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3D Radiative Transfer Modeling of the Red Supergiant NML Cyg
Per Hirvonen
Department of Space, Earth and Environment
Chalmers University of Technology

Abstract
Red supergiants are bright but cool massive stars that have depleted their core
hydrogen supply and have started fusing heavier elements. These evolved stars ex-
perience a strong mass loss through a slow moving stellar wind that results in an
extended circumstellar envelope with a rich chemistry. The circumstellar envelopes
of red supergiants will eventually enrich the interstellar medium, influencing the
formation and evolution of the next generation of stars and planets. Understanding
the mass loss of massive evolved stars is a key component in understanding both
the evolution of individual stars and the chemical evolution of the universe.

We analyze carbon monoxide emission around the red supergiant NML Cyg ob-
served with the ground based JCMT 15 meter and Onsala 20 meter telescopes, as
well as the HIFI instrument aboard the Herschel Space Observatory. The line pro-
files have complex shapes, suggestive of multiple components in the stellar outflow.
3D radiative transfer modeling is used to recreate the observed line profiles. We con-
clude that it is possible to recreate the observed line profiles by using one spherical
component and three directed outflows.

Keywords: NML Cyg, astrophysics, radiative transfer modeling, supergiants, cir-
cumstellar environments
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1
Introduction

During the first few minutes after the Big Bang, hydrogen, helium and small amounts
of lithium were formed. At present day, we have detected 94 naturally occurring
elements. To explain the chemical enrichment of the universe we need to understand
the formation, life and death of stars. This thesis aims to present work on the
chemically rich outflows of the red supergiant NML Cyg by using radiative transfer
models of carbon monoxide emission.

1.1 Evolved stars

Stellar populations are generally shown in a so called Hertzsprung–Russell (HR)
diagram as seen in Fig 1.1. The HR diagram is a log-log plot of stellar luminosities
versus the surface temperature. On the HR diagram, most stars fall on a diagonal
line known as the Main Sequence (MS). Stars will spend most of their life on the
MS, fusing hydrogen into helium. Once the hydrogen in the core is depleted both
the surface temperature and luminosity will change as the star enters a new stage
of its life. The initial, or Zero-Age Main Sequence (ZAMS), mass determines which
evolutionary track a star will take.

For stars with initial masses 0.8 M� < MZAMS < 8 M� the post-MS evolutionary
path is relatively well understood: after the hydrogen in the stellar core is depleted
the star is unable to initially fuse helium into heavier elements (Habing & Olofsson
2004). During this period the star moves to the right in the HR diagram and ascends
the first giant branch (Habing & Olofsson 2004, p. 28). The inert core gains mass and
the temperature rises until core helium burning is triggered in a “helium core flash”.
During the helium burning phase the star’s luminosity decreases as it moves along
the Horizontal Branch (Kippenhahn et al. 2012, p. 407 ). When the helium supply
in the stellar core is depleted no more fusion will take place for the remainder of the
star’s life as it ascends the Asymptotic Giant Branch (AGB) (Habing & Olofsson
2004, p. 28). Hydrogen and helium burning take place in shells outside of the inert
core, and AGB stars experience a strong mass loss in the range 10−8 M� yr−1 to
10−4 M� yr−1 sustained through a mechanism known as a dust driven wind (Höfner
& Olofsson 2018). The standard approach when modeling AGB stars is to assume a
constant spherically symmetric mass-loss rate (Höfner & Olofsson 2018). Once the
star has shed most of its envelope, all that remains is a white dwarf (Kippenhahn
et al. 2012, p. 418).

The post-MS evolution of massive stars, MZAMS > 8 M�, is not as well under-
stood. There exists a range of classifications of evolved massive stars such as lu-
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1. Introduction

Figure 1.1: A schematic HR diagram showcasing the Main Sequence, a Giant
Branch, a supergiant Branch and the area occupied by white dwarfs. The positions
of the sun and the low mass star AB Doradus C are indicated. Original available
through ESO (2007).

minous blue variables (LBVs), Wolf-Rayet (WR) stars, yellow hypergiants (YHGs)
and red supergiants (RSGs). The classifications of massive evolved stars are based
on surface temperatures and luminosities, which are not necessarily indicative of any
differences in internal structure. As massive stars evolve, they can move between the
different classes. The relationship between the different classes of evolved massive
stars and the order in which these stages are reached is however an open question.

The evolved states of massive stars can broadly be classified into either “hot
types” or “cool types”, with WRs and LBVs belonging to the former and the YHGs
and RSGs belonging to the latter (Smith 2014). The initial mass of a star, MZAMS,
is a dominating factor in determining stellar structure and evolution, but it is also
necessary to consider mass loss during and after the MS. Massive stars experience a
significant mass loss during their MS lifetime and lose up to half of their mass after
they evolve off the MS (Levesque 2017, p. 1-3).

Wolf-Rayet stars are massive helium burning stars whose powerful stellar winds,
which reach velocities ∼ 1000 km s−1, have stripped the stars of their hydrogen
envelope, leaving the core exposed (Smith 2014). There exists a range of sub-classes
of WR stars depending on which exact features are present in their spectra, e.g.
WN stars with nitrogen features and WC with carbon features. WR stars have

2



1. Introduction

luminosities on the order of 105 L� and stellar temperatures ranging from 3 × 104 K
to 1.5 × 105 K, depending on which sub-class a certain star belongs to (Crowther
2007). The stellar spectra of WRs are interesting, instead of the narrow absorption
lines seen in most other types of stars, the stellar spectra of WRs are dominated
by broad emission lines (Crowther 2007). For a star to evolve into a WR it would
require MZAMS > 25 M� and, due to mass loss, the typical mass of a WR is around
10 M� to 25 M� (Meynet & Maeder 2005; Crowther 2007).

Another evolutionary phase experienced by massive stars is the luminous blue
variable stage. The luminosity of these stars is variable, and some experience erup-
tive mass loss events. For the LBV η Car there are estimates that one such event
gave rise to a mass-loss rate of up to Ṁ = 1 M� yr−1, ejecting ∼10 M� to 20 M� over
just a few decades (Smith 2014). Quantitative estimates of LBV mass-loss rates are
generally lower, and fall between 10−5 M� yr−1 to 10−4 M� yr−1 (Smith 2014).

The LBV class is rather diverse; stellar evolution models predict that MZAMS >
25 M� is required to evolve into an LBV (Smith 2014). Furthermore they generally
have temperatures ∼ 104 K, luminosities above 105 L� while the stellar wind gener-
ally reaches terminal velocities between 100 km s−1 and 600 km s−1 (de Jager 1998;
Smith 2014).

Yellow hypergiants are large, luminous, yellow stars showing one or more broad
Hα emission components (de Jager 1998). YHGs typically have luminosities ∼
2 × 105 L� and surface temperatures in the range 4000 K to 6000 K (van Genderen
et al. 2019). YHGs have extended atmospheres and dense circumstellar envelopes.
They experience a strong mass loss, sometimes in the forms of large eruptions; in the
year 2000 an eruption caused the mass-loss rate of ρ Cas to reach ∼ 3 × 10−2 M� yr−1

(van Genderen et al. 2019). Stellar evolution modeling suggests that stars with
25 M� < MZAMS < 60 M� become YHG at some point during their life (de Jager
1998). Furthermore de Jager (1998) suggested that all YHGs are post-RSGs based
partly upon elemental abundances, stellar masses and the properties of the circum-
stellar envelope for various YHGs. More research is however needed in order to
confirm or reject this hypothesis.

