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Ûω εr

1

|e→

|g→
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Towards Heat-Bath Algorithmic Cooling in a Superconducting Circuit
OSCAR STOMMENDAL
Department of Microtechnology and Nanoscience
Division of Quantum Technology
Chalmers University of Technology

Abstract
Despite being a fundamental requirement for reliable and efficient quantum comput-
ing, qubit initialization remains a major challenge, even with current state-of-the-art
qubit reset techniques [1]. To address this challenge, heat-bath algorithmic cooling
provides a theoretical framework for re-distributing entropy within a qubit system
to initialize a subset of these into their ground states [2]. Here, we present a proof-
of-concept for the experimental implementation of extended heat-bath algorithmic
cooling on a superconducting two-qubit chip connected by a tunable coupler [3].
The cooling is realized through a β-SWAP, which transfers entropy from the target
qubit to the coupler. To achieve optimal cooling over repeated cycles, each β-SWAP
is followed by a resonator-assisted coupler re-thermalization by dissipating the ex-
tracted entropy to the environment. We experimentally demonstrate the β-SWAP
and re-thermalization, achieving over 99 % population transfer for the β-SWAP and
a coupler re-thermalization reaching a 4 % residual excited state population in 3 µs.
Finally, we also test the full cooling protocol. From the results, we cannot observe
any definite cooling effect, and the experimental data does not follow the theoretical
predictions. By optimizing the device parameters and employing more advanced
calibration techniques for the β-SWAP and re-thermalization, we expect to achieve
the cooling effect, which would serve as an important step towards optimal qubit
initialization in superconducting circuits.

Keywords: quantum computing, qubit reset, circuit QED, superconducting circuits,
quantum thermodynamics, algorithmic cooling.
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Û
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τ
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1
Introduction

During the last decades, the field of quantum computing has seen rapid development.
Fed by million-dollar research programs and serious investments from companies like
Google, Microsoft, IBM, and Amazon, this topic has entered the discussion on all
levels, from everyday living rooms to the offices of the world’s most powerful peo-
ple [4], [5], [6]–[9]. Quantum computing uses the principles of quantum mechanics,
the theory describing physics on the microscopic scale, to process and distribute
information in new, effective ways. By leveraging phenomena such as superposition
and entanglement, quantum computers promise considerable speedups when solving
certain types of problems compared to classical computers. Through these advan-
tages, this new technology could offer potential applications within a diverse range
of fields, such as cryptography, optimization, and drug fabrication.

However, current quantum processors suffer from noise and imperfect control. For
instance, a major challenge for reliable quantum computing is initializing the qubits,
the fundamental units of quantum information, into their ground states [1]. This
project particularly focuses on superconducting quantum circuits, a promising plat-
form for controlling and building quantum computers. Although superconducting
circuits show major advantages, factors like finite temperatures and random qubit
excitations can prevent perfect initialization and negatively impact performance.
To tackle this, we study heat-bath algorithmic cooling (HBAC), that uses entropy
redistribution as a tool to cool a superconducting qubit to its ground state.

1.1 Background

In the early 1900s, a series of crises began to erupt in physics. The problem that
sparked this scientific headache was that the theories of physics at the time failed
to describe and predict what the real world actually exhibited in certain events and
experiments. For instance, theories of that time, now referred to as classical physics,
predicted insanities such as energies reaching infinite values due to the “ultraviolet
catastrophe”, and electrons collapsing into the atomic nucleus. Naturally, many
scientists desperately tried to find loopholes within classical physics to explain these
perplexing observations. However, as our understanding of atoms and radiation im-
proved, these attempts were regarded as more and more foolish. Luckily, a selection
of that time’s physicists took the expression “think outside the box” literally and
went beyond the world of classical physics, which in this case was critical.
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1. Introduction

In the late 1920s, Bohr, Heisenberg, Schrödinger, Dirac, Born, and others had cre-
ated what we today refer to as quantum mechanics — a new, revolutionary theory
describing how light and matter behave at microscopic scales. Contrary to classical
physics, quantum mechanics introduces several counter-intuitive phenomena that at
first glance seem like science fiction. For instance, it shows that we cannot measure
certain pairs of physical quantities of quantum particles with arbitrary precision
(Heisenberg’s uncertainty principle), and that some types of matter exhibit both
wave and particle behavior (wave-particle duality). Fundamentally, all quantum
systems are modeled by quantum states, often denoted |ψ⟩. These are represented
as n-dimensional, orthonormal (orthogonal and with length 1) vectors in Hilbert
space (a mathematical structure that generalizes our three-dimensional Euclidean
space to infinite dimensions). For a two-level system, this can be written as

|ψ⟩ =
(
α
β

)
= α |0⟩ + β |1⟩ , (1.1)

where α and β are complex numbers. This is also known as a qubit, which to
large extent lays the foundation of this project, as we will explore later. The time
evolution of such quantum states is governed by the famous Schrödinger equation,

iℏ
∂

∂t
|ψ(t)⟩ = Ĥ |ψ(t)⟩ , (1.2)

where Ĥ is the Hamiltonian, describing the total energy of the system. The hat-
notation generally indicates the presence of a quantum operator, representing mea-
surable quantities, or observables, such as position, energy, or momentum. In quan-
tum mechanics, observables are represented as matrices, and the measurement of an
observable A on a quantum state |ψ⟩ is described by the eigenvalue equation

Â |ψ⟩ = a |ψ⟩ , (1.3)

where the number a is the measurement outcome. This also explains the name quan-
tum mechanics, as observables only acquire discrete values, known as quanta (from
Latin quantum, meaning ‘amount’) [10]. Since its inception, this new understanding
of Nature has revolutionized modern science and technology, governing applications
in areas such as lasers, MRI, and transistors.

Another pioneering application of quantum mechanics was proposed by Richard
Feynman in his 1982 paper “Simulating physics with computers” [11]. Since Nature
is undeniably built upon quantum principles, Feynman argues that quantum me-
chanics must be employed in order to simulate natural phenomena. This is usually
cited as the first-ever mention of the field today known as quantum computing. To-
day, Feynman’s original idea represents only one branch of the mother tree, namely
quantum technologies, spanning everything from quantum computers to quantum
sensors and quantum optics — all areas with the common goal of using quantum
mechanics for fundamental technological applications. Nevertheless, quantum com-
puting has received the most attention and has grown from a simple thought exper-
iment into one of the most hyped research areas today.
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1. Introduction

Initially, quantum computing came into the spotlight following the discovery of
quantum algorithms, such as Shor’s and Grover’s, that theoretically could solve
problems significantly faster than their classical counterparts [12], [13]. As algo-
rithms like these could revolutionize fields such as cryptography, optimization, and
the simulation of quantum systems, they sparked a surge of interest in quantum
computing. During the 2000s, focus naturally shifted to the physical realization
of quantum computers, to actually harness the power of these algorithms. Today’s
quantum computers are still in their infancy, prone to noise and errors, and the hunt
for reliable error correction and logical qubits is fully running, as we just entered the
era of fault-tolerant quantum computing. Despite this, current devices have already
demonstrated quantum supremacy, where a quantum computer can perform tasks
infeasible for classical computers [14].

Due to this immense potential, we are now experiencing a race to deploy the first
quantum computers, similar to the space race in the second half of the 1900s. With
$10s of billions invested annually worldwide and a projected high of $72 billion in
total revenues by 2035, this is a global phenomenon that shows no signs of slowing
down [15]. However, despite the money and resources invested, this is easier said
than done. Manipulating and controlling quantum systems is extremely difficult,
and we are still in the early stages of understanding how to build practical quantum
computers, as there are still many challenges to overcome.

One promising platform to realize quantum computing, and overcoming some of
these challenges, is superconducting quantum circuits. These are fabricated from
basic electronic components, with the so-called Josephson junction serving as the
most important, and cooled to cryogenic temperatures to achieve superconductivity.
This enables the creation of qubits, which are the fundamental units of quantum
information. Using microwave pulses, these can be manipulated and coupled to-
gether to perform quantum gates and algorithms. Superconducting circuits come
with several advantages, including their scalability and compatibility with existing
semiconductor technologies. However, they also face significant challenges, including
the need for extremely low temperatures and susceptibility to noise and decoherence.

This thesis explores one such challenge: qubit initialization. To perform accurate
computations, the qubits must be initialized in their ground states, i.e., the state
with the lowest energy [1]. In practice, this requires extremely low temperatures to
minimize thermal noise and ensure the qubits remain in their desired states. How-
ever, even at temperatures as low as 50 mK, qubit excited state populations are
often a coupler of percents. Furthermore, thermalizing things at very low tempera-
tures, where the relevant interactions are heavily suppressed, also presents a crucial
practical difficulty. Thus, various techniques have been developed to address this
challenge. These include passive and active reset, i.e., either waiting for the qubit
to relax to its initial state, or actively measure the qubit and flip the state if it is
excited [16]–[19]. There are also more advanced variants, such as novel approaches
based on quantum thermodynamics, for instance that demonstrated by Aamir et
al., reaching record-low excited state populations [20].
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1. Introduction

Another method that has shown potential for addressing qubit initialization is the
main tool explored in this project: algorithmic cooling [21]. This technique lever-
ages entropy redistribution among qubits without the need of actively decreasing
the temperature of the surrounding environment. In particular, we employ an ex-
tended version of so-called heat-bath algorithmic cooling (HBAC), that leverages a
thermal environment to beat the cooling bounds of standard algorithmic cooling [2],
[3]. Starting from experimentally demonstrating the individual building blocks of
extended HBAC using superconducting circuits, we ultimately give a practical pro-
posal for the implementation of the complete protocol.

1.2 Superconductivity

The concept of using superconducting circuits for realizing quantum computing
would not have been possible without the work done by the Dutch physicist Heike
Kamerlingh Onnes. In 1911 he discovered that, when cooled below 4.2 K, mer-
cury almost magically lost all of its electrical resistance [22]. Today, we know this
phenomena as superconductivity, which is a phase transition that many materials
undergo when cooled below an element-dependent critical temperature Tc. For a
long time, the underlying physics of superconductors remained a mystery, and we
had to dig deep into the realm of quantum mechanics and Bose-Einstein statistics
to finally understand this ground breaking phenomenon [23].

The main driving force behind superconductivity is that the electrons in a metal
experiences a tiny force of attraction due to their interaction with atomic vibrations
in the metal lattice (phonons) [23]. Thus, it is energetically more efficient for a
pair of electrons to form a so-called Cooper-pair than staying one by one. The
astonishing consequence of this is that such a pair of electrons, which independently
are Fermi particles (fermions), instead make a Bose particle (boson). This allows
the Cooper-pairs to collectively form a so-called Bose-Einstein condensate, where
the breaking of one pair will change the energy of the whole structure [24]. Thus,
the energy required to break one pair is related to the energy required to break all
pairs in the condensate. At very low temperatures, the latter cannot be provided
from the oscillating phonons, which still are the main source of energy fluctuations
in this situation. Consequently, the condensate as a whole remains stable, and the
total electron flow, i.e., the current, does not experience any resistance. The wave
function of the real-space coordinate vector r for each Cooper-pair in the condensate
can be described using the superconducting phase θ, and charge density ρ,

ψ(r) =
√
ρ(r) eiθ(r). (1.4)

Unfortunately, due to the exceedingly tiny attraction force (pairing energy) only
a tiny temperature is needed to break this bond, but if the temperature is made
sufficiently low so that the electrons strive to reach their lowest energy state, they
would appear in pairs. The temperature where this occurs is exactly the element-
dependent critical temperature Tc cited above.
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1. Introduction

Since its discovery, superconductivity has opened several new research fields and
applications, for instance in particle accelerators and next-generation wind tur-
bines [25]. For this project however, the most important application of supercon-
ductors is undeniably when two superconductors, separated by an insulator, forms
the so-called Josephson junction. This element plays a crucial part in the creation
of the non-linear circuit elements that is the foundation of superconducting qubits.

