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Abstract

Accurate vehicle positioning is critical for navigation systems, and one approach to
gain high positioning accuracy is to fuse the measurements from a global navigation
satellite system (GNSS) and an inertial measurement unit (IMU). However, certain
challenges remain, particularly in scenarios involving vehicle slip and GNSS-denied
environments.

This thesis investigates how using vehicle-specific motion models and slip estimation
can enhance the performance of an inertial navigation system (INS). Three motion
models are developed and evaluated in both simulated and real-world scenarios.
These are a constant acceleration model (CM), a unicycle model (UM), and a bi-
cycle model (BM). A slip estimation method is proposed, using a Kalman filter to
adaptively estimate slip parameters based on GNSS and IMU data.

Results show that the UM and BM outperform the CM in most scenarios, with
the BM demonstrating superior accuracy in the presence of slip. Real-world tests
show potential for the UM and BM as they seem to be able to follow the expected
shape of the trajectory. However, limitations due to 2D assumptions result in incor-
rect values for the velocity, leading to inadequate positioning accuracy. The results
indicate that integrating advanced motion models and slip estimation into INS algo-
rithms can significantly improve positioning accuracy. However, further testing and
extension to 3D implementations are necessary to validate these results in real-world
applications.

Keywords: INS, GNSS, Kalman Filter, Slip Estimation, Motion Model, Vehicle
Dynamics, Sensor Fusion, Dead Reckoning, Unicycle Model, Bicycle Model.
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Nomenclature

Below is the nomenclature of indices, parameters, variables and functions that have
been used throughout this thesis.

Indices

k7 7’7]
n

At

Parameters

Simulation timestep index
Simulation length

Timestep size

Distance from rear axis to center of gravity

Distance from front axis to center of gravity

Distance between front and rear axis

mass of the vehicle

The height of center of gravity over ground

Rotation matrix

Accelerometer measurement bias

Accelerometer measurement noise

Accelerometer measurement noise standard deviation
Gyroscope measurement noise

Gyroscope measurement noise standard deviation
GNSS position measurement noise

GNSS position measurement noise standard deviation
GNSS heading measurement noise

GNSS heading measurement noise standard deviation

Accelerometer measurement variance
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Wiy Gyroscope measurement variance

D Position measurement variance

O Heading measurement variance

Qcu Process noise covariance matrix for constant acceleration model

R{NSS GNSS measurement noise covariance matrix

Quu Process noise covariance matrix for unicycle model

Qs Process noise covariance matrix for bicycle model
Variables

Thjk—1 Predicted state estimate

.4 State transition model

Pyji—1 Predicted estimate covariance

Qr—1 Process noise

hy, Kalman prediction

H Observation matrix

Yk Innovation

2L Measurement

Sk Innovation covariance

Ry Measurement noise

Ky Kalman gain

Tk Updated state estimate

Py, Updated estimate covariance

« Slip angle at center of gravity

W, Angular velocity around the z-axis

V Velocity forward

K, Rear wheel cornering power

K, Relation between m, Ly, L and K,

vl vl Derived velocity

wd, wg Derived angular velocity

al, a? Derived acceleration

Dis Dj Position

MU Derived velocity in IMU frame

alMU Derived acceleration in IMU frame
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Derived angular velocity in IMU frame

a; Generated accelerometer measurement
Wi Generated gyroscope measurement

Pk Generated position measurement

O Generated heading measurement

0 Attitude

T Continuous x-position derivative

U Continuous y-position derivative

Wy Roll rate, angular velocity around x-axis
W, Yaw rate, angular velocity around z-axis
F, Lateral forces

F, Longitudinal forces

F., F,.,Fp, Fy. Forces at each tire, rear left (rl), rear right (rr), front left (f1), and
front right (fr).

0, Heading angle, (yaw angle)

0. Roll angle

o Steering angle

x x-coordinate

V. Velocity in x direction

Y y-coordinate

Vy Velocity in y direction

ay x-component of acceleration

Qy y-component of acceleration

a. Centripetal acceleration

a, Acceleration in slip direction

Aoz x-component of a,

Vest Estimated velocity form velocity estimator
/2:, m Parameters of velocity estimator

Upred Predicted velocity from models

Tyel Velocity estimator states

Vgnss GNSS measurement for velocity estimator
Yvel Velocity prediction innovation

Tslip Slip estimator states

L., K, Slip estimation parameters
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Functions

f0)
F()
h(-)
H()

Xiv

Function describing motion of nonlinear model
Jacobian of f(-)
Function for nonlinear measurement model

Jacobian of h(-)
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1

Introduction

In today’s society, many products and systems are being digitalized and automated,
contributing to safety and productivity. Vehicles are among these products being
implemented with advancing aiding systems to guide the user, increase safety, and
reduce environmental impact while also maximizing efficiency and profit. One such
system is positioning, where precise and reliable navigation has become essential.

CPAC Systems AB (CPAC) has developed an in-house inertial measurement unit
(IMU), a product that combines gyroscopes and accelerometers specifically designed
for the automotive industry. This IMU, when integrated with global navigation
satellite system (GNSS) solutions, fuses sensor data to provide highly accurate po-
sitioning for vehicles. However, certain challenges remain, particularly in scenarios
involving vehicle slip, a deviation between the heading and velocity direction, and
GNSS-denied environments. Therefore, this thesis aims to improve the system’s
accuracy by incorporating motion models and slip estimation, enhancing overall
reliability of vehicle navigation.

1.1 Background

Multiple factors can disturb navigation when driving in an urban environment. The
system’s position can be determined accurately when GNSS is available. However,
when not receiving a signal, the system relies on dead reckoning from the inertial
navigation system (INS). This method integrates IMU measurements to estimate
the position based on a previously known location. The accelerometer introduces
sensor noise and disturbances, which cause drift in the estimations when integrated
to determine velocities and position.

Previous works have used a simple motion model and data from an IMU/GNSS
fusion to estimate slip angle and later the vehicle position [1], [2]. The results from
the studies showed that cheaper IMU sensors and GNSS receivers received similar
accuracy to expensive ones. However, Takikawa et al. state that some points during
testing had higher slip angle estimation errors since the used model was insufficient
[1]. Research done by Li et al. regarding sideslip angle estimation has utilized a
more complex motion model [3]. They have, however, exploited more measurements
than those from IMU and GNSS, such as steering angle measurements, for the
estimations. Research by Eriksson et al. showed how faulty sensor readings could
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be filtered to achieve higher accuracy in the self-positioning algorithm [4]. Similar
to the previously mentioned work, a simple vehicle model was used. The authors
remark in future work that researching more complex vehicle models could lead
to improved accuracy. The slip had not been considered in their research, and
implementing this in the algorithm could potentially increase the accuracy of the
positioning.

The vehicle dynamics can be modeled in multiple ways. Previous research by Patil
compares a more straightforward and more advanced model for a truck [5]. The
simpler model represented the truck as a two-wheeled bicycle model, while the more
advanced model included all six wheels and the forces from the cabin. The results
showed that the advanced model achieved better accuracy for most cases.

Having an accurate system model is necessary to determine the position. However,
errors can be introduced when the dynamics and measurement models are imple-
mented. A proposed method by Zhang et al. used a modified adaptive robust
extended Kalman filter to increase adaptability to system nonlinearity and model
errors [6]. Research by Fransson et al. investigated how a neural network filter com-
pared to ordinary Kalman filters [7]. They concluded that it was possible to utilize
machine learning approaches, but they were limited to the quality of the training
data. Other research has furthermore explored the use of artificial intelligence (Al)
to estimate sensor noise and disturbances, as well as to predict the GNSS signal
during outages [8], [9], [10]. Additionally, studies have investigated the integration
of INS with supplementary measurements such as odometry and steering angle to
enhance positioning accuracy [11], [12], [13]. However, the sensors available for this
project are only IMU and GNSS solutions.

The research by Takikawa et al. used numerous data points for linear regression to
determine the coefficient used for slip estimation [1]. In other research by Huang
et al., the slip estimation was more adaptive since the parameters were trained
by an error state Kalman filter [2]. To extend the research in this area, it is of
interest to investigate how slip estimation can be achieved by parameter training
using states instead of error states in a Kalman filter. Comparing different motion
models and the effect of slip estimation can show how motion and slip modeling
affect the accuracy of an INS solution.

1.2 Purpose

The purpose of this thesis is to develop an INS algorithm that compares various
motion models and estimates normal vehicle slip. The thesis further investigates
how these models affect vehicle navigation accuracy during GNSS signal loss. One
objective is to demonstrate an INS algorithm that utilizes both a motion model and
slip estimation for increased accuracy.
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1.2.1 Research questions

The aim is to answer the following research questions in this Master’s thesis:

o How can the existing INS solution be enhanced with a specific vehicle motion
model for a robust fusion of GNSS and IMU data for accurate positioning?

o How can the addition of slip estimation improve the INS solution performance
for accurate positioning?

1.3 Limitations

One limitation is that development was done in a two-dimensional environment. The
thesis approach was to work in an agile manner, developing all parts simply first
and advancing each part of the solution thereafter. Focusing the work on ensuring
simulation accuracy in two dimensions led to not extending to all three dimensions
within the time frame.