Stars with MZAMS ranging from 8 M� to 40 M� are expected to experience a
red supergiant phase where a significant fraction of the expected mass loss takes
place (Levesque 2017, chapter 1), with the most extreme RSGs subject to mass-loss
rates ∼ 10−3 M� yr−1 (Smith 2014). There are no current theoretical predictions
for mass-loss rates of RSG stars. However, the mass loss does seem to be neither
symmetrical nor constant in time. The well studied RSG VY CMa has a complex
circumstellar envelope with structures reminiscent of arcs, clumps, knots and spikes
which indicate that there have been several localized ejections of mass due to active
regions on the stellar surface (Smith et al. 2001; Humphreys et al. 2007). Recently,
Humphreys et al. (2021) used Hubble Space Telescope observations of the innermost
ejecta of the RSG VY CMa to estimate the ejection times of several clumps and
correlate these to periods of extended variability in the historical luminosity curves
spanning back to the mid 19th century.

In order to understand the evolutionary paths of massive stars, numerical mod-
els have been constructed. Stellar evolution models are very complex and take a
large variety of physics into account, but even the most advanced codes have large

3



1. Introduction

uncertainties associated with them; for massive stars the largest source of uncer-
tainty is the mass-loss rate (Smith 2014). If the underlying mechanics behind the
mass loss are not well understood, accurate predictions of evolution become increas-
ingly difficult. Furthermore, the majority of stellar evolution codes cannot deal with
eruptive or explosive mass-loss events, which are observationally confirmed (Smith
2014). Further complications arise when considering that up to 75 % of massive
stars are found in binary pairs that are close enough for either mass transfer to
take place through Roche lobe overflows or for the stars to merge (Sana et al. 2012;
Smith 2014). A Roche lobe overflow is a short lived event that occurs when the
outer layers of the primary, more massive, star is located beyond the interior La-
grange point, L1, of the binary system. This causes the gravitational pull from the
secondary star to drag matter away from the primary, causing an “instantaneous”,
relative to the nuclear burning timescales, transfer of a significant amount of mass
(Smith 2014). Not only is this a very sudden type of mass loss for the primary
star, the typical timescale for Roche lobe overflows is ∼ 104 yr, the secondary may
also be affected due to the increase in mass over such a short timescale. To model
the evolution of binary systems and fully explore the parameter space would be an
enormous undertaking, consuming vast amounts of computational resources.

Another important property for a star is its metallicity, which is the abundance
of elements heavier than helium. The overall metallicity of the universe changes over
time as stars produce new elements and release these into the interstellar medium.
The metallicity is an important parameter in various contexts, including star and
planetary formation, stellar evolution, and the formation of interstellar dust. The
metallicity also affects the mass distribution of new born stars, which determine
which evolutionary track the stars will take, and the mass-loss rates of stars, which
also affects the stellar evolution (Smith 2014).

In order to understand the chemical evolution of the universe the stellar out-
flows of massive stars need to be understood. The stellar outflows will at some
point reach the interstellar medium and enrich it with the products of the different
nuclear processes that take place in the interior of these massive stars. Under-
standing the mass loss of massive stars is also important in order to determine the
future of these stars. At the very end of their life, massive stars become supernovae.
Supernovae play an important role in the evolution of the universe, releasing mas-
sive amounts of energy in a short amount of time while at the same time creating
new elements. Low mass RSGs dominates the observationally confirmed supernova
progenitors (Levesque 2017, p. 1-3), and high mass RSGs are very likely to also be-
come supernovae after having lived through some intermediary evolutionary state(s)
(Levesque 2017, p. 8-7). Understanding RSGs is thus important when it comes to
understanding the conditions that lead to supernovae explosions.

1.2 Aims
The aim of this thesis is to explain the use of a multi-dimensional radiative transfer
code to investigate the multi-component outflow of a red supergiant, NML Cyg, in
order to provide constraints on the geometry of the outflows and extended envelopes
around this star. This work was complemented by the inclusion of long-wavelength
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1. Introduction

observations of CO emission lines towards NML Cyg from a number of radio and
millimetre-wavelength telescopes, including archival data from Herschel and JCMT
as well as new data from the OSO 20 m telescope.

An overview of the importance of CO from an observational perspective is given
in Section 1.3, followed by a description of the observations of NML Cyg that will
be utilized in this project in Section 1.4. The radiative transfer equation and the
methods used to solve it and construct a model of NML Cyg in SHAPE are presented in
Chapter 2. The results are presented and discussed in Chapters 3 and 4 respectively.
Final conclusions and future possible avenues of study are summarized in Chapter 5.

1.3 Carbon monoxide

Carbon monoxide (CO) is a very useful molecule for astronomers. While hydro-
gen is the most abundant element in the circumstellar envelopes that form around
AGB stars and RSGs, it is very difficult to observe in these environments. Carbon
monoxide is easier to observe, it forms relatively easily, has a high resistance to
photodissociation and is not very chemically reactive, four properties that make it
suitable as a tool to investigate the density structure and kinematics around evolved
stars (Teyssier et al. 2012; Höfner & Olofsson 2018). The rotational transitions be-
tween states with angular momentum quantum number J to J − 1 are most often
used by astronomers. These spectral lines have, among other things, been used to
set up analytical expressions that can estimate the mass-loss rates of AGB stars
and RSGs (De Beck et al. 2010). Furthermore, the ratio of 13C to 12C, which can
be estimated by studying the line intensities of the 12CO and 13CO isotopologues,
can be used to assess the chemical evolution and evolutionary state of stars (De
Beck et al. 2010). The isotopologues of CO probe different areas due to differences
in self-shielding efficiency and difference in optical depth effects, further increasing
the usefulness of this molecule to astronomers (Bally & Langer 1982; De Beck et al.
2010).

1.4 Observations

In radio astronomy, a common way to present the intensity of an observed spectral
line is through the antenna temperature, defined as TA = c2

2kBν2 Iν , where c is the
speed of light, kB is the Boltzmann constant and Iν is the specific intensity (see
Section 2.1). We have opted to use the main-beam temperature, Tmbηmb = TA,
since it is more practical to use with the modeling software SHAPE. The “main-beam
efficiency”, ηmb, is a telescope specific parameter related to antenna beam patterns.

The resolution of a telescope is often reported as the beam size θb, which is a
measurement of the full width at half maximum (FWHM) of the main beam.

For further details about intensity scales and beam sizes in radio astronomy, see
any textbook on the subject, e.g. Wilson et al. (2013).

5



1. Introduction

1.4.1 OSO 20 m
The Onsala Space Observatory 20 m telescope is a radio telescope located about
50 km south of Gothenburg. This project uses unpublished CO J = (1 − 0) data
observed in February 2016 (Andrews & De Beck 2021). The beam size θb of the
telescope as well as the rest frequency ν and energy of the upper energy level Eu
for the observed transitions are tabulated in Table 1.1. The data reduction was
performed with the use of CLASS in GILDAS, a software package for reduction of
(sub-)millimeter radioastronomical data and XS, a software package specifically de-
veloped for the reduction and analysis of spectra from the OSO telescopes (Andrews
& De Beck 2021). The data reduction includes steps such as baseline corrections
through low order polynomials, conversion of the data from antenna temperatures,
TA to main-beam temperatures, Tmb, and re-adjusting of the frequency axis to cor-
rect for inconsistencies in channel separation (Andrews & De Beck 2021).

1.4.2 JCMT
The James Clark Maxwell Telescope (JCMT) is a submillimetre Hawaii based tele-
scope with a 15 m primary mirror. The JCMT data used in this project were first
published in De Beck et al. (2010). The data was obtained using the A, B, HARP,
RxW(C) and RxW(D) heterodyne receivers in beam-switching mode and reduced
using the package SPECX. The beam size θb of the telescope as well as the rest
frequency ν and energy of the upper energy level Eu for the observed transitions are
tabulated in Table 1.1. For further details about the sample and observations, see
De Beck et al. (2010) and the references therein.

