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Improving Lower Bound for Aircraft Routing Optimization
An Application of Lagrange Relaxation
Karin Hult
Department of Mathematical Sciences
Chalmers University of Technology

Abstract
Aircraft routing is a complicated optimization problem which can be modelled as a
form of resource-constrained integer multi-commodity network flow problem. When
optimizing this problem, a good lower bound is useful to assess the quality of feasible
solutions and for determining convergence of the solution algorithm. The technique
currently used to calculate lower bounds is very fast, but does several relaxations
on top of each other, which might yield a quite weak lower bound. This fact raises
the question if it could be possible to develop an efficient method to strengthen the
lower bound.

This master thesis examines an alternative method of calculating a lower bound by
performing Lagrange relaxation with respect to only one constraint group, which
theoretically would lead to a stronger lower bound. Subgradient optimization with
Polyak step size is used to solve the Lagrangian dual problem. Tests are performed,
both with realistic implementations and with idealistic parameters, to investigate the
potential of Lagrange relaxation, and solving the Lagrange dual problem with sub-
gradient optimization. Lastly the results are compared with an linear programming-
based relaxation of the original problem.

The Lagrange relaxation shows promise as the idealized tests resulted in a significant
improvement of the lower bound for most of the studied test cases. However, the
realistic implementations of subgradient optimization did not perform consistently
well for all the test cases; this indicates that improvements of the implementations
are required for this method of solving the Lagrange dual problem to be usable in
practice.

Keywords: Aircraft routing, Lagrange relaxation, non-smooth optimization, subgra-
dient optimization, Polyak step size, network flow, lower bounds.
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Below is the list of terms and acronyms that have been used throughout this thesis
listed in alphabetical order:

Glossary

Commodity Something which traverses through a network, for example
vehicles

Graph A set of nodes connected by arcs representing a network

Acronyms

LP Linear Program
LPBR LP-based relaxation
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that are used
throughout this thesis.

Indices

i, j Indices for flights or nodes corresponding to flights
k Index for aircraft

Sets

C Set of connections between two flights
F Set of flights
K Set of aircraft
Pk ⊆ F Set of preassigned flights for aircraft k

Rk ⊆ F Set of prohibited flights for aircraft k

Variables

xk
ij ∈ {0, 1} Equals 1 is aircraft k connects from flight i to flight j

µi Lagrangian multiplier for flight i

υi ∈ {0, 1} Equals 1 if flight i is left unassigned

Parameters

q̄ Estimated objective value used for Polyak step-size
β Parameter for Polyak step-size

xiii



Contents

xiv



List of Figures

5.1 Relative gap between the upper and the flow lower bound . . . . . . . 19
5.2 Relative gap for upper bound, obtained from an input solution, com-

pared to zbest, in log-scale. Test case 10 has a relative gap of 0, and is
therefore not visible in the log-scale. The test cases are sorted based
on the relative gaps (5.1) with the upper bound instead of lower bound. 20

6.1 Relative gap (5.1) for the idealistic Lagrange relaxation and the flow
lower bound, respectively. Blue dots covering red dots appear purple. 21

6.2 Values of the Lagrange dual function for every 500th iteration of the
subgradient optimization, with the y-axis starting at 500, 000. This
example is of test case 13. . . . . . . . . . . . . . . . . . . . . . . . . 22

6.3 Relative gap (5.1) for Lagrange relaxation and flow lower bound.
Polyak step size (2.14) parameters: target q̄ starts at flow lower
bound, both q̄ and β changes based on the progress of qbest. . . . . . . 23

6.4 Relative gap (5.1) for Lagrange relaxation and flow lower bound. Tar-
get in Polyak step size (2.14) is set to upper bound. . . . . . . . . . . 24

6.5 Relative gap for the lower bound from LPBR, idealistic Lagrange
relaxation, and flow lower bound. x indicates that LPBR failed for
that test case. For some test cases the dots overlap, which is displayed
by blended colors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

xv



List of Figures

xvi



List of Tables

5.1 Sizes and properties of the 20 selected test cases. . . . . . . . . . . . . 18

6.1 Mean resulting relative gap when using the different bounds. . . . . . 25

xvii



List of Tables

xviii



1
Introduction

1.1 Background

This thesis was made as a project at the Jeppesen, which is a subsidiary of Boeing
and develops optimization-based software products for airlines. These products help
with a variety of tasks for different stages; scheduling crew training, flight planning,
and calibration afterward to name a few. Each product is specialized in its own task
but also interacts with other products, for example by matching aircraft or crew to
flights.

One of the products from the fleet optimization team is Jeppesen Aircraft Routing
(JAR). Given a schedule of flights to be covered, JAR determines which aircraft
should operate which flight. For the aircraft routing problem, each flight should
be operated by a single aircraft. The assignments of aircraft are also subjected to
constraints such as maintenance, airport curfews, and aircraft restrictions. Each
individual aircraft can be considered to have individual expenses such as fuel con-
sumption. Thus the optimization problem is to minimize these costs while also
fulfilling the given constraints.

Jeppesen’s primary optimization algorithm for this problem uses column generation
combined with an integer fixing heuristic. During the optimization run, a feasible
solution is evaluated by comparing its objective value to a lower bound on the
optimal value. The lower bound is also used to help determine convergence. Due to
these interactions, a high lower bound could potentially increase the computational
efficiency.

