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Mean-Field Analysis of Loss Landscapes in Overparameterized Two-Layer ReLLU
Neural Networks

JIE HUANG Department of Physics and Astronomy
Chalmers University of Technology and University of Gothenburg

Abstract

We study the loss landscape of high-dimensional two-layer ReLLU neural networks in
the teacher-student setting through a macroscopic description in terms of summary
statistics, where the training dynamics reduce to a closed system of ordinary differ-
ential equations for the order parameters. When the student and teacher networks
have the same size, we identify several structured families of spurious local min-
ima organized into discrete loss levels. These families exhibit block-structured order
parameters, characterized by aligned and anti-aligned groups of student units. Moti-
vated by this structure, we introduce a reduced ansatz and compute theoretical fixed
points whose loss values and order-parameter patterns agree with large-scale ODE
simulations. When the student network is slightly overparameterized by adding
a single extra neuron, the loss landscape changes qualitatively: the lowest-order
spurious minima family is destabilized, the basin of attraction of the global min-
imum expands, and the remaining high-loss families become less frequent. Using
the string method as an exploratory diagnostic, we find that representative fixed
points separated by visible barriers in the equal-size setting become less isolated
under overparameterization, with paths often attracted toward the global-minimum
basin. These results suggest a mechanism by which overparameterization improves
optimization in this model.

Keywords: Loss landscape, overparameterization, spurious local minima, teacher-
student networks, mean-field dynamics.
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1

Introduction

Modern neural networks are trained by gradient-based methods on loss functions
which are highly non-convex and whose structure depends on both the model archi-
tecture and the data distribution. However, large neural networks are often trained
successfully in practice despite the difficulty posed by non-convexity, which indicates
that overparameterization may significantly affect the geometry of the loss landscape.
This motivates the study of how overparameterization affects the geometry of loss
landscapes, including the structure of critical points and the organization of minima
and saddles. Developing a principled understanding of these landscapes remains a
central challenge in building a mathematical theory of deep learning.

Recent years have seen significant progress in this direction, especially in work on
infinitely wide ReLLU neural networks within the mean-field limit, where global con-
vergence guarantees can be established [1, 2, 3, 4]. Nevertheless, these results do
not clearly explain how the geometry of the loss landscape changes at finite width
as overparameterization is increased. In particular, they provide limited guidance
on how the structure of the loss landscape evolves with model size. To study this
question, we consider the population loss landscape of teacher-student two-layer
ReLU networks with Gaussian inputs. In this setting, Safran and Shamir [5] estab-
lished the existence of spurious local minima and showed that increasing the width
of the student network, i.e., overparameterization, makes global minima easier to
reach. Related finite-width loss landscape phenomena have also been studied in [6,
7]. However, these works did not provide a systematic geometric description of the
critical points and their structure.

This setting is closely related to the statistical-physics literature on teacher-student
learning dynamics. Early work on soft committee machines introduced order-parameter
descriptions of two-layer networks [8, 9], and more recent studies have developed rig-
orous and unified high-dimensional limits for such dynamics [10, 11, 12, 13, 14, 15].
These approaches provide a natural macroscopic description of learning, but they
have mostly been used to analyze the time evolution of the loss rather than the
detailed fixed-point structure in the loss landscape. Complementary geometric stud-
ies have emphasized the role of symmetry-breaking transitions, connectivity, and
saddle-mediated dynamics in complex loss landscapes [16, 17, 18, 19, 20, 21]. To-
gether, these lines of work motivate a geometric analysis of the loss landscape of
finite-width teacher-student ReLLU neural networks.

In this work, we develop a description of the population loss landscape based on a



1. Introduction

summary-statistics representation in terms of order parameters, leading to a set of
self-consistent ordinary differential equations governing the dynamics. This formu-
lation allows us to study the high-dimensional gradient flow dynamics directly in
order-parameter space. We use it to identify structured fixed-point families of the
population loss and to investigate how these families change under overparameteri-
zation.

We first identify these families empirically through large-scale experiments, finding
that the population loss landscape is organized into several discrete families of spuri-
ous local minima. Analysis of their order-parameter structure reveals a block struc-
ture in which student units split into aligned and anti-aligned groups relative to the
teacher. Motivated by this observation, we introduce a block-structured ansatz and
reduce the full fixed-point equations to a finite system of nonlinear equations. The
numerical solutions of these equations give theoretical fixed points whose loss values
and order-parameter patterns reproduce those observed in the ODE simulations.

Based on these theoretical fixed points, we compare two model size regimes: the
well-specified case with equal-size student and teacher networks, and the overparam-
eterized case in which the student network contains more neurons than the teacher.
In the well-specified case, multiple spurious minima families coexist with the global
minimum. Under overparameterization, the basin of attraction of the global mini-
mum expands, the lowest-order spurious minima family disappears, and the remain-
ing higher-order spurious minima families become substantially less prevalent. To
probe the loss landscape between representative fixed-point configurations, we then
use the string method [22, 23] as an exploratory tool. In the well-specified regime,
the resulting paths show visible barriers between fixed points of the same spurious
minima family. In contrast, in the overparameterized regime, the paths initialized
between some high-order representative fixed points are often attracted toward the
global minimum basin.

Together, these results provide a characterization of the population loss landscape of
two-layer ReLU networks and suggest a mechanism by which overparameterization
improves optimization in this setting.
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Problem Formulation

2.1 Teacher-Student Neural Networks

We consider two-layer neural networks in the teacher-student framework, defined as
follows. Each training example (z#,y*) consists of an input vector 2# € R? and an
output scalar y*, where the components of x* are drawn i.i.d. from the standard
normal distribution N(0,1). The target output is generated by a fixed teacher
network with M hidden units as

y' = e, 0%), (2.1)

where 6* = (v* € RM w* € RM*4) and

5o, 0°) = nﬁmg(w%) | (22)

Here, the mth row of w* is (w},) ", where w}, € R is regarded as a column vector, and
g(-) denotes the activation function (e.g., sigmoid or ReLU). The student network,
with K hidden units, produces the prediction

o(a,0) = ig(“’ﬂ) | (23)

k=1
where § = (v € RE, w € R¥*9). The kth row of w is w], where each wy, € R? is
regarded as a column vector.
2.2 Population loss and learning dynamics
The objective of the student network is to approximate the teacher function by

minimizing the difference between their outputs. We define the population loss (or
generalization error) as

£(0:0°) = ;E,E

() = (. 6)7]. (2.4)

where the expectation is taken over the input distribution.

4



2. Problem Formulation

We consider gradient-flow learning on this population loss, where both layers of the
student network are trained. Writing

Ax) = p(x,0) — p(x,07), (2.5)

the dynamics of the student parameters are given by

W = —Nw E, [A(ZL‘) Uk g/<u\}§g> 531 ) (26)

b= —n,Es [A(x)y(““;r“")] | 27)

and

Vd

Here, n,, and 7, respectively denote the learning rates for the first and second layer.

For the sake of completeness, we discussed the general two-layer network case, were
both first layer (w) and second layer (v) are trained. In the special case where the
second-layer weights are fixed, the model reduces to the soft committee machine
(SCM), which will be considered later in our analysis.

2.3 Order Parameters

Following the notation used by Goldt et al.[10], we use indices 7,5,k = 1,..., K to
denote student hidden units and m,n = 1,..., M to denote teacher hidden units in
this thesis.

To analyze the learning dynamics, we introduce a set of macroscopic variables (order
parameters) that capture the alignments of the student and teacher weights. Fol-
lowing the statistical physics approach to neural network learning [10, 8], we define
the overlap matrices

Qij = gwiwj,  Rim = Swiwy, T = " (2.8)
Here, Q € RE*K measures correlations between student units, R € REXM quantifies
the alignment between student and teacher units, and 7' € RM™*M encodes the fixed
correlations among teacher weights.

In addition, the second-layer weights vy, (student) and v}, (teacher) form part of the
macroscopic description, as they directly modulate the network output and enter
the learning dynamics. Together, the set of variables

m=(Q,R,T,v,v") (2.9)

constitutes a complete set of order parameters for the system.

In the limit of infinite input dimension (d — 00), averages over the Gaussian input
distribution can be expressed entirely in terms of these quantities. As a result,
the high-dimensional learning dynamics of the weights reduce to a closed system
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of deterministic ordinary differential equations governing the evolution of the order
parameters (see Chap. 3).

For analytical simplicity, we consider orthonormal teacher weights in some theoreti-
cal analyses. In this case, T' = I,;. This assumption simplifies the expressions with-
out affecting the qualitative behavior of the system; extensions to general teacher
configurations are discussed in Appendix A.