1.2.1 The Josephson Effect

The aforementioned Josephson junction is based on the phenomenon first described
by Brian Josephson in 1962, for which he received the Nobel prize in 1973 [26],
[27]. This discovery is known today as the Josephson effect. It occurs when two
superconductors, separated by a thin insulator, exchanges current in the form of
electron Cooper-pairs which tunnel through the insulator barrier. Figure 1.1 below
schematically describes the structure of a Josephson junction.

Superconductor 1

ψ1 = √
ρ1 eiθ1

Insulator Superconductor 2

ψ2 = √
ρ2 eiθ2

Figure 1.1: A simple sketch of the Josephson junction. Two superconductors,
described by the Bose-Einstein condensate wave function, allows current to tunnel
through the thin, separating insulator layer.

Using the BEC wave function from the previous section for each superconductor,
we can define the phase between these as γ = θ1 − θ2. The voltage and current for
this structure can be derived by solving the coupled Schrödinger equation of the two
wave functions ψ1 and ψ2 [23], which gives

IJ = Ic sin(γ(t)) (1.5)
dγ(t)
dt

= 2e
ℏ
VJ = 2π

Φ0
VJ . (1.6)

Here, Ic the element-dependent critical current, at which a certain material loses
its superconductivity, and Φ0 = h/2e is the magnetic flux quantum, which is the
quantized amount of magnetic flux flowing through a superconductor. From these
expressions, we can also derive the Josephson junction inductance,

LJ(γ) = VJ

(
dIJ
dt

)−1

= Φ0

2πIc cos(γ) . (1.7)

The most important result here is that the inductance is, in courtesy of the cosine
term, non-linear, allowing us to create non-linear circuit elements. This is essential
for the creation of superconducting qubits, which lays the foundation of this project.
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2
Theory

This chapter aims to provide the necessary theoretical foundations for the thesis. We
start from the framework describing quantum systems in the presence of an external
environment, i.e., open quantum systems, including the Lindblad master equation,
noise channels, and thermal populations. Next, the quantization of superconducting
circuits is covered by deriving the standard and flux-tunable transmon qubit from
the classical LC oscillator. From there, we describe the study of superconducting
circuits and electromagnetic fields in the microwave-frequency domain, i.e., circuit
quantum electrodynamics (QED). Finally, algorithmic cooling is described in detail,
and especially the main focus of this thesis: HBAC. The first three main sections
of this chapter are already extensively covered in literature, see for instance [28] for
open quantum systems, and [29] and [30] for superconducting circuits and circuit
QED. The primary focus of this chapter will therefore be to introduce algorithmic
cooling and extended HBAC, especially in the setting of superconducting circuits.

2.1 Open Quantum Systems

When studying real-world quantum mechanical systems, one often has to consider
their interaction with some surrounding environment, see Figure 2.1. This generally
increases complexity compared to closed systems as it allows system information to
vanish. In the context of HBAC, which explicitly employs an external heat bath,
such systems are pivotal. Luckily, a framework for describing this exists: open
quantum systems. From the introduction chapter, we know that a quantum state
can be described using a state vector |ψ⟩. For the modeling of open quantum
systems, however, it is more convenient to define the so-called density matrix,

ρ̂ =
∑
i

wi |ψ⟩i ⟨ψ|i , (2.1)

where wi ≥ 0 are weights satisfying ∑
iwi = 1 [28]. This can be understood as

a statistical mixture of quantum states, where wi is the fraction of state |ψ⟩i in
the ensemble. In principle, ρ̂ is a generalization of |ψ⟩, as the latter only describe
so-called pure states, whereas the former extends to also cover mixed states, which
often arise in open systems. From here, we also define the von-Neumann entropy,

S = −tr(ρ̂ ln(ρ̂)), (2.2)

6



2. Theory

where tr (·) denotes the trace [28]. This is vital in the context of algorithmic cooling
and represents the uncertainty about which specific state |ψ⟩i is present in the
mixture. For instance, the von-Neumann entropy assumes its minimum S = 0 for a
pure state, and maximum S = log(N) for a maximally mixed state, where N is the
dimension of the Hilbert space (N = 2 for a qubit system). For the system shown
in Figure 2.1, it is also possible to express the composite density matrix ρ̂C as

ρ̂C = ρ̂S ⊗ ρ̂E, (2.3)

where (· ⊗ ·) denotes the Kronecker product. If the system and environment are
described by Hilbert spaces HS and HE, respectively, then ρ̂C will live in the com-
bined space HS ⊗ HE. Consequently, by taking the partial trace over the system
or environment, we return to ρ̂S and ρ̂E again, often referred to as reduced density
matrices in the context of composite systems. For S, this would be expressed as

ρ̂S =
∑
i

(IS ⊗ ⟨i|E)ρ̂C(IS ⊗ |i⟩E), (2.4)

where IS is the identity matrix in HS and {|i⟩E} is an orthonormal basis for HE.

(Open) System{
S, ĤS, ρ̂S

}

Environment

{
E, ĤE, ρ̂E

}
InteractionInformation

loss

Figure 2.1: Schematic picture of an open quantum system S interacting with an
environment E, each described by a Hamiltonian Ĥ and density matrix ρ̂. The wavy
arrows represents information loss from the system S to the environment E.

In contrast to closed systems, the time evolution of open systems cannot be de-
scribed using the Schrödinger equation [28]. Instead, one must employ certain ap-
proximations to model this in the realm of open systems. One approach, when the
system-environment interaction is weak, is through perturbation theory, meaning
that changes over time of the combined system S + E can be approximated only
from the system S in question. Another common approximation is the concept of
Markovianity. A Markovian system has an environment that is said to act memo-
ryless, meaning that the future time evolution is independent of its history. When
these two approximations are valid, we arrive at the Lindblad master equation. Sim-
ilar to the relation between ρ̂ and |ψ⟩, this is a generalization of the Schrödinger
equation, also covering the time evolution of the density matrix,

d

dt
ρ̂S = − i

ℏ
[
Ĥ, ρ̂S

]
+
∑
n

Γn
(
L̂nρ̂SL̂

†
n − 1

2
{
L̂†
nL̂n, ρ̂S

})
. (2.5)
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Here, Ĥ is a hermitian operator describing the coherent (closed) part of the dy-
namics (this includes ĤS, and can also involve additional terms from the system-
environment interaction), [â, b̂] = âb̂−b̂â and {a, b} = âb̂+b̂â are the commutator and
anti-commutator, {L̂†

i , L̂i} are so-called jump-operators, describing the dissipative
part of the dynamics, and Γi is the decay rate associated with each jump-operator.
In other words, the jump-operators describe the environment’s actions on the system
and the decay rates correspond to the duration of each action.

2.1.1 Quantum Decoherence

The information loss arising from the interaction between a quantum system and
an environment is known as quantum decoherence. In this thesis, where we have
a qubit coupled to an external environment, the main sources of decoherence are
dephasing, relaxation, and excitation. These are represented by the jump-operators

σ̂z =
(

1 0
0 −1

)
, σ̂− =

(
0 1
0 0

)
, σ̂+ =

(
0 0
1 0

)
, (2.6)

with decay rates Γϕ, Γ−, and Γ+. From these, we define the relaxation and dephasing
rates Γ1 and Γ2 with corresponding relaxation and coherence times T1 and T2,

Γ1 = 1
T1

= Γ− + Γ+, (2.7)

Γ2 = 1
T2

= 1
2T1

+ Γϕ. (2.8)

These are central in the characterization of superconducting qubits, where higher
relaxation times often means more stable and high-quality qubits. The action of
these operators can be understood as follows. The dephasing operator σ̂z causes
a loss of coherence, i.e., the non-classical phase correlation, between state |g⟩ and
|e⟩ of a qubit. This results in a decay of the off-diagonal elements of the density
matrix, leading to a mixed state. The relaxation operator σ̂− causes a transition
from the excited state |e⟩ to the ground state |g⟩, resulting in system energy loss.
This could for instance happen when the surrounding environment is colder than
the qubit, causing energy to flow from the qubit to the environment. Similarly, the
excitation operator σ̂+ is equivalent to an excitation in the qubit, i.e., a transition
from |g⟩ to |e⟩. This can be interpreted as energy absorption from the environment,
which could be a consequence of a warmer environment, in analogy to relaxation.

2.1.2 Thermal Populations

The algorithmic cooling protocol requires an external environment in thermal equi-
librium. Within open quantum systems, this is often referred to as a heat bath [28].
In this project, the heat bath is realized by using a so-called waveguide resonator. A
resonator, or bosonic mode, of angular frequency ω at temperature T has an average
thermal photon occupation given by the Bose–Einstein distribution,
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nP (ω, T ) = 1
eℏω/kBT − 1 , (2.9)

where kB is Boltzmann’s constant. The relevance of nP for a qubit can be derived
from the Lindblad master equation for a two-level system coupled to a thermal
bosonic bath. For a qubit transition frequency ωq, the downward (de-excitation)
and upward (excitation) transition rates are

Γ↓ = γ(ωq) [nP (ωq, T ) + 1] , (2.10)
Γ↑ = γ(ωq)nP (ωq, T ), (2.11)

where γ(ωq) depends on the bath spectral density and the qubit–bath coupling at
the transition frequency. The excited-state population Pe then obeys Ṗe = Γ↑(1 −
Pe) − Γ↓Pe. In steady state, i.e., where Ṗe = 0, this gives

P ss
e = Γ↑

Γ↑ + Γ↓
= nP (ωq, T )

2nP (ωq, T ) + 1 = 1
eℏωq/kBT + 1 . (2.12)

Thus, although the bath itself is bosonic, the thermal excited-state population of a
two-level system takes the form of a Fermi–Dirac-like distribution.

2.2 Superconducting Qubits

The first crucial ingredient for this project are superconducting qubits, which can
be understood as artificial atoms realized using superconducting quantum circuits.
One of the earliest realizations of this is the Cooper-pair box, where Cooper-pairs
tunnel onto and off a superconducting island [31]. While this demonstrates the
basic operating principle, it is highly sensitive to charge noise. A more robust
implementation, and the main tool used in this project, is the transmon qubit, which
adds a large shunting capacitance to suppress charge fluctuations while maintaining
the behavior of a qubit [32]. This section starts by describing the classical LC
oscillator, which naturally translates to the transmon through the quantization of
the LC circuit. Finally, we also discuss the utilization of Superconducting Quantum
Interference Devices (SQUIDs) to implement flux-tunable transmons.

2.2.1 The Harmonic LC Oscillator

When addressing problems in physics, independently of complexity, it is usually
beneficial to start from known models. This is particularly true when studying
quantum mechanics, as it often appears less intuitive than classical physics. Here,
we leverage exactly this. Starting from the classical LC oscillator, which dynamics is
well-known, we will translate this to a quantum picture. This lets us describe more
complex circuits that are essential for superconducting quantum circuits, ultimately
leading to a crucial part of the core of this project: the transmon qubit.