Another limitation of the thesis is the accuracy of the simulated sensors. The dis-
turbances were simulated as normal distributions, resulting in some lost realistic
sensor behavior. For example, in reality the GNSS noise follows a random walk
process due to satellite movement when real-time kinematic positioning (RTK) is
not available. Simulating the disturbances as normal distributions was, however,
considered sufficient for this thesis.

The research was also limited to only considering lateral slip that can occur in
normal driving conditions, hence disregarding total loss of friction. Furthermore,
since the IMU can not measure the movement of the wheels, the longitudinal slip
can not be determined.

1.4 Thesis outline

The thesis is structured as follows, beginning with a theory Chapter 2, introducing
significant theoretical background to the project, such as how Kalman filters work,
motion models, and slip modeling. Thereafter is Chapter 3 describing the meth-
ods used, building the simulation environment, and the different motion models
evaluated in the thesis. This chapter also explains the velocity and slip estimation.

The results are presented in Chapter 4, where two simulation environments are
evaluated. The first environment is based on a point-generated path, from which
the simulated sensor data is derived. The second utilizes a vehicle model driven
by velocity and steering inputs to generate the path and sensor data. For each
simulation environment, the different motion models have been tested and compared.
Additionally, the results from the velocity and slip estimations are presented. The
final results are from running the simulations on realistic data collected from a sensor
log. A detailed discussion of the results is provided in Chapter 5 and concluded in
Chapter 6.



1. Introduction




2

Theory

This chapter presents necessary concepts for this project, such as Kalman filters used
to estimate the states of dynamic systems. Additionally, it explains motion and slip
modeling to describe the vehicle movement. Lastly, the chapter explains how GNSS
and IMU measurements are used to determine the position and to navigate.

2.1 Kalman filter

A Kalman filter can be used to combine data from different sensors and calculate
an estimate from the information [4], [14]. The filter is based on two steps: the
prediction step estimates the states and covariance based on previous knowledge,
and the update step calculates an update to the states using measurements from
the sensors. For the Kalman filter to work, the system needs to be linear.

Prediction step:

Trp—1 = FraZp-1k—1 (2.1)
Prjg—1 = FkAPk—uk—leTq + Qr1 (2.2)

The equations calculate the predicted state estimate Zy;—1 and the predicted esti-
mate covariance Py,_;. The calculations use the state transition model Fj_; and
previous known state and covariance. The predicted estimate covariance also in-
cludes the process noise QQp_1.

Update step:

hi = HyZpge (2.
Yo = 2 — hi (2.
Sy = HiPyp—1Hl + Ry (2.
Ky = Pyp1 HE S ! (2.
Where hy, is the prediction, combining H}, the observation matrix, and Zj,_1, pre-
dicted state estimate. The innovation y; is calculated as the difference between

the measurement z; and the prediction Bk The covariance of the innovation .S
is calculated using the current estimate of the state covariance Py,—; with added

5
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measurement noise Ry. These are used to calculate the Kalman gain matrix K} and
thereafter update the filter using Equations 2.7 and 2.8.

Th = Trk—1 + Kryn (2.7)
Pk = Pyp—1 — KiSi K}

Where 2y, is the updated state estimate and Py, is the updated estimate covariance.

2.1.1 Extended Kalman filter (EKF)

The extended Kalman filter (EKF) extends the regular Kalman filter to handle
nonlinear problems [15]. This is done by changing the filter equations in the following
way:

Prediction step:

-1 = f(Tr-1jk—1) (2.9)
P = F(Zp-1p5-1) Pec 11 F (Br—1j5-1) + Qi1 (2.10)

Update step:

hi = h(Zxjp1)

Ye = 2k — Ek

Sk = H(Zxp—1) Prp—1 H" (Ep—1) + Ri
Ky, = Py H" (Z1-1) S5
Tk = Trjp—1 + Kin
P = P — KipSp K,

2.11
2.12
2.13
2.14
2.15

)
)
)
)
)
2.16)

(
(
(
(
(
(

Where f(-) is the function for the dynamic model, F(-) is its Jacobian, h(-) is the
function for the measurement model and H(-) is its Jacobian.

2.2 Motion models

Motion models are models that describe a vehicle’s dynamic behavior, and they
can be used to predict the future position of the vehicle [16]. There exist a lot of
different models with different levels of complexity. One of the simplest models is
the constant velocity model, being a linear model that assumes a constant velocity.
Here, the states are described by the position and velocity, where the position is
updated using the velocity. The problem with this simple model is that it presumes
the motion to be straight and can not account for rotations. To be able to handle
more complex cases, more complex models that describe that kind of behavior have
been created.

One of the key tasks when working with motion models is estimating the system’s
states, as discussed in [16]. This process typically relies on sensor data and is often

6
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implemented using variants of the Kalman filter, which provides a recursive solution
for estimating the state of a dynamic system in the presence of noise.

The advantage of having the vehicle motion model in the INS algorithm is that in
the case of GNSS outage, it is still possible to do a complete update step in the
Kalman filter [17]. However, this requires that the vehicle dynamics are measured
and observable. For instance, using wheel speed and steering angle sensors, it is
possible to calculate the vehicle movement and estimate the relative positioning
with the proposed method by D. Salmon [17].

2.2.1 Slip

When a vehicle turns it occurs a difference between the heading angle and the ve-
locity angle, which is called the slip angle [1]. Depending on the road conditions and
velocity, the same steering input from the driver will result in different trajectories
[18]. Tllustrated in Figure 2.1 is an example where the vehicle has been given the
same steering angle but different road conditions.

A) B . c).

Figure 2.1: Different trajectories resulting from the same steering input and differ-
ent road conditions. A) the road has high friction meaning the heading will follow
the velocity trajectory. B) slip is introduced and there is a deviation from the ve-
locity trajectory, which is the slip angle a.. C) the road has low friction meaning the
heading will deviate more, i.e the slip angle o will increase.

To estimate the slip, Takikawa et al. derived Equation 2.17 for the bicycle model
[1]. Where « is the slip angle at the center of gravity, L, is the distance from the
rear axis to the center of gravity, L, is the distance from the center of gravity to the
front axis, and L is the total distance between the front and rear axis. The vehicle
mass is m, the angular velocity around the z-axis is w,, the forward velocity is V,
and K, is the rear wheel cornering power. In the report by Takikawa et al., the
equation is expanded to include the roll angle as well. However, since this study is
limited to two dimensions, this part is omitted.

Lr m'Lf
o=e (V-5 ) (2.17)
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The components of Equation 2.17 are not constants, and they are not always easy to
measure [1]. For example, the position of center of gravity and the vehicle mass will
change depending on the load conditions. Therefore, Equation 2.17 can be simplified

to Equation 2.18, where Q”ELIQ have been combined into K,,.
L,
a=uw, (V—KQ-V> (2.18)

2.3 Global navigation satellite system (GINSS)

GNSS can provide accurate positioning and velocity to the user. The system calcu-
lates the user’s position by combining the information from multiple satellites, which
transmit signals using radio frequency [19]. This solution allows worldwide position-
ing using satellites. The existing systems use shorter wavelengths for transmission
to increase accuracy, which limits the user to be within line-of-sight to receive the
signals. In an urban environment, this can be challenging.

One way to increase GNSS accuracy is by utilizing RTK, which uses a reference
station that transmits correction data to the vehicle. The vehicle additionally re-
ceives GNSS signals from the satellites, and having both these measurements makes

it possible to correct the position estimate, increasing accuracy to a centimeter-level
[20], [21].

2.4 Inertial navigation system (INS)

An INS provides positional data with the help of IMU measurements [22]. This
allows the INS to provide positional information between the slower updates from
the GNSS and positional estimates in areas where the GNSS signal is unavailable.
The IMU is used to get measurements for accelerations and angular velocities, which
are processed and rotated from the coordinate frame for the measurements to the
coordinate frame for the navigation. With the help of integrating the values, it is
possible to get the position, velocity, and attitude.

However, when integrating the measurements, bias errors and white Gaussian noise
errors lead to a drift in the position estimation, as errors accumulate [23], [24].
The accuracy of the sensors differs between types and is categorized in precision
grades. A higher grade IMU has higher accuracy, less noise, and thereby better
position estimation [25], [26]. Generally, the gyroscope has a lower noise magnitude
compared to the accelerometer. The IMU used in the test log for the real-world
data evaluation can be found in [27].
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2.5 INS/GNSS coupling

There are multiple different ways to fuse the information from GNSS with INS. Two
of them are loose coupling (LC) and tight coupling (TC) [28]. When LC is used, the
GNSS and INS independently calculate the position and heading. Afterward, the
GNSS measurements are used to correct the INS errors. This approach is relatively
straightforward to implement but has issues when operated in a GNSS-challenging
environment. The error accumulates because the INS error can not be corrected
without GNSS measurements. For TC, the GNSS no longer calculates the position
and heading directly. Raw GNSS data is used instead with the INS in a Kalman
filter to determine the position. This method is more demanding to implement than
LC, but it can still utilize the GNSS data in challenging environments and achieve
higher accuracy. More complex coupling methods exist, discussed by Mouyan et al.

in [29] and by GAO et al. in [30].
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Methods

This chapter presents the methodology used in the thesis. Two simulation environ-
ments were created: one that manually defined the vehicle path and one that used a
vehicle model to generate a path. Three motion models were developed to estimate
the vehicle motion: a constant acceleration model, a unicycle model, and a bicycle
model. The chapter also introduces the implemented velocity and slip estimators.