2.4 Parameterization regimes

We define parameterization regimes based on the relative width of the student and
teacher networks. Let M and K denote the number of hidden units in the teacher
and student networks, respectively:

o Well-specified regime: K = M. In this case, the function class represented
by the student network matches that of the teacher network.

e Overparameterized regime: K > M. In this case, the student network
represents a strictly larger class of functions than the teacher network.

In the teacherstudent setting considered here, the complexity of the target function
is explicitly controlled, making it natural to define overparameterization relative to
the teacher.



3

Mean-field Dynamics

As shown in Fig. 3.1, the mean-field ODEs provide an accurate description of the
loss dynamics observed in simulations of finite-width neural networks trained by
gradient descent. We now provide the derivation of these equations.

0 4
10 —— Simulated

X ODEs 0.81

Loss

- - - - - - T T T T T T T T T T T T
0.0 0.5 1.0 15 2.0 25 0.0 0.5 1.0 15 2.0 2.5 0.0 0.5 1.0 15 2.0 25
Steps le5 Steps le5 Steps 1le5

(a) Training loss (b) Entries of R (c) Entries of Q
Figure 3.1: Comparison between mean-field ODEs predictions and network simula-
tions. Panel (a) shows the training loss, while panels (b) and (c) display representative entries of

the order parameters R and @) as functions of training steps. Solid lines denote simulation results
and markers indicate ODE predictions.

3.1 Population Gradient

We consider training the network using Gradient Descent (GD), Normalized GD
(nGD), or Orthonormalized GD (onGD) on the mean-squared error (MSE) loss func-
tion. In this section, we focus on the derivation for standard GD with ReLU activa-
tion functions. The derivations for nGD and onGD are detailed in Appendix C, and
integrals for other activations (e.g., Leaky ReLU, erf) are provided in Appendix B.

For notational convenience, we denote expectations over the input distribution by

(f(z)) = B, [f ()], (3.1)

where the expectation is taken over the input distribution. So the population loss
between the student and teacher networks can be written as:

2

£= 3 (S ma0 - 3 vaton)] ) 32



3. Mean-field Dynamics

T * T
where A\, = w\%x and p,, = w%x are the pre-activations (also referred to as local

fields). The continuous-time dynamics of the student weights w; under gradient
descent are given by:

dw; _ ol A O
pral -1 Vi, L = —1n v <A g (/\Z)\/E> , (3.3)
dUZ’

where A = ¢(z) — ¢*(x) = 32 v;9(N;) — X0 v g(pm) is the error signal, and 7 is the
learning rate for weights.

3.2 Derivation of Dynamics

The pre-activations A and p are jointly Gaussian random variables with zero mean.
The covariance matrix > is fully determined by the order parameters defined in
Eqgs. 2.8:

w, wy w, w w* Tw?
ik — : :>\7)\7 Rzn: - n:)\ina Tnmzuz nPm/ -
Qi = —7— = (Ak) g = (Aipa) y (Pnpm)
To derive the mean-field ODEs, we apply the chain rule to the definition of the order
1
parameters. For the student-student overlap ;. = ngT Wy

(3.5)

dQu 1 (dw; ' + dwy,
dt d .

AT

Substituting the weight dynamics from Eq. (3.3) into the first term, we obtain:

1dw; " AT ,
T Wk = <A g () \/3k> = —Zvi (A g (M) k) - (3.6)

In the large-d limit, the dynamics evolve on a slow time scale of order 1/d. By absorb-
ing this factor 1/d into the continuous time variable (i.e., defining the macroscopic

time step dt ~ 1), we obtain the O(1) dynamical equations:

d
dQi
dt

= —nvi(Ag'(A)Ax) — nor(Ag (A Ai), (3.7)

where 71 denotes the effective learning rate. Equivalently, we can also absorb the full
prefactor 7/d into the time variable; this only changes the normalization of time and
does not affect the resulting mean-field dynamics. A related discussion can be found
in Arnaboldi et al. [15]. The second term follows by symmetry (i <+ k). Expanding
the error signal A, we arrive at terms of the form (¢'(A\;)\rg(};)), which motivates
the definition of the integral 3. This formulation applies generally to two-layer

8



3. Mean-field Dynamics

networks with activation function g¢(-) and hidden layer width not larger than O(d).
See [15] for a detailed discussion.

Similarly, for the student-teacher overlap R;,:

dRy, ldw;' , 7
o =g W= oA (N)pn). (3.8)

After the same rescaling of time as above, this becomes

dt

= —1i{AG'(Ai)pn).- (3.9)
Finally, for the second-layer weights v;, the gradient descent dynamics are given by:

dUZ‘
dt

— (A g(\). (3.10)

Substituting the explicit form of the error signal A = Zle v;g(N\) =M vk g(om),

we obtain:

ng}si = =1 | 22 0{9(A)g(N)) = D vr{glom)g(M)) | - (3.11)

j=1 m=1

Here, the expectations are taken over the joint Gaussian distribution of the relevant
local fields. This naturally leads to these integrals:

L(a,b) = {g(a)g(®)), (3.12)
]3((1’ b, C) = <g/(a) bg(c)>7 (313)

where a, b, ¢ denote local fields chosen from the student fields {);} and teacher fields

{Pm}-

3.3 Full Equations

In the equations below, we use a compact index notation to indicate which local
fields enter each Gaussian expectation. For example,

Ir(i,5) = (g(A)g(N;)),  La(i,m) = (g(X:)g(pm)), (3.14)
I3(i,n,m) = (g (N)png(pm)),  Is(i,k,5) = (9" (M) Aeg(Ng))- (3.15)

The corresponding covariance entries are determined by the order parameters @),
R, and T, which we will introduce in the next subsection. The mean-field ODEs

9



3. Mean-field Dynamics

training for two-layer network are:

dR [ M K
dtm =nu; | Y vnIs(i,n,m) = > vils(i,n, j)| (3.16)
_mzl j=1
40, [ M K i
figtk = nu; Z v Is(i, kym) — Zvjlg(z', k,j)
|m=1 j=1 ]
= . -
+ Nug Z U:llg(k,’i,m) - Uj[?)(kaiaj) ) (317)
|m=1 j=1 ]
dv; M K
dtZ =n | > vnla(i,m) = wily(i,5)] - (3.18)
m=1 j=1

3.4 ReLU Activation Function Case

For ReLU, the Gaussian integrals have closed-form expressions. We collect here
the explicit formulas used in the dynamics; corresponding expressions for other
activations are given in Appendix B.

3.4.1 Two-Variable Integral
This integral appears in the dynamics of the second-layer weights v.
Iy(z1, m2) = (g(z1)g(x2)). (3.19)

For ReLU, when the variables (x,z5) are jointly Gaussian with zero mean and
covariance X5, the explicit forms are given by:

\/m Cha <_ Ci ) (3.20)

Lz, 29) = + o, arceos | ——m—0u

2 T VC11Cy

where C;; = (x;z;) are the elements of the covariance matrix

5, — Ci Che
Cia Can)’
In the mean-field ODEs of Sec.3.3, the notation I5(i,m) has the covariance matrix

3.4.2 Three-Variable Integral

This integral appears in the dynamics of () and R. We define I3 specifically as the
expectation involving a derivative, a multiplier, and an activation input:

I3(xo, w1, 72) = (g'(20) 71 g(2)). (3.21)

10



3. Mean-field Dynamics

For ReLU, we use ¢'(z) = H(x) = 1,~¢ (Heaviside step function) almost everywhere.
When the variables (zg, 1, z2) are jointly Gaussian with zero mean and covariance
Y3, the analytic solution is:

1 Coz Cor
—|C S e — CoC, c3l, 3.22
o [ 19 Arccos ( o Coo) Coo 20000 — 021 ( )

where C;; = (x;z;) are the elements of the covariance matrix

]3($0,$1,$2) -

C(00 C(01 C102
23: C’01 Cll 012
Coz Ciz O

In the mean-field ODEs of Sec. 3.3, the notation I3(i, n,m) has the covariance matrix

E3 = Rm Tnn Tnm

These closed-form expressions allow the mean-field ODEs to be evaluated numeri-
cally without sampling, resulting in a deterministic low-dimensional dynamical sys-
tem.

