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Translating point-in-time Metric Temporal Logic to Timed Automata
MATTIS EETEN-JEPPSSON
Department of Computer Science and Engineering
Chalmers University of Technology and University of Gothenburg

Abstract

Metric Temporal Logic (MTL) extends the modalities of LTL with timing, making
it well suited for specifying properties over real timed traces. This thesis is con-
cerned with applying MTL to runtime verification with the purpose of obtaining
a monitoring procedure based on timed automata. Target semantics are stated
which are weak and strong truncated paths semantics for point-in-time MTL and
which give a verdict for every finite or infinite trace. While these semantics clearly
state our intention they are impractical for our purposes and we give equivalent
unified semantics based on extending finite paths with “all true” and “all false”.
This is the first such treatment given for the point-in-time domain. An existing
construction based on timed automata is then adapted to implement the target
semantics and is extended with the past fragment of MTL. Finally it is shown how
this construction can be applied to monitoring.

Keywords: computer science, automata theory, logic, runtime verification, met-
ric temporal logic, timed automata.

v





Acknowledgments

First I want to thank my examiner Gerardo Schneider for valuable feedback and
comments that improved the quality and readability of this thesis.

I cannot express enough thanks to my supervisor Nir Piterman for his continued
support throughout my work on this thesis. He always took time to help me think
through my ideas, usually with some valuable insight.

I want to thank my parents and my brother for their encouragement.
Finally, I want to thank my wife Lisa for always being there for me and for

giving me the strength to continue until the finish line. Thank you for being in
my life.

Mattis Eeten-Jeppsson, Troisdorf, June 2021

vii





Contents

Contents ix

List of Figures xi

1 Introduction 1
1.1 Problem statement . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Research objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Thesis overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2 Point-in-time semantics 7
2.1 Weak and strong semantics . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 >,⊥ semantics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 Timed automata 17
3.1 Time, signals, clocks and constraints . . . . . . . . . . . . . . . . . 17
3.2 Timed automata . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.2.1 Example TA . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.3 Dependent Timed Automata . . . . . . . . . . . . . . . . . . . . . . 19

3.3.1 Example DTA . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.4 Compositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.4.1 Example: The composition AEX ⊗DEX . . . . . . . . . . . 22
3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4 Translation from point-in-time MTL to timed automata 23
4.1 Packaging a timed word as a signal . . . . . . . . . . . . . . . . . . 23
4.2 Past and future reach . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4.2.1 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.3 Memorization of atomic propositions and events . . . . . . . . . . . 26

4.3.1 TA for punctual events . . . . . . . . . . . . . . . . . . . . . 27
4.3.2 TA for atomic propositions . . . . . . . . . . . . . . . . . . . 28

ix



4.3.3 Combined TA for events and propositions . . . . . . . . . . 29
4.4 Predicates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
4.5 Unbounded formulas . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.5.1 Unbounded since . . . . . . . . . . . . . . . . . . . . . . . . 31
4.5.2 Unbounded until . . . . . . . . . . . . . . . . . . . . . . . . 33

4.6 Construction of Aϕ . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.7 Correctness and complexity analysis . . . . . . . . . . . . . . . . . . 42
4.8 Monitoring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5 Related work 67
5.1 ω-automata and timed automata . . . . . . . . . . . . . . . . . . . 67
5.2 LTL, MTL and MITL . . . . . . . . . . . . . . . . . . . . . . . . . 67

5.2.1 Translation MTL and MITL to timed automata . . . . . . . 68
5.3 Runtime verification . . . . . . . . . . . . . . . . . . . . . . . . . . 68

5.3.1 Finite traces and monitorability . . . . . . . . . . . . . . . . 68
5.3.2 LTL and MTL runtime monitoring . . . . . . . . . . . . . . 69

6 Conclusion 71
6.1 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

7 Bibliography 73

x



List of Figures

2.1 Summary of weak and strong semantics . . . . . . . . . . . . . . . . 10

3.1 Example TA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.2 Example DTA . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

4.1 Bounded until example . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.2 Bounded since example . . . . . . . . . . . . . . . . . . . . . . . . . 25
4.3 Past and future horizon of example formula . . . . . . . . . . . . . 27
4.4 TA for punctual events Aτ . . . . . . . . . . . . . . . . . . . . . . . 28
4.5 TA for atomic propositions Ap. . . . . . . . . . . . . . . . . . . . . 29
4.6 Unbounded since example . . . . . . . . . . . . . . . . . . . . . . . 31
4.7 DTA for unbounded since Dα

ψ . . . . . . . . . . . . . . . . . . . . . 33
4.8 DTA for unbounded until Dα

ψ . . . . . . . . . . . . . . . . . . . . . 37
4.9 DTA for ϕ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
4.10 DTA for ψ = trueU(a,∞)ψ2, D

1
ψ . . . . . . . . . . . . . . . . . . . . 41

xi



xii



Chapter 1

Introduction

Software verification has the goal of ensuring programs conform to their stated
requirements. Theorem proving [11], model checking [13] and testing [24] are the
methods of verification that have traditionally been considered in the literature,
but all of these impose constraints on the software development process. In con-
trast runtime verification [22][4] is a light-weight form of verification which deals
only with the detection of violations of the specification for a program at runtime.
Compared to other methods it requires only a specification and a way to collect
traces and may thus enable use of verification methods in contexts where it was
previously deemed too costly or not infeasible due to limitations imposed by other
methods.

In runtime verification a trace of events is generated from a running program
and the trace is given to a monitoring procedure which verifies that the trace
conforms to a given specification for the program. In this model every event in the
trace consists of the the set of atomic propositions that were true when the event
occurred and trace is either accepted or rejected according to the specification. An
important distinction is made between online monitoring in which a monitoring
procedure is given events one at a time and directly gives a verdict for the prefix
of events observed so far following each event, and offline monitoring in which a
monitoring procedure is given an entire trace and gives a verdict for the entire
trace.

The specification is typically expressed at a high level of abstraction using tem-
poral logic, with Linear Temporal Logic (LTL) [27] being the canonical example.
While LTL has modalities for expressing properties in the past and future, it lacks
a more general concept of time, limiting its ability to specify when in time such
properties are meant to occur.

Metric Temporal Logic (MTL) [20] extends the modalities of LTL with timing.
The main difference between MTL and LTL is that the past and future modalities
in MTL, S(ince) and U(ntil) have associated (relative) time intervals specifying

1



how far into the past or future properties are to occur. MTL comes in continuous
time and point-in-time variations. In the former case the input is a signal w, a
function that to every time t ∈ R≥0 assigns a set of atomic propositions, and in
the latter it is a timed word s which can be thought of as a timestamped sequence
of events.

The semantics of LTL as given in [27] and of MTL in [20] define acceptance
for infinite traces. Traces from running programs are however necessarily finite
and thus runtime verification requires alternative semantics. To accommodate
this various semantics for LTL over finite traces have been proposed, including
truncated path semantics [14] and three-valued semantics [8], and such semantics
can typically be restated for MTL in a straightforward manner.

Connections between automata theory [19] and temporal logic have been stud-
ied extensively and questions in temporal logic can often be answered by restating
them as corresponding automata theoretic questions. For LTL translations to
automata over infinite traces, so called ω-automata, are since long part of the
standard tool set [31] and such translations have been used in runtime monitoring,
for example in Bauer et al. [6]. Alur and Dill [2] introduced timed automata which
are ω-automata over timed words and signals in order to model real-time system.
Translations from MTL and its relative Metric Interval Temporal Logic (MITL)
to timed automata exist, for example Ničković and Piterman [25] for MTL and
Maler et al. [23] for MITL but we are not aware of any monitoring procedure
for MTL based on timed automata despite numerous algorithms based on other
techniques, such as dynamic programming and various untimed ω-automata. The
research that gets closest to such a procedure is Bauer et al. [6, 8], but they consider
TLTL, a logic distinct from MTL.

1.1 Problem statement

Given the strong connections between temporal logics and automata theory, and
the existence of timed automata, which themselves are defined over the same
domain as MTL, namely timed words and signals, it is surprising that translations
from MTL to timed automata have not been used more for runtime monitoring.
There are many theoretical advantages to using an automata based approach, with
the existence of underlying theory and decision procedures being two of them.

In this thesis we intend to remedy the situation somewhat by beginning an
exploration into runtime monitoring of MTL specifications using timed automata.
More concretely this thesis is concerned with applying MTL to runtime verification
with the purpose of obtaining a monitoring procedure based on timed automata
which would be feasible to implement and use.

We propose to use an existing translation from MTL to timed automata by Ničković
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and Piterman [25]. It has the advantage, although we do not make use of it here,
of being fully determinizable, meaning that the resulting non-deterministic timed
automata can be converted to deterministic timed automata. The continuous-
time semantics they implement is however over infinite traces and thus cannot be
directly used for runtime monitoring. In addition many programs eligible for run-
time monitoring are of a more discrete nature although steps may be taken with
arbitrary timing and thus using point-in-time semantics seems more appropriate.
Finally many temporal properties are easier to express using a mixture of past and
future operators but [25] only implements the future fragment of MTL.

The requirements mentioned in the previous paragraph are all related to se-
mantics. A suitable variation of semantics for finite traces must be chosen. Out of
the two main contenders we pick truncated path semantics [14]. These semantics
can be defined inductively which makes them easier to reason about compared to
the three-valued semantics of [6] which do not have this advantage [7]. In runtime
verification performance is important but the criteria for rejection in three-valued
semantics, namely recognition of bad prefixes, requires an ω-automaton with num-
ber of states doubly exponential in the size of the formula while truncated-path
semantics only suffers a singly exponential blowup [21].

Efficiency is important in runtime verification, especially in the case of online
monitoring where the monitoring procedure runs alongside the system under test,
but also in the general case having a more efficient procedure widens its applicabil-
ity, for example by enabling larger specifications to be monitored. The translation
in Ničković and Piterman [25] translates bounded subformulas and other con-
straints into first-order predicates and relies on quantifier elimination, a procedure
that in the worst case increases the size of the constraint by an exponential fac-
tor. Our choice of point-in-time semantics should remove the need for quantifier
elimination by replacing quantification by finite conjunctions and disjunctions of
propositions.

With these prerequisites out of the way we should be able to derive a monitoring
procedure for point-in-time MTL over truncated paths by translating into timed
automata.

1.2 Research objectives

These are the hypotheses the thesis will try to confirm:

H1 Ničković and Piterman [25] can be adapted to point-in-time MTL with trun-
cated paths semantics and past fragment and optimized so that it does not
suffer the exponential blowup of quantifier elimination..
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H2 Given such a construction it is possible to derive a feasible procedure for
runtime monitoring.

1.3 Methodology

We begin by stating our target semantics. These are point-in-time MTL with weak
and strong truncated path semantics, extended to include the past fragment of
MTL in addition to the future fragment. We then give equivalent unified semantics,
based on extending finite paths with “all true” and “all false”. This formulation is
more appropriate for our purposes as it gives a single inductively defined entailment
relation rather than two.

With the semantics in place we proceed to the translation to timed automata.
We use the translation from MTL to timed automata by Ničković and Piterman
[25] as a starting point, but as that construction is for continuous time MTL over
infinite traces, and uses timed automata that read signals, rather than timed
words, it cannot be directly used for point-in-time MTL with truncated path
semantics. We can however translate a timed word into a signal in a relatively
straightforward manner by letting propositions keep their last truth value at every
point in time between two events. In addition we add a special proposition τ
which holds precisely at the times when an event occurred in the timed word. The
point-in-time semantics require us to memorize the times that events occurred
and in addition the propositions that were true for each event. We add a timed
automaton for memorizing events and adapt a timed automaton for memorizing
propositions from [25].

Events have arbitrary timing, although the number of events in an interval are
assumed to be bounded, and in order for a timed automaton to be able memorize
them we alter the definition of the timed automata used to allow instantaneous
transitions when special proposition τ is carried by the signal.

A big challenge is creating predicates for the weak and strong semantics. This
challenge is mainly due the weak semantics and the strong semantics respectively
being defined as each other’s duals under negation. We solve this by defining two
sets of predicates, each representing the truth of subformulas located at a depth
with given parity relative to the top formula with respect to negation. This solution
is similar in spirit to how one might solve the corresponding problem in alternating
automata translations for LTL, for example [12]. These predicates are stated as
finite conjunction and disjunctions of proposition and do not use quantifiers.

In addition we are adding the past fragment of MTL. For this we provide a
timed automaton which is able to memorize the truth of subformulas in the past,
and as expected for the past this automaton is completely deterministic.

Significant effort goes into proving the correctness of the translation, namely
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that a timed word is accepted by the resulting timed automaton iff it is accepted
by the formula under the target semantics.

Finally we give a monitoring procedure. This is achieved by reducing the mon-
itoring problem to checking a specially constructed timed automata for emptiness.

1.4 Thesis overview

The remainder of this thesis is organized in the following manner: In Chapter 2
we state our target semantics, which are weak and strong truncated paths seman-
tics [14] for point-in-time MTL. These semantics give a verdict for every finite or
infinite trace. While these semantics clearly state our intention they are impracti-
cal for our purposes, and we give equivalent unified semantics based on the >,⊥
approach [15]. This is the first such treatment given for the point-in-time domain.
Chapter 3 gives background on timed automata. In Chapter 4 the construction
from [25] is adapted to implement the target semantics and this includes adding
the past fragment of MTL and proving equivalence between the construction and
the target semantics. We also sketch a monitoring procedure based on the con-
struction. In Chapter 5 we briefly survey the relevant literature and its relation to
our work. Finally, in Chapter 6 we present our conclusions and suggest possible
directions for future work.
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Chapter 2

Point-in-time semantics

The previous chapter briefly introduced runtime verification as a way of verifying
that a program conforms to a given specification, and temporal logics such as LTL
as powerful tools for expressing such specifications. It was noted that LTL lacks a
concept of time, making it less suited for specifying properties over real-time traces,
but that its derivative MTL fills this gap. Finally it was stated that the goal of
the thesis is obtaining a monitoring procedure based on translating point-in-time
MTL formulas to timed automata.

Before we are ready to proceed to translating MTL to timed automata it is
necessary to make precise what semantics will be used. The topic of this chapter
is defining a set of semantics that are relevant for our goal of monitoring without
over complicating implementation. Semantics that provide verdicts for traces of
arbitrary length are a requirement for runtime verification. Section 2.1 gives weak
and strong semantics which meet this requirement, but the fact that they are
stated as two relations makes them less suited for implementation. Section 2.2
remedies this by giving equivalent semantics as a single relation.

2.1 Weak and strong semantics

A reasonable assumption in runtime verification is that the trace is a timed word
s, making point-in-time semantics applicable. In general an MTL formula may
require an infinite word to decide satisfaction, but traces collected from running
programs are necessarily finite. A monitoring procedure for a formula ϕ when
given a trace s must thus determine whether s satisfies ϕ, does not satisfy ϕ, or s
is too short to reach a conclusion. For this purpose a truncated paths interpretation
of MTL is used. This interpretation gives weak and strong views to the satisfac-
tion of a formula, with weak satisfaction intuitively corresponding to nothing bad
happening, and strong satisfaction corresponding to all expectations being met.
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We give weak and strong semantics for MTL with past and future modalities over
timed words, extending that of [14], who gave semantics for LTL.

The syntax of an MTL formula is defined inductively by:

ϕ := p | ¬ϕ1 | ϕ1 ∨ ϕ2 | ϕ1UIϕ2| ϕ1SIϕ2

where p belongs to the set of atomic propositions AP = {p1, . . . , pm}, ϕ1 and ϕ2

are subformulas and I is one of (a, b), [b, b] or (a,∞), where a and b are non-
negative integers and a < b. Addition of an interval I with a scalar x ∈ R is
defined as (a, b) + x = (a + x, b + x), (a,∞) + x = (a + x,∞), and [b, b] + x =
[b + x, b + x]. The negation −I of I is defined as −(a, b) = (−b,−a), −(a,∞) =

(−∞,−a), −[b, b] = [−b,−b]. Finally we define derived operators ♦Iψ
def
= trueUIψ

and �Iψ
def
= ¬(♦I¬ψ).

Formally, a timed word s = (ρs, τ s) is a pair of indexed sequences, ρs and τ s, of
identical length |s| with ρsi ∈ 2AP denoting the atomic propositions that are true
for the ith event and τ si ∈ R+ denoting the time of the ith event. Every pair of
times of τ s satisfy τ si < τ sj if i < j. The concatenation s′ · s′′ of two timed words s′

and s′′ is the timed word s such that ρsi = ρs
′
i and τ si = τ s

′
i if i ≤ |s′| and ρsi = ρs

′′

i−|s′|
and τ si = τ s|s| + τ s

′′

i−|s′| if i > |s′|.
With these preliminaries we define weak and strong semantics :

Definition 1. Weak semantics are defined by:

• s, i |=− p iff i > |s| or p ∈ ρsi .

• s, i |=− ¬ϕ iff s, i 6|=+ ϕ.

• s, i |=− ϕ1 ∨ ϕ2 iff s, i |=− ϕ1 or s, i |=− ϕ2.

• s, i |=− ϕ1UIϕ2 iff one of:

– There is j > i, j ≤ |s| and τ sj − τ si ∈ I, such that s, j |=− ϕ2 and for
every k, i < k < j s, k |=− ϕ1.

– i > |s|.
– τ s|s| − τ si < sup(I) and for every k, i < k ≤ |s| s, k |=− ϕ1.

• s, i |=− ϕ1SIϕ2 iff either:

– i > |s|.
– There is j, 1 ≤ j < i with τ si − τ sj ∈ I such that s, j |=− ϕ2 and for

every k, j < k < i s, k |=− ϕ1.
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Strong semantics are defined by:

• s, i |=+ p iff i ≤ |s| and p ∈ ρsi .

• s, i |=+ ¬ϕ iff s, i 6|=− ϕ.

• s, i |=+ ϕ1 ∨ ϕ2 iff s, i |=+ ϕ1 or s, i |=+ ϕ2.

• s, i |=+ ϕ1UIϕ2 iff there is j, i < j ≤ |s|, with τ sj −τ si ∈ I such that s, j |=+ ϕ2

and for every k, i < k < j s, k |=+ ϕ1.

• s, i |=+ ϕ1SIϕ2 iff i ≤ |s| and there is 1 ≤ j < i with τ si − τ sj ∈ I such that
s, j |=+ ϕ2 and for every k, j < k < i s, k |=+ ϕ1.

These are the semantics our monitoring procedure should implement.
Some comments about these semantics are warranted. We first give some

intuition of the meaning of acceptance and rejection under the weak and strong
semantics respectively, and then proceed with explaining how these verdicts are
used for reasoning about finite traces.

