10 ]) is mostly responsible for the feeling of 
motion. This system is located in the head, close to the ears and it consists of two parts, 
otoliths and semicircular canals. The otoliths sense acceleration (specific force) and the 
semicircular canals sense rotation. Otoliths are good sensors of specific force in the frequency 
range of [0.2 – 10] rad/s. Semicircular canals are good sensors of rotation in the frequency 
range of [0.2 – 2] rad/s. The vestibular system is modelled as a linear transfer function and the 
reference curve to which the outputs of the washout filters are optimized is generated from this 
model.    
 
The washout filters are optimized by several optimization algorithms. Optimization is prepared 
offline, in a computer simulation, the desired parameters for the washout filters are found and 
then the washout filter is implemented in real use on the Chalmers Vehicle Simulator. The 
quality of the washout filter directly depends on the quality of the vestibular system model. 
There is already improved model of the vestibular system [ 1 ] than the one used in this work 
and one should repeat the experiments with this new model for achieving even more realistic 
results. 
 
Optimization algorithms with both heuristic and functional approach are used. The Classical 
washout filter is optimized by Evolutionary Algorithms (EA), the Optimal washout filter is 
optimized by both EA and Riccati algebraic solver and the Adaptive washout filter is optimized 
by EA and Steepest Descent algorithm.  
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1.1. Novelty 
 
In this work, three washout filters, Classical Washout Filter (CWF), Optimal Washout Filter 
(OWF) and Adaptive Washout Filter (AWF) are considered for the Chalmers Vehicle Simulator 
(CVS). These washout filters were originally developed for NASA airplane simulators by 
Telban and Cardullo [ 1 ] and Reid and Nahon ([ 7 ], [ 8 ], [ 9 ]). Their main idea about how 
these WFs operate is used in this work. For example the main idea in CWF is the usage of tilt 
coordination for simulating sustained accelerations by using the gravity force. The main idea 
behind OWF is incorporating mathematical model of the human Vestibular System. The 
objective of AWF is to adjust the motion platform response by using feedback connections to 
continuously tune a set of adaptive parameters by method of steepest descent. These ideas 
were used as a starting point in the development of the three washout filters represented in 
this work. However the further growth of the washout filter development is performed 
independently and all three WFs are optimized to function on the Chalmers Vehicle Simulator. 
 
Besides the functional optimization algorithms like Riccati Algebraic Solver and Steepest 
Descent, a heuristic optimization is introduced by the use of Evolutionary Algorithms (EA). 
Moreover a combination of heuristic and functional optimization is introduced for creating even 
more powerful optimization algorithm that will strive to the global optimum with higher speed. 
While Riccati Solver and Steepest Descent work very well for finding the local optima, they 
can easily be trapped in one of them, thus never been able to look for the global optimum. EA 
on the other hand gives really good results for distinguishing global optimum when the search 
space contains many local optima. A wise union of these algorithms can give quite optimal 
solution for relatively short time. Functional and heuristic approach was used for the 
development of OWF and AWF and its success can be inevitable seen in the results (Chapter 
12) found by a computer simulation developed in Simulink, Matlab. The actual motion of the 
CVS was not recorded because the “real time” position of the platform could not have been 
obtained at the time this thesis was prepared. 
 
The obtained Classical and Optimal washout filters were tested in real time on the CVS with 
several “test drivers”. During all the tests, the platform never hit the physical boundaries, but 
moved very close to them, thus using most of the actuator’s movement. According to the test 
drivers’ suggestions some of the input signals were rescaled.  After the final adjustments their 
impression was that the washout filters produced realistic driving experience, Chapter 13. 
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2. The Chalmers Vehicle Simulator (CVS) 
 
The Chalmers Vehicle Simulator was built by students in 1999 and is constantly being 
upgraded ever since. The main objective is to provide a simulation environment where new 
products and ideas related to the car industry can be tested before applying them to an actual 
car. It consists of a motion platform (Stewart platform) and five computers responsible for the 
simulation. A quarter of a Volvo car (the part where the driver sits) is mounted on the platform 
and the visual cues are projected on a screen in front of the driver.  
 

 
 Figure 2.1: Chalmers Vehicle Simulator 
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2.1. Components of the CVS 

 
The data diagram of the CVS is given on Figure 2.2. The motion platform is connected with 
five computers which all have separate functionality. 
 

 Control Computer: This is where the simulink model is developed. The model is 
compiled in C – code into the XPC-Target Computer. 

 XPC-Target Computer: Runs the real-time system. The communication to and from 
the simulator goes through this computer. 

 Platform Computer: Comes together with the motion platform. It shows the status of 
the platform in real time and from this computer the platform can be run manually.  

 Graphics Computer: The virtual environment is run on this computer. 

 Sound Computer: Handles the sound of the engine. 
 

 
Figure 2.2: Block diagram of the Chalmers Vehicle Simulator 
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2.2. Stewart Platform 

 
The Stewart Platform consists of 6 actuators which can extend or contract and 6 motors 
attached to them which change their angle. The platform provides motion in 6 degrees of 
freedom, 3 translational and 3 rotational. The motion of the platform is limited and it can move 
approximately 25cm in translational direction and even less when it is tilted. The maximum 

tilting angles are limited to about
20 . The actual actuators limits are given in Appendix B. The 

kinematics of the platform is described in Chapter 5. 
 

 
 Figure 2.3: Stewart Platform 
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3. Reference Frames and the Variables Within 
 

This chapter introduces the reference frames used in CVS, the conversion of variables 
between the frames, rotation of frames, relations between angular velocity and Euler angles 
and inertial acceleration in rotating frames. This chapter is referenced to the work of Etkin [ 12 
], but the notation which will be used throughout the development of the washout filters is 
preserved as same as the notation of the previously developed washout filters [ 6 ].  
 

3.1. Reference Frames 

 
In order to describe the development of motion drive algorithms easily, six reference frames 
are introduced in this research [ 6 ]. Three of these frames are connected with the real car, 
and the other three with the simulator (Figure 3.1- Figure 3.3). All of the frames are right 
handed X x Y = Z. 

 
The variables are introduced by an index indicating the frame. For example, the acceleration 

in the inertial frame is introduced as Ia . 

 

 
Figure 3.1: Reference frames in the car [ 6 ] 

 

 
Figure 3.2: Reference frames in the simulator [ 6 ] 
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Figure 3.3: Overview of reference frames [ 6 ] 

 

3.1.1. Inertial Frame I 

 
This frame is attached to the Earth where it stays fixed. Its position and orientation does not 
change over time. The X axis of this frame points forward, the Y axis points to the reader and 
the Z axis points downward. All other axes are always expressed in respect to the inertial 

frame, thus IIX can be written as IX  by omitting the second index. The origin of this frame is 

located beneath the simulator, right in the middle between the lower gimbals positions, thus 
we can say it belongs to the simulator. Yet, this frame is used from the real car too, because 
the car motion is observed from the origin of the inertial frame. 
 

3.1.2. Simulator Frame S 

 
The simulator frame S is attached to the Stewart Platform. Its origin is placed in the middle 
between the upper gimbals of the platform. The position of this frame is changing over time 
and its origin is changing too in respect to the inertial frame. The position of its origin can be 

expressed at any moment by knowing the vector SIr , which means position of the origin of 

frame S in respect to the origin of the inertial frame. The orientation of the axes is the same as 
the orientation of the axes in the inertial frame. 
 

3.1.3. Simulator Driver Frame D 

 
The simulator driver frame D is parallel to the frame S and its origin is at the centre of the 
driver’s head. The position of this frame is fixed in respect to the frame S, but it is changing 
over time in respect to the inertial frame. The main reason for the existence of this frame is to 
get the specific force and rotation at the driver’s head, which is one of the main issues for 
building successful washout filter. This is described in details in Chapter 4.  
The position of this frame’s origin can be retrieved by knowing the position of the origin of the 

frame S and the vector DSr . 

 

Car driver frame E 

Inertial frame I 

Simulator frame S 

Simulator driver frame D 

SZ  

AZ  

AX  

EZ  

EX  

DZ  

DX  

SX  

IZ  

IX  

Car frame A 
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3.1.4. Car Frame A 
 
The car frame is attached to the car. It is parallel to the base frame and its origin can be found 

by AIr in respect to the inertial frame. This frame has the same orientation with respect to the 

inertial frame like the simulator frame S. 
 

3.1.5. Car Driver Frame E 
 
The origin of this frame is at the centre of the driver’s head in the car. Its orientation with 
respect to the frame A is the same as the orientation of the simulator driver frame D in respect 
to the simulator frame S. The origin of this frame over time can be found by knowing the origin 

of the frame A and the vector EAr . 

 

3.2. Relations between Reference Frames 
 
Several relations exist between the reference frames: 
 

 Frames A and E are always parallel to each other and their relative location EAr  is 

fixed all the time. 

 Frames S and D are always parallel to each other and the relative location of frame D 

in respect to frame S, DSr , is fixed all the time. 

 The inertial frame is fixed all the time, and its positions and origin are not changing. 

 The position of frame S and its orientation vary over time in respect to the inertial 

frame. The origin of frame S can be found by SIr  and the orientation is determined by 

the Euler angles in respect to the inertial frame. 

 The position of frame A and its orientation vary over time in respect to the inertial 

frame. The origin of this frame can by found by knowing the vector AIr , and the 

position of the axes is determined by Euler angles. 

3.3. Euler Angles 

 
Orientation of one frame is given with its Euler angles, relatively to another frame. In the 
simulator the orientation of any frame is always given in respect to the inertial frame. For 
example, the orientation of the platform S, is given by: 
 

 ( 3.1 ) 

 
To obtain the final position of frame S relatively to frame I, one needs to know its orientation 

represented by S  and the coordinates represented by the vector SIr . The position is obtained 

in five steps: 
 

 Set the initial position of frame S equal to frame I 

 Rotate the frame S with angle SI (roll) around the SX -axis 

 Rotate the frame S with angle SI (pitch) around the SY -axis 

 Rotate the frame S with angle SI (yaw) around the SZ -axis 

 Translate the frame S by SIr . 
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Since the Euler angles are always defined with respect to the inertial frame, the index I is 
usually dropped. 

 

3.4. Translational Acceleration 

 
The translational acceleration of the platform is given by: 
 



















z

y

x

a

a

a

a  ( 3.2 ) 

 
These acceleration components can be found in practise with different names: 
 

 xa  - surge (longitudinal acceleration) 

 ya  - sway (lateral acceleration) 

 za  - heave (vertical acceleration) 

 
In this work the notation surge, sway and heave acceleration is rather used. 
  

3.5. Conversions of vectors between the frames 

 
When the acceleration in frame I is known, usually there is a need to express that acceleration 
in the simulator frame S too and vice versa. If the acceleration in frame I is given as a vector: 
 



















I

I

I

z

y

x

I

a

a

a

a  ( 3.3 ) 

 
then the acceleration in the S frame will be found as: 
 

IISSI aLa   ( 3.4 ) 

 

where ISL  is three by three matrix and it is called a rotation matrix. In order to find out the 

rotation matrix, the frames will be rotated step by step, first around the x-axis, then around the 
y-axis and at last around the z-axis.  
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  y 

z 

x 

  

 

Figure 3.4: Rotation around the 
x-axis 

Figure 3.5: Rotation around the y-
axis 

Figure 3.6: Rotation around the z-axis 

 

These three rotations separately can be represented with the rotation matrices xR , yR  and 

zR : 

 





















)cos()sin(0

)sin()cos(0

001
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xR















 



)cos(0)sin(

010

)sin(0)cos(





yR



















100

0)cos()sin(

0)sin()cos(





zR  ( 3.5 ) 

 
The rotation matrix consists of all these three rotations executed one by one and it can be 
represented by their product: 
 

zyxIS RRRL   ( 3.6 ) 

























)cos()cos()cos()sin()sin()sin()cos()sin()sin()cos()sin()cos(

)cos()sin()cos()cos()sin()sin()sin()sin()cos()cos()sin()sin(

)sin()sin()cos()cos()cos(







ISL  ( 3.7 ) 

 
The inverse operation is: 
 

SISII aLa   ( 3.8 ) 

 
where: 
 

T

ISISSI LLL 
1

 ( 3.9 ) 

 

When converting positions from frame I to frame S, the distance between the frames ( SIr ) 

should be added: 
 

SIIISSSS rrLrr   ( 3.10 ) 

 

y 

z 

  

  

x 

y 

z 

  

  

x 
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3.6. Rotation of frames 

 
The rotation in one frame can be expressed into other by its axis of rotation. The rotation in 
frame S (Figure 3.7) is defined by rotation around the axis , which can be divided into three 

components on the x, y and z axes. 
 



















r

q

p

  ( 3.11 ) 

 

 
Figure 3.7: Rotation around the axis 

3.7. Relations between angular velocity and Euler Angles 

 

The angular velocity can be expressed by the Euler angles  . If we need to find the angular 

velocity S in the S frame, when the Euler angles in the inertial frame are known, we can use 

the equation: 
 

SSS R    ( 3.12 ) 

 

The transformation matrix SR is calculated step by step in the following equations: 
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SSS

SSS
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 ( 3.14 ) 

 

where xR , yR  and zR  are the rotation matrices found above, in Equation ( 3.5 ).  