3.5 Loss Function in Terms of Order Parameters

Finally, utilizing the definition of the two-variable integral I5, we can express the
population loss £ in a compact closed form. Expanding the squared error term and
exchanging the summation and expectation operations, we obtain:

2

<<Z Ukg(Ak) — f: (Pm)> >

m=1

5 Z vivy{g(A)g(N;)) + Z Ui (9(pn)g(pm)) — ’; Zlvkv;@(kk)g(pm)).

zg 1 n,m=1
(3.23)

Using the definition I5(a,b) = (g(a)g(b)), and adopting the compact index notation,
the loss function becomes:

K M
ZUzUJIQZj —l-f Z vrvr Ir(n,m) ZZUW Iy(k,m) (3.24)

z] 1 n,m=1 k=1m=1

3.6 Stochastic Gradient Descent

In the case of Stochastic Gradient Descent [9, 8], the ODE for @) contains an ad-
ditional term resulting from the stochasticity of the update. The corresponding

11



3. Mean-field Dynamics

mean-field equations can be written as:

dR. [ M K
dtm =nu; | > v Is(i,n,m) = vils(i,n, j)| (3.25)
| m=1 j=1
dO. [ M K
QZk = Nv; Z U:nl3<i7 ku m) - UjI?)(?;? k7.])
dt | m=1 j=1
K
+T]Uk U;;Ig(l{?,i,m) — Zl}j[:g(k',i,j)
m=1 Jj=1
K M
+ n?vup Z vr vy (i, k,n,m —22 Z v 14 (i, k,m, 7)
m,n=1 j=1m=1
K
+ Z Ule]4(i, ]{?7j, l) y (326)
=1

dvz

=1 [ZU IQ Z n ZUJIQ(Z,j)] s (327)

where the new term Iy is defined as I4(a, b, c,d) = (¢'(a)g'(b)g(c)g(d)) with a, b, c,d
denoting local fields drawn from the student fields {)\;} and teacher fields {p,, }.

3.7 Equations of Fixed Points

We consider the case where the second-layer weights are uniform and not trained
(soft committee machine). The stationary points of the population risk correspond
to the zeros of the gradient flow. These satisfy a system of coupled non-linear
equations governing the order parameters () and R:

Fr(Q,R) =0, Fo(Q,R) =0, (3.28)

where the explicit forms are given by:

=

dRm

0= Fr(Q,R) Z I3(i,n,m) = > Ii(i,n, j), (3.29)
m=1

j=1

=

szk M . . M
0=Fo(Q R)= = I3(isk,m) = I3(i, k, ) + D Is(k,i,m) —
m=1

m=1 7=1

HMN

I5(k,i,j).

(3.30)

These equations follow from the mean-field dynamics derived from the population
loss in Eq. 3.24. As discussed in previous subsections, the dynamics depend on the
weights only through the order parameters (), R defined in Eqgs. 2.8. Consequently,
any stationary point of the population loss in Eq. 3.24 corresponds to a stationary
point of the order parameter dynamics Fr(Q, R) = 0, Fo(Q, R) = 0 for Gaussian
inputs.

12



4

Landscape Characterization

In this chapter, we numerically integrate the mean-field ODEs for the order param-
eters () and R in order to explore the distribution of loss values and the structure
of the order parameters at convergence. These simulations provide a quantitative
picture of the loss landscape across different student-teacher width pairs.

4.1 Simulation Setup

We consider multiple pairs of (K, M), corresponding to different numbers of student
and teacher hidden units, respectively. For each width pair (K, M), we perform
10,000 independent simulations with different random initializations, evolving the
mean-field ODEs for (@, R) until convergence using sufficiently integration time.
Each run produces a set of order parameters (@), R,T) together with the corre-
sponding population loss £, which are recorded for further analysis.

To classify the resulting stationary states, we adopt the following criteria based on
fixed-point conditions in Eqs. 3.28: If £ < 1073, the state is labeled as a Global
minima. Otherwise, we compute the residuals (d@, dR) from the final (Q, R, T). If
max{]|dQ||s; ||dR|loc} < 1073, the state is labeled as a Local minima; otherwise, it
is labeled as None minima. For each (K, M), we aggregate the outcomes across all
10,000 seeds.

4.2 Summary of minima statistics

We first verify that the mean-field ODE simulations reproduce known results ob-
tained from Safran and Shamir [5]. Table 4.1a reports the proportions of global
minima, local minima, and none minima in the well-specified setting K = M, while
Table 4.1b presents the corresponding statistics in the overparameterized setting
K = M + 1. The observed proportions are in close agreement with results reported
by Safran and Shamir [5], supporting the validity of the mean-field description.

Consistent with their findings, we observe that in the well-specified setting the gradi-
ent flow frequently becomes trapped in local minima with non-vanishing generaliza-
tion error. In contrast, in the overparameterized regime, the proportion of such local
minima is significantly reduced, indicating an substantially improved optimization
landscape.

13



4. Landscape Characterization

(a) Results for case K = M. (b) Results for the overparameterized case K =
K | M | Local (%) | Global (%) | None (%) M+1
6 | 6 0.01 08.82 0.27 K | M | Local (%) | Global (%) | None (%)
7T 5.30 94.37 0.33 91 8 0.07 99.74 0.19
8|8 13.16 86.09 0.75 1019 0.75 98.95 0.30
919 21.15 78.53 0.32 11110 1.93 97.26 0.81
10 | 10 33.27 66.38 0.35 12| 11 3.83 94.25 1.92
11| 11 43.74 55.92 0.34 13|12 5.74 91.42 2.84
12 ] 12 54.62 45.12 0.26 14| 13 8.37 87.46 4.17
13|13 63.87 35.93 0.20 15 | 14 13.50 81.16 5.34
14 | 14 71.69 28.08 0.23 16 | 15 18.12 75.36 6.52
15| 15 77.99 21.81 0.20 17| 16 28.58 65.47 5.95
16 | 16 82.48 17.44 0.08 18| 17 36.88 57.50 5.62
17| 17 86.79 13.18 0.03 19| 18 42.25 52.62 5.13
18 | 18 90.42 9.51 0.07 20 | 19 51.46 44.24 4.30
19| 19 92.54 7.38 0.08
20 | 20 94.76 5.21 0.03

Table 4.1: Statistics of minima under mean-field dynamics. Proportions of local,
global, and non-minima found by integrating the mean-field ODEs across 10,000 random
seeds for each (K, M) pair.

Population loss and R/Q structures

s | | | | | |
1l 1 1 1 | | |
< 400 - I I I I
> I I I
%) | I |
% . 1 1
o 0- ! ! v ! B 4 Loss Value
0.0002 0.0125 0.0240 0.0354 0.0453 0.0543
Loss=0.0002 Loss=0.0125 Loss=0.0240 Loss=0.0354 Loss=0.0453 Loss=0.0543
1.0
R
0.5
0.0
-0.5
Q
-1.0

Figure 4.1: Loss Distribution and Corresponding Order Parameters. Final population
loss histogram (top) for (K, M) = (17,17) with vertical lines at selected modes, and the corre-
sponding R (middle) and @ (bottom) heatmaps from representative seeds at those losses within
the dominant family. This histogram shows the distribution of population loss reached by gradient
flow in the high-dimensional standard normal teacher initializations (d = 784 as the content in
Appendix A).

4.3 Loss Distribution and Order Parameters

We next examine the distribution of loss values together with the corresponding
structure of the order parameters. As shown in Figure 4.1, the distribution of final
14



4. Landscape Characterization

loss values exhibits a quantized structure: rather than forming a continuum, the sta-
tionary states concentrate tightly around a discrete set of loss levels. This indicates
that the loss landscape is organized into distinct families of spurious minima in our
setting.

Each non-zero peak in the histogram corresponds to one such family, which is char-
acterized by a specific pattern in the order parameters (@), R). Near-zero loss is
associated with an almost perfect teacher-student alignment, reflected by a strongly
diagonal structure in R. At higher loss levels, a subset of diagonal entries of R
becomes negative, indicating anti-alignment between certain student and teacher
units. This is accompanied by a corresponding structure in the off-diagonal entries,
suggesting a coordinated interaction between aligned and anti-aligned components.

These observations reveal that the spurious minima are not arbitrary, but instead
exhibit a highly structured organization, which we exploit in the following section
to construct a suitable ansatz.

15



Structured Ansatz of Order
Parameters

In this chapter, we introduce a block-symmetric ansatz for the order parameters,
motivated by the structured patterns observed in the simulations.

5.1 GMM Analysis

Gaussian Mixture Model Fit for Q_diag Gaussian Mixture Model Fit for T diag
Empirical (Q diag) 81 Empirical (T diag)
5{ —— GMM total (n=2) / \ 71 —— GMM total (n=1)
- Component 1 / \‘ - Component 1
/ 1
Component 2 / \ 6
41 \
/ \
/ \
& / 1 ’
& f \
L3 i \
& / \ )

—
—

0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 0.8 0.9 1.0 1.1 1.2
Element value Element value

Figure 5.1: Gaussian mixture analysis of diagonal order parameters. The left panel shows
the distribution of diagonal elements of the matrix @, which is well described by a two-component
Gaussian mixture model. The right panel shows the distribution of diagonal elements of the matrix
T, which follows a single Gaussian distribution centered at 1. The data are obtained by grouping
order parameters within the same minima family, re-arranging the corresponding (@, R) matrices
to maximize absolute values of diagonal entries of @) and extracting the diagonal entries.