The current method for computing a lower bound is a so-called network flow relax-
ation which uses LP relaxation as well as relaxes the resource constraints and the
multi-commodity aspects of the problem.

Since this is a few relaxations on top of each other, alternative methods for calcu-
lating lower bounds with fewer relaxations could potentially give a stronger lower
bound.
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1. Introduction

1.2 Aim
The aim of the thesis is to investigate alternate methods for calculating lower bounds.
Such a new method should generate a higher lower bound than the current one does
while still being an actual lower bound. In order for any alternate method to be
commercially useful, it also should not take too long to compute.

1.3 Limitations
This thesis corresponds to 20 weeks of work and was limited to investigating methods
for calculating lower bounds. Thus it has not investigated ways to improve the
current optimization algorithm aside from the impact on the algorithm from a higher
lower bound.

A certain modelling feature, named global constraints, was also considered to be
out of scope for this master thesis. However, it should be rather straight-forward to
incorporate this feature in the developed framework in the future.
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2
Theory

A lower bound is a value which is less or equal to all elements in a set. Common
methods of computing lower bounds to minimization problems is to relax some of
the constraints.

This chapter introduces topics within optimization which are required to understand
the thesis. Readers who are already familiar with these topics may want skip this
chapter and continue from Chapter 3.

2.1 Integer Programming
An integer linear program with binary variables is defined as

z∗ := min cT x

s.t. Ax ≥ a,

x ∈ {0, 1}n,

(2.1)

where c ∈ Rn, A ∈ Rm×n, and a ∈ Rm This problem for a general matrix A ∈ Rm×n

is one of the NP-complete problems listed by R.M. Karp [1]; this means that even
though this problem looks simple at first glance, it is generally very computationally
burdensome to solve to proven optimality.

2.2 LP relaxation
LP relaxation is used to transform a (mixed) integer linear program into a continuous
linear program, normally called LP. This is done by changing all integer variables
into continuous variables. Specifically, an LP relaxation of a binary variable x would
be:

x ∈ {0, 1} → 0 ≤ x ≤ 1. (2.2)

Tardos [2] has shown that any linear program can be solved to proven optimality in
polynomial time, for example an algorithm presented by Karmarkar [3]. However,
these polynomials can be rather cumbersome as well and therefore other types of
methods are often used in practice, such as simplex method [4]. These other methods

3



2. Theory

are often faster in practice even though they have exponential time computational
complexity.

2.3 Lagrange Relaxation
Consider the integer linear optimization problem (2.1), and let

A =
[
B
D

]
, a =

[
b
d

]
, (2.3)

where B and b corresponds to all constraints which will be Lagrangian relaxed. The
problem can then be written as

z∗ := min cT x

s.t. Bx ≥ b,

x ∈ X,

(2.4)

for b ∈ Rm, and X := {x ∈ {0, 1}n|Dx ≥ d}, where Dx ≥ d corresponds to all
the constraints which will not be relaxed. For an arbitrary vector µ the Lagrange
function is

L(x, µ) := cT x +
m∑

i=1
µi(bi −Bix) = cT x + µT (b−Bx). (2.5)

The Lagrangian dual function q : Rm 7→ R is defined as

q(µ) := min L(x, µ),
s.t. x ∈ X.

(2.6)

If set X is separable as
X = X1 ×X2 × ...×Xγ, (2.7)

it is possible to divide the computation of the Lagrangian dual function for a fixed
value of µ into γ independent problems.

In this thesis only equality constraints will be Lagrangian relaxed. For that reason
the rest of theory will be specifically for equality constraints. The Lagrange dual
problem is then

q∗ := max
µ∈Rm

q(µ), (2.8)

which is a convex problem, since the objective function is concave (see [5], Ch. 6).
Here µi is non-restricted in sign since only equality constraints are relaxed.

The weak duality theorem [5, p. 160-161] becomes:
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2. Theory

Theorem 2.3.1. Let x and µ be feasible in the problems (2.4) and (2.8) respectively.
Then,

q(µ) ≤ z∗. (2.9)

Proof. Assume µ ∈ Rm. Then, it holds that

q(µ) = min
x∈X

L(x, µ)

= min
x∈X

(
cT x + µT (b−Bx)

)
≤ min

x∈X,Bx=b

(
cT x + µT (b−Bx)

)
= min

x∈X,Bx=b
cT x

= z∗.

This implies that q∗ = max q(µ) is a lower bound on z∗, as defined in problem (2.4).

The lower bound obtained from Lagrangian relaxation can be shown to not be lower
than the lower bound z∗

LP from LP relaxation [6], i.e.,

z∗
LP ≤ q∗. (2.10)

Combining (2.10) and (2.9) gives

z∗
LP ≤ q∗ ≤ z∗,∀Rm. (2.11)

2.4 Subgradient Optimization
One method for optimizing a Lagrangian dual problem is to use subgradient opti-
mization, which is usable for convex optimization problems even when the objective
function is not differentiable. A vector g ∈ Rn is called a subgradient of a function
f at x ∈ Rn if

f(x) ≥ f(x) + gT (y − x), ∀y ∈ Rn. (2.12)

Given a Lagrangian dual function q defined as

q(µ) = min
x∈X

(
f(x) + µT g(x)