1.4.3 HIFI
The Heterodyne Instrument for the Far Infrared (HIFI) aboard the Herschel Space
Observatory was used to observe CO rotational lines around NML Cyg using the
double-beam switching mode of the instrument. The observations and data reduc-
tion process was first presented in Teyssier et al. (2012). The beam size θb of the
telescope as well as the rest frequency ν and energy of the upper energy level Eu for
the observed transitions are tabulated in Table 1.1.

6



1. Introduction

Table 1.1: The full width at half max (FWHM) θb [arcsec], as reported by De Beck
et al. (2010), Teyssier et al. (2012), and Andrews & De Beck (2021), for the CO
rotational lines utilized in this project along side their rest frequencies, ν [GHz], and
upper energy level Eu [K] (Müller et al. 2005).

Telescope Observed line θb [arcsec] ν [GHz] Eu [K]
OSO 13CO(1 − 0) 33 110.2 5.3

12CO(1 − 0) 33 115.3 5.5
JCMT 13CO(2 − 1) 20 220.4 15.9

12CO(2 − 1) 20 230.5 16.6
12CO(3 − 2) 14 345.8 33.2
12CO(4 − 3) 11 461.0 55.3
12CO(6 − 5) 8 691.5 116.2

HIFI 13CO(6 − 5) 32.4 661.1 111.1
12CO(6 − 5) 30.9 691.5 116.2
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2
Radiative Transfer Modeling

2.1 The Radiative Transfer Equation
The study of how light is affected by travelling through a medium is known as
radiative transfer. The electromagnetic power radiating from a unit area in a small
frequency interval dν in direction n̂ at position r within some solid angle dΩ at time
t is given by

Iν(ν, n̂, r, t)dνdΩ (2.1)
where Iν is known as the specific intensity. In a vacuum the specific intensity is
distance invariant.

Let us consider the one dimensional case, r = rr̂, with some slab of material
in between the source and the observer. If we characterize the material with an
absorption coefficient κν and emission coefficient jν the rate of change in specific
intensity after travelling a distance ds is

dIν
ds

= jν − Iνκν , (2.2)

where subscript ν indicates a photon frequency dependence. If we also introduce
the optical depth τν through its relation to the physical path s as

dτν = κνds (2.3)

and the source function Sν = jν
κν

we can rewrite (2.2) as

dIν
dτν

= Sν − Iν , (2.4)

which we can solve by using the integrating factor eτν in order to acquire the general
form of the radiative transfer equation,

Iν(τν) = Iν(0)e−τν +
∫ τν

0
e−(τν−τ ′

ν)Sν(τ ′ν)dτ ′ν . (2.5)

It should be noted that solving (2.5) analytically is not possible in all but a few cases
due to the difficulty of constructing a source function and predicting the optical
depth. Solving the equation is however needed in order to construct models of e.g.
stellar environments and compare these to observations. A multitude of codes do
exist to solve the radiative transfer equation numerically, including codes for dealing
with 3D geometries, anisotropic scattering, polarization and more.
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2. Radiative Transfer Modeling

2.2 Solving the radiative transfer equation

To solve the radiative transfer equation one is often required to use numerical meth-
ods and approximations. SHAPE (Steffen et al. 2011) is an implementation of a
ray-casting algorithm to solve the radiative transfer equation. Ray-casting is a pro-
cess where a beam of light propagates through a computational grid. As the beam
propagates through the grid, each grid cell absorbs or emits some light. While a ray-
casting algorithm is in general less accurate than Monte-Carlo methods, ray-casting
can be orders of magnitude faster (Steffen & Koning 2021). For this project, which
aims to explore a vast parameter space, a fast run-time is key.

A SHAPE-model consists of a 3D-mesh model, constructed through the use of
built-in primitive geometric objects, i.e. spheres, tori and cubes, or through math-
ematical equations. All geometric properties needed to fully describe one of the
primitive geometric objects can be altered individually. The primitive geometric
objects can be molded into more complex shapes, e.g. creating spiral structures or
bipolar outflows, through the use of a set of built-in modifiers. The physical proper-
ties of the individual geometric objects, such as densities, temperatures and velocity
fields, can be set either through analytical expressions or imported from an external
source.

After a SHAPE-model is constructed, the first step in solving the radiative transfer
equation is to construct a 3D grid where each cell has homogeneous properties
derived from the 3D-mesh. In order to do this SHAPE performs a check to see which
grid cells overlap with the mesh model (Steffen & Koning 2021). If a cell is only
partially occupied by the 3D-mesh the algorithm “weights” the cell by calculating
the fraction of the cell that is overlapping with the mesh in order to avoid aliasing
effects in the final outputs (Steffen & Koning 2021).

Once the grid is constructed the properties of the cells need to be determined,
in particular the absorption and emission coefficients κν and jν . Early versions
of SHAPE could not model molecular species, which led to the development of the
now fully integrated plugin shapemol (Santander-García et al. 2015). shapemol
calculates the absorption and emission coefficients κν and jν for molecular species,
which are necessary to solve the radiative transfer equation, by using the Large
Velocity Gradient (LVG) approximation.

One difficulty with solving the radiative transfer equation is that it is a global
problem: the emission from all frequencies at each point can interact with every
other point. The LVG approximation can be applied in order to create a more
localized problem, greatly reducing the complexity. The basic assumption of the
LVG approximation is the existence of a large velocity gradient, which will ensure
that the emission from different regions of the object is Doppler shifted to different
extents. This difference in Doppler shift ensures that the emission from different
regions can be handled separately from each other, turning our global system into
several smaller, localized systems. The general formalism for the LVG approximation
is described in Castor (1970), but the standard LVG results will depend only on
four parameters: the number density n, the temperature T , the logarithmic velocity
gradient ε = dv

dr
r
v
and the product X r

v
where r is the distance to the central star,

v is the velocity and X is the abundance of the studied species relative to H2. In

10



2. Radiative Transfer Modeling

addition to these parameters shapemol also requires the user to input a characteristic
micro-turbulence δv and a telescope beam size θb. For the purposes of solving the
radiative transfer equation using SHAPE and shapemol, the optical depth τLVG is
proportional to δv (Santander-García et al. 2015). In a more physical sense, δv
represents turbulent eddies of finite size that cause Doppler broadening in spectral
lines (Hundt 1973).

In practice, calculating κν and jν can be quite resource intensive even when
utilizing the LVG approximation. In order to reduce the run-time shapemol uti-
lizes pre-generated tables of κν and jν along with either nearest-neighbour or linear
interpolation to calculate values not directly available through the tables. Tables
for 12CO and 13CO calculated by the creators of shapemol are available online, see
Santander-García et al. (2015) for the details of how these tables were constructed.

Once the grid and the cell properties are set, the ray-casting commences. This
is the most resource intensive part of the process. Once a beam, consisting of N
spectral bands within some specified wavelength range, has emerged from the grid in
the direction of the observer, a pixel is rendered on the final image (Steffen & Koning
2021). When all beams have emerged from the grid, additional data products are
generated. The output products that this project utilizes is a 2D image, which is
used to check for obvious artefacts and aliasing, and the molecular line profiles which
can be directly compared to observational data.

2.3 Constructing and iterating on the 3D-mesh
model

Radiative transfer modeling has previously been used to reconstruct observed molec-
ular lines for the RSG VY CMa (Ziurys et al. 2007). The authors found that the
line profiles could be explained by a spherical wind component in combination with
several directed outflow components. In order to reconstruct the single dish CO-
lines for the RSG NML Cyg it is assumed that this would also be the case, based
on the apparent presence of multiple components in the measured CO spectra.

In order to model NML Cyg, an expansion velocity profile, a density profile, and
a temperature profile need to be specified. The expansion velocity, v∞, is assumed
to be constant for all components, both the spherical and the directed outflows; the
densities are given as a ρ(r) = Ṁ (4πv∞r2)−1 where Ṁ is the mass-loss rate. The
temperature profile T (r) = Teff (r/R?)−0.7, where R? is the stellar radius, is adopted
from Ziurys et al. (2007).