9



2. Theory

The classical LC oscillator, described by its inductance L and capacitance C, vi-
brates at its resonant frequency ωr = 1/

√
LC. Physically, these oscillations are

caused by energy fluctuations between the magnetic field of the inductor and the
electrical field of the capacitance. The Hamiltonian of this system can be defined as
the sum of the inductive and charge energy [29],

ĤLC = Φ̂2

2L + Q̂2

2C . (2.13)

Here, Φ is the magnetic flux of the inductor and Q the charge on the capacitor. To
translate this into a quantum mechanical description, the first step is to define the
observables of the system. In this case, it is convenient to use the aforementioned
flux Φ and charge Q of the LC circuit. From this, we introduce the creation and
annihilation operators of the classical harmonic oscillator, â† and â,

â†, â =
√
ωrC

2ℏ Φ̂ ∓ i√
2ℏωrC

Q̂. (2.14)

Physically, these operators represents the creation (â†) and annihilation (â) of a
photon (the quantized unit of light) with frequency ωr inside the circuit. But, most
importantly, this allows us to rewrite the Hamiltonian in Equation 2.13 as

ĤLC = ℏωr(â†â+ 1
2). (2.15)

This describes a quantum harmonic oscillator, with eigenstates â†â |n⟩ = n |n⟩ and
energies En = ℏωr(n + 1/2) for n = 0, 1, 2, . . .. Figure 2.2 shows the corresponding
energy level spectrum, characterized by an equal spacing between consecutive levels.
This is a consequence of the fact that inductors and capacitors are linear circuit
elements, meaning that the output is directly proportional to the input. To create a
qubit however, we need energy levels with different, distinguishable energy spacings.
For this, we will utilize the non-linear Josephson junction introduced in Chapter 1.

I

!̂

L

→
↑

Q̂

C

→
↑

ω

°º °º/2 0 º/2 º
Superconducting Phase DiÆerence ∞
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r]

|0i

|1i

|2i

h̄!r

(a) (b)

Figure 2.2: (a) Circuit diagram of the LC circuit. (b) Energy level spectrum of
the LC circuit, showing the equal spacing between consecutive energy levels.
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2.2.2 The Transmon Qubit

We are now ready to create an actual, or at least theoretical, superconducting qubit.
By replacing the inductor in the LC circuit with a Josephson junction, non-linearity
is introduced in the system, see Figure 2.3. Using Equations 1.5–1.7 for the Joseph-
son current, voltage, and inductance, the circuit Hamiltonian can be written as

Ĥ = 4EC n̂2 − EJ cos(γ̂). (2.16)

Here, n̂ = Q̂/2e is the charge number operator, γ̂ = 2πΦ̂/Φ0 the superconducting
phase operator, EJ = Φ0Ic/2π the Josephson energy, and EC = e2/2(CJ + CS) the
charging energy, with CJ and CS as the JJ and shunt capacitances, respectively [29].
The ratio EJ/EC is critical for controlling the energy spectrum of the circuit, where
different values correspond to different kinds of qubits [33]. In this thesis, we focus
on so-called transmon qubits, which are realized when choosing a large EJ/EC ratio,
typically EJ/EC ∼ 20−80, by increasing the shunt capacitance CS. The main reason
behind this is to minimize charge noise, i.e., changes in energy due to circuit charge
fluctuations, which is proven harder to deal with than flux noise.

I

ω̂

LJ ,CJ

→
↑

n̂

CS

→
↑

ω

°º °º/2 0 º/2 º
Superconducting Phase DiÆerence ∞
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2

3

E
n
er

gy
[h̄
!

r]

|gi

|ei

|fi

h̄!01

h̄!12
EC

Qubit
subspace

(a) (b)

Figure 2.3: (a) Transmon circuit diagram, where the inductor of the LC circuit is
replaced by a Josephson junction. (b) Corresponding energy level spectrum, showing
the anharmonicity α that allows us to treat the two lowest levels as a qubit.

As the phase γ is small in this regime, we can expand the cosine-term in a power
series. Keeping terms up to fourth order, we can rewrite Equation 2.16 according to

ĤT = ℏωq b̂†b̂+ α

2 b̂
†b̂†b̂b̂, (2.17)

where ωq =
√

8ECEJ − EC is the transmon frequency and α = −EC the anhar-
monicity. We have also introduced creation and annihilation operators b̂† and b̂ in
analogy to the quantum harmonic oscillator Hamiltonian in Equation 2.15,

b̂†, b̂ = 1
2

(
EJ

2EC

)1/4
ϕ̂∓ i

(2EC
EJ

)1/4
n̂. (2.18)
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Comparing Equation 2.17 to that of the quantum harmonic oscillator in Equa-
tion 2.15, we see that the transmon essentially is an anharmonic oscillator, in cour-
tesy of α. Figure 2.3 shows the circuit diagram of the transmon, and the resulting
energy diagrams. Compared to the quantum harmonic oscillator, the anharmonicity
allows us to independently access the first and second eigenstate, often referred to as
|g⟩ and |e⟩, as our qubit, since the levels are no longer evenly separated. However, it
is important to remember that this is not an ideal two-level system, and that higher
order states also exist.

2.2.3 Flux-Tunable Transmons

A useful variant of the transmon can be realized when coupling two Josephson
junctions in parallell, creating a SQUID, see Figure 2.4 below [32]. By applying
an external magnetic flux Φe, the phase differences across the two junctions are
constrained by the flux quantization condition (i.e., that it is quantized in units of
2π), allowing us to treat this as a single Josephson junction [30]. This is described
by the Hamiltonian

ĤTT = 4EC n̂2 − 2EJ cos(γe) cos(γ̂), (2.19)

where γe = πΦe/Φ0 is the additional contribution to the superconducting phase
from Φe. This expression is directly analogue to the fixed-frequency transmon
Hamiltonian in Equation 2.16, but with the new, tunable Josephson energy E ′

J =
2EJ cos(φe), creating a flux-tunable transmon. The right panel of Figure 2.4 shows
the tunable transmon frequency ω01 as a function of the external flux. Here, it is
important to notice that a steeper slope results in a larger frequency shift from small
deviations in Φe. Thus, the ideal parking for the tunable transmon frequency are
one of the peaks where the slope is negligible, often called “sweet spots”.
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(a) (b)
Figure 2.4: (a) Circuit diagram for a flux-tunable transmon. (b) The first transition
frequency, corresponding to that of a qubit as a function of the external flux through
the SQUID loop. The black dots indicate the sweet spots.
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2.3 Circuit Quantum Electrodynamics

In analogy to how previous sections answered questions on how superconducting
qubits are realized, the following aims to explain how these are controlled and mea-
sured. This is often described in the framework of circuit QED, which is the study of
the interaction between superconducting qubits and microwave photons. The most
crucial components in circuit QED are radio frequency (RF) waves and so-called
coplanar waveguide resonators, which can be can be understood as two-dimensional
signal lines. Here, we start by describing the latter, which fills multiple important
purposes in this project. The RF waves essentially act as the means of communicat-
ing with the qubits. For this, we will employ the Jaynes-Cummings Hamiltonian,
which describes the interaction between quantized electromagnetic waves and atoms.
Finally, the relevant interactions between combinations of elements, that is qubit-
qubit and qubit-resonator couplings, are modeled.

2.3.1 Coplanar Waveguide Resonators

Harmonic oscillators can be realized from several different geometries and struc-
tures, where the aforementioned LC-oscillator is one example. Another type is the
coplanar waveguide resonator, or just resonator for short, which can be seen as a two-
dimensional coaxial transmission line consisting of capacitors and inductors coupled
in parallel, see Figure 2.5 [29]. The structure of resonators allows for the creation of
quantized modes of the electromagnetic field (photons) within the resonator, ulti-
mately enabling us to use these as a resource for controlling and measuring qubits.

L0 L0 L0 L0

C0 C0 C0 C0

δx δx

Φn Φn+1

Figure 2.5: Circuit model of a coplanar waveguide resonator, consisting of capac-
itors and inductors coupled in parallel in unit cells with size δx.

In the x-direction, the electromagnetic wave propagation can be modeled using
a one-dimensional, dispersion-free medium. For this purpose, we start from the
classical Hamiltonian describing the circuit in Figure 2.5,

ĤCWR =
N−1∑
n=0

( 1
2C0

Q̂2
n + 1

2L0

(
Φ̂n+1 − Φ̂n

)2
)
, (2.20)
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where Q̂ and Φ̂ are the same operators used in the LC circuit Hamiltonan in Equa-
tion 2.13. From here, we consider the continuum limit of this structure, meaning
that the size of a unit cell in the circuit, δx, is taken to 0. Using Hamilton’s equation
for this configuration, the wave propagation along the line can be described by

v2
0
∂2Φ̂(x, t)
∂t2

− ∂2Φ̂(x, t)
∂x2 = 0, (2.21)

where v0 is the speed of light in the medium. The solution can be expressed as

Φ̂(x, t) =
∞∑
m=0

um(x)Φ̂m(t), (2.22)

where um(x) = Am cos(kmx + φm). Here, the wave vector km and phase φm are
determined from the boundary conditions. By choosing these appropriately, the
electromagnetic field is decomposed into a discrete set of allowed modes, each be-
having as an independent harmonic oscillator with its own resonance frequency.
Therefore, different boundary conditions give rise to different types of resonators.
For instance, open-ended resonators requires that the current vanishes at both line
ends, whereas shorted requires vanishing voltage. Generally, however, the resonator
Hamiltonian can be written as a sum over independent harmonic modes,

ĤCWR =
∞∑
m=0

ℏωm
(
â†
mâm + 1

2

)
. (2.23)

where ωm is the mode frequency and â†
m (âm) is the photon creation (annihilation)

operator of each mode, in analogy to the quantized LC oscillator in Equation 2.15.
In the scope of this thesis, however, we are only interested in the fundamental
mode m = 0, which reduces Equation 2.23 to the Hamiltonian of a single quantum
harmonic oscillator. Ultimately, by coupling a qubit to a resonator, the photons
inside the resonator can be used as a resource for controlling and measuring the
qubit. Furthermore, in the context of HBAC, resonators also play the crucial role
of the heat bath. By using a resonator with a quick photon decay to the external
environment, entropy can effectively be removed from the system.

2.3.2 The Jaynes-Cummings Hamiltonian

In circuit QED, the resonators introduced in the last section are employed to mea-
sure and control superconducting qubits. In practice, this is realized by coupling a
resonator to a qubit while sending photons via the resonator to the qubit. From the
resonator-qubit coupling, the resonator can be utilized to measure the state of the
qubit, while the latter serves as qubit control. By truncating the resonator to include
only one mode, and the transmon to its first two levels, the interaction between this
and a resonator is described by the Jaynes-Cummings (JC) Hamiltonian,

ĤJC = ℏωr
(
â†â+ 1

2

)
+ ℏωq

2 σ̂z + ℏg(â†σ̂− + âσ̂+). (2.24)
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Here, ωr and ωq is the resonator and qubit frequency, respectively, g the coupling
strength, and σ̂z, σ̂−, and σ̂+ are the qubit Pauli-Z, lowering and raising operators.
These are equivalent to the dephasing, relaxation, and excitation jump-operators
in Section 2.1.1. We recognize the first term as the quantum harmonic oscillator
Hamiltonian, here describing the resonator. Together with the second term, which is
the bare qubit Hamiltonian, this models the free (interaction-less) system evolution.
The last term is the interaction-term, allowing for energy exchange between the
qubit and resonator. The â†σ̂− term corresponds to the exchange where a resonator
photon is created from the relaxation (energy-loss) in the qubit, and vice versa
for âσ̂+. Ultimately, this enables us to control and measure the qubit state using
photons in the resonator, as described in the next section.

2.3.3 Controlling and Measuring Superconducting Qubits

With the JC Hamiltonian, we have the foundational ingredient for understanding
how to control and measure our transmons. By coupling these to resonators, elec-
tromagnetic pulses (photons) can be applied through the resonators and used as a
resource for both qubit control and measurement. Here, we start by introducing
dispersive readout, which is the most common measuring technique used in today’s
circuit QED designs. Subsequently, we describe the coupling between qubits and
other circuit elements in this regime, including resonators and tunable transmons.
This lays the foundation for qubit control, especially in the context of HBAC.