)
, (2.13)

where g(x(µ)) := b−Bx(µ) (x(µ) being optimal in the solution to the subproblem
in (2.6) for the dual point µ) is a subgradient for q with regards to µ. Based on work
done by Shor [7], Algorithm 1 can be used to solve the Lagrangian dual problem
with relaxed equality constraints.
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2. Theory

Algorithm 1 Subgradient Optimization
µ0 ← 0
qbest ← −∞
τ ← 0 ▷ τ is an iteration number
repeat

Find solution x(µτ ) to the subproblem for computing q(µτ ) in (2.6).
µτ+1 ← µτ + sτ (b−Bx(µτ ). ▷ sτ > 0 is step size at iteration τ
if q(µτ+1) > qbest then

qbest ← q(µτ+1).
end if
τ ← τ + 1.

until some termination criterion is met

Under certain assumptions this algorithm will converge in the sense that each dual
iterate µτ will be closer to the set of optimal dual points than the previous iterate
µτ−1, meaning in practice that {q(µτ )→ q∗}. One of these assumptions is that an
infinite number of iterations is performed, which is not possible in practice.

To ensure the loop does not go on for infinity, termination criteria are generally
used. For example a termination criterion can be to limit the number of iterations.
Another termination criterion could be |g(xτ )| ≤ ϵ.

This algorithm can be expanded upon and modified to enable faster convergence (see
[6], Ch. 5). For example there are multiple ways to choose the step size sτ which
may lead to faster convergence. With a constant step size it might not be possible
to reach convergence. Decreasing the step size for each iteration can handle fine
tuning of q, but might diminish before getting close enough to an optimal solution
to the dual problem.

2.4.1 Polyak step size
Polyak [8] introduced a step size formula which allows for both taking larger steps
as well as fine tuning. This step size formula is

sτ = βτ
q∗ − q(µτ )
||g(xτ )||2 , 0 < ϵ1 ≤ βτ ≤ 2− ϵ2 < 2, (2.14)

where q∗ is defined in (2.8) and βτ is a parameter. For cases where q∗ is not known,
which is usually the case, an approximate value can be used. In this report, such an
approximate value is sometimes referred to as target. Using such an approximate
value will likely not be as efficient as using q∗.

2.5 Multi-commodity Network Flow
Chapter 1.2 in Network Flows [9] introduces the Minimum Cost Flow Problem, which
is the problem of minimizing the cost of sending a commodity from supply nodes,

6



2. Theory

through a network, to satisfy demands at other nodes. This problem is generally
modelled by a directed graph, where the arc from node i to node j has a cost
cij associated with it. Each arc may also have a minimum and a maximum flow
capacity.

Chapter 17 in Network Flows [9] describes the case when different commodities
shall be sent through a shared network. This extension adds additional complexity
compared to simple network flow problems as the different commodities may interact
with each other in a shared network.

Given a graph with nodes V , arcs E, commodities K, and xk
ij ≥ 0 denoting the

amount of flow of commodity k through arc (i, j), the general continuous multi-
commodity network flow problem is:

min
∑

(i,j)∈E

∑
k∈K

ck
ijx

k
ij, (2.15a)

s.t.
∑
k∈K

xk
ij ≤ uij, ∀(i, j) ∈ E, (2.15b)

∑
{j:(i,j)∈E}

xk
ji −

∑
{j:(i,j)∈E}

xk
ij = bk

i , ∀i ∈ V, ∀k ∈ K, (2.15c)

lk
ij ≤ xk

ij ≤ uk
ij, ∀(i, j) ∈ E, ∀k ∈ K. (2.15d)

Here uij limits the total flow through arc (i, j). Furthermore bk
i determines the flow

balance for node i and commodity k. Generally bk
i > 0 for a supply node, and bk

i < 0
for a demand node. For the case when bk

i = 0, any amount of commodity k which
flows into node i also has to flow out of it. Finally uk

ij and lk
ij limits how much of

each commodity k can flow through an arc.

7



2. Theory
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3
Earlier Work

The aircraft routing problem is similar to a problem called the tail assignment
problem. Since these two problems can be modelled very similarly, this master thesis
relies on previous work done by Grönkvist in his PhD-thesis The Tail Assignment
Problem [10], which combines mathematical modelling and column generation (see
[10], Part II) with constraint programming (see [10], Part III).

3.1 Tail assignment problem

In [10] Chapter 4.1 Grönkvist introduces a mathematical model for the tail assign-
ment problem, which is the same for the aircraft routing problem. For this problem,
the objective is to construct routes for a set of aircraft which cover as many flights as
possible while considering maintenance, regulations, and some aircraft already be-
ing assigned to some flights. For the convenience for this report, a slightly modified
model is stated here.

In this model, k represents a aircraft and the nodes i, j represents flights. We denote
the set of aircraft as K, the set of flights which should be covered as F , the set of
connections between two flights i and j as C, the set of preassigned flights for aircraft
k as Pk, and the set of restricted flights for aircraft k, based on regulations etc., as
Rk. Notably if Pk ∩Rk ̸= ∅ the problem is infeasible, as preassigned flights should
not also be restricted. We have variables xk

ij which are 1 if aircraft k connects from
flight i to flight j, with related cost ck

ij, and this modified model explicitly allows for
leaving flights unassigned by introducing a variable υi, with related cost hi.

Additionally, the original model has a resource constraint for each maintenance type
m and flight i using variables rim. However since each aircraft has a maintenance
type, here it is stated for each aircraft k instead of maintenance type. The modified
constraint (3.1h) also has a non-linear function rk(x), instead of constraining the
variables rim, to explicitly state the dependence on x.