In the same way S
 can be calculated if S  is known by finding the inverse matrix

1 SS RT : 

 

SSS T    ( 3.15 ) 


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 ( 3.16 ) 
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3.8. Inertial acceleration in rotating frames 

 
On Figure 3.8, a frame is shown which is moving with respect to the reference frame. In our 
case it can be considered that the reference frame is the inertial frame I and the moving frame 

in Figure 3.8 is the platform frame S. If a point P is moving around the SS -axis, then the 

acceleration PSa in respect to the reference frame can be expressed by:  

 

 SSSSSSSSSSPS RRaa    ( 3.17 ) 

 

where Sa is the acceleration defined in S frame coordinates and can be calculated as: 

 

SIISSS aLa   ( 3.18 ) 

 

The angular velocity SS  can be represented by its three coordinates 

 TSSSSSSSS rqp (Figure 3.9), but the vector representation is insufficient to hold the 

necessary information about the angular velocity, therefore a matrix representation is used: 
 






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








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0
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SSSS
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pq
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  ( 3.19 ) 

 
The general equation for the inertial acceleration becomes: 
 

SPSSSPS RAaa   ( 3.20 ) 

 
where : 
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 ( 3.21 ) 

 

 
 

Figure 3.8: Acceleration of a point P in the S-frame 
Figure 3.9: Complex rotation 

http://www.euclideanspace.com/physics/kinematics 
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P 
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4. Human Perception of Movement 
 

This chapter goes through the human biology and represents mathematical model of the 
vestibular system which is one of the sensory inputs for movement. The problem of creating 
good washout filter collides with the references to which the outputs are compared. One 
important rule that should not be broken is keeping the actuators in their limits. This will only 
prevent physical damage and does not help us create realistic movement. The only way of 
making realistic movement is making the output similar to the reference curve created by the 
human real perception of movement. 
 
This chapter describes the human perception of movement, the vestibular system and its 
mathematical model used in this research.  

 

 

4.1. Sensors of movement in humans 

 
The basic mechanisms with which human beings sense movement are: 
 

 perception through the vestibular system  

 visual perception and  

 perception through distribution of proprioceptors throughout the body 
 
The proprioceptors mainly detect joint positions and muscle effort. The joint positions could be 
influenced by motion when certain parts of the body are driven because of the vehicle 
acceleration (for example the part of the body which is in contact with the seat) and the other 
parts stay behind due to the inertia. The muscle effort then tends to minimize the undesired 
relative movement in the body. The motion can be further sensed by the touch sensors in the 
skin, because of the changed pattern in the contact between the body and its immediate 
environment [ 5 ]. 
 
 

 
Figure 4.1: Interior of the otoliths and semicircular canals [ 2 ] 
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The visual perception can be understood when a movement is observed relatively to other 
object. For example, a person looking throughout the window of a noiseless train which moves 
with constant speed is aware of his movement because of the environment. But this system 
could be fooled too. For example, when two trains stand one by each other and a person from 
the first train looks through the window to the second train which is starting to move, he could 
easily get impression that the other train is staying and his train is moving in opposite 
direction. This trick could be also used in vehicle simulation.  
 
In the vestibular system, two sensory parts, semicircular canals and otoliths (Figure 4.1), 
detect angular and linear acceleration. This system is of our main interest because it senses 
specific forces which can be easily produced in simulated environment. 

 

4.2. The Vestibular System 

 
The vestibular system is located in the inner ear and consists of semicircular canals and 
otoliths organs that sense angular and linear motion respectively. The location and orientation 
of the vestibular system is shown on Figure 4.2. This sensory system is sensitive to specific 
forces rather than true acceleration. The specific force has the same units as acceleration, 
because it is the force acting on the body per unit mass of the body and it can be calculated 
from the acceleration when excluding the gravity: 
 

f = a – g ( 4.1 ) 
 

 
Figure 4.2: Location of the vestibular system [ 1 ] 

 

4.2.1. Semicircular Canals 

 
The semicircular canals sense rotational movement in space. They consist of two sets of three 
elliptical cavities or canals (horizontal, posterior and anterior, Figure 4.2), which are filled with 
liquid called endolymph. In each canal a seal-form bulb exists, called cupola, through which 
the endolymph cannot circulate. When the head turns in the plane of one of the canals, a force 
is produced due to the inertia of the endolymph and displaces the cupola in opposite direction 
of the head movement (Figure 4.3).  
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Figure 4.3: Displacement of the cupola [ 1 ] 

 

This system can be represented as over-damped torsion-pendulum model with the transfer 
function given in Figure 4.4.  
 

 
Figure 4.4: Transfer function for the semicircular canals [ 3 ] 

 

The threshold TH comes from the fact that the humans are not sensitive to small angular 

velocities. However, this block is not essential in the model used in this research. Therefore, it 
is omitted and our assumed driver has the sixth sense to feel these small angular velocities, 
too. The transfer function for the system now becomes: 
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where ̂ is the sensed angular velocity. 

 
The transfer function has different coefficients for the three linear accelerations (surge, sway, 
and heave) and three angular accelerations (roll, pitch and yaw). The coefficients are shown in 
Table A.1. 
 
The state-space differential equation corresponding to Equation ( 4.2 ) can be written as [ 10 ]:  
 

BxAx   ( 4.4 ) 
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where  
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In time domain the system can be represented as: 
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4.2.2. Otolith 

 
These organs are responsible for sensation of linear motion. They can sense both linear 
acceleration and tilting of the head in respect to the gravity vector. There are two on each side 
of the head, Utriccle and Saccule (Figure 4.1). The Utricle senses motion in horizontal plane 
and the Saccule senses motion in vertical plane. The measuring system is based on the 
displacement of the otolithic membrane due to linear acceleration (Figure 4.5). 
 

 
Figure 4.5: Displacement of the Otolithic membrane due to forward acceleration [ 1 ] 

 
The interesting thing about the otoliths is sensation of gravity in the same way as linear 
acceleration. This feature opens the opportunity to use gravitational force, by tilting the 
platform, for simulating linear acceleration. The specific force it senses can be introduced as: 
 

f = a – g ( 4.8 ) 
 
The mathematical model of the otoliths is presented with the linear transfer function on Figure 
4.6. Typical values for the parameters are shown on Table A.2. 
 

 
Figure 4.6: Transfer function for the otoliths [ 3 ] 

 

The transfer function without the dead zone threshold can be written as: 
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where f̂ is the sensed force. 

 
The state-space differential equation corresponding to Equation ( 4.9 ) can be written as: [ 10 ] 
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where  
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In time domain the system can be represented as: 
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4.2.3. Behaviour of the Vestibular System Model 

 
The behaviour of the vestibular system model can be understood by the diagrams shown on 
the next two figures. On Figure 4.7 and Figure 4.8, a bode plot is shown for the semicircular 
canal and the otoliths. The parameters are chosen about the x-axis. It can be seen that the 
system is good sensor only in defined interval [ 10 ] of frequency values. According to Figure 
4.7 the system is good sensor of angular velocity in the frequency band: 
 

][102.0
s

rad
   ( 4.15 ) 

 
and looking on Figure 4.8 the system is good sensor of specific force in the frequency band  
 

][22.0
s

rad
   ( 4.16 ) 

 
(Note 1: The low frequency sensitivity that can be seen on Figure 4.8 is irrelevant because we 
can not simulate low frequency acceleration by moving the platform translationally. This is 
achieved by using Tilt Coordination (Section 6.4). Each WF uses high pass filter in the 
translational channel to take away the low frequency components.   
Note 2: The dead zone threshold was omitted during the bode plots.)  
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On Figure A.1 and Figure A.2 the sensed signals are shown for the input presented in the 
same figures. The simulation is made in Simulink, Matlab, for 10 time units with step size of 
0.01. 

 
Figure 4.7: Bode plot of the semicircular canal about the x-axis 

 
Figure 4.8: Bode plot of the otolith about the x-axis 
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5. Kinematics of the Stewart Platform 
 

The base rule that needs to be preserved when moving the platform is keeping the actuators 
within their limits. This constraint implies calculation of the actuators lengths at each time step. 
 
This chapter deals with the parameters of the Stewart Platform used in the CVS and the 
calculation of the actuator lengths. The content of the chapter is based on the work of Pieter 
van Balen [ 6 ]. 

 
 

5.1. Frames of the Stewart Platform 

 
The simulator frames are shown on Figure 5.1. The inertial frame I is attached to the earth and 
this frame is not moving during the simulation. The S frame is a moving frame, it is attached to 
the payload platform of the simulator and its rest position is exactly above the inertial frame. 
The origin of this frame, as same as the origin of the inertial frame, is in the middle of the 
upper gimbal positions. 
 

 
Figure 5.1: Frames of the Stewart Platform [ 6 ] 

 

5.2. Position and Orientation 

 

The position of the platform is represented by the vector SIr , indicated on Figure 5.1. Its value 

at time t can be calculated as: 
 

 

t t

SISISI dttarr
0 0

2)()0(  ( 5.1 ) 
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where )0(SIr is the starting position of the platform with values: 

 





















2.0

0

0

)0(SIr  ( 5.2 ) 

 

5.3. Gimbal Positions 

 
The platform has six actuators each with upper and lower gimbal. The positions of the lower 

gimbals are represented by III bbb 621 ,...,,  and they are constants in frame I. The positions of 

the upper gimbals are SSS uuu 621 ,...,,  and these values are constants in the frame S. The 

upper positions can be transferred in the I frame by: 
   

SISSII ruLu   ( 5.3 ) 

 

where the transformation matrix SIL depends of the Euler angles of the platform S . 

The coordinates of the lower and the upper gimbal are listed in Table B.1 and Table B.2 
respectively. 

 

 
Figure 5.2: Calculating actuator lengths [ 6 ] 
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5.4. Actuator Lengths 

 
The lengths of the actuators can be calculated as: 
 

II bul   ( 5.4 ) 

 
These lengths are limited by several maximum and minimum values (Table B.1, Table B.2 and 
Table B.3). Firstly they are limited by software. If the actuators exceed the software limits they 
are mechanically cushioned and the physical limits are reached.  
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6. Motion Cuing 
 

The motion cuing chapter deals with the basic problem in this research: How to create a 
simulated movement, as realistic as possible. First we need to approximate an interval in 
which the input values vary and this can be done without difficulty by examining a real vehicle 
model. The second part is creating desired output, so that the driver experiences the motion 
realistically, by keeping in mind not to exceed the actuator’s lengths. The idea is to compare 
the output of the vestibular system for different input signals generated by a real vehicle, with 
the output of the vestibular system when its input is generated by the washout filter whereby 
the input to the washout filter is the input signal generated by a real vehicle. The comparison 
then becomes a measure of the experienced difference between driving the simulator and a 
real car.  
 
In this chapter the principles of motion cuing are discussed together with the tilt coordination 
procedure which is used in many washout filters. 

 

6.1. Outputs of the Vehicle  

 

The vehicle model gives two outputs, acceleration SIa  and angles S  which are vectors of 

three elements. The interval in which these variables vary can be determined by observing 
real car motion. 
 
A relatively fast car accelerates from 0 to 100 km/h in 7 seconds. From here the acceleration 
can be found: 
 

20 /97.3 sm
t

vv
a 


  ( 6.1 ) 

 

Therefore in the further calculation a maximum acceleration of 
2/4 sma  will be used. 

 
In order to find the sideward acceleration it could be assumed that a car is not taking curves 
with bigger speed than 90km/h in a bend with radius 100m. The centrifugal acceleration can 
be calculated as: 
 

2
2

/25.6 sm
R

v
ac   ( 6.2 ) 

 
However, several test drivers suggested that this high acceleration produces unrealistic 
feelings and intensive roll rotations. Moreover with normal drive, the acceleration rarely goes 

above
2/4 sm . Therefore, the maximum side acceleration was taken to be 

2/4 smac  .  

For the yaw rate it can be estimated: 
 

ssrad
r

v
/14/25.0   ( 6.3 ) 

 

In real cases the yaw angle can rotate in 
360 but the platform limitation does not allow that. 

The roll angle is never bigger than
10 . The pitch angle can be found from a relatively high 

steep hill of 30% which corresponds to
27 . Generally the rotation rate in any direction will be 

taken to be srad /2.0 . 
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The real data taken from the software (implemented in Matlab) which controls the CVS of 
about 90s is given in Figure C.1 and Figure C.2. This data gives the acceleration and rotation 
a real car should have, taking the readings from the CVS. 
We should be careful not to push the platform close to its limits because the low frequency 
translational acceleration contributes in increasing the tilt of the platform. This is described in 
more details in section 6.4. 