The directed outflows are constructed as spherical sectors with opening angle φ,
inner radius rinner and outer radius router. Each directed component is constructed
as a separate mesh that overlaps with the spherical wind mesh, see Fig. 3.3. The
directed outflows use the same velocity and temperature profiles as the spherical
wind but with increased mass-loss rates, Ṁ , and hence increased densities, ρ(r).
This means that there can be two different 3D-meshes in each grid cell with different
physical properties. To simplify the implementation, rather than merging the two
objects into one, SHAPE deals with two overlapping geometrical objects by performing
two separate calculations (Steffen & Koning 2021). This introduces some small
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2. Radiative Transfer Modeling

inaccuracy to the solution (Steffen & Koning 2021), this is further discussed in
Section 4.4.2.1.

The orientation of the cones are given by two angles Φx and Φy, illustrated in
Fig. 2.1, which are the rotation about the x and y axis, respectively. SHAPE uses
a left-handed coordinate system where the xy-plane corresponds to the plane of
the sky, and the line of sight coincides with the z-axis. The main purpose of the
positioning angles is to modulate the Doppler shift of the directed outflows. The
Doppler shift is determined by the projected velocity along the line of sight and
the resulting line profile will be insensitive to rotations about the z-axis. Due to
this there is a high level of degeneracy when it comes to the two positioning angles.
To simplify the modeling and avoid any possible confusion arising from the angle
degeneracy, only one of the positioning angles will be used as free parameter for each
component while the other is kept constant. Thus there are five free parameters per
directed outflow: Ṁ , rinner, router, φ and Φx or Φy.

x

z

y

Φy

Φx

Figure 2.1: The left-handed coordinate system used by SHAPE. The z-axis coincides
with the line of sight and the xy-plane corresponds to the plane of the sky. The
positioning angle Φx corresponds to rotation about the x-axis in the yz-plane, and
Φy coincides to a rotation about the y-axis in the xz-plane.
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3
Results

Through an initial inspection of the data, using 12CO J = 2−1 as the representative
line, it was determined that three directed outflows were needed to reconstruct the
lines in addition to a spherical wind component: one blueshifted moving towards the
observer, one redshifted moving away from the observer and one component perpen-
dicular to the line-of-sight. Due to limitations in how SHAPE deals with overlapping
meshes, the positioning angles were set to ensure that the directed outflows do not
overlap.

The fixed physical input parameters for the star and the stellar envelope can
be found in Table 3.1. The micro-turbulence δv = 2.5 km s−1 was set in accordance
with Taniguchi et al. (2020). The expansion velocity v∞ was set so that v∞ +
δv = 33 km s−1. The value 33 km s−1 is the expansion velocity reported by De
Beck et al. (2010), however adopting this value in conjunction with δv = 2.5 km s−1

overestimated the width of the line profiles. To remedy this, the lower value v∞ =
30.5 km s−1 was adopted, see Section 4.4.3 for further details.

The 12CO abundance, X12 = 3 × 10−4, is the result of a constraint imposed upon
the model by the pre-computedX r

v
product that is utilized by shapemol to calculate

the appropriate absorption and emission coefficients, κν and jν . The adopted value
is larger by a factor of 6 than the spherical outflow for VY CMa as modeled by Ziurys
et al. (2007), and a factor of 3 higher than what De Beck et al. (2010) adopted for
oxygen rich stars. The 13CO abundance X13 is obtained from X12/X13 = 8.7 as
reported by De Beck et al. (2010).

A common assumption when carrying out radiative transfer modeling is that the
radial expansion velocity is constant. However, the utilization of the LVG approxi-
mation requires a specification of the logarithmic velocity gradient ε, the available
tables utilized by shapemol only allow for ε > 0. The model dependence on ε is
very low compared to the other parameters (Santander-García et al. 2015). In order

Table 3.1: The fixed stellar properties used to model NML Cyg which include
the expansion velocity v∞ [km s−1], characteristic micro-turbulence δv [km s−1], the
distance d [pc] to NML Cyg, the effective temperature Teff [K], the stellar radius
R? [m], the abundances X for the CO isotopologues and the logarithmic velocity
gradient ε. The distance, stellar radius and effective temperature are taken from De
Beck et al. (2010). The rest of the fixed parameters are discussed in Chapter 3.

v∞ [km s−1] δv [km s−1] d [pc] Teff [K] R? [m] X12 X13 ε
30.5 2.5 1220 pc 3834 8.2 × 1011 3 × 10−4 3 × 10−5 0.2
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to minimize the discrepancy the lowest possible value allowed by the pre-computed
tables, ε = 0.2, was utilized.

Through recent interferometric observations with the Northern Extended Mil-
limeter Array (NOEMA) the outer radius of the envelope could be constrained to
5′′, corresponding to router = 9 × 1014 m ≈ 1100R? at a distance of 1220 pc (Andrews
2021). The inner radius was set so that rinner,sphere ≈ 50R? or 4.0 × 1013 m. Several
models were tested in order to confirm that including deeper regions of the envelope,
i.e. reducing rinner, had no impact on the 12CO J = 6 − 5 lines. The inner radius is
thus sufficiently small.

Mass-loss rate reported by De Beck et al. (2010), Ṁ = 8.7 × 10−5 M� yr−1,
resulted in intensities that were significantly overestimated for all lines when using
only a spherical component with no directional outflows. Using a grid of mass-loss
rates, ranging from 10−5 M� yr−1 to 8 × 10−5 M� yr−1, the mass loss of the spherical
component was determined by picking a value that did not overestimate the intensity
of any of the 12CO lines. However, the J = 6 − 5 JCMT line was significantly more
sensitive to the mass loss rates than the other lines. Adopting a mass-loss rate
appropriate for J = 6−5 JCMT led to the rest of the lines being very weak without
the addition of directed outflows. Additionally, all model configurations with three
directed outflows that reproduced the remaining 12CO lines overestimated the JCMT
J = 6 − 5 intensity when compared to the observed data. To demonstrate this,
and to demonstrate the degeneracy of the free parameters, two separate models
were constructed, one with Ṁsphere, A = 3 × 10−5 M� yr−1 and one with Ṁsphere, B =
6 × 10−5 M� yr−1. For further details on parameter degeneracy, see Section 4.4.1.

The parameters for the directed outflows were initially constrained using the
12CO J = 2 − 1 line as it traces the full extent of the envelope. The 12CO J = 1 − 0
also traces the full extent of the envelope, but there are clear signs of interstellar
emission along the line of sight, which can be attributed to an interstellar clump
(Andrews & De Beck 2021; Kemper et al. 2003). The J = 1 − 0 line is also affected
by photodissociation in the outer regions of the outflow to a larger extent than the
other CO lines, making it more dependent on external properties, rather than on
the outflow properties themselves (De Beck et al. 2010). As the J = 2 − 1 line is
free of contamination and is less sensitive to external influence, it was deemed more
appropriate as a starting point for constraining the free parameters of the directed
outflows.

The initial value of rinner for the directed outflows was set equal to rinner, sphere; the
opening angles were set to φinitial = 10° and the mass-loss rates were set equal to that
of the spherical component. The value of φinitial was picked due to it producing clearly
separated features while still being large enough to avoid aliasing and artefacts in
the rendered image, which leads to unphysical features in spectral line profile.

Initial values for the positioning angles Φx and Φy for the directed components
were then set by comparing the normalized line profiles of the observations and the
model outputs. This was done in order to remove the need to set the mass-loss rates
at this stage to any particular value. The positioning angles affect the Doppler shift
of the emission, while the mass-loss rates affect the line intensity without causing
any additional shift, see Fig. 3.1. As long as the mass-loss rates are high enough for
the features in the spectra to be distinguishable the initial values for the positioning
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angles can be set. After the initial positioning angles were set, the mass-loss rates
and opening angles were tweaked.

