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Abstract

A gravity theory in D dimensions with a spacetime metric that admits n com-
muting Killing vectors can be dimensionally reduced to an effectively (D − n)-
dimensional theory. The reduction is performed by using Kaluza-Klein techniques
and, as it turns out, the lower dimensional theory reveals a hidden global symme-
try, described by a group G, on the space of solutions. This symmetry is not seen
in the original D-dimensional theory. When the solutions admit a sufficient num-
ber of Killing vectors we can dimensionally reduce down to D = 3 where we get
a non-linear sigma-model. This sigma-model contains scalar fields which originate
from the D-dimensional metric and whatever other possible D-dimensional fields
the theory may contain. These scalar fields can also be described as parameters
in a coset space G/H which depends on the particular D-dimensional theory we
started from. If one rewrites the sigma-model in terms of coset representatives
the hidden symmetry emerges and becomes manifest; the sigma-model is invari-
ant under global G transformations. That is, given a solution to the equations of
motion we can transform it to get a new solution. Thus, the technique utilizes the
symmetries which become manifest upon dimensional reduction to generate new
solutions.

For the case when four-dimensional pure gravity is reduced over the time di-
mension to three-dimensions the symmetry is described by SL(2,R) and the coset
space by SL(2,R)/SO(1, 1). We demonstrate how the Reissner-Nordström solu-
tion and the Schwarzschild solution are related by a SO(1, 1) transformation and
identifiy the subgroup SO(1, 1) as the generator of electric charge. For the sta-
tionary axisymmetric solutions in D = 4 we can reduce down to two dimensions.
The remarkable property of two-dimensional gravity is that the symmetry group
G enlarges to an infinite-dimensional symmetry group. In terms of group theory
this corresponds to the affine Kac-Moody group associated to the group G. In this
thesis we explicitly show how SL(2,R) enlarges to its affine extension SL(2,R)+.
The coset space G/H has to be extended to a coset space G+/H+ which requires
an introduction of a spectral parameter and the so called monodromy matrix.
This matrix encodes all the information about the spacetime metric and the key
problem is to factorize this matrix. This amounts to a certain infinte-dimensional
Riemann-Hilbert problem.

The main goal of this thesis has been to solve this for the case of minimal
supergravity in five dimensions where the symmetry is given by G2(2) and the
coset space by G2(2)/SO(2, 2). As a result of this thesis, we have constructed
the seed monodromy matrix for Schwarzschild and generated the five-dimensional
Reissner-Nordström metric via a SO(2,2) transformation
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1
Introduction

1.1 Gravity, Black Holes and Symmetries

E
instein’s field equations in D = 4 consist of ten non-linear coupled differ-
ential equations whose solutions constitute the spacetime metric g. The
metric g is a symmetric D ×D matrix and is the most central object in
general relativity. In general relativity, we think of gravity as a manifes-

tation of a curved spacetime. That is, gravity is not considered as a force such as
electromagnetism but rather as a consequence of the geometry we live in. Knowing
the curvature is the same as knowing the gravitational “force”.

One way to visualize a curved geometry is to think of a sphere in a three-
dimensional space. This surface is obviously not flat in the usual sense but is
instead a two-dimensional curved space. This curved space has some considerable
differences compared to a sheet, i.e. flat space. For example, we could easily
construct a triangle whose angles do not add up to 180◦. In a curved spacetime
the concept of distance becomes a bit tricky and one cannot measure distances as
we are used to, e.g. by using the Pythagorean theorem on the coordinates. The
role of the metric g is thus to give us a prescription how this should be done. In
other words, since the metric carries the information on how we should measure
distance it also carries the information about the curvature of spacetime.

One of the most interesting features of Einstein’s theory is that it allows for
spacetimes with singularities, e.g. black hole solutions. Black holes are perhaps the
most immoderate physical object we know about due to its extreme physics which
really puts our physical intuition to the test. However, the number of analytically
derived black hole-solutions as of yet are very limited because of the complicated
set of equations that needs to be solved. A black hole is a remnant of a once very

9



10 Chapter 1 Introduction

massive star, much heavier than the sun. At the end of a star’s life it collapses
under its own gravitational force and if the star is heavy enough, this implosion
may result in an extremely dense object. As a result of the high mass density,
the gravitational field outside the object becomes so large that not even light can
escape, hence the name black hole. What is interesting is the so called event
horizon, a border outside the black hole which marks the “point of no return”.
Once you have crossed the event horizon, the gravitational “force” becomes so
strong that not even light can escape.

There is evidence that black holes exist and in particular, at the center of our
own galaxy there exists a so called supermassive black hole [2]. The mass of a
supermassive black hole is on the order of billions of solar masses. It is believed
that almost every galaxy has a supermassive black hole at its center.

General relativity has an amazing structure and a lot of interesting physics and
mathematics can be explored if one scratches the surface. For example, the pres-
ence of a symmetry is very appreciated since it simplifies and serves as a tool when
we are trying to solve the equtions. Before we discuss symmetries in the context of
gravity and how it will become useful in this thesis, we begin with some remarks
about symmetries in general.

Perhaps the best way to define the concept of symmetries was given by Weyl: “a
thing is symmetrical if there is something we can do to it so that after we have
done it, it looks the same as it did before” [3]. We understand this definition
perfectly well when we think of a geometrical object, like a circle or a sphere,
whose symmetries are rotational symmetries. We also have symmetries in space
and time, for example: it does not matter when and in which direction I throw
my rock, its trajectory will be the same. The reason why we are interested in the
symmetries of nature is not only because they are beautiful, they simplify and give
us further support in matters. For instance, going back to the previous example
about the trajectory of a rock, we know that nothing in the equations of motion
should depend on the direction, or time, in which I throw my rock. Moreover,
nothing in the solution should depend on the direction or time either. That is,
the symmetries of a system can and should be used as an extra input when we are
trying to solve a problem.

These are examples of symmetries acting on spacetime, external symmetries. If
we study the microscopic world we find a lot of symmetries on the particle fields
themselves which are called internal symmetries. The standard model is a so
called gauge theory since it is invariant under gauge transformations. A gauge
transformation is basically a transformation which depends on spacetime, a local
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transformation, in contrast to transformations that are constant, global transfor-
mations. In the standard model the gauge symmetries are responsible for the three
fundamental interactions.

In special relativity we have coordinate invariance, Poincare invariance. If this
is extended to local coordinate invariance we get general relativity and thereby
gravity. For example, the measure d4x changes to d4x

√
g in order to be invariant

under general coordinate transformations. Thus, gravity might be considered as a
gauge theory of global spacetime transformations. In particle physics, beyond the
standard model, it is believed that there exists a global, so called, supersymmetry
which relates bosons to fermions. If we make this supersymmetry local as well
we necessarily introduce gravity. Thus, supergravity might be considered as a
gauge theory of global supersymmetry. In other words, supergravity, or local
supersymmetry, is a combined theory of gravity and a supersymmetric particle
theory. Just like the spin 1 gauge field Aµ is introcued when one implements local
U(1) invariance for a spin 1/2 field, we have to add the gravitino gauge field in
order for the Lagrangian to be invariant under local supersymmetry. Thus, gravity
is required for local supersymmetry.

There are different versions of supersymmetry depending on the number of super-
symmetry generators. Minimal supergravity, or N = 1 supergravity, is a theory
with only one supersymmetric generator, N = 2 has two supersymmetric genera-
tors which would for example give two gravitinos when acted upon a graviton and
maximal supergravity, N = 8, has eight supersymmetric generators.

Another type of symmetry is a symmetry which acts on the space of solutions.
This space may be considered to consist of functions. This does not mean that
the functions themselves are unchanged under this symmetry operation. It means
that given a function which is a solution we can find another function which is also
a solution by acting with our symmetry operation. The notion of symmetry here
is thus realized by the fact that we do not destroy the “solution property” of our
functions.

1.2 Motivation to This Thesis

In this thesis we will make extensive use of symmetries connected to gravity. We
will begin by assuming that the metric g does not depend on time. This means that
the time-dimension is“superfluous”and that there is an effective lower dimensional
theory. That is, our D-dimensional theory can be treated as a (D−1)-dimensional
theory. If the metric is independent of more coordinates we can continue and
formulate an even lower dimensional effective theory. As it turns out, when one
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reduces a gravitational theory to three dimensions a hidden symmetry emerges, a
symmetry which was not seen from the higher dimensional theory. When we talk
about a symmetry in this case we mean that there exists a set of transformations
that we can apply to the fields in our Lagrangian which leaves it invariant. By the
action principle this means that we have a symmetry on the space of solutions,
just like we discussed above. By utilizing these newly found symmetries, solution
generating methods can be developed.

Kaluza and Klein pioneered the idea of fomulating gravity in a lower dimension.
They played with the idea of reducing five-dimensional pure gravity to four dimen-
sions and discovered that the part of the metric polarized in the fifth dimension
manifests itself as electromagnetism in four dimensions. This inspired others to
reduce gravity and gravity-matter systems in various dimensions. The Einstein-
Hilbert action in D = 4

S =
∫

d4x
√
gR (1.1)

has seemingly a relatively simple structure1. However, when one dimensionally
reduces to lower dimensions hidden symmetries emerge.

As explained above, Einstein’s field equations are very difficult to solve which
is one of the main reasons why we are interested in finding symmetries. These
symmetries allow us to take a “shortcut” in finding new solutions. For example, as
we will see in this thesis, one can start from a spherically symmetric solution with
mass m and generate a solution with electric charge added. Compared to if we
would have solved Einstein’s field equations with a stress tensor, we do not have
to solve any equations.

Solutions and solution generating techniques to Einstein’s four-dimensional field
equations have been studied extensively over the years [4]. In the 1970’s, Geroch
observed that if one dimensionally reduces down to two dimensions one discovers
an infinte-dimensional symmetry, an affine Kac-Moody group [5]. For the case of
stationary, axisymmetric solutions in four dimensions this corresponds to the so
called Geroch group. Julia was one of the first who tried to get a better group
theoretical understanding of Geroch’s result ( see e.g. [6]). In [7] a linear system, a
so called Lax-pair, was derived indicating that two-dimensional gravity is integrable
giving it a connection to the “Inverse Scattering Method”. The group theoretical
aspects of it was further developed, among others, by Breitenlohner and Maison
[8, 9]. The latter has been one of the most important sources of inspiration to this
thesis. Their results include solution generating methods and uniqueness theorems
for static black holes.

1R is the Ricci tensor and g = |det gµν |.
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A recent development was made by Katsimpouri, Kleinschmidt and Virmani [10,
11], where the method by Breitenlohner and Maison is applied to the case of pure
gravity and STU supergravity. The purpose of this thesis has been to follow and
extend their approach. More specifically:

The goal has been to investigate whether previously known techniques
can be used for the case when minimal supergravity in D = 5 is reduced
down to two dimensions.

In this case, the symmetry group is the affine extension of G2(2) and the coset space
G2(2)/SO(2, 2). We will not in this thesis discuss the nature of supergravity in any
further extent. Instead we will focus on applying the solution generating technique
discussed in the forthcoming chapters to this theory. For a more comprehensive
discussion about supergravity, see [29].

1.3 Outline

In this thesis, the main focus has been to apply a solution generating technique
to the G2(2) group and its affine extension. Consequently, a lot of effort has been
put into finding explicit solutions and expressions. In the first half, symmetries in
D = 3 are investigated and in the second half we move on to D = 2. Throughout
the thesis, the required theory is presented prior to the calculations. However,
many concepts and objects are not explained and assumed to be known to the
reader. In particular, the reader is assumed to have knowledge within general
relativity, tensor calculus, the action principle, basic differential geometry and
group theory.

The group SL(2,R) is the simplest example of a symmetry emerging from dimen-
sional reduction and will therefore return occasionally for illustration purposes. In
the first chapters of this thesis, this group will have a prominent role but in the
last chapters we will instead focus on the G2(2) group.

The outline of the thesis is as follows. We begin in the second chapter by per-
forming dimensional reduction of pure gravity from D = 4 to D = 3 and then
dualize. Even though this is the simplest example of a reduction, most of the
results are transferable to more complicated cases. The reason is because we have
reduced the Ricci scalar which is by far the most difficult and tedious object. In
chapter 3 we present the so called sigma-model and explain how and why there is
a symmetry and how the solution generating process works. In chapter 4 we apply
the method and show how the Schwarzschild and Reissner-Nordström metrics are
related. Chapter 5 aims to give an understanding of how the infinite-dimensional
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symmetry emerges in two dimensions and a few important concepts are introduced.
In chapter 6 we review some properties about the G2(2) group and the coset space
G2(2)/SO(2, 2). In the last chapter, the main results of this thesis are presented.
Here we review and apply a solution generating method for the affine Kac-Moody
group G+

2(2) by generating the five-dimensional Reissner-Nordström metric using
Schwarzschild as seed solution.



2
Dimensional Reduction from D = 4 to

D = 3

Under the assumption that there exists a coordinate on which the metric com-
ponents do not depend, e.g. time, we can perform dimensional reduction of our
theory. Dimensional reduction1 is very close to the concept of compactification
and we should say something about what separates them. Compactification is
performed when one is trying to describe a theory in a spacetime in which some of
the dimensions are compact. For example, a five-dimensional world where the fifth
coordinate is compactified into a circle. If the radius of this circle is very small the
theory can be considered as effectively four-dimensional. The mathematics behind
this procedure was first developed by Kaluza and Klein (KK) and it works as
follows: since the fifth coordinate parametrizes a circle we can Fourier expand all
the fields of our theory in this coordinate. The different fields are constituents of
the metric (more about this later) and other possible terms in the Lagrangian, e.g.
a Maxwell term. As it turns out, the non-zero modes give rise to massive particles
with mass proportional to the inverse radius of the compactified dimension. Since
we assume that this radius is small these massive particles have masses which are
far beyond our present energy scale. Thus, they can be ignored and what is left
is all the zero modes which do not depend on the fifth-coordinate. Knowing this
one can just assume that nothing in the theory depends on the fifth coordinate
without having to do the Fourier expansion.

Now, consider a spacetime in which the fifth dimension is not compactified
into a circle. Instead, we assume that there exists a symmetry such that nothing
depends on the fifth coordinate. That is, we are restricting ourselfs to the special

1Henceforth referred to as just reduction.

15



16 Chapter 2 Dimensional Reduction from D = 4 to D = 3

case where the metric and the other fields in our theory only depend on the first
four components. This makes our theory effectively four-dimensional and we can
use the same technique described above to perform dimensional reduction. In
particular, we can use the same ansatz for the metric.

To sum up: to perform dimensional reduction and compactification one uses
the same mathematics. However, the physical motivation behind it differs.

In this chapter we will do the reduction of pure gravity in D = 4 to D = 3 by
Kaluza-Klein techniques. First we will find a suitable parametrization of the four-
dimensional metric in terms of the three-dimensional metric and some additional
fields, then we will express the four-dimensional Einstein-Hilbert action in terms of
these fields. This will result in a gravity matter system in three-dimensions where
the matter term exhibits a global symmetry. The results of this chapter can be
found in the literature, e.g. [12], but the derivations are often omitted. Thus, the
purpose of this chapter is not only to introduce the concepts but also to present the
explicit derivations. We will make use of a non-coordinate basis in this chapter,
called vielbein. See appendix A for a brief introduction to the subject.

2.1 Parametrization of the Metric

We start from pure gravity in D = 4 which is described by the action

S =
∫
d4x

√
g(4)R(4). (2.1)

We would like to find an appropriate2 ansatz for the metric g
(4)
µ̂ν̂ which we will

simply denote gµ̂ν̂ . We start by decomposing it as

g
(4)
µ̂ν̂ =

(
gµν gµ3
g3ν g33

)
(2.2)

where µ̂, ν̂ = 0,1,2,3 and µ, ν = 0,1,2. That is, four-dimensional objects are
distinguished from three-dimensional objects by a hat. We will use this notation
throughout unless clearly stated otherwise. We see from (2.2) that µ̂ = 3 is the
coordinate which the metric does not depend on and consequently, the dimension
we can reduce. The signature of the metric depends on whether we reduce on
a time like or a space like coordinate. If we reduce on a time like coordinate
we have the signature (1, 1, 1,−1) and if we reduce a space like coordinate we
have the signature (−1,1,1,1). If we were to insert our ansatz (2.2) into (2.1) the
resulting action would look somewhat messy. For example, the three-dimensional
Einstein Hilbert term

√
gR(3) will have some extra factors on it which will cause

2The precise meaning of this will become clear later on.
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some unnecessary difficulties. This indicates that gµν is not the three-dimensional
metric we are looking for. Moreover, gµ3 will not turn out to be a useful parameter
either. In order to find a better metric parameterization we must consider how the
different parts in (2.2) transform under general coordinate transformations. Our
four-dimensional metric transforms3 as

g′µ̂ν̂(x′) = ∂xρ̂

∂x′µ̂
∂xσ̂

∂x′ν̂′
gρ̂σ̂(x) (2.3)

which in infinitesimal form x′µ̂ = xµ̂ + ελµ̂ becomes

δgµ̂ν̂ = ∂ν̂λ
σ̂gµ̂σ̂ + ∂µ̂λ

ρ̂gρ̂ν̂ + λρ∂ρgµ̂ν̂ (2.4)

Vectors and scalars transform as

δgµ̂ = ∂µ̂λ
σ̂gσ̂ + λρ∂ρgµ̂

δg = λρ∂ρg
(2.5)

respectively. Let us now see how gµν , g3ν , g33 transform under the assumption that
gµ̂ν̂ transforms as a tensor under general coordinate transformations. First we
consider external coordinate transformations, i.e. in the unreduced space which
means that

λµ̂ =

0 µ̂ = 3
6= 0 µ̂ 6= 3

. (2.6)

In this case we have that λµ̂ depends only on the external coordinates. If we put
(2.6) into (2.4) we get for the different parts gµν , g3ν , g33

δgµν = ∂νλ
σ̂gµσ̂ + ∂µλ

ρ̂gρ̂ν + λρ∂ρgµν ,

δgµ3 = ∂3λ
σ̂gµσ̂ + ∂µλ

σ̂gσ̂3 + λρ∂ρgµ3

= ∂µλ
σ̂gσ̂3 + λρ∂ρgµ3,

δg33 = ∂3λ
σ̂g3σ̂ + ∂3λ

ρ̂gρ̂3 + λρ∂ρg33

= λρ∂ρg33.