Two different frames were used: the world frame and the IMU frame. The world
frame followed standard cartesian coordinates, with the x-axis pointing to the right,
the y-axis pointing up, and the z-axis pointing out from the paper. The IMU frame
had the IMU as the origin, the x-axis pointing in the vehicle heading direction, the
y-axis pointing to the left of the x-axis, and the z-axis pointing out from the paper.
Both frames followed the right-hand coordinate system and are shown in Figure 3.1,
where the world frame is shown in red and the IMU frame in blue. Point P is the
center of rotation for the vehicle turn.

y

P
®

N
-
*

Figure 3.1: Defining the world frame (red) and the IMU frame (blue).

3.1 Simulation environment

A simulation was developed using MATLAB, allowing comparison of different mod-
els and methods in a controlled environment. The simulation was used to generate
accelerometer, gyroscope, and GNSS data, thereby enabling testing and comparison
of different motion models. Furthermore, it facilitated the exploration of various
paths and scenarios without needing hardware and a test vehicle. In the initial ap-
proach, the path was manually defined, as explained in Section 3.1.1, for straightfor-
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ward development and verification of the motion models. Thereafter, the simulation
environment was further extended to generate a model-based path that accounts for
vehicle motion and includes the lateral slip in Section 3.1.2.

3.1.1 Manual path simulation without slip

To simulate the data signals of a gyroscope, accelerometer, and GNSS measurements,
the initial task was to create a simulated path that the vehicle had driven. The
first approach was to generate discrete points along a path from which velocity,
acceleration, and angular velocity were derived. To produce the points, two functions
were created: one to generate points in a straight line and one to generate curves.

The function used to generate straight segments took the start position, heading,
initial velocity, final velocity, duration, and timestep as inputs. The distance between
the points was calculated using the MATLAB function linspace to linearly space the
points, given the initial and final velocity. Thereafter, the positions were updated
based on the starting position and the calculated distances. The function outputted
the discrete points in the entire path with the corresponding heading for each point,
together with the final velocity. The function for curves worked similarly, taking
start position, radius, turn direction, initial heading, initial velocity, final velocity,
duration, and timestep as inputs. Moreover, it outputted the same variables as the
function generating straight segments. Using the initial position, turn direction,
radius, and heading, the center coordinates of the turn were calculated to update
the position and heading. These two functions were utilized to generate desired
paths. The first function used in a path received initial velocity and initial position
as input, and thereafter, the next function received the last point and final velocity
from the previous function used and continued the path.

Given the discrete points p of the path, the velocity v and angular velocity w were
calculated using the central difference method, as shown in Equation 3.1, where n
was the number of points, # was the heading and At was the time between two time
steps.

d _ Pi+1 — Pi-1 a_ 01 —0i )
= T = €{2,3,....,n—1 3.1
v; SN , W; 9. At , 1 {7 ) y TV } ( )
The last point was calculated using backward difference, as shown in Equation 3.2.
d_ Pi—Pji a_ 0i=0in :

Thereafter, using the calculated velocities, the acceleration was derived using the
methods above, as shown in Equation 3.3.

d_ Vi+1 — Vi—1 d_ V5 — V-1 . .
ai—ﬁ, aj—T7 16{2,3,771—1}7]6{77/} (33)

The generated data was combined into a matrix that represented the ground truth
for the simulation in the world frame. To transform the data into the local IMU
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frame, an inverse rotation was applied based on the heading angle. The rotation
matrix was defined according to Equation 3.4. Thereafter, sensor data was generated
as shown in Equation 3.5.

cos(f,) —sin(6,) 0
R = |sin(f,) cos(d,) O (3.4)
0 0 1

vIMU = RT . yd

Generated sensor data = ¢ a/MV = RT . q¢ | ie{l,2,...,n} (3.5)

i

wiMU = RT .

This approach to data generation provided both a predefined path and simulated sen-
sor data used to present the vehicle’s movement. It served as a simplified model for
understanding vehicle behavior. However, forces and slip effects were disregarded.

3.1.2 Model based path simulation with slip dynamics

The second approach for path generation utilized a motion model to produce the
position points and derive the sensor data like the previous method. This approach
employed a nonlinear four-degrees-of-freedom vehicle dynamics model developed by
Mendes et al. [31], which took steering angle and longitudinal force as inputs.
Steering inputs were generated using a basic steering controller that updated the
angle based on the previous value and a predefined sequence, given the simulation
timestep. Force inputs were controlled via a proportional controller designed to
track a specified reference velocity.

The model had position, yaw angle, roll angle, velocity, slip angle, yaw rate, and
roll rate as states. A MATLAB solver was used by the simulator to integrate the
differential equations and to calculate each timestep. By having the position for each
timestep, the sensor data was generated identically to the path generation without
a model. This method was used to create the positions, influenced by the vehicle
dynamics and slip modeling since the positions were updated using the slip angle
and the velocity, shown in equation 3.6 and 3.7. In the equation, V' is the velocity
state, « is the slip angle, and 6, is the heading.

=V -cos(a+6,) (3.6)
y=V - sin(a+46,) (3.7)

The velocity, V', was updated using the lateral and longitudinal forces. The lateral
forces F),, which affected the slip, were derived using the Pacejka magic formula [31],
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while the longitudinal forces F, were produced by the velocity controller. The force
dependency at each tire, denoted as rear left (rl), rear right (rr), front left (fl), and
front right (fr), is illustrated in Figure 3.2. To allow for testing the motion without
slip, the slip update was set to zero when slip, a, was supposed to be disregarded.
The slip angles are also visualized in Figure 3.2. The model had four degrees of
freedom, where it could move in the xy-plane, rotate around the z-axis (yaw), and
rotate around the x-axis (roll).

Lr Lf

Figure 3.2: Showing the 4 degrees of freedom model including forces affecting the
slip and the slip angles. The vehicle turns around the center of rotation point P.

The vehicle position, represented by the x and y states, was defined in the center
of mass, and the distances from the center of mass to the front and rear axles were
specified in the model. Sampling the positions at the center of mass for each timestep
generated the path needed to create the sensor data.

3.1.3 Sensor simulation

The data generated using either method provided the accelerations, angular veloci-
ties, and positions given the vehicle movement. This was considered the ideal sensor
data free from any noise, biases, or interference. Simulating with this sensor data
allowed the models to be validated. Measurement noise was added to the sensor
data to simulate the disturbances typically produced by physical sensors, thereby
making the simulations more realistic.

The added noise was defined as zero-mean Gaussian with standard deviations spec-
ified in Table 3.1. A bias term, a,, and noise, a., were added to the accelerometer
data. For most tests, the accelerometer bias was set to zero, as handling bias was
outside the scope of this project. However, it was used to investigate if the velocity
estimator could compensate for bias in its estimation. The gyroscope and GNSS
data included only noise without any added bias. GNSS data were sampled at a
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lower frequency than the IMU sensors to reflect the slower update rate of GNSS
readings in reality [32]. The accelerometer and gyroscope were sampled at 100Hz,
while GNSS was sampled at 1Hz. The noise addition can be seen in Equations
3.8 to 3.11, where a represents the accelerometer measurements, w the gyroscope
measurements, p the GNSS position, and # the GNSS heading.

a;=a™ +a,+a, a.~N(0,0,), a,€{0,001}, ic{1,2,3,...,n} (3.8)
wi =wM +w, we ~ N(0,0,)  (3.9)
Pr = P + P, pe ~ N(0,0,), k€ {1,100,200,...,n} (3.10)
O = 01 + 0., 0. ~ N(0,00) (3.11)

Table 3.1: Added sensor noise to simulate realistic behavior.

Sensor Type of noise | Standard deviation, o | Unit
Accelerometer | Acceleration 0.1 m /s
Gyroscope Angular velocity | 0.0017 rad/s
GNSS Position X 0.05 m
Position Y 0.05 m
Altitude 0 m
Heading 0.0175 rad

The standard deviations listed in Table 3.1 were selected in consultation with engi-
neers in the field. The altitude deviation was set to zero to constrain the simulation
to the XY-plane, simplifying the analysis while maintaining the flexibility to expand
to three dimensions in future work. GNSS noise levels were chosen to approximate
the performance of RTK-enabled systems and were therefore modeled as normal
distributed white noise. In contrast, GNSS measurements without RTK typically
exhibit random walk behavior. However, in this work, only RTK-based GNSS mea-
surements were considered.

3.1.4 Simulation loop

The simulation loop is shown in Algorithm 1. It utilized the generated sensor data
to evaluate different motion models. After initializing the system with predefined
initial conditions, it iterated through the sensor data using an EKF to update the
vehicle dynamics and state estimates.