Both the mass-loss rates and the opening angles increase the intensity of the
component and alter the shape of the line profile, see Fig 3.1 and Fig. 3.2. It is
evident that for a given opening angle, the intensity gained by increasing the mass-
loss rate diminishes for higher and higher values. This is likely due to an optical
depth effect: as more and more material is added, the optical depth increases and
the inner regions become obscured, meaning that we no longer see all the added
material, only the outer parts are visible. Narrow cones with high mass-loss rates
are easy to fit to specific features, but can lead to deep notches in between the
features that might not be present in the observed line profiles. They also necessitate
very high mass-loss rates, and a model with opening angles φ ∼ 10° and Ṁsphere =
3 × 10−5 M� yr−1 might require Ṁdirected > 10−3 M� yr−1, which is on the higher end
of what is reported in the literature and would lead to the previously mentioned
notches in the spectra. Having two overlapping 3D-meshes with vastly different
mass-loss rates also leads to increased uncertainties in the models, see Section 4.4.2.1.
Wide cones have the opposite problem compared to the narrow ones, as they tend
to blur the top of the line profiles, making it difficult to recreate the observed data.
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v [km/s]
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b
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Figure 3.1: The impact of increasing the mass-loss rate, Ṁ , of a directed compo-
nent for the 12CO J = 2 − 1 line intensity. The model consists of a directed outflow
perpendicular to the line of sight, with rinner = 3 × 1014 m, router = 9 × 1014 m,
φ = 20° and Φx = 90°, and a spherical component with rinner = 4 × 1013 m,
router = 9 × 1014 m and mass-loss rate Ṁ = 3 × 10−5 M� yr−1. The colored lines
represent the line intensity when using different mass-loss rates for the directed out-
flow. The solid black line is a reference model which includes only the spherical
component.
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Figure 3.2: The impact of increasing the opening angle φ of a directed outflow
component for the 12CO J = 2 − 1 line intensity. The model consists of a directed
component perpendicular to the line of sight, with rinner = 3 × 1014 m, router =
9 × 1014 m, Φx = 90° and mass-loss rate Ṁ = 3.0 × 10−4 M� yr−1, and a spherical
component with rinner = 4 × 1013 m, router = 9 × 1014 m and mass-loss rate Ṁ =
3 × 10−5 M� yr−1. The colored lines represent the line intensity when using different
opening angles φ for the directed outflow. The solid black line is a reference model
which includes only the spherical component.

In order to get initial estimates for the last of the free parameters, the inner
radii of the envelopes, the two J = 6 − 5 lines were studied as they only trace the
innermost and hottest part of the modeled envelope. Using the same inner radii as
the spherical component led to very intense lines, and the inner radii of the directed
outflows were gradually increased until a good first fit was acquired.

Once initial values for all five free parameters for the three directed outflows
had been constrained by studying the outer and innermost regions of the envelope,
the intermediate excitation lines, J = 3 − 2 and J = 4 − 3 were assessed and the
free parameters tweaked in order to improve the quality of the line profiles for these
lines. This reduced the quality of the fit to the J = 2 − 1 and J = 6 − 5 lines;
the best fit model were determined through an iterative process. Once no obvious
improvements could be made by altering the free parameters, Model A was finalized.
Fig. 3.3 shows two views of model A: one along the line of sight (head-on) and one of
the xz-plane seen from above (bird’s eye view). Model B was created by using the
same positioning angles, inner and outer radii for the directed outflows as Model A,
opting to only alter the opening angles φ.

We applied the same geometry to the available 13CO lines to assess a first esti-
mate on the possible structure traced by the isotopologue.

The best fit parameters for both models are displayed in Table 3.2 and the best fit
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(a) Head-on (b) Bird’s-eye

Figure 3.3: A head-on view and a bird’s-eye view a of Model A as seen in SHAPE.
The grey circle corresponds to the spherical component, the blue, red and purple
segments correspond to the blueshifted, redshifted and central directed outflows.
The small dark spot visible in the center of Figure 3.3a corresponds to the deepest
region that is not modeled in this project.
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Figure 3.4: The ratios between the observed and modeled lines’ peak and inte-
grated intensities, Tmax, model

Tmax, obs
and Imodel

Iobs
, respectively. For the 12CO and 13CO J = 1−0

lines the interstellar contamination was removed prior to integration. The errors are
taken as the root mean square (rms) of the observations, calculated from emission
free regions and propagated through standard procedures. The exact values for the
ratios can be found in Table 3.3
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Table 3.2: The best fit parameters for the two radiative transfer models of NML
Cyg consisting of a spherical component and three directed outflows. The param-
eters include the inner radii rinner [m], the outer radii router [m], the mass-loss rates
Ṁ [M� yr−1], the opening angles φ [deg] and the two positioning angles Φx [deg] and
Φy [deg]. Note that depending on the convention used for v∞ and δv the mass-loss
rates might need scaling by a factor of η = 1.1 in order to reproduce the results
presented in this thesis, see Section 4.4.3 for further details.

Component rinner [m] router [m] Ṁ [M� yr−1] φ [deg] Φx [deg] Φy [deg]
Model A
Spherical 4 × 1013 9 × 1014 3.0 × 10−5

Blue shift 1 × 1014 9 × 1014 1.5 × 10−4 30 0 60
Red shift 1 × 1014 9 × 1014 2.1 × 10−4 30 0 −115
Central 3 × 1014 9 × 1014 3.0 × 10−4 30 90 0
Model B
Spherical 4 × 1013 9 × 1014 6.0 × 10−5

Blue shift 1 × 1014 9 × 1014 1.5 × 10−4 15 0 60
Red shift 1 × 1014 9 × 1014 2.1 × 10−4 15 0 −115
Central 3 × 1014 9 × 1014 3.0 × 10−4 20 90 0

12CO line profiles compared to data, smoothed to a spectral resolution of ∆vdata =
3 km s−1 to 4 km s−1, can be seen in Figures 3.5, 3.6, 3.7, 3.8, 3.9 and 3.10 while the
13CO profiles are displayed in Figures 3.11, 3.12 and 3.13. The peak and integrated
intensities, Tmax and I, as well as the ratios between the modeled and observed
intensities, can be seen in Table 3.3. The intensity ratios are plotted in Fig. 3.4. All
models have spectral resolution ∆vmodel = 1.5 km s−1 and velocity widths extending
to ±60 km s−1, covering the full widths of the observed line profiles. The resolution
was deemed sufficient in order to resolve the spectral features of the models.

The outer radii of the directed outflows were kept at the value constrained
through the NOEMA data. Decreasing the outer radii mostly affects the J = 1 − 0
and J = 2 − 1 lines by decreasing their intensity, requiring higher mass-loss rates
and opening angles. Since several of the higher excitation lines have very high inten-
sities, this is adversarial. The J = 1 − 0 is also a good indicator that router, sphere is
not too large, since this line is quite sensitive to this parameter. Using larger values
quickly cause the J = 1 − 0 line to be overestimated even if the fit to the J = 2 − 1
line is good.

The three directed outflows all need to extend from the outermost part of the
envelope and into regions just a few hundreds of stellar radii from the central star in
order to recreate the observations. This is due to the fact that a spherical component
alone cannot accurately recreate neither the low excitation lines nor the high exci-
tation ones; no model with directed outflows that were significantly less extended
could recreate the observed spectral lines.

Overall, the 13CO lines are not as well explained by the model, and the main focus
has been on the 12CO lines. The 13CO lines are further discussed in Section 4.1.4.