(2.7)

We see that under external coordinate transformations gµν transforms as a 2-
tensor, gµ3 as a vector and g33 as a scalar. We continue by checking how they
transform under internal coordinate transformations, i.e transformations of the
reduced coordinates

λρ̂ =

 6= 0 ρ̂ = 3
= 0 ρ̂ = ρ

. (2.8)

3As we will discuss below, these are not the only symmetries our theory contains.
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Contrary to the first case λρ̂ is allowed to depend on x3 as will become apparent
later. We insert (2.8) into (2.4)

δgµν = ∂νλ
σ̂gµσ̂ + ∂µλ

ρ̂gρ̂ν + λρ∂ρgµν

= ∂νλ
3gµ3 + ∂µλ

3g3ν + λ3∂3gµν

= ∂νλ
3gµ3 + ∂µλ

3g3ν

δgµ3 = ∂3λ
σ̂gµσ̂ + ∂µλ

σ̂gσ̂3 + λρ∂ρgµ3

= ∂µλ
3g33 + ∂3λ

3g3µ + λ3∂3g3ν

= ∂µλ
3g33 + ∂3λ

3g3µ

δg33 = ∂3λ
σ̂g3σ̂ + ∂3λ

ρ̂gρ̂3 + λρ∂ρg33

= 2∂3λ
3g33.

(2.9)

Note here that ∂3λ
3 not neccesarily has to vanish but it should be independent of

x3 since otherwise g33 will depend on x3. This suggests that

λ3 = λ̃(xµ) + Λx3. (2.10)

Inserting this into (2.9) yields

δgµν = ∂νλ̃gµ3 + ∂µλ̃g3ν (2.11a)

δg3µ = ∂µλ̃g33 + Λg3µ (2.11b)

δg33 = 2Λg33. (2.11c)

From this we see that gµν is not invariant, as we would like for the three-dimensional
metric. The reason for this is that we want the metric to live only in this three
dimensional spacetime and not depend on the fourth dimension at all. Consider
the ansatz

gµν = g̃µν +Gµν (2.12)

and the transformation properties

δg̃µν = 0
δGµν = ∂νλ̃gµ3 + ∂µλ̃g3ν

(2.13)

according to (2.11a). We make this decomposition in order to find the three
dimensional invariant metric which we now hope to be g̃µν . For g̃µν to transform
as a covariant 2 tensor under external coordinate transformations we need Gµν to



2.1 Parametrization of the Metric 19

transform as a covariant 2 tensor as well4. A reasonable ansatz would be Gµν ∼
gµ3g3ν since we have seen that gµ3 is a vector. The transformation becomes

δGµν = δ(gµ3g3ν) = δgµ3g3ν + gµ3δg3ν

=
(
∂µλ̃g33 + Λgµ3

)
g3ν + gµ3

(
∂νλ̃g33 + Λg3ν

)
(2.14)

= ∂µλ̃g33g3ν + ∂νλ̃g33gµ3 + 2Λgµ3g3ν .

Obviously this is not right and we note the unwanted g33. At this stage we have to
consider if gµ3 is really the vector we are looking for. Since g33 is the only scalar,
we try gµ3 = g33g̃µ so that we do not change the transformation property under
external transformations. We get

δ(g33g̃µ) = 2Λg33g̃µ + g33δg̃µ = ∂µλ̃g33 + Λgµ3 (2.15)

which means that

δg̃µ = ∂µλ̃− Λg̃µ. (2.16)

As we can see, the part of the internal coordinate transformations that depends
on xµ manifests itself as a U(1) gauge transformation together with a scaling Λg̃µ.
To remove the unwanted g33 from (2.14) we try the ansatz Gµν = g33g̃µg̃ν , i.e. a
factor of g33 less than before, and see that

δGµν = δ(g33g̃µg̃ν) = δg33g̃ν g̃µ + g33δg̃ν g̃µ + g33g̃νδg̃µ

= 2Λg33gν g̃µ + g33(∂νλ̃− Λg̃ν)g̃µ + g33g̃ν(∂µλ̃− Λg̃µ) (2.17)

= ∂νλ̃gµ3 + ∂µλ̃g3ν .

Finally, Gµν has the desired transformation property and we choose to parametrize
our metric gµ̂ν̂ as

gµ̂ν̂ =
(
g̃µν + g33g̃µg̃ν g33g̃µ

g33g̃ν g33

)
(2.18)

As it turns out when we perform the dimensional reduction we should make the
replacement g̃µν → g−1

33 g̃µν in order to get the correct Einstein Hilbert term in the
Lagrangian. Since g33 is a scalar we do not change any transformation properties
of g̃µν under external coordinate transformations. More generally, one can do the
replacement g̃µν → λg̃µν and then find that λ = g−1

33 is a suitable choice for the
conformal factor. The final metric ansatz which we will use is therefore

gµ̂ν̂ =
(
g−1

33 g̃µν + g33g̃µg̃ν g33g̃µ
g33g̃ν g33

)
. (2.19)

4 Since we have seen that gµν is a covariant 2 tensor.
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To sum up:

� g̃µν is as 2 tensor under external coordinate transformations and is indepen-
dent of internal coordinates. Under the internal coordinate transformation
that depends on x3 it transforms with a constant scaling factor Λ.

� g̃µ is a vector under external coordinate transformations and transforms with
a U(1) gauge under internal coordinate transformations. Moreover, it also
scales with the constant factor Λ in a way that makes the Lagrangian invari-
ant.

� g33 is a scalar under external coordinate transformations and scales with a
constant factor Λ under internal coordiante transformations.

It is a bit strange that our three-dimensional metric g̃µν transforms under internal
coordinate transformations. To overcome this we use the fact that our equations
of motions, i.e. Einstein’s equations, have another symmetry. We can scale our
metric with a constant k, gµ̂ν̂ → k2gµ̂ν̂ . This is not a symmetry of the Lagrangian
which picks up a constant factor but this does not effect the equations of motion.
Now, if we consider infinitesimal transformations of this scaling symmetry, k ≈
(1 + a), we have δgµ̂ν̂ = 2agµ̂ν̂ where a is an infinitesimal constant parameter.
The transformations under both this “new‘” scaling and the old one of the various
components become

δg33 = (2Λ + 2a)g33

δg̃µν = 2ag̃µν − 2g̃µν(a+ c)
(2.20)

where c is the shift of the phase when one considers g33 = e2φ. The idea is to use
the “k- transformation” to compensate for the transformation generated by the
internal coordinate transformations in such a way that δg̃µν = 0.

2.2 Reduction to D = 3
At this point it is a good idea to change our variables to make the notation a bit
clearer. Let g33 = eφ, g̃µ = Aµ and g̃µν = gµν . That is

gµ̂ν̂ =
(

e−φgµν + eφAµAν eφAµ
eφAν eφ

)
. (2.21)

To get the three-dimensional action we insert our metric ansatz (2.21) into (2.1).
The effective three-dimensional theory is obtained by restricting our coordinate
dependence as described above.
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2.2.1 The Determinant

We start by expressing
√
g in terms of det(gµν) which we will denote g(3). By using

the fact that

det

(
A B
C D

)
= det(D)det(A−BD−1C)

we get

det(gµ̂ν̂) =
(

e−φgµν + eφAµAν eφAµ
eφAµ eφ

)
= det(eφ)det(e−φgµν + eφAµAν − eφAµe−φeφAν) (2.22)

= e−2φdet(gµν).

2.2.2 The Spin Connection

We continue the reduction by expressing R(4) in terms of R,Aµ and eφ where R
is the three-dimensional Ricci scalar. This is preferably done in the vielbein basis
using Cartan’s equations. In the following calculations we distinguish the four-
dimensional fields from the three-dimensional ones by a hat. In the vielbein basis
we have that

dŝ2 = êα̂êβ̂ηα̂β̂ = êαêβηαβ + ê3ê3 (2.23)

From our metric ansatz

dŝ2 = eαφds2 + eβφ(dz +Aµdxµ)2 = eαφeαeβηαβ + eβφ(dz +Aµdxµ)2 (2.24)

we see that

êα = e
αφ
2 eα ê3 = e

βφ
2 (dz +Aµdxµ). (2.25)

Here we consider a slightly more general ansatz than our previous one by allowing
the dilaton field to have a prefactor of α and β. The reason for this is to make
the dilaton kinetic term more general which means that one can choose different
normalizations. We define the structure constants Ĉα

βγ

dêα = −1
2Ĉ

α
βγ ê

β ∧ êγ. (2.26)
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If we differentiate (2.25) we get

dêα = d(e
αφ
2 eα) = α

2 e
αφ
2 dφ ∧ eα + e

αφ
2 deα

= α

2 e
αφ
2 ∂γφe

γ ∧ eα − 1
2e

αφ
2 Cα

βγ e
β ∧ eγ

= α

2 ∂γφe
γ ∧ êα − 1

2C
α
βγ e

β ∧ êγ

= −1
2e−

αφ
2
(
−α∂βφδαγ + Cα

βγ

)
êβ ∧ êγ,

(2.27)

dê3 = d
(
e
βφ
2 (dz +Aµdxµ)

)
= β

2 e
βφ
2 (dφ ∧ (dz + Aµdx

µ) + e
βα
2 d(dz +Aµdxµ)

= β

2 e
βφ
2 (∂γφeγ ∧ (dz + Aµdx

µ) + e
βα
2 (d(dz) + d(Aµdxµ))

= β

2 ∂γφe
γ ∧ ê3 + e

βφ
2 ∂[γAβ]e

γ ∧ eβ

= β

2 e−
αφ
2 ∂γφê

γ ∧ ê3 + 1
2e(βφ2 −αφ)Fγβ êγ ∧ êβ.

(2.28)

Here, ∂γφ should be interpreted as eµγ∂µφ and the field strength F = dA. We
continue by calculating the spin connections ω̂αβ defined as

∇Aα = dAα + ω̂αβ ∧ Aβ, (2.29)

where Aα is a p-form. If we let Aα = êα we get

∇êα = dêα + ω̂αβ ∧ êβ. (2.30)

We can think of the spin connection ω as the Levi-Civita connection in the vielbein
basis. The Levi-Civita connection is defined in such a way that the following two
conditions are satisfied

∇µgνρ = ∂µgνρ − Γλµνgλρ − Γλµρgνλ = 0 (2.31)

Γµνρ − Γµρν = 0. (2.32)

One can express the spin connection in terms of the Levi-Civita connection as [13],
p.246

ω̂αβµ = −ê ν
β (∂µêαν − Γλµν êαλ) (2.33)
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which yields

Γλµν = êβν ê
λ
αω̂

α
βµ + êλα∂µê

α
ν . (2.34)

The symmetry property (2.32) implies that Γλµνdxµ ∧ dxν = 0. Consequently, by
multiplying (2.34) by dxµ ∧ dxν we get

Γλµνdxµ ∧ dxν =
(
êβν ê

λ
αω̂

α
βµ + êλα∂µê

α
ν

)
dxµ ∧ dxν

= êλα
(
∂µê

α
ν + ω̂αβµ ê

β
ν

)
dxµ ∧ dxν

= êλα∇êα = 0.

If we multiply by êβλ, change our index back to α we get the so called torsion free
condition ∇êα = 0 which, by using (2.30), can be expressed as

dêα = −ω̂αβ ∧ êβ. (2.35)

To read of the structure constants from (2.27) and (2.28) we have to remember to
antisymmetrize in β and γ

Ĉα
βγ = e−

αφ
2
(
α∂[γφδ

α
β] + Cα

βγ

)
(2.36a)

Ĉ3
3γ = β

2 e−
αφ
2 ∂γφ (2.36b)

Ĉ3
βγ = −e

βφ
2 −αφFβγ. (2.36c)

We can expand (2.35) as dêα = −ω̂αβ ∧ êβ = −ω̂ α
γ β ê

γ ∧ êβ which means that

−1
2Ĉ

α
βγ ê

β ∧ êγ = ω̂ α
γ β ê

β ∧ êγ.

Since Ĉα
βγ is antisymmetric in β and γ we get for α, β, γ = 0,1,2,3

Ĉα
βγ = −

(
ω̂ α
γ β − ω̂ α

β γ

)
(2.37)

and if we consider

1
2
(
Ĉαβγ + Ĉγαβ − Ĉβγα

)
= 1

2 (ω̂βαγ − ω̂γαβ + ω̂αγβ − ω̂βγα − ω̂γβα + ω̂αβγ)

= ω̂βαγ

we have the spin connection expressed in terms of the structure constants

ω̂αβγ = 1
2
(
Ĉαβγ − Ĉγαβ − Ĉβγα

)
. (2.38)
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As indicated above, our indices run from 0 to 3, i.e. this is true in D = 4 as well.
Now we can calculate the components of our spin connection

ω̂αβγ = 1
2

(
e−

αφ
2

(
α∂αφδαβ − α∂βδαγ + Cαβγ

)
− e−

αφ
2 (α∂βφδαγ − α∂αδβγ + Cγαβ)

− e−
αφ
2 (α∂αφδβγ − α∂γδαβ + Cβγα)

)
= e−

αφ
2 ωαβγ + αe−

αφ
2 (∂γφδαβ − ∂βφδαγ)

(2.39)

ω̂3αβ = 1
2
(
Ĉ3αβ − Ĉβ3α − Ĉαβ3

)
= 1

2Ĉ3αβ

= −1
2e

βφ
2 −αφFαβ

(2.40)

ω̂α3β = 1
2
(
Ĉα3β − Ĉβα3 − Ĉ3βα

)
= −1

2Ĉ3βα

= 1
2e

βφ
2 −αφFβα

(2.41)

ω̂33β = 1
2
(
Ĉ33β − Ĉβ33 − Ĉ3β3

)
= Ĉ33β

= β

2 e−
αφ
2 ∂βφ.

(2.42)

Finally we get the spin connections ω̂αβ = ω̂ α
δ β ê

δ + ω̂ α
3 β ê

3, α,β = 0, 1, 2, 3

ω̂αβ = ωαβ + α

2 e−
αφ
2 (∂βφêα − ∂αφηβγ êγ)−

1
2e

βφ
2 −αφFαβ ê3 (2.43)

ω̂3
α = β

2 e−
αφ
2 ∂αφêz + 1

2e
βφ
2 −αφFαβ êβ (2.44)

Other components are obtained from the antisymmetry property ω̂αβ = −ω̂βα.

2.2.3 The Riemann Tensor

From now on we set α = −β to get the ansatz (2.24) to coincide with (2.21). To
get the Riemann tensor R̂α̂

β̂γ̂δ̂
we use Cartan’s equations

1
2R̂

α̂
β̂γ̂δ̂
êγ̂ ∧ êδ̂ = dω̂α̂

β̂
+ ω̂α̂κ̂ ∧ ω̂κ̂β̂ . (2.45)
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The Ricci scalar R̂ is given in terms of R̂ = R̂βδη
βδ + R̂33 which in turn are given

by

R̂βδ = R̂α
βγδη

γ
α + R̂3

β3δ

R̂33 = R̂α
3γ3η

γ
α. (2.46)

A useful identity is

d(êκν) = ∂µ(êκ)dxµ ∧ dxν = ∂µ(e
αφ
2 eκν)dxµ ∧ dxν

= ∂µ(e
αφ
2 eκν)eµγeνδeγ ∧ eδ = α

2 ∂µφe
αφ
2 eκνe

ν
δe
µ
γe
γ ∧ eδ

+ e
αφ
2 ∂µ(eκν)êνδêµγ êγ ∧ êδ = e

αφ
2 d(eκ) + α

2 e−
αφ
2 ∂γφη

γ
δ ê
γ ∧ êδ.

(2.47)

We start with R̂α
βγδ

1
2R̂

α
βγδ ê

γ ∧ êδ = dω̂αβ + ω̂ακ̂ ∧ ω̂κ̂β = dω̂αβ︸ ︷︷ ︸
I

+ ω̂ακ ∧ ω̂κβ︸ ︷︷ ︸
II

+ ω̂α3 ∧ ω̂3
β︸ ︷︷ ︸

III

. (2.48)

In the following calculations we will drop all the êα ∧ ê3 terms since they cancel
anyway. The different parts are given by:

I:

dω̂αβ = d
(
ωαβ + α

2 e−
αφ
2 (∂βφêα − ∂αφηβγ êγ)−

1
2e

βφ
2 −αφFαβ ê3

)
= dωαβ −

α2

4 ∂γφ∂βφe−αφδαδ ê
γ ∧ êδ − α2

4 e−αφ∂γφ∂
αηβδê

γ ∧ êδ

+ α

2 e−αφ(∂γ∂βφδαδ − ∂γ∂αηβδ)êγ ∧ êδ + α

2 e−αφ(∂βφδακ − ∂αφηβκ)d(êκ)

− 1
2e−

3αφ
2 Fαβ d(ê3)

= dωαβ −
α2

4 ∂γφ∂βφe−αφδαδ ê
γ ∧ êδ

− α2

4 e−αφ∂γφ∂
αηβδê

γ ∧ êδ + α

2 e−αφ(∂γ∂βφδαδ − ∂γ∂αηβδ)êγ ∧ êδ

+ α

2 e−αφ (∂βφδακ − ∂αφηβκ)
(

e
αφ
2 d(eκ) + α

2 e−
αφ
2 ∂γφη

γ
δ ê
γ ∧ êδ

)
− 1

2e−
3αφ

2 Fαβ d(ê3)

= dωαβ + α

2 e−αφ(∂γ∂βφδαδ − ∂γ∂αηβδ)êγ ∧ êδ

+ α

2 (∂βφδακdeκ − ∂αφηβκdeκ)−
1
4e−3αφFαβFγδêγ ∧ êδ.