 

6.2. The general framework of motion cuing 

 
The framework of motion cuing is presented on Figure 6.1. Two input signals enter into the 
simulator, given with the vector: 
 











A

A

AAI

a
uu


 ( 6.4 ) 

 
These inputs are then propagated to two channels, the real car and the simulator. The signals 
are transformed into the driver’s frame and their values at the center of the driver’s head are 
represented with: 
 











EE

EE

EE

f
u


 (car) ( 6.5 ) 











DD

DD

DD

f
u


( simulator) ( 6.6 ) 

 
At the end the error is estimated. This could be done in two ways, either by using the signals 
at the driver’s head (Equation ( 6.5 ) and ( 6.6 )) both in the simulator and in a real car or by 
comparing the sensed signals obtained from the model of the vestibular system (Figure 6.1). 
The sensed signals are represented by: 
 














EE

EE
EE

f
u

̂

ˆ
ˆ  (car) ( 6.7 ) 














DD

DD
DD

f
u

̂

ˆ
ˆ  ( simulator) ( 6.8 ) 

 

 
Figure 6.1: General framework of motion cuing 
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6.3. Specific Force and Rotation felt by the Driver 

 
As described in chapter 4, the driver feels rotational motion (angular velocity) and specific 

forces. The input signals, AIa  and AI  need to be converted to specific force EEf  ( DDf ) and 

rotation EE  ( DD ), and propagated to the driver’s head. The conversion of the variables is 

done in several steps described in the data flow diagrams on Figure 6.2 and Figure 6.3. 
 
Starting from the end, the goal is achieving similar sensed signals: 
 

EEDD ff ˆˆ   ( 6.9 ) 

 ASEEDD  ˆˆˆˆ   ( 6.10 ) 

 
According to the Equation ( 4.8 ), the specific force and rotation at the driver’s head in the car 
can be calculated as: 
 

IIAEAAEAEAEE gLagaff   ( 6.11 ) 

 
Because frame E is parallel to frame A the vector of gravity is same in these frames: 
 

AE gg   ( 6.12 ) 

 

The acceleration EAa can be computed as: 

 

 EAEAAAEA rAaa   ( 6.13 ) 

 

where the matrix EAA is described in equation ( 3.21 ) and the vector EAr represents the 

position of the driver’s head in the car in respect to frame A. The value of EAr in this research 

is: 
 





















3.1

0

0

EAr  ( 6.14 ) 

 

According to Equation ( 3.21 ), the matrix EAA  implies evaluation of the derivatives A
  and 

A , where A  according to Equation ( 3.12 ) is calculated as: 

 

AAA R    ( 6.15 ) 

 

and the matrix AR was given in Equation ( 3.14 ). 

 
The specific force and rotation at the driver’s head in the simulator is calculated in the similar 
way, the only difference is the washout filter, added due to the platform limitation. The 
equations for the simulator are: 
 

IISDSSDSDADD gLagaff   ( 6.16 ) 

DSDSSSDS rAaa   ( 6.17 ) 

SSS R    ( 6.18 ) 
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There are several relations in the above equations: 
 

 IAIS LL   ( 6.19 ) 

EADS AA   ( 6.20 ) 

AS RR   ( 6.21 ) 

EADS rr   ( 6.22 ) 

 

 

Figure 6.2: Calculation of specific ( AEAf , ) and sensed ( EEEEf ̂,ˆ ) forces and rotation in a car 
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Figure 6.3: Calculation of specific ( SDSf , ) and sensed ( DDDDf ̂,ˆ ) forces and rotation in the 

simulator 
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feeling by tilting the platform so that the driver feels the force of gravity as translational 
acceleration. Tilting the platform should be done with small rate of change of the Euler angles 
so that the driver does not feel rotation. 
 
This transformation from acceleration to Euler angles can be done for movements in x and y 
direction and the magnitude is limited to the gravitational constant g. Accelerations in x 

direction can be simulated by tilting the platform with a pitch angle S  around the y-axis 

(Figure 6.4). The gravity vector can be decomposed into its x and z component, where the x 

component simulates the translational acceleration 
xSSa  opposite to the gravity. 
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g
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
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 ( 6.23 ) 

 

The acceleration in y direction can be represented by tilting the platform with roll angle S : 

 

 
 




















S

SSS

g

gag





cos

sin

0

 ( 6.24 ) 

 
The general equation for the simulated translational acceleration becomes: 
 

 
   
   










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
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

SS

SS

S

SS

g

g

g

a







coscos

sincos

sin

 ( 6.25 ) 

 

Because the angles are smaller than 
20 we can substitute     1cos,sin   : 
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

 ( 6.26 ) 

 
From here the Euler angles can be expressed as: 
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Figure 6.4: Simulated acceleration about the x-axis 
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6.5. Washout Filter Alternatives 
 
Several implementations of washout filters exist in practise ([ 1 ], [ 7 ], [ 8 ], [ 9 ] and [ 10 ]). 
The most common is the classical washout filter which is one of the oldest versions. More 
complex versions are the optimal, adaptive and nonlinear washout filter.  
 
The Optimal WF contains a model of the vestibular system and the Adaptive WF uses 
feedback to tune its parameters depending on the platform state. The nonlinear WF uses the 
benefits from the optimal and the adaptive WF by implementing vestibular system and using 
feedback for tuning the parameters in real time. These filters are the most promising and this 
research will be focused mostly on them. There is also a max-tilt washout filter (Section 8) 
which is a modified version of the Classical WF. The idea behind this filter is using as much tilt 
as possible on the motion platform. Because this filter is very similar to the Classical WF it is 
not investigated in this work and only its basic description is given.  
 
The washout filters are optimized by the use of optimization algorithms described in Appendix 
D. 
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7. Classical Washout Filter (CWF) 
 
The basic idea of the CWF is creating specific forces and rotations at the driver’s head in the 
simulator similar to those they would experience in a real car [ 7 ]. This was more described in 
section 6.3. In this research the quality of the filter is estimated by minimizing the sensation 
error, i.e. the difference between the sensed specific forces and rotations from the simulator 
and a real car. The CWF does not include the vestibular system inside, though it is used 
during the optimization. 
 
The CWF consists of three channels, translational, rotational and coordination channel, Figure 
7.1. 
 

 
Figure 7.1: Classical washout filter 

 
 

7.1. Translational Channel 
 
The translational channel treats the translational acceleration of the frame A in respect to the 

inertial frame, AIa . The acceleration is first scaled and limited in order to restrict the motion 
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CWF, the scale coefficients had value of one, and the platform was optimized by using 
relatively small inputs. After the optimization these values are adjusted again so that the 
platform can work close to the limits but never to exceed them). The scale and limit block is 
described in more details in section 7.4.  
 

Because the platform cannot reproduce much of the lower frequencies of AIa , the 

acceleration is then filtered through a high-pass filter (the distance is a second integral of the 

acceleration, for example a constant acceleration ca  will lead to 
2

2t
as c  which increases 

rapidly for a very short time). For this purpose a second order filter is used, with transfer 
function: 
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where t is the relative damping coefficient and ]/[ sradt is called the natural frequency. 

 
When the input acceleration has constant value for a while, the platform must slowly return to 
the neutral position in order to have good starting point for the future accelerations. For this 
reason another high pass filter is added, return to zero high-pass filter. The transfer function 
for this filter is: 
 

b

RTZT
s

s
W


  ( 7.2 ) 

 
After these two filters the acceleration will eventually return to zero. The parameters for the 
filters are computed for each direction separately. Joining them together the final filter for the 
translational canal is produced, giving: 
 

RTZHTWWW 22  ( 7.3 ) 

 

7.2. Coordination Channel 
 
As was discussed in section 6.4 the sustained translational acceleration is sensed by the 
driver as a long term change in the magnitude and direction of the specific force. In order to 
simulate this motion the tilt coordination methods were used so that the driver feels the force 
of gravity as translational acceleration. Therefore the coordination channel is needed to 

transform the acceleration AIa  into Euler angles. This transformation from acceleration to 

Euler angles can be done only for movements in x and y direction. 
 
First the input acceleration is scaled and limited and then it is passed trough a low pass filter 
to sort out the sustained acceleration. A second order filter is used with transfer function: 
 

22

2

12
2 ccc

c

ss
W






  ( 7.4 ) 

 
The resulting signal is then converted into Euler angles by passing through the tilt coordination 

matrix TC  given in Equation ( 6.27 ). 

 
One should be careful to not produce very big tilt rate. The driver should not feel rotation 
during this process. Therefore in this channel, a tilt rate limiter is used. The driver starts to feel 

rotation on rate bigger than srad /2.0 , so the coordination channel is prevented to produce 

higher tilt rate. 
 

7.3. Rotational Channel 

 
The rotational channel is directly responsible for the rotational movement of the platform. The 

Euler angles A  come as one input and the second input comes from the coordination 

channel. The first component intends to simulate the rotational velocity of the simulator and 
the second component is intended to tilt the simulator in order to simulate sustained 
accelerations. 
 

The signal A  is first scaled and limited, and then is passed through a first order high-pass 

filter which can be interpreted as return to zero filter: 
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rs

s
W


11  ( 7.5 ) 

 

After this step the final output angle S  is calculated as a sum of the filtered A  and the tilt 

angle coming from the coordination channel. 
 

7.4. Scale and Limit Block 

 
The scaling and limiting block is used to reduce the motion response of the platform. A linear 
scaling is used in order to modify the amplitude uniformly across all frequencies. On the other 
hand, the limiting is a nonlinear process. It is used to prevent the signal rise above a 
preselected magnitude. There are three such blocks in the CWF. 
 
One should be careful to not scale the acceleration with the gravitational component within. If 
the acceleration is presented as: 
 

gaa  1  ( 7.6 ) 

 
Then the acceleration after the scaling and limiting block should be: 
 

gKaascaled  1  ( 7.7 ) 

 
The scaling matrix must be diagonal (with other words, each direction is scaled separately) in 

order to avoid cross-coupling among the components in AAa  and SSa  [ 7 ]. 

 
The input/output characteristics of this block are shown on Figure E.1. 
 

7.5. High-pass and Low-pass Filters 
 
The high-pass filter is used to block the undesired low frequencies, and the low-pas filter is 
used to block the undesired high frequencies.  
 
High-pass filters are especially needed because the low frequencies tend to extend the 
actuator lengths. These filters are well described by Reid and Nahon [ 7 ] and can be 
represented with transfer function of form: 
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  ( 7.8 ) 
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knm   ( 7.11 ) 

0, 00 ba  ( 7.12 ) 

 
The design of the high-pass filter will be found by using constant acceleration as input signal: 
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AaA   ( 7.13 ) 

 
The displacement of the actuators, taking they were in zero position before, and represented 
in Laplace form, can be calculated as: 
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a
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S

  ( 7.14 ) 

 

where Aa~ is Laplace transformation of the input acceleration and can be written as: 

 

s

A
aA ~

 ( 7.15 ) 

 
Finally for the displacement of the platform we get: 
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  ( 7.16 ) 
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The simulator should return in its neutral position after some time, even if the input 
acceleration has the same constant value. 
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From here it follows that the minimum value for n should be: 
 

3n  ( 7.19 ) 

 
The transfer function of the translational filter together with the return to zero filter for minimum 
value of n will look like: 
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In the similar way, the minimum value of n can be found for the high-pass filter in the rotation 
channel: 
 

1n  ( 7.21 ) 

 
with transfer function: 
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7.6. CWF optimization 
 
The classical washout filter is optimized with evolutionary algorithms. One could find the CWF 
parameters by hand, but of course EA will give better solution. First the parameters are 
manually adjusted and this was the starting point for EA. The goal of EA is to adjust the 
parameters such that the sensed force and rotation one should feel in the simulator is as close 
as possible to the sensation one should feel in a real car, Section 6.2.  
 
EA are population based algorithms (Appendix D.1) and for each individual the simulation is 
run for about 10 to 14 seconds and then the fitness is calculated as an inverse function of the 
error between the sensation curves from the car and the simulator. The simulation is done in 
Matlab, Simulink, and the model is given in Figure E.11. 
 
There is one constraint that should not be broken during the whole simulation, that is, the 
actuators should not exceed over their limits. The fitness of the individuals must be adjusted 
so that individuals who kept the platform within its boundaries during the whole simulation 
should always have bigger fitness than the others who exceeded the limits. Therefore the 
fitness of the individuals is computed as: 
 
















otherwise
err

Ttfor
T

t

fitness
1

1

max

max   ( 7.23 ) 

 

where maxT is the maximum simulation time, predefined from the user; t is the actual 

simulation time taking that the simulation can end before reaching maxT  if the actuator lengths 

exceeded; err is the error between the sensation curves from the car and the simulator and is 
calculated as: 
 

 
2

0

max

)()(



T

t

cs txtxerr   ( 7.24 ) 

 

where sx  is the sensed signal from the simulator and cx  is the sensed signal from the car. 

 
There is in total 16 parameters that need to be tuned, Table E.2. However, not all parameters 
are optimized at the same time.  It was found that EA can be run in four separate modes. 
These modes are pitch/surge, roll/sway, yaw and heave. 
 

7.6.1. Pitch/Surge mode 

 
Let us consider surge acceleration as input and zero value for all other inputs. Moreover we 
can take that the input is a step signal (sudden acceleration). We expect the platform move 
quickly in longitudinal direction to catch the rising edge and then tilt with some pitch angle to 
simulate the sustained acceleration using the tilt coordination method described in section 6.4. 
Because there is no other actual pitch angle we can assume that the pitch value generated as 
a result of tilt coordination is propagated unmodified as a pitch input in the next measurement. 
This is represented as a feedback connection from the output to the input pitch of the CWF, 
Figure E.11.  
 