At each timestep, the prediction step was performed using the motion models to
predict how the states were expected to evolve. The update step was executed only
when GNSS measurements were available, incorporating the measurements to cor-
rect the predicted states. Additionally, a slip angle measurement was calculated, and
the parameters used in the slip estimation were updated accordingly, as described
in Section 3.4.
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Algorithm 1 Simulation loop

1: Initialize motion models: CM, UM, BM

2: Initialize state vectors xcus, Ty, £y and covariance matrices Poys, Pya, Peym
3: Initialize slip estimator and related variables

4: for ¢ = 2 to simulation length do

5 Predict Step (EKF) for each model:

6: for each model in {CM, UM, BM} do

7: Compute predicted state f, Jacobian F', and process noise ()
8 [z, P| +— EKFPrediction(f, F, P, Q)

9 end for

10: if GNSS measurement available and not in outage then

11: Update Step (EKF) for each model:

12: for each model in {CM, UM, BM} do

13: Obtain measurement z, Compute expected measurement h,
14: Compute Jacobian H, and noise R

15: [z, P| + EKFUpdate(z, P, z, h, H, R)

16: end for

17: Estimate velocity heading from GNSS measurements

18: Compute slip angle ueas

19: Update slip estimator with ay,..s and vehicle dynamics

20: Estimate slip angle &

21: else

22: Estimate slip angle &

23: end if

24: end for

3.2 Motion models

In order for the prediction step to be as accurate as possible, a reliable model of
the vehicle was considered essential. Therefore, three different motion models were
developed and tested. These models included the constant acceleration model (CM),
the unicycle model (UM), and the bicycle model (BM).

3.2.1 Constant acceleration model

A commonly used model is the CM. In 2D, it was defined with the states shown in
Equation 3.12, where x and y represented the position, V, and V,, were the velocities
and 6, was the heading angle. All states were expressed in the world frame, and the
model allowed the vehicle to move freely in all directions.

: (3.12)
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The discrete-time state transition function (DST) for the model is presented in
Equation 3.13, and the continuous time state transition function (CST) is provided
in Equation 3.14.

T4V, - At+0.5 - a, - cos(6,) — a, -sin(6,) - At?
y+V, - At+0.5-a, -sin(0,) + a, - cos(f,) - At?

DST(X cn) = Vi + ag - cos(8,) — a, - sin(6,) - At (3.13)
Vy, +ay -sin(8,) + a, - cos(6,) - At
0, +w, - At
Vs
Vy
CST(Xcm) = ay - cos(6,) — a, - sin(6,) (3.14)
a, - sin(8,) + a, - cos(6,)
Wy

These equations describe the temporal evolution of the system states based on prior
state values and the corresponding measured sensor data. The measurements were
the accelerations a,, a,, and the angular velocity around the z-axis w,. The reason
both the DST and CST were used was because the DST was needed to calculate
the Jacobian in Equation 3.15, as the EKF expects a Jacobian based on a discrete
system.

O(DST(Xem))

F =
0Xem

(3.15)

However, it was considered more accurate to simulate in real-time, thereby, the CST
was used in Equation 3.16 to simulate the system, where odelbs is a differential
equation solver from MATLAB [33]. The corresponding Equations 3.15 and 3.16
were the same for all models and will not repeated.

f =0delbs(CST (Xem), [0, At], Xem) (3.16)

The EKF requires a process noise covariance matrix, Q~,,, in order to calculate the
certainty of the prediction. To handle different levels of noise, Q,, was defined
based on the impact of sensor noise on the model states. Therefore, it depended
on the noise level as an input. The covariance matrix, Q. ,;, was automatically
tuned when different noise levels were used. It was assumed that the states were
independent and therefore, Q,;, was defined as a diagonal matrix as shown in
Equation 3.17, where a,,, was the accelerometer measurement variance and wy,,
was the gyroscope measurement variance.
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0.5 Gy - AL?
0.5« Ay - At?
Q. = diag A+ AL (3.17)

The measurement noise covariance matrix for the GNSS measurements, R,?N 55 was

created in a similar way, where the position measurement variance was used for the
x and y measurements, and the heading measurement variance was used for the
0. measurement. The resulting diagonal matrix RkGN 55 can be seen in Equation
3.18, where p,,, was the position measurement variance and 6,,, was the heading
measurement variance.

Pmuv
RkGNSS = diag | |pmo (3.18)
em'l]

This method was used for the measurement noise covariance matrix for all models’
GNSS measurements and will, therefore, not be repeated.

3.2.2 Unicycle model

Another implemented model was the UM. In 2D, it was defined with the four states,
shown in Equation 3.19, where x and y represented the position, V' was the velocity,
and 6, was the heading angle. The position and heading were expressed in the world
frame, while the velocity was defined as a scalar describing the vehicle velocity in
the heading direction.

P
c
=
|
<< 8

(3.19)

>
)

Although the UM did not incorporate detailed vehicle dynamics, it assumed that
velocity was constrained to the vehicle’s heading direction. This constraint was
considered a more realistic vehicle behavior compared to the CM, which allowed
unrestricted movement in all directions. The DST for the model is presented in
Equation 3.20, and the CST is provided in Equation 3.21. As evident from the
equations, only the x-axis component of the accelerometer was used to update the
velocity and, in turn, the position.
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x+V -cos(B,) At +0.5-a, - cos(6,) - At?
y+V -sin(d,) - At + 0.5 a, - sin(6,) - At?

DST(Xyn) = Vta. At (3.20)
0, +w, At
V- cos(6,)
V - sin(6,
CST(X ) — 4 V50 (3.21)
ay
Wz

Similar to the CM, the process noise covariance matrix, Q,,, was derived based
on the accelerometer measurement variance, a,,,, and the gyroscope measurement
variance, wy,,. The diagonal matrix Q;;, can be seen in Equation 3.22.

0.5+ Ay - cos(6,)? - At?
. 0.5+ Ay - sin(6,)? - At?
Quy = diag a4y - At (3.22)

Wy + AT

A limitation of this model was its inability to account for slip. When slip occurred,
the model continued to assume motion in the heading direction, leading to inac-
curate position estimates. Additionally, centripetal acceleration was misinterpreted
as longitudinal acceleration, resulting in an incorrect velocity estimate. Due to
these shortcomings, a more advanced model was required to accurately capture the
vehicle’s dynamics under such conditions.

3.2.3 Bicycle model

To compensate for the slip issue, a BM was created. The states for this model are
provided in Equation 3.23 and were the same as for the UM.

Xpu = (3.23)

x
Yy
V
0

z

To further clarify the issues with the UM, Figure 3.3 shows the measured acceleration
from the IMU in red and the accelerations that the center of gravity was assumed
to experience in blue.
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Figure 3.3: Accelerations measured from the IMU (red) and the assumed true
accelerations during slip (blue).

It was clear that the IMU measurements needed to be compensated for slip in order
to gain the correct values. This was done according to Equation 3.24, where « is
the slip angle and w, is the angular velocity around the z-axis.

ay 0 V-w, - cos(§ + a)
a,=a,+a,—a.=|0|+ |a,| — |V -w, sin(§ +a) (3.24)
0 0 0

The velocity state of the BM was in the direction of the slip. However, it was still
only updated with the longitudinal component of a, as can be seen in the DST
in Equation 3.25 and the CST in Equation 3.26. The assumption has been made
that the centripetal acceleration was the product of the velocity multiplied by the
angular velocity in order to calculate a,. In the ideal case with no slip, this is true,
but with slip, it became an approximation due to the slip dynamics.

r+V-cos(a+6,)- At
y+V -sin(a+0,) - At
V4 aa, At
0, +w, - At

DST(X pu) = (3.25)

V- cos(a+6,)

V -sin(a +6,)

CST(X par) = (3.26)

Qo

Wz

Relying solely on the longitudinal component of a, removed some of the actual
dynamics. If both components of a, were used to update the velocity, the lateral
displacement would have been included. Since this velocity does not contribute to
centripetal acceleration, it would have introduced errors in its calculation. For small
slip angles, the acceleration from the vehicle was expected to have its primary part
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in the longitudinal direction and only a minor part in the lateral direction. With
the current method, omitting the lateral part was expected to build up small errors,
but it was still estimated to be more accurate than including it.

Simply looking at the Equations 3.25 and 3.26, it appeared that this model did not
contain more information about the vehicle than the UM, but this was not the case
because slip angle o was estimated based on a vehicle model. The slip estimation
will be described later in Section 3.4.

The process noise covariance matrix for the BM, Qp,;, was very similar to the
one for the UM, with the only difference being how the accelerometer measurement
variance, a,,,, was rotated for the position covariance. The diagonal matrix Qz,,
can be seen in Equation 3.27.

0.5+ Gy - cos(a + 6,)% - At?
) 0.5« @y - sin(a + 6,)% - At?
Qp) = diag amv(' A ) (3.27)

Wi+ AT

3.3 Velocity estimation

Relying on the IMU sensors to navigate when the GNSS measurements were un-
available led to one of the main challenges of dead reckoning: error accumulation.
Integrating the accelerometer measurements to determine velocity built up an error
due to the accelerometer noise. To mitigate this issue, a parameter-trained velocity
estimator was developed. The idea was to recursively train parameters with GNSS
measurements in a Kalman filter that could be used to linearly approximate the
velocity during GNSS outages. A linear equation was used as a simple approach to
estimating the velocity, veg, as shown in Equation 3.28.

A~

Vest = k- Upred +m (328)

The parameters k and 7 were defined as the states of the Kalman filter and initial-
ized to one and zero, respectively, as in Equation 3.29.

k 1
Tye] = lm] . To= [0] (3.29)

For the filter, the matrices shown in Equation 3.30 were used.

P:[(l) ﬂ Q:B ﬂ R=05 leé ﬂ H = [vgrea 1] (3.30)

When GNSS was available, the velocity was updated in the INS Kalman filter using
the GNSS measurement. The updated velocity was used in the parameter esti-
mation Kalman filter as the measurement, which resulted in the innovation from
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the difference between GNSS measured velocity and parameter estimated velocity
prediction, as seen in Equation 3.31.