The challenge in giving verdicts to finite traces lies mainly in deciding how to
treat obligations in the future that are not met because the trace is too short. For
example, the formula ϕ = pU(0,10)q promises that there is some event in the next
ten time units where q holds, and additionally that p holds for every event between
then and the current event. If the last event of s is more than ten time units later
than the current event it can easily be determined whether these obligations were
met by inspecting the trace.

If on the other hand the last event of s is less than ten time units later than the
current event and there are still outstanding obligations (that is q has yet to hold
and it cannot be ruled out that some event could appear where p does not hold
before that event) a judgment must be made based on incomplete information. In
this case the weak semantics will accept s as long as there is no event in s directly
contradicting ϕ. Conversely, the strong semantics will reject s as long as not every
obligation in ϕ is met by events in s

Another example of this difference in judgment by the two semantics is ϕ = p
where s, i |=− p and s, i 6|=+ p if i > |s|. A somewhat unintuitive consequence is
that s, i |=− p ∧ ¬p and s, i 6|=+ p ∨ ¬p if i > |s|. In addition there is no finite s
such that s, i |=− ¬♦(0,∞)p or s, i 6|=+ �(0,∞)p.

The weak and strong semantics as defined above have the strength relation
s, i |=+ ϕ implies s, i |=− ϕ (and consequently s, i 6|=− ϕ implies s, i 6|=+ ϕ).
For purposes of runtime verification the verdicts given by the weak and strong
semantics can be combined to distinguish three different outcomes (summarized
in Figure 2.1) of a run of the program being tested, namely a successful where
every obligation was met, detection of a direct violation of a requirement and thus
a defect in the program, or finally the trace being to short to reach a conclusion.

9



weak reject weak accept
strong reject defect detected in program trace too short
strong accept successful test

Figure 2.1: The conclusion drawn from different outcomes of weak and strong
semantics. Note that the case weak rejection and strong acceptance is not possible
because of the strength relation of |=+ and |=−

2.2 >,⊥ semantics

The weak and strong semantics as presented in Section 2.1 are our target semantics,
but the fact that they are defined by two separate relations is impractical for our
purposes, not the least because of duplication. In this section we show that the
weak and strong semantics can be expressed in a unified way if the alphabet of the
timed words is extended with special symbols > and ⊥, following the approach
for LTL given in [15].

The possible events of ρs are extended with symbols > and ⊥ so that ρsi ∈
{>,⊥} ∪ 2AP . The complement of s, s is obtained by replacing all occurrences of
> in ρsi by ⊥, and all occurrences of ⊥ with >, respectively.

With this we define:

Definition 2. The >,⊥ semantics are defined as:

• s, i |= p iff ρsi = > or p ∈ ρsi .

• s, i |= ¬ϕ iff s, i 6|= ϕ.

• s, i |= ϕ1 ∨ ϕ2 iff s, i |= ϕ1 or s, i |= ϕ2.

• s, i |= ϕ1UIϕ2 iff there is j > i with τ sj − τ si ∈ I such that s, j |= ϕ2 and for
every k, i < k < j s, k |= ϕ1.

• s, i |= ϕ1SIϕ2 iff either ρsi = > or there is j, 1 ≤ j < i with τ si − τ sj ∈ I such
that s, j |= ϕ2 and for all k, j < k < i s, k |= ϕ1.

With these definitions it is possible to construct an infinite timed word >ωϕ,s for
every formula ϕ and finite timed word s such that s · >ωϕ,s, i |= ϕ iff s, i |=− ϕ and

s ·>ωϕ,s, i |= ϕ iff s, i |=+ ϕ, and this is the main result of the section (Lemma 4). A
complication that has to be dealt with is that the point-in-time semantics requires
that a time is provided with each event. The remainder of this section is concerned
with defining >ωϕ,s and establishing the correspondence with the weak and strong
semantics given 1.

10



Definition 3. Given a formula ϕ and timed word s, denote by >ωϕ,s the (infinite)
timed word defined in the following way:

• Let I be the set of intervals I of the form (a, b) with b 6= ∞, occurring in
subformulas of ϕ.

• Let B =
⋂

1≤i≤|s|,I∈I
τs|s|∈I+τ

s
i

I+τ si . B is a finite intersection of open intervals and thus

itself an open interval, and clearly τ s|s| ∈ B, hence B is non-empty. Let t0 be
some rational number in B. Such t0 exists because the rationals are dense in
the real numbers.

• Let d = d′

2
where d′ is the smallest length of an interval I ∈ I, where the

length of an interval (a, b) is given by b− a. Otherwise let d = 1 in case I is
empty.

• Let T be the smallest set of times containing every time equivalent to one of:

–
(
t0 − τ s|s|

)
+
∑
l

bl ·nl where nl ≥ 0 are integers and b1, b2, . . . are b such

that there occurs an interval I of the form [b, b] in some subformula of
ϕ.

– d · n0 +
∑
l≥1

bl · nl where nl ≥ 0 are integers and b1, b2, . . . are such that

for every i an interval [bi, bi] occurs in some subformula of ϕ.

–
(
τ sj − τ s|s|

)
+
∑
l

bl · nl where j is an event in s with τ s|s| − τ sj < b for b

such that an interval [b, b] occurs in some subformula of ϕ, nl ≥ 0 are
integers and b1, b2, . . . are such that for every i an interval [bi, bi] occurs
in some subformula of ϕ.

• Finally, let >ωϕ,s be the timed word where τ>
ω
ϕ,s is the sequence of times in T

and ρ
>ωϕ,s
i = > for every i.

The above definition ensures that >ωϕ,s contains events in all relevant time
intervals for the formula ϕ when the former is concatenated to the end of the time
word s. This is made precise by Lemma 1.

s> will be used to denote s · >ωϕ,s when ϕ is clear from the context. Similarly

s⊥ will be used to denote s · >ωϕ,s.
For example, if ϕ = �(0,∞)

(
pU(1,2)q

)
and τ s|s|−3 = 5, τ s|s|−2 = 9, τ s|s|−1 = 9.4 and

τ s|s| = 10, then I = {(1, 2)} and τ s|s|−2 ∈ τ s|s| + (1, 2) and τ s|s|−1 ∈ τ s|s| + (1, 2) so that

we can pick t0 = 10.5 and d = d′

2
= 1

2
. >ωϕ,s = (ρ>

ω
ϕ,s , τ>

ω
ϕ,s) where ρ>

ω
ϕ,s = > and

τ
>ωϕ,s
i = (10.5− 10) + 1

2
· (i− 1) for every i ≥ 1.

11



Lemma 1. For every formula ϕ, subformula ψ = ψ1UIψ2 of ϕ, timed word s and
integer i ≥ 0 it holds that if either i > |s| or τ s

>

|s| − τ s
>
i < sup(I), then there is an

event j > |s| (j > i) with τ s
>
j − τ s

>
i ∈ I.

Proof. Consider the different forms of intervals I:

• I = (a, b). First assume i ≤ |s| and τ s|s| ∈ (a, b) + τ si , then by Definition 3

there is j′ ≥ 1 with τ
>ωϕ,s
j′ = t0 − τ s|s| so that τ s

>

|s|+j′ = t0 and t0 ∈ (a, b) + τ si ,

implying τ s
>

|s|+j′ − τ s
>
i ∈ (a, b). Otherwise we either have i > |s|, or we have

i ≤ |s| and τ s|s| 6∈ I+τ si . In the latter case we must have τ s|s|−τ si ≤ a (because

otherwise τ s|s| − τ si ≥ b = sup(I), contradicting the premise). In either case,

by Definition 3 there is j′ ≥ 1 with τ
>ωϕ,s
j′ = d ·n0 where n0 ≥ 1 is the smallest

integer such that τ s
>
i + a < τ s

>

|s| + d · n0. Because d < b − a we also have

τ s
>

|s| + d · n0 < τ s
>
i + b, together implying τ s

>

|s|+j′ − τ s
>
i ∈ (a, b).

• I = (a,∞). By Definition 3 there is some j′ ≥ 1 with τ>
ω
ϕ,s = d · n0 where

n0 ≥ 0 is integer such that τ s
>
i + a < τ s

>

|s| + d · n0, implying τ s
>

|s|+j′ − τ s
>
i ∈ I.

• I = [b, b]. If i ≤ |s|, then by the premise τ s|s| − τ si < b and by Definition 3

there is j′ ≥ 1 with τ
>ωϕ,s
j′ =

(
τ s|s| − τ si

)
+
∑
l

bl · nl where nl = 1 if bl = b

and nl = 0 otherwise, so that τ s
>

|s|+j′ − τ s
>
i = b. Otherwise i > |s| and by

Definition 3 τ s
>
i = τ s|s| + x +

∑
l

bn · nl where nl ≥ 0 are integers, but then

there is j > i having τ s
>
j = τ s|s| + x+

∑
l

bl · n′l with n′l = nl + 1 for l if bl = b

and n′l = nl otherwise, so that τ s
>
j − τ s

>
i = b.

Lemma 2. For every formula ϕ, subformula ψ of ϕ, and timed word s and i ≥ 1,
the following are true:

• s>, |s|+ i |= ψ, and

• s>, |s|+ i 6|= ψ.

Proof. Induction on ψ.

• p. The premise has |s|+ i > |s| and ρs
>

|s|+i = ρ
>ωϕ,s
i = >, ρ

s>ϕ,s
|s|+i = ρ

>ωϕ,s
i = ⊥.

• ¬ψ1. By induction hypothesis s>, |s|+ i |= ψ1, s>, |s|+ i 6|= ψ1.

12



• ψ1 ∨ ψ2. By induction hypothesis: s>, |s| + i |= ψ1 and s>, |s| + i |= ψ2,
s>, |s|+ i 6|= ψ1 and s>, |s|+ i 6|= ψ2.

• ψ1UIψ2.

– By Lemma 1 there is j > |s|+i such that τ s
>
j −τ s

>
i ∈ I and by induction

hypothesis s>, j |= ψ2 and for every k, i < k < j, s>, k |= ψ1, so that
s>, i |= ψ1UIψ2.

– By induction hypothesis every j > |s| + i has s>, j 6|= ψ2, implying
s>, |s|+ i 6|= ψ1UIψ2.

• ψ1SIψ2. Every |s|+ i > |s| so ρs
>

|s|+i = ρ
>ωϕ,s
i = >, ρs

>
|s|+i = ρ

>ωϕ,s
i = ⊥.

Lemma 3. For every formula ϕ and subformula of ϕ of the form ϕ1UIϕ2 we have
s>, i |= ϕ1UIϕ2 iff one of the following holds:

• There is j, i < j ≤ |s| with τ s
>
j −τ s

>
i ∈ I such that s>, j |= ϕ2, and for every

k, i < k < j s>, k |= ϕ1.

• i > |s|.

• τ s>|s| − τ s
>
i < sup(I) and for all k, i < k ≤ |s| s>, k |= ϕ1.

Proof. =⇒ Assume s>, i |= ϕ1UIϕ2. If i > |s| the proof is done, otherwise the
proof proceeds. By definition there is j > i, τ s

>
j − τ s

>
i ∈ I such that s>, j |= ϕ2

and for every k, i < k < j s>, k |= ϕ1. If j ≤ |s|, then for every k, i < k < j,
s>, k |= ϕ1. Otherwise j > |s|, τ s>|s| − τ s

>
i < τ s

>
j − τ s

>
i < sup(I) and for every k,

i < k ≤ τ s
>

|s| s
>, k |= ϕ1.

⇐= Three cases:

• If there is j, i < j ≤ |s| with τ s
>
j − τ s

>
i ∈ I such that s>, j |= ϕ2 and for

every k, i < k < j s>, k |= ϕ2, then it follows that s>, i |= ϕ1UIϕ2.

• If i > |s| then s>, i |= ϕ1UIϕ2 trivially by Lemma 2.

• If τ s
>

|s| − τ s
>
i < sup(I) and for every k, i < k ≤ |s| s>, k |= ϕ1, then by

Lemma 1 there is j > |s| with τ s
>
j − τ s

>
i ∈ I and by Lemma 2 s>, j |= ϕ2,

and by Lemma 2 every k′, k < k′ < j s>, k′ |= ϕ1, so that s>, i |= ϕ1UIϕ2.

Finally this is the main result of this subsection:
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Lemma 4. For every subformula ψ of ϕ and every timed word s it holds that:

• s, i |=− ψ iff s>, i |= ψ.

• s, i |=+ ψ iff s⊥, i |= ψ.

Proof. • p.

–

s, i |=− p
⇐⇒ i > |s| or p ∈ ρsi
⇐⇒ Either i > |s| and ρs

>

i = ρ
>ωϕ,s
i−|s| = >, or i ≤ |s| and p ∈ ρs>i = ρsi

⇐⇒ s> |= p

–
s, i |=+ p ⇐⇒ i ≤ |s| and p ∈ ρsi

⇐⇒ p ∈ ρs⊥i
⇐⇒ s⊥ |= p

• ¬ϕ

–
s, i |=− ¬ϕ

⇐⇒ s, i 6|=+ ϕ

⇐⇒ [Induction]

⇐⇒ s>, i 6|= ϕ

⇐⇒ s>, i |= ¬ϕ
–

s, i |=+ ¬ϕ
⇐⇒ s, i 6|=− ϕ
⇐⇒ [Induction]

⇐⇒ s⊥, i 6|= ϕ

⇐⇒ s⊥, i |= ¬ϕ
• ϕ1 ∨ ϕ2.

–
s, i |=− ϕ1 ∨ ϕ2

⇐⇒ s, i |=− ϕ1 or s, i |=− ϕ2

⇐⇒ [Induction]

⇐⇒ s>, i |= ϕ1 or s>, i |= ϕ2

⇐⇒ s>, i |= ϕ1 ∨ ϕ2
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–
s, i |=+ ϕ1 ∨ ϕ2

⇐⇒ s, i |=+ ϕ1 or s, i |=+ ϕ2

⇐⇒ [Induction]

⇐⇒ s⊥, i |= ϕ1 or s⊥, i |= ϕ2

⇐⇒ s⊥, i |= ϕ1 ∨ ϕ2

• ϕ1UIϕ2

–

s, i |=− ϕ1UIϕ2

⇐⇒ [By applying the induction hypothesis to Lemma 3]

⇐⇒ s>, i |= ϕ1UIϕ2

–

s, i |=+ ϕ1UIϕ2

⇐⇒ There is j, i < j ≤ |s| with τ s
⊥

j − τ s
⊥

i ∈ I such that

s, j |=+ ϕ2 and for every k, i < k < j s, k |=+ ϕ1

⇐⇒ [Induction]

⇐⇒ There is j > i with τ s
⊥

j − τ s
⊥

i ∈ I such that s>, j |= ϕ2

and for every k, i < k < j s>, k |= ϕ1

⇐⇒ s⊥, i |= ϕ1UIϕ2

• ϕ1SIϕ2

–

s, i |=− ϕ1SIϕ2

⇐⇒ Either i > |s| or there is j, 1 ≤ j < i with τ si − τ sj ∈ I
such that s, j |=− ϕ2 and for every k, j < k < i s, k |=− ϕ1

⇐⇒ [Induction]

⇐⇒ Either ρs
>

i = > or there is 1 ≤ j < i, τ s
>

i − τ s
>

j ∈ I
such that s>, j |= ϕ2 and for every k, j < k < i, s>, k |= ϕ1

⇐⇒ s>, i |= ϕ1SIϕ2
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–

s, i |=+ ϕ1SIϕ2

⇐⇒ i < |s| and there is j, 1 ≤ j < i with τ si − τ sj ∈ I such that

s, j |=+ ϕ2 and for every k, j < k < i, s, k |=+ ϕ1.

⇐⇒ [Induction]

⇐⇒ There is j < i with τ s
⊥

i − τ s
⊥

j ∈ I such that s⊥, j |= ϕ2

and for every k, j < k < i s⊥, k |= ϕ1

⇐⇒ s⊥, i |= ϕ1SIϕ2

Lemma 4 establishes equivalence between the weak and strong semantics of
Section 2.1 and the >,⊥ semantics. We thus have a single relation expressing our
target semantics, and the objective of this chapter has been reached.
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Chapter 3

Timed automata

Before continuing to the translation of MTL to timed automata and finally a
monitoring procedure, which is the topic of the next chapter, it is necessary to
give some background on the timed automata used.

This chapter gives some background information to the timed automata used
in the construction presented in Section 4. The timed automata used here differ
somewhat from those introduced in [1]. The exposition given here is meant to
provide a working understanding of their operation and consists of a condensed
presentation of the definitions given in [25] to which the interested reader is referred
for a complete formal definition.

3.1 Time, signals, clocks and constraints

Times t are represented by the non-negative reals. A signal w : R≥0 → Σ maps
each time t to a letter in the input alphabet Σ.

The set of valuations of a set C = {x1, . . . , xn} of clock variables, each denoted
as v = (v1, . . . , vn) defines the clock space H = (R+ ∪ {⊥}). (⊥ is used here to
represent the value of an inactive clock). The set A(A) of atomic clock constraints
over C consists of conditions of the form x ./ y+d where x and y are clock variables,
./∈ {<,>,≤,≥} and d is an integer. The set of positive Boolean formulas over
X, B+(X) is the set of Boolean formulas built from elements of X using ∧ and ∨.
Finally C(C) = B+(A(C)) is the set of clock constraints over C.

3.2 Timed automata

A timed automaton (TA) is A = (Σ, Q, C, λ, I,∆, q0,F), with input alphabet Σ,
set of states Q, set of clocks variables C, input labeling function λ : Q ∪ ∆ → Σ
associating every state and transition with an input symbol, staying condition
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function I : Q → C(C) associating every state with a clock constraint, transition
relation ∆, initial state q0 ∈ Q, sets of accepting states F ⊆ 2Q. The transition
relation ∆ consists of tuples of the form (q, g, ρ, q′) where q, q′ ∈ Q, g ∈ C(C) is a
clock constraint and ρ is a clock update function defined by an assignment of the
form x := 0, x := ⊥ or x := y or a set of such assignments.

Note that our definition of λ differs from [25] in that the domain of λ is Q∪∆
(instead of only Q) so that both states and transitions are labeled. This is done in
order to handle punctuality in the signal w, by which is meant that a proposition
p may hold precisely at time t (p ∈ w[t]) but neither directly before nor after t.
Every interval containing t contains a time t′ 6= t with p 6∈ w[t′]. It is required
that a transition δ ∈ ∆ may be taken at time t only if λ(δ) ∈ ws[t]. This addition
results in a slightly altered definition of what it means for a TA to be deterministic
compared to in [25]:

Definition 4. A deterministic timed automaton is an automaton whose guards
and staying conditions satisfy:

1. For every two distinct transitions δ1 = (q, g1, ρ1, q1) and δ2 = (q, g2, ρ2, q2)
either λ(q1) 6= λ(q2) or λ(δ1) 6= λ(δ2) or g1 ∧ g2 is unsatisfiable.