2.3.3.1 Dispersive Readout

The concept of dispersive readout revolves around a qubit coupled to a resonator in
the dispersive regime, characterized by ∆ ≫ g, where the detuning ∆ = |ωq − ωr|.
Contrary to when ∆ ≪ g, the dispersive regime does not allow any direct energy
exchange between the two systems, allowing us to measure the qubit state without
disturbing it simultaneously. The dispersive regime instead force the resonator and
qubit frequency to “push” each other, allowing us to infer the state of the qubit
from that of the resonator. Thus, we are able to map the quantum state onto the
classical response of the linear resonator, and the readout optimization is essentially
a question of obtaining the best signal-to-noise ratio (SNR).

What we describe above can also be expressed from a mathematical point of view.
By performing the dispersive approximation ∆ ≫ g on the JC Hamiltonian in
Equation 2.16, we find the dispersive Hamiltonian

Ĥdisp = ℏωrâ†â+ ℏωq
2 σ̂z + ℏχâ†âσ̂z, (2.25)

where χ = −g2/∆ is the qubit state-dependent dispersive resonator shift. Here, it
is important to note that the JC Hamiltonian describes a perfect qubit coupled to
a resonator. If the third transmon level is included in the dispersive approximation,
χ is instead given by χ = g2EC/(∆(∆ − EC)).
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In either case, this physically means that the resonator frequency ωr is shifted by χ
depending on if the qubit is in state |g⟩ or |e⟩. The value of χ is therefore crucial
for distinguishing the two qubit states, where a larger χ results in better state read
out. For a fixed qubit-resonator coupling g, however, increasing χ is equivalent
to decreasing the critical photon number nc = ∆2/4g2, which defines the maximal
input power that can be applied to the resonator without breaking the dispersive
approximation. Thus, there is a trade-off between increasing χ and maintaining the
dispersive regime, which is crucial for optimizing the readout performance.

2.3.3.2 Tunable-Transmon-Qubit Coupling

To implement HBAC in a superconducting circuit, there are two crucial interaction
types between circuit elements that we must understand. These are the tunable
transmon-qubit and tunable transmon-resonator couplings, which we will now de-
scribe. The interaction between a tunable transmon and fixed-frequency transmon
(qubit) can be modeled using the composite system basis |QT ⟩ = |Q⟩q ⊗ |T ⟩t, with
Q = g, e, f, . . . and T = 0, 1, 2, . . . [34], [35]. After truncating the system to the first
three levels, the Hamiltonian can be approximated by

Ĥ/ℏ = 1q ⊗ (ωt(t)|1⟩⟨1|t + (2ωt(t) + αt)|2⟩⟨2|t)
+
(
ωq|e⟩⟨e|q + (2ωq + αq)|f⟩⟨f |q

)
⊗ 1t + gqt

(
σ̂†
q ⊗ σ̂t + σ̂q ⊗ σ̂†

t

)
.

(2.26)

Here, ωt(t) (ωq) is the tunable transmon (qubit) frequency, αt (αq) the corre-
sponding anharmonicity, 1t (1q) the identity operator in the tunable transmon
(qubit) subspace, gqt the tunable transmon-qubit coupling strength, and σ̂q(t) =
|g(0)⟩⟨e(1)|q(t) +

√
2|e(1)⟩⟨f(2)|q(t) are the operators describing the energy exchange

of the interaction. When modulating the flux through the tunable transmon, its
time-dependent frequency can be modeled as

ωt(t) = ωt + Am sin(ωmt+ θm), (2.27)

where Am, ωm, and θm are the modulation amplitude, frequency, and phase, re-
spectively, and ωt = ωt + δt is the average tunable transmon frequency during the
modulation. When moving into the rotating frame governed by Equation 2.27, the
interaction Hamiltonian for the system is given by (omitting irrelevant terms)

Ĥqt
int/ℏ =

∞∑
n=−∞

gn

[
ei(nωm−∆qt)t|g1⟩⟨e0|

+
√

2 ei(nωm−[∆qt−αq ])t|e1⟩⟨f0| +
√

2 ei(nωm−[∆qt+αt])t|g2⟩⟨e1| + h.c.
]
.

(2.28)

Here, ∆qt = ωq − ωt is the modulation detuning, and gn = gqt Jn(Am/ωm) eiβn ,
with βn and Jn(x) as the interaction phase and first-order Bessel functions, are the
effective coupling strengths. Below, the interaction between a tunable transmon and
resonator is theorized in a similar manner.

16



2. Theory

2.3.3.3 Tunable-Transmon-Resonator Coupling

Equally important to the previous tunable transmon-qubit interaction, will be that
of a tunable transmon coupled to a resonator. Similarly to the tunable transmon-
qubit system, we now consider the composite tunable-transmon-resonator system,
with basis states |RT ⟩ = |R⟩r ⊗ |T ⟩t. Following the derivation by Zhou et al., the
truncated 3-level Hamiltonian of this system takes a similar form as the tunable
transmon-qubit Hamiltonian in Equation 2.26 [36],

Ĥ/ℏ = 1t ⊗ (ωr|1⟩⟨1|r + 2ωr|2⟩⟨2|r)
+ (ωt|1⟩⟨1|t + (2ωt + αt)|2⟩⟨2|t) ⊗ 1r + gtr

(
σ̂†
t ⊗ σ̂r + σ̂t ⊗ σ̂†

r

)
.

(2.29)

Here, ωr is the resonator frequency, gtr the tunable transmon-resonator coupling
strength, and σ̂r(t) = |0⟩⟨1|r(t) +

√
2|1⟩⟨2|r(t) are again the energy exchange operators.

During flux modulation, the tunable transmon frequency will again follow the time
dependence defined in Equation 2.27. The interaction Hamiltonian in that rotating
frame for the tunable transmon-resonator system will then be given by

Ĥ tr
int/ℏ =

∞∑
n=−∞

gn

[
ei(nωm−∆rt)t|01⟩⟨10|

+
√

2 ei(nωm−∆rt)t|11⟩⟨20| +
√

2 ei(nωm−[∆rt−αt])t|02⟩⟨11| + h.c.
]
.

(2.30)

In analogue to the tunable transmon-qubit interaction Hamiltonian in Equation 2.28,
∆rt = ωr − ωt is the modulation detuning, and gn = gtr Jn(Am/ωm) eiβn are the
effective coupling strengths of this interaction.

2.4 Algorithmic Cooling

Algorithmic cooling was theoretically proposed in the early 2000s and leverages the
redistribution of entropy within a set of qubits, with the goal of cooling a subset of
these to their ground state. The first version of algorithmic cooling was formulated as
a “molecular scale heat engine” by Schulman and Vazirani in 1999 [21]. This version
is reversible, meaning that the total system entropy remains fixed throughout the
protocol execution. Quantum mechanically, this would be equivalent to a closed
system. Shortly after, standard algorithmic cooling was extended to the main tool
explored in this thesis: heat-bath algorithmic cooling (HBAC), proposed by Boykin
et al. in 2001 [2]. Contrary to standard algorithmic cooling, this variant is irreversible
and described using open quantum systems as an external, thermally equilibrated
environment (heat bath) is applied to remove entropy from the target system more
efficiently. Theoretically, this allows for reaching lower target temperatures. Starting
from standard algorithmic cooling, the following aims to explain the theoretical
aspect of HBAC, and particularly how the extended version proposed by Àlhambra
et al. could be implemented in a superconducting circuit [3].
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2.4.1 Reversible Algorithmic Cooling

As mentioned, the main tool used in both regular algorithmic cooling and the HBAC-
extension is the redistribution of entropy — more specifically the von-Neumann
entropy — defined in Equation 2.2. In the context of algorithmic cooling, the general
qubit state of interest can be expressed using the density matrix,

ρ̂(ε) =
(1+ε

2 0
0 1−ε

2

)
. (2.31)

This describes a particular instance of a mixed state, often referred to as a ε-polarized
state, where ε ∈ [0, 1]. Here, the mixture consists of (1 + ε)/2 pure state |0⟩ ≡ |g⟩
and (1−ε)/2 pure state |1⟩ ≡ |e⟩. The polarization ε is related to the von-Neumann
entropy S such that ε = 0 results in the maximally mixed state, with maximal
S = ln(2), and ε = 1 results in the pure target state |0⟩ with S = 0. In other words,
an increased polarization is equivalent to a decreased entropy, and a purer state.
The goal of algorithmic cooling is to redistribute entropy among a set of qubits so
that the target subset has lower entropy, and therefore higher polarization, while
the remaining qubits have higher entropy.

To illustrate the mechanism behind reversible algorithmic cooling, we consider a
simple example with two qubits A and B, both ε-polarized. The joint state ρ̂J can
then be written

ρ̂J = ρ̂A ⊗ ρ̂B = ρ̂(ε) ⊗ ρ̂(ε). (2.32)
Reversible algorithmic cooling then consists of two sub-routines: boosting and purifi-
cation. The boosting is represented as the unitary map (â, b̂) 7→ (â⊕ b̂, b̂) = (â′, b̂′),
which can be understood as a CNOT operation with control b̂ and target â, see
Figure 2.6. For our example, applying this to the joint state ρ̂J , with â = ρ̂A and
b̂ = ρ̂B, and extracting the reduced state for qubit A, ρ̂′

A, we find

ρ̂′
A = ρ̂(ε = ε′ = ε2), (2.33)

such that it is now polarized with ε′ = ε2. As ε2 < ε for ε ∈ [0, 1], this qubit has
increased entropy after the boosting, and is therefore termed a “warm” qubit moving
forward. Due to the conditional nature of the boosting step (i.e., the CNOT), the
polarization εB will depend on the resulting state of ρ̂′

A. It is rather straightforward
to show that this will be εB = 2ε/(1 + ε2) > ε if A′ = 0, and εB = 0 if A′ = 1, with
probabilities PA′=0 = (1 + ε2)/2 and PA′=1 = (1 − ε2)/2. Put differently, outcome
A′ = 1 will put qubit B in the maximally mixed state, making it “hot”, while A′ = 0
will decrease the entropy of B, making it colder. From the resulting polarizations,
one can check that the von-Neumann entropy indeed is conserved, which can be
understood directly from the fact that the boosting map is unitary (meaning that
it preserves the eigenvalues, and thus the total entropy, of the joint state).
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ε

ε

Boosting
(a, b) 7→ (a ⊕ b, b)

ε ↓↓ Hot PH = 1+ε2

2

ε ↑ Cold PC = 1−ε2

2

ε ↓ Warm PW = 1

Figure 2.6: Schematic view of the boosting step in reversible algorithmic cooling.
For a pair of qubits with polarization ε, the boosting results in a slightly de-polarized
“warm” qubit and either a highly de-polarized “hot”, or polarized “cold” qubit.

This is the main and essential part of reversible algorithmic cooling, even though
the boosting step alone does not produce a set of purified qubits. Instead, the
boosting serves as a primitive of the larger purification protocol. In the ideal case, the
purification would just mean that we repeatedly boost cold and warm qubits, while
discarding hot ones. This could be realized by ordering the qubits by their expected
polarization and throwing away the “hot part” of that sequence. However, as the
boosting output is a random-variable (as cold and hot qubits are produced with
certain probabilities) and the operation protocol must be independent of quantum
state, we cannot simply “push” a qubit left or right depending on if it is hot or cold.

The workaround to this is to instead organize the qubits after their expected polariza-
tion under the stochastic boosting process. In other words, the practical purification
operates on blocks of qubits, rather than identifying individual copies as cold or hot.
After each boosting round, the number of cold qubits fluctuates to little extent. This
number is, however, sharply concentrated to its expected value, allowing us to keep
the cold core of a certain block after each boost. The practical purification protocol
is therefore designed as follows. Initially, the qubits are boosted pairwise and sep-
arated into cold, warm, and hot blocks using expected polarization, see Figure 2.7.
From here, a controlled fraction of the warm and a safe subset of the cold qubits
are kept (corresponding to the number of cold qubits guaranteed with high proba-
bility). The rest, including hot qubits and the uncertain tail of the cold sector, are
discarded. At this point, the purification is split into two phases, which control the
specifics of whether to discard or keep the surviving blocks.