To characterize the structure of the order parameters, we employ a Gaussian Mixture
Model (GMM) analysis for the well-specified case (K = M) and the overparame-
terized case (K = M + 1), which represents a distribution as a weighted sum of
Gaussian components and provides a simple tool for identifying clustered structure
in empirical data.

We focus on a representative family of minima observed in the large-scale simula-
tions (e.g., the same structure shown in Fig.4.1). Due to the permutation invariance
of the hidden units, the ordering of neurons is not fixed. To obtain a consistent
representation, we align the student units by reordering them to maximize the ab-
solute values of the diagonal entries in the student-teacher overlap matrix R. After
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5. Structured Ansatz of Order Parameters

alignment, we analyze the distributions of the diagonal elements of the matrices )
and T across the family of minima. We fit these distributions using a GMM to
identify distinct populations of hidden units. The results shown in this subsection
are obtained in the high-dimensional setting (d = 784) described in Appendix A,
without imposing orthonormality on the teacher weights.

In Fig. 5.1, we show an example of this procedure for elements in () and 7. In
Fig. 5.1 (Left), the diagonal elements of () exhibit a clear bimodal distribution.
A two-component GMM reveals two well-separated Gaussian components, whose
relative weights closely match the ratio k;/ks (with k; denoting the size of anti-
aligned group and ko denoting the size of the aligned group). As a comparison,
in Fig. 5.1 (Right) we apply the same GMM analysis to the diagonal elements of
the teacher-teacher overlap matrix 7. In contrast to @), the distribution of T is well
described by a single Gaussian component (n = 1) and centered around 1, consistent
with the self-alignment in the teacher representation.

These results show that the student units separate into two distinct populations
during training, providing strong empirical support for a block-structured organiza-
tion of the order parameters and directly motivating the ansatz introduced in the
following subsection.

5.2 Ansatz

We formalize this observation by introducing a block-symmetric ansatz for the order
parameters (R, Q).

For the well-specified regime (K = M), We consider a partition of the hidden units
into two groups of sizes ky and ko (with ky + ko = K = M), where k; denotes the
number of student units that are anti-aligned with the teacher, and ks denotes the
number of aligned units. Accordingly, the order parameters R and @) exhibit a block
structure defined by:

_ (Di(s,s) Bly) _ (Dy(g.e) B(u)
R_< B(f) Dkz(b,7)>’ Q‘( B(u) D,Q(p,u)> (5.1)

and T = I, corresponding to the orthonormal teacher setting. The block operators
correspond to the group partition dimensions: D,,(x,y) represents an n X n matrix
with diagonal elements = and off-diagonal elements y, while B(z) represents a dense
matrix of value z with dimensions conforming to the block position (e.g., k1 X ko for
the off-diagonal blocks). Formally:

D.(z,y) = (z —y), +yJ,, B(z)=2zJ, (5.2)

where [,, is the identity matrix and J denotes the all-ones matrix of the requisite
size.

For overparameterized case (K = M + 1), we treat the additional weights as un-
known variables. Motivated by the empirical statistics in the previous subsection,
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5. Structured Ansatz of Order Parameters

we propose an ansatz in K = M + 1 based on the structure of @), R for K = M

before:
Iy Q o
R = = 5.3
(RK:M> - @ (qu QK:M) ’ (5:3)

where Rx—y and Qk—y denote the M x M block matrices defined in Eq. 5.1. The
scalar () represents the self-overlap of the extra unit. Crucially, the vectors ry and qq
are block vectors partitioned to align with the group sizes k; and ko of the matched
blocks. Formally:

q = (B(v),B(7)), 10 =(B(),B(x)). (5-4)

Examples of the Ansatz. We illustrate the ansatz with explicit examples. For
the case k; = 2 and ky = 3 in the well-specified regime (K = M), the matrices R
and () take the form:

S 85 © @ © g e u u u
5 ¢ v @ P e g u u u

R=|\f f b 7 17|, Q=|u u p u p (5.5)
fr b U ou ofopop
fr - Tb U uopopp

And for the case k; = 2 and ks = 3 in the overparameterized case (K = M + 1), the
matrices R and () take the form:

L L K K K Qv v v v v
¢ S ¢ ¢ @ v oqg e U u u
S S w o p P voe ¢ u u u

R = , = 5.6
prbor |l Ty wup (556)
ffr b Y ou u opp o
forr T b Y ou u o popp

Q -0.50

-0.75

-1.00

Figure 5.2: Different order parameters at K = 18 and M = 17. The plots show the values
of R (first row) and @ (second row) for minima representative of the different families. From left
to right, we see results for k&1 = 0,2,3,4,5,6.

To provide a direct visual validation of the ansatz, we show a representative example
of the order parameters (R*, Q*) obtained from simulations with K = 18 and M = 17
in Fig. 5.2. In this case, we adopt the orthonormal teacher setting described in
Appendix A to improve the clarity of the block structure in @) and R.
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Theoretical Fixed Points

In this chapter, we test the structured ansatz and compute theoretical fixed points.
We substitute the ansatz into the fixed-point conditions, generate the resulting re-
duced equations symbolically, solve them numerically, and compare the theoretical
loss values and order-parameter structures with empirical results obtained from ODE
simulations.

6.1 Reduction to fixed-point equations

We now use the block-structured ansatz introduced in Chap. 5 to derive a reduced
system of fixed-point equations. The goal is to test whether the structured order
parameters observed in the ODE simulations correspond to genuine fixed points of
the mean-field dynamics, rather than only empirical patterns.

6.1.1 Well-specified case

For the well-specified case K = M, we substitute the block ansatz in Eq. 5.1 into
the fixed-point equations of the mean-field dynamics. The full stationary conditions
are

a7 dt
with the right-hand sides given by Eqgs. 3.29 and 3.30. Before imposing the ansatz,
these conditions are written for all entries of R and (). Concretely, the ansatz
contains five parameters for @),

=0, (6.1)

q7 e? u? p7 ILL?
and six parameters for R,
g? S? (P7 f7 b7 T.
We therefore extract fixed-point equations for these parameters, denoted by
dq de du dp du
E:7:O’ ‘E€:7:07 Eu:7:07 E:7:()7 :720’
“dt dt dt Poodt odt
and p p p
< S @
E = — = O ES = — = s E = —— = s
Coodt T o= g Y
df db dr
=g == i =
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6. Theoretical Fixed Points

This gives a system of 11 coupled nonlinear algebraic equations for the 11 ansatz
parameters. For completeness, the explicit equations for the well-specified case are
reported in Appendix D.

6.1.2 Overparameterized case

The same reduction principle applies to the overparameterized case K = M + 1. In
this setting, the ansatz contains the original K = M block structure together with
additional parameters (¢, k, €2, v,y) describing the extra student unit and its overlaps.
Substituting this enlarged ansatz into the mean-field fixed-point conditions again
produces a finite system of nonlinear algebraic equations. However, because the
additional unit introduces several new covariance classes, the resulting expressions
are substantially longer than in the well-specified case. We therefore do not report
these equations explicitly.

6.2 Mathematica-assisted symbolic equation gen-
eration

The reduced fixed-point equations are lengthy, because each entry of the mean-
field vector field contains sums of Gaussian expectations whose covariance entries
depend on the ansatz parameters. To avoid deriving every equation manually, we
used Wolfram Mathematica as a symbolic equation generator. Here we describe the
procedure for the well-specified case K = M; the overparameterized case follows the
same logic, with additional parameters for the extra student unit.

The main idea is to encode the ansatz directly at the level of indexed matrix entries.
Instead of constructing full matrices () and R for a fixed value of K, we first define
symbolic functions (i, j) and R(i,n) whose values are determined by the positions
of the indices in the two blocks. For example, diagonal entries, within-block off-
diagonal entries, and cross-block entries are assigned to the corresponding ansatz
parameters. This makes the subsequent derivation independent of the specific matrix
size, except through the block sizes ky and ks.

The second step is to construct each Gaussian expectation through its covariance
entries. Each term in the fixed-point equations is of the form I3(xg, 21, x2), where the
three variables may be student or teacher local fields. We therefore define separate
covariance maps for the different cases appearing in the equations, such as student-
student-teacher terms and student-student-student terms in the equation for @), and
student-teacher-teacher and student-teacher-student terms in the equation for R.
These covariance entries are then passed to the closed-form expression for I5.