In this way, while optimizing the parameters for the surge acceleration as input, we need to 
optimize the parameters for the pitch angular displacement as well. There are 6 values that 
need to be optimized in this mode, as can be seen from Table E.3.  
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CWF is optimized by taking sudden acceleration and sudden brake as an input signal. Then it 
is tested on filtered white noise and chirp signal as surge acceleration (Figure E.6). It was 

found that the platform can successfully simulate acceleration in the interval
2/]2,2[ sm . It 

might simulate slightly bigger accelerations, but this is not of very big interest, because in real 
motion the input will be rescaled to even smaller values. The problem occurs when the driver 
joins two manoeuvres at the same time, for example sudden surge acceleration and harsh 
lane change. The actuators’ lengths can easily exceed in this case. Therefore, the 
optimization is done with scaling 1 (Table E.5) and signals limited in [-2, 2] and after the 

optimization the real input signals (the surge acceleration can go up to 
2/4 sm ) are rescaled 

to values smaller than [-2, 2]. The final values for scale and limit are given in Table E.6. 
 

7.6.2. Roll/Sway mode 

 
The Roll/Sway mode works similarly like the Pitch/Surge mode. When sway acceleration is 
present as input, the platform should move in lateral direction supported by tilt coordination 
with roll angle.  In the same way it can be assumed that there is a feedback connection from 
the output to the input roll of the CWF, Figure E.11.  
 
As an input, periodic lane change manoeuvre is used and after the optimization the filter is 
tested with filtered white noise and chirp signal as sway acceleration (Figure E.7). During the 

optimization the scaling on the input signal is 1 and it is limited in the interval 
2/]2,2[ sm . 

 
There are 6 parameters that need to be optimized in this mode (Table E.3).  
 

7.6.3. Yaw mode 

 
The yaw mode optimizes angular displacement in yaw direction, . A periodic lane change 

manoeuvre is used as an input signal. Later it is tested with filtered white noise and chirp 
signal (Figure E.8). During the optimization the scaling is 1 and the signal is limited in the 

interval rad]2.0,2.0[ .  

 
There is only one parameter that needs to be optimized in this mode (Table E.3). 
 

7.6.4. Heave mode 
 
Low frequency motion in this direction rarely happens, besides that, only high frequency 
acceleration can be simulated. Tilt coordination can not be applied in this mode and this is the 
main reason way the sustained heave acceleration is omitted.   
 
As in input signal a motion is taken such that the vehicle goes to a sudden downhill slop and 
then to a sudden uphill slop. There are 3 parameters that need to be optimized in this mode 
(Table E.3). 
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8. Max-Tilt Washout Filter (MTWF) 
 

This section is based on MTWF representation from the work of Pieter van Balen [ 6 ]. The 
MTWF is a modified version of the CWF. The main idea of this filter is using as much tilt as 
possible on the motion platform. Its implementation is shown on Figure 8.1. The change is 
made in the coordination channel, the low-pass filter is removed and only the Tilt coordination 
block remains with the tilt rate limiting within.  
 
The result of this filter is strong feel of acceleration on the driver. The gravity components 
used to simulate the sustained accelerations are subtracted from the original acceleration. The 
further development is very similar to the development used in CWF.  
 
During the test drives on the simulator it was found that very large tilt causes unrealistic 
movement. This is partly of the fact that the present graphical environment cannot deal very 
well with large tilt angles. For example when the driver accelerates with high ramp slope, the 
simulator causes very big tilt in pitch direction and the graphical environment also tilts the car 
in respect to the road making the driver look in the sky.  
 
This WF is not developed in this paper but could be a warm up exercise for future developers.  
 

 
Figure 8.1: Max-Tilt washout filter [ 6 ] 
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9. Optimal Washout Filter (OWF) 
 
The development of OWF is based on the work of Telban and Cardullo [ 1 ] and Reid and 
Nahon [ 7 ] and [ 8 ]. The difference between OWF and CWF is that the system of equations 
characteristic for OWF have the vestibular system included inside, thus producing higher order 
filters. The quality of OWF is determined by minimizing the sensation error between the 
sensed specific forces and rotations produced by the model of the vestibular system in the 
simulator and the sensed specific forces and rotations produced by the model of the vestibular 
system in the real car. The process of error estimation was shown on Figure 6.1. 
 
The desired transfer function of the high and low pass filters is determined offline by using the 
mathematical model of the vestibular system. Then, after the form and the parameters of the 
filters are determined, OWF is implemented online, on the Chalmers Vehicle Simulator. 
 

The OWF consist of four filters, 22211211 ,,, WWWW  and its implementation is shown on Figure 

9.1 (it was found later that 21W  does not contribute in the final solution and therefore it was 

removed. This is better described in Chapter 13 - Discussion). 
 

 
Figure 9.1: Optimal washout filter 
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such that the estimated error between the sensed signals of the car and the simulator is 
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The motion sensation in the car is 
a

y , and 
S

y in the simulator. One need to represent 

additional motion variables, symbolized as 
ad

y in the car, and 
Sd

y (Equation ( F.24 ), ( F.43 ), 

( F.61 ) and ( F.79 )) in the simulator which will help in finding optimal solution.  
 

 
 

Figure 9.2: Development of OWF 
 

9.1. Problem structure and dynamics 
 
By using mathematical model of the vestibular system (Section 4.2), the desired function 

 sW  is generated offline, in a computer simulation, and then implemented online on the 

CVS.  
 
One needs to choose in which reference frame OWF should be applied. Telban and Cardullo [ 
1 ] used the simulator reference frame with the center of rotation located at the centroid of the 
simulator motion base. Reid and Nahon [ 7 ], [ 10 ] used the frame at the pilot’s head. Both 
choices have some advantages and disadvantages. The Reid and Nahon’s method eliminates 

sensation cross-coupling, but makes the development of  sW  more complicated.  

In this work the WF is applied at the driver’s head. 
 
Next, one needs to decide which control inputs are most appropriate. Reid and Nahon used 
longitudinal and lateral linear acceleration and angular displacement as control input. Telban 
and Cardullo used translational accelerations, but angular velocity instead of displacement. 
Since during the development of CWF the angular displacement was used as one of the 
inputs, it was used in the development of OWF too. Thus the input vector has the form: 
 











a
u


 ( 9.2 ) 

 
The dynamics of the motion sensing system are formulated as linear differential equations 
both in the car (the upper branch on Figure 9.2) and in the simulator (the lower branch on 
Figure 9.2). It is assumed that the same sensation model (model of vestibular system) is 
applied to the simulator and the car and all system matrices are taken to be time invariant: 
 

avava uBxAx   ( 9.3 ) 
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uDxCy   ( 9.4 ) 
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In order to cover many input scenarios, filtered white noise is used as input which can be 
represented with the state space model: 
 

nnnnn uBxAx   ( 9.7 ) 

na xu   ( 9.8 ) 


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






2

1




nB  ( 9.9 ) 

 

where 1  and 2 are the first-order filter break frequencies for each degree of freedom. 

The additional internal variables (given in Equation ( 9.65 ) and Table F.1) can be expressed 
as: 
 

Sdddd uBxAx   ( 9.10 ) 

 
The vestibular system model, containing both the otolith and the semicircular canal, in state 
space representation can be written as: 
 

uBxAx vvvv   ( 9.11 ) 

uDxCy vvvv
  ( 9.12 ) 

 

where u  and 
v

y  stands both for the car and the simulator. 

The pilot sensation error 
aS

yye   and the vestibular state error aSe xxx   are: 

 

avSveve uBuBxAx   ( 9.13 ) 

avSvev uDuDxCe   ( 9.14 ) 

 
Equations ( 9.7 ) - ( 9.14 ) can be collected together into one state space system: 
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T
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nS uHuBxAx   ( 9.16 ) 

SuDxCy   ( 9.17 ) 

 
where: 
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The cost function used for minimizing the error is of form: 
 

    
1

0

t

t
dd

T

dS

T

S

T
dtxRxuRueQeEJ   ( 9.20 ) 

 

where Q , dR  and R  are positive symmetric matrices and   is a positive scalar. The cost 

function, as shown in Appendix F, takes the form: 
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 uRuxRxEJ
T

S

T
 2  ( 9.21 ) 

nuHuBxAx   ( 9.22 ) 

 
Collecting all other parameters derived in Appendix F.1, we have: 
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( 9.23 ) 

 
and the cost function is minimized when: 
 

xPBRu
T1

2


  ( 9.24 ) 

 

Where the matrix P , according to the equations in Appendix F.1, is the solution to the 

algebraic Riccati equation: 
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 ( 9.25 ) 

 
From Equation ( 9.23 ) and ( 9.24 ) one can obtain: 
 

  xFxRPBRu
TT

S 


12

1

2  ( 9.26 ) 

 

The matrix F  can be partitioned in the following way: 
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Now collecting Equations ( 9.8 ), ( 9.18 ), ( 9.19 ) and ( 9.22 ), and neglecting the nx  states, 

one can obtain: 
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Equation ( 9.27 ) can be substituted into Equation ( 9.28 ) resulting in: 
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Equation ( 9.29 ) will be substituted into Equation ( 9.27 ) in order to obtain the final transfer 
function: 
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9.2. Implementation of the Vestibular Model 

 
The control inputs in the car and the simulator are defined as: 
 

 TT

AI

T

aa au  ,  TT

SI

T

SS au   ( 9.31 ) 

 
These inputs are applied on the vestibular system which produces the outputs. The outputs 
are the sensed specific force and rotation from the car and the simulator at some point P i.e. 
at the driver’s head.  
 

 
PaPaa

fy ˆ̂ ,  
PSPSS

fy ˆ̂  ( 9.32 ) 

 
The linearized models for the semicircular canals and otoliths are used by deleting the 
threshold values, given in Equation ( 4.2 ) and ( 4.9 ). 
 
Because the vestibular system expects rotation as one of the inputs, the relationship between 
the angular displacement and angular velocity needs to be calculated. According to Equation    

( 3.15 ) and ( 3.16 ) and taking into account linearization about 0SS  and 0
S

  one 

could write: 
 

SSSS T    ( 9.33 ) 
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and from here by retaining only the first order terms: 
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By observing the equation above, it can be noted that the generation of OWF does not depend 
on the position of the driver’s head. The linearization used in the pervious equations simplifies 
the solution, but it could lead to not fully optimized filter. However the final result showed that 
this solution is satisfactory. 
The Equation ( 4.2 ) for the semicircular canals now can be written as: 
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
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 ( 9.36 ) 

 

where instead of ST  which is used in Equation ( 4.2 ), 4T  stands, thus preventing any conflict 

with the transformation matrix ST  given in Equation ( 9.34 ). The sensed rotation ̂  could be 

replaced by each coordinate acting at the point P ( PSPSPS rqp ˆ,ˆ,ˆ ) and for   each angular 

coordinate ( SSS  ,, ) could be used. Similar set of equations holds for the car too.  

 
Using the substitution: 
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the transfer function of the semicircular canals where the sensed rotation is expressed as a 
function of the angular displacement can be written as: 
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with representation in time domain: 
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Because the driver frame is parallel to the simulator frame and the pilot’s head is located at 
the origin of the simulator frame, the acceleration at frame S is equal to the acceleration at 
frame F.  
 

SIISSSPS aLaa   ( 9.40 ) 

 

The transformation matrix is given in Equation ( 3.7 ) and by linearizing about 0SIa  and 

0
S

  one can write: 
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In Equation ( 6.16 ) the computation of the specific force was given, which can be noted again: 
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From here the sensed specific force can be represented taking the otoliths model in Equation ( 
4.9 ): 
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where f stands for a component of the specific force in the simulator or in the car. 
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Taking the state-space model for the semicircular canal given in Equations ( 4.4 ) - ( 4.6 ) and 
the substitutions given in Eqiation ( 9.37 ) and relating it to the inputs given in Equation ( 9.31 ) 
we can write: 
 

uBxAx SCCSCC   ( 9.45 ) 

uDxCy SCCSCC   ( 9.46 ) 

 
where  
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The same procedure can be applied on the otolith model given in Equation ( 4.9 ) and 
confirmed in Equation ( 9.44 ). One need to take into account the equilibrium values that can 
be found from Equation ( 9.43 ): 
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and then propagated through the otolith model: 
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The system can be now represented with a state-space model: 
 

uBxAx OTOOTO   ( 9.53 ) 

uDxCy OTOOTO   ( 9.54 ) 

 
One should be careful when defining the matrices in this model, because the specific force 
depends not only on the translational acceleration input component, but also from the angular 
displacement. These dependencies were shown in section 6.4 where the Tilt Coordination 

method was described. Taking Equation ( 6.27 ), a matrix V  is defined that will correlate to 

the input values given in Equation ( 9.31 ). 
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The other matrices in the model are: 
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where: 
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The total sensed specific force now can be represented by adding the equilibrium values on 
the output produced from the model given in Equation ( 9.54 ): 
  

e
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e
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The state space representation for the whole vestibular system was given in Equation ( 9.11 ) 
and Equation ( 9.12 ) with now defined matrices: 
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The system equations from Section 9.1 can be collected leaving only two undetermined 

matrices, dA  and dB . The form of these matrices is found from the internal additional 

variables dx . 

 

The state variables x  are partitioned as: 

 

  91 xx  - rotational state variables 

  1510 xx  - translational state variables 

  3016 xx  - internal additional state variables.  