9



3. Earlier Work

min
∑
k∈K

∑
(i,j)∈C

ck
ijx

k
ij +

∑
i∈F

hiυi, (3.1a)

s.t. υi +
∑
k∈K

∑
{j:(i,j)∈C}

xk
ij = 1, ∀i ∈ F , (3.1b)

∑
{j:(i,j)∈C}

xk
ij = 1, ∀i ∈ Pk, ∀k ∈ K, (3.1c)

∑
{j:(i,j)∈C}

xk
ij = 0, ∀i ∈ Rk, ∀k ∈ K, (3.1d)

∑
{j:(i,j)∈C}

xk
ji −

∑
{j:(i,j)∈C}

xk
ij = 0, ∀i ∈ F , ∀k ∈ K, (3.1e)

xk
ij ∈ {0, 1}, ∀(i, j) ∈ C, ∀k ∈ K, (3.1f)
υi ∈ [0, 1], ∀i ∈ F , (3.1g)

rk(x) ≤ lk, ∀k ∈ K. (3.1h)

Here xk
ij is a binary variable that determines whether aircraft k travels directly

between node i and j. The cost for aircraft k to travel between node i and j is
denoted as ck

ij. Variable υi obtains the value 1 if flight i is left unassigned and hi is
the penalty cost for leaving flight i unassigned. Constraints (3.1b) ensure that only
one aircraft is assigned to flight i. Constraints (3.1c) and (3.1d) limit which aircraft
are assigned to flight i. The constraints (3.1e) are flow balance constraints which
ensure continuous routes for each aircraft k.

The last constraints (3.1h) are resource constraints to ensure that each aircraft gets
enough maintenance. This constraint limits how long an aircraft k can fly without
being maintained. lk is the maximum distance interval between two maintenance
checks. Notably this is the only constraint which is not necessarily linear; for exam-
ple rk(x) can be reset at certain airports. Kjerrström [11] describes in his master
thesis a way of linearizing each resource constraint by dividing it into four different
linear constraints and introducing additional binary variables.

3.1.1 Comparison to General Multi-Commodity Network
Flow

Comparing this model without the maintenance constraints (3.1h) to the general
multi-commodity model (2.15a)–(2.15d), several similarities can be observed. The
objective function (3.1a) is analogous to (2.15a), it just sums over two sets of nodes
instead of arcs. Similarly constraint (3.1e) corresponds to constraint (2.15c) with
bk

i = 0. However a notable difference is the integer requirements on the variables x
and υ which add additional complexity.

3.1.2 Current Solution Technique
As mentioned in Section 1.1, Jeppesen’s current optimizer uses column generation
combined with integer fixing heuristics. During column generation, the pricing prob-

10



3. Earlier Work

lem is solved via a labeling algorithm described in Chapter 5 of [10]. More on how
general labeling algorithms work can be read in e.g. Chapters 4 and 5 in [9].

3.1.3 Current Technique for Calculating a Lower Bound
When solving minimization problems, having calculated a good lower bound can be
very helpful when assessing the quality of a feasible solution. The larger the gap
between the upper and lower bounds, the less certain we can be of the quality of the
solution. If the upper bound equals the lower bound the problem has been solved to
optimality; however this is not always possible due to the properties of relaxations.

Jeppesen is currently using a fast technique for calculating lower bound called net-
work flow relaxation; this lower bound is referred to as flow lower bound. This
technique is expressed as a relaxed model in Chapter 4.6 in [10]. In this model
several constraints are relaxed in different ways:

1. An LP relaxation is made on the variables x and υ.

2. The resource constraints (3.1h) are removed.

3. Multi-commodity aspects are mostly removed. Instead of having constraints
for each aircraft k, the relaxed model only has one commodity, with notable
changes:

• Variables xij denoting the total amount of flow through arc (i, j), instead
of a variable xk

ij for each commodity k.

• Arc-costs cij = mink∈K ck
ij ∀(i, j) ∈ C, which yields a possibly lower

objective value.

• The amount going out of the network equals the number of aircraft, i.e.∑
i∈F

xis = |K|,

where s is a so-called sink node. This is the only multi-commodity aspect
of this model

This relaxed model is solved using FICO’s Xpress LP-solve.

Even though this is a few relaxations on top of each other, due to how fast this
method is it most likely will not be replaced but rather used in tandem with any
new technique.

11
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4
Methods

The main focus of this master thesis is to compute a lower bound via Lagrangian
relaxation of the constraints (3.1b). Subgradient optimization is used to optimize the
Lagrange dual problem. As it can be somewhat challenging to perform subgradient
optimization to near-optimality, an LP-based relaxation was performed separately to
obtain a comparative LP-based lower bound, which can be used for some consistency
checks.

4.1 LP-based Relaxation
To obtain this comparative lower bound, an LP relaxation was made on the variables
x, υ as seen in (2.2). Additionally the resource constraint (3.1h) was removed since it
is rather time consuming to implement as an integer linear optimization model1. Due
to the additional relaxation, this method will be referred to as LP-based relaxation
(LPBR). These two relaxations are already present in the network flow relaxation,
which means LPBR is less relaxed as the multi-commodity aspects are intact.