Finally, the summations over student and teacher indices are evaluated symbolically.
The main technical point is that the summed index may coincide with one of the
fixed indices, producing different covariance patterns. The Mathematica implemen-
tation handles these cases separately and multiplies each representative term by its
multiplicity, such as k; — 1, k; — 2, or ks — 1. This yields symbolic expressions for

the right-hand sides of dR;,,/dt and dQ;/dt.
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After the symbolic expressions for dR;, /dt and dQ;;/dt have been constructed, we
obtain the reduced equations by evaluating them at entries corresponding to each
ansatz parameter. For example, in the first block, the parameter ¢ appears on
the diagonal entries of R, so we use the stationary condition for R;; to define
E. = 0. Similarly, s corresponds to the off-diagonal entries inside the first block of
R, represented by R, while ¢ corresponds to cross-block entries such as [ j,+1.
For @), the parameters ¢, e, and u are obtained analogously from 1, (12, and
Q1,5 +1- The parameters in the second block are extracted in the same way, using
Riyv11, Rigvik+1s Bryviktes Qkitik+1, and Qg 1k, +2. This gives the eleven
reduced equations reported in Appendix D.

6.3 Numerical solution of the reduced equations

We solve the reduced fixed point equations using FindRoot in Wolfram Mathematica.
Since the equations are nonlinear and may admit multiple solutions, the initializa-
tion is important. For each fixed value of (ki,k2), we initialize the solver with
order parameters obtained from ODE simulations in the orthonormal teacher set-
ting. These empirical solutions are already close to the corresponding fixed points
and therefore provide stable initial guesses for the solver.

The solutions are first computed in Mathematica using high numerical precision.
After convergence, we verify the result by substituting the solution back into the
reduced equations and computing the maximum absolute residual,

max |Eal, (6.2)

where F, runs over the reduced fixed-point equations. Within Mathematica, the
residuals are at the level expected from the chosen numerical precision.

For the subsequent simulations and visualizations, the fixed-point solutions are ex-
ported to JAX data structures in Python. Since JAX computations are performed
in floating-point arithmetic, at most in float64 precision, this export introduces a
finite-precision truncation. As a result, when the same fixed-point residuals are re-
evaluated inside the JAX pipeline, the maximum residual may increase to around
107% in some cases. This discrepancy is a numerical precision effect rather than a
failure of the fixed-point equations.

6.4 Comparison with empirical loss families

For each solution (R*, Q*) of the reduced equations, we evaluate the corresponding
population loss. As shown in Fig. 6.1, the predicted loss values agree closely with
the peaks of the empirical histograms for both the well-specified case K = M and
the overparameterized case K = M + 1. Minor discrepancies may arise due to
differences in numerical precision and finite solver tolerances.

For the overparameterized case, Fig. 6.2 shows the order parameters (R*, Q*) ob-
tained from the numerical solver for K = 18 and M = 17 across different values of
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2000

|
|
|
> |
£ i
S 1000}
a |
1
L
0.00 0.01 0.02 0.03 0.04 0.05 0.00 0.01 0.02 0.03 0.04 0.05 00.00 0.01 0.02 0.03 0.04 0.05
Loss Loss Loss
(a) K=17,M =17. (b) K =18, M =17. (c) K=19,M =17.

Figure 6.1: Loss families and theoretical values. Histograms of final loss values obtained
from ODE dynamics at M = 17 for the well-specified case K = M and the overparameterized case
K =M +1and K = M + 2, starting from 10* random initializations in the orthonormal teacher
setting. In (a) and (b), dashed vertical lines indicate the theoretical loss values obtained from the
reduced fixed-point equations solved in Wolfram Mathematica.

k1. The resulting structures and loss values closely match those observed directly
from ODE simulations in Fig. 5.2.
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Figure 6.2: Order parameters obtained from solvers at K = 18 and M = 17. The plots
show the values of R (first row) and @ (second row) for fixed points computed by the solver.
Columns are ordered from left to right by the number of anti-aligned units, k; = 0,2, 3,4, 5,6.
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Exploratory Landscape Analysis
with the String Method

7.1 String Method

(c) reparameterize

(a) current string (b) one update step reparameterize {z;} uniform
discrete images on a path update interior images only p N M
in arclength
z; +— x; + Az, (e.g., —nVf)
B B B
e e
A A endpoints fixed A
update i = 1,..., N -2

Figure 7.1: Illustration of the string method.

In this section, we introduce the string method [22, 23, 24], which we use as an
exploratory numerical tool to probe loss landscape between distinct stationary con-
figurations. This algorithm seeks the Minimum Energy Path (MEP) connecting
two fixed configurations in the order parameter space. Conceptually similar to the
Nudged Elastic Band method [25], this technique enables the study of low-loss tra-
jectories between distinct points. We illustrate the string method in Fig. 7.1. Given
two fixed endpoints, the string method approximates a continuous path in parame-
ter space by a discrete set of images. These images evolve under gradient descent,
and are periodically reparameterized to ensure approximately uniform spacing with
respect to the chosen metric.

7.1.1 Induced Metric and Interpolation

A crucial requirement for the string method is a proper definition of distance to
discretise the path. Since the gradient descent dynamics are defined on the weights
W € RE*4 the geometry of the landscape is intrinsically Euclidean in the weight
space. Therefore, the string evolution in the reduced order parameter space must
rely on an induced metric that preserves this geometry.

Given the usage of the mean-field description based on the order parameters (suf-
ficient statistics) © = (R, (), we lose the information of the individual weights.
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7. Exploratory Landscape Analysis with the String Method

We define the distance between two macroscopic states ©; and ©, as the expected
squared Euclidean distance between their typical microscopic realizations W; and

WQI 1
D*(©1,62) = Ew,ma | W1 — Wal3 (1)

where the expectation is taken over the independent ensembles of weights consistent
with the respective order parameters.

Expanding the Frobenius norm yields:
WL W W W )

d d d d (7:2)

By definition of the order parameters, the self-overlap terms converge to their ex-
pectations:

1 W-
LW - Wl = T ( 1

1
B Sww]| = a. (7.3)
To evaluate the cross-term W;W,", we decompose the weights into a signal compo-
nent (parallel to the teacher subspace) and a noise component (orthogonal to the

teacher):

W =W, +W,=RW"+E, (7.4)
where W* € RM*4 are the teacher weights and = represents the orthogonal noise.
Substituting this decomposition into the cross-term:

1 W*W*T

1 -
dW1WJ — g(le* +EN(RW* +25)" = Ry ( y

) RJ + noise cross-terms.

(7.5)
We assume that W, and W5 are drawn as independent samples from their respective
macroscopic ensembles. Under this assumption, the noise components =; and =,
are statistically uncorrelated. In the limit d — oo, the inner product of independent

random vectors vanishes: 1Z;Z] — 0. Furthermore, assuming orthonormal teacher

d
weights (T' = éVV*VV*T = I), the expectation simplifies to:
1
E {dwlwﬂ ~ RR,. (7.6)

Substituting these expectations back into the distance equation, we obtain the metric
employed in our analysis:

diSt(@l, @2) = \/TI' (Ql + QQ - RlR; — RQRI) (77)

We emphasise that the independence assumption used to derive Eq. 7.7 implies that
the microscopic noise components = are uncorrelated. While valid for random initial-
isations in high dimensions, this assumption does not strictly hold for consecutive
points along a continuous trajectory, where the noise components are necessarily
correlated. However, the Minimum Energy Path is a geometric object that is invari-
ant under reparameterisation of the curve. The specific choice of metric serves only
to distribute the discretisation points (images) along the string. Therefore, Eq. 7.7
constitutes a valid parameterisation choice that respects the global Euclidean scaling
of the problem, even if it overestimates local distances in the small-step limit.
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7. Exploratory Landscape Analysis with the String Method

7.1.2 Algorithm

The string is discretized into P + 1 images {©g, ©1,...,0p}, where ©; = (Q;, R;).
The endpoints Oy and ©p are fixed at the known minima in our case. The algorithm
proceeds iteratively:

1. Evolution: Each interior image ©; (i = 1,..., P — 1) evolves independently
for a fictitious time step A7 according to the mean-field dynamics derived in
Sec. 3.3:

where F(0) = (Q, R) denotes the vector field of the order parameters (defined
by Egs. 3.16 and Eqgs. 3.17). This step drives the string towards the valley
floor (local stationarity).

2. Reparameterization: To prevent the images from collapsing into the min-
ima, we redistribute them to maintain uniform spacing. We first compute the
total arc-length L of the current string using the metric in Eq. 7.7. Then, we
construct a cubic spline interpolation of the path and resample P + 1 new
images at equidistant arc-length coordinates s = %L (for k=0,...,P).

3. Termination: The algorithm is iterated for a sufficient number of steps to
ensure the string relaxes to a stationary state. Upon convergence, the trans-
verse forces vanish, and the resulting curve represents the Minimum Energy
Path.

7.2 Numerical Sensitivity of String Method

The string method is a useful numerical tool for approximating minimum energy
paths between stationary configurations, but its implementation in the reduced
order-parameter space depends sensitively on numerical details. In our experiments,
the two most relevant issues are the precision truncation of the theoretical endpoints
after exporting them from Mathematica to JAX, and the discretization of the path
into a chosen number of images.