 
The additional variables in the model are states such as linear velocity and displacement of 
the simulator, plus some additional terms:  
 

 ,,,,,,, 3222

    dtadtdtdtdtdtdt x

SISSSSSS   

 dtadtadtadtadtadtadtadta z

SI

z

SI

z

SI

y

SI

y

SI

y

SI

x

SI

x

SI ,,,,,,, 23232
 

( 9.65 ) 



Vehicle modelling and washout filter tuning for the Chalmers Vehicle Simulator 

 

 

45  

 

 
The derivation of OWF is done in four modes (pitch/surge, roll/sway, heave and yaw) 
separately (Appendix F.3 - F.6). Only a subset of the state space variables is used in each 
mode. This is shown in Table F.1. 
 

9.3. Optimization of OWF by using EA 

 
Although OWF is optimized by the Riccati Solver (Appendix D.2), still there is a great number 
of weights that need to be tuned (Table F.3). The Riccati Solver finds the local optima 
(stationary points) very quickly, but we are trying to find the global optimum. By tuning the 
weights on the matrices Q, R and Rd we are changing the starting point from which the Riccati 
Solver starts its survey to the local optima. What one can do in these cases is start the 
algorithm from many different start points which will produce many locally optimal solutions. 
From all the solutions only the best will be taken. There exist many start points in the search 
space and investigating each of them is not possible. For this reason a probabilistic approach 
is used in which the start points are chosen by heuristic algorithm, i.e. Evolutionary Algorutms.  
 
A heuristic algorithm is one which produces a feasible and hopefully very good but not 
necessarily optimal solution. Heuristics is generally very fast and efficient. The heuristic is 
used when an exact algorithm is not available or when it is computationally impractical. 
Iterative algorithms that can not be proved to converge to optimum solution constitute the 
class of heuristics. 
 
EA is customized in the similar way as it was done in the CWF optimization, with slight 
difference in the higher mutation probability (Table F.2). Low mutation probability doesn’t help 
much in this case because there is a big chance that the Riccati Solver can find the same 
local optimum both for the previous and the mutated individual. The responsibility of the EA is 
to make probabilistic jumps throughout the search space from where the Riccati Solver starts.  
 
There is another note that needs to be taken. When the system of equations was prepared for 
the Riccati solver, a filtered white noise was taken as input. This kind of input can cover many 
driver scenarios, but however, we are mostly interested in optimizing the most common 
manoeuvres, like acceleration and sudden brake, or periodic lane change. For this reason 
there are two types of cost estimation. The Riccati Solver is run on each individual with its own 
values for the matrices Q, R and Rd (Equation ( 9.20 )) by taking filtered white noise as input, 
and then EA is run for one of the common manoeuvres as input. With this approach we are 
considering the optimal solutions that the Riccati Algebraic solver produces, but we are giving 
advantage on those which give better performance on the standard driving manoeuvres. The 
procedure goes as follows: 
 

 A population of N individuals is created 

 Each individual has its own values for the matrices Q, R and Rd 

 Then in each generation these actions are repeated: 

 The Riccati Solver is run on each individual and W(s) is estimated 

 A simulation is run with the values of W(s) and one of our common manoeuvres  

 The fitness is found by using the same fitness estimation used in CWF and described 
in Equation ( 7.23 ) 

 The ordinary EA procedures are prepared (crossover, mutation, elitism…) 

 The population is replaced with its offspring and EA goes through new generation 
 
Similarly like in the CWF optimization, there are four separate modes for the EA optimization 
on OWF. For the pitch/surge and roll/sway mode 10 variables are optimized, 4 variables for 
yaw mode and 5 for heave (Table F.4). 
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10. Adaptive Washout Filter (AWF) 
 

The AWF uses feedbacks to adjust its parameters according to the current state of the 
simulator. The idea is to make full use of the simulator at all time. The development of AWF is 
based on the work of Telban and Cardullo [ 1 ] and Reid and Nahon [ 7 ] and [ 8 ]. As both 

authors described, the AWF is applied in  
I

 components in order to avoid residual motion 

base displacements. The authors used translational acceleration and angular velocity as input 
signals, but in this work instead of angular velocity, angular displacement is used. The angular 
displacement was used in the development of the previous two filters, therefore it is also 
preferable here. 
 
The implementation of the AWF is given in Figure 10.1. As can be seen, all three channels 
(translational, rotational and coordination) that were present in the development of CWF still 
exist and the same logic is preserved. The only difference with CWF is the feedback 
connections that tune parameters in real time. 
 

 
Figure 10.1: Adaptive washout filter [ 1 ] 

 

The blocks  and  are time varying gains that are continuously adjusted in order to minimize 

the error given in Equation ( 7.24 ). The gains e, d and   have fixed values. 

 
 

10.1. Pitch/Surge Mode 
 
The pitch angular displacement and the surge translational acceleration can be considered in 
the following equations: 
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where the first term in Equation ( 10.2 ) comes from tilt coordination.  
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The gains   and   are adjusted so that the cost function is minimized: 
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where 21, xx ww  and 3xw  are constant weights used to penalize the difference between the 

response in the car and the simulator and to restrain the translational velocity and 
displacement of the simulator. 
 

The gains x  and y  are adjusted by steepest descent (Appendix D.3) given as: 
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where parameters 
xxx

GKG  ,,  and 
x

K  are constants. The left members of the right hand 

sides of the equations show that the change of the time-varying parameters tends to 

minimum. The right members cause the parameters x  and y  return to their neutral 

position.  
 

10.2. Roll/Sway Mode 
 
This mode is very similar to the pitch/surge mode. The description of the parameters is the 
same, only the coordinates are changed.  
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10.3. Yaw Mode 
 
For this mode only the yaw angular displacement is considered as input. The cost function is 
given as: 
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and the time-varying parameter z  is computed as: 
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10.4. Heave Mode 
 
For this mode only the heave acceleration is considered as input. The equations are as 
follows: 
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10.5. Optimization of AWF by using EA 

 

AWF tunes its parameters   and   in real time by using steepest descent optimization. 

However there are many other parameters (constants) whose values need to be determined 
(Table G.2). For this reason EA is used with the attributes given in Table G.1 with the common 
manoeuvres as input. The optimization is run in four separate modes, similarly like in the 
previous WF optimizations.  
 

The values for 0  and 0  are taken to be zero for all of the coordinates. The number of 

parameters that need to be optimized in each mode is: 
 

 Pitch/surge: 12 

 Roll/sway: 12 

 Yaw: 4 

 Heave: 7 
 
The final values for the parameters are given in Table G.2. 
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11. Nonlinear Washout Filter (NWF) 
 

The Nonlinear WF is described in the work of Telban and Cardullo ([ 1 ], page 97- 130). NWF 
is a union between AWF and OWF. The idea is to use the Riccati Solver for finding optimal 
solution as it is done in OFW, but to do this by tuning the filter parameters in real time like it is 
done in AWF (Figure 11.1). The problem arises because of the slowness of the Riccati Solver. 
However the authors describe a solution where the Riccati Solver is used to generate result by 
taking the previous solution as a hint. For this purpose they use structural neural network 
(Appendix D.1.1). 
 
Only the first initial solution is computed offline and taking this result all successive solutions 
are found online in real time. NWF is not investigated in this work, but it could be interesting 
challenge for future researchers. 
 

 
Figure 11.1: Nonlinear Washout Filter [ 1 ] 
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12. Results 
 

This work resulted with development of three washout filters, Classical, Optimal and Adaptive. 
The WFs are modelled in Simulink, Matlab, and their representation is given in Figure E.9, 
Figure F.7 and Figure G.4 respectively. All WF have similar construction, they all have three 
channels, translation, coordination and rotation and all three filters expect translational 
acceleration and angular displacement as input giving the linear and angular displacement as 
output.  
 
The washout filters are optimized by EA, trying to minimize the difference between the 
sensation curves from the car and the simulator. For this case a simulation is made that is run 
for each individual in EA. This Simulink model for the CWF optimization is given in Figure E.11 
with its main task to estimate the cost between the sensation curves. Similar models exist for 
the OWF and AWF optimization. OWF also uses Riccati Solver and AWF uses Steepest 
Descent method for local optimization. 
 
The same set of input signals is applied on all the filters. The manoeuvres used during 
optimization are: 
 

 Acceleration from stationary position (ramp to step) 

 Acceleration and brake  (ramp to step, in positive and negative direction) 

 Periodic lane change (used for sway acceleration and yaw displacement) 

 Positive and negative acceleration in vertical direction (ramp to step), for heave mode 
 
The WF are also tested with chirp signal and filtered white noise described in Equation ( 9.9 ) 

with values 2.01   and  62  . The testes were prepared in computer simulation and the 

response of the WFs is given in Appendix E.6, F.9 and G.3 for the CWF, OWF and AWF 
respectively.  
 
The WFs were optimized in four modes, pitch/surge, roll/sway, yaw and heave, separately. 
The optimal amplitude of the signals that could be simulated in each of these modes was not 
determined. Instead, the maximum value of the signals that the platform can successfully 
simulate was found by trial and error. For example, it was found that for pitch/surge mode, the 
platform can successfully handle surge acceleration of the type given in Figure 12.1 with 

amplitude up to
2/2 sm . This is not the optimal amplitude, but that is not of big interest, 

because when two manoeuvres are combined together, for example surge acceleration and 

lane change, smaller amplitude than 
2/2 sm  must be used, because otherwise the platform 

will exceed its physical boundaries, or in other words the inputs must be rescaled to even 
smaller values.  
 
On the other hand, when yaw mode was tested in real-time on the CVS, the test drivers 
suggested that the real input was too small so it was rescaled by factor of 2. 
 
After the optimization the final values for the parameters are found given in Table E.4, Table 
F.6 and Table G.2 for the CWF, OWF and AWF respectively. Taking this configuration for the 
parameters and surge acceleration as input, the WF gave the response given on Figure 12.1. 
During the simulation the actuators stayed within its boundaries, but were very close to its 
limits giving as much of the platform as it can give. 
 
For the sway mode, a periodic lane change manoeuvre was used given on Figure 12.2. The 
same manoeuvre is used for the yaw mode, but with smaller amplitude, Figure 12.3.  
 
At the end all WFs were tested in computer simulation with a real signal given on Figure C.1 
and Figure C.2. The inputs were rescaled proportionally so that the platform stays within its 
boundaries during the whole simulation. The final scale and limit of the input signals is given in 
Table E.6, Table F.7 and Table G.3 for the CWF, OWF and AWF respectively.  
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Figure 12.1: Response of the WFs on surge acceleration 

 

 
Figure 12.2: Response of the WFs on sway acceleration 

 

 
Figure 12.3: Response of the WFs on yaw displacement 
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13. Discussion 
 

The optimization of the washout filters was prepared in four separate modes, pitch/surge, 
roll/sway, yaw and heave. The response of the filters is given in Figure 12.1 - Figure 12.3, and 
as can be seen all three filters respond very well. Even CWF which has very simple form has 
very good matching with the reference curve. This is for the reason that CWF can be easily 
and effectively optimized because of the small number of optimization parameters. AWF gives 
even better matching than CWF. The response curve is almost not distinguishable from the 
reference curve. Of course, AWF tunes its parameters in real time and better results were 
expected.  
 
The response of OWF is not as good as the response of the other two WFs. This is due to the 
fact that many approximations were used during the estimation of the system of equations. 
For example, the approximation given in Equation ( 9.35 ) led to conclusion that OWF does 
not depend on the position of the driver (the driver head more precisely) which contributes to 
less optimal results. Another problem may be the filtered white noise used as input for the 
Riccati Solver and not one of the custom manoeuvres. Some of the problems in OWF might 
emanate from the use of canonical representation since the Riccati Solver is sensitive to the 
realization. It is preferable that a future thesis worker does the experiments by using balanced 
realization, e.g. diagonal, block diagonal or Jordan forms. However the final results showed 
that OWF still gives satisfactory solution.  
 
The matlab function for the Riccati Solver can sometimes generate an error “cannot order 
eigenvalues; spectrum too near to the imaginary axis”. This error occurs when the Hamiltonian 
matrix for the Riccati equation has eigenvalues on or very near the imaginary axis. One could 
resolve this error with small change to any of the weights. Because this error does not happen 
often and because the process was executed within EA, the simplest way was to skip the 
individuals that generated the error.  
 

Before the optimization OWF was constructed with four filters: 11W , 12W , 21W  and 22W . 

However, after the optimization it was found that the contribution from filter 21W  is not 

noticeable and was removed from the final OWF model as can be seen on Figure F.7. OWF 
was designed for 9

th
 order filters for pitch/surge and roll/sway mode and 5

th
 order for yaw and 

heave mode. But when the final values for the parameters were found and after cancellations 
of poles and zeros the final order of the filters was 7

th
 order for pitch/surge and roll/sway 

mode, 3
rd

 order for yaw and heave mode (coefficients smaller than 0.001 were taken as 0).  
 
CWF and OWF were successfully implemented in real-time on the CVS. But that was not the 
case with AWF. It happened that the MatlabFcn block does not work in real time and this filter 
could not be compiled. This block is crucial because it computes derivative of the cost function 
in respect to the tuning parameters and removing it causes redesign of the whole WF. One 
could solve this problem by installing newer version of Matlab on the CVS control computers 
which supports real-time realization of MatlabFcn. The current version used so far, uses 
Matlab 6.5 and there are several newer versions already. The more complicated solution will 
require redesign of the AWF in some other way, without including the MatlabFcn block. 
 