Even though the purpose of this method is to compare to a Lagrangian lower bound
according to (2.11), it is possible that the removal of the constraints (3.1h) might de-
crease the lower bound too much for a proper comparison. However, this comparison
still should work well for instances without resource constraints.

The relaxed model corresponds to model (3.1a)–(3.1e) with variable restrictions

0 ≤ xk
ij ≤ 1, ∀(i, j) ∈ C, ∀k ∈ K. (4.1)

4.2 Lagrange Relaxation

In our case we have linear equality constraints (3.1b) which we will relax. As dis-
cussed above, this means that all the dual variables in µ are unrestricted in sign.

The Lagrangian dual function of model (3.1a)–(3.1h) when performing Lagrange

1Especially considering that this thesis is focused on Lagrange relaxation.
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4. Methods

relaxation with respect to constraint (3.1b) is:

q(µ) := min
x∈X,υ∈{0,1}|F |

(∑
k∈K

∑
i∈F

∑
j∈F

ck
ijx

k
ij +

∑
i∈F

ciυi +
∑
i∈F

µi

(
1− υi −

∑
k∈K

∑
j∈F

xk
ij

))
(4.2)

=
∑
i∈F

µi + min
x∈X

∑
k∈K

(∑
i∈F

∑
j∈F

(ck
ij − µi)xk

ij

)
+ min

υ∈{0,1}|F |

∑
i∈F

(ci − µi)υi (4.3)

=
∑
i∈F

µi +
∑
k∈K

min
x∈Xk

(∑
i∈F

∑
j∈F

(ck
ij − µi)xk

ij

)
+
∑
i∈F

min(ci − µi, 0) (4.4)

:=
∑
i∈F

µi +
∑
k∈K

Ψk(µ) +
∑
i∈F

min(ci − µi, 0). (4.5)

4.2.1 Solving the Lagrangian Subproblem
The third part is solved by assessing each term min(ci−µi, 0) separately for a given
µ.

The second part of (4.5) separates into |K| independent resource-constrained short-
est path problems, one for each aircraft k. Using the same sets and variables as in
Section 3.1 these problems are:

Ψk(µ) = min
∑

(i,j)∈C
(ck

ij − µi)xk
ij, (4.6a)

s.t.
∑

{j:(i,j)∈C}
xk

ij = 1, ∀i ∈ Pk, (4.6b)
∑

{j:(i,j)∈C}
xk

ij = 0, ∀i ∈ Rk, (4.6c)
∑

{j:(i,j)∈C}
xk

ji −
∑

{j:(i,j)∈C}
xk

ij = 0, ∀i ∈ F , (4.6d)

xk
ij ∈ {0, 1}, ∀(i, j) ∈ C, (4.6e)
rk(x) ≤ lk, ∀k ∈ K, (4.6f)

where constraints (4.6f) corresponds to (3.1h), constraints (4.6d) corresponds to
(3.1e), and constraints (4.6b) and (4.6c) corresponds to (3.1c) and (3.1d) respec-
tively. These optimization problems are solved via existing code for the labeling
algorithm mentioned in Section 3.1.2.

4.2.2 The Lagrange Dual Problem
The Lagrange dual problem

q∗ := max
µ∈Rm

q(µ), (4.7)

is a convex optimization problem with a non-smooth objective function. As such it
is possible to use subgradient optimization to solve this problem.
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4.2.3 Subgradient Optimization
Given a solution (x(µ), υ(µ)) to q(µ), the component of the subgradient corre-
sponding to node i is

gi(xi(µ), υi(µ)) = 1− υi(µ)−
∑
k∈K

∑
{j:(i,j)∈C}

xk
ij(µ), ∀i ∈ F (4.8)

which is then used in Algorithm 2 to perform subgradient optimization. There exists
cases where q∗ is negative due to negative arc costs. To allow for negative values of
q to be considered, qbest is initialized as essentially −∞.

Algorithm 2 Subgradient Optimization of Dual Problem
µ0 ← 0
qbest ← −∞
τ ← 0
Set q̄ to some start target value.
repeat

for all commodities k do
Find solution xk(µτ ) to subproblem (4.6a)–(4.6f) which yields Ψk(µτ ).

end for
for all nodes i do

Find solution to min(ciτ − µiτ , 0).
end for
Calculate q(µτ ) = ∑

i µiτ +∑
k Ψk(µτ ) +∑

i min(ciτ − µiτ ).
if q̄ < q(µτ ) then

Increase q̄.
end if
Calculate step size sτ , according to formula (2.14), with q̄ in place of q∗.
if sτ < 0 then

sτ ← −sτ ▷ To ensure sτ ≥ 0
end if
if q(µτ ) > qbest then

Set qbest ← q(µτ ).
end if
µτ+1 ← µτ + sτ g(xτ ).
Set τ ← τ + 1.

until termination criterion is met

The Polyak step size formula expressed in (2.14) needs the optimal value q∗ and a
parameter β ∈ (0, 2). Related to the Polyak step size formula, Sjögren [12] inves-
tigated a method called Variable Target Value Method (VTVM) to more efficiently
solve Lagrange dual problems. This method is mainly focused on the idea of raising
the target q̄ if q(µ) > q̄, and decreasing q̄ if qbest has not increased for a number
of iterations. Even though he found VTVM worked poorly for solving linear pro-
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4. Methods

grams, it appeared to be effective for producing a rough lower bound for these linear
programs.