(2.49)
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II:

ω̂ακ ∧ ω̂κβ =
(
ωακ + α

2 e−
αφ
2 (∂κφêα − ∂αφηκγ êγ)

)
∧
(
ωκβ + α

2 e−
αφ
2 (∂βφêκ − ∂κφηβγ êγ)

)
= ωακω

κ
β + α

2 e−
αφ
2
(
∂βφω

α
κ ∧ êκ − ∂κφηβδωακ ∧ êδ

)
+ α

2 e−
αφ
2
(
∂κφê

α ∧ ωκβ − ∂αφηκγ êγ ∧ ωκβ
)

+ α2

4 e−αφ
(
∂κφ∂βφê

α ∧ êκ − ∂κφ∂κêα ∧ êδηβδ − ∂αφ∂βφηκγ êγ ∧ êκ

+ ∂αφ∂κφηκγηβδê
γ ∧ êδ

)
= ωακ ∧ ωκβ + α

2 e−
αφ
2
(
∂βφω

α
κ ∧ êκ − ∂αφηκγ êγ ∧ ωκβ

)
+ α2

4 e−αφ
(
∂δφ∂βφη

α
γ − (∂φ)2ηβδη

α
γ − ∂αφ∂βφηδγ + ∂αφ∂κφηβδ

)
êγ ∧ êδ

+ α

2 e−αφ
(
−∂κφω κ

γ βη
α
δ − ∂κφηβδω α

γ κ

)
êγ ∧ êδ.

(2.50)

Here we have defined (∂φ)2 = ∂αφ∂
αφ.

III:

ω̂α3 ∧ ω̂3
β =

(
−1

2F
α
γ e−

3αφ
2 êγ

)
∧
(1

2Fβδ e−
3αφ

2 êδ
)

= −1
4e−3αφFαγFβδêγ ∧ êδ. (2.51)

All together we get

dω̂αβ + ω̂ακ̂ ∧ ω̂κ̂β = dω̂αβ + ω̂ακ ∧ ω̂κβ + ω̂α3 ∧ ω̂3
β = dωαβ + ωακ ∧ ωκβ

+ α

2 e−αφ
(
∂γ∂βφδ

α
δ − ∂γ∂αφηβδ − ∂κφω κ

γ βη
α
δ − ∂κφηβδω α

γ κ

)
êγ ∧ êδ

+ α

2
(
∂βφη

α
κdeκ − ∂αηβκdeκ + ∂βφω

α
κ ∧ eκ − ∂αφηκγeγ ∧ ωκβ

)
+ α2

4 e−αφ
(
− ∂γφ∂βφηαδ + ∂γφ∂

αφηβδ + ∂γφ∂βφη
α
δ

− ∂αφ∂γφηδβ + ∂δφ∂βφη
α
γ − ∂αφ∂βφηδγ + ∂αφ∂γφηβδ

)
êγ ∧ êδ

− α2

4 e−αφ (∂φ)2 ηβδη
α
γ −

1
4e−3αφFαβFγδêγ ∧ êδ

− 1
4e−3αφFαγFβδêγ ∧ êδ

= dωαβ + ωακ ∧ ωκβ + α

2 e−αφ
(
∇γ∂βφη

α
δ −∇γ∂

αφηβδ
)
êγ ∧ êδ
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+ α

2 (∂βφ∇eα − ∂αφηβκ∇eκ)−
α2

4 e−αφ (∂φ)2 ηαγηβδ ê
γ ∧ êδ

+ α2

4 e−αφ
(
∂δφ∂βφη

α
γ − ∂αφ∂βφηδγ + ∂αφ∂γφηδβ

)
êγ ∧ êδ

− 1
4e−3αφFαβFγδêγ ∧ êδ −

1
4e−3αφFαγFβδêγ ∧ êδ. (2.52)

Now if we use ∇eα = 0, antisymmetrize in γ and δ and multiply by a factor of 2
we get the Riemann tensor

R̂α
βγδ = e−αφRα

βγδ + α

2 e−αφ
(
∇γ∂βφη

α
δ −∇δ∂βφη

α
γ −∇γ∂

αφηβδ +∇δ∂
αφηβγ

)
+ α2

4 e−αφ
(
∂δφ∂βφη

α
γ − ∂γφ∂βφηαδ + ∂αφ∂γφηδβ − ∂αφ∂δφηγβ

)
− α2

4 e−αφ (∂φ)2 (ηαγηβδ − ηαδηβγ )−
1
2e−3αφFαβFγδ

− 1
4e−3αφ

(
FαγFβδ −FαδFβγ

)
.

(2.53)

We continue by calculating R̂3
β3δ.

1
2R̂

3
β3δ ê

3 ∧ êδ = dω̂3
β︸ ︷︷ ︸

I

+ ω̂3
κ ∧ ω̂κβ︸ ︷︷ ︸

II

(2.54)

Just like above, we drop all the terms not containing ê3 ∧ êδ and get

I:

dω̂3
β = d

(−α
2 e−

αφ
2 ∂βφê

3 + 1
2e−

3αφ
2 Fβδ êδ

)
= α2

4 e−αφ∂δφ∂βφê
δ ∧ ê3 − α

2 e−αφ∂δ∂βφê
δ ∧ ê3 − α

2 e−αφ∂βφd(ê3)

+ 1
2e−

3αφ
2 Fβδd(êδ).

(2.55)

II:

ω̂3
κ ∧ ω̂κβ =

(−α
2 e−

αφ
2 ∂κφê

3 + 1
2e
−3αφ

2 Fκδ êδ
)

∧
(
ωκβ + α

2 e−
αφ
2
(
∂βφê

κ − ∂κφηβδêδ
)
− 1

2e−
3αφ

2 Fκβ ê3
)

= −α
2

4 e−αφ
(
∂δφ∂β ê

3 ∧ êδ − (∂φ)2ηβδê
3 ∧ êδ

)
− 1

4e−3αφFδκFκβ ê3 ∧ êδ − α

2 e−αφ∂κφω
κ
δ β ê

3 ∧ êδ.
(2.56)
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All together we get

dω̂3
β + ω̂3

κ ∧ ω̂κβ = −α
2

2 e−αφ∂δφ∂βφê
3 ∧ êδ + α

2 e−αφ∇δ∂βφê
3 ∧ êδ

+ α2

4 e−αφ(∂φ)2ηβδê
3 ∧ êδ − 1

4e−3αφFδκFκβ ê3 ∧ êδ

− α2

4 e−αφ∂βφ∂δφê
3 ∧ êδ. (2.57)

We have to divide by a factor of two to get the Riemann tensor component R̂3
β3δ to

avoid overcounting but this factor cancels with factor of 2 from Cartan’s equations.

R̂3
β3δ = −3α2

4 e−αφ∂δφ∂βφ+ α

2 e−αφ∇δ∂βφ+ α2

4 e−αφ(∂φ)2ηβδ

+ 1
4e−3αφFκδFκβ .

(2.58)

From (2.46) we get

R̂βδ = e−αφRβδ + α

2 e−αφ
(
∇δ∂βφ−D∇δ∂βφ−�φηβδ +∇δ∂βφ+∇δ∂βφ

)
+ α2

4 e−αφ
(
D∂δφ∂βφ− ∂δφ∂βφ+ (∂φ)ηδβ − ∂δφ∂β − 3∂δφ∂βφ

)
− α2

4 e−αφ(∂φ)2(D − 2)ηβδ + 1
4e−3αφFκδFκβ

− 1
2e−3αφFαβFγδηγα −

1
4e−3αφ

(
FαγFβδ −FαδFβγ

)
ηγα

= e−αφRβδ + α

2 e−αφ(3−D)∇β∂βφ−
α

2 e−αφ�φηβδ

+ α2

4 e−αφ∂δφ∂βφ(D − 5)− α2

4 e−αφ(∂φ)2(D − 3)ηβδ −
1
2e−3αφFαβFαδ.

(2.59)

In the above calculations we have used the covariant d’Alembertian � = ∇α∂
α

and D to denote the dimension after reduction, i.e. D = 3 in our case5. Since
Rαβγδ = Rβαδγ we get that R̂α

3γ3 is equal to R̂3
β3δ, with the proper indices, and

therefore

R̂33 = α2

2 e−αφ(∂φ)2(D − 3) + α

2 e−αφ�φ+ 1
4F

2e−3αφ (2.60)

5Actually, our derivation does not become more general by writing D instead of 3 since we
have already used that α = −β which is only true in D = 3. However, it makes it easier to follow
the steps in the calculation if we use D instead of 3.
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where F2 = FαβFαβ. Finally we can put everything together to get R̂ and at the
same time put D = 3

R̂ = e−αφR− αe−αφ�φ− α2

2 e−αφ(∂φ)2 − 1
4e−3αφF2. (2.61)

To get the standard normalization for the dilaton kinetic term we choose α = −1.
If we now put this and (2.22) into (2.1) we obtain the D = 3 effective action

S =
∫
d3x
√
g
(
R− 1

2(∂φ)2 − 1
4e2φF2

)
(2.62)

where the covariant d’Alembertian term has been dropped since it is a total deriva-
tive and the prefactor cancels with the factor from the determinant.

2.2.4 Dualization

In this section we will make a final adjustment of our three dimensional action by
dualizing the field strength F . This will result in a sigma-model on the coset space
SL(2,R)/SO(2) or SL(2,R)/SO(1,1) depending on whether the three-dimensional
space has Lorentzian or Euclidean signature. As it turns out, this sigma-model
is invariant under SL(2,R). We start by considering our three-dimensional La-
grangian from (2.62)

L = √g
(
R− 1

2(∂φ)2 − 1
4e2φF2

)
. (2.63)

It is importan to note here that R is independent of φ and F . The dualization
procedure of (2.63) works as follows: we have defined F as the field strength
associated to the KK-vector A. This means that the Bianci identity6and the field
equations we get by varying A are

∇µ(e2φFµν) = 0
∇µ(εµνρFνρ) = 0.

(2.64)

We denote the Levi-Civita tensor as ε and the Levi-Civita symbol as ε̃. Now, let’s
treat F as in independent , i.e. independent of A. However, we would not like to
loose the information that F is a field strength so we have to add this separately
into the Lagrangian by introducing a new field χ as

L = √g
(
R− 1

2(∂φ)2 − 1
4e2φF2 + χ

1
2ε

µνρ∂µFνρ
)
. (2.65)

6Fµν = gµρFρδgνδ.
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It might seem that the added term vanishes since εµνρ∂µFνρ = 0 but now we have to
remember that F is not considered as the field strength for A. When we consider
the Lagrangian (2.65) we should thus think of it as a function of the variables
gµν ,Fµν , φ, χ. By varying this Lagrangian with respect to the new field χ we get

1
2
√
gεµνρ∂µFνρ = 1

2 ε̃
µνρ∂µFνρ = 1

2∂µ(ε̃µνρFνρ)

= 1
2∂µ(√gεµνρFνρ) = 1

2
√
g∇µ(εµνρFνρ) = 0

i.e. ∇µ(εµνρFνρ) = 0 which is nothing else than the Bianci identity for F . Thus,
by construction, variation with respect to the field χ gives the Bianci identity.
One can say that the Lagrangians (2.63) and (2.65) contain the same amount of
information but expressed in different ways. If we vary (2.65) with respect to Fµν
we get

δL = −
√
g

2 e2φδFµνFµν + χ

2 ε̃
µνρ∂µ(δFνρ)

= −
√
g

2 e2φFµνδFµν + ∂µ

(
χ

2 ε̃
µνρδFνρ

)
− δFνρ∂µ

(
χ

2 ε̃
µνρ
)

=
(
−
√
g

2 e2φFµν − ∂ρF ε̃ρµν
)
δFµν + ∂µ

(
χ

2 ε̃
µνρ
)
δFνρ.

which gives us

Fµν = −e−2φερµν∂ρχ. (2.66)

This tells us that our newly introduced field χ is nothing else than the dual of
Fµνe2φ. The dual of a two form7 F ′ = e2φF is defined as

(?F ′)µ = 1
2εµνρ(F

′)νρ. (2.67)

The inverse expression is obtained by first multiplying by εµσλ

(F ′)νρεµνρεµσλ = 2(?F ′)µεµσλ (2.68)

and use that

εµνρε
µσλ = 2σ(δσν δλρ − δλν δσρ ),

where σ = +1 for Euclidean signature and σ = −1 for Lorentizan,

(F ′)σλ = 1
2σε

µσλ(?F ′)µ.

7To simplify the notation we define F ′.



2.2 Reduction to D = 3 31

If we put this expression into (2.64) we get

∇µ

(
ερµν(?F ′)ρ

)
= 0,

i.e. the field equation for F ′ is the Bianci identity for (?F ′) and vice versa. Since
(?F ′) satisfies a Bianci identity we can introduce a scalar F such that (?F ′)µ = ∂µF
and finally arrive at

(F ′)σλ = 1
2σε

µσλ∂µχ. (2.69)

The last step is to insert (2.66) into the relevant part of (2.65)

LF = √g
(
−1

4e2φF2 + χ

2 ε
µνρ∂µFνρ

)
= −
√
g

4 e2φ
(
−e−2φερµν∂ρχ

) (
−e−2φελµν∂

λχ
)

+ χ

2 ε̃
µνρ∂µ(−e−φελνρ∂

λχ)

= −
√
g

4 e−2φερµνελµν∂ρχ∂
λχ− χ

2 ε̃
µνρ∂µ(e−2φελνρ∂

λχ)

= −
√
g

4 e−2φερµνελµν∂ρχ∂
λχ+

√
g

2 ∂µχe−2φε̃µνρε̃λνρ∂
λχ

= −σ2
√
ge−2φ(∂χ)2 + σ

√
ge−2φ(∂χ)2

= σ

2
√
ge−2φ(∂χ)2.

(2.70)

The complete Lagrangian becomes

L = √g
(
R− 1

2
(
(∂φ)2 − σe−2φ(∂χ)2

))
. (2.71)

This describes a so called non-linear sigma-model coupled to gravity. A general
sigma-model is written as

L = √g
(
R− gµν∂µφi∂νφjγij(φ)

)
. (2.72)

where γij(φ) function as a metric on the coset space and φi as coordinates. The
coset space is also called the target space. From (2.71) we end up with two cases

� If we reduce a spacelike dimension our remaining space has Lorentizan signa-
ture which means that σ = −1 and we get a sigma-model on SL(2,R)/SO(2).

� If we reduce a timelike dimension our remaining space has Euclidean signa-
ture which means that σ = +1 and we get a sigma-model on SL(2,R)/SO(1,1).

That (2.71) is invariant under SL(2,R) is by no means obvious at this stage. In
the next chapter we will show this by rewriting the sigma-model in a way which
makes the symmetry become manifest.
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3
Sigma-Models on Coset Spaces

In the previous chapter we saw that dimensional reduction and dualization of pure
gravity from D = 4 to D = 3 gives rise to a sigma-model. This extends to higher
dimensions and different gravity theories, e.g. Einstein-Maxwell and supergravity.
That is, depending on the theory, the dimension we start with and the number
of Killing vectors, we get different sigma-models. The purpose of this chapter is
to investigate sigma-models with target space G/H and in particular show that
they are invariant under the group G. At the end of this chapter we derive the
three-dimensional field equations. Since SL(2,R) is the symmetry group for the
case of pure gravity we begin by reviewing some basic properties of SL(2,R) and
the coset space SL(2,R)/SO(2).

3.1 The Coset Space SL(2,R)/SO(2)

We claimed in section 2.2.4 that dimensional reduction1 of pure gravity leads to
a sigma-model on the coset space SL(2,R)/SO(2). This means that the field
content in the sigma-model parametrize the coset space. Moreover, the sigma-
model is invariant under SL(2,R). In this section and the sequel we will mainly
focus on this coset space but the results can be generalized for any sigma-model.

1Of a space-like dimension.

33
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3.1.1 SL(2,R)
The group SL(2,R) consists of all 2× 2 real matrices with unit determinant. The
corresponding three-dimensional Lie algebra sl(2,R) is generated by

e =
(

0 1
0 0

)
h =

(
1 0
0 −1

)
f =

(
0 0
1 0

)
(3.1)

which defines the triangular decomposition of sl(2,R) given by

sl(2,R) = Re⊕Rh⊕Rf. (3.2)

The sum is a direct sum of vector spaces. The Lie algebra is defined by the
commutation relations

[h, e] = 2e
[h, f ] = −2f
[e, f ] = h.

(3.3)

The group SL(2,R) has SO(2) as maximal compact subgroup with Lie algebra
(e− f). That is,

so(2) = R(e− f). (3.4)

3.1.2 The Cartan Involution

The Cartan involution θ on a Lie algebra g is defined by its action on the Chevalley
generators ei, fi, hi as [14]

θ(ei) = −fi θ(fi) = −ei θ(hi) = −hi. (3.5)

We can define an invariant and an anti-invariant subspace with respect to θ as

k = {t ∈ g|θ(t) = t}
p = {t ∈ g|θ(t) = −t}

(3.6)

which gives us a decomposition of g as

g = k⊕ p (3.7)

called the Cartan decomposition. The subspace k defines the Lie subalgebra to the
maximal compact subgroup to G. We can check this for the sl(2,R) case. The
Cartan involution becomes

θ(e) = −f θ(h) = −h θ(f) = −e. (3.8)
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This can equivalently be described by

θ : θ(t) = −tT , t ∈ sl(2,R) (3.9)

where ()T denotes matrix transpose. From (3.8) we get that

θ(e− f) = e− f θ(e+ f) = −(e+ f) θ(h) = −h (3.10)

which means that

k = R(e− f)
p = R(e+ f)⊕Rh.