Yvel = VUgnss — (Upred -k + m) (331)

Following the Kalman filter update step described in Section 2.1, the parameters
of x.q were updated. The idea was thereafter to use the trained parameters when
GNSS is unavailable to improve the velocity estimate from the prediction.

3.4 Slip estimation

In order to estimate the slip of the vehicle, Equation 2.18 was rewritten to Equation
3.32, assuming that a, could be approximated by w, -V when in reality this was not
entirely accurate when there was slip. This assumption was, however, considered to
be a better approximation than using the estimated velocity like in Equation 2.18.
The equation contained two unknown variables, L, and K, the estimate for V' from
the model was used, and w, and a, were measured.

a=w, — —K,-q, (3.32)

In the report by Takikawa et al. [1], the equation was rewritten to describe the
slip at the rear wheel instead of the center of gravity by having the L, component
removed from Equation 2.17, however, it was kept in this thesis. To determine the
K, parameter, collected data were used by Takikawa et al. in order to perform
a linear regression to find the K, that resulted in the best performance. However,
with that method, K, was kept constant and was not adapted to current conditions.
Furthermore, a large amount of data was required.

To avoid those issues, a Kalman filter was used to tune the parameters L, and K,
when GNSS measurements were available, and the parameters were then used for
slip estimation when GNSS was unavailable. The matrices for the filter are provided
in Equation 3.33.

L, 10 ¥
Tatp = lK ] . F= [o 1] . H=[2 —a (3.33)

When GNSS was available, a measurement of the slip angle v was required in order
to tune the parameters. However, the slip angle could not be directly measured by
any of the sensors used. Considering that the slip angle is the difference between the
heading angle and the velocity direction, a method to estimate the direction of the
velocity based on previous GNSS measurements was developed. A selected amount
of previous GNSS points was taken, and a line-fitting method from MATLAB was
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used to fit a line to these points to estimate the course over ground. The line-fitting
method was chosen depending on the measured angular velocity. For straight lines,
piecewise cubic Hermite interpolating polynomial was used to ensure that the fitted
line passed through the points without oscillations [34]. For curved lines, cubic spline
interpolation was applied to provide a smooth curve that accommodates changes in
direction [35]. When a line had been fitted to the points, the angle between the last
point and the previous point was calculated and selected as the estimate for velocity
direction.

The difference between the estimated velocity direction and the measured GNSS
heading was used as a measurement for «. This value was compared to the esti-
mated « from equation 3.32 and the parameters IZ,, and [A(a were tuned to make the
measurement and prediction as similar as possible.

3.5 Evaluation metrics

To assess the performance of the models and estimators for the different simulations,
the root mean square error (RMSE) was calculated and compared. By running the
simulation 10 times, the mean of the RMSE could be calculated for the models, which
was used to show the general performance rather than the performance for a specific
noise sequence. The uncertainty of the models was also compared to investigate how
the variance of the predicted position from the models grew. The covariance matrix
for the models was obtained from the EKF, and three standard deviations (3-sigma)
was plotted with the obtained covariance for the x- and y-position. This showed the
region where approximately 99.7% of the true positions were expected to be within.

The robustness of the models was also compared to investigate how much they were
affected by different sensor noises. To check this, the noise for one of the sensors was
changed between 0.01 and 100, increasing the noise by an order of magnitude for
each simulation. The results highlighted the models’ ability to maintain performance
under increasing noise and revealed which measurements had the most significant
impact on model stability and accuracy.

The slip estimator was evaluated by investigating the difference between the es-
timated and the true slip angle for simulations with different amounts of slip. To
introduce varying levels of slip, the reference velocity in the simulation was adjusted.
This provided a simple method for inducing more slip. However, some of the refer-
ence velocities used were not representative of typical everyday driving conditions.
The velocity estimator was evaluated through observation of the difference between
the true velocity, the predicted velocity from the model, and the velocity estimated
from the estimator.

Finally, the models were tested with real data, where the performance was evaluated
by looking at the predicted paths and evaluating their reasonability. Here, there was
no ground truth, and thus, no values for accuracy could be obtained. This test was
done to investigate how the models were affected by real data.
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Results

This chapter presents the results of testing and comparing the motion models. Tests
were done in the two environments presented in Section 3.1 and with real-world data.
The robustness of the models was also tested by varying the noise levels for the
sensors and evaluating their performance. Furthermore, an uncertainty comparison
was made for the models to investigate how well the estimated accuracy reflected
reality. In all the tests, the models received the same sensor data. The tests were
evaluated using the evaluation metrics described in Section 3.5.

4.1 Estimating the path in different simulation
environments

To evaluate the performance of the different models, the accuracy of their respec-
tive position estimates was compared in two different simulation environments. To
enhance the reliability and validity of the tests, 10 different simulations were run
for each scenario, after which the mean position RMSE across these simulations
was calculated. The mean provided a more comprehensive measure of overall model
performance involving more than just a single noise sequence. The simulation with
RMSE values closest to the mean RMSE was plotted to illustrate the most general
performance.

In all tests with access to GNSS measurements, the GNSS data was available until
timestep 30000 at a frequency of 1 Hz, and thereafter, the positions were estimated
using dead reckoning.

4.1.1 Tests in the environment with manual path simulation
and no slip

To test the models in the environment with manual path simulation and no slip,
the path shown in Figure 4.1a was created with velocities shown in Figure 4.1b. For
the first test, the models ran the entire path with pure dead reckoning and only had
knowledge about the initial position.
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(a) Simulated true path. (b) Simulated true velocity.

Figure 4.1: Ground truth for the environment with manual path simulation and
no slip.

The RMSE values for the first test can be seen in Table 4.1, and the estimated path
is shown in Figure 4.2a, with the position errors at each timestep shown in Figure
4.2b. The UM and BM overlap in the figures. By looking at the estimated paths, it
was apparent that the CM performed worse than the other models in this case. This
was also clear when looking at the position error, where the CM error increased to a
final magnitude approximately eight times the error of the UM and BM. The RMSE
table also showed that the mean RMSE for the CM was approximately eight times
larger than the other models. Note that compared to the rest of the tests presented
later, this test gave a larger RMSE in general. The error had more time to build up
since there were not 30000 timesteps with very low errors, reducing the RMSE like
in the case when there were GNSS measurements available.
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(a) Predictions from the models using (b) Position errors for the models using
dead reckoning. dead reckoning.

Figure 4.2: Results from tests in the environment with manual path simulation
and no slip.
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Table 4.1: RMSE values for 10 simulations in the environment with manual path
simulation and no slip, without GNSS.

‘ RMSE ‘ Mean
UM | 8.2691 11.7832 12.8554 7.4013 5.1544 3.2058 6.9136  5.5017 9.905 13.273 | 7.7344
CM | 48.497 27.9747 37.7592 29.7204 58.205 83.3432 71.6662 35.6219 72.7688 47.8945 | 48.0579
BM | 8.2691 11.7832 12.8554 7.4013 5.1544 3.2058 6.9136  5.5017 9.905 13.273 | 7.7344

It can be seen in Table 4.1 that the UM and the BM performed the same, and the
CM had a more pronounced error. This was because the UM and BM only had
one velocity state and turns with the help of the gyroscope instead of using the cen-
tripetal acceleration. Since a gyroscope has a higher accuracy than an accelerometer
in general, this was less affected by noise, as described in Section 2.4. When driv-
ing along a straight path, the slight drift from the gyroscope gave a reduced error
compared to the resulting lateral velocity error for the CM from the accelerometer
noise. Since the GNSS measurements were unavailable, the slip parameters were
never trained, and thereby the estimated slip was always zero. Looking at the CST
for the models in Equations 3.21 and 3.26, they became the same when the slip was
Zero.

In the second test, the models were given the available GNSS measurements shown
in Figure 4.1a. This gave the RMSE values shown in Table 4.2 and the estimated
paths during the dead reckoning shown in Figure 4.3a, with a zoomed-in view at the
end of the path shown in Figure 4.3b. The position errors are shown in Figure 4.3c.
Looking at the estimated paths, especially at the end of the path, it was shown that
for this noise sequence, the prediction from the UM was closest to the true path,
followed by the BM and the CM. The errors showed that UM and BM had a similar
performance most of the time, and the UM achieved a better performance towards
the end. The CM had a significantly higher error compared to the other models.
The RMSE table reflected the results from the plots where the UM had the lowest
mean RMSE, followed by the BM, and the CM had the highest mean.

Table 4.2: RMSE values for 10 simulations in the environment with manual path
simulation and no slip, with GNSS.

RMSE Mean
UM | 4.0339 2.863 2.9639 5.4657 4.8885 1.9872 2.3817 1.4041 2.8911 1.5086 2.7691
CM | 18.8277 10.7125 13.0168 6.6721 14.5658 7.549 14.5046 5.1185 8.0895 4.7414 9.4171
BM | 2.2499 3.321  13.0992 4.0987 12.2408 6.7788 2.5178 1.6958 18.6536 11.9389 5.6239
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Figure 4.3: Results from the models using GNSS measurements and dead reckoning
in the environment with manual path simulation and no slip.