2. For every transition δ = (q, g, ρ, q′), either λ(q) 6= λ(q′) or λ(q) 6= λ(δ) or
the intersection of g and I(q) is either empty or isolated, i.e. there does not
exist an open interval (t, t′) such that (t, t′) ⊆ I(q) and (t, t′) ∩ g 6= ∅.

A run of A begins in state q0 and initially all clocks are inactive. The run
consists of a strict alternation between two kinds of steps while A reads the input
signal w:

1. Time progress steps which are open time intervals during which the run re-
mains in a state q and the input labeling function λ(q) and staying condition
I(q) are satisfied continuously.

2. Discrete instantaneous transitions where the run takes a transition δ =
(q, g, ρ, q′) ∈ ∆ such that the guard g is satisfied at the time of transition
and the clock variables are updated using the clock update function ρ.

Using generalized Büchi acceptance condition the run is accepting if the set of
infinitely often visited states contains at least one state from every accepting set
Fi ∈ F .

3.2.1 Example TA

Consider the TAAEX depicted in Figure 3.1. FormallyAEX = (Σ, Q, C, λ, I,∆, q0,F)
where Σ = {a, b, c}, C = {x, y}, λ(q1) = a, λ(q2) = b, I(q1) = x > 0 ∧ x < 1,
I(q2) = y > 0 ∧ y < 1, F = {Q} and ∆ consists of the following transitions:
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• δ1 = (q0, true, {x := 0}, q1), λ(δ1) = c.

• δ2 = (q0, true, {y := 0}, q2), λ(δ2) = c.

• δ3 = (q1, x = 1, {y := 0}, q2), λ(δ3) = c.

• δ4 = (q1, x = 1, {x := 0}, q1), λ(δ4) = c.

• δ5 = (q2, y = 1, {x := 0}, q1), λ(δ5) = c.

• δ6 = (q2, y = 1, {y := 0}, q1), λ(δ6) = c.

AEX accepts w iff w[t] = c for every integral t, and w[t′] = a for every t′ ∈ (t, t+1)
or w[t′] = b for every t′ ∈ (t, t+ 1). To see this, first note that clock x is associated
wit state q1 and clock y is associated with state q2 in the sense that:

• The staying condition of q1 is 0 < x < 1, every incoming transition to q1
assigns x := 0 and every outgoing transition from q1 has guard x = 1.

• The staying condition of q2 is 0 < y < 1, every incoming transition to q2
assigns y := 0 and every outgoing transition from q2 has guard y = 1.

Thus if a run of AEX takes an incoming transition to q1 at time t it must remain
in q1 until time t + 1 when x = 1 and there are eligible outgoing transitions from
q1. In addition for every t′ ∈ (t, t + 1) the label λ(q1) = a requires that w[t′] = a
or the run terminates. Conversely if a run of AEX takes an incoming transition
to q2 at time t it must remain in q2 until time t + 1 when y = 1 and there are
eligible outgoing transitions from q1. In addition for every t′ ∈ (t, t + 1) the label
λ(q2) = b requires that w[t′] = b or the run terminates.

The initial transitions to either of q1 and q2 occur at t = 0. It follows that AEX
accepts w only if w[t] = c whenever t is integral.

3.3 Dependent Timed Automata

A dependent timed automaton is a transducer of runs of TAs. The DTA has no
clocks of its own but instead depends on passively reading clocks of other TAs.

More formally a dependent timed automaton (DTA) isD = (Σ,Γ, Q, C, γ, I,∆, q0,F)
where Σ, Q, C, q0 and F are as in timed automata, Γ is the output alphabet, the
output labeling function γ : Q→ Γ associates each state with an output letter, and
the staying condition function I : Q→ B+(A(C)∪Σ) associates every state with a
Boolean combination of atomic clock constraints and input letters. The transition
relation ∆ consists of tuples (q, g, o, q′) where q, q′ ∈ Q, g ∈ B+(A(C) ∪ Σ) is a
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q0

a
0<x<1

q1

b
0<y<1

q2

c;x := 0 c; y := 0

c;x = 1; y := 0

c;x = 1;x := 0

c; y = 1;x := 0

c; y = 1; y := 0

Figure 3.1: AEX accepts all w such that w[t] = c iff t is integral and for every
integral t either w[t′] = a for every t′ ∈ (t, t+1), or w[t′] = b for every t′ ∈ (t, t+1).

Boolean combination of input letters and atomic clock constraints and o ∈ Γ is an
output letter associated with the transition.

A run of D begins in state q0. The run consists of a strict alternation between
two kinds of steps while D reads the input signal w and clocks C:

1. Time progress steps which are open time intervals during which the run
remains in a state q and the staying condition Iq is satisfied continuously.

2. Discrete instantaneous transitions where the run takes a transition δ =
(q, g, o, q′) ∈ ∆ such that the guard g is satisfied at the time of transition.

3.3.1 Example DTA

Consider the DTADEX depicted in Figure 3.2. FormallyDEX = (Σ,Γ, Q, C, γ, I,∆, q′0,F)
where Σ = {a, b, c}, Γ = {o}, Q = {q′0, q′1, q′2}, C = {x, y}, γ(q′1) = γ(q′2) = o,
I(q′1) = (x > 0) ∧ (x < 1), I(q′2) = (y > 0) ∧ (y < 1), F = {Q} and ∆ consists of
the following transitions:

• δ1 = (q′0, x = 0, o, q′1).

• δ2 = (q′0, y = 0, o, q′2).

• δ3 = (q′1, y = 0, o, q′2).

• δ4 = (q′2, x = 0, o, q′1).

Looking at DEX we see that clock x is associated with state q′1 and clock y is
associated with state q′2 in the sense that:
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q′0

0<x<1

q′1

0<y<1

q′2

x = 0 y = 0

y = 0

x = 0

Figure 3.2: Example DTA DEX . The state sequence of every accepting run of
DEX start with q′0 followed by infinite repetition of strict alternation between q′1
and q′2, that is either of the infinite sequences q′0q

′
1q
′
2 . . . and q′0q

′
2q
′
1 . . .

• The staying condition of q′1 is 0 < x < 1 and incoming transitions to q′1 have
guard x = 0.

• The staying condition of q′2 is 0 < y < 1 and incoming transitions to q′2 have
guard y = 0.

Because the initial state q′0 has transitions to both of q′1 and q′2 and the only
outgoing transition from q′1 is to q′2 and the only outgoing transition from q′2 is to
q′1 it follows that the state sequences of every accepting run of DEX starts with q′0
followed by infinite repetition of strict alternation of q′1 and q′2.

3.4 Compositions

Composition operators allows constructing TAs by combining several smaller DTAs
and these are used extensively in the construction in the next section. Here we
introduce the two kinds of composition that will be used later, namely parallel and
sequential composition.

Given two TAs A1 and A2 whose sets of clock variables and input alphabets are
disjoint, their parallel compositionA3 = A1‖A2 is another TA that makes the same
clock assignments as A1 and A2. Intuitively A3 can be understood as internally
evaluating A1 and A2, each of which reads its section of the input signal while
making clock assignments and taking transitions synchronously or asynchronously
to one another.

The sequential composition operator ⊗ gives a way to combine DTAs with
DTAs and TAs with DTAs. If D1 and D2 are DTAs, the composition D1 ⊗D2 is
another DTA which passes the input signal to D1, then extends the input given
to D1 with the output from D1 and passes it as input to D2. Similarly if A1 is a
TA and D2 is a DTA, the composition A1 ⊗D2 is a TA which passes the input to
A1, then passes the same input together with the clocks of A1 into D2.
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3.4.1 Example: The composition AEX ⊗DEX

Because AEX and DEX have identical input alphabets Σ and set of clocks C the
composition AEX ⊗DEX is defined and is a TA with input alphabet Σ and set of
clocks C. This TA accepts w iff AEX accepts w and DEX accepts w and the clock
assignments made by AEX . DEX can be thought of as acting as a filter on the set
of accepting runs of AEX .

Every infinite run of AEX ⊗DEX is accepting. Consider such a run and let ξA

and ξD be the corresponding runs of AEX and DEX respectively. At any time t it
is true that:

• the state of ξA is q1 iff the state of ξD is q′1, and

• the state of ξA is q2 iff the state of ξD is q′2.

This follows because initially t = 0 ξD transitions to q′1 iff x = 0 and x = 0 iff ξA

transitions to q1, and later ξA transitions to q2 at the same time as ξD transitions
to q′2 when x = 1. Had ξA instead taken a transition to q1 when x = 1 it would
assign x := 1 but this contradicts the staying condition of q′1. The argument for
q2 and q′2 is symmetrical.

It follows that AEX ⊗DEX accepts w iff w[t] = c for every integral t and either
of:

• w[t′] = a for every t′ ∈ (t, t+1) if t is even and w[t′] = b for every t′ ∈ (t, t+1)
if t odd, or

• w[t′] = b for every t′ ∈ (t, t+1) if t is even and w[t′] = a for every t′ ∈ (t, t+1)
if t odd.

3.5 Conclusion

In the previous chapter we obtained semantics that express our intent and can
be practically implemented. Having gained working understanding of the timed
automata that will be used in our construction and having seen how complex TAs
can be built from simpler TAs by using compositions we are now ready to proceed
to the construction itself, which is the topic of the next chapter.
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Chapter 4

Translation from point-in-time
MTL to timed automata

In the previous chapters we defined practicable semantics for our monitoring proce-
dure and introduced timed automata. With these preliminaries out of the way we
are ready to describe the main result of this thesis, which is a construction based
on timed automata which implements the target semantics given in Section 2.2.

The main idea underpinning the construction is that TAs can memorize part
of an input word s packaged as a signal ws (Section 4.1), and that by memorizing
every event and proposition of ws in a sliding time window (Section 4.3), the length
of which depends on the structure of ϕ (Section 4.2), it is possible to construct
predicates, all of which are valid clock constraints, for subformulas ψ of ϕ where ψ
is either an atomic proposition, a negation, a disjunction or a bounded temporal
operator (Section 4.4). If ψ is an unbounded temporal operators the situation
is more complicated, but by associating a specially constructed DTA with ψ a
predicate can be constructed for ψ as well (Section 4.5). Using these building blocks
it is possible to construct a TA Aϕ which accepts ws iff s, 1 |= ϕ. Correctness and
complexity for the construction is given in Section 4.7 and a monitoring procedure
based on the construction is outlined in Section 4.8.

The construction from [25] is used as a starting point. Throughout the chapter
ϕ is used to denote the MTL formula being translated and ψ is used to refer to
specific subformulas of ϕ.

4.1 Packaging a timed word as a signal

Our semantics are based on timed words, but TAs read signals. It is thus necessary
to provide a translation from timed word to signal.
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Definition 5. Given a timed word s = (ρs, τ s) and formula ϕ, let Ti = [τ si , τ
s
i+1)

if i < |s| and Ti = [τ s|s|,∞) if i = |s|. The signal ws is constructed in the following
way:

• > ∈ ws[t] iff ρsi = > and t ∈ Ti for some i.

• ⊥ ∈ ws[t] iff ρsi = ⊥ and t ∈ Ti for some i.

• p ∈ ws[t] iff p ∈ ρsi and t ∈ Ti for some i.

• τ ∈ ws[t] iff t = τ si for some i.

It should be clear from Definition 5 that > ∈ ws[t], ⊥ ∈ ws[t] and p ∈ ws[t] are
pairwise mutually exclusive. We say that an event occurs at time t if τ ∈ ws[t].

4.2 Past and future reach

Evaluating an MTL formula ϕ at an event i in general requires evaluating sub-
formulas ψ of ϕ at events relative to i. For example if ϕ = ψ1UIψ2 evaluating
s, i |= ϕ in general requires evaluating ψ1 and ψ2 at every event j with τ sj − τ si ∈ I.
(See Figure 4.1 and Figure 4.2 for the case I = (a, b)). If either of ψ1 or ψ2 have
subformulas of their own that are also temporal operators the subformulas of these
subformulas will need to be evaluated at events possibly further into the future
or past relative i. The past and future horizon of ϕ, pas(ϕ) and fut(ϕ) gives a
maximum number of time units in the past and future that atomic propositions
need to be known in order to evaluate ϕ.

Definition 6. The past reach and future reach of a subformula ψ, denoted by
pas(ψ) and fut(ψ), are given by:

• pas(p) = 0.

• pas(¬ψ) = pas(ψ).

• pas(ψ1 ∨ ψ2) = max(pas(ψ1), pas(ψ2)).

• pas(ψ1UIψ2) = max (pas(ψ1), pas(ψ2)− a) for I = (a, b), I = (a,∞) or
I = [a, a].

• pas(ψ1SIψ2) = b+max(pas(ψ1), pas(ψ2)) for I = (a, b), I = [b, b].

• pas(ψ1SIψ2) = a+ 3 +max(pas(ψ1), pas(ψ2)) for I = (a,∞).

• fut(p) = 0.
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τ si τ si+1

ψ1

τ si+2

ψ1

τ si+3

ψ1

¬ψ2

τ si+5

ψ1

¬ψ2

τ si+4

ψ1

ψ2

a

b τ si + a τ si + b

Figure 4.1: Evaluating s, i |= ψ1U(a,b)ψ2 in general requires evaluating s, k |= ψ1

for every k > i such that τ sk − τ si < b and every s, j |= ψ2 such that j > i and
τ sj − τ si ∈ (a, b).

τ siτ si−1

ψ1

τ si−2

ψ1

τ si−3

ψ1

¬ψ2

τ si−5

ψ1

¬ψ2

τ si−4

ψ1

ψ2

a

bτ si − aτ si − b

Figure 4.2: Evaluating s, i |= ψ1S(a,b)ψ2 in general requires evaluating s, k |= ψ1

for every k < i such that τ si − τ sk < b and every s, j |= ψ2 such that j < i and
τ si − τ sj ∈ (a, b).

• fut(¬ψ) = fut(ψ).

• fut(ψ1 ∨ ψ2) = max(fut(ψ1), fut(ψ2)).

• fut(ψ1UIψ2) = b+max(fut(ψ1), fut(ψ2)) for I = (a, b) or I = [b, b].

• fut(ψ1UIψ2) = a+ 2 +max(fut(ψ1), fut(ψ2)) for I = (a,∞).

• fut(ψ1SIψ2) = max (fut(ψ1), fut(ψ2)− a) for I = (a, b), I = (a,∞) or
I = [a, a].

For the remainder of this chapter let h = pas(ϕ) + fut(ϕ). This quantity is
the length of the sliding time window maintained by the construction. If ψ is a
subformula we call pas(ψ) the past reach of ψ and fut(ψ) the future reach of ψ.

4.2.1 Example

We now consider a formula which uses a large part of our functionality:

ϕ =�(0,∞)

{(
pS(1,10)q

)
=⇒

(
r U(5,10)r ∨ s

)}
=¬

{
trueU(0,∞)¬

([
pS(1,10)q

]
∨ ¬

[
r U(5,10)s

])} (1)
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By mechanically applying Definition 6 we obtain pas(ϕ) and fut(ϕ):

pas(ϕ) =pas
(
¬
{
trueU(0,∞)¬

([
pS(1,10)q

]
∨ ¬

[
r U(5,10)s

])})
=pas

(
trueU(0,∞)¬

([
pS(1,10)q

]
∨ ¬

[
r U(5,10)s

]))
=max

(
pas(true), pas

(
¬
([
pS(1,10)q

]
∨ ¬

[
r U(5,10)s

])))
=max

(
0, pas

([
pS(1,10)q

]
∨ ¬

[
r U(5,10)s

]))
=max

(
0,max

(
pas

(
pS(1,10)q

)
, pas

(
¬
[
r U(5,10)s

])))
=max

(
0,max

(
pas

(
pS(1,10)q

)
, pas

(
r U(5,10)s

)))
=max (0,max (max (pas(p), pas(q)) + 10,max (pas(r), pas(s)− 5)))

=max (0,max (max (0, 0) + 10,max (0,−5)))

=max (0,max (10, 0))

=max (0, 10)

=10

fut(ϕ) =fut
(
¬
{
trueU(0,∞)¬

([
pS(1,10)q

]
∨ ¬

[
r U(5,10)s

])})
=fut

(
trueU(0,∞)¬

([
pS(1,10)q

]
∨ ¬

[
r U(5,10)s

]))
=max

(
fut(true), fut

(
¬
([
pS(1,10)q

]
∨ ¬

[
r U(5,10)s

])))
+ 2

=max
(
0, fut

([
pS(1,10)q

]
∨ ¬

[
r U(5,10)s

]))
+ 2

=max
(
0,max

(
fut

(
pS(1,10)q

)
, fut

(
¬
[
r U(5,10)s

])))
+ 2

=max
(
0,max

(
fut

(
pS(1,10)q

)
, fut

(
r U(5,10)s

)))
+ 2

=max (0,max (max (fut(p), fut(q)− 1) ,max (fut(r), fut(s)) + 10)) + 2

=max (0,max (max (0,−1) ,max (0, 0) + 10)) + 2

=max (0,max (0, 10)) + 2

=max (0, 10) + 2

=12

Thus h = pas(ϕ) + fut(ϕ) = 22. See Figure 4.3 for an illustration of the time
interval relative event i where atomic propositions need to be evaluated in order
to evaluate s, i |= ϕ.

4.3 Memorization of atomic propositions and events

We saw in Section 4.2 that every formula ϕ has a past reach pas(ϕ) and future
reach fut(ϕ) which is the number of time units in the past and future relative to
some event i where other events may affect the truth of s, i |= ϕ. In this section
we construct a TA which memorizes the time of every event and for every atomic
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Figure 4.3: Past and future horizon of �(0,∞)

{(
pS(1,10)q

)
=⇒

(
r U(5,10)r ∨ s

)}
.

To evaluate it we need to evaluate s, j |= p for j < i such that τ si − τ sj ∈ (0, 10),
s, j |= q for j < i such that τ si − τ sj ∈ (1, 10), s, j |= r for j > i such that
τ sj − τ sj ∈ (0, 10 + 2) and s, j |= s for j > i such that τ sj − τ si ∈ (5, 10 + 2). The
“+2” is due to the unbounded until.

proposition the start and end of every subinterval in which the proposition held
in a sliding window of size h = pas(ϕ) + pas(ϕ) relative to the current time.