As q∗ is unknown, an approximate value q̄ needs to be used in the Polyak formula.
Two different methods for setting q̄ were used:

• Set q̄ to the current flow lower bound obtained by network flow relaxation
described in Section 3.1.3. Increase q̄ if qbest + α > q̄ for some α > 0.

• Set q̄ to an upper bound from an input solution to problem (3.1), which is an
input into Jeppesen’s optimizer from the airlines to create the test cases2.

Three different methods were used to choose β:

• constant β ∈ (0, 2),

• linearly decreasing β from 2 to 0.0001, i.e. βτ = 1.9999(τmax−τ)
τmax

+ 0.0001,

• varying β based on how qbest is updated.

The last method of varying β is created for other parts of Jeppesen’s code where
they perform subgradient optimization, which means that it might have additional
required assumptions and is not necessarily suitable for this thesis. However since
this method of choosing β is part of well established code and is similarly with
how q̄ can be decreased in VTVM, there could be potential usage when solving our
Lagrangian dual problem as well.

To investigate how well the method based on Lagrange relaxation performs given
ideal values, tests were also performed with β = 0.5, q̄ = zbest, i.e. q̄ set to the best
known objective value to the problem (3.1). These tests was performed with 105

iterations. This test setup will be referred to as "idealistic" or "idealistic Lagrange
relaxation" as it uses values which should not be known beforehand.

2The quality of the input solutions vary greatly; some are decently close to the optimal solution,
and some leave all flights unassigned resulting in a very high upper bound.
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All tests were performed within Jeppesen’s development environment. The tests
with subgradient optimization of the Lagrange dual problem were implemented in
C++.

To solve the LPBR, a model was implemented in FICO Xpress Mosel. The model
is given data of all costs and arcs in the problem in the form of a data file generated
in C++. The optimization problem was then solved with FICO Xpress Optimizer.
Even though this optimizer uses state-of-the-art techniques, it might be rather slow
for larger test cases.

5.1 Test Cases

There are several hundred test cases in the Jeppesen test suite. Out of these, 20
representative test cases with different properties, have been selected by Jeppesen for
evaluating the developed techniques for computing lower bounds. Some properties
of these test cases are presented in Table 5.1, where the cases are numbered by
their order in the internal test suite. For ten of the 20 test cases the set of resource
constraints in (3.1h) is empty.

For the purpose of this thesis "Arc density" is defined as the number of arcs divided
by the number of nodes in the graph.

All bounds in this thesis will be compared to the best known objective value zbest
(i.e. an upper bound on the optimal value), with a relative gap defined as

Relative gap =
∣∣∣∣∣zbest − z

zbest

∣∣∣∣∣, (5.1)

where z is the lower bound which is compared. This relative gap is a bit optimistic
since we would ideally use compare against z∗. Considering zbest ≥ z∗ ≥ z, the
relative gap (5.1) is smaller than it should be. To compare the possible relative gaps
we have:
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Table 5.1: Sizes and properties of the 20 selected test cases.

Test case
number #Aircraft, |K| #Flights, |F| Arc density,

|C|/|F|
Resource

constraints
1 24 2,887 87.91 No
2 30 4,457 11.82 No
3 30 2,451 176.59 Yes
4 84 189,468 30.67 No
5 22 621 24.67 No
6 284 23,191 119.27 Yes
7 223 8,655 199.23 Yes
8 30 8,188 11.26 Yes
9 13 2,906 7.72 No
10 4 12 1.18 Yes
11 28 8,624 14.31 Yes
12 43 6,534 4.30 Yes
13 84 33,883 38.02 Yes
14 151 3,419 17.71 Yes
15 27 14,989 42.87 Yes
16 15 560 6.21 No
17 251 40,802 61.51 No
18 251 4,193 43.27 No
19 258 3,075 30.65 No
20 258 7,644 78.60 No
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5. Tests

∣∣∣∣∣zbest − z

zbest

∣∣∣∣∣ ≤
∣∣∣∣∣z∗ − z

z∗

∣∣∣∣∣ ≤
∣∣∣∣∣z∗ − z

z

∣∣∣∣∣ ≤
∣∣∣∣∣zbest − z

z

∣∣∣∣∣,
where the last two relative gaps were deemed inappropriate for this thesis since
some tests ended up with a few lower bounds z = 0. Considering we have no way
of knowing the actual value of z∗, the relative gap (5.1) will be used for the purpose
of comparing the different results to each other.

Figure 5.1: Relative gap between the upper and the flow lower bound

The relative gap for the flow lower bound is illustrated in Figure 5.1. This relative
gap will be used when comparing results.

As we will discuss in Section 6.1.2, two of the computational experiments use upper
bound from an input solution, given by the airline, as q̄. The relative gap of these
upper bounds can be observed in Figure 5.2, which were calculated using formula
(5.1) with the upper bound compared to zbest instead of lower bound. Since this
upper bound to z∗ is a lot larger than zbest for some of the cases, these relative gap
becomes very large.
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5. Tests

Figure 5.2: Relative gap for upper bound, obtained from an input solution, com-
pared to zbest, in log-scale. Test case 10 has a relative gap of 0, and is therefore not
visible in the log-scale. The test cases are sorted based on the relative gaps (5.1)
with the upper bound instead of lower bound.
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6
Results and Discussion

We next present results obtained using Lagrange relaxation. Then follows results
from the LP-based relaxation compared to the flow lower bound and the idealistic
Lagrange relaxation.