In phase 1, the previous steps are repeatedly applied to blocks that are not already
too hot or too cold. When a certain block is above a certain threshold polarization,
it is termed “certified” and set aside. In phase 2, the previous steps (excluding
phase 1) are applied only to certified sets. However, hot outputs are now discarded
directly, together with blocks that remain warm and therefore do not cool rapidly.
More specifically, phase 2 is divided into several subphases, where hot blocks are
discarded during each subphase, while blocks that have remained warm too often are
discarded at the end of each subphase. Put together, the boosting and purification
steps are repeated until the desired number of purified qubits is produced.
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Figure 2.7: Schematic overview of the purification in reversible algorithmic cooling.
(A) Firstly, qubits are pairwise boosted and sorted into hot, warm, and cold blocks
after expected polarization. (B) From here, controlled fractions of the warm and
cold blocks are passed to the next stage, after which the protocol splits into two
phases. (C) During phase 1, step A and B are repeated on blocks that are either
not too hot or too cold until their expected polarization is below some threshold
value, and are set aside as “certified” blocks for phase 2 (D). (E) Phase 2 then
repeats steps A and B on certified blocks, while discarding blocks that are hot or do
not cool quickly enough. (F) By repeating the whole algorithmic cooling protocol,
one ideally ends up with a smaller set of purified qubits within the larger initial set.

Unfortunately, the purification also demonstrates the bottleneck of reversible algo-
rithmic cooling. Since this protocol is inevitably probabilistic, a large number of
qubits must be employed to cool a subset of arbitrary size. Mathematically, this
can be expressed as an upper bound on the number of purified qubits m that can
be produced from a total number of qubits n with initial polarization ε0,

m ≤ n
(

1 − S
(1 + ε0

2

))
≈ n

ε2
0

2 ln(2) , ε0 ≪ 1. (2.34)

Therefore, reversible algorithmic cooling requires a large initial qubit set to produce
even a small set of purified qubits. This limitation is based on the fact that reversible
algorithmic cooling preserves total entropy, meaning that it cannot create new pu-
rity. We are thus bounded by the initial purity, which prevents us from reaching
arbitrarily high purity in the final ensemble. This naturally leads us to irreversible
algorithmic cooling, which applies an external heat bath to beat this bound, making
it more appealing for any real-world realization of algorithmic cooling.
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2.4.2 Heat-Bath Algorithmic Cooling (HBAC)

To overcome the upper bound on the number of purified qubits given in Equa-
tion 2.34, irreversible algorithmic cooling (HBAC), employs an external heat bath
as an “entropy-dump”, allowing for more effective cooling. This was proposed in
2001 by Boykin et al. [2], and is fundamentally based on the same principles as
reversible algorithmic cooling. Specifically, it uses the same boosting principle to
redistribute the entropy within the system. Contrary to regular algorithmic cooling,
however, HBAC then includes a cooling protocol, where the thermal states of the
hot qubits are reset using the heat bath.

The heat bath consists of partially polarized qubits, and assumes that the polar-
ization of any qubit interacting with the bath quickly reaches the collective bath
polarization. Intuitively, the heat bath thus acts a sink, where the excess entropy
collected by the hot qubits is dumped into the surrounding environment. In other
words, the hot qubits are turned into warm qubits again, instead of disregarding
them as in reversible algorithmic cooling. The purification of HBAC is then similar
to that of regular algorithmic cooling, where boosting and cooling protocols are re-
peatedly applied to a set of qubits. Most importantly, the HBAC set-up pushes the
upper bound for the total number of purified qubits achievable, as the cooling step
allows us to re-use the hot qubits.

2.4.2.1 Extended Heat-Bath Algorithmic Cooling

Since its introduction, several new and improved versions of HBAC have been de-
signed. In this thesis, we focus on the extended heat-bath algorithmic cooling variant
proposed by Álhambra et al. [3]. This version exploits multilevel transmons, whose
additional energy levels provide more pathways for entropy transfer to enhance the
entropy redistribution and the cooling effect in the HBAC protocol. Theoretically,
the algorithm works for d-dimensional systems (i.e., transmons with arbitrary many
energy levels), but for the purpose of this thesis we will only consider qubits as
target systems. Another difference between regular HBAC and extended HBAC is
that the latter in general does not require any additional auxiliary systems, saving
significant computational cost for preparing and controlling such systems. The au-
thors also show, as a consequence of leveraging multilevel systems, that even the
cooling (reset) step is not a hard requirement to achieve optimal cooling.

Independently of the system dimension, however, the extended HBAC protocol boils
down to a three-step process. Firstly, to achieve the most efficient entropy transfer,
the target system is prepared in its maximally active state. Physically, this can
be understood as a way of re-arranging the energy within the system such that
it becomes extractable. In the case of a single target qubit, this corresponds to
swapping the ground and excited state population using a so-called π-pulse. Next,
the cooling part occurs through the β-SWAP operator. For a single target qubit,
this could be realized from the interaction between the qubit and a single bosonic
mode, for instance a multilevel transmon. That operator would then be given by
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Ûβ = |g, 0⟩⟨g, 0| +
∞∑
n=1

|g, n⟩⟨e, n− 1| + |e, n− 1⟩⟨g, n|, (2.35)

where |Q,B⟩ = |Q⟩ ⊗ |B⟩, with Q = g, e and B = 0, 1, 2, . . . are basis state vectors
of the composite qubit-bosonic-mode system. The left panel of Figure 2.8 shows the
effect one round of applying Ûβ to the maximally active state of the target qubit
in the case of an infinite-level bosonic mode. Here, the bosonic mode would act
as an infinite “entropy well”, where entropy can be stored without saturation and
transported away from the target system over successive cycles, efficiently pushing
the qubit population in the opposite direction, indicated by the dashed and dotted
arrows in Figure 2.8. In this case, the re-thermalization is thus not mandatory, as the
infinite mode can be reused over consecutive cooling cycles, acting as an unbounded
entropy sink that allows the qubit to iteratively approach its ground state.

Full Bosonic Mode

|g⟩

|e⟩
|0⟩ |1⟩ |n⟩

Truncated Bosonic Mode

|g⟩

|e⟩
|0⟩ |1⟩ |2⟩

Figure 2.8: Schematic view of the net entropy (dotted) and population (dashed)
flow after applying the first two operations of the extended HBAC protocol — the
qubit excitation and the β-SWAP — in the single-qubit target example system.
When all levels of the bosonic mode are accessible (left panel), each round of these
operations successively pushes population towards the ground state of the qubit,
by using the mode as an infinite “entropy well”. In real life, only a few levels are
accessible (right panel), causing the population to oscillate between |g⟩ and |e⟩, and
never converge to the ground state. Figure adapted from [3].

However, this thesis explores the experimental implementation of extended HBAC,
which unfortunately makes our lives harder than the ideal, theoretical version sug-
gests. In practice, the most important bottleneck for the experimental implemen-
tation of extended HBAC is that we cannot employ infinite energy levels of the
bosonic mode. As illustrated by Figure 2.8, this will cause population (and entropy)
to circle around within the system, and never converge to the ground state. Luckily,
there is a workaround to this problem. By re-thermalizing the bosonic mode after
each cooling iteration, the accumulated entropy can be dissipated into an external
environment, restoring the mode to its thermal state and recovering its cooling ca-
pacity for the next cycle. This can for example be realized by coupling the mode to
a resonator that relaxes it to the surrounding thermal environment of the resonator.
Figure 2.9 illustrates an experimentally feasible workflow for the extended HBAC
protocol applied to a single-qubit target system, building on the above.
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Figure 2.9: Schematic picture showing an experimentally feasible extended HBAC
principle for a single-qubit target system. First, the qubit is excited to achieve
the maximally active state by swapping the ground and excited state populations.
Secondly, the β-SWAP exchanges population between the target qubit and bosonic
mode, removing entropy from and thus cooling the qubit, indicated by the blue ar-
rows. Finally, the bosonic mode is re-thermalized by transferring the excess entropy
to the external heat bath, preparing for the next cooling iteration.

Even though the re-thermalization theoretically will work equally well as the perfect
bosonic mode setup, there is a clear disadvantage with re-thermalizing the system,
which in this case — as in many others — has to do with time. When performing
the extended HBAC protocol, our greatest enemy is the relaxation rate of the target
qubit, or equivalently its T q1 . If this is shorter than the execution time of a single
cooling round, the qubit will relax back to its initial thermal state, and the cooling
effect will be negligible. In the case of not re-thermalizing the bosonic mode, this is
avoided if the β-SWAP-time τβ is much smaller than T q1 , i.e., τβ ≪ T q1 . However, if
we add the re-thermalization, we must instead make sure that

τβ + τR ≪ T q1 , (2.36)

where τR is the execution time of the re-thermalization. By adding this extra time
dimension to the protocol, the importance of a reliable target qubit T q1 increases.
Of course, there are other disadvantages regarding the need of implementing and
controlling the re-thermalization, but this is the most fundamental one, as it directly
limits the cooling performance of the protocol. Thus, to achieve optimal cooling, we
need to make sure that the β-SWAP is as fast as possible, while also keeping the
re-thermalization time at a minimum.
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It is now time for us to leave (but not forget) the theoretical models from the last
chapter to acknowledge the actual implementation of extended HBAC in a supercon-
ducting quantum circuit. Below, we start by characterizing the experimental setup,
including the qubit device and cryogenic set-up. After that, we split the implemen-
tation into two parts. The first part covers the realization of the β-SWAP operator
Ûβ, mathematically defined in Equation 2.35. Following the extended HBAC pro-
tocol structure from start to finish, the second part then naturally involves the
implementation of the re-thermalization of the bosonic mode. Finally, we describe
how these two parts are combined to form the complete protocol.

3.1 Experimental Setup

The most essential part of an experimental project is arguably the experimental
setup. This is not an exception in this thesis, where the qubit device and cryogenic
wiring is crucial for realizing the extended HBAC protocol. Below, these parts of
the methodology is outlined in detail, laying the foundation for the actual imple-
mentation, as described in the following sections.

3.1.1 Cryostat Configuration

The most important part of circuit QED experiments is undeniably the dilution
refrigerator, also known as the cryostat. This allows us to reach extremely low tem-
peratures, which as we know is foundational for achieving superconductivity and
thus realizing a reliable platform for circuit QED research. In addition to supercon-
ductivity, the low temperature is also crucial for qubit lifetime and thermal noise
reduction. This thesis uses a BlueFors LD Dilution Refrigerator System, operated
near 70 mK. Details about the functionality and operation of this particular cryostat
can be found online [37]. In short, however, a cryostat uses a mixture of the helium
isotopes He3 and He4 to achieve the low temperatures. The mixture is circulated
through a series of stages with decreasing temperature, ultimately reaching the base
temperature at the mixing chamber stage where the qubit device is located.
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Figure 3.1 shows the wiring diagram inside and outside of the cryostat. The setup
consists of two inputs (qubit and modulation lines) and one output, where the former
is used to control the qubits and the latter for readout purposes. Each input has a
number of attenuators at each temperature stage to remove thermal noise whilst the
surrounding temperature decreases, ensuring appropriate signal energy scales when
it reaches the qubit device. Contrary to the input lines, the readout line instead has
a number of amplifiers, used to convert the attenuated signal from the cryogenic chip
to a level where it can be measured and analyzed at room temperature. The DC
block, isolator, and circulator all make sure that no signal enters the qubit device
from the output line. In addition to the input and output, the setup includes a
DC breakout box, used to apply a current that tunes the frequency of the coupler.
This is combined with the modulation line signal through a bias tee, an electrical
component that allows DC and radio-frequency (RF) signals to share the same
physical line while keeping the two frequency components separated.