7.2.1 Precision and Endpoint Relaxation

The endpoints used in the string method are theoretical fixed points obtained from
the reduced fixed-point equations in Chap. 6. By definition, a fixed point of the
order-parameter dynamics is a zero of the vector field, i.e., of the right-hand side of
the order-parameter ODEs,

FQ(Q? R) = 07 FR(Q, R) =0.

The solutions computed in Mathematica satisfy these equations in high numerical
precision. In practice, we also monitor the fixed-point residual by

Res(Q, R) = max {[|Fo(Q, R)|loo, [ Fr(Q, R)loc} -
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7. Exploratory Landscape Analysis with the String Method

After exporting the solutions to the JAX implementation, their numerical represen-
tation is truncated to the precision used by the Python pipeline. When the same
residual is evaluated again in JAX using float64, it is therefore not exactly zero
and can be of order 107 in some cases.

This residual measures the size of the gradient flow, not just a small error in the
loss value. Therefore, even if the population loss of the exported endpoint is almost
unchanged, a nonzero residual can still induce a small drift under the string evolution.
This effect is particularly relevant near shallow basins, where a weak but nonzero
flow may move the string away from the intended local neighborhood.

To reduce this effect, we apply an endpoint relaxation step before running the string
method. Starting from the exported theoretical fixed point, we evolve the endpoint
in the JAX float64 implementation using the same ODEs as in the mean-field
dynamics. The relaxation is stopped once both the fixed-point residual and the loss
variation reach a stable numerical plateau. In a typical run, after relaxation we
obtain values such as

L = 1.1697708328661349 x 102, Res(Q, R) = 1.704 x 1077,

with
1 Fo(Q, R)||oo = 1.704 x 1077, | Fr(Q, R)|ls = 1.405 x 107,

and a loss change of approximately 7.951 x 107! over the monitored iteration interval.
We regard this as numerically stable for the purpose of fixing the string endpoints.

The relaxed configurations are then used as the fixed endpoints of the string. This
procedure does not change the definition of the theoretical fixed points; it only
ensures that the endpoints used by the numerical string solver are better adapted
to the implemented JAX dynamics.

7.2.2 Image Number and Reparameterization

The second numerical issue is the discretization of the path. The string method
represents a continuous curve by a sequence of images, and the number of images
determines the resolution of this discretized curve.

If too few images are used, the string may fail to show curved valleys or narrow
transition regions between the endpoints. In this case, the discretized path can
effectively cut across the landscape and miss the relevant minimum energy path.
On the other hand, increasing the number of images is not always beneficial. When
neighboring images become very close, small errors introduced by the evolution step
and by the reparameterization step can accumulate. In flat regions, shallow basins,
or narrow transition channels, these small perturbations may change the qualitative
behavior of the string.

The reparameterization step is necessary to maintain a reasonable distribution of
images along the path. However, it also introduces interpolated order-parameter
configurations. These interpolated configurations are not obtained by following an
actual weight-space trajectory, and their behavior depends on the induced metric
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7. Exploratory Landscape Analysis with the String Method

and interpolation rule used in the reduced space. In our implementation, the string
is reparameterized very frequently, typically after each evolution step. This choice
prevents image collapse, but it also means that interpolation errors are introduced
repeatedly during the computation. As a result, the reparameterization frequency
itself can become a source of numerical sensitivity.

In the following section, we therefore treat the string-method outputs as exploratory
diagnostics rather than rigorous evidence for the exact loss landscape.

7.3 Landscape Geometry Observations

As illustrated in Fig. 6.1a, in the well-specified setting a significant fraction of tra-
jectories remain trapped in the high-loss families. In contrast, the addition of even
a single extra neuron (K = M + 1), Fig. 6.1b, dramatically expands the basin of at-
traction of the global minimum, although nonzero-loss fixed-point families can still
be observed. These empirical results indicate that overparameterization changes the
stability and reachability of the spurious families identified in the previous chapters.

In this section, we use the string method as an exploratory tool to probe the geometry
of the loss landscape between representative fixed point configurations. In light of
the numerical sensitivity discussed above, we do not interpret the resulting paths
as rigorous evidence for the exact loss landscape. Instead, we use them to compare
the qualitative path behavior in the well-specified and overparameterized regimes.

7.3.1 Well-specified Regime

We first consider the well-specified case (K = M). Due to permutation symmetry,
there exist multiple discrete global minima. We construct a path between two
theoretical fixed-point configurations with the same loss value. The first endpoint
is the fixed point (R*, Q*) obtained from the reduced equations in Chap. 6. The
second endpoint is generated by applying a permutation of the student hidden units
to this fixed point (R*,Q*). If P denotes the corresponding permutation matrix,
the permuted endpoint is given by

Rperm = PR*, Qperm = PQ*PT

Since the population loss is invariant under permutations of the student hidden units,
the two endpoints are distinct representations of the same fixed-point family with
same loss value. As shown by the orange curve in Fig. 7.2a, the computed string
path exhibits clear barriers between the two endpoints. This indicates that moving
between these two fixed points requires passing through regions of higher population
loss. We observe the same qualitative behaviour for all permutations examined.

7.3.2 Overparameterized Regime

We now extend the analysis to the overparameterized setting K = M + 1, following
the same procedure as in the well-specified case. Before applying the string method,
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(a) Loss along the string path in K = M. (b) Loss along the string path in K = M + 1.

Figure 7.2: String-method path diagnostics. Left: In the well-specified regime K = M, the
string connecting two permuted representatives of the same fixed-point family crosses visible loss
barriers. Right: In the overparameterized regime K = M + 1, strings between representative fixed
points are attracted toward the global-minimum basin. Colors indicate families indexed by k1, the
number of anti-aligned units.

Minima | K=17 K =18 K =19
Order | M =17 M =17 M =17
k=0 13.09%  59.29%  99.63%
kr=1 | 27.52%  0.00% 0.00%
kr=2 | 29.05% 2.10% 0.05%
ki =3 18.94% 10.83%  0.31%
ki=4 7.55% 8.99% 0%

Table 7.1: Observed fixed-point families percentage. Percentage of 10* random initializa-
tions that converge to minima with k; anti-aligned units in different (K, M); k1 = 0 corresponds
to the global minimum.

we first summarize which fixed-point families are observed in this regime from the
reduced fixed-point equations and the ODE simulations.

The lowest-order spurious family, characterized by a single anti-aligned neuron(k; =
1), disappears in the overparameterized setting considered here. We do not find
stable solutions of the fixed-point equations for this family, and the ODE simulations
support this observation: across all initializations in Table 7.1 and Fig. 6.1b, no
trajectory converges to a state with a single anti-aligned direction. In contrast,
higher-order spurious families with k; > 2 still appear in the simulations, although
their frequencies are reduced. These surviving families provide the endpoints for the
string-method diagnostics below.

For the surviving families with k1 > 2, we next examine the string-method paths be-
tween representative configurations within the same k; family. In the well-specified
case, the computed strings between permuted representatives crossed visible loss
barriers. We therefore ask whether a similar barrier structure is also observed in the
overparameterized regime.

The exploratory results, shown in Fig. 7.2b, indicate a different qualitative behavior.
For several pairs of configurations, the interior images of the string are attracted
toward the global minimum basin (£ ~ 0) rather than crossing barriers between the
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7. Exploratory Landscape Analysis with the String Method

endpoint losses.

This collapse of the interior images should not be interpreted as contradicting the
existence of the endpoint fixed points. The endpoints are theoretical fixed points
of the reduced equations and are further relaxed in the JAX implementation before
being used in the string method. Rather, it suggests that these basins are narrow
or fragile: small transverse departures from the endpoint neighborhood can lead
the path toward the global minimum. This is consistent with the k& = 4 profile
in Fig. 7.2b, where the images closest to the endpoints show small local loss peaks
before the string descends toward zero loss. These peaks are hard to see at the
scale of the figure but are present in the numerical values, suggesting that the
endpoints retain only very narrow local basins. In this sense, the barriers that
isolate the corresponding states appear weakened, with the surrounding landscape
containing directions toward the global optimum. Although deterministic gradient
flow can still converge to these spurious minima, their reduced isolation suggests
an increased sensitivity to perturbations. This is qualitatively consistent with the
idea that stochastic optimization methods such as SGD may be more likely than
deterministic population gradient flow to leave these narrow basins, although this
interpretation remains qualitative in the present work.