The most significant difference between the results in the two scenarios was the
BM and UM comparison. In the first test, they were the same since the slip was
never updated when GNSS was unavailable. However, in the second test, the UM
performed better in general. In this scenario, the measurement for slip came from
the line-fitting method, which tended to produce noisy results when the GNSS mea-
surements were noisy. The measurements caused training of the slip parameters.
Although the values remained small, this still led to slip being estimated in the
corners, which in turn increased the error.
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4.1.2 Tests in the model based simulation environment

For the model-based simulation environment, the models received the available
GNSS measurements and were tested with and without slip. In the case when there
was no slip, the path can be seen in Figure 4.4a with velocities shown in Figure
4.4b and slip angles shown in Figure 4.4c. It can be noted that despite the scenario
not supposed to contain any slip, some still remained. Due to the complexity of the
model, it was not easy to completely eliminate the slip. However, the remaining slip

was assumed to be negligible.
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Figure 4.4: Ground truth for model based simulation environment without slip.
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The resulting RMSE values from the simulations can be seen in Table 4.3, where
the UM had a slightly lower RMSE than the BM, and both of them had less than
half the RMSE compared to the CM. During dead reckoning, the estimated paths
can be seen in Figure 4.5a, and the estimated path at the end of the simulation can
be seen in Figure 4.5b. The errors for the models during the simulation can be seen
in Figure 4.5c. The results showed that both the BM and the UM had a better
positioning accuracy than the CM.

Table 4.3: RMSE values for 10 simulations using the model based simulation
environment without slip.

| RMSE | Mean
UM | 25907 1.5925  5.091 6.3835  4.593  3.5102 5.4995 1.8044 5.4283 3.3833 | 3.6260
CM | 13.6519 12.1028 15.6652 22.802 15.6565 8.3409 14.7757 9.1003 6.5052 10.3417 | 12.1433
BM | 2.5304 1.5945 10.7773 14.7259 5.8206 6.6704 7.3203 1.2365 12.9813 9.2197 | 5.5339
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Figure 4.5: Results from the models using GNSS measurements and dead reckoning
in the model based simulation environment without slip.
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In the case when there was slip, the path can be seen in Figure 4.6a with velocities
shown in Figure 4.6b and slip angles shown in Figure 4.6c.
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Figure 4.6: Ground truth for model based simulation environment with slip.

The resulting RMSE values from the simulations can be seen in Table 4.4, the
estimated paths during dead reckoning can be seen in Figure 4.7a, and the estimated
path at the end of the simulation can be seen in Figure 4.7b. The errors for the
models can be seen in Figure 4.7c. The results showed that in this simulation
environment, the BM had a better positioning accuracy than the CA model, while
the UM had a poor accuracy compared to the other models. The reason the UM had
worse accuracy than the others, despite having been the best in the previous cases,
was that it assumed no slip. When there are slip dynamics in the simulation, the
model obtained an incorrect velocity direction and thus estimated the path in the
wrong direction. Furthermore, as explained in Section 3.2.3, the IMU measurements
needed to be compensated for the slip angle, this did not happen in the UM, and

thus, it incorrectly estimated the velocity.
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Table 4.4: RMSE values for 10 simulations using the model based simulation
environment with slip.

RMSE ‘ Mean
UM | 48.7846 48.9787 53.2886 45.031 52.824 52.5694 52.3073 50.838 44.5091 50.7859 | 49.8993
CM | 14.2075 12.365 15.5216 22.8522 15.7396 8.6012 14.2847 9.2282 6.7522 10.2162 | 12.2599
BM | 3.6928 4.7665 11.9997 13.0779 3.4129 8.6503 10.5275 2.8981 10.9659 10.7866 | 7.0288
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Figure 4.7: Results from the models using GNSS measurements and dead reckoning
in the model based simulation environment with slip.

Comparing Table 4.3 and Table 4.4, the CM had approximately the same mean
RMSE for both scenarios. The mean RMSE for the UM and BM increased when
the slip was added. This showed that when more information about the vehicle
was incorporated into the motion model, the predictions were more affected by
environmental changes, such as slip addition.
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4.2 Velocity estimation

One idea investigated during the project was to create a velocity estimate based
on the measurements and Kalman filter trained parameters. This method aimed to
update the velocity of the vehicle even without GNSS measurements, described in
Section 3.3.

Initial observations demonstrated that the parameters could be trained to com-
pensate for velocity drift when the GNSS signal was lost. However, running the
simulations for multiple noise sequences, it became evident that the performance
relied on when the GNSS outage occurred and in what direction the velocity had
changed before the outage. As illustrated in Figure 4.8a, the estimated velocity was
below the predicted velocity. This would be the case until new GNSS measurements
were received and the parameters were updated. In the simulation shown in Figure
4.8a, this behavior resulted in a worse velocity estimation than the predicted one.
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Figure 4.8: Velocity estimation using parameters trained by a Kalman filter, sim-
ulated with no added GNSS noise.

When adding a bias to the accelerometer measurements, the velocity estimator was
able to compensate, resulting in the prediction being closer to the true velocity for
longer GNSS outages, as seen in Figure 4.8b. The estimated velocity always lay
below the predicted velocity, causing it to be closer to the true velocity after the
GNSS outage occurred. Looking at the time when there were GNSS measurements,
however, when the predicted velocity got updated by a GNSS measurement, it
initially was better than the estimated velocity. When the error built up from
the noise and bias, the estimation became more accurate.

Compensating for biases was outside the scope of this project, and the data was
assumed to be filtered and bias compensated. In this case, the velocity estimator
did not improve prediction accuracy and was not further investigated.

33



4. Results

4.3 Slip estimation

To evaluate the slip estimator, the simulator was provided with the same steer-
ing sequence as described in Section 4.1.2, but with varying reference velocities.
Although this resulted in different paths across the tests, the consistent steering in-
puts allowed for a straightforward comparison of the slip angles. The estimator was
given GNSS measurements until timestep 30000, after which it relied on the trained
parameters for estimation. The first test had 20 m/s as the reference velocity, which
gave the results shown in Figure 4.9. At the initial time, the error magnitude was
approximately 0.015 radians. However, the parameters had not yet adapted to the
slip dynamics, resulting in poorer initial performance when compared with the post-
training parameters. After the initial stage, the slip angle could be estimated with
an accuracy of approximately 0.01 radians.
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Figure 4.9: Results from the slip estimator with a reference velocity of 20 m/s.

Simulating with a velocity of 60 m/s gave the estimated slip angles shown in Figure
4.10a with the error shown in Figure 4.10b. The slip angle could be estimated with
an accuracy of between 0.05 and 0.06 radians. As mentioned in Section 3.5, this
velocity was not reasonable. However, it was selected to vary the amount of slip.
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Figure 4.10: Results from the slip estimator with a reference velocity of 60 m/s.

34



4. Results

The parameters used in the slip estimator for the case with a reference velocity of
20 m/s are illustrated in Figure 4.11. It was evident that the K parameter became
certain quickly and remained relatively constant. The L, parameter, however, had a
higher uncertainty that continued to increase. This was because the measurements
used to train L, were at a scale 10° smaller than measurements for K, making it
learn slower.
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Figure 4.11: Parameters of slip estimator with a reference velocity of 20 m/s.

Initially, K and L, were set to zero since the estimator should assume no slip in
the initial condition. Subsequently the estimator learned about the current road
conditions instead of assuming a certain level of initial slip by giving the parameters
initial values. Testing having initially set L, to the specified distance from the rear
axis to the center of gravity produced nearly identical results to those initially setting
L, to zero under slip conditions. Testing with no slip, the estimator’s performance
deteriorated when L, was not explicitly initialized to zero. This supported the
decision to initialize L, at zero to maintain robustness across varying conditions.
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4.4 Robustness

To assess model robustness, the standard deviations of the sensor noise were varied,
and the resulting position RMSE from the simulations was compared across models.
For all the tests, only the noise for a single sensor was varied, while the rest of the
sensors had the noises in Table 3.1. The different models had the standard deviation
for the noises as input, which automatically tuned the Q and R matrices. This was
not the case for the slip estimator that had been tuned manually. The simulation
used for these tests was the same as in Section 4.1.2, containing slip, and employed
the simulation seed that previously yielded RMSE values closest to the mean.

The first test was to vary the accelerometer standard deviation and observe how the
models behaved. The results are provided in Table 4.5. It showed that the UM and
BM were more robust to accelerometer noise than the CM.

Table 4.5: Position RMSE values for the models with different accelerometer noise
standard deviation.

Acccelerometer noise standarad deviation [m/s?]
0.01 0.1 1 10 100
UM | 49.2908 48.9787 50.2532 199.1507 1988.1587
CM | 3.8597 12.3656 83.8991 814.9634 8127.6296
BM | 2.6409 4.7665 32.4117 199.2094 1987.6726

In the next test, the gyroscope noise was instead varied, and the results are shown
in Table 4.6. As can be seen in the Table, the UM and BM were more robust than
the CM in this case as well.

Table 4.6: Position RMSE values for the models with different gyroscope noise
standard deviation.

Gyroscope noise standard deviation [deg/s]
0.01 0.1 1 10 100
UM | 50.1199 48.9787 43.3537 93.6772  965.7179
CM | 11.6859 12.365 41.1012 423.1073 3117.5251
BM | 4.8857 4.7665  7.6461 105.5432 1037.9891

The third test was to vary the GNSS position measurement accuracy, and the results
can be seen in Table 4.7. In this scenario, the UM and CM were relatively unaffected,
while the BM was more sensitive to high noise levels.
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Table 4.7: Position RMSE values for the models with different GNSS position
noise standard deviation.