4.3.1 TA for punctual events

In order to make memorization of punctual events possible using a finite number
of clocks it is assumed there is a known maximum event rate kER. The sliding
window in which events need to be memorized stretches from h time units before
the current time t and up until t, namely the interval [t − h, t]. Because of the
bounded event rate there are at most l = dkER · he such events. The TA for
punctual events is thus Aτ =

(
2{τ}, Q, C, λ, I,∆, q0, {Q}

)
where Q = {q0, q1},

C = {xτ1, . . . , xτl }, I(q1) = true, λ(q1) = ¬τ where ∆ consists of the following
transitions:

• δ1 = (q0, true, ∅, q1), λ(δ1) = ¬τ .

• δ2 = (q0, true, {xτl := 0}, q1), λ(δ2) = τ .

• δ3 = (q1, true, {xτ1 := xτ2, . . . , x
τ
l−1 := xτl , x

τ
l := 0}, q1), λ(δ3) = τ .

Figure 4.4 shows Aτ . A run of Aτ begins at time t = 0 in the initial state q0.
At the beginning all clock variables are inactive (xτi = ⊥ for every i ∈ {1, . . . , l}).
If τ ∈ ws[0] the run transitions to q1 while making a clock assignment xτl := 0.
In the other case, namely τ 6∈ ws[0], the run transitions to q1 without any clock
transformations. The run stays in q1 for every t > 0 such that τ 6∈ ws[t]. When
τ ∈ ws[t] the run transitions from q1 to q1 while shifting all clock variables one step
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q0

¬τ
q1

¬τ τ ;xτl := 0

τ ;xτ1 := xτ2 , . . . , x
τ
l−1 := xτl , x

τ
l := 0

Figure 4.4: TA for punctual events Aτ

to the left (xτ1 := xτ2, . . . , x
τ
l−1 := xτl ) and assigning xτl := 0. Thus at time t the

clock xτl contains the time elapsed since the latest event, xτl−1 contains the time
elapsed since the second latest event, and so on, and by bounded event rate the
time elapsed since each of the events that occurred in the time interval [h− t, t] is
held by a clock variable. Furthermore, if τ sl′ ≤ t < τ sl′+1, then for every i ∈ {1, . . . , l}
such that xτi 6= ⊥ it is true that t− xτi = τ sl′−l+i

4.3.2 TA for atomic propositions

The TAs for atomic propositions are defined in a way similar to the TA for punc-
tual events. It is assumed there is a known bounded variability kvar obeyed
by every atomic proposition, meaning that for each atomic proposition there
are at most kvar distinct intervals in each unit of time during which the propo-
sition is true. Note that this follows from assuming a bound on event rate.
The TA for an atomic proposition p needs to memorize all the subintervals of
[t− h, h] in which p holds continuously. Because of bounded variability there are
at most r =

⌈
kvar·h

2

⌉
such subintervals. Formally the TA for a proposition p is

Ap =
(
2{p}, Q, C, λ, I,∆, q0, {Q}

)
where Q = {q0, q1, q2}, C = {xp1, y

p
1, . . . , x

p
r, y

p
r},

λ(q1) = ¬p, λ(q2) = p, I(q1) = I(q2) = true and transitions:

• δ1 = (q0, true, ∅, q1), λ(δ1) = ¬p.

• δ2 = (q0, true, {xpr := 0}, q2), λ(δ2) = p.

• δ3 = (q1, true, {xp1 := xp2, y
p
1 := yp2, . . . , x

p
r−1 := xpr, y

p
r−1 := ypr , x

p
r := 0, ypr :=

⊥}, q2), λ(δ3) = p.

• δ4 = (q2, true, {yr := 0}, q1), λ(δ4) = ¬p.

Figure 4.5 shows Ap. A run of Ap begins in the initial state q0. At first all clock
variables are inactive (xpi = ⊥ and ypi = ⊥ for every i ∈ {1, . . . , r}). If p ∈ ws[0] the
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¬p
q1
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q2

¬p p;xpr := 0
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1 := yp2 , . . . ,

xpr−1 := xpr , y
p
r−1 := ypr , x

p
r := 0, ypr := ⊥

¬p; ypr := 0

Figure 4.5: TA for atomic propositions Ap.

run transitions to q2 while making a clock assignment xpl := 0. In the other case,
namely p 6∈ ws[0], the run transitions to q1 without any clock transformations.
Having entered q1, the run remains in q1 for every t > 0 such that p 6∈ ws[t].
When p ∈ ws[t] the run transitions from q1 to q2 while shifting all clock variables
one step to the left (xp1 := xp2, y

p
1 := yp2, . . . , x

p
r−1 := xpr, y

p
r−1 := ypr ) and assigning

xpr := 0 and ypr := ⊥. Having entered q2, the run remains in q2 for every t such
that p ∈ ws[t]. When p 6∈ ws[t] a transition is taken from q2 to q1 while assigning
ypr := 0. Thus at time t clocks variables xpi and ypi (i ∈ {1, . . . , r}) respectively
hold the time elapsed since the beginning and end of each of the last r intervals in
which p held, and by bounded variability of p every interval overlapping [t− h, t]
in which p held is memorized by such a clock pair.

Notice that this improves the construction in [25] by reducing the number of
states from 2r to 2.

4.3.3 Combined TA for events and propositions

Let AMEM = Aτ‖Ap1‖ . . . ‖Apm where {p1, . . . , pm} = AP .

4.4 Predicates

We define predicates Cα
ψ(i) (α ∈ {0, 1}) that are valid clock constraints with each

subformula ψ inductively on the structure of ϕ. If ψ is an unbounded temporal
operator we associate a DTA Dα

ψ with Cα
ψ(i). Let l′(t) be the index of s at time

t satisfying τ sl′(t) ≤ t < τ sl′(t)+1 and let i′(t, i) = l′(t) − l + i. Given that −xτi ∈
[−h+ pas(ψ),−fut(ψ)] at time t, then:

• the predicate C0
ψ(i) is satisfied at time t iff s, i′(t, i) |= ψ and

• the predicate C1
ψ(i) is satisfied at time t iff s, i′(t, i) |= ψ.
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The predicates are defined inductively for every subformula ψ of ϕ by:

• ψ = p. Cα
p (i) =

(∨
j −x

p
j ≤ −xτi < −y

p
j

)
∨ Cα

>(i) where Cα
>(i) is defined at

the end of this subsection.

• ψ = ¬ψ1. C
0
¬ψ(i) = ¬C1

ψ1
(i). C1

¬ψ1
(i) = ¬C0

ψ1
(i).

• ψ = ψ1 ∨ ψ2. C
α
ψ1∨ψ2

(i) = Cα
ψ1

(i) ∨ Cα
ψ2

(i).

• ψ = ψ1UIψ2, I = (a, b) or I = [b, b].

Cα
ψ1UIψ2

(i) =
l∨

j=i+1

[
− xτj ∈ −xτi + I ∧ Cα

ψ2
(j) ∧

j−1∧
k=i+1

Cα
ψ1

(k)

]

• ψ = ψ1SIψ2, I = (a, b) or I = [b, b].

Cα
ψ1SIψ2

(i) = Cα
>(i) ∨

i−1∨
j=1

[
− xτj ∈ −xτi − I ∧ Cα

ψ2
(j) ∧

i−1∧
k=j+1

Cα
ψ1

(k)

]

where Cα
>(i) is defined at the end of this subsection.

• ψ = ψ1U(a,∞)ψ2 is defined in Section 4.5.2.

• ψ = ψ1S(a,∞)ψ2 is defined in Section 4.5.1.

The two “helper” predicates Cα
>(i) have the property that if −xτi ∈ [−h, 0] at

time t, then:

• the predicate C0
>(i) is satisfied at time t iff ρsi′(t,i) = > and is defined by

C0
>(i) =

∨
j −x>j ≤ −xτi < −y>j , and

• the predicate C1
>(i) is satisfied at time t iff ρsi′(t,i) = ⊥ and is defined by

C1
>(i) =

∨
j −x⊥j ≤ −xτi − y⊥j .

4.5 Unbounded formulas

In general the truth of an unbounded temporal operator ψ = ψ1U(a,∞)ψ2 or
ψ = ψ1S(a,∞)ψ2 cannot be decided by only looking within a bounded sliding time
window. It is however possible to detect (or guess in the case of future tempo-
ral operators) the beginnings and ends of the sequences of consecutive events for
which ψ holds. We use a specially constructed DTA Dα

ψ (α ∈ {0, 1}) with output
pαψ which keeps track of whether a specific time offset relative to the sliding window
lies inside such an interval and outputs pαψ if it does and ¬pαψ otherwise.
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ψ1

τ si

ψ1ψ1ψ1

¬ψ2

ψ1

¬ψ2

ψ1

ψ2

. . .

. . .

a1

t− h+ pas(ψ)− at− h+ pas(ψ)− a− 1 t− h+ pas(ψ) t− fut(ψ)

Figure 4.6: The beginning and end of every interval where ψ = ψ1S(a,∞)ψ2 holds
can be observed by remembering when ψ1S(a,a−1)ψ2 held in the past.

4.5.1 Unbounded since

In this section we construct a DTA Dα
ψ for subformulas ψ = ψ1S(a,∞)ψ2 which

outputs pαψ at time t1 iff

∃j : τ sj ∈ (−∞, t1 − h+ pas(ψ)− a− 2].sα, j |= ψ2∧
∀k : τ sk ∈ (τ sj , t1 − h+ pas(ψ)− 1].sα, k |= ψ1

(2)

where s0 = s and s1 = s.
The invariant (2) allows us to “stitch” together the truth of sα, i |= ψ in the

following way: For every event i with τ si ∈ [t1 − h+ pas(ψ), t1 − fut(ψ)] it is true
that sα, i |= ψ iff either:

• (2) holds at t1 and every for event j with τ sj ∈ (t1 − h + pas(ψ) − 1, τ si ) it
holds that sα, j |= ψ1, or

• there is some j < i with τ sj ∈ (t1 − h + pas(ψ) − a − 2, τ si − a) such that
sα, j |= ψ2 and every k with i < k < j satisfies sα, k |= ψ1.

If it is known whether (2) holds or not at t1 it is sufficient to only consider a
bounded time window to tell whether ψ is satisfied.

The precise form of the intervals in (2) with the additional “look-backs” −1
and −2 are picked to ensure that (2) holds in left-open right-closed time intervals
(and the same is true for its negation), which simplifies the proof of correctness by
ensuring that every interval has a first time point.

The construction of Dα
ψ relies on the following three insights about the intervals

when (2) holds:

• The invariant (2) does not hold at the first event, because there are no events
preceding it where ψ2 could be true.

• Every interval where (2) holds begins with a time t1 where there is an event
j such that τ sj ∈ (t1−h+pas(ψ)−a−3, 10−h+pas(ψ)−a−2] for which it
holds that sα, j |= ψ2, and for every k such that τ sk ∈ (τ sk , t1−h+pas(ψ)−1]
it holds that sα, k |= ψ1.
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• Every interval where (2) holds ends with a time t1 where there is some k
such that τ sk ∈ (t1−h+pas(ψ)−a−2, t1−h+pas(ψ)−1] for which it holds
that sα, k 6|= ψ1.

These requirements are readily captured by a DTA with two states (Figure 4.7),
the first one, q1, representing (2) holding at t1 and the second one, q2 represent-
ing (2) not holding at t1. Because (2) cannot hold at time t = 0 it follows that q1 is
the initial state. The beginnings and ends of intervals in which (2) holds are then
readily expressed by staying conditions and transition guards. More concretely,
Dα
ψ has two states:

• Initial state q1 with output γ(q1) = ¬pαψ and staying condition

Iαq1 =
l∧

j=1

{
− xτj ∈ (−h+ pas(ψ)− a− 3,−h+ pas(ψ)− a− 2] =⇒

[
¬Cα

ψ2
(j)

∨
l∨

k=j+1

(
− xτk ∈ (−xτj ,−h+ pas(ψ)− 1] ∧ ¬Cα

ψ1
(k)
) ] }

• and state q2 with output γ(q2) = pαψ and staying condition

Iαq2 =
l∧

k=1

(
− xτk ∈ (−h+ pas(ψ)− a− 2,−h+ pas(ψ)− 1] =⇒ Cα

ψ1
(k)
)

There are transitions connecting q1 with q2 and q2 back with q1:

• δ2 = (q2, g
α
1 ,¬pαψ, q1) where the transition guard is

gα1 =
l∨

k=1

(
− xτk ∈ (−h+ pas(ψ)− a− 2,−h+ pas(ψ)− 1] ∧ ¬Cα

ψ1
(k)
)

• and δ1 = (q1, g
α
2 , p

α
ψ, q2) where the transition guard is

gα2 =
l∨

j=1

[
− xτj ∈ (−h+ pas(ψ)− a− 3,−h+ pas(ψ)− a− 2] ∧ Cα

ψ2
(j)

∧
l∧

k=j+1

(
− xτk ∈ (−xτj ,−h+ pas(ψ)− 1] =⇒ Cα

ψ1
(k)
) ]
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¬pαψ
Iαq1

pαψ
Iαq2

gα2 ; p
α
ψ

gα1 ;¬pαψ

Figure 4.7: DTA for unbounded since Dα
ψ

It should be clear from the above definitions that gα1 = ¬Iαq2 and gα2 = ¬Iαq1 .
Finally we define the predicate for ψ by:

Cα
ψ(i) =Cα

>(i)∨[
pαψ ∧

i−1∧
k=1

(
− xτk ∈ (−h+ pas(ψ)− 1,−xτi ) =⇒ Cα

ψ1
(k)
)]
∨[

i−1∨
j=1

(
− xτj ∈ (−h+ pas(ψ)− a− 2,−xτi − a) ∧ Cα

ψ2
(j) ∧

i−1∧
k=j+1

Cα
ψ1

(k)

)]

4.5.2 Unbounded until

This part of the construction is adapted from [25]. In this section we construct a
DTA Dα

ψ for subformulas ψ = ψ1U(a,∞)ψ2 which outputs pαψ at time t1 iff

∃j : τ sj ∈ (t1 − fut(ψ) + a,∞).sα, j |= ψ2

∧∀k : τ sk ∈ (t1 − fut(ψ), τ sj ).sα, k |= ψ1

(3)

where s0 = s and s1 = s. Just like in Section 4.5.1, we choose the invariant (3) in
a way that allows us to ”stitch” together the truth of sα, i |= ψ while memorizing
only propositions in only a bounded time window.

The construction of Dα
ψ for unbounded until is necessarily more complicated

than the one for unbounded since. This is because in the case of unbounded since
the beginning of an interval where (2) holds can be directly observed by memorizing
events and propositions in a bounded time window. Whether the invariant (3)
holds at time t depends on the occurrence of an event j with sα, j |= ψ2 where τ j

may be arbitrarily bigger than t. It is thus necessary to guess whether (3) holds
or not at time t.

The key to the construction of Dα
ψ is the realization that there are three distinct

classes of knowledge if observing a bounded time window at time t:
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1. It can be directly observed that (3) holds at time t because there is an event
j such that τ sj ∈ (t − fut(ψ) + a, t − fut(ψ) + a + 1) for which it holds
that sα, j |= ψ2 and for every k such that τ sk ∈ (t− fut(ψ), τ sj ) it holds that
sα, k |= ψ1.

2. It can be directly observed that (3) does not hold at time t because every
event j such that τ sj ∈ (t− fut(ψ) + a, t− fut(ψ) + a+ 1) for which it holds
that sα, j |= ψ2 there is an event k such that τ sk ∈ (t − fut(ψ) + a, τ sj ) for
which it holds that sα, k 6|= ψ.

3. It cannot be directly observed whether (3) does hold or does not hold at time
t because every event j with τ sj ∈ (t−fut(ψ) +a, t−fut(ψ) +a+ 1) it holds
that sα, j 6|= ψ2 and for every k such that τ sk ∈ (t−fut(ψ), t−fut(ψ)+a+1)
it holds that sα, k |= ψ1.

Thus (3) holding at time t can be directly observed while memorizing only a
bounded time window in two out of the three classes. The third class is the source
of complication. Note however that if time t occurs in an interval of the third class
and that interval is followed by a time interval of the first class, then (3) held at
time t, and if time t occurred in an interval of the third class and is followed by
a time interval of the second class, then (3) did not hold at time t, and if time t
occurred in a time interval of the third which also happened to be the last interval,
then (3) did not hold at time t.

These ideas are captured by a DTA with five states (Figure 4.8), the first one,
q0, being an initial state waiting for some event to enter the time window where
the predicates for ψ1 and ψ2 to are valid. There are outgoing transitions from q0 to
all other states. States q2 and q4 respectively represent the first and second class of
observations and have outgoing transitions to all other states other than q0. The
state q1 represents the third class of observations with a commitment to a guess
that the next class is the first class, and thus that (3) holds, and this is represented
by q1 only having a single outgoing transition to q2. Thus a run that entered q1 at
time t followed by an observation of the third class at time t′ is terminated. In a
similar way, state q3 represents the third class of observations with a commitment
to a guess that the next class is the second class, and thus that (3) does not
hold, and this is represented by q3 having a single outgoing transition to q4. Both
guesses are made non-deterministically, but since we only consider infinite runs we
can assume the right guess was made every time.

More concretely Dα
ψ has the following states:

• Initial state q0 with output γ(q0) = o and staying condition Iαq0 =
l∧

i=1

xτi <

fut(ψ).
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• State q1 is the only unfair state with output γ(q1) = pαψ and staying condition

Iαq1 =
l∧

k=1

(
− xτk ∈ (−fut(ψ),−fut(ψ) + a+ 1) =⇒ Cα

ψ1
(k)
)
∧

l∧
j=1

(
− xτj ∈ (−fut(ψ) + a,−fut(ψ) + a+ 1) =⇒ ¬Cα

ψ2
(j)
)

By unfair we mean that a run that stays forever in q1 is not accepting.

• State q2 with output γ(q2) = pαψ and staying condition

Iαq2 =
l∨

j=1

[
− xτj ∈ (−fut(ψ) + a,−fut(ψ) + a+ 1) ∧ Cα

ψ2
(j)

∧
j−1∧
k=1

(
− xτk ∈ (−fut(ψ),−xτj ) =⇒ Cα

ψ1
(k)
) ]

• State q3 with output γ(q3) = ¬pαψ and staying condition Iαq3 = Iαq1 .

• State q4 with output γ(q4) = ¬pαψ and staying condition

Iαq4 =
l∨

k=1

[
− xτk ∈ (−fut(ψ),−fut(ψ) + a+ 1) ∧ ¬Cα

ψ1
(k)

∧
k−1∧
j=1

(
− xτj ∈ (−fut(ψ) + a,−xτk) =⇒ ¬Cα

ψ2
(k)
) ]

The transition guards are directly associated with the destination state of the
transition so that g1 is associated with q1, g2 with q2 and so on:

• gα1 = gα3 = Iαq1 ∧
l∧

j=1

[
− xτj = −fut(ψ) + a+ 1 =⇒

(
Cα
ψ1

(j) ∧ ¬Cα
ψ2

(j)
)]

.