Thus, the string-method diagnostics suggest that overparameterization changes the
landscape geometry around the fixed-point configurations. The high-loss fixed points
can still be reached by gradient flow, but the diagnostics reveal a type of path
behavior not observed in the well-specified regime: for several representative pairs,
the interior images are attracted toward the global-minimum basin. Because of the
numerical sensitivity discussed in Sec. 7.2, we interpret this as qualitative evidence
for a reshaping of the landscape rather than as a rigorous statement about the basin
structure of the loss landscape.
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Conclusion

We analyzed the population-loss landscape of high-dimensional two-layer ReLU neu-
ral networks in the teacher-student setting through a closed set of macroscopic
equations for the order parameters. This formulation reduces the high-dimensional
gradient-flow dynamics to a deterministic system for the student-student and student-
teacher overlaps, allowing us to study the learning dynamics directly in order-
parameter space and to relate them to the geometry of the loss landscape using
the string method.

In the well-specified regime (K = M), we found that gradient flow converges to
several structured families of spurious local minima. These families are organized
into discrete loss levels and exhibit block-structured order-parameter patterns, char-
acterized by aligned and anti-aligned groups of student units. Based on these obser-
vations, we introduced a structured ansatz and used it to derive reduced fixed-point
equations. The theoretical fixed points obtained from these equations reproduce the
empirical loss families and their corresponding order-parameter structures. String-
method diagnostics further indicate that representative configurations in this regime
are separated by visible loss barriers.

Under mild overparameterization, the landscape changes qualitatively. The lowest-
order spurious loss family is destabilized, the basin of attraction of the global min-
imum expands, and the frequencies of the remaining high-loss families are strongly
reduced. Although some higher-order fixed-point families still survive, the string-
method diagnostics suggest that they are less isolated than in the well-specified case:
paths initialized between representative configurations are often attracted toward
the global-minimum basin rather than crossing stable high-loss barriers.

These results indicate a mechanism through which overparameterization improves
optimization in this model. Its effect is not only to remove certain spurious minima,
but also to weaken the isolation of the remaining ones and create directions through
which the dynamics can more easily approach the global solution. More generally,
this work shows that combining mean-field order-parameter dynamics, structured
fixed-point ansatzes, and exploratory geometric tools such as the string method can
give a sharp and interpretable description of neural network loss landscapes.
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A

Robustness to Finite Input
Dimensionality

In the main text, our analysis of the fixed points we assume orthonormal teacher
configuration (T = Iy;) for simplifying the equations. While this is exact in the
thermodynamic limit (d — oo), in this section, we investigate the robustness of our
predictions to finite input dimensions d. We simulate the dynamics starting from
actual neural network weight initialisations at dimensions d € {196,392, 784}.

300
orthonormal (infinity)
d=784
250 d=392
d=196
200
2z
2150
j9
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50
0 L L
0.00 0.02 0.04 0.06 0.08

Population loss

Figure A.1: Impact of finite dimensionality on the loss distribution. Histograms of
the final population loss obtained by simulating the ODEs starting from actual neural network
weight initialisations at dimensions d € {196,392, 784}, compared against the infinite-dimensional
limit (orthonormal teacher, T'=T). Dashed vertical lines indicate the corresponding theoretically
predicted loss values While smaller dimensions introduce a broadening effect due to variance, the
discrete families of minima remain robustly centered around the predicted macroscopic levels.

Fig. A.1 illustrates the impact of finite dimensionality on the final population loss
distribution. We compare the empirical histograms obtained from finite d simula-
tions against the idealised infinite-dimensional case. While the discrete, quantised
hierarchy of the local minima is strictly preserved, finite dimensions introduce vari-
ance. This results in a progressive broadening of the loss distribution peaks around
the theoretically predicted values. As expected, the empirical distributions tightly
converge toward the analytical infinite-dimensional limit as d increases.

To further validate that the structural symmetries discussed in our ansatz persist
beyond the idealised orthonormal teacher scenario, Fig.A.2 visualises the student-
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Figure A.2: Student-teacher overlap matrix (R) across different dimensions. Heatmaps
of the R matrix for 10 randomly sampled configurations converging to the first-order local minimum
(ky = 1). The top row represents the idealised d — oo limit, while subsequent rows correspond
to finite dimensions d = 784,392, and 196. The block-symmetric structure predicted by our the-
oretical ansatz clearly emerges across all regimes, with finite-size fluctuations increasing at lower
dimensions.

teacher overlap matrix R. We uniformly sample 10 configurations at the end of the
dynamics from the first-order local minimum (i.e., the second quantised group cor-
responding to k1 = 1, as observed in Fig.A.1). Despite the noise introduced by the
finite-dimensional teacher, the distinct macroscopic block structure, including the
aligned and anti-aligned unit clusters, remains clearly identifiable. As d decreases,
the off-diagonal fluctuations become more pronounced, yet the fundamental geomet-
ric organization in blocks remains robust. This confirms that our ansatz accurately
reflects the empirical behaviour of finite-dimensional networks.
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Alternative Activation Functions

In this section, we provide the analytical expressions for the Gaussian integrals
I, and I3 for Leaky ReLU and Error Function (erf) activations. Based on these
derivations, we also present numerical observations of the learning landscape and
spurious minima structures for these activations in this section. The notation follows
the definitions in Chap. 3:

Iy(z1, 29) = (g(21)9(72)), (B.1)
I3(20, 71, 22) = (g’ (20)219(72)), (B.2)

where the expectations are taken over a multivariate Gaussian distribution with
covariance matrix .

B.1 Leaky ReLU

The Leaky ReLU activation function with a leakage parameter o € [0, 1] is defined
as:

r ifx>0,

) (B.3)
ar ifz<0.

g(xz) = LReLU(z; ) = {

Its derivative is the generalized step function ¢'(x) = 1,50+ al,<o where the deriva-
tive at x = 0 is defined by convention. Note that setting o = 0 recovers the standard
ReLU results, while &« = 1 corresponds to a linear network.

B.1.1 Two-Variable Case

The explicit form for the correlation between two Leaky ReLU units is:

1—a)? Cha
ILReLU ) = ( _ 2 _ B.4
2 (X)) =aCiy+ o [\/ C11C5 — CFy + Cho arccos )| (B.4)

where C1, Cy are the variances and C'5 is the covariance of (xy, zs).
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B.1.2 Three-Variable Case

The integral involving the derivative, a multiplier, and the activation is given by:

ILReLU(E) = 04012 + M lCu arccos (—Cb2> + %\/ CQQCO() — 02 ] .
’ 27 v C22C00 Coo 0
(B.5)
Here, the covariance matrix for the joint variables (zg, z1, x2) is:
Coo Coi Coo
Y=1Cn Cn Ci
Coz Cra Cxp

B.2 Results for Leaky ReLU

Based on the derived integrals, we numerically investigate the stationary points
of networks with leaky ReLLU activation. With the Leaky ReLU parameter set to
a = 0.01, the Fig. B.1 shows the results for K = M = 12 under nGD. It can be
clearly observed that anti-aligned units appear, similar to the ReLLU case.

Loss=0.0179 Loss=0.0184 Loss=0.0334 Loss=0.0340
| " ..... .... ... 050
-.... l. 0.25
| .- |
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RO Y N B W )

Figure B.1: Order Parameters of Leaky ReLU in K = M = 12.

B.3 Sigmoidal (erf)

Consider the sigmoidal activation function defined by the error function:

g(x) = ext (%) . (B.6)

2 —z2

The derivative is proportional to a Gaussian: ¢'(x) = \/;e 2,

B.3.1 Two-Variable Case

Based on the arcsine law for Gaussian integrals, the result is:

(%) = 2 arcsin G ) . B.
= & (\/(1+C11)(1+022) D
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B.3.2 Three-Variable Case

The integral involving the derivative of the error function allows for an analytical

solution: 5 o
(%) = (012 1 % C?Q> : (B.8)
7T\/(l + Coo)(1 + Ca2) — C + Coo

B.4 Results for Sigmoidal (erf) Activation

Based on the derived integrals, we numerically investigate the stationary points of
networks with erf activation by running the ODEs for a few seeds. Fig. B.2 illustrates
the structure of the order parameters for K = M = 12 across different local minima
found by nGD. Notice the absence of anti-aligned neurons in sharp contrast with
what is observed in the Main Text for ReLLU and in Fig.B.1 for Leaky ReL.U.

T o T el A ]
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Figure B.2: Order Parameters of erf in K = M = 12.




C

Constraint Dynamics

In this section, we derive the mean-field ODEs for Normalised Gradient Descent
(nGD) and Orthonormalized Gradient Descent (onGD), which impose distinct geo-
metric constraints on the student weights during training. We also show the resulting
learning dynamics for both methods and a brief discussion of stability, convergence
properties, and the learnability of nGD and onGD. Consistent with previous sections,
we denote the input dimension by d.