The WFs were tested with several test drivers and by their suggestion some changes were 
made. The inputs were rescaled so that the tilt angle for surge and sway acceleration was 
lowered and the translational movement was increased. One of the problems here is due to 
the virtual environment. Large tilt angles cause the virtual environment tilt the car too much in 
respect to the road, leading in some cases the driver look at the sky or in the road. This was 
especially noticeable when the driver performs sudden brake at very high speed. The tilt 
created from sway acceleration was also lowered because the driver was getting the feeling 
like sailing in a boat. Although really high sway accelerations are recorded, they needed to be 
lowered, because the driver still felt the tilt from its back, from the contact with the seat. 
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All the comparisons given in Figure 12.1 - Figure 12.3 are simulated on a computer. It would 
have been really nice if these comparisons were tested on the actual CVS as well. However at 
the time this thesis was prepared, the real-time position of the CVS could not have been 
recorded. These analyses must be left for future researchers after the CVS is upgraded.   
 
Another attempt that could give strength to the importance of the WFs is testing how the 
platform behaves with or without WF. But the platform can not work at all without WF and 
these tests can not be done as well (imagine small constant acceleration coming as input on 
the platform. Without WF, this acceleration, no matter how small it is, will cause the 
displacement of the platform from its origin to grow exponentially. It is only a matter of time 
when the platform will exceed its physical limits). One could limit the signals, but the limitation 
must be done on the platform displacement, and not on the acceleration. Even with limitation it 
is questionable what should be measured, since the real-time position of the CVS could not be 
obtained. 
 
The only thing we can rely on is taking conclusions of the computer simulations and most 
importantly from the test driver’s advices.  

 



Vehicle modelling and washout filter tuning for the Chalmers Vehicle Simulator 

 

 

54  

 

14. Conclusion and Future Work 
 

This work resulted in development of three washout filters from which two were successfully 
tested in real time use on the Chalmers Vehicle Simulator. Moreover, optimization algorithms 
were presented for achieving optimal solution and a union of functional and heuristic 
optimization was given using the power of the both approaches.  
 
CWF and AWF gave very close matching to the reference curves, but OWF produced slightly 
different results, though still acceptable. When CWF and OWF were tested online, the test 
drivers did not feel the difference. However one could repeat the derivation of the system of 
equations for OWF without the approximations used in the current model. This will result in a 
WF which will better match the reference curve. 
 
The quality of the WFs directly depends on the vestibular model, because they are tuned to 
respond as close as possible to this model. Improving the vestibular model can produce better 
results. There already exist models of the vestibular system which are better than the one 
used in this work [ 1 ]. There are also models which have integrated model of visual sensation, 
complementing the motion perception [ 1 ]. One should repeat the experiments by using these 
new models, which will result in more realistic motion.  
 
It was shown that CWF, which was the simplest model of WF, can produce very well results. 
One should develop another instance of CWF with one order higher filters for achieving even 
better results. 
 
Washout filters that use real time tuning can give truly promising results, and this was already 
shown with the Adaptive WF. Therefore, the development of the Nonlinear WF should be 
expected from the future thesis workers. 
 
A research is recommended for a predictive WF. Using the knowledge about future input 
signals could minimize the delay in the platform response.  
 
The scale and limit block is present in all three WFs. One could replace this block by nonlinear 
scaling with input/output characterises briefly given in Appendix E.2. The idea is to use higher 
gain for small input signals, so that they will be carried above the driver’s perception threshold 
and smaller scaling for high signals to prevent actuator extension over their limits. 
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Appendix A. Vestibular System 
 

 

A.1 Parameters of the vestibular system 
 
 

 Roll(x) Pitch(y) Yaw(z) 

 sTL  6.1 5.3 10.2 

 sTS  0.1 0.1 0.1 

 sTa  30 30 30 

 sTH deg/  3.0 3.6 2.6 

Table A.1: Parameters for the semicircular canal [ 3 ] 
 

 Surge(x) Sway(y) Heave(z) 

 sL  5.33 5.33 5.33 

 sS  0.66 0.66 0.66 

 sa  13.2 13.2 13.2 

K  0.4 0.4 0.4 

 2/ smdTH  0.17 0.17 0.28 

Table A.2: Parameters for the otoliths [ 3 ] 
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A.2 Behaviour of the vestibular system 

 
Figure A.1: Sensed angular velocity for the semicircular canal about the x-axis 

 
Figure A.2: Sensed force for the otolith about the x-axis 
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Appendix B. Stewart Platform 
 

 

B.1 Actuator Limits 
 

 

 SX  SY  SZ  

Su1 [m] -0.3736 0.4442 0 

Su2 [m] -0.1979 0.5458 0 

Su3 [m] 0.5715 0.1016 0 

Su4 [m] 0.5715 -0.1016 0 

Su5 [m] -0.1979 -0.5458 0 

Su6 [m] -0.3736 -0.4442 0 

 
Table B.1: Coordinates of the upper gimbals of the motion platform 

 
 

 IX  IY  IZ  

Ib1 [m] -0.7874 0.1016 -0.1270 

Ib2 [m] 0.3058 07328 -0.1270 

Ib3 [m] 0.4816 0.6312 -0.1270 

Ib4 [m] 0.4816 -0.6312 -0.1270 

Ib5 [m] 0.3058 -0.7328 -0.1270 

Ib6 [m] -0.7874 -0.1016 -0.1270 

 
Table B.2: Coordinates of the lower gimbals of the motion platform 

 
 

Mechanical Retract Stop 0.709m 

Retract Cushion 0.726m 

Retract Software Limit 0.739m 

Center Position 0.879m 

Extend Software Limit 1.026m 

Extend Cushion 1.031m 

Mechanical Extend Stop 1.049m 

 
Table B.3: Limits of the actuators of the motion platform 
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Appendix C. Motion Cuing 
 

 

C.1 Sample signals from the simulator  

 
Figure C.1: Sample acceleration taken from the Matlab software used to control the CVS 

 
Figure C.2: Sample angular displacement taken from the Matlab software used to control the CVS 
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C.2 Noise in the signals  
 

Observing the sample data, one could immediately notice the noise in the outputs of the 
vehicle model, i.e. inputs in the washout filter (Figure C.1). Even in the first five seconds, when 
the longitudinal acceleration is supposed to have zero value, the noise is still present (Figure 
C.3). By magnifying the region into the rectangle in Figure C.3 and Figure C.4 one could 
determine the frequency of the noise-oscillations.  
 
The noise in Figure C.5 is most probably because of the sampling frequency. The sampling 
time step used in the vehicle model is 0.001s and the noise given in Figure C.5 has period of 

0.002s, which gives frequency fHz
T

f  2,500
1

 . However, there exists noise in the 

signals with lower frequency, that needs to be filtered, i.e. the frequency in Figure C.4 with

 66.6
3.0

1
2 c . 

 
The noise is removed by installing third order Butterworth low-pass filter [ 13 ] with cut-off 

frequency c  big enough to pass the useful signals and small enough to filter the noise. The 

value for the cut-off frequency is taken to be  6c . The transfer function of the low-pass 

filter is given in Equation ( C.1 ). One could install the Butterworth filter before the washout 
filter (WF), but even better case is installing this filter after the WF. This method also filters the 
eventual HF noise produced by the WF. 
 

3223

3

22 ccc

c

sss
Gnoise






  ( C.1 ) 

 
The same sample acceleration shown in Figure C.1 is given again in Figure C.6, but this time 
the noise is filtered.  

 
Figure C.3: Noise in longitudinal acceleration 
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Figure C.4: Noise (zoom inside the rectangle) Figure C.5: Frequency of the noise 
 

 
Figure C.6: Filtered signals 
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Appendix D. Optimization Algorithms 
 
Optimization algorithms are used when optimal solution of some function or process is 
needed. The necessity of these algorithms can be explained when the domain of possible 
values in the search space is so large that simple brute force algorithm will require very long 
time (sometimes more than 1000 years with the standard computer power) to check every 
possible combination of values. Some of the optimization algorithms have built in logic to 
narrow straight to the local optimum, like the Newton-Raphson method and the Steepest 
Descent optimization. Others are using heuristic approach, like the Evolutionary Algorithms. 
Each algorithm is better than the others for a specific problem, and in this research the 
Evolutionary Algorithms, Riccati Algebraic Solver and Steepest Descent method are used. A 
conjunction of these algorithms is also investigated for producing even better results for even 
shorter time. 
 
 

 

D.1 Evolutionary Algorithms (EA)  
 
EAs are motivated from biology and Darwinian evolution is their basic inspiration [ 14 ]. 
Evolution is a slow process, but this process in nature gave rise to a very complex biological 
structures. These algorithms are introduced because they have ability to avoid getting stuck in 
local optima, especially when the search space has many of them, Figure D.1. 
 

 
Figure D.1: Search space with many local optima [ 14 ] 

 
Genetic Algorithms (GA) are special case of the EA where the values to be optimized are 
compared to the genes in living beings. In this paper GA are used, but the chromosomes does 
not have standard array structure and therefore they will be referred only as EA. 
 
Several notions are tightly connected to EA: 
 

 Population: a group of the same species, each of them with its own characteristics 
(genetic mark). Species can mate and can have offspring. The members of the 
population are referred as individuals.  

 Heredity: the properties of the individual can be encoded in such a way that they can 
be transmitted to the next generation. 

 Fitness: individuals that are well adapted to its environment have higher fitness. 

 Selection: the process of selection allows better chance to the best individuals (with 
higher fitness) survive. 

 Crossover: the individuals mate by producing offspring that has genetic taken from 
both of the parents. 

 Mutation: when genetic information is copied an error can occur. This error is called 
mutation. 
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 Replacement: the individuals in the population are replaced by new ones in the next 
generation. 

 Elitism: even though a fit individual has higher probability of being selected for 
reproduction, there is no guarantee that it will be selected. Even when it is selected 
there is a chance it will be destroyed by the crossover. Therefore a few copies of the 
best individual are copied unchanged into the next generation, and this process is 
called elitism. 

 
A standard EA goes as follows: 

 

 A population of N individuals is generated and default value for the changing 
parameters is assigned. 

 Then in G generations the following process is repeated: 

 Each individual is evaluated and the fitness is calculated according to an actual cost 
function. 

 A selection of two individuals is performed. 

 These two individuals are mated by crossover, giving offspring of two new individuals. 

 The parents are replaced by their offspring. 

 Each individual, except the ones under elitism, is mutated under some mutation 
probability. 

 The algorithm continues to the new generation. 

 

D.2 Riccati Algebraic Solver  
 

Riccati differential equations represent one of the simplest types of nonlinear ordinary 
differential equations and dates from the early period of modern mathematical analyses [ 15 ], 
[ 16 ]. In mathematics, a scalar Riccati equation is any ordinary differential equation that has 
the form: 
 

2

210

' )()()( yxqyxqxqy   ( D.1 ) 

 
Many different forms and solutions of the Riccati equation exist in theory, but in this work a 
matrix form is used, given as: 
 

01   QXBXBRXAXAX TT  ( D.2 ) 

 
The solution is found by using the matlab function: 
 

),,,( RQBAcare  ( D.3 ) 

 
which solves continuous-time algebraic Riccati equation that uses generalized eigen-problem 
formulation with a Newton-type refinement.  

 
D.1.1 Real Time Solution of the Riccati Equation 

 
This section is based on the work of Telban and Cardullo [ 1 ] (page 108) and represents a 
method that solves the Riccati equation in real time. The idea is to use the solution from the 
previous time step when computing the solution for the current time step. The first solution of 
the Riccati equation is computed offline, and every other proceeding solution is computed 
online, in real time. 
 
The authors give two methods: Newton-Raphson approach and a neuro-computing approach 
using structured neural network. The Newton-Raphson approach uses generalized form of the 
Riccati equation given in Equation ( D.2 ): 
 

QXAXAXSXXG T )(  ( D.4 ) 
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where 
TBBRS 1 . When the square matrices X and G are mapped into column vectors: 

 

 nnGGGXg ...)( 2111  

 nnXXXx ...2111  
( D.5 ) 

 
then it had been shown that the current solution of the Riccati equation can be solved using 
the previous solution: 
 

   )()()()1(

1

kxgkx
X

G
xxkx















  ( D.6 ) 

 

where 
X

G




 is the Jacobean matrix: 

 

    ISXASXAI
X

G TT





 ( D.7 ) 

 

and   is the Kronecker product. 

 

A structural neural network is used for quickly obtaining the computational solution )(tX , 

Figure D.2. 
 

 
Figure D.2: Structural Neural Network for solving real time Riccati Equation [ 1 ] (page 110) 

 
The method of structural Neural Network has some computational advantages over the 
Newton-Raphson method and it is preferred in future washout filter development. Look at the 
work of Telban and Cardullo [ 1 ] (page 110) for detailed description. 
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D.3 Steepest Descent 
 
The method of steepest descent is also called gradient descent method and it is used to find 
the nearest local minimum of a function when the gradient of a function is computable.  
 