DC SourcePresto
RF out

Breakout Box

300 K
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Still 0.8 K

C/P 0.1 K

M/C 0.07 K
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RF out RF in

Qubit drive line Readout line Modulation line DC breakout

20 dB
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RC 240 Hz

RC 240 Hz
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Figure 3.1: Simplified scheme showing the wiring diagram used in the project. The
dashed horizontal lines correspond to different temperatures within the cryostat. For
a more detailed figure and description of the qubit device, we refer to Section 3.1.2.
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Using an arbitrary waveform generator, the RF signals could be generated with
controllable amplitude, phase, and frequency. This is especially useful for circuit
QED experiments, where the customization of shaped pulses is crucial for qubit
control. Particularly, the waveform generator is a 16-output-version of the Presto
device, which functionality can be found online [38], [39]. In total, we use five Presto
output ports and one input port. For the latter port, the Presto device digitizes the
returned signal such that the measurement response can be represented as complex-
valued I/Q data. Among the output ports, two are used to drive the qubits, two
more to probe their respective resonator, and the last one to drive the modulation
line. To combine the qubit and resonator outputs to the chip input line, we use
power splitters. Furthermore, to remove spurious tones, several room-temperature
low- and high-pass filters are applied to the Presto input and output.

3.1.2 The Device

Figure 3.2 shows the device used in this thesis, consisting of a tunable transmon
between two fixed-frequency qubits. The intended application of the tunable trans-
mon is to tune the coupling strength between the qubits. Therefore, it is commonly
referred to as a coupler qubit (CQ). In this thesis, we only employ one of the qubits,
the target qubit (TQ), together with the coupler to implement the extended HBAC
protocol. All qubits are capacitively coupled and have their own resonator used
for readout. Notably, this chip was not custom-made for extended HBAC, but its
general structure shows that a successful implementation would not require a specif-
ically designed device, strengthening the case for the general applicability of HBAC
in superconducting circuits. Next, we describe the device characterization, which
forms the foundation for implementing the extended HBAC protocol.

CR TR

CQ
TQ

Figure 3.2: Schematic view of the project device, consisting of a tunable coupler
qubit (CQ) and two fixed-frequency transmons, one of which acts as the target qubit
(TQ) for the extended HBAC protocol. Each qubit also has its own resonator (R)
used for readout purposes. The left transmon qubit was not used within the scope
of this project, as indicated by the dashed line.
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3.2 System Characterization

Before starting the extended HBAC implementation in the device, it is imperative
to understand and classify its foundational properties. This is done by character-
izing the qubits and resonators, as well as the combined system. In the context of
extended HBAC, relevant parameters for the qubits include their frequencies ωq, an-
harmonicities α, and relaxation and coherence times T1 and T2. For the resonators,
we are interested in their frequencies ωr and decay rates κ. Finally, for the combined
system, we need to know the detuning between the target and coupler qubits ∆qc

and between the coupler and its resonator ∆crc, as well as the coupling strengths
gqc and gcrc. We park the coupler qubit at a frequency of 6.00 GHz using a bias
current of 818.16 µA. Since the coupler sweet spot is very close to its resonator, we
chose another operation point as it otherwise would relax too quickly, preventing
an effective β-SWAP. The chosen parking spot allows a fast re-thermalization while
maintaining a rapid and reliable β-SWAP. The measured values for these parameters
at this particular parking spot are summarized in Table 3.1 below.

Table 3.1: Measured qubit and resonator parameters for the relevant device modes.

Parameter [Unit] Symbol Target Coupler
Qubit Parameters

Frequency [GHz] ωq/2π 5.26 6.00
Anharmonicity [MHz] α/2π –212.2 –68.19
Relaxation time [µs] T1 37 15
Coherence time [µs] T2 11 1.7
Dispersive shift [kHz] χ/2π 697.5 50

Resonator Parameters
Frequency [GHz] ωr/2π 6.74 7.82
Decay rate [kHz] κ/2π 765.8 615.6

Combined-System Parameters
Target-coupler detuning [GHz] ∆qc/2π 0.74
Coupler-resonator detuning [GHz] ∆crc/2π 1.82
Target-coupler coupling [MHz] gqc/2π 42
Coupler-resonator coupling [MHz] gcrc/2π 50

Regarding the parameter acquisition techniques, we employ standard circuit QED
methods whilst working in the dispersive regime. For the resonator frequencies and
decay rates, that is one-tone spectroscopy, in which a weak probe tone is swept
across the resonator while measuring the transmitted signal. At resonance, the
response signal shows a characteristic amplitude and phase response, from which
the frequency and decay rate can be determined. More specifically, we use the
framework provided by Probst et al. to extract ωr and κ from the data [40].
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After the resonator frequency of a qubit has been determined, the qubit frequency
and anharmonicity can be found similarly using two-tone spectroscopy. Here, one
tone is parked at the resonator whilst another tone sweeps across the qubit fre-
quency. Since we are working in the dispersive regime, the resonator frequency
will shift when the qubit frequency is hit, typically exhibited as a dip or a peak in
the transmitted signal. In practice, the qubit drive is performed in short pulses of
100 µs, followed by a readout pulse. This allows us to avoid frequency shifts from the
qubit-resonator coupling during the measurement, yielding a more precise frequency
estimation. Moreover, by probing the qubit with more power, the anharmonicity
can be approximated by inducing the |g⟩ ↔ |f⟩ transition frequency ωd = ωgf/2,

α = ωef − ωq = ωgf − 2ωq = 2(ωd − ωq), (3.1)

where the factor 2 arises from the fact that this is a two-photon transition. A more
general, and precise method, however, would be to excite the qubit and perform a
|e⟩ → |f⟩ Ramsey experiment (see below).

Next, we find the relaxation time, coherence time, and dispersive shift χ by per-
forming time-domain measurements. Intuitively, we measure the dispersive shift
χ through one-tone spectroscopy after exciting the qubit. The T1 time is found
by preparing the qubit in the excited state |e⟩ using a well-calibrated π-pulse and
measuring the population decay back to the ground state |g⟩ as a function of time.
T2 is measured similarly by performing a Ramsey experiment. Starting by slightly
detuning the qubit frequency, the qubit is prepared in a superposition (|g⟩+ |e⟩)/

√
2

through a π/2-pulse and then allowed to evolve freely as a function of time before
applying another π/2-pulse. From the T2 measurements, we can also fine tune the
qubit frequency by extracting the detuning from a fit on the T2 data and compare
that to the theoretical detuning set before the experiment.

Finally, we determine the qubit-coupler and coupler-resonator coupling rates using
two different methods. Firstly, we find the qubit-coupler coupling gqc by letting the
coupler frequency “pass” over the target qubit by sweeping the coupler current bias.
This results in a so-called avoided crossing due to quantum hybridization, meaning
that the two modes will repel each other when they are close in frequency. The
coupling strength is then extracted from the size of this avoided crossing, which is
given by 2gqc. On the other hand, the coupler-resonator coupling gcrc is measured
by combining experiments with the analytical expression for the dispersive shift χ
in the Jaynes-Cummings model, that is

χ = g2
crcαc/ℏ

∆crc(∆crc + αc/ℏ) , (3.2)

where ∆crc is the detuning between the coupler and its resonator and αc the an-
harmonicity of the coupler [29]. By measuring χ of the coupler resonator through
one-tone spectroscopy and knowing ∆crc and αc from the previous characterization,
gcrc could be calculated.
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3.3 Experimentally Realizing Extended HBAC

The following sections describe the practical realization of the extended HBAC pro-
tocol in a superconducting circuit. We begin by clarifying the individual function-
ality and implementation of the β-SWAP and re-thermalization, ultimately leading
to a proposal on how these can be combined to implement the whole protocol.

3.3.1 β-SWAP Operator

To implement the β-SWAP operator Ûβ defined in Equation 2.35, we employ the
same method demonstrated by Reagor et al. for a tunable transmon (the coupler in
our case), and fixed-frequency transmon (our target qubit) [35]. The theory behind
this is described in Section 2.3.3.2. In this thesis, we focus on the first two transitions
of Ûβ, i.e., |g1⟩ ↔ |e0⟩, denoted Û (1)

β , and |g2⟩ ↔ |e1⟩, denoted Û (2)
β . Here, we use the

notation |QC⟩ for the target qubit (Q) and coupler (C), which acts as our bosonic
mode. These terms also appear in the interaction Hamiltonian modeling a qubit
coupled to a tunable transmon in Equation 2.28, with the corresponding effective
coupling strength pre-factors. Physically, this means that we can induce energy
transitions between these states by probing the coupler at given frequencies. In
particular, Û (1)

β is implemented by probing the qubit at the modulation frequency
ω(β1)
m = ±∆qc = ±(ωq − ωc), where ωq and ωc are the frequencies of the target

and coupler, respectively. Similarly, Û (2)
β is implemented by probing the qubit at

ω(β2)
m = ±(∆qc − αc), where αc is the anharmonicity of the coupler.

|0⟩c |1⟩c |2⟩c

|g⟩q

|e⟩q

ωc ωc − αc ω(β2)
mω(β1)

m

ωq

Γq
Γq

g(β1)
n

g(β2)
n

Figure 3.3: Schematic figure of the Jaynes-Cummings diagram for the combined
target-coupler system, illustrating the β-SWAP realization. The states |g⟩q, |e⟩q, and
|0⟩c, |1⟩c, |2⟩c are the lowest energy states for the target and coupler, respectively. By
modulating the coupler at frequencies ω(β1)

m and ω(β2)
m , an energy exchange between

the target and coupler is achieved, realizing the first two transitions of Ûβ.
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In practice, we target and calibrate these transitions individually by sweeping the
pulse length τβ and ωm for each transition. This results in a Rabi-Chevron pattern,
showing oscillations between the involved states as a function of τβ and ωm. From
this, the optimal frequency ωm,⋆ is found by fitting the Rabi-oscillation frequency of
each ωm to a sinusoid, resulting in a quadratic function with its minimum at ωm,⋆.
Finally, the oscillations for ωm,⋆ are used to find the optimal pulse length τβ,⋆, i.e., the
point of the first extremum, corresponding to a full population transfer between the
two involved states. In theory, the initial state of this experiment should not matter,
since the transition goes both ways, according to the Hamiltonian in Equation 2.28.
Therefore, we perform the experiments using |g1⟩ and |g2⟩ as initial states. For Û (2)

β

in particular, this is more practical than starting in |e1⟩, where crosstalk, i.e., target
frequency shifts from coupler excitation, will be more prominent.

This naturally translates to the next challenge. According to the definition of the
β-SWAP operator, all involved terms should happen simultaneously and at the same
rate. The solution to the latter is rather straightforward. By tuning the modulation
amplitude of each term, τβ can be calibrated to the same value for both terms.
Theoretically, Û (2)

β is
√

2 times faster than Û
(1)
β (courtesy of the Hamiltonian

√
2

pre-factor). Thus, we drive the Û (1)
β about

√
2 times stronger. The simultaneous

implementation, on the other hand, is trickier. However, since the involved states
are orthogonal, they should not interfere with each other. Thus, we apply the two
ωm sequentially without affecting the dynamics of the other, saving us time when it
comes to calibrating them simultaneously. This would be harder as it would induce
ac-Stark shifts in ωm and other obstructing dynamics.

3.3.2 Re-thermalization of the Bosonic Mode

The re-thermalization of the bosonic mode, or the coupler qubit in our case, is
implemented similarly to the β-SWAP by realizing an energy exchange between the
coupler and its resonator. The theory behind this kind of interaction was described
earlier in Section 2.3.3.3. After the β-SWAP has been applied to the target-coupler
system, the coupler |1⟩c and |2⟩c states will hold excess entropy extracted from the
target qubit, and must therefore be reset before the next cooling round to avoid
entropy saturation, as described earlier.