18



3. Results

−75 −50 −25 0 25 50 75
v [km/s]

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

T
m

b
[K

]

12CO, J = 1− 0 OSO,
∆v = 3.2 km/s

Model A

Model A,
spherical

Model B

Model B,
spherical

Figure 3.5: The smoothed 12CO J = 1 − 0 line observed with OSO alongside the
line profiles generated by SHAPE for Model A and Model B. The solid lines represent
the full models, while the dashed lines correspond to the spherical components. The
SHAPE model parameters can be found in Table 3.2. The spectral resolution of the
model lines is ∆v = 1.5 km s−1.
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Figure 3.6: The smoothed 12CO J = 2 − 1 line observed with JCMT alongside the
line profiles generated by SHAPE for Model A and Model B. The solid lines represent
the full models, while the dashed lines correspond to the spherical components. The
SHAPE model parameters can be found in Table 3.2. The spectral resolution of the
model lines is ∆v = 1.5 km s−1.

19



3. Results

−75 −50 −25 0 25 50 75
v [km/s]

0

1

2

3

4

T
m

b
[K

]
12CO, J = 3− 2 JCMT,

∆v = 3.3 km/s

Model A

Model A,
spherical

Model B

Model B,
spherical

Figure 3.7: The smoothed 12CO J = 3 − 2 line observed with JCMT alongside the
line profiles generated by SHAPE for Model A and Model B. The solid lines represent
the full models, while the dashed lines correspond to the spherical components. The
SHAPE model parameters can be found in Table 3.2. The spectral resolution of the
model lines is ∆v = 1.5 km s−1.
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Figure 3.8: The smoothed 12CO J = 4 − 3 line observed with JCMT alongside the
line profiles generated by SHAPE for Model A and Model B. The solid lines represent
the full models, while the dashed lines correspond to the spherical components. The
SHAPE model parameters can be found in Table 3.2. The spectral resolution of the
model lines is ∆v = 1.5 km s−1.
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Figure 3.9: The smoothed 12CO J = 6 − 5 line observed with JCMT alongside the
line profiles generated by SHAPE for Model A and Model B. The solid lines represent
the full models, while the dashed lines correspond to the spherical components. The
SHAPE model parameters can be found in Table 3.2. The spectral resolution of the
model lines is ∆v = 1.5 km s−1.
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Figure 3.10: The smoothed 12CO J = 6 − 5 line observed with HIFI alongside the
line profiles generated by SHAPE for Model A and Model B. The solid lines represent
the full models, while the dashed lines correspond to the spherical components. The
SHAPE model parameters can be found in Table 3.2. The spectral resolution of the
model lines is ∆v = 1.5 km s−1.
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Figure 3.11: The smoothed 13CO J = 1 − 0 line observed with OSO alongside the
line profiles generated by SHAPE for Model A and Model B. The solid lines represent
the full models, while the dashed lines correspond to the spherical components. The
SHAPE model parameters can be found in Table 3.2. The spectral resolution of the
model lines is ∆v = 1.5 km s−1.
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Figure 3.12: The smoothed 13CO J = 2−1 line observed with JCMT alongside the
line profiles generated by SHAPE for Model A and Model B. The solid lines represent
the full models, while the dashed lines correspond to the spherical components. The
SHAPE model parameters can be found in Table 3.2. The spectral resolution of the
model lines is ∆v = 1.5 km s−1.
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Figure 3.13: The smoothed 13CO J = 6 − 5 line observed with HIFI alongside the
line profiles generated by SHAPE for Model A and Model B. The solid lines represent
the full models, while the dashed lines correspond to the spherical components. The
SHAPE model parameters can be found in Table 3.2. The spectral resolution of the
model lines is ∆v = 1.5 km s−1.
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Table 3.3: The integrated intensity I [K km s−1] and peak intensity Tmax [K] for the
observations, Model A and Model B for the different spectral lines, alongside the
ratios Imodel

Iobs
and Tmax, model

Tmax, obs
. For the 12CO and 13CO J = 1 − 0 lines the interstellar

contamination was removed prior to integration. The errors are listed as the root
mean square (rms) of the observations, taken from emission free regions and prop-
agated through standard procedures. The Imodel

Iobs
and Tmax, model

Tmax, obs
ratios are illustrated

in Fig. 3.4.

Spectral line Data I [K km s−1] Imodel
Iobs

Tmax [K] Tmax, model
Tmax, obs

12CO J = 1 − 0 OSO 16.94(26) 0.421(18)
Model A 20.77 1.226(19) 0.440 1.05(4)
Model B 21.73 1.283(20) 0.404 0.96(4)

12CO J = 2 − 1 JCMT 95.05(22) 2.190(14)
Model A 97.98 1.031(2) 2.113 0.96(1)
Model B 112.60 1.185(3) 2.077 0.95(1)

12CO J = 3 − 2 JCMT 198.32(79) 4.271(52)
Model A 164.91 0.832(3) 3.655 0.86(1)
Model B 193.55 0.976(4) 3.573 0.84(1)

12CO J = 4 − 3 JCMT 129.55(80) 2.929(51)
Model A 172.45 1.331(8) 3.942 1.35(2)
Model B 195.54 1.509(9) 3.676 1.25(2)

12CO J = 6 − 5 JCMT 110.47(239) 2.565(156)
Model A 195.99 1.774(38) 4.540 1.77(11)
Model B 228.68 2.070(45) 4.453 1.74(11)

12CO J = 6 − 5 HIFI 20.83(14) 0.479(9)
Model A 22.30 1.071(7) 0.586 1.22(2)
Model B 21.93 1.053(7) 0.489 1.02(2)

13CO J = 1 − 0 OSO 1.85(13) 0.061(8)
Model A 5.74 3.113(227) 0.131 2.15(29)
Model B 6.32 3.426(250) 0.121 2.00(27)

13CO J = 2 − 1 JCMT 9.52(15) 0.277(9)
Model A 13.31 1.398(22) 0.290 1.05(4)
Model B 14.84 1.559(24) 0.269 0.97(3)

13CO J = 6 − 5 HIFI 4.87(6) 0.111(4)
Model A 1.22 0.251(3) 0.032 0.29(1)
Model B 1.16 0.239(3) 0.025 0.23(1)
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4.1 General discussion about the results

4.1.1 Quantitative measures of the model performance

It is evident that the model can reconstruct several lines, but the fits are not perfect
and several lines have results that are very overestimated. Of these lines only three
reproduce the integrated intensity within 20 % of the data, the 12CO J = 2 − 1,
J = 3 − 2 and J = 6 − 5 HIFI lines. It is worth noting that this is true for both
Model A and Model B, see Table 3.3. The peak intensities that lie within 20 % for
both models include the 12CO J = 1 − 0, J = 2 − 1, and J = 3 − 2 lines, and the
13CO J = 2 − 1 line. For the HIFI 12CO J = 6 − 5 line, only Model B recreates the
peak intensity within 20 % of the observed data.

Of the remaining lines, the worst fit with respect to integrated and peak intensity
is the JCMT 12CO J = 6 − 5 and the three 13CO lines, with the exception of 13CO
J = 2 − 1 for the peak intensity. The overall shape of the 13CO J = 2 − 1 is
however not satisfactory, as it does not recreate any of the distinctive features, see
Fig. 3.11. The results for the 13CO lines are not surprising, as they were not part of
the iterative modeling process.

With respect to the integrated and peak intensities, both models perform equally
well, with maybe a slight advantage for Model B regarding the integrated intensities,
I, and a slight advantage for Model A with respect to peak intensities, Tmax. Since
no best fit algorithm could be implemented, the results are subject to researcher
bias. It is very likely that slight tweaks to any of the parameters on the orders of
a few percent could have resulted in any of the models to perform better for any
specific line.