It starts from point 0x  and in each iteration moves from ix  to 1ix  by minimizing along the 

line extending from ix  in the direction of the local downhill gradient )( ixf . On Figure D.4 

an example is given for one dimensional function: 
 

22)( 23  xxxf  ( D.8 ) 

 
where x is computed as: 
 

)( 1

'

1   iii xfxx   ( D.9 ) 

 

with 01.0  and starting points 20 x  and 01.00 x . 

 

 

 
Figure D.3: Convergence of the Steepest 

Descent method 
Figure D.4: Finding minimum with  Steepest Descent 
<http://mathworld.wolfram.com/MethodofSteepestDescent.html> 

 

http://mathworld.wolfram.com/MethodofSteepestDescent.html
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Appendix E. Classical Washout Filter 
 

 

E.1 Scale and Limit  
 

 
Figure E.1: Input/output characteristics for scaling and limiting block 

 

E.2 Nonlinear Scale and Limit  
 

This section is based on the work of Telban and Cardullo ([ 1 ], page 18). A nonlinear scaling 
is presented as a third-order polynomial: 
 

01

2

2

3

3 cxcxcxcy   ( E.1 ) 

 
with the input/output characteristics given on Figure E.2.  
 
When the magnitude of the input signal is small, the gain is desired to be higher, or the output 
may be below the driver’s perception threshold. When the output of the input is high, the gain 
is desired to be smaller so the platform will stay within its boundaries. 
 

 
Figure E.2: Nonlinear input scaling [ 1 ] 
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E.3 EA attributes for the CWF optimization 
 
 

Population size 100 

Crossover probability 0.5 

Type of selection Tournament selection 

Tournament size 8 

Mutation probability 0.1 

Type of mutation Geometric creep 

Creep rate 0.3 

Number of individuals under elitism 2 

Maximum generation 500 

Table E.1: EA attributes for the CWF optimization 
 

OmegaTrans 
t - cut-off frequency for the 

translational chanel, Equation ( 7.1 ) 

Vector of 3 elements, for surge, 
sway and heave acceleration 

ZetaTrans 
t  - dumping constant for the 

translational channel, Equation ( 7.1 ) 

Vector of 3 elements, for surge, 
sway and heave acceleration 

OmegaTransRTZ 
b  - return to zero frequency for the 

translational channel, Equation ( 7.2 ) 

Vector of 3 elements, for surge, 
sway and heave acceleration 

OmegaCoord 
c - frequency for the coordination 

channel, Equation ( 7.4 ) 

Vector of 2 elements, for 
pitch/surge and roll/sway 

ZetaCoord 
c - dumping constant for the 

coordination channel, Equation ( 7.4 ) 

Vector of 2 elements, for 
pitch/surge and roll/sway 

OmegaRotRTZ 
b  - return to zero frequency for the 

rotational channel, Equation ( 7.5 ) 

Vector of 3 elements, for roll, 
pitch and yaw angle 

Table E.2: Fields in the chromosome used in EA for the CWF optimization 
 

Variable Pitch/Surge Roll/Sway Yaw Heave 

OmegaTrans     

ZetaTrans     

OmegaTransRTZ     

OmegaCoord     

ZetaCoord     

OmegaRotRTZ     

Table E.3: Variables used for separate modes 
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E.4 Values for the CWF parameters 
 
 

Variable Values 

CWF_W22 Surge 

1655.101799.131065.20 23

3

 sss

s
 

Sway 

0772.06153.31047.11 23

3

 sss

s
 

Heave 

0772.06153.31047.11 23

3

 sss

s
 

CWF_W12 Pitch/Surge 

3.12221960.0

3.1222
2  ss

 

Roll/Sway 

4.17046094.7

4.1704
2  ss

 

CWF_W11 Roll 

5231.17

1

s
 

Pitch 

1844.44

1

s
 

Yaw 

1042.0

1

s
 

Table E.4: Final values for the CWF filters 
 

Translational channel Scale Higher Limit Lower Limit 

Surge ]/[ 2sm  1 2 -2 

Sway ]/[ 2sm  1 2 -2 

Heave ]/[ 2sm  1 2 -2 

Coordination channel Scale Higher Limit Lower Limit 

Pitch/Surge ]/[ 2sm  1 2 -2 

Roll/Sway ]/[ 2sm  1 2 -2 

Rotational channel Scale Higher Limit Lower Limit 

Roll [rad] 1 0.2 -0.2 

Pitch [rad] 1 0.2 -0.2 

Yaw [rad] 1 0.2 -0.2 

Table E.5: Values for scale and limit during optimization 
 

Translational channel Scale Higher Limit Lower Limit 

Surge ]/[ 2sm  0.45 1.8 -1.8 

Sway ]/[ 2sm  0.35 1.3 -1.3 

Heave ]/[ 2sm  0.3 0.5 -0.5 

Coordination channel Scale Higher Limit Lower Limit 

Pitch/Surge ]/[ 2sm  0.3 1.2 -1.2 

Roll/Sway ]/[ 2sm  0.2 0.8 -0.5 

Rotational channel Scale Higher Limit Lower Limit 

Roll [rad] 1 0.2 -0.2 

Pitch [rad] 1 0.2 -0.2 

Yaw [rad] 2 0.2 -0.2 

Table E.6: Final values for scale and limit 
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E.5 Bode diagrams of the filters used in CWF 
 

   
Surge Sway Heave 

Figure E.3: Bode plot of the translational filter W22 
 

  
Pitch/Surge Roll/Sway 

Figure E.4: Bode plot of the coordination filter W12 
 

   
Roll Pitch Yaw 

Figure E.5: Bode plot of the rotational filter W11 
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E.6  CWF response 
 

 

 

 

 

Figure E.6: CWF response to surge acceleration a) ramp to step of 
2/2 sm , b) sudden acc. 

and brake, c) chirp, d) filtered white noise (note: s. force = specific force) 
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Figure E.7: CWF response to sway acceleration a ) periodic lane change, b) chirp, c) filtered 

white noise (note: s. force = specific force) 
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Figure E.8: CWF response to yaw displacement  

a) periodic lane change, b) chirp, c) filtered white noise 
 
 

 
 

0 1 2 3 4 5 6 7 8 9 10

-0.2

-0.1

0

0.1

0.2

0.3

0.4

time [s]

y
a
w

 d
is

p
la

c
e
m

e
n
t 

[r
a
d
]

 

 
input signal

sensed rotation - car

sensed rotation - simulator

0 1 2 3 4 5 6 7 8 9 10

-0.4

-0.2

0

0.2

0.4

0.6

0.8

time [s]

y
a
w

 d
is

p
la

c
e
m

e
n
t 

[r
a
d
]

 

 
input signal

sensed rotation - car

sensed rotation - simulator

0 1 2 3 4 5 6 7 8 9 10
-0.2

-0.1

0

0.1

0.2

0.3

0.4

time [s]

y
a
w

 d
is

p
la

c
e
m

e
n
t 

[r
a
d
]

 

 
input signal

sensed rotation - car

sensed rotation - simulator



Vehicle modelling and washout filter tuning for the Chalmers Vehicle Simulator 

Appendix E 

 

 

18  

 

E.7 Simulink models of the CWF 
 

 
Figure E.9: Simulink model of the CWF 

 

 
Figure E.10: Actual implementation of CWF in the online vehicle model 

(with the Butterworth filter included) 

 



Vehicle modelling and washout filter tuning for the Chalmers Vehicle Simulator 

Appendix E 

 

 

19  

 

 
Figure E.11: Simulink model for cost estimation used by EA 
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Appendix F. Optimal Washout Filter 
 

 

F.1 Cost function for the OWF 
 
This section is based on the work of Kwakernaak and Sivan [ 11 ] and was noted by Reid and 
Nahon [ 7 ] (p. H.1 – H.4). A cost function is defined that will constraint both, the sensation 
error and the platform motion. The goal is minimizing the cost function by selecting suitable 
control u. Consider the system: 
 

nuHuBxAx   ( F.1 ) 

uBxCy   ( F.2 ) 

 

where nu  is white noise. The cost function is given as: 

 

  dtuRuyGyE
t

t

TT

 
1

0

  ( F.3 ) 

 

where 0G , 0R  and both matrices are symmetric. The problem can be represented in 

standard form by several manipulations. Substituting Equation ( 9.3 ) into Equation ( 9.4 ) and 

using the assumption that the matrices G  and R  are symmetric, one could obtain: 

 

  dtuRuuRxxRxE
t

t

TTT

 
1

0
2121 2  ( F.4 ) 

 
where: 
 

CGCR
T

1 , DGCR
T

12 , DGDRR
T

2  ( F.5 ) 

 
Equation ( F.4 ) can be rearranged in the following form: 
 

  dtuRuxRxE
t

t

TT

 
1

0
21  ( F.6 ) 

 
where: 
 

xRRuu
T

12

1

2


 , 

TRRRRR 12

1

21211


  ( F.7 ) 

 

Because G  and R  are symmetric, it follows that 1R  and 2R  are symmetric too. In similar 

way it can be shown that 02 R , 
1

2


R  exists and 1R  is symmetric.  

From Equation ( F.1 ) and ( F.7 ) we have: 
 

nuHuBxAx   ( F.8 ) 

 
where: 
 

T
RRBAA 12

1

2


  ( F.9 ) 

 
Kwakernaak and Sivan [ 11 ] showed that for this form of problem the optimal control is: 
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 xtFu  ,    tPBRtF
T1

2


  ( F.10 ) 

 

where  tP  is solution to the algebraic Riccati Equation: 

 

APPAPBRBPRP
TT


1

21
 , 0)( 1 tP  ( F.11 ) 

 
The steady state control law is represented as: 
 

PBRF
T1

2


  ( F.12 ) 

APPAPBRBPR
TT


1

210  ( F.13 ) 

 

Taking that  tx  and  tu  are ergodic, Kwakernaak and Sivan [ 11 ] (p. 253-255) showed that 

the cost function is minimized when: 
 

  xRtPBRu
TT

12

1

2 


 ( F.14 ) 

 uRuyGyE
TT

  ( F.15 ) 
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F.2 State-space variables used in OWF 
 
 

Variable Description Pitch/Surge Roll/Sway Yaw Heave 

1x  

rotational state variables (roll) 

    

2x      

3x      

4x  

rotational state variables (pitch) 

    

5x      

6x      

7x  

rotational state variables (yaw) 

    

8x      

9x      

10x  
translational state variable (surge) 

    

11x      

12x  
translational state variable (sway) 

    

13x      

14x  
translational state variable (heave) 

    

15x      

16x  
2dtS      

17x   dtS      

18x  
2dtS      

19x   dtS      

20x  
2dtS      

21x   dtS      

22x  
3dta x

SI      

23x  
2dta x

SI      

24x   dta x

SI      

25x  
3dta y

SI      

26x  
2dta y

SI      

27x   dta y

SI      

28x  
3dta z

SI      

29x  
2dta z

SI      

30x   dta z

SI      

Table F.1: State space variables used in the development of OWF 
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F.3 Pitch/Surge Mode 
 

A nine order filter is chosen for the pitch/surge mode. The states are given as: 
 

Txxxxxxxxxx ],,,,,,,,[ 242322191110654  ( F.16 ) 

 

where the states 4x , 5x  and 6x come from the rotational state space variables related to the 

pitch angle. Variables 10x  and 11x  are related to the surge translational state variables and 

the rest four variables are additional inner state variables given in Table F.1. 
 
The input values in the simulator and the car are: 
 











x

SI

S

S
a

u


, 









x

AI

A

a
a

u


 ( F.17 ) 

 
The output values are: 
 











x

PS

PS

S f

q
y

ˆ

ˆ
, 










x

PA

PA

A f

q
y

ˆ

ˆ
 ( F.18 ) 

 
The vestibular system model and the internal variables are given as: 
 

Svvv uBxAx   ( F.19 ) 

Svvv
uDxCy   ( F.20 ) 

Sdddd uBxAx   ( F.21 ) 

 
where: 
 









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
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
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v T

T

T
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
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










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
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
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











xxxx
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a
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a

x

q

q

q
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q

v

KgK

KgK

T

T

T

T

T

T

B

22

22

4

3

4

2

4

1

0

0

0





 ( F.22 ) 











01000

00001
vC , 

















00

0
1

4

q
v TD  ( F.23 ) 

   Tx

SI

x

SI

x

SIS

T

d dtadtadtadtxxxxx  23

24232219   ( F.24 ) 

 
The equations for the input noise signal are: 
 

nnnnn uBxAx  , na xu   ( F.25 ) 
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Now all the equations for the simulator, the car and the additional inner variables need to be 
collected into single state space model as was done in Section 9.1. Comparing to Equation   ( 
9.15 ) - ( 9.17 ) it can be written: 
 

 TT

n

T

d

T

e xxxx   ( F.26 ) 

 Tx

PA

x

PSPAPS xxxxffqqy 24232219
ˆˆˆˆ   ( F.27 ) 

nS uHuBxAx   ( F.28 ) 

SuDxCy   ( F.29 ) 

 
where: 
 















 



n

d

vv

A

A

BA

A

00

00

0

, 



















0

d

v

B

B

B , 



















nB

H 0

0

  ( F.30 ) 


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I
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vD
D  ( F.31 ) 
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00
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01

dB  ( F.32 ) 

 
The cost function used for minimizing the error was given in Equation ( 9.20 ) and ( 9.21 ): 
 

  dd

T

dS

T

S

T
xRxuRueQeEJ    ( F.33 ) 

 x

PA

x

PSPAPS ffqqe ˆˆˆˆ  , 









dR

Q
G

0

0
 ( F.34 ) 

 

The solution of  sW  comes directly from Equation ( 9.30 ). 