6.1 Lagrange Relaxation
First an idealistic subgradient optimization of the Lagrange dual problem is pre-
sented to investigate its potential for strengthening the lower bound. Afterward
results from more realistic implementations of subgradient optimization are pre-
sented, and these results are compared.

6.1.1 Idealistic Implementation

Figure 6.1: Relative gap (5.1) for the idealistic Lagrange relaxation and the flow
lower bound, respectively. Blue dots covering red dots appear purple.
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For this section the focus is to obtain as good of a lower bound as possible, with no
regard to execution time. Also this implementation uses zbest which is normally not
known beforehand. This experiment is characterized by:

• q̄ = zbest,

• β = 0.5,

• 105 iterations.

Figure 6.1 shows the relative gap for lower bounds obtained by Lagrange relaxation
when using the best known objective value zbest, of a feasible solution to the orig-
inal optimization problem, as target q̄ in the Polyak step size formula. Generally
these relative gaps are very close to 0, which indicates that the Lagrange relaxation
could theoretically be very useful with a good enough implementation of subgradient
optimization, especially considering the mean relative gap over all test cases being
2.2%.

Some test cases results in a bigger gap than the others, which either indicates that
the relaxation performs poorly on these case or simply that they have not converged
to near optimality in 105 iterations.

Figure 6.2: Values of the Lagrange dual function for every 500th iteration of the
subgradient optimization, with the y-axis starting at 500, 000. This example is of
test case 13.

To examine if the this gap is due to lack of convergence, we investigated test case 13
as an example. Figure 6.2 shows how the values of q(µ) changes with each iteration
for test case 13. From Figure 6.2 it is apparent that q(µ) did not converge for test
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case 13, and there is no obvious reason to believe this case is the only test case which
did not converge.

6.1.2 Realistic Implementations
As zbest is normally not known, an estimated value q̄ has to be used instead. For
this section the test cases have been ordered based on the relative gap of the upper
bound, as seen in Figure 5.2, to make them easier to compare.

Figure 6.3 shows results from the computational experiments described by:

• q̄ starting at flow lower bound, and q̄ is increased when qbest + α > q̄ for some
α > 0,

• β started at 0.5, and was increased if qbest was updated two iterations in a
row, and decreased if qbest was not updated for several iterations,

• 104 iterations.

From the results in Figure 6.3 we can observe that for most cases the Lagrange
relaxation has a smaller relative gap than the flow lower bound. A lot of the cases
still have a relatively big gap. These results indicate that this choice of q̄ probably
is not the best choice for raising the lower bound.

Figure 6.3: Relative gap (5.1) for Lagrange relaxation and flow lower bound.
Polyak step size (2.14) parameters: target q̄ starts at flow lower bound, both q̄ and
β changes based on the progress of qbest.

Next in Figure 6.4 is results from the computational experiments performed with:
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• q̄ set to upper bound,

• 104 iterations,

and β for the different experiments was chosen as:

• Figure 6.4a: β changes based on progress of qbest,

• Figure 6.4b: β decreases linearly from 2 to 0.0001.

(a) For this test setup β changes based on progress of qbest.

(b) For this test setup β decreases linearly from 2 to 0.0001.

Figure 6.4: Relative gap (5.1) for Lagrange relaxation and flow lower bound.
Target in Polyak step size (2.14) is set to upper bound.
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Results from when an upper bound from an input solution was used as target q̄ in
the Polyak formula can be observed in Figure 6.4. Combining these results with the
information in Figure 5.2, it appears that the method based on Lagrange relaxation
fails to produce a better lower bound when the relative gap of q̄ is more than 5000%.
However, given a decent input solution this method shows promise for calculating a
strong lower bound. Comparing Figures 6.4a and 6.4b, using a linearly decreasing
value of β appears to more consistently result in a decent lower bound. The difference
between these two methods indicates that different alternatives for choosing β can
result in better or worse lower bounds.

Preliminary results with another initialization to the test setup, which generates an
upper bound by creating an initial solution instead of using the input solution from
airlines, resulted in some test cases performing better. This could indicate that it
would be worth spending time on finding a better initial solution to improve the
performance of the algorithm.

6.1.3 Comparisons of Lower Bounds
The resulting mean relative gap (5.1) of each of the methods can be observed in Table
6.1 where "upper" and "lower" is which of the methods of choosing q̄ mentioned in
Section 4.2.3.

Table 6.1: Mean resulting relative gap when using the different bounds.

Lower bound Mean relative
gap (5.1) (%)

Flow lower bound 32.7
Lagrange, from test setup displayed in Figure 6.3 37.1
Lagrange, from test setup displayed in Figure 6.4a 32.4
Lagrange, from test setup displayed in Figure 6.4b 27.0
Idealistic Lagrange 2.2

Given that the mean relative gap of the idealistic Lagrange relaxation is only 2.2%,
the Lagrange relaxation shows a high potential. Even though the current realistic
implementations have comparable results to the flow lower bound, computing this
new lower bound is slower and these implementations are therefore not quite useful
in their current state. An improved implementation of solving the Lagrange dual
problem could be useful as an additional method for computing a lower bound.

6.2 Comparison to an LP-based Relaxation
The relative gap of LPBR, explained in Section 4.1, compared to the flow lower
bound and Lagrange relaxation can be observed in Figure 6.5. For most cases the
lower bound obtained by LPBR is better than the flow lower bound. Disregarding
the test cases which were terminated due to their size, the lower bounds from LPBR
in Figure 6.5a are very close to zbest.
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(a) Without resource constraints. (b) With resource constraints.