GNSS position noise standard deviation [m]
0.01 0.1 1 10 100
UM | 48.3594 49.0928 48.4674 44.0957  62.7025
CM | 9.2182 14.1771 8.4947 25.4397  49.1952
BM | 43011 5.3224 13.1184 33.0739 1310.8877

Finally, a test was conducted in which the accuracy of the GNSS heading mea-
surement was varied, and the results are provided in Table 4.8. For this test, the
BM was once more the least robust to higher noise levels. This was because the
GNSS heading measurements were used to determine the slip measurements, and
when the heading measurements were inaccurate, the slip estimation parameters
were incorrectly trained.

Table 4.8: Position RMSE values for the models with different GNSS heading noise
standard deviation.

GNSS heading noise standard deviation [deg]
0.01 0.1 1 10 100
UM | 45.3821 47.0482 48.9787 48.9742  48.9686
CM | 12.7505 12.417 12.365 17.3996 14.8042
BM | 6.8143  5.629  4.7665 60.908 657.7465

The results for the different robustness tests show that the CM was the least ro-
bust model to IMU disturbances while the BM was the most affected by GNSS
disturbances.
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4.5 Uncertainty comparison

A test was done to investigate how the uncertainties of the model estimates changed
during a period of GNSS outage. The simulation was run with slip, and the results
are shown in Figure 4.12. The figure shows that during GNSS outages, the uncer-
tainties for the position estimates from the models increased, and this was because
there was no update step in the EKF reducing the covariance.
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Figure 4.12: Position estimates for the models, showing their estimate means and
3-sigma ellipses at an interval of 1000 time-steps, visualizing the uncertainty of their
estimates. Having a GNSS outage through the curves results in larger ellipses since
there is no GNSS update reducing the covariance.

The ellipses in Figure 4.12 show three standard deviations (3-sigma) of the position
estimates. This corresponded to a confidence region covering 99.7% of the area in
which the models expected the true position to be. The middle point plotted was
the mean, which was the estimated position from the model. The CM uncertainty
region became a circle around the mean, while the UM and BM uncertainty regions
became ellipses. This was because the confidence region of the CM expanded equally
in all directions due the accelerometer noise. The UM and BM, however, were only
affected by the accelerometer noise in the direction of travel and the gyroscope noise.
This caused their confidence region to become smaller than the one for the CM.
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4.6 Test with real data

Despite the models being developed in a 2D environment, it was interesting to
see how they handled real sensor data compared to artificial. Therefore, a data
log containing GNSS, accelerometer, and gyroscope measurements from a car was
obtained, where the path from GNSS measurements is illustrated in Figure 4.13a.
The test consisted of driving from the roof of a parking garage, through the city,
and three times under a bridge. The GNSS measurements were disturbed in two
areas: when driving through the parking garage, as illustrated in Figure 4.13c, and
when driving under the bridge, as seen in Figure 4.13b.
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(c) Received GNSS measurements when driving from the roof to the ground through
the parking garage.

Figure 4.13: Collected data from a test log, using sensors mounted on a car.

An INS log was obtained for the test drive, where the path had been estimated
based on a constant acceleration model. However, it differed from the CM model
used for comparison in the previous tests because the INS was developed for a real 3D
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space. Therefore, it took more measurements from the sensors into consideration
and also filtered the data. The 2D models received data that had already been
filtered through the INS, since that part was not in the scope of this project. The
first test conducted only considered the data and path estimation in the parking
garage. The IMU data used in this test can be seen in Figures 4.14a and 4.14b, and
the GNSS data used can be seen in Figures 4.14c and 4.14d. The meaning of the
GNSS quality level seen in Figure 4.14d can be seen in Table 4.9, where the different
levels correspond to different position standard deviations.
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Figure 4.14: Collected IMU and GNSS data in the parking garage.

Table 4.9: GNSS quality translation.

GNSS quality | Position standard deviation [m)]
1 30
2 15
3 2
4 0.02
) 1
Otherwise Not usable
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Giving this data to the three models gave the estimations shown in Figure 4.15.
Comparing the models, the UM and BM followed the expected path in a garage
closer than the CM. However, the scale was unrealistic, and the heading deviated
from the expected one based on the GNSS data. It can also be seen that although
the BM had a more reasonable scale, it had a slight drift sideways each lap, while
the UM had a smaller drift. Further, Figure 4.15¢ shows that all models gained
unreasonable velocities, especially the BM and UM, which gained large negative

velocities.
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Figure 4.15: Estimated positions and velocities from parking garage data.
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Figure 4.16 shows the estimated path in the parking garage from the INS log, with
the same data used for the 2D models. Because this solution was designed for the real
world, it compensated for the roll and pitch in the measurements, which caused the
scale to remain more realistic. Apart from that aspect, it could be seen that the INS
log experienced movement sideways each lap. Therefore, having trouble following
the real path in the parking garage, where the path was expected to overlap closely
each lap.
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Figure 4.16: Path estimate from INS log in the parking garage.

Looking at Figure 4.17a, it is possible to see that the slip estimation did not perform
optimally and had a spike in the estimation. The figure was scaled to capture the
magnitude of the majority of the estimation, and thus, the values of the peak cannot
be seen; they were approximately from -1 to 1.8 rad. Since the estimated slip angle
depended on the velocity, which had unrealistic values in the estimation, these results
did not accurately reflect the performance of the slip estimator.
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Figure 4.17: Results of the slip estimator in the parking garage.
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In Figure 4.17b, the parameters of the slip estimator can be seen. They did not
obtain the expected result as both parameters had a low covariance, and especially
L, was far from the expected value. This was because L, was the distance from the
rear axis to the center of gravity and was therefore expected to be positive with a
value of scale 10°, not negative and of scale 1072,

When looking at the entire measured path shown in Figure 4.13a, the accelerometer

and gyroscope data used for the estimations can be seen in Figure 4.18, as well as
the GNSS quality.
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Figure 4.18: Collected data for the full path, using CPAC:s sensors on testing
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Using this data, the models gave the estimated paths and velocities shown in Figure
4.19 and the estimated slip angles shown in Figure 4.20. When the models regained
the GNSS signal after the parking garage, a large jump in position and velocity
was observable in Figures 4.19a and 4.19c. After this, the models demonstrated
the potential to follow the measured positions, but there were smaller spikes in the
velocity where the GNSS signal was once more either fully blocked or had worse
precision than before. This was where the car drove under the bridge multiple
times, shown in Figure 4.13b. Compared to the parking garage, there was not a
considerable deviation from the estimated position when the GNSS signal returned
since the time frame for the GNSS outage was significantly shorter. However, there
were still smaller velocity deviations that can be seen in Figure 4.19d. In this case,
all the models behaved comparably.
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Looking at Figure 4.20, it was possible to see that there were some peaks where
the slip estimator gave considerably unrealistic slip angles. Visualized in Figure
4.20b, the largest peaks were disregarded, and the estimator could be seen to follow
the measurements to a certain degree. However, these results should be further
investigated as there was no ground truth knowledge. The peaks indicated that the
estimator did not perform optimally. However, the lack of 3D compensation might
have been one reason for this.
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Figure 4.20: Results of the slip estimator for the full path.
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Discussion

This chapter discusses the results obtained from the simulation environments, fo-
cusing on the accuracy of the models across various scenarios and the performance
of the slip estimator. It also discusses some ethical aspects of the thesis as well as
suggest future works.

5.1 Simulation environment

Two different simulation environments were used, as described in Section 3.1. Both
of them had their respective advantages and served different purposes.

The simple environment had the advantage of being completely independent of the
vehicle when generating the motion, and therefore, did not contain bias towards a
specific type of model. The more advanced simulation was based on a model driven
by inputs to generate a path, and therefore, might have been biased towards similar
models to the one used to generate the path. In the simple environment, it was also
easier to do initial testing as there were no advanced dynamics affecting the motion.

One issue with the simple environment was that implementing realistic slip was
not straightforward, since the slip depended on vehicle dynamics. The simulation
needed to be extended to a more advanced simulation environment using vehicle and
slip dynamics to incorporate realistic slip. Subsequently, the advanced, dynamics-
enabled environment was employed to develop and test the models under more
complex conditions.

Using the differently complex environments to develop the models made it possi-
ble to test and verify them with known ground truth. This approach facilitated
spotting errors in the models early and simplified the debugging process, knowing
the changes made and comparing the model estimates to the ground truth. It was
thereby always possible to verify that modifications produced the intended behav-
ior. Although developing the simulations required a significant time investment,
it was likely a more efficient approach than working directly with real-world data.
Real-world data contains disturbances and lacks a known ground truth, making it
difficult to verify and debug the models during development. In cases where the
model produced incorrect predictions, extensive analysis would be needed to de-
termine whether the errors were caused by model inaccuracies or effects from the
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disturbances. Moreover, using real-world data would necessitate that the models
account for the full complexity of the 3D environment from the beginning. This
would increase the initial model complexity, complicate debugging, and significantly
expand the range of potential error sources compared to the controlled simulation
environment.