4.1.2 Qualitative assessment of the line profiles

Overall, Model B with a higher Ṁsphere and smaller opening angles φ does a better
job recreating the top of the 12CO line profiles, Model A on the other hand seems
to follow the outer edges of the observed line profiles more precisely, recreating the
width of the line profiles. It is possible that a third hypothetical model, with a mass
loss in the range of 3 × 10−5 M� yr−1 to 6 × 10−5 M� yr−1 and opening angles in the
range 15° to 30° could replicate both behaviours and lead to a better fit. This is
however beyond the scope of this thesis.
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4.1.3 The 12CO, J = 6 − 5 lines
The J = 6 − 5 spectral line is the only one observed with two different telescopes,
JCMT and HIFI. Recreating both observations with a single model is difficult. No
parameter setup could be found that recreated the JCMT observation, with good
integrated and peak intensities, that did not result in the rest of the lines being un-
derestimated. This is not true for the HIFI observation. If one uses the geometrical
setup for Model A but with lower mass-loss rates for the directed outflows in order
to better recreate the 12CO J = 6 − 5 JCMT line, the J = 3 − 2, J = 2 − 1 and
J = 1 − 0 lines become weak. Increasing the inner radii of the directed outflows
would reduce the emission of the J = 6 − 5 lines, but also reduce the intensities of
both the J = 4 − 3 and J = 3 − 2 lines.

Due to the difficulties recreating the JCMT line, and as the HIFI observation
has lower calibration uncertainties, the HIFI 12CO J = 6 − 5 line was prioritised
above the JCMT.

4.1.4 The 13CO lines
All three 13CO lines have different issues: the J = 1 − 0 line models greatly overes-
timate the intensity than the data, the J = 2 − 1 have a strong redshifted feature
that is not accurately replicated in the model and the J = 6 − 5 model underes-
timate the intensity. These problems all point to the possibility that 13CO trace
different regions than 12CO due to differences in optical depth. The optical depth is
expected to be higher for 12CO than for 13CO due to the different abundances (De
Beck et al. 2010). The higher optical depth for the 12CO lines leave the deep layers
of the circumstellar envelope more obscured when compared to the 13CO lines.

It is possible that the X13 value is to high. The method used to determine the
X12/X13 ratio is based upon CO line intensity, and as such is only a first order
estimate (De Beck et al. 2010). As mentioned in Section 3, the adopted 12CO abun-
dance is higher than what is found in the literature, which also leads to a higher
13CO abundance. All in all, this would allow for a much lower value X13 value to
be used. This would lead to a decrease in intensity for the 13CO models. A full
exploration of the effects of using a lower 13CO abundance is beyond the scope of
the project.

The J = 2 − 1 spectral line has a strong feature in the redshifted part of the
spectra that lacks counterparts in the other observations. Altering the mass-loss
rates of the model to recreate this feature would reduce the quality of the fit to
the other lines. One possible alteration to the model would be the use of different
chemical abundances for the different components, with the redshifted component
having the highest 13CO abundance of the three directed outflows. Using a range of
abundances for different components has previously been explored by Ziurys et al.
(2007) when modeling VY CMa.

In contrast with the 13CO J = 1−0 and J = 2−1 lines, the 13CO J = 6−5 models
underestimate the emission. Decreasing the X13 value would have an adversarial
effect on the fit to this line profile, leading to even lower emission. As with the
12CO J = 6 − 5 lines, the 13CO J = 6 − 5 intensity did not increase with a lower
rinner, sphere. Extending the directed outflows to reach deeper into the envelope would
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increase the intensity, but would negatively affect the 12CO J = 6 − 5 and J = 4 − 3
line fits.

4.2 Excluded high excitation CO lines

In addition to the 12CO and 13CO J = 6−5 lines, J = 10−9 and J = 16−15 were also
observed with by HIFI (Teyssier et al. 2012). However, the limitations of the pre-
computed tables used by shapemol prohibits the exploration of regions closer to the
star than about 50R?. During the initial exploration of the mass loss of the spherical
components Ṁsphere, attempts to model the J = 10 − 9 and J = 16 − 15 lines were
unsuccessful. The resulting line profiles had intensities orders of magnitude lower
than the data. Future modeling of these high excitation lines require software that
is better suited to simulate the inner regions of the circumstellar envelope.

4.3 Comparison to VY CMa
Ziurys et al. (2007) used a different methodology when they performed radiative
transfer modeling of the RSG VY CMa. The availability of high resolution Hubble
Space Telescope images, which clearly display the morphology of the outer regions
of the envelope, allow for constraints to be put on the geometrical layout of the
model. Even if CO is not visible in the optical and infrared, the notion that CO
is co-spatial with the dust that is generally visible in at shorter wavelengths is not
uncommon. This allows for much greater constraints of the model, allowing for a
more structured approach. While NML Cyg has been observed with Hubble, the
observations only trace dust in a region much closer to the star than what is relevant
for the CO lines modeled in this project (Schuster et al. 2009).

Ziurys et al. (2007) also assume a fixed mass-loss rate for their models, and opt
instead to vary the abundances in order to recreate their observed lines. This is
not possible to do within the constraints of this project, since the abundances are
limited by the pre-computed X r

v
product.

Both approaches are valid, and share the same assumption: the mass-loss rates
and abundances are independent of each other. It is necessary to make this assump-
tion due to the lack of any current theoretical models about the formation of the
stellar wind, and to reduce the computational resources needed to fully explore the
parameter space.

4.4 The limitations of the model
Assuming a constant expansion velocity, the enhanced mass-loss events that formed
the directed outflows must have lasted at least 600 to 800 years. Due to the directed
outflows reaching all the way to the 12CO dissociation radius, this is only a lower
boundary. However, Humphreys et al. (2021) studied the historical light curves of
the RSG VY CMa and concluded that the observed deep minima, which correlates
to periods of increased mass loss, only lasted a few years. Since the two stars NML
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Cyg and VY CMa are similar enough to warrant a comparison, a constant and
long lasting increase in mass-loss rate is probably not an accurate description of the
system. NML Cyg is a semi-regular variable with period ∼ 940days (Schuster et al.
2009). As such, a more likely scenario might be the existence of several short lived
outflows from NML Cyg with different mass-loss rates.

The assumption that the outflows can be described as perfect spherical sectors
is also a simplification. Humphreys et al. (2007) lists over 50 distinct features
reminiscent of knots, clumps, spikes and arcs present Hubble images around the RSG
VY CMa; it would not be surprising to find something similar around NML Cyg.
Using the level of detail presented in Humphreys et al. (2007) when constructing
a radiative transfer model might not be necessary in order to recreate the main
features of the observed spectral lines. Ziurys et al. (2007) managed to model VY
CMa by using only two directed outflow components.

4.4.1 Parameter degeneracy
As evident by the similar quality of the two models, A and B, there is a high
level of degeneracy between the parameters. In addition to the rotational invari-
ance about an axis parallel to the line of sight through the origin, Fig. 3.1 and
Fig. 3.2 illustrate two different ways to increase the intensity of the directed out-
flow components; by increasing the mass-loss rates Ṁ or by increasing the opening
angles, φ. Empirically, using opening angles 15° ≤ φ ≤ 35° and mass-loss rates
1 × 10−4 M� yr−1 ≤ Ṁ ≤ 5 × 10−4 M� yr−1 for the directed outflows were the most
suitable to recreate the observed spectral lines. The most straight forward path to
somewhat resolve this degeneracy is through constraining geometry of the directed
outflows through spatially resolved observations. As previously mentioned, NOEMA
recently observed NML Cyg (Andrews 2021). The use of these observations is how-
ever beyond the scope of this project.