(3.11)

We note here that p is not a subalgebra since it does not close under the Lie
bracket. Moreover, we also note that the subalgebra invariant under the Cartan
involution is indeed the algebra so(2). The Cartan decomposition (3.7) of the Lie
algebra sl(2,R) is given by

sl(2,R) = k⊕ p = R(e− f)⊕Rh⊕R(e+ f) = so(2)︸ ︷︷ ︸
Invariant

⊕Rh⊕R(e+ f)︸ ︷︷ ︸
Anti-invariant

. (3.12)

The key point here is that θ is defined to leave the subalgebra so(2) invariant, i.e.
the Lie algebra which generates the maximal compact subgroup.

3.1.3 Iwasawa Decomposition

In general, the triangular decomposition of a Lie algebra g is given by

g = n− ⊕ n0 ⊕ n+ (3.13)

where the sum is a direct sum of vector spaces. For a connected2 semisimple Lie
group G with Lie algebra g there exists a another global decomposition called
the Iwasawa decomposition [15]. The Iwasawa decomposition of the Lie algebra is
given by [16],

g = n+ ⊕ a⊕ k (3.14)

where k is the Lie algebra for the maximal compact subgroup, a = n0 ∩ p is the
subspace of non-compact Cartan generators. The sum is a direct sum of vector
spaces. The Iwasawa decomposition of the Lie group G is given by [16],

G = NAK (3.15)

2A connected space is a topological space that cannot be represented as the union of two or
more open disjoint subsets.
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where K,A and N are generated by k, a, n+ respectively. This can also be seen as
a decomposition of a group element G into an orthogonal matrix K, a diagonal
matrix A and an upper triangular matrix N . K is the maximal compact subgroup.
From the Iwasawa decomposition we can easily construct a coset representative for
the coset space G/K by choosing K = 1. That is, a coset representative for G/K
is given by

G/K = NA. (3.16)

From the Iwasawa decomposition (3.14) of the Lie algebra g we see that this
coset is generated by a ⊕ n+ which is called the Borel subalgebra. We can find
the decomposition and coset representative explicitly for SL(2,R). We have that
a = Rh, n+ = Re and k = R(e− f) = so(2) which means that (3.14) becomes

sl(2,R) = Re⊕Rh⊕ so(2). (3.17)

Let g ∈ SL(2,R) be an arbitrary element. By exponentiating with the parameters
χ, φ, θ we get that (3.15) becomes

g = NAK = exp(χe) exp(−φ/2h) exp(θ(e− f)) (3.18)

which in matrix form is equal to

g =
(

1 χ
0 1

)(
e−φ/2 0

0 eφ/2

)(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
. (3.19)

The coset representative for SL(2,R)/SO(2) is now given by (3.16). Let V ∈
SL(2,R)/SO(2) be an arbitrary coset element. We have that

V =
(

1 χ
0 1

)(
e−φ/2 0

0 eφ/2

)
. (3.20)

The choice θ = 0 is of course not unique, although the most convenient one, as a
coset representative. Since the sigma-model is parametrized on a coset space the
choice of representative should not matter. As we will see, this is indeed the case
and we may think of this as gauge freedom in our theory and the choice θ = 0 as
a choice of gauge.

In this section we have worked with coset spaces G/K where K is the maximal
compact subgroup. For more general coset spaces where the denominator is not
necessarily a compact subgroup, e.g. SL(2,R)/SO(1, 1) we will use the notation
G/H. However, one has to be careful when H is a non-compact group since the
results of the Iwasawa decomposition is not entirely transferable.

As we have seen the Cartan involution θ is defined to leave the Lie algebra k to
the maximal compact subgroup K of a Lie group G invariant. We can generalize
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this to an involution τ which is defined to leave a subalgebra h of a Lie algebra g
invariant. The Cartan decomposition (3.7) generalizes to

g = h⊕m (3.21)

where m is the anti-invariant subspace with respect to τ . This will become useful
later on when we consider the coset space SL(2,R)/SO(1, 1).

We end this section by defining the transformation of a coset element V of a
general coset space G/H. The coset element V transforms as

V −→ gV k(x). (3.22)

g is a global element in G and k is a local element in the subgroup H depending
on both g and V . The reason why k(x) is spacetime dependent is because V is
spacetime dependent. If we had just defined the transformation as V −→ gV it is
not guaranteed that we stay in the gauge. To ensure that the transformed element
is in the gauge we have chosen, i.e. upper triangular matrices, we accompany the
global element g with a local compensator which thus depends on both the coset
element V and g.

3.1.4 The Matrix M

Consider the matrix M defined as

M = V V T (3.23)

where ()T is the generalized transpose defined as V T = exp
(
− τ(t)

)
. Since

elements in h are invariant under τ , and therefore anti-invariant under −τ , we get
that

gT = g−1 g ∈ H. (3.24)

By using this and (3.22) we get the following transformation property for M

M −→ (gV k)(gV k)T = gMgT . (3.25)

This shows that M is independent of k. In general, it is quite difficult to determine
the local compensator k and it is therefore impractical to work with the group
element V to generate new solutions. Since the transformation of M does not
exhibit this problem we will use this matrix when we do explicit calculations. The
definition (3.23) is not unique and it is also common to define M as

M = V T V. (3.26)
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This change has no drastic consequences except that one has to change coset
space from G/H to H\G. That is, V ∈ H\G and transforms as V −→ kV g.
Consequently, M transforms as

M −→ gTMg. (3.27)

Actually, we will use the latter definition in this thesis with exception for the next
section. The reason for this is that the latter definition is used more extensively
in the literature.

3.2 Construction of an Invariant Sigma-Model

In this section we will show how one can rewrite a general sigma-model on a coset
space G/H in a way which makes the symmetry G become manifest. At the end
we will show this explicitly for the case SL(2,R). We begin by defining the Lie
algebra valued one form, called the Maurer Cartan form, ωµ

ωµ = V −1(x)∂µV (x), ωµ ∈ g (3.28)

where g is the Lie algebra of G and V ∈ G/H. Since ω is an element in the Lie
algebra we can decompose it as follows

ωµ = Qµ + Pµ (3.29)

where

Qµ = 1
2
(
ωµ + τ(ωµ)

)
(3.30)

Pµ = 1
2
(
ωµ − τ(ωµ)

)
. (3.31)

That is, an invariant and an anti-invariant subspace under the involution. Now,
let’s see how Qµ and Pµ transform when V −→ gV k

Qµ −→
1
2
(
k−1ωµk + k−1∂µk + τ(k−1ωµk + k−1∂µk)

)
= k−1∂µk + 1

2
(
k−1ωµk + τ(k−1ωµk)

)
(3.32)
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where we have used k−1∂µk ∈ k. As a final step we would like to rewrite τ(k−1ωµk)
by using Baker Campbell Hausdorff formula

exp(−X)Y exp(X) = Y − [X,Y ] + 1
2! [X,[X,Y ]] + ... (3.33)

τ(k−1ωµk) = τ(exp(−t)ωµ exp(t))

= τ
(
ωµ − [t,ωµ] + 1

2! [t,[t,ωµ]] + ...
)

= τ(ωµ)− [τ(t),τ(ωµ)] + 1
2! [τ(t),[τ(t),τ(ωµ)]] + ...

= τ(ωµ)− [t,τ(ωµ)] + 1
2! [t,[t,τ(ωµ)]] + ...

= k−1τ(ωµ)k. (3.34)

Here we have used the definition of the involution τ , namely τ(t) = t when t ∈ k.
If we put this back into (3.32) we get

Qµ −→ k−1Qµk + k−1∂µk. (3.35)

This looks very much like the transformation of a gauge potential. If we turn our
attention to Pµ we get by a similar calculation

Pµ −→ k−1Pµk (3.36)

which tells us that Pµ transforms as a field strength. If we let ourselves be inspired
by how one usually constructs invariant terms in the Lagrangian of field strengths
we consider

〈Pµ|Pµ〉 = Tr(PµPµ). (3.37)

This is invariant under both global, G, and local transformations, H. Since Pµ
is invariant under global transformations by itself we only need to check local
transformations

Tr(PµP µ) −→ Tr(k−1Pµkk−1Pµk) = Tr(PµPµ), (3.38)

where the cyclic invariance of the trace has been used. To show that (3.37) is
equivalent to a sigma-model one has to parametrize the coset element V in a
particular way. Exactly how the coset element V should be parametrized differs
from group to group. As announced, we will show this for the SL(2,R) case.
Instead of finding ω and then constructing Pµ we use the matrix M

M = V V T . (3.39)



40 Chapter 3 Sigma-Models on Coset Spaces

Since we would like to relate this to Pµ, which we know how to construct invariants
of, we use the Maurer Cartan form to get a Lie algebra valued one form M−1∂µM .
This can be rewritten as

M−1∂µM = (V V T )−1∂µ(V V T ) = (V −1)T
(
ωµ + ∂µV

T (V −1)T
)
V T . (3.40)

The second term in the parenthesis can be rewritten as

(∂µV T )(V −1)T = (V −1∂µV )T = ωTµ = −τ(ωµ). (3.41)

If we put this back into (3.41) we obtain the wanted relation between M and Pµ
as

M−1∂µM = (V −1)T
(
ωµ − τ(ωµ)

)
V T = 2(V −1)T PµV T . (3.42)

This implies that

1
4〈M

−1∂µM |M−1∂µM〉 = 〈Pµ|Pµ〉 (3.43)

and therfore is 〈M−1∂µM |M−1∂µM〉 G invariant as well. Thus, a G invariant
Lagrangian can be written in the following form

L = √g
(
R− gµν

4 〈M
−1∂µM |M−1∂νM〉

)
(3.44)

which we consider to be manifestly G-invariant. If one parametrizes the coset ele-
ment V in the right way this is equivalent to a sigma-model. We emphasize here
that (3.44) is a general result, i.e. this is the Lagrangian after dimensional reduc-
tion for a general gravity-matter system. The only thing that differs is the coset
space G/H. If we choose to look at the special case when G/K = SL(2,R)/SO(2),
i.e. pure gravity, we have from the Iwasawa decomposition that

V =
(

e−φ/2 χeφ/2

0 eφ/2

)
(3.45)

where V ∈ G, and consequently

M =
(

e−φ + χ2eφ χeφ

χeφ eφ

)
. (3.46)

Finally, by using that 〈·|·〉 = Tr(··) we get that

L = √g
(
R− gµν

2
(
∂µφ∂νφ+ e2φ∂µχ∂νχ

))
. (3.47)

We see that this is exactly the same Lagrangian as (2.71) if one reduces a spacelike
dimension. This completes our derivation of showing the invariance of (2.71) under
SL(2,R).
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3.2.1 Alternative Description

There is an alternative way of writing d3x
√
g〈Pµ|Pµ〉 using the language of differ-

ential geometry, which will become useful later on,

d3x
√
gTr(PµPµ) = Tr (?P ∧ P) . (3.48)

To see this we just use the definition of the hodge dual of a one-form P in three
dimensions

?P = 1
2ε

ρ
µνPρdxµ ∧ dxν . (3.49)

This gives us

?P ∧ P = 1
2ε

ρ
µνPρdxµ ∧ dxν ∧ Pσdxσ

= 1
2PρPσε

ρ
µνdxµ ∧ dxν ∧ dxσ

= 1
3!P

ρPρεσµνdxµ ∧ dxν ∧ dxσ

= PρPρε
= √gPρPρd3x.

In the third equality we have used that ρ = σ and the antisymmetry property of
ε and the three-form.

3.3 Field Realization of SL(2,R)
Now after we have seen that we really have a SL(2,R) symmetry it is natural
to ask which symmetry transformations that actually give us something. We can
take a look at how our fields φ and χ form a representation, i.e. a field realiza-
tion of the symmetry group. There are three independent transformations under
consideration, g = n, a, k generated by e,h,(e − f) respectively. For the elements
in the Borel algebra we do not need the compensator k since their corresponding
transformation preserve the upper triangular form.

3.3.1 g = exp(ξe)
We use the same parametrization for V ∈ G as above

V ′ =
(

1 ξ
0 1

)(
e−φ/2 χeφ/2

0 eφ/2

)
=
(

e−φ/2 χeφ/2 + ξeφ/2

0 eφ/2

)
=
(

e−φ
′/2 χ′eφ

′/2

0 eφ
′/2

)
.
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By comparing the different components we find that

φ′ = φ χ′ = χ+ ξ. (3.50)

From the dualization procedure (2.69) we see that

(F ′)σλ = 1
2σε

µσλ∂µχ
′ = 1

2σε
µσλ∂µχ+ 1

2σε
µσλ∂µχ = Fσλ

since ξ is spacetime independent. This tells us that a transformation generated by
e does not have any effect in the four dimensional theory, i.e. our metric does not
change.

3.3.2 g = exp(−ϕ/2h)
In the same way as above we find that

φ′ = φ+ ϕ χ′ = e−ϕχ (3.51)

From the previous section we have that g33 = eφ and therefore we get

δ(eφ) = δφeφ = ϕeφ (3.52)

which in finite form becomes eφ
′ = eϕeφ. From the dualization (2.69) we get

δFσλ = −ϕFσλ and by using the definition of F we get

δAλ = −ϕAλ (3.53)

which in finite form becomes (A′)λ = e−ϕAλ. From (2.11c) we can identify ϕ = 2Λ
which tells us that this transformation is nothing else than a rescaling of the
reduced coordinate. From (2.16) we also see that

δAλ = ∂λλ̃− ΛAµ = −ϕAλ = −2ΛAλ (3.54)

which tells us that we also have ∂λλ̃ = −ΛAλ, i.e. a coordinate transformation of
the reduced coordinate that depends on the unreduced coordinates. So, what we
have seen is that g = n, a are transformations corresponding to scaling and gauge
symmetry and therefore do not give us any new physical solutions. However, the
non-linear action of K = SO(2) will turn out to provide us with non-trivial trans-
formations. It is believed that this result can be generalized to any sigma-model
of a dimensionally reduced gravity theory, e.g. Maxwell-Einstein, five-dimensional
minimal supergravity3 and 11-dimensional supergravity.

3In [17] is is shown that this is indeed true for G2/(SL(2,R)× SL(2,R)).
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3.4 Field Equations in D = 3

We end this chapter by deriving the field equations in D = 3. These will be solved
in the next chapter for a spherical symmetric black hole. Our Lagrangian looks
like

L = √g
(
R− gµν〈Pµ|Pν〉

)
= √g

(
R− gµν

4 〈M
−1∂µM |M−1∂νM〉

)
= √g

(
R− gµν

4 Tr(M−1∂µMM−1∂νM)
)
.

(3.55)

There are two different field equations to be derived. The first is the one we get
from the sigma-model and the second one is Einstein’s equations (obtained by
varying gµν) with matter content. Since there are basically three different ways of
expressing the sigma-model we will get three equivalent field equations but with
different physical interpretations. We know that the Lagrangian is invariant under
a G transformation so we should expect a conserved current.

3.4.1 Conserved Current Equation

Due to the global symmetry G of our Lagrangian L we should expect a conserved
current. In this section we derive the field equation for M and its variants, one of
which describes the conservation of a current. Variation with respect to M gives
the following:

δL = √ggµνTr
(
∂µδM∂νM

−1 + ∂µM∂νδ(M−1)
)
.

Here we need to express δ(M−1) in terms of δM . In general, for two invertible
matrices A and B we have, [18],

(A+B)−1 = A−1 − A−1(1+BA−1)−1BA−1. (3.56)

In our case A = M and B = δM and since the latter is considered infinitesimal
we get to the first order that

(M + δM)−1 = M−1 −M−1δMM−1. (3.57)
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That is, δ(M−1) = M−1δMM−1. If we put this back into the variation of the
Lagrangian we get

δL = √ggµνTr
(
∂µδM∂νM

−1 − ∂µM∂ν(M−1δMM−1)
)

= Tr
(
∂µ(√ggµνδM∂νM

−1)− δM∂µ(√ggµν∂νM−1)

−√ggµν∂µM(∂νM−1δMM−1 +M−1∂νδMM−1 +M−1δM∂νM
−1)

)
= ∂µTr

(√
ggµνδM∂νM

−1
)
− Tr

(
δM∂µ(√ggµν∂νM−1)

−√ggµνδMM−1∂µM∂νM
−1 −√ggµν∂νδMM−1∂µMM−1

−√ggµνδM∂νM
−1∂µMM−1

)
= Tr

(
− δM∂µ(√ggµν∂νM−1) + δM∂ν(

√
ggµνM−1∂µMM−1)

−√ggµν2δM∂µM
−1∂νMM−1

)
.

We have dropped divergent terms along the way. A final simplification gives

δL = Tr
(
− δM(∂µ(√ggµν∂νM−1)− ∂ν(

√
ggµνM−1∂µMM−1)

+ 2∂ν(
√
ggµνM−1∂µMM−1)− 2M−1∂ν(

√
ggµν∂µMM−1))

)
= Tr

(
−δM(−2M−1∂ν(

√
ggµν∂µMM−1))

)
= Tr

(
2M−1∂ν(

√
ggµν∂µMM−1)δM

)
= Tr

(
∂ν(
√
ggµνM−1∂µMM−1)δM −√ggµν∂νM−1∂µMM−1δM

)
= Tr

(
∂ν(
√
ggµνM−1∂µM)M−1δM

)
+ Tr

(√
ggµνM−1∂µM∂νM

−1δM
)

− Tr
(√

ggµν∂νM
−1∂µMM−1δM

)
= Tr

(
∂ν(
√
ggµνM−1∂µM)M−1δM

)
= 0.