• gα2 = Iαq2 ∨

[
Iαq1 ∧

l∨
j=1

(
− xτj = −fut(ψ) + a+ 1 ∧ Cα

ψ2
(j)
)]

.

• gα4 = Iαq4 ∨

[
Iαq3 ∧

l∨
j=1

(
− xτj = −fut(ψ + a+ 1 ∧ ¬Cα

ψ1
(j) ∧ ¬Cα

ψ2
(j)
)]

.
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Note that g1 = g3. The transition guards correspond to the staying condition
holding in an open interval following the current time t. This simplifies the proof
of correctness by ensuring that the run stays in each state for a non-singular amount
of time. Although we do not use it here, it also means Dα

ψ is determinizable using
the scheme given in [25].

The transitions of Dα
ψ are:

•
(
q0,

l∨
i=1

(xτi = fut(ψ)) ∧ gα1 , pαψ, q1
)

•
(
q0,

l∨
i=1

(xτi = fut(ψ)) ∧ gα2 , pαψ, q2
)

•
(
q0,

l∨
i=1

(xτi = fut(ψ)) ∧ gα3 ,¬pαψ, q3
)

•
(
q0,

l∨
i=1

(xτi = fut(ψ)) ∧ gα4 ,¬pαψ, q4
)

•
(
q1, g

α
2 , p

α
ψ, q2

)
•
(
q2, g

α
1 , p

α
ψ, q1

)
•
(
q2, g

α
3 ,¬pαψ, q3

)
•
(
q2, g

α
4 ,¬pαψ, q4

)
•
(
q3, g

α
4 ,¬pαψ, q4

)
•
(
q4, g

α
1 , p

α
ψ, q1

)
•
(
q4, g

α
2 , p

α
ψ, q2

)
•
(
q4, g

α
3 ,¬pαψ, q3

)
Finally we define the predicate for ψ by:

Cα
ψ(i) =

[
−xτi ≤ −fut(ψ) ∧ pαψ ∧

l∧
k=i+1

(
− xτk ∈ (−xτi ,−fut(ψ)] =⇒ Cα

ψ1
(k)
)]
∨

[
− xτi < −fut(ψ) ∧

l∨
j=i+1

(
− xτj ∈ (−xτi + a,−fut(ψ) + a] ∧ Cα

ψ2
(j)

∧
j−1∧
k=i+1

Cα
ψ1

(k)
) ]
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q0

Iαq0

pαψ

Iαq1

pαψ

Iαq2

¬pαψ
Iαq3

¬pαψ
Iαq4

l∨
i=
1

(x
τ
i
=
fu
t(
ψ)
) ∧
g
α
1
; p
α
ψ

l∨
i=
1 (x τ

i =
fut(ψ)) ∧

g α
2 ; p α

ψ

l∨
i=1

(xτi = fut(ψ)) ∧ gα3 ;¬pαψ

l∨
i=1

(xτi = fut(ψ)) ∧ gα4 ;¬pαψ

gα2 ; p
α
ψ gα1 ; p

α
ψ gα4 ;¬pαψ gα3 ;¬pαψ

gα3 ;¬pαψgα1 ; p
α
ψ

gα4 ;¬pαψ

gα2 ; p
α
ψ

Figure 4.8: DTA for unbounded until Dα
ψ
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4.6 Construction of Aϕ
Let ψ1, . . . , ψn be all the unbounded temporal operator subformulas of ϕ such that
ψi and ψj have i < j if ψi is a sub formula of ψj, and let α1, . . . , αn be the αi ∈ {0, 1}
which appears as the predicate for Cαi

ψ1
(i) subformula ψi in C0

ϕ(i) as constructed
inductively in Section 4.4. Form a DTA D = Dα1

ψ1
⊗ · · · ⊗ Dαn

ψn
of all unbounded

temporal operator subformulas. D has output alphabet Γ = 2{p
α1
ψ1
,...,pαnψ1

}.
We now construct a DTA B for the formula ϕ (Figure 4.9) with the following

states and transitions:

• Initial state q0 with staying condition Iq0 =
l∧

i=1

xτi < fut(ϕ) and outgoing

transitions δ1 = (q0, gaccept, o, qaccept) where

gaccept =
l∨

i=1

[
(xτi = fut(ϕ)) ∧ C0

ϕ(i)
]

and δ2 = (q0, greject, o, qreject) where

greject =
l∨

i=1

[
(xτi = fut(ϕ)) ∧ ¬C0

ϕ(i)
]

and o is some arbitrary output symbol.

• Accepting sink state qaccept with staying condition Iqaccept = true.

• Rejecting sink state qreject with staying condition Iqreject = true.

A run of B begins in the initial state q0 and remains there as long as every
clock variable satisfies xτi < fut(ϕ) (i ∈ {1, . . . , l}). Note that C0

ϕ(i) is defined for
every i such that xτi ∈ [h − pas(ϕ), fut(ϕ)] = [fut(ϕ), fut(ϕ)] = {fut(ϕ)} (the
singleton set containing fut(ϕ)) and the first clock variable to reach xτi = fut(ϕ)
must correspond to the time elapsed since the first event. Thus the run enters
qaccept iff s, 1 |= ϕ and enters qreject iff s, 1 6|= ϕ.

The TA for ϕ is Aϕ = AMEM ⊗Dϕ where Dϕ = D ⊗B.

Example

We now return to our example formula (1) from Section 4.2. For ease of reading
we repeat (1) again here:

ϕ =�(0,∞)

{(
pS(1,10)q

)
=⇒

(
r U(5,10)r ∨ s

)}
=¬

{
trueU(0,∞)¬

([
pS(1,10)q

]
∨ ¬

[
r U(5,10)s

])}
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o
Iq0

o
Iqaccept

o
Iqaccept

gaccept; o greject; o

Figure 4.9: DTA for ϕ

This formula has pas(ϕ) = 10 and fut(ϕ) = 12, and thus h = 22. In the following
we will let ψ = trueU(0,∞)ψ2 where ψ2 = ¬

([
pS(1,10)q

]
∨ ¬

[
r U(5,10)s

])
so that (1)

becomes ¬ψ.
We now demonstrate how the construction translates ϕ into a TA Aϕ in hope

providing a concrete example will ease understanding of the construction. For this
formula we have AP = {p, q, r, s}, each with TA Ap, Aq, Ar, As and AMEM =
Aτ‖Ap‖Aq‖Ar‖As as defined in Section 4.3.

The unbounded until subformula ψ has associated DTA D1
ψ and proposition p1

as defined in Section 4.5.2. When the unbounded until is of the form trueU(a,∞)ψ2

state q4 becomes unreachable as depicted in Figure 4.10.
Inserting the predicates from Section 4.4 and Section 4.5.2 we get:

• Predicate C0
¬ψ(i) = ¬C1

ψ(i).

• Predicate

C1
ψ(i) =[
−xτi ≤ −12 ∧ p1ψ ∧

l∧
k=i+1

(
− xτk ∈ (−xτi ,−12] =⇒ true

)]
∨

[
− xτi < −12 ∧

l∨
j=i+1

(
− xτj ∈ (−xτi ,−12] ∧ C1

ψ2
(j)

∧
j−1∧
k=i+1

true
) ]

=

[
−xτi ≤ −12 ∧ p1ψ

]
∨

[
− xτi < −12 ∧

l∨
j=i+1

(
− xτj ∈ (−xτi ,−12] ∧ C1

ψ2
(j)

]

• Predicate C1
ψ2

(i) = ¬C0
¬[pS(a,b)q]∨r U(c,d)s

(i).
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• Predicate C0
¬[pS(a,b)q]∨r U(c,d)s

(i) = C0
¬[pS(a,b)q]

(i) ∨ C0
r U(c,d)s(i).

• Predicate C0
¬[pS(a,b)q]

(i) = ¬C1
pS(a,b)q(i).

• Predicate

C1
pS(1,10)q(i) = C1

>(i) ∨
i−1∨
j=1

[
− xτj ∈ −xτi − (5, 10) ∧ C1

q (j) ∧
i−1∧

k=j+1

C1
p(k)

]

• Predicate

C0
r U(1,10)s(i) =

l∨
j=i+1

[
− xτj ∈ −xτi + (5, 10) ∧ C0

q (j) ∧
j−1∧
k=i+1

C0
p(k)

]

Note that true makes the predicate for C1
ψ contract.

FinallyA¬ψ is constructed following the procedure described in Section 4.6 with
A¬ψ = AMEM ⊗D¬ψ where D¬ψ = D1

ψ ⊗ B and the transitions to the accepting
and rejecting sink states of B have guards:

• gaccept =
l∨

i=1

[
(xτi = 12) ∧ C0

¬ψ(i)
]

• greject =
l∨

i=1

[
(xτi = 12) ∧ ¬C0

¬ψ(i)
]

Clearly gaccept and greject are mutually exclusive and a run of B will transition to
one of the sink state there is some i (1 ≤ 1 ≤ l) such that xτi = 12. Since xτi = 12
the predicate C0

¬ψ = ¬C1
ψ(i) contracts to ¬p1ψ meaning the choice of sink state is

determined by the negation of the output of D1
ψ at time t = τ s1 + 12.

Let ξ1ψ be an accepting run of D1
ψ and the state of ξ1ψ at time t:

• If the output of ξ1ψ at time t is ¬p1ψ the sink state is qreject (thus the run ofA¬ψ
is rejecting) and ξ1ψ is in q3 or is taking a transition to q3 and subsequently
remains in q3 state forever.

• Conversely if the output of ξ1ψ at time t is p1ψ the sink state is qaccept (thus
the run of Aψ is accepting) and ξ1ψ is in or is taking a transition to one of q1
or q2, but because q1 is the only unfair state D1

ψ and because ξ1ψ is accepting
the run must eventually enter q2.
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q0

I1q0

p1ψ

I1q1

p1ψ

I1q2

¬p1ψ
I1q3

l∨
i=
1

(x
τ
i
=
fu
t(
ψ)
) ∧
g
1
1
; p
1
ψ

l∨
i=
1 (x τ

i =
fut(ψ)) ∧

g 1
2 ; p 1
ψ

l∨
i=1

(xτi = fut(ψ)) ∧ g13 ;¬p1ψ

g12 ; p
1
ψ g11 ; p

1
ψ

g13 ;¬p1ψ

Figure 4.10: DTA for ψ = trueU(a,∞)ψ2, D
1
ψ
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4.7 Correctness and complexity analysis

It remains to show that there is a correspondence between signals accepted by
the construction and words accepted by the target semantics, or more formally
that ws ∈ Aϕ iff s, 1 |= ϕ. Lemma 5 and Lemma 6 establish the right and left
implications of the equivalence, but with somewhat stronger statements. From
these ?THM? ?? and Corollary 1, which are the main results of the section, follow
directly.

Lemma 5. Assume there is an run ξ of Aϕ on ws which is accepting. Then given
that this run is in some state at t1, every i ∈ {1, . . . , l} such that i′(t1, i) ≤ l′(t1)
and xτi 6= ⊥ satisfies τ si′(t1,i) = t1 − xτi , and for every subformula ψ of ϕ if −xτi ∈
[−h+pas(ψ),−fut(ψ)], the predicate C0

ψ(i) is satisfied iff s, i′(t1, i) |= ψ and C1
ψ(i)

is satisfied iff s, i′(t1, i) |= ψ.

Proof. The proof proceeds by induction on the formula ϕ. Let h = pas(ϕ)+fut(ϕ)
and let Dα

ψ be the DTA for the subformula ψ of one of the forms ψ = ψ1U(a,∞) or
ψ = ψ1S(a,∞)ψ2.

• τ si′(t1,i) = t1 − xτi . It can be seen from definition that the TA for punctual

events takes a discrete step at time t iff τ ∈ ws[t], and by Definition 5
τ ∈ ws[t] iff t = τ sj for some j > 0. During such a discrete step of the

TA, all clock indices are shifted left by one position, so that xτj = x
′τ
j+1

is the value of clock j directly following the discrete step iff x
′τ
j+1 was the

value of clock i + 1 directly before the step (j ∈ {1, . . . , l − 1}). At time
t1, we have by definition τ sl′(t1) ≤ t1 < τ sl′(t1)+1, and the value of clock xτl−j
(j = 0, . . . , l − 1) originates from a clock restarted at time τ sl′(t1)−j and since
incremented continuously. It follows that xτl−j = t1 − τ sl′(t1)−j. Substituting
i = l − j then gives t1 − xτi = τ sl′(t1)−l+i = τ si′(t1,i).

• > ∈ ρ. If C0
>(i) is satisfied at t1, then there is a clock pair j satisfying

−x>j ≤ −xτi < −x>j . Then at τ si′(t1,i), −x
>
j ≤ 0 and −y>j > 0, that is, the TA

for > was in state q2 observing > ∈ ws[τ si′(t1,i)], implying ρsi′(t1,i) = >.

Conversely, if C0
>(i) is not satisfied at t1, then for every clock pair j, either

−x>j > −xτi or −xτi ≥ −y>j . Then at τ si′(t1,i), −x
>
j > 0 or −y> ≤ 0, that is

the TA for > was in state q1 observing > 6∈ ws[τ si′(t1,t)], implying ρsi′(t1,i) 6= >.

The proof for C1
>(i) is similar.

• ψ = p. If C0
p(i) is satisfied at t1, then either C0

>(i) is satisfied, implying
ρsi′(t1,i) = > and thus s, i′(t1, i) |= p, or there is a clock pair j satisfying

−xpj ≤ −xτi < −y
p
j . Then at τ si′(t1,t), −x

p
j ≤ 0 and −ypj > 0, that is, the TA
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for p was in state q2 observing p ∈ ws[τ si′(t1,i)], implying p ∈ ρsi′(t1,i) and thus

s, i′(t1, i) |= p.

Conversely, if C0
>(i) is not satisfied t1, then for every clock pair j, either

−xpj > −xτi or −xτi ≥ −y
p
j . Then at τ si′(t1,i), −x

p
j > 0 or −ypj ≤ 0, that is

the TA for p was in state q1 observing p 6∈ ws[τ si′(t1,t)], implying p 6∈ ρsi′(t1,t).
Similarly C0

>(i) was not satisfied at t1, implying ρsi′(t1,t) 6= >. Combining, we

have s, i′(t1, i) 6|= p.

The proof for C1
p(i) is similar.

• ψ = ¬ψ1. If C0
¬ψ1

(i) is satisfied at t1, then C1
ψ1

(i) is not satisfied at t1, and
by induction s, i′(t1, i) 6|= ψ1, implying s, i′(t1, i) |= ¬ψ1.

Conversely, if C0
¬ψ1

(i) is not satisfied at t1, then C1
ψ1

(i) is satisfied at t1, and
by induction s, i′(t1, i) |= ψ1, implying s, i′(t1, i) 6|= ¬ψ1.

The proof for C1
¬ψ(i).

• ψ = ψ1 ∨ ψ2. If C0
ψ1∨ψ2

(i) is satisfied at t1, then either C0
ψ1

(i) or C0
ψ2

(i) is
satisfied at t1, and by induction either s, i′(t1, i) |= ψ1 or s, i′(t1, i) |= ψ2,
implying s, i′(t1, i) |= ψ1 ∨ ψ2.

Conversely, if C0
ψ1∨ψ2

(i) is not satisfied at t1, then neither of C0
ψ1

(i) and C0
ψ2

(i)
are satisfied at t1, and by induction s, i′(t1, i) 6|= ψ1 and s, i′(t1, t) 6|= ψ2,
implying s, i′(t1, i) 6|= ψ1 ∨ ψ2.

The proof for C1
ψ1∨ψ2

(i) is similar.

• ψ = ψ1SIψ2 where I = (a, b) or I = [b, b]. We first show that Cα
ψ1

(k) and
Cα
ψ2

(j) are defined in the ranges they are applied in Cα
ψ(i). Let −xτj ∈ −xτi −I

and let −xτk ∈ (−xτj ,−xτi ) (let a = b if I = [b, b]). Then by Definition 6

−h+ pas(ψ1) ≤− h+max(pas(ψ1), pas(ψ2))

=− h+ pas(ψ)− b
≤− xτi − b
≤− xτk
≤− xτi
≤− fut(ψ)

=−max(fut(ψ1), fut(ψ2)− a)

≤− fut(ψ1)
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and similarly

−h+ pas(ψ2) ≤− h+ b+max(pas(ψ1), pas(ψ2))

=− h+ pas(ψ)− b
≤− xτi − b
≤− xτj
≤− xτi − a
≤− fut(ψ)− a
=−max(fut(ψ1), fut(ψ2)− a)− a
≤− fut(ψ2)

If C0
ψ1S(a,b)ψ2

(i) is satisfied at t1, then either C0
>(i) is satisfied, and by induc-

tion, > ∈ ρsi′(t1,i), implying s, i′(t1, i) |= ψ. Otherwise

i−1∨
j=1

[
− xτj ∈ (−xτi − b,−xτi − a) ∧ C0

ψ2
(j)

∧
i−1∧

k=j+1

C0
ψ1

(k)
]

and by induction

i′(t1,i)−1∨
j′=l′(t1)−l+1

[
τ sj′ ∈ (τ si′(t1,i) − b, τ

s
i′(t1,i) − a) ∧ s, j′ |= ψ2

∧
i′(t1,i)−1∧
k′=j′+1

s, k′ |= ψ1

]
but then

∃j′ :τ sj′ ∈ (τ si′(t1,i) − b, τ
s
i′(t1,i) − a).s, j′ |= ψ2

∧∀k′ : j′ < k′ < i′(t1, i).s, k
′ |= ψ1

Implying s, i′(t1, i) |= ψ.

Conversely if C0
ψ is not satisfied at t1, then C0

>(i) is not satisfied, and by
induction > 6∈ ρsi′(t1,i), and:

i−1∧
j=1

[
− xτj ∈ (−xτi − b,−xτi − a) =⇒

(
¬C0

ψ2
(j)

∨
i−1∨

k=j+1

¬C0
ψ1

(k)
) ]
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and by induction

i′(t1,i)−1∧
j′=l′(t1)−l+1

[
τ sj′ ∈ (τ si′(t1,i) − b, τ

s
i′(t1,i) − a) =⇒

(
s, j′ 6|= ψ2

∨
i′(t1,i)−1∨
k′=j′+1

s, k′ 6|= ψ1

) ]
but then

∀j′ : τ sj′ ∈ (τ si′(t1,i) − b, τ
s
i′(t1,i) − a).s, j′ 6|= ψ2

∨∃k′ : j′ < k′ < i′(t1, i).s, k
′ 6|= ψ1

Implying s, i′(t1, i) 6|= ψ.