Depending on if we employ only Û (1)
β , or both Û (1)

β and Û (2)
β , either |1⟩c or both |1⟩c

and |2⟩c will hold the excess entropy. In the first case, we only need to reset |1⟩c,
which in general is more straightforward than resetting both |1⟩c and |2⟩c. In both
cases, however, we employ the method outlined by Zhou et al. [36]. Following their
recipe for resetting only |1⟩c, we constrain our system subspace to that spanned by
{|01⟩ , |10⟩}, where we use the notation |RC⟩ for the resonator (R) and coupler (C).
This is justified when the modulation frequency ωm of the total system Hamiltonian
in Equation 2.30 is chosen such that nωm ≃ ±∆rt, which suppresses higher order
transitions. When also including the photon loss (decay) of the coupler resonator,
the effective Hamiltonian for this truncated system can be written
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ĤR =
(

0 |gRn |eiβn

|gRn |e−iβn −iκcr/2

)
. (3.3)

Here, gRn and βn are the effective coupling strengths and interaction phases of the
total system Hamiltonian, and κcr is the coupler resonator decay rate. From this,
the reset rate, specifying the overall reset speed, is obtained from the imaginary
parts of the eigenvalues of ĤR, which determine the decay rates of the states in-
volved. Depending on the modulation amplitude, three decay regimes are possible.
For small amplitudes, specifically |gRn | < κcr/4, the |1⟩c decay will be similar to
a regular T1, where Γ increases with |gRn |. For our goal, however, we want to be
in the underdamped, or preferably the critically damped regime, where Γ will have
its maximum value Γ = κcr/2, enabling a fast reset. The former is achieved when
|gRn | = κcr/4, and the latter when |gRn | > κcr/4.

In practice, since the resonance criteria in the total system Hamiltonian reads
nωm = ±∆rt, several sidebands n realize the energy exchange. We will, however,
only need one of these to reset the coupler, as this alone will induce the |01⟩ ↔ |10⟩
transition, in analogue to our β-SWAP implementation, see the blue-orange inter-
action in Figure 3.4. By sweeping the modulation frequency ω(R1)

m and amplitude,
where the latter controls the effective coupling strengths gn, the different sidebands
is found, enabling us to find the optimal frequency ω

(R1)
m,⋆ and amplitude that real-

izes the critically damped regime. Finally, we find the optimal reset time τR,⋆ by
sweeping the pulse duration for the optimal frequency and amplitude.

|0⟩c |1⟩c |2⟩c

|0⟩cr

|1⟩cr

ωc ωc − αc ω(R2)
mω(R1)

m

ωcr

κcr

κcr

g(R1)
n

g(R2)
n

Figure 3.4: Schematic figure of the Jaynes-Cummings diagram for the combined
coupler-resonator-coupler system, illustrating the idea behind the parametric reset
of the coupler qubit. The states |0⟩cr

, |1⟩cr
, and |0⟩c, |1⟩c, |2⟩c are the lowest energy

states for the resonator and coupler, respectively. The curly arrows denote the
resonator decay at rate κcr . By modulating the coupler at frequencies ω(R1)

m and
ω(R2)
m , an energy exchange between the coupler and resonator is achieved, ultimately

realizing the coupler reset through the resonator decay. Figure adapted from [36].
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For resetting both |1⟩c and |2⟩c, Zhou et al. propose a simultaneous reset by sending
two simultaneous parametric modulation drives to the coupler, see Figure 3.4. These
will induce energy exchange between |01⟩ ↔ |10⟩ and |02⟩ ↔ |11⟩, as depicted
by the dashed circles above. As a result, the |1⟩c and |2⟩c states of the coupler
will be reset via the resonator, which decays with rate κcr according to the curly
arrows. Similarly to the β-SWAP, the modulation frequencies that activate these
transitions can be derived from the interaction Hamiltonian in Equation 2.30, that
is ω(R1)

m = ±∆crc = ±(ωcr − ωc) for |01⟩ ↔ |10⟩ and ω(R2)
m = ±(∆crc − αc) for

|02⟩ ↔ |11⟩, where ωcr is the coupler resonator frequency.

When sweeping both ω(R1)
m and ω(R2)

m , the effective frequency will be composed of four
major components, i.e., ω(R1)

m , ω(R2)
m , and (ω(R1)

m ±ω(R2)
m )/2. Thus, we will have several

resonance regions where the transitions occur, in particular where ω(R1,R2)
m = ±∆crc,

ω(R1,R2)
m = ±(∆crc − αc), (ω(R1)

m ± ω(R2)
m )/2 = ±(∆crc), and (ω(R1)

m ± ω(R2)
m )/2 =

±(∆crc−αc). To realize the simultaneous reset, however, we are only interested in the
region where the resonance conditions for both transitions happen at the same time.
This will arise when two frequency components involve the resonance conditions
for both transitions, for instance when ω(R1)

m = ±∆crc and (ω(R1)
m ± ω(R2)

m )/2 =
±(∆crc − αc). By sweeping ω(R1)

m and ω(R2)
m , the optimal frequencies ω(R1)

m,⋆ and ω(R2)
m,⋆

are found. Finally, the optimal reset time τR,⋆ is found as the point where the excited
state population has reached its minimum at a chosen modulation amplitude for the
optimal modulation frequencies.

3.3.3 Extended HBAC Implementation

We are now ready to implement the complete extended HBAC protocol. This starts
by exciting the target qubit by probing it with a π-pulse, see Figure 3.5, which is
the only component of this algorithm that we have not commented on yet. It is,
however, trivial to calibrate by sweeping the amplitude of a pulse probed at the
calibrated |g⟩q → |e⟩q frequency. The π-pulse amplitude will then appear as the
first extremum point, corresponding to a full |g⟩q → |e⟩q transfer. Next, we apply
the β-SWAP operators Û (1)

β and Û (2)
β sequentially, before resetting the thermal state

of the coupler qubit. Depending on if we use both Û
(1)
β and Û

(2)
β , or only Û

(1)
β , the

re-thermalization will require either one or two pulses. Finally, after repeating the
steps above over N rounds, we measure the thermal population of the target qubit,
as described in Section 3.4.2.
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Û
(2)
β

Reset

Û
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Figure 3.5: Pulse diagram for realizing extended HBAC in a superconducting
circuit. Each cooling cycle consists of a target excitation, followed by a β-SWAP
and a reset of the coupler. This is then repeated over N cycles before the readout.

3.4 Readout and Data Analysis

One part of an experiment procedure that is often overseen or taken for granted is
data collection and analysis. However, this is not something to be taken lightly, and
it can more often than not decide the quality of the results. This is particularly
true in the context of circuit QED, where the readout can significantly impact the
fidelity of the measurements. In general, as we perform our experiments using
superconducting circuits, the response from a certain operation (pulse sequence)
on our qubits is represented by an RF signal with a certain amplitude and phase.
In practice, this signal is measured as a voltage response at the cryostat output,
which is then digitized into a complex number. The amplitude and phase of this
number are then used to infer the state of the qubits, serving as the basis for the
data analysis. When it comes to the exact readout and analysis method, we use
different approaches depending on the experiment, as described below.

3.4.1 Averaged Readout

For the β-SWAP and coupler reset, we employ averaged readout. By repeatedly
preparing the same state, we calibrate the response for that state by averaging the
measured data. This is done for all relevant states of an experiment, allowing us to
create a mapping between the measured complex numbers and the corresponding
qubit states. One reason why this is preferred is due to the inevitable fact that our
target and coupler qubit are physically coupled, so that one operation will shift the
response for the other. Average readout then lets us treat the target-coupler system
as composite by calibrating the readout response for all relevant states.
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For the β-SWAP implementation, we calibrate the response for the |g0⟩, |g1⟩, |e0⟩,
and |e1⟩ states. The obtained complex data was then rotated in the complex plane
to align the involved states with the real axis, which is a common technique used
to improve the readout fidelity. Finally, the population of each state is found by
projecting the measured data onto the real axis, using the calibrated mapping to
infer the state populations. For example, if a measured complex number from the
Û

(1)
β operation ends up in between the calibrated |g1⟩ and |e0⟩ responses, we infer

that the population of these two states is 50%. However, since this measurement
only use the target resonator, the composite system state cannot be inferred, so that
the actual interpretation would be to 50% of |g⟩q and |e⟩q.

Similarly, we start by calibrating the coupler resonator response for the |00⟩, |01⟩,
and |02⟩ states for the re-thermalization. When only resetting |1⟩c, we employ the
same method as for the β-SWAP. When resetting both |1⟩c and |2⟩c, however, we
must consider the fact that all three states are involved in the reset, so that we
could not simply project onto the real axis. Instead, we find the respective state
population by numerically solving the linear system of equations given byRe(S00) Re(S01) Re(S02)

Im(S00) Im(S01) Im(S02)
1 1 1


P0c

P1c

P2c

 =

Re(S)
Im(S)

1

 . (3.4)

Here, Pic is the population of coupler state i, S0i the calibrated response for each
state, and S the measured signal. This approach ensures that all involved states are
considered, while maintaining the normalization condition ∑i Pic = 1.

3.4.2 Thermal Populations Measurements

As we know, the ultimate goal of the extended HBAC protocol is to cool the target
qubit. In the realm of superconducting circuits, making a qubit colder is equivalent
to reducing its thermal population, theoretically described by the expression in
Equation 2.12. In practice, the thermal population is a fancy way of referring to the
excited state population of the qubit. Therefore, the natural way of evaluating the
performance of our extended HBAC implementation is by measuring the thermal
population of the target qubit. However, since this population is typically very low,
on the order of a few percent, it can be challenging to measure it with high precision.

To overcome this, we employ the same method as Aamir et al., who measured ther-
mal populations as low as 10−4 [20]. Simply put, they propose to use standard
Rabi-oscillation measurements for two different state preparations, see Figure 3.6.
Firstly, the reference signal is calibrated by exciting the qubit and measuring the
|e⟩q → |f⟩q Rabi-oscillations by probing the qubit with different modulation ampli-
tudes at the |e⟩q → |f⟩q transition frequency. Since we swap the |g⟩q and |e⟩q states,
the |e⟩q state is almost fully populated, and the amplitude of the oscillations will be
maximal, serving as a reference for the thermal population measurement.

34



3. Methods

Secondly, we perform the same Rabi-oscillation measurement, but now without the
initial excitation. The amplitude of these Rabi-oscillations, referred to as the signal,
is considerably smaller than the reference, and by comparing the two amplitudes,
we infer the thermal population of the target qubit. In particular, the thermal
population is calculated as Pth = As/(As+Aref), whereAs andAref are the amplitudes
of the Rabi-oscillations for the signal and reference measurements, respectively. To
save time, we only measure the response for θ ∈ [0, 0.5], since the first extremum
point (θ = 0.5) of the oscillations corresponds to a full |e⟩q → |f⟩q transfer, which
is sufficient for estimating Ps and Pref.

Finally, to estimate the uncertainty of Pth, we divide the total N averages for each
measurement into M batches. For each batch, we calculate the thermal population
P

(M)
th independently, and the reported Pth value is taken as the mean of the P (M)

th
values. The error bars are then determined by the standard error of the mean, that
is σM/

√
M , where σM is the standard deviation of the P (M)

th values.

Figure 3.6: Schematic overview of the thermal population measurement for the
target qubit. (a) and (b) By sweeping the |e⟩q → |f⟩q pulse amplitude with and
without a prior |g⟩q → |e⟩q π-pulse, the reference and signal data is acquired, re-
spectively. (c) The thermal population can then be estimated via the amplitudes
of the resulting Rabi-oscillations. Figure adapted from [20].
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4
Results

Below we present the results for the different stages of realizing extended HBAC in a
superconducting circuit, starting with the implementation of the β-SWAP operator,
followed by the re-thermalization of the coupler qubit. Finally, we also present the
results of the full extended HBAC protocol, which combines the two previous steps
in two different fashions. The results are mainly presented in the form of figures,
which additional details provided in the main chapter text.