Since δM is arbitrary we have that

∂ν(
√
ggµνM−1∂µM) = 0 (3.58)

since the trace is invariant under cyclic permutations. By using the covariant
derivative4 ∇ν this can be written as

∇µ(M−1∂µM) = 0. (3.59)

From this we can define a conserved current jµ = M−1∂µM which is due to our
global symmetry. (3.58) can be rewritten in terms of Pµ by using the relation

M−1∂µM = 2(V −1)T PµV T . (3.60)

4∇µ(vµ) = 1√
g∂µ(√gvµ).
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We get

∂ν(
√
ggµν(V −1)T PµV T ) = ∂ν(

√
ggµν(V −1)T Pµ)V T +√ggµν(V −1)T Pµ∂νV T

= (V −1)T ∂ν(
√
ggµνPµV T +√ggµν∂ν(V −1)PµV T (3.61)

+√ggµν(V −1)µPµ∂νV T = 0.

Here we can use the different versions of V −1∂νV = Pν +Qν
∂ν(V −1)T = (V −1)T (−Pν +Qµ) (3.62)

∂νV
T = (Pν −Qν)V T

to get

∂ν(
√
ggµν(V −1)T PµV T ) = (V −1)T ∂ν(

√
ggµνPµ) +√ggµν(V −1)T (−Pν

+Qν)PµV T +√ggµν(V −1)T Pµ(Pν −Qν)V T (3.63)

= (V −1)T (∂ν(
√
ggµνPµ) +√ggµν [Qν ,Pµ])V T = 0.

So, an equivalent field equation to (3.58) is

∂ν(
√
ggµνPµ) +√ggµν [Qν ,Pµ] = 0. (3.64)

Here it is convenient to introduce a covariant derivative on the coset space G/K

Dµ = ∂µ + [Qµ,·] (3.65)

which brings our field eqution into the form

Dµ(√gPµ) = 0. (3.66)

There is actually a third equation equivalent to (3.58) expressed in the coset pa-
rameters φi. To derive these equations we have to rewrite our Lagrangian using

1
4Tr(M−1∂µMM−1∂µM) = γij∂µφi∂

µφj (3.67)

to get

L = √ggµν∂µφi∂νφjγij(φ). (3.68)

Variation with respect to φi gives

δL = √g
(
gµν∂µδφ

i∂νφ
jγij(φ) + gµν∂µφ

i∂νδφ
jγij(φ)

+ gµν∂µφ
i∂νφ

j ∂γij(φ)
∂φk

δφk
)

= ∂µ(√ggµνδφi∂νφjγij(φ))

+ ∂ν(
√
ggµν∂µφ

iδφjγij(φ))− δφi∂ν(
√
ggµν∂µφ

jγij(φ))

− δφj∂µ(√ggµν∂µφiγij(φ)) +√ggµν∂µφi∂νφj
∂γij
∂φk

δφk.
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We drop the divergent terms and conclude that

2∂µ(√ggµν∂νφjγij)−
√
ggµν∂µφ

k∂νφ
j ∂γkj
∂φi

= 0 (3.69)

If we use that

∂γkj
∂φi

= Γmikγmj + Γmijγmk

the first terms becomes

2∂µ(√ggµν∂νφjγij) = 2∂µ(√ggµν∂νφj)γij + 2√ggµν∂νφj∂µφk
∂γij
∂φk

= 2∂µ(√ggµν∂νφj)γij + 2√ggµν∂νφj∂µφk(Γmikγmj + Γmijγmk)

and the last term becomes

√
g∂µφ

k∂µφj(Γmikγmj + Γmijγmk) = 2√gΓmik∂µφk∂µφkγmj.

which means that our field equations (3.69) become

2∂µ(√g∂µφj)γij + 2√ggµν∂νφj∂µφk(Γmikγmj + Γmkjγmi − Γmikγmj)
= 2γmi(∂µ(√g∂µφm) + 2√ggµν∂νφj∂µφkΓmkj)

= 2√gγmi
(

1
√
g
∂µ(√g∂µφm) + Γmkj∂µφj∂µφk

)
= 0.

Thus, our field equations are

1
√
g
∂µ(√g∂µφi) + Γikj∂µφj∂µφk = 0. (3.70)

As it turns out, this equation is more convenient to work with since it leads to a
geodesic equation on the coset space G/H when spherical symmetry is assumed.
We note that Γikj is a connection on the coset space, not spacetime.
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3.4.2 Gravity-Matter Equation

To find the field equation for gµν we will rewrite Einstein’s equations. First we use
the following result,

δ
√
g = −1

2
√
ggµνδg

µν . (3.71)

Einstein’s equations can be written in a form where the Ricci tensor Rµν only
appears once. Consider Einstein’s equations

Rµν −
1
2gµνR = Tµν . (3.72)

Multiply both sides by gµν and use that gλλ = D,

gµν(Rµν −
1
2gµνR) = gµνTµν

R− 1
2g

λ
λR = T λλ

R− 1
2DR = T λλ

R = T λλ
1− D

2
.

By inserting this expression back into Einstein’s equations we get

Rµν = Tµν + gµν
T λλ

2−D. (3.73)

We begin by finding the stress tensor Tµν which is defined as

Tµν = − 1
√
g

δLmatter

δgµν
(3.74)

where Lmatter consists of everything in L except R. If we vary with respect to gµν

we get that

δLmatter = −1
2
√
ggµνδg

µν(−〈Pρ|Pσ〉gρσ)−√g〈Pρ|Pσ〉gρσδgµν

= √g
(1

2gµν〈Pρ|Pσ〉g
ρσ − 〈Pρ|Pσ〉

)
δgµν

and thus, (3.74) becomes

Tµν = −1
2gµν〈Pρ|P

ρ〉+ 〈Pµ|Pν〉. (3.75)
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For D = 3 we get

Rµν = Tµν − gµνT λλ

= −1
2gµν〈Pρ|P

ρ〉+ 〈Pµ|Pν〉 − gµν
(
−1

2g
λ
λ〈Pρ|P ρ〉+ 〈Pρ|Pρ〉

)
(3.76)

= −1
2gµν〈Pρ|P

ρ〉+ 〈Pµ|Pν〉+ 3
2gµν〈Pρ|P

ρ〉 − gµν〈Pρ|P ρ〉

= 〈Pµ|Pν〉.

That is,

Rµν = 〈Pµ|Pν〉. (3.77)

We note here that the right hand side is invariant under G and consequently, the
three dimensional metric g is also invariant under g. We will see this explicitly in
section 7.3.



4
Black Hole Solutions on
SL(2,R)/SO(1,1)

In the last chapter we showed that the Lagrangian in three dimensions exhibits
a symmetry described by a group G. The purpose of this chapter is to use this
symmetry as part of a solution generating technique. We will begin this chapter
with a section describing how this symmetry can be used in order to generate new
solutions. In section 2.2.4 we saw that if we reduce the timelike dimension we
get a sigma-model on the coset space SL(2,R)/SO(1, 1). As it turns out, this is
also the coset space for Einstein-Maxwell theory when we consider static, electri-
cally charged solutions. In this chapter we will see how dimensional reduction of
Einstein-Maxwell theory in four dimensions gives rise to this sigma-model. Then
we will solve our field equations for a spherically symmetric black hole with elec-
tric charge q and mass m. By using the SL(2,R) symmetry we can relate the
Schwarzschild solution to the Reissner-Nordström solution by identifying SO(1, 1)
as the generator of electric charge.

4.1 Solution Generating Technique

In this section we will give an overview of the solution generating technique that
follows from the symmetry property of our Lagrangian. We have seen in the
previous sections that dimensional reduction gives us an effective lower dimensional
theory which exhibits hidden symmetries. These symmetries are manifested in a
sigma-model whose field content parametrize a coset space G/H. The idea is to
exploit these symmetries to generate new solutions from a given solution, called a
seed solution. The procedure works as follows:

49
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(i) Start with a seed solution metric g0 and extract the field parameters accord-
ing to (2.19)

(ii) Dualize the three-dimensional fields to scalars

(iii) Construct the matrix M0

(iv) Transform M0 by a suitable group element g as M ′ = gMgT

(v) Extract the new fields from M ′

(vi) Do the inverse dualization procedure to get the metric components and phys-
ical fields.

A ”suitable group element“ means a group element that actually gives us new
physical solutions. We will elaborate on this more in the next section. Moreover,
not every solution can serve as a seed solution which we will see later on. It should
be mentioned that when one is actually performing calculations the expressions
tend to become very complicated. For SL(2,R) this is manageable but as the
groups become more complicated, e.g. SL(3,R), the matrix M becomes very
messy. Another issue one should have in mind is that the inverse dualization often
leads to a very difficult integration.

4.2 SL(2,R)/SO(1,1)
Since SL(2,R)/SO(1,1) is the coset space of interest in the following example we
will in this section discuss some of its properties. The main difference between
this coset space and SL(2,R)/SO(2) is that SO(1,1) is not compact, in contrast
to SO(2) which makes the Iwasawa decomposition non-global. That is, not all the
group elements can be decomposed by a non-global decomposition. As usual we
have

sl(2,R) = Re⊕Rh⊕Rf. (4.1)

We define an involution by

τ : τ(V ) = η−1(V −1)Tη, V ∈ SL(2,R) (4.2)

and on the Lie algebra

τ : τ(t) = −η−1tTη, t ∈ sl(2,R) (4.3)
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where

η =
(

1 0
0 −1

)
. (4.4)

If we replace η → δ we get the Cartan involution. We define an involution on the
premises that the space H in the coset space1 G/H should be invariant. From this
we see that

τ(e) = f τ(f) = e τ(h) = −h (4.5)

which means that we can form

τ(e+ f) = e+ f τ(e− f) = −(e− f) (4.6)

For the case SL(2,R)/SO(2) we decomposed the Lie algebra sl(2,R) in an invariant
and an anti-invariant subspace, denoted k, p respectively. Since H = SO(1,1) is
not a compact subgroup we use h and m instead to avoid confusion,

h = {t ∈ sl(2,R)|τ(t) = t}
m = {t ∈ sl(2,R)|τ(t) = −t}.

(4.7)

From this we get a decomposition of sl(2,R) into an invariant and an anti-invariant
subspace according to

sl(2,R) = h⊕m (4.8)

where h and m are given by (4.7) and (4.5). That is,

h = R(e+ f)
m = R(e− f)⊕Rh

(4.9)

i.e. an invariant and an anti-invariant subspace.2 The subgroup SO(1,1) is gener-
ated3 by

e+ f =
(

0 1
1 0

)
(4.10)

As for the SL(2,R)/SO(2) case we have another decomposition

sl(2,R) = Re⊕Rh⊕R(e+ f). (4.11)

1Note that we denote the coset space G/H rather than G/K here since K denotes the maximal
compact subgroup.

2m is not a subalgebra since is does not close under the Lie bracket.
3It is not difficult to show this. Just use the definition of SO(1,1) and expand in the parameter.
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This decomposition, contrary to the one above, splits sl(2,R) into two subalgebras.
When this is exponentiated we get the following decomposition

SL(2,R) = NAH (4.12)

where H = SO(1,1) and N,A as before. Explicitly, we have

SL(2,R) =
(

1 ξ
0 1

)(
e−φ/2 0

0 eφ/2

)(
cosh(ϕ) sinh(ϕ)
sinh(ϕ) cosh(ϕ)

)
. (4.13)

We can now choose the ϕ = 0 coset element as a representative for SL(2,R)/SO(1,1).
This composition is called “non-global” in contrast to the Iwasawa decomposition
which is a global decomposition, [15]. Thus, (4.13) is not a global equality. This
is due to the non-compact group SO(1,1). However, the decomposition is valid
on a “sufficiently large” part of the group as we will see later on. We would now
like to define the matrix M for this coset. It would of course be perfectly right
to construct M according to (3.23) but we will make a small adjustment in order
to get M symmetric. The important thing is that M becomes invariant under
SO(1,1). Consider

M = V V T η (4.14)

where the generalized transpose is defined as

V T = η−1V Tη (4.15)

or equivalently as

V T = exp
(
− τ(t)

)
. (4.16)

We can simplify the expression for M by first rewriting (4.2) as

(
τ(V )

)−1
= η(V T )η−1.

If we use this in the definition (4.14) for M we get

M = V V T η = V ηV T . (4.17)

and it is straightforward to check the it transforms in the right way

M −→ (gV k)η(gV k)T = gV kηkT︸ ︷︷ ︸
=η

V TgT = gMgT .
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From (4.13) we get that

M =
(
e−φ − ξ2eφ −ξeφ
−ξeφ −eφ

)
(4.18)

which yields

Tr(∂µM−1∂µM) = −2
(
∂µφ∂

µφ− e2φ∂µξ∂
µξ
)
. (4.19)

Note the minus sign and that the additional factor η in the definition of M vanishes.
We can define ∆ = e−2φ to get

Tr(M−1∂µMM−1∂µM) =
( 1

2∆2∂µ∆∂µ∆− 2
∆∂µξ∂

µξ
)
. (4.20)

The conclusion of this is that when we go from SL(2,R)/SO(2) to SL(2,R)/SO(1,1)
we change the sign in front of the (∂ξ)2 term. This is known in the physics litter-
ature as a Wick-rotation ξ −→ iξ.

4.3 Dimensional Reduction of Einstein-Maxwell The-
ory in D = 4

In this section we will solve our equations for a spherical symmetric black hole. The
aim is to find a non-rotating electrically charged black hole, related to Schwarzschild
by a group element. In [19], the same example is discussed but with most of the
calculations omitted. Therefore, we will present a fairly thorough calculation in
this section. The Einstein-Maxwell Lagrangian is given by

L = √g(R− 1
4F

µνFµν). (4.21)

We use (2.19) as an ansatz for the four-dimensional metric and find

gµ̂ν̂ =
(

∆−1gµν 0
0 ∆

)
. (4.22)

From the assumption of spherical symmetry, no cross terms exists. Moreover, we
make the following ansatz for the three-dimensional metric

ds2
3 = −dr2 − f(r)2dΩ2. (4.23)
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Since we are interested in the Schwarzschild solution and the electrically charged
Schwarzschild we have that ∆ = ∆(r) which allows us to reduce the time dimen-
sion. The Einstein-Hilbert term is the same as before with the KK-vectors set to
zero. The Maxwell part, however, needs to be decomposed. Let

Aµ̂(r) =

A(r) µ̂ = 3
0 µ̂ 6= 3.

(4.24)

The only non zero components of Fµν are Ftr = −Frt = −∂rA which give

FµνF
µν = FtrF

tr + F F
rtrt = 2FtrFµ̂ν̂gµ̂tgν̂r = −2(∂rA)2.

The three-dimensional Lagrangian is

L = √g
(
R(3) − 1

2∆2∂r∆∂
r∆ + 1

2∆∂rA∂
rA
)

= √g
(
R(3) − 1

4

( 2
∆2∂r∆∂

r∆− 2
∆∂rA∂

rA
))

.
(4.25)

The ∆−1 factor in the second term comes from the determinant of the metric, see
(2.22). We can redefine the electric potential A(r) −→ 2A(r) to get

L = √g
(
R(3) −

( 1
2∆2∂r∆∂

r∆− 2
∆∂rA∂

rA
))

. (4.26)

This is the sigma-model (4.20) on the coset space SL(2,R)/SO(1,1).

4.4 Solutions of the Field Equations

Our field equations (3.70) can be rewritten by a change of variables into a geodesic
equation. Let

τ = −
∫ ∞
r

1
f 2(s)ds

dτ

dr
= 1
f 2(r) .

(4.27)

From this we get

1
√
g
∂µ(√g∂µφi) + Γimk∂µφm∂µφk

= 1
f 2(r)

dτ

dr

d

dτ

(
f 2(r)dφ

i

dτ

dτ

dr

)
+ Γijk

dφj

dτ

dφk

dτ

(
dτ

dr

)2

= d2φi

dτ 2 + Γijk
dφj

dτ

dφk

dτ
= 0.

(4.28)
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This result is quite remarkable; stationary black hole solutions are described by
geodesics on the target space G/H (SL(2,R)/SO(1, 1) in this case), see for ex-
ample [20]. From our ansatz of the three-dimensional metric, the gravity matter
equations (3.77) become, [19]

Rrr = −2f−1(r)d
2f(r)
dr2 = γij

dφi

dr

dφj

dr
(4.29)

Rϕϕ = Rθθ = f−2(r)
(
d

dr

(
f(r)df(r)

dr

)
− 1

)
= 0 (4.30)

Now we can express our field equations (4.28) in terms of ∆ and A. From (4.26)
we find that

γij =
(

1
2∆2 0
0 −2

∆

)
(4.31)

which means that the non-vanishing components of Γijk are

Γ0
00 = −1

∆ Γ0
11 = −2 Γ1

10 = −1
2∆ . (4.32)

So, our field equations (4.28) become

∆̈− ∆̇
∆ − 2Ȧ = 0 (4.33)

Ä− ∆̇
∆Ȧ = 0 (4.34)

where ∆̇ = d∆
dτ

. Note that our fields are functions of τ . Since φi describe a geodesics
we have

γij
dφi

dτ

dφj

dτ
= 2v2 (4.35)

where v is a properly chosen constant. Here we can make an observation: since
the left hand side is invariant under SL(2,R) we can only transform one black hole
solution to another if they have the same v2. The solution of (4.30) is given by

d

dr

(
f(r)df(r)

dr

)
− 1 = 0

f(r)df(r)
dr

= r − r0∫
fdf =

∫
(r − r0)dr

f 2 = r2 + 2rr0 − r2
0 + c

f 2(r) = (r − r0)2 + c.