Figure 6.5: Relative gap for the lower bound from LPBR, idealistic Lagrange
relaxation, and flow lower bound. x indicates that LPBR failed for that test case.
For some test cases the dots overlap, which is displayed by blended colors.

Recall from Section 4.1 that resource constraints are not present when computing
the LPBR bound. As expected LPBR does not perform as consistently well on the
test cases with resource constraints.

Compare the results of Lagrange relaxation and LPBR in Figure 6.5b. Observe
that there are two test cases with a visibly larger gap from Lagrange relaxation
than from LPBR. Had the subgradient optimization converged to q∗, the best found
value of the Lagrange dual function should never be lower than LPBR. Observing
that qbest < z∗

LPBR, is consistent with the hypothesis in Section 6.1.1 that these test
cases did not converge to an optimal value.

When reading in data into Mosel, four of the 20 test cases were either too big to
write to file properly, or the time to read in data to the model was too long to
be computationally viable. These cases were terminated and the relative gap was
set to 100. Table 5.1 shows that the failed test cases have a combination of a lot
of aircraft, flights, and high arc density, which could potentially explain the issues
reading data into the model by the test cases being too big.

When looking at test case 8 in Figure 6.5b, it might appear that this test case failed,
but it has a relative gap of 99.98% which means it only has a really low, i.e. weak,
lower bound compared to zbest. This test case has resource constraints and 313
unassigned flights in the best solution found. However, if the resource constraints
are removed from this test case the best solution has no unassigned flights, which
would give a much lower value of zbest.
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Conclusion and Further Research

7.1 Conclusion
The Lagrangian relaxation shows promise as the idealized tests resulted in a mean
relative gap of 2.2%. This could be improved even further with a better convergence
of qbest. Given the several improvements which could be made both to the input
parameters to subgradient optimization and its implementation, Lagrange relaxation
combined with subgradient optimization could potentially be useful in the future.

However, the realistic implementations of solving the Lagrange dual problem cur-
rently do not perform consistently well. Even the best performing parameters of a
linearly decreasing β and an upper bound as a target q̄ only worked decently when
the relative gap of q̄ < 5000%. If we cannot know beforehand how big the relative
gap is, this method of obtaining a lower bound before optimization is most likely
not usable in its current state.

7.2 Further Research
The execution time of obtaining a lower bound via Lagrange relaxation is currently
too slow to be viable for commercial use. However, further improvements to the
solution algorithms should increase the performance. For example faster convergence
would result in faster execution time. Methods to improve the convergence could
also result in more consistent results since the optimization of the dual problem
would be more likely to get close to optimality before being terminated.

Subgradient optimization often has a tendency to exhibit a zigzag behaviour which
causes a slower convergence. One way to handle this behaviour is by deflection,
which is a method to take into account the subgradients from previous iterations
when computing the search direction instead of just using the latest found subgra-
dient. It would be interesting to incorporate some different deflection techniques,
perhaps inspired by methods in [13].

The Lagrange relaxation appears to be promising in most instances, but none of the
realistic implementations for solving the Lagrange dual problem works for all test
cases. Further investigating how to choose β and q̄ could result in more consistently
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strong lower bounds, for example by using q̄ closer to the objective value. Even
though it is not possible to determine the gap of the input solution before calculating
the lower bound, spending a little more time to find a better initial solution could
significantly improve the reliability of the subgradient optimization.

Since a lot of difficulties appears to come from the target q̄ not being close enough
to q∗, it could be useful to investigate methods for obtaining a better target q̄.
Blomgren [14] conducted a master thesis investigating several methods for producing
initial solutions; some of which most likely could be used to improve the subgradient
optimization. It would also be interesting to investigate these methods in the context
of improving computation time, as it appears her focus was investigating their effect
on costs in a previous testing environment.

Another possibility, which does not require a target at all, would be to instead
investigate alternative methods for non-smooth optimization. Two such examples
are the bundle method, see e.g. Brännlund, Kiwiel, and Lindberg [15], and a method
introduced by Chambolle and Pock [16]. These methods do not require a target and
can therefore be useful when q∗ is unknown.

Furthermore, in contrast to improving convergence, parallelization via threads is
commonly used to increase performance of code. Since each resource-constrained
shortest path problem (4.6a)–(4.6f) can be solved independently of each other; the
inner loop in Algorithm 2 is very suitable for parallelization. The separability for
each commodity means that the decrease in computational time of this loop should
be proportional to the number of threads used.

7.2.1 Out of Scope Research
As mentioned in Section 1.3, global constraints have not been taken into account
in this thesis. However it would be interesting to see how well the Lagrange relax-
ation works on test cases with this additional feature, and whether or not further
implementation is required to support these test cases.

This thesis was also limited to only investigating methods for computing lower
bounds. However, given the framework developed to optimize the Lagrange dual
problem, it also opens up for developing a so called Lagrangian heuristic [17] to
obtain an upper bound. More information about this type of heuristic can be found
in e.g. [18]. Such an heuristic is to use the properties of the subgradient gi(x) to
obtain a better upper bound. For example, it can also be possible to make minor
adjustments to x and υ to recover feasibility and obtain a feasible solution.
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