The mass-loss rate of the spherical component, Ṁsphere, can also be varied to
increase the overall intensity of the models, yielding another level of degeneracy.
The strength of the spherical component relative to the directed outflows is related
to the question about whether a constant, steady state wind is the main component
of the mass loss, or if more short lived, localized events are. At the initial modeling
of the spherical component, the JCMT observations of 12CO J = 6 − 5 seemed as
a promising line to use in order to put an upper constraint on the mass-loss rates
as it seemed to be easier to overestimate than the rest of the 12CO data. However,
even when reconstructing the other lines within an upper tolerance ∼ 30 % the 12CO
JCMT J = 6 − 5 line was overestimated. We have no good explanation for this.
The aforementioned spectral lines do have the largest errors, see Table 3.3, but the
uncertainties are still too low to explain the discrepancy.

4.4.2 Error estimates
There are several sources of uncertainty in the modeling and model evaluation, many
of them difficult to quantify. Some of them stem from the observations, e.g. the root-
mean square (rms) errors and instrument specific limitations; some of them from
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the difficulty of determining the physical parameters of NML Cyg, e.g. the effective
temperature, stellar radii and the distance to the star; and some of them stem
from the limitations of the software, e.g. the assumption of the LVG approximation
in shapemol. As quantifying these errors is incredibly difficult, we opted to only
include the rms when evaluating the models and the errors listed in Table 3.3 are
thus conservative estimates.

4.4.2.1 Overlapping 3D-meshes in SHAPE

As noted in Section 2.3, SHAPE uses a simplified method to deal with overlapping
3D-meshes. This introduces some uncertainties in the models, which are difficult
to quantify (Steffen & Koning 2021). Two of the main difficulties in quantifying
these uncertainties from this approach is the geometrical setup and the inherent
complexity of dealing with optical depth effects. A rough estimate might be acquired
from studying a simple toy model, consisting of two geometrically identical spherical
components, α and β, with radii rinner = 4 × 1013 m, router = 9 × 1014 m, and mass-
loss rates Ṁα = γ×10−4 M� yr−1 and Ṁβ = (1 − γ)×10−4 M� yr−1 with 0.5 ≤ γ ≤ 1,
respectively. The model is constructed so that, for all values of γ, Ṁα + Ṁβ =
10−4 M� yr−1. Using γ = 1 corresponds to the use of a single spherical component
with Ṁ = 10−4 M� yr−1, and γ = 0.5 corresponds to two completely identical spheres
with Ṁα = Ṁβ = 5×10−3 M� yr−1. As γ increases the mass-loss rates, and thus the
density profiles, of the two spheres grow less similar to each other. This setup should
allow us to roughly quantify the uncertainties SHAPE introduces by performing two
separate calculations, one for each object, rather of merging the two objects and
performing one calculation.

The ratios Tmax(γ)
Tmax(γ=1) and I(γ)

I(γ=1) as a function of γ for 12CO J = 2 − 1 is displayed
in Fig. 4.1. It is evident that the intensities are underestimated when using two
separate components as compared to a single component. As the spheres grow more
dissimilar, the degree to which the models underestimate the intensities grows larger.
It should be noted that the effect is most likely dependent on the total mass-loss
rate of the two components, Ṁα + Ṁβ, and will vary between the spectral lines.

The largest γ value calculated from Table 3.2 is γ = 0.9, obtained by comparing
the spherical with the central component for Model A. According to Fig. 4.1 this
would make the resulting intensity underestimated by ∼ 6 %. However, this is
assuming that the two components are geometrically identical. The actual error
due to a single component is probably lower since the overlapping region is only
fraction of the total volume. Due to the inherent difficulty and uncertainty when
determining the model errors, they are excluded when calculating the uncertainties
presented in Table 3.3.

4.4.3 A note on the expansion velocity
This work elected to use v∞ = 30.5 km s−1, instead of the value found in the lit-
erature, v∞ = 33 km s−1 (De Beck et al. 2010). When using the micro-turbulence
δv = 2.5 km s−1 the resulting line profiles were always wider than the observed data.
To remedy this, v∞ = 30.5 km s−1 was adopted, since it recreated the width of the
line profiles, and v∞ + δv = 33 km s−1.
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Figure 4.1: The ratio I(γ)
I(γ=1) where I(γ) corresponds to the integrated intensity of a

toy model consisting of two geometrically, overlapping spherical components α and
β, and I(γ = 1) corresponds to using a single spherical component with total mass-
loss Ṁ = Ṁα+Ṁβ, for the 12CO J = 2−1 line. The ratio Tmax(γ)

Tmax(γ=1) is also displayed,
where Tmax(γ) is the peak intensity. The total mass-loss rate Ṁ = 10−4 M� yr−1,
rinner = 4 × 1013 m and router = 9 × 1014 m.

The parameter v∞ occurs on two separate occasions in the model: in the velocity
field v(r) = v∞ and in the density distribution ρ(r) = Ṁ (4πv∞r2)−1. In order to
keep internal consistency we elected to use v∞ = 30.5 km s−1 for both v(r) and
ρ(r). It is possible to adopt an alternative convention, using two parameters v∞,v =
30.5 km s−1 and v∞,ρ = 33 km s−1. In this case, the mass-loss rates of the model Ṁ
needs to be scaled with a factor η = 1.1 in order to recreate the density distribution
used in this work.
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It is possible to use a four component model, consisting of a spherical component
and three directed outflows, to recreate the detected 12CO emission around the
RSG NML Cyg by using radiative transfer modeling. It is not sufficient to only use
a spherical component as the detailed features of the observed spectra cannot be
recreated. Using fewer than three directed outflows would require very wide opening
angles, leading to smearing of the line profiles and worse line profile fits that do not
reproduce the details of the observations. The free parameters of the models are
however degenerate and the reported values should only be taken as first estimates.
There are some uncertainties regarding the mass-loss rates of the models due to how
SHAPE handles overlapping geometrical objects. These uncertainties are expected to
be low, but could be estimated by recreating Model A and Model B using a more
complex radiative transfer implementation.

The great advantage of SHAPE is the interactive nature of the modeling; the ease
of constructing and iterating upon 3D models. Translating the SHAPE models to a
more complex and resource intensive code such as LIME (Brinch & Hogerheijde 2010)
could yield further insights into the morphology of the stellar outflows as the use of
a more complex software could allow for the study of the high excitation CO lines
excluded from this work. A more complex software might also allow other molecular
species to be studied and assess if they are co-spatial with CO. Alternatively, the
construction of additional molecular tables in accordance with the requirements of
shapemol would greatly extend the applicability of SHAPE.

The degeneracy of the geometric parameters of the directed outflows could be
resolved through high resolution observations of the star. Spatially resolved obser-
vations would also open up the possibility to use channel maps which would greatly
improve the quality of the model assessment. Channel maps are a set of heat maps,
one for each spectral channel, that contains the spatial information of the observed
emission. With channel maps the spatial structure is effectively resolved in 3 di-
mensions: two spatial dimensions and one spectral dimension. As mentioned in
Section 3, NML Cyg has been observed with NOEMA which spatially resolves part
of the envelope, however the observations only cover the J = 2 − 1 transitions of
CO and are yet to be extensively analyzed (Andrews 2021).

The RSG µ Cep is less extreme than NML Cyg, with an estimated mass-loss rate
∼ 1 × 10−6 M� yr−1, and has also been observed with NOEMA in the 12CO J = 2−1
band (Montargès et al. 2019b). The 3D structure, which includes clumps rather
than directed outflows, of the circumstellar envelope of µ Cep has been successfully
investigated using 3D radiative transfer (Montargès et al. 2019a). Recreating the
model of µCep with SHAPE could be useful in order to test the capabilities of the
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software. Additionally, VY CMa, the most extensively studied RSG, would also be a
good candidate for SHAPE modeling as there are plenty of observations constraining
the geometry of the outflows. The 3D models of NML Cyg presented in this thesis
can be directly tested and used as a starting point for future models of different
stars.
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