(4.36)
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If we put this into (4.29) we find c = −v2. Our second geodesic equation (4.34) is
easily solved in terms of ∆

Ȧ = B∆(τ) (4.37)

and the first one (4.33) by

∆(τ) = C

4B2

(
−1 + tanh2

[1
2(τ
√
C +
√
D)
])
. (4.38)

C,B and D are constants of integration. ∆ is the gravitational potential and A is
the electric potential and therefore we impose the following boundary conditions
at τ = 0 (r =∞)

∆(τ)
∣∣∣∣
τ=0

= 1 (4.39)

A(τ)
∣∣∣∣
τ=0

= 0. (4.40)

From these boundary conditions we might guess that B is related to the charge
since for B = 0 we get that A = 0. We impose the following boundary conditions
as well

∆(r) r→∞−−−→ 1− 2m
r

A(r) r→∞−−−→ q

r
.

(4.41)

Now we can find the constants C,B and D. We begin with ∆(0) = 1,

∆(0) = 1
4B2C

(
−1 + tanh2

[1
2(
√
D)
])

= 1

C = 4B2

−1 + tanh2
[

1
2(
√
D)
] .

To simplify the notation we define

k = 2B√
tanh2

(
1
2

√
D
)
− 1

. (4.42)

Our solution is now given by

∆(τ) = k2

4B2

(
tanh2

[
1
2τk +

√
D

2

]
− 1

)
. (4.43)
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Now we can find A from (4.37)

A(τ) = −k2B tanh
[1
2
(
τk +

√
D
)]

+M (4.44)

and find M by imposing A(0) = 0

M = k

2B tanh(
√
D/2)

So, to sum up

A(τ) = −k2B tanh
[1
2
(
τk +

√
D
)]

+ k

2B tanh(
√
D/2) (4.45)

∆(τ) = k2

4B2

(
tanh2

[
1
2τk +

√
D

2

]
− 1

)
. (4.46)

Where B and D are the remaining constants of integration. In order to continue
we need to find τ(r) from (4.27) given our solution for f 2. We assume that v2 > 0

τ(r) = −
∫ ∞
r

1
(s− r0)2 − v2ds = −

∫ ∞
r

1
v2
(

(s−r0)2

v2 − 1
)ds

= 1
2v

ln
∣∣∣∣1 +

(
2−r0
v

)
1−

(
2−r0
v

)∣∣∣∣
∞
r

= 1
2v ln

(
r − r0 − v
r − r0 + v

)
(4.47)

In the last step we have chosen r > r0 + v. If we now insert τ(r) into A(τ), define
x = 1

r
and expand around x = 0 we get

A(x) ≈ k2

4B

(
1− tanh2

(√
D

2

))
x = −Bx (4.48)

i.e. we see that B = −q. Here we have used (4.41). From (4.37) we see that
Ȧ(0) = −q. We do the same for ∆

∆(x) ≈ 1 + k tanh
(√

D

2

)
x (4.49)

and find that

k tanh
(√

D

2

)
= −2m. (4.50)
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For simplicity we define

F = tanh
(√

D

2

)
(4.51)

so that (4.68) squared becomes

q2

F 2 − 1F
2 = m2. (4.52)

If we now replace k with F and use some identities for hyperbolic functions we get

∆(τ) = 4m2

4F 2q2

 F 2 − 1(
cosh

(
−m
F
τ
)

+ F sinh
(
−m
F
τ
))2

 . (4.53)

The cosh and sinh parts can be expressed in terms of r as

cosh
(−m
F

τ
)

=
1 +

(
r−r0−v
r−r0+v

)−m
Fv

2
(
r−r0−v
r−r0+v

)−m
2Fv

sinh
(−m
F

τ
)

=
−1 +

(
r−r0−v
r−r0+v

)−m
Fv

2
(
r−r0−v
r−r0+v

)−m
2Fv

.

Finally we can get an expression for ∆(r)

∆(r) = 2m2

4F 2q2

 F 2 − 1(
cosh

(
−m
F
τ
)

+ F sinh
(
−m
F
τ
))2


= 2m2

4F 2q2
F 2 − 11+

(
r−r0−v
r−r0+v

)−m
Fv

2
(
r−r0−v
r−r0+v

)−m
2Fv

+ F

−1+
(
r−r0−v
r−r0+v

)−m
Fv

2
(
r−r0−v
r−r0+v

)−m
2Fv




2

=
4
(
r−r0−v
r−r0+v

)−m
Fv(

1− F + (1 + F )
(
r−r0−v
r−r0+v

)−m
Fv

)2

=
4
(
1− 2v

r−r0+v

)−m
Fv(

1− F + (1 + F )
(
1− 2v

r−r0+v

)−m
Fv

)2 .

(4.54)
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In order to continue we need to find out what v is. To do this we first note that

∆̇(τ)
∣∣∣∣
τ=0

= k3

4q2 tanh
(
kτ

2 +
√
D

2

)
1

cosh2
(
kτ
2 +

√
D
2

)∣∣∣∣
τ=0

= k3

4q2 tanh
(√

D

2

)
1

cosh2
(√

D
2

) = k3

4B2F (1− F 2)

= −8m3

4B2
(1− F 2)
F 2 = 2m.

(4.55)

Since (4.35) is valid for every τ we can set τ = 0 to get

2v2 = ∆̇2(0)
2 − 2Ȧ2(0) = 2m2 − 2q2

v2 = m2 − q2. (4.56)

Now consider the exponent in (4.54)

m2

F 2v2 = m2

(m2 − q2)
m2 − q2

m2 = 1. (4.57)

Here we have used (4.51). (4.54) now becomes

∆(r) =

(
1− 2v

r−r0+v

)
(
1−

(
1− m

v

)
v

r−r0+v

)2

= (r − r0 − v)(r − r0 + v)
(−m− r − r0)2 .

(4.58)

Redefine r − r0 −→ r

∆(r) = (r − v)(r + v)
(r +m)2 = r2 − v2

(r +m)2 = r2 −m2 + q2

(r +m)2

= (r −m)(r +m) + q2

(r +m)2 = r −m
r +m

+ q2

(r +m)2

= 1− 2m
r +m

+ q2

(r +m)2 .

(4.59)

As a las step, r +m −→ r

∆(r) = 1− 2m
r

+ q2

r2 . (4.60)
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The only thing that remains to get the full metric is to calculate f 2(r). Consider
(4.36), where r is the “old r” used up until (4.58),

f 2(r) = (r − r0)2 − v2 = (r − r0)2 −m2 + q2 =
[
r − r0 −→ r

]
= r2 −m2 + q2 = (r −m)(r +m) + q2 = [r +m −→ r]

= (r − 2m)r + q2 = r2
(

1− 2m
r

+ q2

r2

)
.

(4.61)

Thus, our spherical symmetric Einstein-Maxwell metric, called the Reissner Nord-
ström metric, is given by

ds2 =
(

1− 2m
r

+ q2

r2

)
dt2 −

(
1− 2m

r
+ q2

r2

)−1

dr2 − r2dΩ2 (4.62)

where q is the charge and m is the mass.

4.5 The Transformation of the Reissner-Nordström
Metric

In this section we will see how one can obtain the Schwarzschild solution by using
the SL(2,R) symmetry. Of course, we could just set q = 0 but for the purpose of
illustrating the “solution generating technique” using symmetries we will do this
fairly thoroughly following the steps presented in section 4.1. Our seed solution is
the Reissner-Nordström metric and our coset element V is thus given by

V =
(

∆1/4 A∆−1/4

0 ∆−1/4

)
(4.63)

which we recall transforms as

V −→gV k. (4.64)

Consider an infinitesimal transformation where g is an element in SO(1,1)

(f + e)V + cV (f + e) =
(

0 ∆−1/4

∆1/4 A∆−1/4

)
+ c

(
A∆−1/4 ∆1/4

∆−1/4 0

)
. (4.65)

If we choose c = −∆1/2 we restore the upper triangular form

δ(V )SO(1,1) =
(
−A∆1/4 ∆−1/4 −∆3/4

0 A∆−1/4

)
. (4.66)
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We compare this with the matrix we get when we consider infinitesimal transfor-
mations of the fields ∆ and A

δ(V )SO(1,1) =
(

1
4∆3/4 δ∆ δA∆−1/4 − A

4
1

∆5/4 δ∆
0 −1

4∆5/4 δ∆

)
(4.67)

If we compare the components we get

1
4∆3/4 δ∆ = −A∆1/4

δ∆ = −4A∆

δA∆−1/4 − A

4
1

∆5/4 δ∆ = ∆−1/4 −∆3/4

δA = 1−∆− A2.

If we insert τ = 0 and use ∆(τ = 0) = 1, A(τ = 0) = 0 we see that both ∆(0) and
A(0) are invariant which imply that SO(1,1) might be the correct transformation
in order to get the Schwarzschild metric. Consider the seed matrix M0 = V ηV T ,

M0 =
(

∆1/2 − A2

∆1/2 − A
∆1/2

− A
∆1/2 − 1

∆1/2

)
. (4.68)

Now we transform M −→ gMgT = M ′ with g ∈ SO(1,1)

M ′ =

 cosh2(ξ)∆−(A cosh(ξ)+sinh(ξ))2

∆1/2
sinh(2ξ)(−A2+∆−1)−2A cosh(2ξ)

2∆1/2

sinh(2ξ)(−A2+∆−1)−2A(x) cosh(2ξ)
2∆1/2

sinh2(ξ)∆−(A sinh(ξ)+cosh(ξ))2

∆1/2

 . (4.69)

If we differentiate with respect to τ and compare the M22 components we get

dM ′
22

dτ
=

(
∆ sinh2(ξ) + (cosh(ξ) + A sinh(ξ))2

)
∆̇− 4 sinh(ξ)(cosh(ξ) + A sinh(ξ))∆Ȧ

2∆3/2

= ∆̇′
2(∆′)3/2 .

In the last step we have differentiated the M ′ version of (4.68). Let τ = 0

∆̇′
∣∣∣
τ=0

= 2m
(

sinh2(ξ) + cosh2(ξ)
)

+ 2q sinh(2ξ).

Recall that ∆̇(τ = 0) = 2m and Ȧ(τ = 0) = −q. If we do the same for the M12
component we get

Ȧ′
∣∣∣
τ=0

= −m sinh(2ξ)− q cosh(2ξ). (4.70)



62 Chapter 4 Black Hole Solutions on SL(2,R)/SO(1,1)

If we would like to transform the Reissner Nordström metric into the Schwarzschild
metric we should choose a ξ such that q′ = 0. We find that

tanh(2ξ) = − q

m
. (4.71)

It is not difficult to show that A′ vanishes for this choice of ξ. We can check that
(v′)2 = (m′)2 − (q′)2 has not changed, i.e. v′ = v, by first rewriting ∆̇′(0)

∆̇′(0) = 2m
(

sinh2(ξ) + cosh2(ξ)
)

+ 2q sinh(2ξ) = 2m
(

cosh(2ξ)− 1
2 + cosh(2ξ) + 1

2

)

+ 2q sinh(2ξ) = 2m cosh(2ξ) + 2q sinh(2ξ) = 2m
√

1− q2

m2 ,

where we have used

cosh 2ξ = 1√
1− q2

m2

sinh 2ξ =
− q
m√

1− q2

m2

,

and put into (v′)2 = (m′)2,

(v′)2 = m2
(

1− q2

m2

)
= m2 − q2 = v2. (4.72)

So, we have transformed A and ∆ in such a way that the new boundary conditions
become

∆′
∣∣∣
τ=0

= 1 A′
∣∣∣
τ=0

= 0

∆̇′
∣∣∣
τ=0

= 2m′ Ȧ′
∣∣∣
τ=0

= 0.

We get the explicit expression for ∆ from the first line of (4.59)

∆(r) = (r − v)(r + v)
(r +m)2 = r2 − v2

(r +m′)2 = r2 − (m′)2

(r +m′)2

= (r −m′)(r +m′)
(r +m′)2 .

Just like before, we redefine r +m′ −→ r to get

∆(r) = 1− 2m′
r
. (4.73)

A completely analogous calculation to (4.61) gives that f 2 = r2
(
1− 2m′

r

)
. From

what we have seen in this section we can conclude that the one-dimensional group
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SO(1,1) generates electric charge. This result will be recognized for larger groups
G where each generator in H will generate4 a corresponding charge, e.g. electric,
magnetic, angular momentum and NUT-charge. Perhaps it would be more natural
to generate the Reissner-Nordström metric from the Schwarzschild instead of the
opposite. In fact, in [19] it is shown that any static black hole solution in D = 4
with non-degenerate horizon can be generated from the Schwartzschild solution by
a suitable group transformation.

4.6 The Charge Matrix Q

We saw in the previous chapter that there exists a conserved current jµ = M−1∂µM
and consequently conserved charges. This makes it natural to define a so called
charge matrix which encodes the conserved charges. The purpose of this chapter
is to show how the charge matrix enters as a coefficient in the expansion of M in
the radial coordinate. Moreover, the expansion reveals a lot of information on how
the group acts on a solution M . The charge matrix Q is defined in [9] as

Q = 1
4π

∫
r=∞

jµdsµ, (4.74)

where dsµ is the infinitesimal vector area. We continue to follow [9] by requiring
M to have a converging power series in 1/r. That is,

M = M0 + 1
r
M1 +O( 1

r2 ). (4.75)

By inserting the definition of jµ into (4.74) we get

Q = 1
4π

∫
r=∞

M−1∂µMdsµ

= 1
4π

∫
r=∞

(−1
r2

)
M−1

0 M1r
2 sin(θ)dθdϕ

= −2M−1
0 M1.

(4.76)

For the Reissner-Nordström case we get, by expanding (4.68) in the redefined
coordinate r − r0 −→ r that

M =
(

1 0
0 −1

)
+
(
−m −q
−q −m

)
1
r

+O( 1
r2 ). (4.77)

4H in G/H.
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which means that M0 = η, M1 equals the coefficient for 1/r and

Q = −2
(

1 0
0 −1

)(
−m −q
−q −m

)
= 2

(
m q
−q −m

)
. (4.78)

To find out how Q transforms under SO(1, 1) we first note that

Mi −→ gMig
T i = 0, 1, 2,... (4.79)

since g is spacetime independent. From (4.76) we get the following transformation
property for Q,

Q −→ g−1Qg, (4.80)

where g ∈ SO(1, 1). We see from the expansion (4.75) that M0 encodes the
boundary condition at r = ∞ and that M1 encodes the conserved charges. M0 is
flat space in our case and by definition, SO(1,1) does not change this matrix. The
charge matrix for Reissner-Nordström is given by

QRN = 2
(
m q
−q −m

)
(4.81)

and according to (4.80) we can construct a new solution with charge matrix Q′

given by

Q′ =
(

2(m cosh(2ξ) + q sinh(2ξ)) 2(q cosh(2ξ) +m sinh(2ξ))
−2(q cosh(2ξ) +m sinh(2ξ)) −2(m cosh(2ξ) + q sinh(2ξ))

)
(4.82)

and by letting q′ = 0 we get the same ξ as before. The fact that M0 is invariant
under SO(1, 1) means that, in D = 3, Minkowski spacetime cannot be used as
seed solution and that the boundary condition is preserved under SO(1, 1). For
pure gravity in D = 5 with symmetry group SL(3,R) this is no longer the case,
i.e. the boundary condition may not be invariant. If this is desired, one has to
find the subgroup of SL(3,R) which leaves the asymptotic behaviour invariant. A
very interesting consequence of this is that solutions with R4,1 asymptotics can be
transformed into a solution with R3,1 × S1 [21].

The charge matrix Q can be used to find solutions to the geodesic equation
(4.28) which can be written as, [9],

d

dτ

(
M(τ) d

dτ
M(τ)

)
= 0. (4.83)

The quantity inside the parentheses is independent of τ and turns out to be equal
to the charge matrix. It is well known that the solutions to this equation is given
by M(τ) ∝ exp(τQ). See [21] or [22] for a more detailed discussion.
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Dimensional Reduction to D = 2

Now that we have explored the symmetries in D = 3 we can continue and see
what happens if we reduce our theory further to D = 2. In particular, we will
see what happens to the case of pure gravity. This requires another Killing vector
in addition to the first one. That is, if we start in four dimensions we need two
commuting Killing vectors. The reduction down to two dimensions can basically
be performed i two different ways: the Ehlers or the Matzner-Misner reduction.
In the Ehlers reduction one reduces the theory in steps, i.e. first down to three
dimensions and then down to two dimensions. In the Matzner-Misner reduction
one reduces directly down to two dimensions. Obviously, the two ways of reducing
the four-dimensional theory should be physically equivalent which means, as we
will see, that there exists a duality in the two-dimensional theory.

Since we have made the reduction down to three-dimensions already we will do
the Ehlers reduction. The set up here is a dimensionally reduced gravity theory in
D = 3 which means that we have a sigma-model on a general coset space G/H.
The matrix M might therefore be parametrized by fields in addition to the metric
components, e.g. scalars from a Maxwell term. The reduction to two dimensions is
of interest when one considers stationary axisymmetric solutions in D = 4, e.g. the
Schwarzschild and Kerr metrics. In the first section we will parametrize the three-
dimensional metric and present the two-dimensional Lagrangian for a general coset
space. For illustrating purposes we will then dualize the two-dimensional theory
explicitly for the SL(2,R)/SO(2) case.