  
 

F.4 Roll/Sway Mode 
 
Similarly like the pitch/surge mode, a nine order filter is chosen for the roll/sway mode too. The 
states are given as: 
 

Txxxxxxxxxx ],,,,,,,,[ 272625171312321  ( F.35 ) 

 

where the states 1x , 2x  and 3x come from the rotational state space variables related to the 

roll angle. Variable 12x  and 13x  are related to the surge translational state variables and the 

rest four variables are additional inner state variables given in Table F.1. 
 
The input values in the simulator and the car are: 
 


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a
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

 ( F.36 ) 
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The output values are: 
 









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S f
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ˆ
, 




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




y
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A f

p
y

ˆ

ˆ
 ( F.37 ) 

 
The vestibular system model and the internal variables are given as: 
 

Svvv uBxAx   ( F.38 ) 

Svvv
uDxCy   ( F.39 ) 

Sdddd uBxAx   ( F.40 ) 

 
where: 
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   Ty

SI

y
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T

d dtadtadtadtxxxxx  23

27262517   ( F.43 ) 

 
The equations for the input noise signal are: 
 

nnnnn uBxAx  , na xu   ( F.44 ) 

 
Now all the equations for the simulator, the car and the additional inner variables need to be 
collected into single state space model as was done in Section 9.1. Comparing to Equation   ( 
9.15 ) - ( 9.17 ) it can be written: 
 

 TT

n

T

d

T

e xxxx   ( F.45 ) 

 Ty

PA

y

PSPAPS xxxxffppy 27262517
ˆˆˆˆ   ( F.46 ) 

nS uHuBxAx   ( F.47 ) 

SuDxCy   ( F.48 ) 

 
where: 
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The cost function used for minimizing the error was given in Equation ( 9.20 ) and ( 9.21 ): 
 

  dd

T

dS

T

S

T
xRxuRueQeEJ    ( F.52 ) 

 y

PA

y

PSPAPS ffppe ˆˆˆˆ  , 
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




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dR

Q
G

0

0
 ( F.53 ) 

 

The solution of  sW  comes directly from Equation ( 9.30 ). 

 
 

F.5 Yaw Mode 
 
There is only one degree of freedom for the yaw mode, the angular displacement  . 

Additional inner states are included concerning movement in z direction giving fifth order filter. 
The states are given as: 
 

Txxxxxx ],,,,[ 2120987  ( F.54 ) 

 

where the states 7x , 8x  and 9x come from the rotational state space variables related to the 

yaw angle. The rest two variables are additional inner state variables given in Table F.1. 
 
The input values in the simulator and the car are: 
 

SSu  , Aau   ( F.55 ) 

 
The output values are: 
 

PSS ry ˆ , PAA ry ˆ  ( F.56 ) 

 
The vestibular system model and the internal variables are given as: 
 

Svvv uBxAx   ( F.57 ) 

Svvv
uDxCy   ( F.58 ) 

Sdddd uBxAx   ( F.59 ) 

 
where: 
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   TSS

T

d dtdtxxx   2

2120  ( F.61 ) 

 
The equations for the input noise signal are: 
 

nnnnn uBxAx  , na xu   ( F.62 ) 

 
Collecting all the equations we have: 
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nS uHuBxAx   ( F.65 ) 

SuDxCy   ( F.66 ) 
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The cost function used for minimizing the error was given in Equation ( 9.20 ) and ( 9.21 ): 
 

  dd

T

dS

T

S

T xRxRuuQeeEJ    ( F.70 ) 
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Q
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0

0
 ( F.71 ) 

 

The solution of  sW  comes directly from Equation ( 9.30 ). 

 
 

F.6 Heave Mode 
 

There is one degree of freedom for the heave mode, the vertical acceleration za . Additional 

inner states are included concerning movement in z direction giving fifth order filter. The states 
are given as: 
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Txxxxxx ],,,,[ 3029281514  ( F.72 ) 

 

where the states 14x  and 15x  come from the translational state space variables related to the 

vertical acceleration. The rest three variables are additional inner state variables given in 
Table F.1. 
 
The input values in the simulator and the car are: 
 

z

SIS au  , 
z

AIa au   ( F.73 ) 

 
The output values are: 
 

e

PS

z

PSS ffy ˆˆ  , 
e
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z

PAa ffy ˆˆ   ( F.74 ) 

 
where the equilibrium values can be found in Equation ( 9.52 ). The vestibular system model 
and the internal variables are given as: 
 

Svvv uBxAx   ( F.75 ) 

Svvv uDxCy   ( F.76 ) 

Sdddd uBxAx   ( F.77 ) 

 
where: 
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The equations for the input noise signal are: 
 

nnnnn uBxAx  , na xu   ( F.80 ) 

 
Collecting all the equations we have: 
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The cost function used for minimizing the error was given in Equation ( 9.20 ) and ( 9.21 ): 
 

  dd

T
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T
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T xRxRuuQeeEJ    ( F.88 ) 
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The solution of  sW  comes directly from Equation ( 9.30 ). 
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F.7 EA attributes for the OWF optimization 
 
 

Population size 50 

Crossover probability 0.7 

Type of selection Tournament selection 

Tournament size 8 

Mutation probability 0.3 

Type of mutation Geometric creep 

Creep rate 0.7 

Number of individuals under elitism 2 

Maximum generation 500 

Table F.2: EA attributes for the OWF optimization 
 

Q Q – weighting matrix on the error Matrix of 4 rows and 2 columns 

Rd Rd – weighting matrix on the 
additional variables 

Matrix of 4 rows and 4 columns 

R R – weighting matrix on the input Matrix of 2 rows and 2 columns 

Table F.3: Fields in the chromosome used in EA for the OWF optimization 
 

Pitch/Surge Roll/Sway Yaw Heave 

diag(Q(1, :)) diag(Q(2, :)) Q(3, 1) Q(4, 2) 

diag(Rd(1, :)) diag(Rd(2, :)) diag([Rd(3, 1) Rd(3, 2)]) diag([Rd(4, 1) Rd(4, 2) Rd(4, 3)]) 

diag(R(1, :)) diag(R(2, :)) R(3, 1) R(4, 2) 

Table F.4: Variables used for separate modes 
 

Variable Pitch/Surge Roll/Sway Yaw Heave 

Q(1, 1) 0.3545 8.4942 470879.25  

Q(2, 2) 1.4585 32.9538  679.0803 

R(1, 1) 1838.77 1556.97 900654.76  

R(2, 2) 15.30 13.09  1794.99 

Rd(1, 1) 0.0090 7874.78 0 0.0059 

Rd(2, 2) 0.4082 2.2450 0.0038 0.0108 

Rd(3, 3) 5.5972 21.3720  0.1182 

Rd(4, 4) 60.8231 3.4843   
  1 1 1 1 

1  0.2 0.2 0.2  

2  6  6   6  

Table F.5: Final parameters for the Riccati Solver 
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Values for the OWF parameters 
 
 

Variable Values 

OWF_W22 Surge 

0.00320.14459896.16622.127806.414055.701219.513901.14

0.00110.04410.38580.99840.12770031.0
2345678

345678





ssssssss

ssssss  

Sway 

0.55063520.71498.345639.2614819.9714813.7312529.783536.15

0.00280.02730.08340.04480.0053
2345678

34567





ssssss

sssss  

Heave 

0.01190.12850.78921821.2

0.03320.22630.0103
234

234





ssss

sss  

OWF_W12 Pitch/Surge 

0.00320.14459896.16622.127806.414055.701219.513901.14

0.00540.11158952.02642.33406.54866.20.27780.0079
2345678

2345678





ssssssss

ssssssss  

Roll/Sway 

0.55063520.71498.345639.2614819.9714813.7312529.783536.15

0014.00.06390.82984572.45602.016830.014.8423-0.5168-0.0129-
2345678

2345678





ssssss

ssssssss  

OWF_W11 Roll 

0.55063520.71498.345639.2614819.9714813.7312529.783536.15

0.01810.24611.2759305.2375.02740.11480.10.0097-
2345678

2345678





ssssss

ssssssss  

Pitch 

0.00320.14459896.16622.127806.414055.701219.513901.14

0.00370.06320.46066212.17060.25885.10.34370.0269
2345678

2345678





ssssssss

ssssssss  

Yaw 

0045.01834.04979.1

0.02230.26050.8779
23

23





sss

sss  

Table F.6: Final values for the OWF filters 
 

Translational channel Scale Higher Limit Lower Limit 

Surge ]/[ 2sm  0.2 0.8 -0.8 

Sway ]/[ 2sm  0.1 0.4 -0.4 

Heave ]/[ 2sm  0.2 0.5 -0.5 

Coordination channel Scale Higher Limit Lower Limit 

Pitch/Surge ]/[ 2sm  0.3 1.2 -1.2 

Roll/Sway ]/[ 2sm  0.2 0.8 -0.5 

Rotational channel Scale Higher Limit Lower Limit 

Roll [rad] 1 0.2 -0.2 

Pitch [rad] 1 0.2 -0.2 

Yaw [rad] 1.8 0.2 -0.2 

Table F.7: Final values for scale and limit 
 
 



Vehicle modelling and washout filter tuning for the Chalmers Vehicle Simulator 

Appendix F 

 

 

32  

 

F.8 Bode diagrams of the filters used in OWF 
 

   
Surge Sway Heave 

Figure F.1: Bode plot of the translational filter W22 
 

  
Pitch/Surge Roll/Sway 

Figure F.2: Bode plot of the coordination filter W12 

 

   
Roll Pitch Yaw 

Figure F.3: Bode plot of the rotational filter W11 
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F.9 OWF response 
 

 

 

 

 

Figure F.4: OWF response to surge acceleration a) ramp to step of 
2/2 sm , b) sudden acc. 

and brake, c) chirp, d) filtered white noise (note: s. force = specific force) 
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Figure F.5: OWF response to sway acceleration a) periodic lane change, b) chirp, c) filtered 

white noise (note: s. force = specific force) 
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Figure F.6: OWF response to yaw displacement  

a) periodic lane change, b) chirp, c) filtered white noise 
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F.10 Simulink model of the OWF 
 

 
  Figure F.7: Simulink model of the OWF 
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Appendix G. Adaptive Washout Filter 
 

 

G.1 EA attributes for the AWF optimization 
 

Population size 50 

Crossover probability 0.5 

Type of selection Tournament selection 

Tournament size 8 

Mutation probability 0.1 

Type of mutation Geometric creep 

Creep rate 0.3 

Number of individuals under elitism 2 

Maximum generation 500 

Table G.1: EA attributes for the AWF optimization 
 

G.2 Values for the AWF parameters 
 

Parameter Pitch/Surge Roll/Sway Yaw Heave 

d  0.0015 0.0824  0.0125 

e  3.0238 0.1156  0.3009 

G  0.3009 1.3323  0.9651 

K  0.0441 0.0766  0.1021 

1w  0.4177 0.0182 8.5731  

2w  0.0954 0.4631  0.5960 

3w  0.5746 0.5706  0.4690 

G  1.7096 0.0076 9.2473  

K  1.2081 4.5414 0.1568  

  0.0988 -0.0801   

tRTZ  0.5813 8.5796  28.4149 

rRTZ  2.4346 19.0641 0.0483  

0  0 0  0 

0  0 0 0  

Table G.2: Final values for the AWF parameters 
 

Translational channel Scale Higher Limit Lower Limit 

Surge ]/[ 2sm  0.2 0.8 -0.8 

Sway ]/[ 2sm  0.1 0.4 -0.4 

Heave ]/[ 2sm  0.2 0.5 -0.5 

Coordination channel Scale Higher Limit Lower Limit 

Pitch/Surge ]/[ 2sm  0.3 1.2 -1.2 

Roll/Sway ]/[ 2sm  0.2 0.8 -0.5 

Rotational channel Scale Higher Limit Lower Limit 

Roll [rad] 1 0.2 -0.2 

Pitch [rad] 1 0.2 -0.2 

Yaw [rad] 1.8 0.2 -0.2 

Table G.3: Final values for scale and limit 
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G.3 AWF Response 
 

 

 

 

 

Figure G.1: AWF response to surge acceleration a) ramp to step of 
2/2 sm , b) sudden acc. 

and brake, c) chirp, d) filtered white noise (note: s. force = specific force) 
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Figure G.2: OWF response to sway acceleration a) periodic lane change, b) chirp 

(note: s. force = specific force) 

 

 

 
Figure G.3: AWF response to yaw displacement  

a) periodic lane change, b) chirp, c) filtered white noise 
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G.4 Simulink models of the AWF 
 

 
  Figure G.4: Simulink model of the AWF 
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Figure G.5: Simulink model of the AWF block W22 

 

 
Figure G.6: Simulink model of the AWF block W11 