The proofs for C1
ψ1S(a,b)ψ2

(i), Cα
ψ1S[b,b]ψ2

(i), Cα
ψ1U(a,b)ψ2

(i) and Cα
ψ1U[b,b]ψ2

(i) are

similar.

• ψ = ψ1S(a,∞)ψ2.

We first show that Cα
ψ1

(k) and Cα
ψ2

(j) are defined in all ranges in which they
appear in Cα

ψ(i) and in staying conditions and transition guards of Dα
ψ. If

−xτj ∈ [−h + pas(ψ) − a − 3,−fut(ψ) − a] and −xτk ∈ [−h + pas(ψ) − a −
3,−fut(ψ)], then by Definition 6 it holds that

−h+ pas(ψ1) ≤− h+max(pas(ψ1), pas(ψ2))

=− h+ pas(ψ)− a− 3

≤− xτk
≤− fut(ψ)

=−max(fut(ψ1), fut(ψ2)− a)

≤− fut(ψ1)

and similarly

−h+ pas(ψ2) ≤− h+max(pas(ψ1), pas(ψ2))

=− h+ pas(ψ)− a− 3

≤− xτj
≤− fut(ψ)− a
=−max(fut(ψ1), fut(ψ2)− a)− a
≤− fut(ψ2)

It is readily seen that this covers all cases by inspection of definitions.
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Next we show that D0
ψ outputs p0ψ at t1 iff the invariant (2) holds at t1:

If D0
ψ outputs p0ψ at t1, then it is either taking a transition to state q2 or is

in q2.

– If D0
ψ is taking a transition to q2 at t1, then the transition guard g02 is

satisfied:

l∨
j=1

[
− xτj ∈ (−h+ pas(ψ)− a− 3,−h+ pas(ψ)− a− 2] ∧ C0

ψ2
(j)

∧
l∧

k=j+1

(
− xτk ∈ (−xτj ,−h+ pas(ψ)− 1] =⇒ C0

ψ1
(k)
) ]

By induction

l′(t1)∨
j′=l′(t1)−l+1

[
τ sj′ ∈ (t1 − h+ pas(ψ)− a− 3, t1 − h+ pas(ψ)− a− 2]∧

s, j′ |= ψ2∧
l′(t1)∧

k′=j′+1

(
τ sk′ ∈ (τ sj′ , t1 − h+ pas(ψ)− 1] =⇒ s, k′ |= ψ1

) ]
and thus

∃j′ :τ sj′ ∈ (t1 − h+ pas(ψ)− a− 3, t1 − h+ pas(ψ)− a− 2].s, j′ |= ψ2

∧∀k′ : τ sk′ ∈ (τ sj′ , t1 − h+ pas(ψ)− 1].s, k′ |= ψ1

Implying (2) holds at t1.

– If D0
ψ is in q2 at t1, then there is δ > 0 such that D0

ψ entered q2 at t1− δ
when the transition guard g02 was satisfied and the staying condition Iq2
was satisfied for every t ∈ (t1 − δ, t1]. By induction:

l′(t1)∧
k′=l′(t1−δ)−l+1

[
τ sk′ ∈ (t1 − δ − h+ pas(ψ)− a− 2, t1 − h+ pas(ψ)− 1]

=⇒ s, k′ |= ψ1

]
and thus

∀k′ : τ sk′ ∈ (t1 − δ − h+ pas(ψ)− a− 2, t1 − h+ pas(ψ)− 1].s, k′ |= ψ1
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It was previously shown that the invariant (2) held at t1−δ. Combining
we get:

∃j′ :τ sj′ ∈ (−∞, t1 − h+ pas(ψ)− a− 2].s, j′ |= ψ2

∧∀k′ : τ sk′ ∈ (τ sj′ , t1 − h+ pas(ψ)− 1].s, k′ |= ψ1

Implying (2) holds at t1.

Thus D0
ψ outputs p0ψ at t1 if (2) holds at t1.

If D0
ψ outputs ¬p0ψ at t1, then it is either taking a transition to q1 or is in q1:

– If D0
ψ is taking a transition to q1 at t1, then the transition guard g01 is

satisfied:

l∨
k=1

[
− xτk ∈ (−h+ pas(ψ)− a− 2,−h+ pas(ψ)− 1] ∧ ¬C0

ψ1

]
and by induction:

l′(t1)∨
k′=l′(t1)−l+1

[
τ sk′ ∈ (t1 − h+ pas(ψ)− a− 2, t1 − h+ pas(ψ)− 1] ∧ s, k′ 6|= ψ1

]
but then

∃k′ : τ sk′ ∈ (t1 − h+ pas(ψ)− a− 2, t1 − h+ pas(ψ)− 1].s, k′ 6|= ψ1

Implying (2) does not hold at t1.

– If D0
ψ is in q1 at time t1, then there are two possibilities:

∗ Either D0
ψ was in q1 since the beginning of the run.

∗ Or there is δ > 0 such that D0
ψ entered q1 using the transition from

q2 at t1 − δ when g1 was satisfied and I0q1 was satisfied for every
t ∈ (t1 − δ, t1].

In the first case I0q1 held from the beginning of the run and thus ψ1S(a,∞)ψ2

never held, so (2) cannot hold.

In the second case (2) did not hold at t1 − δ and I0q1 held for every
t ∈ (t1 − δ, t1], and by induction:

l′(t1)∧
j′=l′(t1)−l+1

[
τ sj′ ∈ (t1 − δ − h+ pas(ψ)− a− 3, t1 − h+ pas(ψ)− a− 2] =⇒

{
s, j′ 6|= ψ2 ∨

l′(t1)∨
k′=j′+1

(
τ sk′ ∈ (τ sj′ , t1 − h+ pas(ψ)− 1] ∧ s, k′ 6|= ψ2

) } ]
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but then

∀j′ : τ sj′ ∈ (t1 − δ − h+ pas(ψ)− a− 3, t1 − h+ pas(ψ)− a− 2].s, j′ 6|= ψ2

∨∃k′ : τ sk′ ∈ (τ sj′ , t1 − h+ pas(ψ)− 1].s, k′ 6|= ψ1

Combining we have

∀j′ : τ sj′ ∈ (−∞, t1 − h+ pas(ψ)− a− 2].s, j′ 6|= ψ2

∨∃k′ : τ sk′ ∈ (τ sj′ , t1 − h+ pas(ψ)− 1].s, k′ 6|= ψ1

and thus (2) at t1.

Thus D0
ψ outputs ¬p0ψ at t1 if (2) does not hold at t1.

This completes the proof that D0
ψ outputs p0ψ at t1 iff (2) holds at t1.

If C0
ψ(i) is satisfied at t1, then at least one of the three clauses is satisfied:

– Suppose:
C0
>(i)

By induction ρsi′(t1,i) = >, implying s, i′(t1, i) |= ψ.

– Suppose:

p0ψ ∧
i−1∧
k=1

[
− xτk ∈ (−h+ pas(ψ)− 1,−xτi ) =⇒ C0

ψ1
(k)
]

Since p0ψ is satisfied (2) holds at t1, and by induction:

i′(t1,i)−1∧
k=l′(t1)−l+1

[
τ sk′ ∈ (t1 − h+ pas(ψ)− 1, τ si′(t1,i)) =⇒ s, k′ |= ψ1

]
and thus

∀k′ : τ sk′ ∈ (t1 − h+ pas(ψ)− 1, τ si′(t1,i)).s, k
′ |= ψ1

Combining with (2) it follows that s, i′(t1, i) |= ψ.

– Suppose:

i−1∨
j=1

[
− xτj ∈ (−h+ pas(ψ)− a− 2,−xτi − a) ∧ C0

ψ2
(j)

∧
i−1∧

k=j+1

C0
ψ1

(k)
]
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and by induction

i′(t1,i)−1∨
j′=l′(t1)−l+1

[
τ sj′ ∈ (t1 − h+ pas(ψ)− a− 2, τ si′(t1,i) − a) ∧ s, j′ |= ψ2

∧
i′(t1,i)−1∧
k′=j′+1

s, k′ |= ψ1

]
and thus

∃j′ : τ sj′ ∈ (t1 − h+ pas(ψ)− a− 2, τ si′(t1,i)).s, j
′ |= ψ2

∧∀k′ : j′ < k′ < i′(t1, i).s, k
′ |= ψ1

Implying s, i′(t1, i) |= ψ

Conversely, if C0
ψ(i) is not satisfied at t1, then one of the following clauses is

satisfied:

– Suppose:

¬C0
>(i) ∧ ¬p0ψ ∧

i−1∧
j=1

[
− xτj ∈ [−h+ pas(ψ)− a− 2,−xτi − a) =⇒

(
¬C0

ψ2
(j)∨

i−1∨
k=j+1

¬C0
ψ1

(k)
) ]

and by induction

ρsi′(t1,i) 6= >∧
i′(t1,i)−1∧

j′=l′(t1)−l−1

[
τ sj′ ∈ [t1 − h+ pas(ψ)− a− 2, τ si′(t1,i) − a) =⇒

(
s, j′ 6|= ψ2

∨
i′(t1,i)−1∨
k′=j′+1

s, k′ 6|= ψ1

) ]
and thus

ρsi′(t1,i) 6= >∧
∀j′ : τ sj′ ∈ [t1 − h+ pas(ψ)− a− 2, τ si′(t1,1) − a).s, j′ 6|= ψ2

∨∃k′ : j′ < k′ < i′(t1, i).s, k
′ 6|= ψ1
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From ¬p0ψ we have that (2) does not hold at t1. Combining we get:

ρsi′(t1,i) 6= >∧
∀j′ : τ sj′ ∈ (−∞, τ si′(t1,i) − a).s, j′ 6|= ψ2

∨∃k′ : τ sk′ ∈ (τ sj′ , τ
s
i′(t1,i)).s, k

′ 6|= ψ2

Implying s, i′(t1, i) 6|= ψ.

– Suppose:

¬C0
>(i)

∧
i−1∨
k=1

[
− xτk ∈ (−h+ pas(ψ)− 1,−xτi ) ∧ ¬C0

ψ1
(k)
]

∧
i−1∧
j=1

[
− xτj ∈ (−h+ pas(ψ)− a− 2,−xτi − a) =⇒

(
¬C0

ψ2
(j) ∨

i−1∨
k=j+1

¬C0
ψ1

(k)
) ]

and by induction:

ρsi′(t1,i) 6= >

∧
i′(t1,i)−1∨

k′=l′(t1)−l+1

[
τ sk′ ∈ (t1 − h+ pas(ψ)− 1, τ si′(t1,i)) ∧ ¬s, k

′ 6|= ψ1

]

∧
i′(t1,i)−1∧

j′=l′(t1)−l+1

[
τ sj′ ∈ (t1 − h+ pas(ψ)− a− 2, τ si′(t1,i) − a) =⇒

(
s, j′ 6|= ψ2 ∨

i′(t1,i)−1∨
k′=j′+1

s, k′ 6|= ψ1

) ]
but then:

ρsi′(t1,i) 6= >
∧∃k′ : τ sk′ ∈ (t1 − h+ pas(ψ)− 1, τ si′(t1,i)).s, k

′ 6|= ψ1

∧∀j′ : τ sj′ ∈ (t1 − h+ pas(ψ)− a− 2, τ si′(t1,i) − a). ( s, j′ 6|= ψ2

∨∃k′ : τ sk′ ∈ (τ sj′ , τ
s
i′(t1,i)).s, k

′ 6|= ψ1 )
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implying

ρsi′(t1,i) 6= >
∧∀j′ : τ sj′ ∈ (−∞, t1 − h+ pas(ψ)− a− 1). ( s, j′ 6|= ψ2

∨∃k′ : τ sk′ ∈ (τ sj′ , τ
s
i′(t1,i)).s, k

′ 6|= ψ1 )

∧∀j′ : τ sj′ ∈ (t1 − h+ pas(ψ)− a− 2, τ si′(t1,i) − a). ( s, j′ 6|= ψ2

∨∃k′ : τ sk′ ∈ (τ sj′ , τ
s
i′(t1,i)).s, k

′ 6|= ψ1 )

Implying s, i′(t1, i) 6|= ψ.

The proof for the case C1
ψ(i), p1ψ and D1

ψ is similar.

• ψ = ψ1UIψ2 where I = (a, b) or I = [b, b]. We first show that Cα
ψ1

(k) and
Cα
ψ2

(j) are defined in the ranges they are applied in Cα
ψ(i). Let −xτj ∈ −xτi +I

and let −xτk ∈ (−xτi ,−xτj ) (let a = b if I = [b, b]). Then by Definition 6

−h+ pas(ψ1) ≤− h+max(pas(ψ1), pas(ψ2)− a)

=− h+ pas(ψ)

≤− xτi
≤− xτk
≤− xτi + b

≤− fut(ψ) + b

=−max(fut(ψ1), fut(ψ2))

≤− fut(ψ1)

and similarly

−h+ pas(ψ2) ≤− h+max(pas(ψ1), pas(ψ2)− a) + a

=− h+ pas(ψ) + a

≤− xτi + a

≤− xτj
≤− xτi + b

≤− fut(ψ) + b

=−max(fut(ψ1), fut(ψ2))

≤− fut(ψ2)

The proof for the satisfaction of Cα
ψ(i) is similar to the case for ψ = ψ1S(a,b)ψ2.
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• ψ = ψ1U(a,∞)ψ2. This part of the proof is adapted from [25].

We first show that Cα
ψ1

(k) and Cα
ψ2

(j) are defined in all ranges in which they
appear in Cα

ψ(i) and in staying conditions and transition guards of Dα
ψ. If

−xτj ∈ [−h+pas(ψ)+a,−fut(ψ)+a+1] and −xτk ∈ [−h+pas(ψ),−fut(ψ)+
a+ 1], then by Definition 6 it holds that

−h+ pas(ψ1) ≤− h+max(pas(ψ1), pas(ψ2)− a)

=− h+ pas(ψ)

≤− xτk
≤− fut(ψ) + a+ 1

=− 1−max(fut(ψ1), fut(ψ2))

≤− fut(ψ1)

and similarly

−h+ pas(ψ2) ≤− h+max(pas(ψ1), pas(ψ2)− a) + a

=− h+ pas(ψ) + a

≤− xτj
≤− fut(ψ) + a+ 1

=− 1−max(fut(ψ1), fut(ψ2))

≤− fut(ψ2)

It is seen that this covers all cases by inspection of definitions.

Next we show that D0
ψ outputs p0ψ at t1 iff the invariant (3) holds at t1:

If D0
ψ outputs p0ψ at t1, then it is either in one of the states q1 or q2 or is

taking a transition to q1 or q2:

– The staying condition I0q1 of q1 is

l∧
k=1

[
− xτk ∈ (−fut(ψ),−fut(ψ) + a+ 1) =⇒ C0

ψ1
(k)
]

∧
l∧

j=1

[
− xτj ∈ (−fut(ψ) + a,−fut(ψ) + a+ 1) =⇒ ¬C0

ψ2
(k)
]

If D0
ψ is in q1 at t1, then because q1 is the only unfair state and the only

outgoing transition is to q2, there is δ > 0 such that g02 is satisfied at
t1 + δ and I0q1 is satisfied for every t ∈ (t1, t1 + δ). By induction:

l′(t1+δ)∧
k′=l′(t1)−l+1

[
τ sk′ ∈ (t1 − fut(ψ), t1 + δ − fut(ψ) + a+ 1) =⇒ s, k′ |= ψ1

]
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and thus

∀k′ : τ sk′ ∈ (t1 − fut(ψ), t1 + δ − fut(ψ) + a+ 1).s, k′ |= ψ1

It can easily be seen that g02 corresponds to:

l∨
j=1

[
− xτj ∈ (−fut(ψ) + a,−fut(ψ) + a+ 1] ∧ C0

ψ2
(j)

∧
j−1∧
k=1

(
− xτk ∈ (−fut(−ψ),−xτj ) =⇒ C0

ψ1
(k)
) ]

and by induction

l′(t1+δ)∨
j′=l′(t1+δ)−l+1

[
τ sj′ ∈ (t1 + δ − fut(ψ) + a, t1 + δ − fut(ψ) + a] ∧ s, j′ |= ψ2

∧
j′−1∧

k′=l′(t1)−l+1

(
τ sk′ ∈ (t1 + δ − fut(ψ), τ sj′) =⇒ s, k′ |= ψ1

) ]
but then

∃j′ : τ sj′ ∈ (t1 + δ − fut(ψ) + a, t1 + δ − fut(ψ)] ∧ s, j′ |= ψ2

∧∀k′ : τ sk′ ∈ (t1 + δ − fut(ψ), τ sj′).s, k
′ |= ψ1

By combining we get:

∃j′ : τ sj′ ∈ (t1 − fut(ψ) + a+ δ, t1 − fut(ψ) + a+ 2 + δ).s, j′ |= ψ2

∧∀k′ ∈ (t1 − fut(ψ) + δ, τ sk′).s, k
′ |= ψ1

Implying (3) holds at t1.

– The staying condition I0q2 for q2 is:

l∨
j=1

[
− xτj ∈ (−fut(ψ) + a,−fut(ψ) + a+ 1) ∧ C0

ψ2
(j)

∧
j−1∧
k=1

(
− xτk ∈ (−fut(ψ),−xτj ) =⇒ C0

ψ1
(k)
) ]

Thus, if D0
ψ is in q2 at t1, it follows by induction that:

l′(t1)∨
j′=l′(t1)−l+1

[
τ sj′ ∈ (t1 − fut(ψ) + a, t1 − fut(ψ) + a+ 1) ∧ s, j′ |= ψ2

∧
j′−1∧

k′=l′(t1)−l+1

(
τ sk′ ∈ (t1 − fut(ψ), τ sj′) =⇒ s, k′ |= ψ1

) ]
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and hence

∃j′ : τ sj′ ∈ (t1 − fut(ψ) + a, t1 − fut(ψ) + a+ 1).s, j′ |= ψ2

∧∀k′ ∈ (t1 − fut(ψ), τ sj′).s, k
′ |= ψ1

Implying (3) holds at t1.

– If D0
ψ is taking a transition to q1 at t1, then the transition guard g01 is

satisfied and thus, I0q1 holds at t1. Because the run is accepting, there is
δ > 0 such that D0

ψ stays in q1 for every t ∈ (t1, t1 + δ). It was already
shown (3) holds for every t ∈ (t1, t1 + δ). Combining the two, it follows
that (3) holds at t1.