65
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5.1 Parametrization of the Metric in D = 3
We make the following ansatz for the three-dimensional metric, [10],

gµν =
(
f 2g

(2)
ab + ρ2BaBb ρ2Ba
ρ2Bb ρ2

)

where a, b = 1,2. In D dimensions our Kaluza-Klein vectors Ba have D−2 degrees
of freedom due to gauge invariance, hence Ba = 0 in D = 2. With this taken into
account we simply have

gµν =
(
f 2g

(2)
ab 0

0 ρ2

)
. (5.1)

The Lagrangian in D = 2 is now obtained by a similar calculation as for the D = 3
case and the result is [19]

L = ρ
√
g(2)

(
R(2) − 1

4Tr(M−1∂aMM−1∂aM) + 2f−1∂afρ
−1∂aρ

)
. (5.2)

We note here that we cannot choose the conformal factor f in a suitable way to
remove the prefactor of the Einstein-Hilbert term, in contrast to the D = 3 case.
The field equations are easily obtained: variation of M gives the same equation as
(3.66) but with an additional factor of ρ, the gravity matter equations follow from
variation of g(2) and the equation for ρ follows from a simple variation, [19],

R
(2)
ab −

1
2g

(2)
ab R

(2) = 1
4Tr(M−1∂aMM−1∂bM)− 2f−1∂(afρ

−1∂b)ρ

− 1
2g

(2)
ab

(1
4Tr(M−1∂kMM−1∂kM)− 2f−1∂kfρ

−1∂kρ
)

Da(ρPa) = 0
∇a∂

aρ = 0.

In D = 2, any metric is conformally flat and we can therefore take g
(2)
ab = δab by

absorbing the conformal factor into f . This simplifies our field equations consid-
erably since R

(2)
ab = 0 and the covariant derivatives become covariant derivatives

in flat space. We follow [10, 23] by choosing ρ and its conjugate variable z, de-
fined1 as dρ = ?2dz, as coordinates on the two-dimensional space. Since ρ and z
are harmonic coordinates2 the metric will become equal to the unit matrix when

1?2 is the Hodge dual in two dimensions.
2Since they are harmonic functions.
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expressed in these coordinates [24, 25]. The equation for ρ in the new coordinates
xm = ρ, z becomes

∂m∂
mρ = 0 (5.3)

which is trivially satisfied. It is easy to confirm that these new coordinates, called
Weyl canonical coordinates, define an orthogonal coordinate system since ∂µρ∂

µz =
0. In these coordinates our field equations reduce to

∂ρ(log f) = ρ

8
(
Tr(M−1∂ρMM−1∂ρM − Tr(M−1∂zMM−1∂zM

)
∂z(log f) = ρ

4
(
Tr(M−1∂ρMM−1∂zM

) (5.4)

Da(ρPa) = 0 (5.5)

Once we have solved (5.5), (5.4) are solved by integration which means that (5.5)
is the one we should focus on.

5.2 Dualization

In this section we will dualize the SL(2,R)/SO(2) Ehler’s model in two dimensions,
i.e. the sigma-model of pure gravity. This will result in a dual theory with fields
related to the Ehler’s fields by dual transformations. We follow the procedure from
2.2.4. In terms of the Ehler’s fields, the two-dimensional Lagrangian (5.2) is given
by3

L = ρ

(
R(2) − δab

2
(
∂aφ∂bφ+ e−2φ∂aχ∂bχ

)
+ 2f−1∂afρ

−1∂aρ

)
. (5.6)

Let Ca = ∂aχ and add the Lagrange multiplier χ̃∂a(εabCb)

L′ = ρ

(
R(2) − δab

2
(
∂aφ∂bφ+ e−2φCaCb

)
+ 2f−1∂afρ

−1∂aρ

)
+ χ̃∂a(εabCb). (5.7)

Variation of χ̃ gives the Bianchi identity for Ca. If we vary with respect to Ca

Ca = e2φ

ρ
δacε

bc∂bχ̃ (5.8)

and put the result back into (5.7) we get

L′ = ρ

(
R(2) − δab

2

(
∂aφ∂bφ−

e2φ

ρ2 ∂aχ̃∂bχ̃

)
+ 2f−1∂afρ

−1∂aρ

)
. (5.9)

3Note that
√
g(2) = 1.
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We note that this looks quite similar to (5.6) and we have a first glimpse of the
duality. In fact, if we define

e−2φ̃ = e2φ

ρ2

ρ̃ = ρ

f̃ = fρ1/4eφ/2

(5.10)

we get

L̃ = ρ̃

(
R(2) − δab

2
(
∂aφ̃∂bφ̃− e−2φ̃∂aχ̃∂bχ̃

)
+ 2f̃−1∂af̃ ρ̃

−1∂aρ̃

)
. (5.11)

This Lagrangian is identical to (5.6) except for the different sign in front of the
χ̃ term and they are connected through the duality relations (5.8) and (5.10).
These duality relations are more commonly known as the Kramer-Neugebauer
mappings which have generalizations to other theories. As mentioned earlier, this
Lagrangian is also obtained if one reduces the four-dimensional theory directly
to two dimensions, called the Matzner-Misner reduction. That is, the Kramer-
Neugebauer mapping takes us from the Ehler’s Lagrangian to the Matzner-Misner
Lagrangian and vice versa. The change in sign is due to the signature of the
unreduced two-dimensional space. In our case we have Euclidean signature which
means that we have reduced the time dimension. We recall from section 4.2 that
this change in sign implies a change of the coset space from SL(2,R)/SO(2) to
SL(2,R)/SO(1,1). Each of these sigma-models has a SL(2,R) symmetry and
because of the duality relations these two SL(2,R)’s will not commute, i.e. it is
not the same SL(2,R) in both cases. In the next section we will see that this will
enlarge our symmetry group to an affine Kac-Moody group.

5.3 Infinite Dimensional Symmetry

In this section we will see what consequences the duality relations derived in the
previous section have. As already mentioned, the duality gives rise to an infinite
dimensional symmetry, called an affine Kac-Moody algebra. We will show this for
the case SL(2,R) but the results are quite general. That is, when we reduce to
two dimensions our symmetry group enlarges to an infinite-dimensional symmetry
group. For a brief introduction to affine Kac-Moody algebras, see appendix B. For
a detailed discussion about the loop-group and the central extension, see [8] and
[26].
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5.3.1 Field Representation

The Ehler’s and the Matzner-Misner sl(2,R)’s will be denoted

g = Re⊕Rh⊕Rf
g̃ = Rẽ⊕Rh̃⊕Rf̃

(5.12)

respectively, where e, h,f and ẽ, h̃, f̃ are the usual generators of SL(2,R). Under an
infinitesimal transformation our group element V transforms as V −→ δgV +V δk.
The coset representative is given by

V =
(

eφ/2 χe−φ/2

0 e−φ/2

)
. (5.13)

Note here that we have only made the change φ → −φ to the usual coset rep-
resentative4 to get (5.6). In our case we have three independent transformations
(−e,−h, − f) and we would like to find a field representation with module con-
sisting of the fields ∆ = eφ, χ. From the transformation of V we can read of the
transformation properties of ∆ and χ. When we use the f transformation we have
to recall to use a compensating factor k to restore the upper triangular gauge. We
find

δe∆ = 0 δeχ = −1
δh∆ = −2∆ δhχ = −2χ (5.14)

δf∆ = 2χ∆ δfχ = χ2 −∆2.

For the Matzner-Misner case, we get the exact same transformations, that is

δẽ∆̃ = 0 δẽχ̃ = −1
δh̃∆̃ = −2∆̃ δh̃χ̃ = −2χ̃ (5.15)

δf̃∆̃ = 2χ̃∆̃ δf̃ χ̃ = χ̃2 − ∆̃2.

This may be considered as field representation of the SL(2,R) groups. Due to
the duality relations (5.10) we will get induced transformations on the Ehlers field
when we transform the Matzner-Misner fields and vice versa. Consider φ and χ as
the module for the affine Kac-Moody group with Chevalley generators e, ẽ, f,f̃ . We
would now like to find the Cartan matrix associated with this symmetry group. To
do this we need to calculate the commutation relations and we begin by ensuring
that the two sl(2,R) have the right commutation relations, then we intertwine

4The change in sign only affects the factor e2φ → e−2φ.
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them. Consider

δ[h,e]∆ = (he− eh)∆ = δhδe∆− δeδh∆ = 2δe∆
δ[h,f ]∆ = (hf − fh)∆ = δhδf∆− δfδh∆ = −2δf∆
δ[e,f ]∆ = (δeδf − δfδe)∆ = δh∆.

(5.16)

This shows that δe, δh, δf really serve as a sl(2,R) representation5. To get the
intertwined commutation relations we need to use the duality relations given in
the previous section. Consider

δ[h̃,e]∆ = (δh̃δe − δeδh̃)∆ = −δeδh̃
(
ρ

∆̃

)
= −2δe∆

δ[h,ẽ]∆̃ = (δhδẽ − δẽδh)∆̃ = −δẽδh
(
ρ

∆

)
= −2δẽ∆̃.

(5.17)

By a completely analogous computation we find [h̃, f ] = 2f and [h, f̃ ] = 2f̃ . Thus
the Cartan matrix is given by

A =
(

2 −2
−2 2

)
. (5.18)

This is the Cartan matrix for the infinte-dimensional affine Kac-Moody algebra
A+

1 = SL(2,R)+. The implementation of the Matzner-Misner SL(2,R) on χ is
not as straightforward as for ∆. Consider6 the δf̃ transformation of χ

δf̃∂aχ = δf̃

(
∆2

ρ
δacε

bc∂bχ̃

)

= 2∆
ρ
δf̃

(
ρ

∆̃

)
δacε

bc∂bχ̃+ ∆2

ρ
δacε

bc∂b
(
χ̃2 − ∆̃2

)
= 2εbc

(
δac

ρ

∆∂b∆−
∆2

ρ
δacχ̃∂bχ̃

)
= 2∂aϕ.

That is, δf̃∂aχ = 2∂aϕ and if we use that δf̃ and ∂ commute we get

δf̃χ = 2ϕ (5.19)

where ϕ is a new field not contained in V . If we apply the Matzner-Misner SL(2,R)
on this field we will get another field, not contained in V, ϕ. This never stops
and an infinite “chain” of new fields is generated [8]. Moreover, these new fields

5Of course, the same is true for the Matzner-Misner SL(2,R).
6It is a bit misfortune that δ has two different meanings here but it should be clear from the

indices which one is which.
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depend on ∆, χ. Before we end this section we should make some observations
regarding the conformal factor f and the central extension. Due to the invariant
right hand side of (5.4), f does not transform under Ehler’s SL(2,R). However,
it does transform under the Matzner-Misner SL(2,R) because of (5.10) which
suggests that we should include f in the set of Ehler’s fields when we consider the
intertwined set of symmetries. The central extension c of the loop algebra is given
by

c = h+ h̃ (5.20)

and it is straightforward to check that [c, g] = 0 for all g ∈ sl(2,R). The conformal
factor f transform under this element according to

δcf = −f. (5.21)

5.3.2 BM Linear System

As we have seen in the previous section, in two dimensions our symmetry groups
intertwine and enlarges to an infinite-dimensional affine Kac-Moody group. By
implementing the Matzner-Misner SL(2,R) on the Ehler’s fields ∆, χ and vice
versa we were able to construct the Cartan matrix A. If one explores the imple-
mentation of the Matzner-Misner group on the Ehler’s fields a bit further one finds
that the field content ∆, χ is not enough; one has to introduce more fields. That
is, the transformation of ∆, χ by the Matzner-Misner group generates an infinte
sequence of new fields [8]. However, these fields are not independent and can be
expressed in terms of the original fields ∆, χ through a recursive process [27]. In
[8], a practical way of dealing with these fields is presented. A generating function
V(t,x) is introduced and is given by

V(t, x) = V0 + tV1 + t2V2 + ... (5.22)

where t is a complex spectral parameter, V0 ∈ G/H is the usual coset representative
and x is a collective spacetime parameter. The motivation for extending V0 is to be
able to act with the infinte dimensional symmetry group. The higher order terms
Vi contain the infinte sequence of new potentials generated by the Matzner-Misner
group when implemented on the Ehler’s fields. This object is an element of the
loop extension of a group G, [23], and the triangular gauge is generalized to the
requirement V(t, x)→ V0 as t→ 0.

As discussed in chapter 5, (5.5) is the equation we need to solve and due to the
integrability of this system there exists a so called Lax-pair with a compatibility
condition. This basically means that one can solve a set of linear equations (Lax-
pair) instead of the non-linear equation (5.5). For a more detailed discussion on
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the matter, see [8]. The linear system is given by, [11],

∂µVV−1 = Qµ + 1 + t2

1− t2Pµ + 2t
1− t2 εµνP

ν (5.23)

and the compatibility condition by

∂µ(∂νVV−1)− ∂ν(∂µVV−1) + [∂µVV−1, ∂νVV−1] = 0. (5.24)

The latter is simply an identity. We see that by letting t→ 0 in (5.23) we get back

∂µV V
−1 = Qµ + Pµ. (5.25)

A solution to (5.23) has the form of (5.22). By inserting (5.23) into (5.22) and
comparing order by order in t we can solve for Vi. One can show that if we
use (5.23) in (5.24) we get the original non-linear equation (5.5) if the spectral
parameter t satisfies the condition

∂µt = −1
2εµν∂

ν
(
ρ
(
t+ 1

t

))
. (5.26)

That is, given a solution to (5.23), (5.5) is solved as well. The solutions to (5.26)
is given by, [11],

t± = 1
ρ

(
(z − w)±

√
(z − w)2 + ρ2

)
. (5.27)

w is a constant spectral parameter and ± refers to two different types of solutions.
We note here that t+ = −1/t−. We will follow [11] and use t+ which we will simply
denote t from now on. The transformation of V(t, x) generalizes to, [11],

V(t, x) −→ k(t, x)V(t, x)g(w) (5.28)

where g(w) is an element in the loop group associated to G and k(t, x) is defined
below. Just like for the finite-group case, k(t, x) is needed to preserve the gauge
choice, i.e. it makes sure that V has the form of (5.22). The problem of finding
the correct element k(t, x) is still an issue which leads us to define a generalization
of M . To do this we first have to generalize the involution τ as

τ∞ : τ∞
(
V(t, x)

)
= τ

(
V
(
− 1/t, x

))
. (5.29)

The last action should be interpreted as an action on each of Vi. The generating
function V(t, x) can be seen as an element in the generalized coset space H∞\G∞
[8], where H∞ is the subgroup invariant under τ∞ and G∞ is the loop group
associated to G. Just like the upper triangular matrices defined the Borel gauge
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for G/H, the regularity condition V(t, x) → V0 as t → 0 defines a “Borel gauge”
for H∞\G∞. k(x, t) is an element in the subgroup H∞, i.e.

k(t, x) = τ (k(−1/t, x)) . (5.30)

Two elements V1 and V2 in the coset space H∞\G∞ will thus be considered gauge
equivalent if there exists an element k ∈ H∞ such that

V1 = kV2. (5.31)

Consider the so called monodromy matrix M(w)

M(w) =
(
V(t)

)T∞
V(t) = VT (−1/t)V(t). (5.32)

We will show below that ∂µM(t,x) = 0 which means that M depends only on
the constant spectral parameter w. This result is quite unexpected; the spacetime
independent matrix M(w) encodes information about the spacetime dependent
metric g(x). The transformation property of this matrix follows from (5.28)

M(w) −→ gT (w)M(w)g(w). (5.33)

That is, we do not need k(t, x) which again makes it more advantageous to use
M(w). However, there is one important issue; due to (5.32) we cannot simply
let t → 0 to get M after we have made the transformation, as we would like to
be able to identify the physical fields. Instead, we have to factorize M(w), called
a Riemann-Hilbert problem, which is a non-trivial task and we will elaborate on
this in chapter 7. The solution generating process works as before and once a
seed solution is obtained, new solutions can relatively easy7 be obtained. Figure
5.1 shows an overview of the process of generating new solutions. The possibilities
arising from the infinite-dimensional symmetry are of course a significant difference
to the three-dimensional case. For example, it allows Minkowski spacetime to serve
as a seed solution.

7Given that we know how to factorize M.
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Figure 5.1: Summary of the solution generating method in D = 2.

The generalized coset space H∞\G∞ is still the space of solutions to (5.5) but
from the fact that there exists a central element acting on the conformal factor f
we should include the conformal factor f into the enlarged coset space of solutions
H∞\G∞ce . Thus, the coset space H∞\G∞ce , with elements (V , f), denotes the space
of solution to both (5.4) and (5.5). See [8] for further details.

We end this section with some comments on the linear system (5.23). We note
that the right hand side is invariant under τ∞,

τ∞
(
Qµ + 1 + t2

1− t2Pµ + 2t
1− t2 εµνP

ν

)

= Qµ −
1 + 1/t2
1− 1/t2Pµ + 2/t

1− 1/t2 εµνP
ν

= Qµ + 1 + t2

1− t2Pµ + 2t
1− t2 εµνP

ν .

(5.34)

From (5.23) we see that, on shell, ∂µVV−1 is invariant under τ∞ as well which
means that ∂µVV−1 ∈ Lie(H∞). This justifies the transformation (5.28) since

∂µVV−1 −→ ∂µ(kVg)(kVg)−1 = ∂µkk
−1 + k∂µVV−1k−1. (5.35)

We recall that this is exactly how the τ invariant Q transforms. That is, ∂µVV−1

can be seen as an element in some generalized τ∞ invariant space Q∞. A final
important observation is that the t-dependence on the right hand side of (5.23) is
invariant under the transformation (5.28) [28]. By using that τ∞(∂µVV) = ∂µVV
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we can show that M is independent of x as announced above. Consider

∂µM = ∂µ
(
Vτ∞V

)
= ∂µ

(
τ∞(V−1)V

)
= ∂µ

(
τ∞(V−1)

)
V + τ∞(V−1)∂µV

= τ∞V−1
(
∂µVV−1 + (τ∞V−1)−1∂µ(τ∞V−1)

)
V

= τ∞V−1
(
∂µVV−1 − τ∞(∂µVV)

)
V = 0.

(5.36)

Here we have used that τ∞(∂µVV) = −τ∞(V)∂µ(τ∞(V−1)) and that (τ∞(V))−1 =
τ∞(V−1).