5.2 Accuracy of the models for different scenarios

As observed in the results from Section 4.1, the accuracy of the UM and BM de-
pended much on the simulation environment. The UM performed well when there
was no slip, whereas the BM underperformed since it estimated minor incorrect slip
angles. However, when simulating including slip, the UM performance deteriorated
while the BM excelled. This change in performance was because now the BM could
estimate and compensate for the slip angles, while the UM could not. It is impor-
tant to note that none of the simulation environments perfectly replicates real-world
conditions. Therefore, the models’ real-world accuracy cannot be determined based
only on simulation results. Certain assumptions embedded in the simulations may
have enhanced the BM’s performance, which may not hold in practical applica-
tions. If these assumptions fail in real-world scenarios, the BM could experience
degraded performance, similar to how the UM’s accuracy declined when the no-slip
assumption was violated in the simulation.

One advantage of the CM in this case is that it does not rely on any assumptions
about the vehicle to determine the position since it simply integrates the accelerom-
eter measurements. This can be seen clearly in Section 4.1.2 where the RMSE for
CM was close to the same for both the cases with and without slip. However, both
the UM and BM had a lower RMSE in the case without slip, and the BM had a
lower RMSE also in the case with slip. These results indicate that a more specific
model can give higher positioning accuracy, if it describes reality well, compared to
a general model.

When the models were tested with real data, the results shown in Figure 4.15 indi-
cate that the UM and BM might achieve higher accuracy than the CM in real-world
applications as well. The comparison is, however, not entirely fair as the accelerom-
eter data was not compensated for the attitude of the vehicle, and the CM is more
affected by the issues that arise from that, as shown in Section 4.4. However, when
looking at the INS log in Figure 4.16, the results further indicate that the BM and
UM might achieve a higher accuracy if they were compensated for 3D, as they seem
to follow the expected shape of the garage better. No definitive conclusions can,
however, be drawn from this as the scales of the estimated paths differ significantly,
making them difficult to compare accurately. It is also unknown how the models
would behave when receiving the correctly compensated measurements.
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5.3 Slip estimation

As shown in Section 4.3, the slip estimator could estimate the slip with a relatively
small error when there were small slip angles, but it has some issues with more
considerable angles. The reason for this was probably that the equation describing
the slip in the estimator did not reflect a very complex behavior. For the small slip
angles, the slip seemed straightforward and feasible to describe with this equation.
For larger angles, however, it seemed like the slip gained a more complex behavior
that the current equation for the estimation appeared unable to capture.

Looking at Figure 4.20b, the slip measurements of the real-world tests had a max-
imum magnitude of approximately 0.15 radians. However, when compared to the
results from Takikawa et al., where the slip angle was measured with a high accu-
racy GNSS/IMU system for a 5 km drive in Tokyo, the measured slip angle had a
maximum magnitude of approximately 0.03 radians [1]. The difference in magnitude
is substantial, which indicates that the method to obtain slip measurements in this
thesis might need to be further investigated. Based on the results from Section 4.3,
the slip estimator would probably have some issues estimating the slip correctly if
the magnitude of the slip measurements from the line-fitting method are correct. If
the actual magnitude is close to the one measured by Takikawa et al., however, the
simulations indicate that this should not be a problem.

Since there was no reference in the test with real-world data, it was difficult to draw
any conclusion about the accuracy of the estimations. However, it was possible to
see some spikes in the estimations that indicate that the estimator currently does
not perform optimally. This might be an effect of the model not being adapted to
3D, and further investigation is needed to evaluate the current estimator’s real-world
performance fully.

Another aspect worth examining more closely is the training of the slip parameters.
In the simulated environment, the parameter L, did not appear to converge to the
correct value, as shown in Figure 4.11. It can be seen further in its covariance plot,
where L, had a high degree of uncertainty and appears significantly underestimated.
However, since the slip estimation did seem to be able to follow the actual slip
with relatively high accuracy, the L, parameter does not seem as significant for the
estimation as the K parameter. This could also be attributed to limitations in the
simulation environment, which may not provide a perfect representation of reality.
In a real-world setting, the L, parameter might have a noticeable impact and can
be further investigated. In the tests with real-world data, it was possible to see the
results of the trained parameters in the parking garage in Figure 4.17b. Both L,
and K gained a low covariance, and L, gained an even more unrealistic value than
before, as it was negative. One reason for this was probably that there was not
much time for testing with log data, and thus, the slip estimator has not been tuned
to fit the real-world conditions. The lack of 3D compensation also likely resulted in
the parameters being incorrectly trained due to the incorrect measurements, giving
them unrealistic values.
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5.4 Ethical and sustainability aspects

In sustainability aspects, this improved positioning algorithm can be used in many
different areas, as the position of a vehicle is essential information for many tasks.

The increased position accuracy will make it possible to take more accurate routes.
One example is driving in urban areas where the GNSS signal can be disturbed.
This might cause a delay in the navigation and result in a longer path than the
optimal one taken due to missing an exit. An improved robust positioning algorithm
increases the possibility of following the optimal path and reduces the emissions.

The improvement of a positioning and navigation algorithm will not have a direct
impact on the land environment, which is goal fifteen in the UN sustainability goals
to protect, restore, and promote sustainable use of the land environment. However,
the product might be used on heavy-duty vehicles that can cause a great impact.
Driving these vehicles will emit pollution and can damage the ground. Having a
higher accuracy in positioning can lead to better navigation and more conscious
driving, meaning less ground damage and impact on the land environment.

The project does not raise any ethical concerns directly. However, it is not always
good to be able to accurately determine the position of a vehicle. The more accurate
positioning algorithm could potentially be used for military purposes, for example,
automated tanks and military vehicles.

5.5 Future work

From the results presented in Chapter 4, there is some future work needed in order
to evaluate the real-world performance of the models. Further research can also be
done to investigate the possibility of IMU misalignment compensation using the slip
estimator.

5.5.1 Real world expansion and testing

It is clear from the tests with real-world data in Section 4.6 that the current models
cannot yet be used for accurate real-world positioning. Therefore, future work needs
to be done to expand the models to three dimensions to evaluate real-world perfor-
mance. As discussed in Section 5.2, there might be some simplifications made to
the simulation environment that cause the UM and BM to lose accuracy in the real
world compared to the CM, even though the simulations suggest that they might
be more accurate.

The data log used from the real-world test contained slopes that the model could
not compensate for, and thus, it performed inadequately. However, it would be
interesting to further test the models in a flat environment and investigate if the
2D assumption might be close enough to give increased performance compared to
the INS log. One such environment could be the relatively flat ground in a storage
facility, where, with some initial calibration, the IMU would experience close to a
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2D world. In that case, the models might be helpful to enhance the precision of
autonomous trucks, for example.

There has been no testing done on the efficiency of the code, and if it were to be
used in real-time applications, it would require a short runtime. Especially the line-
fitting method is probably not very efficient, and therefore, it would be beneficial to
investigate the runtime in real applications. Based on those results, a faster method
to obtain slip measurements might be required.

5.5.2 IMU misalignment compensation

An additional potential benefit of slip estimation, which was not investigated, is
its possible use for misalignment compensation. If the IMU has been mounted at
an angle, it might be possible to estimate this angle with the slip estimator and
compensate the predictions and measurements. The slip measurements are able to
detect a potential misalignment angle. However, the current slip estimator equations
cannot estimate misalignment as they require either lateral acceleration or angular
velocity to give an estimation. Further investigation is needed to determine if this
is possible. A simple version of the misalignment compensation might be easy to
develop, potentially requiring only the addition of a constant term to the current
slip estimator equations.
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Conclusion

This report examined the impact of motion models on the INS algorithm and
whether specific vehicle motion models can increase the accuracy. It has also in-
vestigated whether slip estimation can affect the performance of the estimations,
particularly in GNSS-denied environments.

Three different models have been developed and evaluated: the unicycle model
(UM), the bicycle model (BM), and the constant acceleration model (CM). Re-
sults demonstrated that the choice of model has a significant impact on positioning
accuracy. Both the UM and BM, which incorporate vehicle-specific information,
generally outperformed the CM across most of the simulation scenarios. However,
when slip dynamics were introduced, the UM performed poorly, while the BM main-
tained higher accuracy than the CM. Since the only difference between the UM and
BM is that the latter includes slip estimation, this indicates that slip estimation can
have a significant impact on positioning accuracy.

Slip estimation was implemented by using a Kalman filter to estimate parameters
used to find the relation between sensor measurements and the vehicle’s slip angle.
The estimator was evaluated in different scenarios, and the results indicated that it
could reliably estimate slip angles. However, the estimator struggled to capture the
dynamics of more pronounced slip angles in the simulation environment.

Although the models were developed in 2D, they were evaluated using real-world
3D data. While this mismatch led to significant errors due to the models’ limited
adaptability, both the UM and BM demonstrated promising results. These findings
suggest that extending the models to a 3D implementation could potentially achieve
higher positioning accuracy compared to the estimates from the INS log data.

To answer the research questions, the results show that the INS solution could be
enhanced with a vehicle model to increase position accuracy. In the simulations, the
BM performed most effectively. The second research question, whether the addition
of slip estimation improves the INS solution performance for accurate positioning,
could be answered by comparing the UM and BM in the simulations with slip
dynamics. Having slip estimations improved the position accuracy, in turn answering
the research question.
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6. Conclusion

In conclusion, integrating vehicle-specific motion models and slip estimation into
the INS framework has demonstrated clear potential for enhancing positioning ac-
curacy in 2D simulations. To fully assess their applicability in real-world scenarios,
future work should focus on extending these models to operate effectively in 3D
environments.
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