– If D0
ψ is taking a transition to q2 at t1, then the transition guard g02 is

satisfied:

I0q2 ∨

[
I0q1 ∧

l∨
j=1

(
− xτj = −fut(ψ) + a+ 1 ∧ C0

ψ2
(j)
)]

It can easily be seen this corresponds to:

l∨
j=1

[
− xτj ∈ (−fut(ψ) + a,−fut(ψ) + a+ 1] ∧ C0

ψ2
(j)

∧
j−1∧
k=1

(
− xτk ∈ (−fut(−ψ),−xτj ) =⇒ C0

ψ1
(k)
) ]

and by induction:

l′(t1)∨
j′=l′(t1)−l+1

[
τ sj′ ∈ (t1 − fut(ψ) + a, t1 − fut(ψ) + a+ 1] ∧ s, j′ |= ψ2

∧
j′−1∧

k′=l′(t1)−l+1

(
τ sk′ ∈ (t1 − fut(ψ), τ sj′) =⇒ s, k′ |= ψ1

) ]
but then:

∃j′ : τ sj′ ∈ (t1 − fut(ψ) + a, t1 − fut(ψ) + a+ 1].s, j′ |= ψ2

∧∀k′ : τ sk′ ∈ (t1 − fut(ψ), τ sj′).s, k
′ |= ψ1

Implying that (3) holds at t1.

Thus D0
ψ outputs p0ψ at t1 if (3) holds.

If D0
ψ outputs ¬p0ψ at t1, then it is either in one of the states q3 or q4, or is

taking a transition to q3 or q4.
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– The staying condition I0q3 of q3 is:

l∧
k=1

[
− xτk ∈ (−fut(ψ),−fut(ψ) + a+ 1) =⇒ C0

ψ1
(k)
]

∧
l∧

j=1

[
− xτ ∈ (−fut(ψ) + a,−fut(ψ) + a+ 1) =⇒ ¬C0

ψ2
(j)
]

If D0
ψ is in q3 at t1, then because q3 is a fair state and the only outgoing

transition is to q4, there are two possibilities:

∗ Either D0
ψ stays forever in q3, implying that ψ2 never becomes true,

and thus (3) is not satisfied at t1.

∗ Otherwise there is δ > 0 such that g04 is satisfied at t1 + δ and I0q3
is satisfied for every t ∈ (t1, t1 + δ). By induction:

l′(t1+δ)∧
k′=l′(t1)−l+1

τ sk′ ∈ (t1 − fut(ψ), t1 + δ − fut(ψ) + a+ 1).s, k′ |= ψ1

and thus:

∀k′ : τ sk′ ∈ (t1 − fut(ψ), t1 + δ − fut(ψ) + a+ 1).s, k′ |= ψ1

It can easily be seen that g04 corresponds to:

l∨
k=1

[
− xτk ∈ (−fut(ψ),−fut(ψ) + a+ 1] ∧ ¬C0

ψ1
(k)

∧
k−1∧
j=1

(
− xτj ∈ (−fut(ψ) + a,−xτk) =⇒ ¬C0

ψ2
(j)
) ]

and by induction:

l′(t1+δ)∨
k′=l′(t1+δ)−l+1

[
τ sk′ ∈ (t1 + δ − fut(ψ), t1 + δ − fut(ψ) + a+ 1] ∧ s, k′ 6|= ψ1

∧
k′−1∧

j′=l′(t1+δ)−l+1

(
τ sj′ ∈ (t1 − fut(ψ) + a, τ sk′) =⇒ s, j′ 6|= ψ2

) ]
and thus:

∃k′ : τ sk′ ∈ (t1 + δ − fut(ψ), t1 + δ − fut(ψ) + a+ 1].s, k′ 6|= ψ1

∧∀j′ : τ sj′ ∈ (t1 − fut(ψ) + a, τ sk′).s, j
′ 6|= ψ2

Combining, we get that (3) does not hold at t1.
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– The staying condition I0q4 for q4 is

l∨
k=1

[
− xτk ∈ (−fut(ψ),−fut(ψ) + a+ 1) ∧ ¬C0

ψ1
(k)

∧
l∧

j=k+1

(
− xτj ∈ (−fut(ψ) + a,−xτk) =⇒ ¬C0

ψ2
(j)
) ]

If D0
ψ is in q4 at t1, then I0q4 is satisfied at t1, and by induction:

l∨
k′=l′(t1)−l+1

[
τ sk′ ∈ (t1 − fut(ψ), t1 − fut(ψ) + a+ 1) ∧ s, k′ 6|= ψ1

∧
l′(t1)∧

j′=k′+1

(
τ sj′ ∈ (t1 − fut(ψ) + a, τ sk′) =⇒ s, j′ 6|= ψ2

) ]
but then:

∃k′ : τ sk′ ∈ (t1 − fut(ψ), t1 − fut(ψ) + a+ 1).s, k′ 6|= ψ1

∧∀j′ : τ sj′ ∈ (t1 − fut(ψ) + 1, τ sk′).s, j
′ 6|= ψ2

Implying (3) does not hold at t1.

– If D0
ψ is taking a transition to q3 at t1, then the transition guard g03 is

satisfied and thus I0q3 holds at t1. Because the run is accepting, there is
δ > 0 such that D0

ψ stays in q3 for every t ∈ (t1, t1 + δ). It was already
shown that (3) does not hold for every t ∈ (t1, t1 + δ). Combining the
two, it follows that (3) does not hold at t1.

– If D0
ψ is taking a transition to q4 at t1, then the transition guard g04 is

satisfied:
l∨

k=1

[
− xτk ∈ (−fut(ψ),−fut(ψ) + a+ 1) ∧ ¬C0

ψ1
(k)

∧
k−1∧
j=1

(
− xτj ∈ (−fut(ψ) + a,−xτk) =⇒ C0

ψ2
(j)
) ]

and by induction:

l′(t1)∨
k′=l′(t1)−l+1

[
τ sk′ ∈ (t1 − fut(ψ), t1 − fut(ψ) + a+ 1) ∧ s, k′ 6|= ψ1

∧
k′−1∧

j′=l′(t1)−l+1

(
τ sj′ ∈ (t1 − fut(ψ) + a, τ sk′) =⇒ s, j′ 6|= ψ2

) ]
56



but then:

∃k′ : τ sk′ ∈ (t1 − fut(ψ), t1 − fut(ψ) + a+ 1).s, k′ 6|= ψ1

∧∀j′ : τ sj′ ∈ (t1 − fut(ψ) + a, τ sk′).s, j
′ 6|= ψ

Implying that (3) does not hold at t1.

Thus D0
ψ outputs ¬p0ψ at t1 if (3) does not hold.

This completes the proof that D0
ψ outputs p0ψ at t1 iff (3) holds at t1.

If C0
ψ(i) is satisfied at t1, then one of the following clauses is satisfied:

– Suppose:

−xτi ≤ −fut(ψ) ∧ p0ψ ∧
l∧

k=i+1

[
− xτk ∈ (−xτi ,−fut(ψ)] =⇒ C0

ψ1
(k)
]

By induction:

l′(t1)∧
k′=i′(t1)+1

[
τ sk′ ∈ (τ si′(t1,i), t1 − fut(ψ)] =⇒ s, k′ |= ψ1

]
and thus:

∀k′ : τ sk′ ∈ (τ si′(t1,i), t1 − fut(ψ)].s, k′ |= ψ1

Because p0ψ iff (3) we have:

∃j′ : τ sj′ ∈ (τ si′(t1,i) + a,∞).s, j′ |= ψ2

∧ ∀k′ ∈ (τ si′(t1,i), τ
s
j′).s, k

′, |= ψ1

Implying s, i′(t1, i) |= ψ.

– Suppose:

−xτi > −fut(ψ) ∧
l∨

j=i+1

[
− xτj ∈ (−xτi + a,−fut(ψ) + a] ∧ C0

ψ2
(i)

∧
j−1∧
k=i+1

C0
ψ1

(k)
]

By induction:

l′(t1)∨
j′=i′(t1,i)+1

[
τ sj′ ∈ (τ si′(t1,i) + a, t1 − fut(ψ) + a] ∧ s, j′ |= ψ2

∧
j′−1∧

k′=i′(t1,i)+1

s, k′ |= ψ1

]
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and thus:

∃j′ :τ sj′ ∈ (τ si′(t1,i) + a, t1 − fut(ψ) + a].s, j′ |= ψ2

∧∀k′ : i′(t1, i) < k′ < j′.s, k′ |= ψ1

Implying s, i′(t1, i) |= ψ.

Conversely, if C0
ψ(i) is not satisfied at t1 then one of the following clauses is

satisfied:

– Suppose −xτi = −fut(ψ)∧¬p0ψ. Then τ si′(t1,i) = t1−fut(ψ), but then (3)

not holding corresponds precisely to s, i′(t1, i) 6|= ψ.

– Suppose −xτ < −fut(ψ) and one of:

∗ Either:

¬p0ψ ∧
l∧

j=i+1

[
− xτj ∈ (−xτi + a,−fut(ψ) + a] =⇒

(
¬C0

ψ2
(j)

∨
j−1∨
k=i+1

¬C0
ψ1

(k)
) ]

By induction:

l′∧
j′=i′(t1,i)+1

[
τ sj′ ∈ (τ si′(t1,i) + a, t1 − fut(ψ) + a] =⇒

(
s, j′ 6|= ψ2

∨
j′−1∨

k′=i′(t1,i)+1

s, j′ 6|= ψ1

) ]
but then:

∀j′ : τ sj′ ∈ (τ si′(t1,i) + a, t1 − fut(ψ) + a].s, j′ 6|= ψ2

∨∃k′ : i′(t1, i) < k′ < j′.s, k′ 6|= ψ1

From ¬p0ψ we have that (3) does not hold at t1. Combining, we get:

∀j′ : τ sj′ ∈ (τ si′(t1,i) + a,∞).s, j′ 6|= ψ2

∨∃k′ : τ sk′ ∈ (τ si′(t1,i), τ
s
j′).s, k

′ 6|= ψ1

Implying s, i′(t1, i) 6|= ψ
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∗ Or:

l∨
k=i+1

[
− xτk ∈ (−xτi ,−fut(ψ)] ∧ ¬C0

ψ1
(k)
]

∧
l∧

j=i+1

[
− xτj ∈ (−xτi + a,−fut(ψ) + a] =⇒

(
¬C0

ψ2
(j)

∨
j−1∨
k=i+1

¬C0
ψ1

(k)
) ]

By induction:

l′(t1)∨
k′=i′(t1,i)+1

[
τ sk′ ∈ (τ si′(t1,i), t1 − fut(ψ)] ∧ s, k′ 6|= ψ1

]

∧
l′(t1)∧

j′=i′(t1,i)+1

[
τ sj′ ∈ (τ si′(t1,i) + a, t1 − fut(ψ) + a] =⇒

(
s, j′ 6|= ψ2

∨
j′−1∨

k′=i′(t1,i)+1

¬s, k′ 6|= ψ1

) ]
but then:

∃k′ : τ sk′ ∈ (τ si′(t1,i), t1 − fut(ψ)).s, k′ 6|= ψ1

∧∀j′ : τ sj′ ∈ (τ si′(t1,i) + a, t1 − fut(ψ) + a].s, j′ 6|= ψ2

∨∃k′ : τ sk′ ∈ (τ si′(t1,i), τ
s
j′).s, k

′ 6|= ψ1

implying:

∀j′ : τ sj′ ∈ (t1 − fut(ψ) + a,∞).s, j′ 6|= ψ2

∨∃k′ : τ sk′ ∈ (τ si′(t1,i), t1 − fut(ψ)).s, k′ 6|= ψ1

∧∀j′ : τ sj′ ∈ (τ si′(t1,i) + a, t1 − fut(ψ) + a].s, j′ 6|= ψ2

∨∃k′ : τ sk′ ∈ (τ si′(t1,i), τ
s
j′).s, k

′ 6|= ψ1

Implying s, i′(t1, i) 6|= ψ.

The proof for C1
ψ(i), D1

ψ and p1ψ is similar.
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Lemma 6. Assume that for the input word s we have s, 1 |= ϕ. Then there is
an run ξ of Aϕ on ws which is accepting and in addition it holds that if ξ is in
t1, then for every i ∈ {1, . . . , l} such that −xτi ∈ [−h + pas(ψ),−fut(ψ)] and for
every subformula ψ of ϕ, the constraint C0

ψ(t) is satisfied at t1 iff s, i′(t1, i) |= ψ,
and the constraint C1

ψ(t) is satisfied at t1 iff s, i′(t1, i) |= ψ.

Proof. We show by induction on the structure of the formula ϕ and subformulas
ψ of ϕ that the required run can ξ be constructed.

• ψ = p. The TA for atomic propositions is deterministic and does not af-
fect the acceptance of the run. The proofs that C0

p(i) is satisfied at t1 iff
s, i′(t1, i) |= p and C1

p(i) is satisfied at t1 iff s, i′(t1, i) |= p are similar to the
corresponding cases in the proof of Lemma 5.

• ψ = ψ1∨ψ2, ψ = ¬ψ, ψ = ψ1UIψ2, ψ = ψ1SIψ2 where I = (a, b) or I = [b, b].
These formulas do not add states to the automaton. By induction the runs
constructed for the automata for ψ1 and ψ2 satisfy that C0

ψi
(j) is satisfied at

t1 iff s, i′(t1, j) |= ψi and C1
ψi

(j) is satisfied at t1 iff s, i′(t1, j) |= ψi.

The proofs that C0
ψ(i) is satisfied at t1 iff s, i′(t1, i) |= ψ and C1

ψ(i) is satisfied
at t1 iff s, i′(t1, i) |= ψ are similar to the the corresponding cases in the proof
of Lemma 5.

• ψ = ψ1U(a,∞)ψ2. This part of the proof is adapted from [25]. We have to
show that a run of D0

ψ can be constructed. Consider the following three
conditions:

1.
∃j′ : τ sj′ ∈ (t1 − fut(ψ) + a, t1 − fut(ψ) + a+ 1).s, j′ |= ψ2

∧∀k′ : τ sk′ ∈ (t1 − fut(ψ), τ sj′).s, k
′ |= ψ1

2.
∃k′ : τ sk′ ∈ (t1 − fut(ψ), t1 − fut(ψ) + a+ 1).s, k′ 6|= ψ1

∧∀j′ : τ sj′ ∈ (t1 − fut(ψ) + a, τ sk′).s, j
′ 6|= ψ2

3.

∀k′ : τ sk′ ∈ (t1 − fut(ψ), t1 − fut(ψ) + a+ 1).s, k′ |= ψ1

∧∀j′ : τ sj′ ∈ (t1 − fut(ψ) + a, t1 − fut(ψ) + a+ 1).s, j′ 6|= ψ2

These three conditions are mutually exclusive and their disjunction is valid.

We partition the timeline, starting at fut(ψ), into a minimum sequence
of adjacent intervals T1T2 . . . such that Ti = (ti, ti+1) with ti+1 > ti and
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t0 = fut(ψ) such that in every interval the input word satisfies one of the
three conditions.

We associate to every interval Ti one of the states of D0
ψ:

– If Ti satisfies (1), then the associated state is q2.

– If Ti satisfies (2), then the associated state is q4.

– If Ti satisfies (3), then the associated state is either q1 or q3. The
non-determinism is resolved by the following three mutually exclusive
conditions:

∗ If Ti+1 satisfies the condition (1), then the state associated to Ti is
q1.

∗ If Ti+1 satisfies the condition (2), then the state associated to Ti is
q3.

∗ If Ti is the last interval, that is Ti = (ti,∞), then the associated
state is q3.

The run of D0
ψ is generated as a sequence of states according to the above

partition of the time line with respect to the input word. The generated run
is valid because at every time t ∈ Ti, the run is in a state whose invariant is
equal to the condition of Ti, and at every time ti+1 between adjacent intervals
TiTi+1, there is a transition between the states in D0

ψ that are associated with
Ti and Ti+1, that is:

– Consider a transition entering state q1. By construction, the only pos-
sible transitions are from q0 and q2 and q4.

It can easily be seen g01 that corresponds to:

l∧
k=1

[
− xτk ∈ (−fut(ψ),−fut(ψ) + a+ 1] =⇒ C0

ψ1
(k)
]
∧

l∧
j=1

[
− xτj ∈ (−fut(ψ) + a,−fut(ψ) + a+ 1] =⇒ ¬C0

ψ2
(j)
]

Thus if g01 holds at ti+1 it implies I0q1 holds in some non-singular prefix
of Ti+1.

– The case for transitions entering q3 is similar to that for transitions
entering q1.

– Consider a transition entering state q2. By construction, the only pos-
sible transitions are from q0, q1 and q4. It can easily be seen that g02
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corresponds to:

l∨
j=1

[
− xτj ∈ (−fut(ψ) + a,−fut(ψ) + a+ 1] ∧ C0

ψ2
(j)

∧
j−1∧
k=1

(
− xτk ∈ (−fut(ψ),−xτj ) =⇒ C0

ψ1
(k)
) ]

Thus if g02 holds at ti+1 it implies I0q2 holds in some non-singular prefix
of Ti+1.

– Consider a transition entering state q4. By construction, the only pos-
sible transitions are from q0, q2 and q3. It can easily be seen that g04
corresponds to:

l∨
k=1

[
− xτk ∈ (−fut(ψ),−fut(ψ) + a+ 1] ∧ ¬C0

ψ1
(k)

∧
l∧

j=k+1

(
− xτj ∈ (−fut(ψ) + a,−xτk] =⇒ C0

ψ2
(j)
) ]

Thus if g04 holds at ti+1 it implies I0q4 holds in some non-singular prefix
of Ti+1.

The generated run is accepting because the only unfair state in D0
ψ is q1, and

the run can be in q1 at some t ∈ Ti only if Ti is followed by Ti+1 that satisfies
condition (1), that is state q2.

The proof that D0
ψ outputs p0ψ at t1 iff (3) holds at t1 is similar to the

corresponding case in the proof of Lemma 5. Based on the correctness of p0ψ,
the proof that at time t1 the predicate C0

ψ(i) holds iff s, i′(t1, i) |= ψ is also
similar to the corresponding case in the proof of Lemma 5. The proof for
C1
ψ(i), D1

ψ and p1ψ is similar.

• ψ = ψ1S(a,∞)ψ2. We have to show that a run of D0
ψ can be constructed. We

partition the timeline into a minimal sequence of adjacent intervals T0T1 . . .
such that Ti = (ti, ti+1) with ti+1 > ti and t0 = 0 such that:

– In every even numbered interval (Ti such that i is even) the input word
satisfies the invariant (2) and the associated state is q1.