4.1 β-SWAP Operator

Panel (a) of Figure 4.1 shows the Rabi-Chevron pattern for the Û (1)
β operator of the

β-SWAP, realizing the |g1⟩ ↔ |e0⟩ transition between the target qubit and coupler.
Panel (b) displays the fitted Rabi frequency for each value of the modulation fre-
quency ω(β1)

m in (a). This takes the form of a quadratic function, with its minimum
at the optimal frequency ω

(β1)
m,⋆ . Finally, panel (c) shows the cross section of the

Rabi-oscillations for the optimal modulation frequency. The first extremum reveals
a population transfer of 99.1 % for |g1⟩ → |e0⟩, after which the oscillations show
a slightly decaying profile, corresponding to the |e⟩q (|1⟩c) relaxation of the target
(coupler). Thus, we choose the optimal pulse duration τ

(1)
β,⋆ = 66.0 ns, ultimately

realizing Û (1)
β . We also notice a minor fracture in the pattern for ω(β1)

m ≈ 0.744 GHz,
most likely suggesting a collision with another resonant mode around this frequency.

In analogue to Figure 4.1, panel (a) of Figure 4.2 shows the Rabi-Chevron pattern
for Û (2)

β , realizing the |g2⟩ ↔ |e1⟩ transition between the target and coupler. Panel
(b) again displays the fitted Rabi-oscillation frequency, from which we extract the
optimal modulation frequency ω(β2)

m,⋆ . The Rabi-oscillations for the optimal frequency
in panel (c) reveals a population transfer of 99.9 % for |g2⟩ → |e1⟩. After this, the
oscillations show a similar decaying profile, this time corresponding to the |e⟩q (|1⟩c
and |2⟩c) relaxation of the target (coupler). To compensate for the different coupling
rates, we divide the modulation amplitude of Û (2)

β by a factor 1.09
√

2, agreeing well
with the theoretical prediction of a

√
2 times faster Û (2)

β swap. This equalizes the
effective rates of Û (1)

β and Û
(2)
β , resulting in τ

(2)
β,⋆ = 66.5 ns.
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Figure 4.1: (a) Acquired Rabi-Chevron pattern for Û (1)
β when sweeping ω(β1)

m and
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m in (a). (c) State popula-
tion as a function of τ (1)

β for the optimal modulation frequency ω
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line marks the shortest pulse length τ
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β,⋆ that realizes the Û (1)

β term.
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Figure 4.2: (a) Acquired Rabi-Chevron pattern for Û (2)
β when sweeping ω(β2)

m and
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4.2 Re-thermalization of the Bosonic Mode

Figure 4.3 shows the results for resetting the coupler |1⟩c state. The first three
sidebands are visible, where the zoomed inset focuses on n = 1. Each point in the
inset corresponds to the three possible decay regimes shown in the right panel. These
are the (b) overdamped, (c) critically damped, and (d) underdamped regimes. The
critically damped regime, which balanced decay is more predictable than that of the
underdamped, shows a reset time of approximately 1 µs and a residual excited state
population of around 1 %. This is a significant decay speedup compared to the
regular |1⟩c → |0⟩c reset rate of T c1 ≈ 15 µs.
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Figure 4.3: (a) Population of the coupler |1⟩c state when sweeping the modulation
amplitude and frequency ω(R1)

m . The inset shows a zoomed view of the first sideband
n = 1, with points corresponding to the three different decay regimes marked. The
right panel displays the decay for each point on the inset in (a), namely the (b)
overdamped, (c) critically damped, and (d) underdamped regime.

Secondly, Figure 4.4 shows the result for resetting both |1⟩c and |2⟩c simultaneously.
Panel (a) shows the raw readout response for sweeping the modulation frequencies
ω(R1)
m and ω(R2)

m when starting in |2⟩c. Here, several of the resonance regions described
in Section 3.3.2 are visible, where the zoomed inset shows the region where we
find the optimal frequencies for realizing the reset. Panels (b) and (c) show the
population of the |0⟩c and |2⟩c states, respectively, together with the same inset
as in (a). In this area, we indeed see a reduced |2⟩c population, while the ground
state population approaches 1. Figure 4.5 finally shows the excited state population
(i.e., both |1⟩c and |2⟩c) as a function of the reset pulse duration for the optimal
modulation frequencies. We notice a total reset time of 3 µs and a residual excited
state population of 4.1 %.
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m when starting in |2⟩c. (b) Population of the coupler |0⟩c state.

(c) Population of the coupler |2⟩c state. The zoomed-in insets show the region where
we find the optimal modulation frequencies for realizing the |2⟩c → |0⟩c reset.
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Figure 4.5: The coupler excited state population as a function of the reset time
τR for the optimal modulation frequencies chosen from Figure 4.4.

4.3 Extended HBAC Implementation

Figure 4.6 shows the thermal population of the target qubit, P q
th, as a function of

the first five extended HBAC iterations when only employing the Û (1)
β term of the

β-SWAP, compared to theoretical simulations. Panel (a) displays the result when
the coupler |1⟩c state was reset in between Û (1)

β operations, while panel (b) does not
use reset. There is a clear mismatch between data and theory, and no cooling effect
can generally be observed.
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The result in panel (a) suggests that the reset works to some extent, as it prohibits
the thermal population from reaching higher values. Specifically, we expect the
thermal population to oscillate when not employing reset since this will result in
a closed system, where the entropy (population) will circle around the system, as
explained in Section 2.4.2.1. When including reset, the entropy is dissipated to the
coupler resonator, instead allowing the thermal population to saturate, as seen in
the figure below. On the other hand, the data in panel (b), obtained without reset,
seems closer to theory, suggesting that the reset protocol is not completely perfect.
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Figure 4.6: Thermal population of the target qubit as a function of the first five
extended HBAC iterations, (a) with and (b) without reset of the coupler |1⟩c state
when employing the first β-SWAP term Û

(1)
β .

Similarly, Figure 4.7 shows P q
th when employing both Û

(1)
β and Û

(2)
β , with (a) and

without (b) reset of the coupler |1⟩c state. Again, the experimental data does not
match the theoretical prediction and no cooling effect is observed. The reset also
tends to work in this case, where the thermal population is confined to lower num-
bers compared to the non-reset case, as discussed earlier. However, the saturating
thermal population is now higher than in the previous case, when only Û

(1)
β was

used. This observation again suggests that the reset protocol is not perfect, and
most likely fails to reset both coupler states perfectly, leading to higher final ther-
mal populations. Considering the 4.1 % residual thermal population in this case,
compared to 1 % in the first case, this hypothesis becomes even more likely.

Finally, in both cases, we note that the initial P q
th is consistent with the theoretical

value at 70 mK, at which the experiments were performed. Furthermore, the al-
most negligible size of the error bars for all configurations suggests that the thermal
population measurements are consistent across the different iterations. This indi-
cates that the theory and experiment mismatch is not due to random fluctuations,
but more likely a systematic issue in the implementation of the complete extended
HBAC protocol. We hypothesise on what could be the cause for it in Chapter 5.
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5
Discussion and Conclusion

This project has experimentally implemented the key building blocks of the extended
HBAC protocol in a superconducting circuit and combined them into a first realiza-
tion of the full experimental sequence. Using a rather generic device arrangement
consisting of two qubits coupled through an intermediate coupler qubit, we show
a truncated β-SWAP operator with at least 99 % population transfer between the
target qubit and coupler. The optimal swap length of 66 ns is considerably smaller
than the decay of the target qubit, which was a vital pre-requisite to achieve op-
timal cooling. Even though the demonstrated swap characteristics show promising
dynamics for extended HBAC, there is potential for improvements in a future im-
plementation. For instance, by operating at the coupler sweet spot, the effects of
flux noise would be minimized, resulting in a more reliable β-SWAP through more
stable modulation frequencies. Also, the coupler anharmonicity could be increased
to allow more separation between Ûβ modulation frequencies, decreasing the risk of
population leakage and thus resulting in a cleaner swap.

The resonator-assisted reset of the first excited state of the coupler, |1⟩c, exhibits a
significant speedup compared to passive reset, decreasing from 15 µs to 1 µs, which
is imperative for achieving optimal cooling. For the reset of both |1⟩c and |2⟩c, we
demonstrated a reset time of 3 µs. Considering the target qubit relaxation time
T q1 = 37 µs, this should hold from a cooling perspective, even though it could be
further decreased, as shown by Zhou et al. [36]. However, the minimum excited
state population of 4 % is a more significant limitation, as this suggests that we do
not completely reset the coupler in this case.

With this in mind, there are several aspects of the reset that could be improved.
Firstly, the coupler readout was extremely noisy. In particular, the coupler χ was on
the order of tens of kHz, which made it difficult to distinguish the different coupler
states and accurately measure the reset performance. By increasing this value, the
SNR could be improved significantly, allowing for a more reliable analysis of the reset
procedure. Secondly, by increasing the decay rate of the coupler, the reset times
could be further decreased, which would be beneficial for the cooling effect. This
could for instance be achieved by using a different device design with a more lossy
coupler. Lastly, no attempt of optimizing the modulation amplitude for the higher
order reset was made. This could be tackled using some optimization algorithm,
optimizing over the excited states population as cost function.
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5. Discussion and Conclusion

By ultimately combining the β-SWAP and re-thermalization, we realize the com-
plete extended HBAC protocol. The results shows a clear mismatch between the
experimental data and theoretical predictions, and no cooling effect is observed.
However, the reset works to some extent, prohibiting the thermal population from
reaching higher numbers. This suggests that the reset is not perfect, but still has a
positive effect on the cooling performance. When it comes to possible error sources,
the negligible error bars of the thermal population indicate that the lacking cooling
performance is likely not due to random fluctuations, but rather systematic issues
in the implementation of the complete protocol.

The main source of error for the complete implementation is the crosstalk between
the target qubit and coupler. Since the protocol functions in the combined target-
coupler subspace, state-dependent frequency shifts for the different qubits must be
taken into account when calibrating pulses and performing readout. Using both
Û

(1)
β and Û

(2)
β , the protocol involves up to six different combined-systems states,

each affecting the dynamics of the qubits differently. As an example, this especially
affects the thermal population measurement, which includes several pulses that will
be prone to the crosstalk. To handle this, the most straightforward solution would
be to design a device where the CZ interaction between the target and coupler is
minimized. Moreover, in the case of a better coupler readout, joint readout could
be employed to analyze the performance of the β-SWAP more reliably.

Furthermore, even though the individual β-SWAP shows a solid population trans-
fer, the discrepancy between theory and experiment, particularly in the case without
reset, suggests that the swap is not perfect in the complete implementation. The
most likely reason for this is the population leakage to higher levels of the qubits,
specifically involving excited states of the target, which would decrease the cooling
effect. To handle this, the swap pulse could be optimized to minimize the population
of higher levels, for instance by using DRAG pulses or optimal control methods. Ad-
ditionally, the device design could be modified to increase the anharmonicity of the
coupler, which would increase the separation between the different Ûβ modulation
frequencies and make it less likely for higher levels to be populated.

In conclusion, this thesis provides a proof-of concept of the extended HBAC im-
plementation in a superconducting circuit by experimentally demonstrating and
merging the key components. By optimizing the device characteristics and em-
ploying more sophisticated calibration techniques to handle protocol-specific error
sources, the cooling effect could be enhanced and more accurately demonstrated.
This would be an important step towards optimal qubit initialization of quantum
systems, paving the way for the future of superconducting quantum technology.
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