C.1 Normalised Student Setting (nGD)

In Normalised Gradient Descent, we enforce the constraint that the norm of each
student weight vector remains fixed at initialisation, typically ||w;||* = d (implying
Qi = 1). The continuous-time update rule subtracts the radial component of the
gradient:

dwi

dt d

This projection modifies the order parameter dynamics by introducing a decay term
proportional to the self-overlap. The resulting ODEs are:

= -V, L+ = (szﬁ w, Yw; (C.1)

dR; M K
dt =Ny, Z U;kn[3(?;7 n, m) - ZU]I3(Z7n7j)

m=1 j=1
M K
- nR'mvz Z U;I3(i7i7 m) - ZUjI3(7:7 Z?j) ;
m=1 j=1
dQ; LA Koo
dtk = nu; Z vy I3(i, k,m) — ZUj[g(Z,k,j)
m=1 7j=1 ]
- B -
+ nuy Z v I3(k,i,m) — Zvjfg(/{:,i,j)
| m—1 =1 |
M K
- ankUz Z v, -[3 27 7’7 m Z Uj-[3 Za 7’7.]
m=1 7j=1
M K
—Qirvr | D v d3(k, k,m) = > vl5(k, k, 5)
m=1 7j=1
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Note that for the diagonal elements, substituting k = ¢ and @); = 1 confirms that
dQii
dt

= 0, satisfying the constraint.

C.2 Empirical Observations for Normalized Gra-
dient Descent

We investigate the loss distribution of Normalized Gradient Descent (nGD) in the
overparameterised regime. Specifically, we consider a student network with K = 19
hidden units learning from a teacher with M = 17 units (K = M + 2). Fig. C.1a
displays the histogram of the final population loss.

Contrary to the expectation that overparameterisation allows the network to achieve
zero loss, nGD exhibits a fundamental barrier. As shown in the histogram, the
system fails to reach the rigorous global minima (Loss ~ 0). Even in the best-found
minima (Loss &~ 0.355), a significant error persists.

This is a direct consequence of the constraint @); = 1. In unconstrained GD, the
K — M excess students would decay to zero norm to eliminate interference, as shown
in Fig. 5.2. In nGD, however, the order parameters shown in Fig. C.2 (left columns)
indicate that these excess units are constrained to maintain unit norm. They cannot
be silenced and effectively act as intrinsic noise sources, creating an irreducible error
even when the M target features are perfectly retrieved.

The high density of solutions in the suboptimal interval Loss € [0.365, 0.370] (approx.
48%) arises from the combinatorial diversity of "blocking" defects. As visualised in
the right four columns of Fig. C.2, these states exhibit student groupings of varying
sizes (e.g., k1 = 3,4,5). Unlike the unique diagonal alignment required for the best
solution, there are combinatorially many ways to form these suboptimal clumps. The
normalisation constraint stabilises these high-loss configurations, effectively trapping
the dynamics in a high-energy part.

K=19, M=17, nGD K=17, M=17, onGD

300
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> 200t
=
2
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s0f

00355 0360 0365 0370 0375 0380 0385 0390 018 020 022 024 026 028 030
Population loss Population loss
(a) nGD Loss Distribution (b) onGD Loss Distribution

Figure C.1: Loss distribution in different constraints These histograms show the empirical
density of the final population loss after 20,000,000 running steps. (a) Normalized Gradient Descent
(nGD) with K = 19,M = 17. Despite overparameterisation, the loss distribution is strictly
multimodal, exhibiting discrete peaks at high loss values. (b) Orthonormalised Gradient Descent
(onGD) with K = 17, M = 17. The distribution is unimodal and broad, concentrated entirely in a
high-error regime (centered at 0.22).
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Loss=0.3557 Loss=0.3559 Loss=0.3676 Loss=0.3695 Loss=0.3715 Loss=0.3714

L " ".__... "._.. ".__... "._..
.

' ....'-. ", . ™, . .,

. [ I I N R N

", ", ",

-1.00

Figure C.2: Order parameters of local minima in nGD (K = 19, M = 17). The columns
correspond to different final losses. Left Two Columns (Best Minima): The R matrices exhibit
a near-perfect diagonal structure, indicating successful retrieval of the 17 teacher features. However,
the irreducible error persists because the 2 excess students (constrained to Q;; = 1) cannot decay
to zero. Right Four Columns (Suboptimal Minima): These states represent the dominant
local minima cluster. They exhibit "blocking" defects (e.g., 2-to-1 assignments seen as red blocks
in R), where extra units are misallocated, further elevating the loss.
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Figure C.3: Final order parameters for onGD (K = M = 17). The columns correspond
to different final losses. Bottom Row: The student-student overlap matrices () retain a strict
identity structure (Q = I), satisfying the orthogonality constraint. Top Row: The student-teacher
overlap matrices R exhibit a disordered, noise-like pattern. Unlike successful learning scenarios
shown in Fig. 5.2, the entries remain diffuse and small. This lack of structural alignment confirms
that the student units fail to retrieve the teacher vectors in this constrained setting.

C.3 Orthonormalized Student Setting (onGD)

In Orthonormalized Gradient Descent, we enforce the stronger constraint that the
student weights remain orthonormal throughout training, i.e., WWT = dlx (imply-
ing Q = I). The update rule projects the gradient onto the tangent space of the
Stiefel manifold:

aw

— = VWL g(vwﬁ W W, (C.2)

where W € RE*4. Under this setting, the student-student covariance matrix is fixed,
SO:
dQix
dt

—0. (C.3)
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The dynamics of the student-teacher overlap R are modified by a mixing term in-
volving all other student units:

dtm = Nv; Z U;IB(i>n7m) - Zvj[?)(ianaj)
m=1 j=1
K M K
— v Y Rien | 2 03 I5(i, k,m) — > 0;15(i, k, ) |

C.4 Empirical Observations for Orthonormalized
Gradient Descent

We next examine the learning dynamics of Orthonormalized Gradient Descent (onGD).
We focus on the student-teacher setting with K = M = 17. Fig. C.1b presents the
distribution of the final population loss.

As shown in Fig. C.1b, onGD does not achieve meaningful learning. The final loss
distribution is concentrated in the high-error regime of [0.18,0.30], with a peak
around 0.22. The structural reason for this failure is evident in Fig. C.3: the entries
of the student-teacher overlap matrix R remain disordered, confirming that the
network is unable to retrieve the teacher configuration.

The failure of onGD appears to be closely related to the excessive rigidity imposed
by the orthogonality constraint. In a typical successful learning trajectory (as seen
in unconstrained GD), student units often pass through intermediate phases where
they become correlated (Q;x # 0) to "sense' the teacher’s structure. By enforcing
Qi = 0at i # k, onGD effectively forbids these cooperative intermediate states. Our
results suggest that for K = 17, the gradient flow on this constrained manifold lacks
accessible paths connecting the random initialization to the teacher configuration,
effectively locking the system in a high-loss state.

(a) Training loss (b) Final R

T
0.0 0.2 0.4 0.6 0.8 1.0
Training step 1le6

Figure C.4: Dynamics of onGD in a setting with small hidden layers (K = M = 2). (a)
The training loss (log scale) decreases monotonically and converges to a near-zero value (~ 1073),
indicating successful optimisation. (b) The final student-teacher overlap matrix R exhibits a clear
diagonal structure (red blocks indicate high positive correlation). This confirms that, unlike the
case with larger hidden layers (K = M = 17), the orthogonality constraint perfectly retrieves the
teacher weights in low dimensions.

To comparison, we present representative learning trajectories in a setting with few
hidden units (K = M = 2). As shown in Fig. C.4, successful learning is possible in
this regime, indicating that the obstruction induced by the orthogonality constraint
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is dimension-dependent: systems with only a few hidden units can still navigate the
Stiefel manifold to find the solution.
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Numerical and Computational
Detalils

The large-scale simulations reported in this work were run on the CPU cluster
Tetralith. The CPU nodes used in our experiments are equipped with two Intel
Xeon Gold 6130 processors, providing 32 CPU cores per node and 96 GiB of RAM
per standard node. No GPU acceleration was used.

For the main ODE simulations, loss histograms, alternative-activation experiments,
and constrained-dynamics experiments, we used Slurm job arrays to run independent
random initializations in parallel. For settings with both K < 15 and M < 15, each
trajectory was run with one CPU core. For larger settings, where at least one of
K or M is at least 15, each trajectory was run with 2 CPU cores. Each array job
was assigned a wall-clock limit of 24 hours. The largest runs required up to 107
training steps in the well-specified case K = M, and up to 1.2 x 107 training steps
in the overparameterized case K = M + 1. Other simulations and experiments
are substantially smaller and can be reproduced on a standard workstation on a
laptop/desktop CPU comparable to an Intel i7-13650HX with 32 GB RAM.

Memory usage is modest for all experiments because the simulations evolve the
order parameters ), R and T, rather than full high-dimensional network weights,
except in the finite-dimensional robustness checks. The dominant cost is therefore
wall-clock time over many independent initializations rather than memory.
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