– In every odd numbered interval (Ti such that i is odd) the input word
does not satisfy (2) and the associated state is q2.
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The run of D0
ψ is generated as a sequence of states according to the above

partition of the timeline with respect to the input word. The generated run
is valid because at every time t ∈ Ti the run is in a state associated with
Ti, and at every time ti+1 between two adjacent intervals TiTi+1, there is a
transition between the states in D0

ψ that are associated with Ti and Ti+1

We now demonstrate that the run generated in this way is valid:

– The state associated with T0 is q1, and this agrees with the structure
of D0

ψ which has q1 as initial state. The staying condition I0q1 for q1 is
given by:

l∧
j=1

[
− xτj ∈ (−h+ pas(ψ)− a− 3,−h+ pas(ψ)− a− 2] =⇒

{
¬C0

ψ2
(j)

∨
l∨

k=j+1

(
− xτk ∈ (−xτj ,−h+ pas(ψ)− 1] ∧ ¬C0

ψ1
(k)
) } ]

We need to show that there is δ > 0 such that I0q1 holds for every time
t ∈ [0, δ). It is easy to see that I0q1 holds vacuously as long as no clock
variable −xτj is in the interval specified by the outermost clause in I0q1 .
By inspecting Definition 6 it can be seen that h = fut(ϕ) + pas(ϕ) ≥
pas(ψ) and as a ≥ 0 it follows that −h+ pas(ψ)− a− 2 < 0. Because
at time t0 = 0 every clock xτj is 0 or ⊥ it follows that no clock value
−xτj enters the interval in the outermost clause of I0q1 until earliest time
δ = h− pas(ψ) + a+ 2.

– The only possible transition to q1 is from q2, and because the transition
guard g01 is the negation of the staying condition I0q2 for q2, it is always
possible to continue a run from q2 by transitioning to q1. If g01 is satisfied
at ti+1, then:

l∨
k=1

[
− xτk ∈ (−h+ pas(ψ)− a− 2,−h+ pas(ψ)− 1] ∧ ¬C0

ψ1
(k)
]

To see that there is δ > 0 such that g01 holds for every t ∈ [ti+1, ti+1 +δ),
let k ∈ {1, . . . , l} be the the smallest index such that −xτk ∈ (−h +
pas(ψ) − a − 2,−h + pas(ψ) − 1] and ¬C0

ψ1
(k) is satisfied at ti+1 and

let δ = h− pas(ψ) + a+ 2− xτk.
Further, t ∈ [ti+1, ti+1 + δ) and for every j ∈ {1, . . . , l} such that −xτj ∈
(−h + pas(ψ) − a − 3,−h + pas(ψ) − a − 1] has −xτk ∈ (−xτj ,−h +
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pas(ψ)− 1], implying I0q1 holds:

l∧
j=1

−xτj ∈ (−h+ pas(ψ)− a− 3,−h+ pas(ψ)− a− 2] =⇒ ¬C0
ψ2

(j)

∨
l∨

k=j+1

−xτk ∈ (−xτj ,−h+ pas(ψ)− 1] ∧ ¬C0
ψ1

(k)

– The only possible transition to q2 is from q1, and because the transition
guard g02 is the negation of the staying condition I0q1 for q1, is is always
possible to continue a run from q1 by transitioning to q2. If g02 is satisfied
at ti+1, then:

l∨
j=1

[
− xτj ∈ (−h+ pas(ψ)− a− 3,−h+ pas(ψ)− a− 2] ∧ C0

ψ2
(j)

∧
l∧

k=j+1

(
− xτk ∈ (−xτj ,−h+ pas(ψ)− 1] =⇒ C0

ψ1
(k)
) ]

It follows that there is j ∈ {1, . . . , l} such that −xτj ∈ (−h + pas(ψ)−

a − 3,−h + pas(ψ) − a − 2] and C0
ψ1

(j) and
l∧

k=j+1

−xτk ∈ (−xτj ,−h +

pas(ψ)− 1] =⇒ C0
ψ1

(k) are satisfied at t1+1, but then because (−h +
pas(ψ)− a− 2,−h + pas(ψ)− 1] ⊆ (−xτj ,−h + pas(ψ)− 1], it follows
that I0q2 is satisfied at ti+1:

l∧
k=1

[
− xτk ∈ (−h+ pas(ψ)− a− 2,−h+ pas(ψ)− 1] =⇒ C0

ψ1
(k)
]

Note that I0q2 holds vacuously if there is no k such that −xτk lies in
the specified interval. Let kmin ∈ {1, . . . , l} be the smallest index such
that −xτkmin ∈ (−h + pas(ψ)− a− 2,−h + pas(ψ)− 1]. If kmin = l let
δ = h− pas(ψ) + 1, otherwise δ = h− pas(ψ) + 1− xτkmin+1. Then I0q2
holds for every t ∈ [ti+1, ti+1 + δ).

We have shown there is T0 = [0, t2) where I0q1 holds throughout.Because g02
is the negation of I0q1 it is possible to transition from q1 to q2 at t2·i+1, and
in a similar way g01 is the negation of I0q2 and it is possible to transition from
q2 to q1 at t2·i.

All states of D0
ψ are fair and thus all runs are accepting.
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The proof that D0
ψ outputs p0ψ at t1 iff (2) holds at t1 is similar to the

corresponding case in the proof of Lemma 5. Based on the correctness of p0ψ,
the proof that at time t1 the constraint C0

ψ(i) holds iff s, i′(t1, i) |= ψ is also
similar to the corresponding case in the proof of Lemma 5. The proof for
C1
ψ(i), D1

ψ and p1ψ is similar.

From Lemma 5 ws ∈ L(Aϕ) implies s, 1 |= ϕ, and from Lemma 6 s, 1 |= ϕ
implies ws ∈ L(Aϕ). It follows that:

Theorem 1. For timed word s = (ρs, τ s) and formula ϕ we have s, 1 |= ϕ iff
ws ∈ L(Aϕ).

Corollary 1. For every MTL formula ϕ with m propositions, nU unbounded un-
til operators, nS unbounded since operators, inputs of bounded variability kvar
and event rate kER, there exists a nondeterministic timed automaton Aϕ with
h ·
(
2 ·
⌈
kvar
2

⌉
+ kER

)
clocks and (2m + 1) · (2 · 4nU + 1) · 2nS states that accepts

every instance s of the language of ϕ packaged as a signal ws.

Notice that this improves the number of states of Aϕ compared to [25] when ϕ

contains no since operators from
((

2 · dkvar·fut(ϕ)
2

e+ 1
)m

+ 1
)
· (2 · 4nU + 1) states

to (2m + 1) · (2 · 4nU + 1) states.
Our construction thus captures the target semantics, which was the goal.

4.8 Monitoring

This subsection outlines how the construction of Aϕ can be used to obtain a
monitoring procedure. Correct behavior of a program is specified as an MTL
formula ϕ and a trace from the program is represented by a timed word s.

We construct two TAs Aϕ = AMEM ⊗Dϕ for ϕ and A¬ϕ = AMEM ⊗Dϕ for its
negation ¬ϕ respectively. By Definition 1, Definition 2, Theorem 1 and Lemma 4
we have:

• ws> ∈ L(Aϕ) iff s, 1 |=− ϕ, and

• ws> 6∈ L(A¬ϕ) iff s, 1 |=+ ϕ.

Rather than determining the above directly by evaluating Aϕ and A¬ϕ on the

infinite signal ws
>

, which could in general require an infinite number of steps, we
use more indirect but finite means. First evaluate Aϕ and A¬ϕ on ws and track
the states Qs

ϕ of Dϕ reached after all of ws has been consumed and denote the
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corresponding states of Ds
¬ϕ by Qs

¬ϕ. Denote the clock valuations of AMEM after
consuming all of ws by vs.

Let AGEN be a TA which has the same number of clocks as AMEM and which
generates the timed word >ωϕ,s in the sense that regardless of what input signal
is given to AGEN , it makes clock assignments identical to those made by AMEM

when given the timed word >ωϕ,s packaged as a signal w>
ω
ϕ,s . Given that s> is of

bounded event rate kER such a TA can easily be constructed.
Let A′ϕ = AGEN ⊗Dϕ and in addition let vs be its initial clock valuation and

let Qs be its set of initial states. In the same way define A′¬ϕ = AGEN ⊗D¬ϕ with
initial clock valuation vs and set of initial states Qs

¬ϕ. With these definitions we
have:

• ws> ∈ L(Aϕ) iff A′ϕ accepts every infinite signal, and

• ws> 6∈ L(A¬ϕ) iff A′¬ϕ accepts no signal.

In both instances the problem is reduced to checking the corresponding TA for
emptiness. A′ϕ (and correspondingly A′¬ϕ) is non-empty iff its region graph [1] has
representatives from each of its sets of accepting states belonging to non-trivial
strongly connected components reachable from some state in Qs

ϕ (and correspond-
ingly Qs

¬ϕ). This can be decided by depth-first searches starting from each state
in Qs

ϕ (Qs
¬ϕ) of the region graph of A′ϕ (A′¬ϕ).

We have thus demonstrated how our construction can be used for monitoring,
which was our goal.
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Chapter 5

Related work

5.1 ω-automata and timed automata

Standard finite automata [19] are used to represent formal languages which are sets
of finite words over finite alphabets. By modifying their acceptance conditions in
a suitable way, similar constructions called ω-automata, can be used to represent
infinite words over finite alphabets. An accessible introduction to ω-automata is
given in [30]. Standard algorithms for automata provide set operations on formal
languages including union, intersection and complementation as well as emptiness
checking which is the problem of determining whether a language has at least one
member or is the empty set.

Timed automata [1, 2] were introduced to model the behavior of real-time sys-
tems over time. A timed automaton can be turned into an equivalent ω-automaton
referred to as its region automaton and emptiness can be checked in time exponen-
tial in the number of clocks and the length of the clock constraints of the timed
automaton. Bengtsson and Yi [10] cover decision problems and algorithms for
timed automata.

5.2 LTL, MTL and MITL

LTL was introduced by Pnueli [27] and MTL was introduced by Koymans [20].
MITL was introduced as a relaxation of MTL by Alur et al. [3]. The standard
construction for translating LTL into ω-automata is given in [31] and explained
in [30].
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5.2.1 Translation MTL and MITL to timed automata

Maler et al. [23], Ferrère et al. [16] give a translation from continuous time MITL
to timed automata based on temporal testers. Every subformula is built as a timed
automaton which reads the truth value of its subformulas and itself outputs its
truth value. Due to the relaxation of MITL compared to MTL they are able to
handle signals of arbitrary variability using a finite number of clocks. A draw-
back to their approach is that clock assignments are mixed with non-determinism,
resulting in timed automata that cannot be determinized.

Ničković and Piterman [25] give a translation from continuous-time MTL to
timed automata. Crucially they separate clock assignments from non-determinism
imposed by unbounded future operators and this makes the construction deter-
minizable. The translation form MTL to timed automata given in this thesis is
based on Ničković and Piterman [25] but our approach is for point-in-time MTL
over finite and infinite traces. In addition [25] requires quantifier elimination for
its clock constraints and in the worst case this increases the size of the predicates
by an exponential factor. We are able to avoid this thanks to working in a different
time domain. Our construction supports both the past and future fragments of
MTL while [25] only supports the future fragment.

5.3 Runtime verification

Runtime verification has been surveyed in Leucker and Schallhart [22] and more
recently in Bartocci et al. [4]. Sánchez et al. [28] is a recent survey of open problems
and challenges in runtime verification.

5.3.1 Finite traces and monitorability

LTL semantics is defined over infinite words but traces from running programs are
necessarily finite. Various semantics for LTL over finite traces have been proposed
with three-valued semantics by Bauer et al. [6] and truncated path semantics by [14]
having received the most attention in the literature. Both of these semantics are
related to the notion of good and bad prefixes in [21]. A finite word x over Σ is a
good prefix of language L(ϕ) iff for all y over Σ the concatenation x · y is in L(ϕ),
and x is a bad prefix of language L(ϕ) iff for all words y over Σ the concatenation
x · y is not in L(ϕ). A distinguished subcategory of bad prefixes are informative
prefixes that “tell the whole story” of why they are not in L(ϕ).

In three-valued semantics the verdict given for word x on formula ϕ is ⊥ if x is
a bad prefix of ϕ, > if x is a good prefix of ϕ and ? if x is neither. Truncated path
semantics give verdicts according to weak and strong views where weak rejection
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for x on ϕ corresponds to x being an informative prefix of ϕ and strong acceptance
corresponds to x being an informative prefix of ¬ϕ.

Monitorability which is concerned with classifying properties into categories
based on what guarantees can be given by only observing finite traces has been
studied by Bauer et al. [7] and Peled and Havelund [26].

5.3.2 LTL and MTL runtime monitoring

Numerous runtime monitoring systems have been described in the literature. Here
we briefly survey some representative samples for monitoring of LTL and MTL
specifications.

Havelund and Rosu [17] suggest a procedure based on dynamic programming
for online monitoring of the past fragment of LTL.

Thati and Rosu [29] give a procedure based on dynamic programming for point-
in-time MTL over finite traces with discrete timestamps. The semantics they
implement are non-standard.

Bauer et al. [6, 8] give a procedure for online monitoring of LTL and a timed
variation of LTL, both of them with three-valued semantics. Their procedure is
based on non-deterministic automata where every state q is annotated with the
verdict for the input word x if q is the final state when reading x.

Ho et al. [18] give an online monitoring procedure for point-in-time MTL with
truncated path semantics based on a combination of dynamic programming and
two-way alternating automata. Their procedure is trace-length independent [9],
meaning its memory usage is independent of the length of the trace. A weakness
of their work is that they rely on rewriting the unbounded parts of the formulas
into LTL, which in worst case has non-elementary blowup of the size of the formula.

Basin et al. [5] suggest event-rate independence, meaning that memory usage
should not depend on the event rate of the trace, and the procedure they present
has memory usage logarithmic in the event rate of the trace. Their procedure
is based on dynamic programming. From the future fragment they only support
bounded future operators.
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Chapter 6

Conclusion

This thesis started out with the observation that translations from MTL to timed
automata have been used surprisingly little in runtime verification despite the
strong connections between temporal logics and automata theory and the fact
that timed automata themselves are defined over timed words and signals just like
MTL.

We then proposed to begin filling this gap by adapting an existing translation
from MTL to timed automata for use in runtime monitoring, and we picked Ničković
and Piterman [25] for this. Several requirements related to semantics for finite
traces and optimizations that such a translation must satisfy where then specified.
These were summarized as research hypothesis H1. Theorem 1 establishes the
equivalence between the resulting adapted translation and the semantics specified
in Chapter 2, and this confirms H1.

The second part of our research objectives and its resulting hypothesis H2 was
about demonstrating that the resulting translation from the given MTL semantics
to timed automata can provide a feasible procedure for runtime monitoring. In
Section 4.8 we demonstrated that runtime monitoring can be done using our trans-
lation. We thus partly confirmed H2 in the sense that the translation can be the
basis of a monitoring procedure, but as we have not implemented the procedure
we are not able to assess its feasibility for practical use.

6.1 Future work

Implementation of the monitoring procedure can be achieved by translating timed
automata to their region automata [2] and the algorithms covered by Bengtsson
and Yi [10] may be used for that. We also believe further investigation into the
structure of the region automata resulting from our translation from MTL would
enable further optimizations and improvements directly relevant to monitoring.
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The monitoring procedure given in Section 4.8 does offline monitoring in that it
reads a full trace and gives a single verdict for the entirety of the trace. In contrast
an, online monitor is given events one at a time and gives a verdict for the prefix
observed thus far is more useful. For example, if online monitoring is integrated
into a system, the system may be able to directly take action when a subsystem fails
to follow its specification. One way of obtaining an online monitoring procedure
from our translation is by on-the-fly computing and memorizing reachability to
accepting cycles from every state of the region automaton, in way similar to what
is done in Bauer et al. [8].

We also believe further optimizations of the timed automata are possible.
Checking a timed automaton A for emptiness by translating it to region automata
has running time O

(
|Q| · 2|δ(A|

)
, where |Q| is the number of states of A and δ(A)

is the size of the clock constraints of A. By Corollary 1 the timed automaton
resulting from our translation for a formula ϕ has |Q| exponential in the number
of unbounded until operators of the ϕ. This suggests a possible trade-off between
the number of states and the size of the clock constraints. For example one could
change the timed automata for memorizing atomic proposition from Section 4.3.2
to encode the truth values of propositions using states rather than using clocks
to memorize the intervals during which the propositions are true. Having done
that the remaining clock constraints are due to the clocks of the timed automaton
for memorization of punctual events (Section 4.3.1), and all of these clocks satisfy
xτi < xτi+ for every 1 ≤ i < l, which may be exploited to reduce the number of
states of the region automaton.

72



Chapter 7

Bibliography

[1] Rajeev Alur. Timed automata. In Computer Aided Verification, 11th Inter-
national Conference, CAV ’99, Trento, Italy, July 6-10, 1999, Proceedings,
pages 8–22, 1999.

[2] Rajeev Alur and David L. Dill. A theory of timed automata. Theor. Comput.
Sci., 126(2):183–235, 1994.

[3] Rajeev Alur, Tomás Feder, and Thomas A. Henzinger. The benefits of relaxing
punctuality. J. ACM, 43(1):116–146, 1996.

[4] Ezio Bartocci, Yliès Falcone, Adrian Francalanza, and Giles Reger. Intro-
duction to runtime verification. In Ezio Bartocci and Yliès Falcone, editors,
Lectures on Runtime Verification - Introductory and Advanced Topics, volume
10457 of Lecture Notes in Computer Science, pages 1–33. Springer, 2018.

[5] David A. Basin, Bhargav Nagaraja Bhatt, and Dmitriy Traytel. Almost event-
rate independent monitoring of metric temporal logic. In Axel Legay and
Tiziana Margaria, editors, Tools and Algorithms for the Construction and
Analysis of Systems - 23rd International Conference, TACAS 2017, Held as
Part of the European Joint Conferences on Theory and Practice of Software,
ETAPS 2017, Uppsala, Sweden, April 22-29, 2017, Proceedings, Part II, vol-
ume 10206 of Lecture Notes in Computer Science, pages 94–112, 2017.

[6] Andreas Bauer, Martin Leucker, and Christian Schallhart. Monitoring of real-
time properties. In S. Arun-Kumar and Naveen Garg, editors, FSTTCS 2006:
Foundations of Software Technology and Theoretical Computer Science, 26th
International Conference, Kolkata, India, December 13-15, 2006, Proceedings,
volume 4337 of Lecture Notes in Computer Science, pages 260–272. Springer,
2006.

73



[7] Andreas Bauer, Martin Leucker, and Christian Schallhart. Comparing LTL
semantics for runtime verification. J. Log. Comput., 20(3):651–674, 2010.

[8] Andreas Bauer, Martin Leucker, and Christian Schallhart. Runtime verifica-
tion for LTL and TLTL. ACM Trans. Softw. Eng. Methodol., 20(4):14:1–14:64,
2011.
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