5.3.3 Relation Between M and M

There exists a very useful relation between the monodromy matrixM and M pre-
sented in [9]. We will use this relation later on when we construct the monodromy
matrix M for the Schwarzschild metric. First we note that the functions t± have
branch points at ρ = ±Im(w) and z = Re(w) with values, [9],

t±

∣∣∣∣ρ=Im(w)
z=Re(w)

= −i t±

∣∣∣∣ρ=−Im(w)
z=Re(w)

= i. (5.37)

From (5.27) we see thatt+ −→ 0 as ρ→ 0, z < Re(w)
t− −→∞ as ρ→ 0, z < Re(w)

. (5.38)

We define the following,

V+(w, ρ, z) = V(t+(w, ρ, z), ρ, z)
V−(w, ρ, z) = V(t−(w, ρ, z), ρ, z)

(5.39)

and find that the Lax-equations (5.23) become in the limit ρ→ 0, z < Re(w)

∂µV+V−1
+ = Qµ + Pµ = ∂µV V

−1

∂µV−V−1
− = Qµ − Pµ = −(∂µV V −1)T .

(5.40)

The solutions to these equations are given by

V+(w, 0, z) = V (0,z)D(w)
V−(w, 0, z) = (V T (0, z))−1C(w)

(5.41)
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where C(w) is a constant matrix. We see that D(w) = 1 in order for the require-
ment V(t+ = 0, ρ, z) = V (ρ, z) to be satisfied. By using the fact that t± are equal
for each branch point we get

V+(w, ρ, z)
∣∣∣∣ρ=Im(w)
z=Re(w)

= V−(w, ρ, z)
∣∣∣∣ρ=Im(w)
z=Re(w)

(5.42)

and by letting Im(w) −→ 0, i.e. ρ = 0 and z = w, we get

V+(w, 0, w) = V−(w, 0, w) (5.43)

which is equivalent to

V (0, z) = (V T (0, z))−1C(w). (5.44)

In the last step we have used (5.41). We recall that M(0, z) = V T (0, z)V (0, z),
thus giving us that C(w) = M(0, w) and consequently, V−(w, 0, w) = V (0, w).
Finally, we get by using the fact that M(w) is spacetime independent that

M(w) = (V(t+, ρ, z))T∞V(t+, ρ, z)
= VT (−1/t+, ρ, z)V(t+, ρ, z) = VT (t−, ρ, z)V(t+, ρ, z)
= VT− (w, ρ, z)V+(w, ρ, z) = VT− (w, 0, w)V+(w, 0, w)
= V T (0, w)V (0, w) = M(0, w).

(5.45)
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In this chapter we will continue to analyze how symmetries can be used to generate
new solutions to Einstein’s equations. The next step is to consider five-dimensional
supergravity with symmetry group G2(2) and coset space G2(2)/SO(2, 2). In partic-
ular, we will consider stationary axisymmetric solutions in five-dimensions which
depend on only two coordinates, thus rendering the theory to an effectively two-
dimensional theory. Much has been written about symmetries in this theory, e.g.
[17, 23], but the group theoretical approach taken by Breitenlohner and Maison
in two dimensions, has yet not been applied in any further extent. Their method
has been proven successful in the case of pure gravity and STU supergravity, see
[10, 11], and it is therefore natural to move on and see if this works for more complex
theories. Thus, the purpose of this and the forthcoming chapters is to investigate
if the method of Breitenlohner and Maison can be applied to this theory in order
to generate new solutions. The Lagrangian1 for D = 5 minimal supergravity is
given2 by

L = R5 ? 1− 1
2 ? F

5
(2) ∧ F 5

(2) −
1

3
√

3
F 5

(2) ∧ F 5
(2) ∧ A5

(1) (6.1)

where F 5
(2) = dA5

(1). Indices inside parentheses denotes the type of p-form.

1This Lagrangian includes both the integrand and the measure in the action and should
therefore be considered as a D-form.

2?1 = ε = εµ1...µ5dxµ1 ...⊗ dxµ5 = 1/5!εµ1...µ5dxµ1 ... ∧ dxµ5 = √gdx1... ∧ dx5 = √gd5x

77
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6.1 Dimensional Reduction to D = 3
As an intermediate step, we reduce to three dimensions just like we have done
before a la Ehlers. The dimensional reduction procedure is very similar to pure
gravity, except that we now have a vector field A5

(1) in the five-dimensional the-
ory. We will not do the reduction again but instead follow [23] throughout this
section. We use the coordinates r, θ, φ, ψ, t in our five-dimensional spacetime and
by restricting the coordinate dependence of our fields to r, θ, φ and reduce the ψ
and t dimension we obtain a three-dimensional theory. If we instead reduce over
only spacelike coordinates we get G2(2)/SO(4) rather than G2(2)/SO(2, 2). As an
ansatz for the three-dimensional metric we take

ds2
5 = e

1√
3
φ1+φ2ds2

3 + e
1√
3
φ1−φ2(dψ +A2

(1))2 − e
−2√

3
φ1(dt+ χ1dψ +A1

(1))2 (6.2)

where A1,2
(1) are the two Kaluza-Klein one-forms. If we write this in matrix form

we get

g5 =


e

1√
3
φ1+φ2g(3)

µν + e
1√
3
φ1−φ2A2

µA2
ν −

A1
µA1

ν

e
2√
3
φ1

e
1√
3
φ1−φ2A2

ν − χ1

e
2√
3
φ1
A1
ν

A1
ν

e
2√
3
φ1

e
1√
3
φ1−φ2 − χ2

1

e
− 2√

3
φ1

−e
− 2√

3
φ1χ1

−e
− 2√

3
φ1

 .
(6.3)

Since this is a metric it is symmetric and therefore we only present the upper
triangular part. As usual, we have to dualize to get the sigma-model. We start by
defining the following field strengths

F(1) = dχ1 (6.4a)

F1
(2) = dA1

(1) +A2
(1) ∧ dχ1 (6.4b)

F2
(2) = dA2

(1) (6.4c)

The vector field A5
(1) decomposes as

A5
(1) = A(1) + χ3dψ + χ2dt. (6.5)

χ2 and χ3 are two scalar fields with the corresponding field strengths

F 1
(1) = dχ2 (6.6a)

F 2
(1) = dχ3 − χ1dχ2 (6.6b)

F(2) = dA(1) − dχ2 ∧ (A1
(1) − χ1A2

(1))− dχ3 ∧ A2
(1) (6.6c)
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We can now dualize our field strengths3 as

G(1)4 = e
√

3φ1−φ2 ? F(2) = dχ4 + 1√
3

(χ2dχ3 − χ3dχ2) (6.7a)

G(1)5 = −e−
√

3φ1−φ2 ? F1
(2) = dχ5 − χ2dχ4 + χ2

3
√

3
(χ3dχ2 − χ2dχ3) (6.7b)

G(1)6 = e−2φ2 ? F2
(2) = dχ6 − χ1dχ5 + (χ1χ2 − χ3)dχ4 (6.7c)

+ 1
3
√

3
(χ3 − χ1χ2)(χ3dχ2 − χ2dχ3)

The Lagrangian (6.1) can now be expressed in terms of the scalar fields φ1, φ2, χ1,..., χ6
as

L = R ? 1− 1
2 ? dφ1 ∧ dφ1 −

1
2 ? dφ2 ∧ dφ2 + 1

2e−
√

3φ1+φ2 ? dχ1 ∧ dχ1

+ 1
2e

2√
3
φ1 ? dχ2 ∧ dχ2 −

1
2e
− 1√

3
φ1+φ2 ? (dχ3 − χ1dχ2) ∧ (dχ3 − χ1dχ2)

+ 1
2e

1√
3φ1

+φ2
? G(1)4 ∧G(1)4 −

1
2e
√

3φ1+φ2 ? G(1)5 ∧G(1)5

+ 1
2e2φ2 ? G(1)6 ∧G(1)6.

(6.8)

All the fields, including the three-dimensional Ricci scalar R, depend only on r, θ, φ.
Although it is not that obvious, this is a sigma-model coupled to gravity on the
coset space G2(2)/SO(2,2).

6.2 The Coset Space G2(2)/SO(2,2)
Since G2(2)/SO(2,2) is the coset space for the sigma-model in three dimensions we
will in this section briefly discuss its properties, define the involution, define the
generalized transpose, define the matrix M and discuss how the coset space should
be parametrized.

6.2.1 G2(2)

Here we will follow [30]. The Lie algebra g2(2) is the split real form of g2. It is a
14 dimensional algebra summarized in the Cartan matrix A(G2(2))

A(G2(2)) =
(

2 −1
−3 2

)
(6.9)

3G(1)4,5,6 should not be confused with the group G2(2).
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The Cartan matrix is of rank 2 which means that we have two triples of Chevalley
generators hi, ei, fi, (i = 1, 2). From the Serre relations we get that we can form

e3 = [e1,e2] f3 = [f2,f1]
e4 = [e3,e2] f4 = [f2,f3]
e5 = [e4,e2] f5 = [f2,f4]
e6 = [e1,e5] f6 = [f5,f1]

which together with our two Chevalley triples give us a total of 14 generators. The
real span gives us the split real form g2(2) with triangular decomposition

g2(2) = n− ⊕ n0 ⊕ n+ (6.10)

where

n− = Span
R
{e1,...,e6}

n0 = Span
R
{h1, h2}

n+ = Span
R
{f1,...,f6}.

(6.11)

We define another basis for g2(2) as, [23],

h′1 = 1√
3
h2 h′2 = h2 + 2h1

e′1 = e1 e′2 = 1√
3
e2

e′3 = 1√
3
e3 e′4 = 1√

12
e4

e′5 = 1
6e5 e′6 = 1

6e6.

This basis will be used when we create the coset representative.

6.2.2 Involution and Generalized Transpose

We define the involution τ as

τ : τ(t) = −(η−1)(t)Tη, t ∈ g2(2) (6.12)

η is defined below, which gives us

τ(e1) = f1 τ(e2) = f2

τ(e3) = −f3 τ(e4) = f4

τ(e5) = −f5 τ(e6) = f6 (6.13)

τ(h1) = −h1 τ(h2) = −h2
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The set of all generators invariant under the involution is given by

h = {k = t+ τ(t) : t ∈ g2(2)}. (6.14)

Explicitly, the set consists of

k1 = e1 + f1 k2 = e2 + f2 k3 = e3 − f3

k4 = e4 + f4 k5 = e5 − f5 k6 = e6 + f6.

These six generators define two sl(2,R)’s, easily seen by calculating the commu-
tation relations. k1, k2, k3 define one SL(2,R) and k4, k5, k6 another. These are
of course not the same SL(2,R)’s that appear in the Chevalley triples. Since
sl(2,R)⊕ sl(2,R) = so(2,2) we have that k1,..., k6 generate SO(2,2). Even though
they are denoted with a k they do not form a compact subalgebra. We end this
section by defining the generalized transpose as

V T = η−1V Tη (6.15)

where

η =



−1
2 0 0 0 0 0 0

0 1
2 0 0 0 0 0

0 0 −1
2 0 0 0 0

0 0 0 1 0 0 0
0 0 0 0 −2 0 0
0 0 0 0 0 2 0
0 0 0 0 0 0 −2


. (6.16)

By a straightforward calculation one can check that V T = V −1 for all V ∈ SO(2,2).

6.2.3 The Matrix M

From now on we will use

M = V T V (6.17)

as the definition of M . This does not change any result we have obtained so far but
the coset space changes to H/G and the relationship between M and Pµ changes
to

M−1∂µM = 2−1V −1PµV (6.18)

obtained by a completely analogous calculation. Even though H\G is the correct
coset space there is a trend in the litterature to keep denoting the coset space
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as G/H. We will also do this to stay in line with the common notation. The
transformation of M is given by (3.27). Defined in [23] we can also define a M̂ as

M̂ = STηV T V S (6.19)

where

S =



0 0 0 0 0 0
√

2
0 −

√
2 0 0 0 0 0√

2 0 0 0 0 0 0
0 0 0 −1 0 0 0
0 0 0 0 1√

2 0 0
0 0 0 0 0 1√

2 0
0 0 1√

2 0 0 0 0


(6.20)

The advantage of using the latter definition is that it makes the vacuum truncation
more connected to the SL(3,R)/SO(2,1) coset space, see section 6.3. The downside
of using it is that M is not an element in G2(2) and this will cause difficulties in the
factorization, see below. In the following chapters we will use (6.17) unless clearly
stated otherwise.

6.2.4 Parametrization of the Coset Space

By exponentiating the Borel subalgebra we get a coset representative much like we
got for the SL(2,R)/SO(2) case. The Borel subalgebra is generated by h′1, h

′
2, e
′
1,..., e

′
6

which gives ut the coset element V as, [23],

V = exp
(1

2φ1h
′
1 + 1

2φ2h
′
2

)
exp(χ1e

′
1) exp(−χ2e

′
2 + χ3e

′
3) exp(χ6e

′
6) exp(χ4e

′
4 − χ5e′5).

(6.21)

We stress once more that this is actually an element in the right coset space
H\G rather than the left G/H. With this parametrization one can show, by a
straightforward calculation, that

L = R ? 1− 1
8Tr

(
? (M−1dM) ∧ (M−1dM)

)
. (6.22)

The choice of coset representative is not unique and we might as well choose to
exponentiate the sum of all generators. However, that choice is not very conve-
nient since it does not allow us to identify φ1, φ2,χ1,..., χ6 with the fields in the
Lagrangian. We might say that if we want to parametrize our coset space with
the same field as in the Lagrangian, (6.21) is unique up to a constant matrix as in
(6.19).
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6.3 Vacuum Truncation

If we would like to study vacuum solutions in five dimensions we could simply
truncate our theory by letting χ2 = χ3 = χ4 = 0, i.e. no vector potential A5

(1).
This should of course be equivalent to the case of pure gravity in five dimensions
with the corresponding coset space SL(3,R)/SO(2,1). Thus, if the truncation is
consistent we should have that

SL(3,R)
SO(2,1) ⊂

G2(2)

SO(2,2) . (6.23)

However, even though we are effectively working in the SL(3,R)/SO(2,1) coset
space we have to remember that this is an embedding in the G2(2)/SO(2,2) space
which means that we will use seven-dimensional representations. Our Lagrangian
reduces to

L = R ? 1− 1
2 ? dφ1 ∧ dφ1 −

1
2 ? dφ2 ∧ dφ2 + 1

2e−
√

3φ1+φ2 ? dχ1 ∧ dχ1

− 1
2e
√

3φ1+φ2 ? G(1)5 ∧G(1)5 + 1
2e2φ2 ? G(1)6 ∧G(1)6

(6.24)

where

G(1)5 = −e−
√

3φ1−φ2 ? F1
(2) = dχ5 (6.25a)

G(1)6 = e−2φ2 ? F2
(2) = dχ6 − χ1dχ5. (6.25b)

The embedding (6.23) can be made more apparent if we consider the subalgebra
spanned by h1, h2, e1, e5, e6. If we make a change of basis of the Cartan algebra as

h̃1 = h1 + h2

h̃2 = h2
(6.26)

we get, by using the commutation relations given by (6.9), that h̃1, h̃
′
2, e1, e5, e6

satisfy the sl(3,R) algebra. Thus, SL(3,R) is a subgroup of G2(2). Our coset
representative reduces to

V = exp
(1

2φ1h
′
1 + 1

2φ2h
′
2

)
exp(χ1e

′
1) exp(χ6e

′
6) exp(−χ5e′5) (6.27)

We conclude this section by explicitly calculating the matrix M̂ given by the
definition (6.19). By using the representation given in appendix C we get that

M̂ =

M
−1
3×3 0 0
0 1 0
0 0 M3×3

 (6.28)
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where

M3×3 =


−(e

√
3(φ1+φ2)χ52+1)
e

2(φ1+φ2)√
3

−(χ1+e
√

3(φ1+φ2)χ5χ6)
e

2(φ1+φ2)√
3

−e
φ1+φ2√

3 χ5

−(χ1+e
√

3(φ1+φ2)χ5χ6)
e

2(φ1+φ2)√
3

(−χ12−e
√

3(φ1+φ2)(χ62−1))
e

2(φ1+φ2)√
3

−e
φ1+φ2√

3 χ6

− χ5

e
−φ1−φ2√

3
−e

φ1+φ2√
3 χ6 −e

φ1+φ2√
3

 (6.29)

As it turns out, M3×3 is a representation for SL(3,R) [23]. Thus, when the symme-
tries of vacuum gravity is embedded into the coset space G2(2)/SO(2,2) it appears
twice.

6.4 The Reissner-Nordström Metric in D = 5

In our efforts to investigate the solution generating properties of G2(2) we will
consider an explicit example, the five-dimensional Reissner-Nordström metric.
This metric is the electrically charged five dimensional Schwarzschild solution
parametrized by the mass m and charge q. The components are given explic-
itly in [23] but we will reproduce them here for convenience and to establish the
notation. In the next chapter this solution will be generated. In the coordinates
used above we have

g
(5)
tt = − r2(r2 − 2m)

(r2 + 2m sinh2(δ))2

g
(5)
φφ = sin2(θ)(r2 + 2m sinh2(δ))
g

(5)
ψψ = cos2(θ)(r2 + 2m sinh2(δ))

g(5)
rr = r2 + 2m sinh2(δ)

r2 − 2m
g

(5)
θθ = r2 + 2m sinh2(δ)

At = 2
√

3m sinh(δ) cosh(δ)
r2 + 2m sinh2(δ)

(6.30)

where δ is the parameter which regulates the electric charge. To get the coset
representative one needs to dualize, which involves integration. However, for more
complicated examples this integration can become very difficult. To overcome
this problem one can follow the procedure from [21]. First we make the following
observation for M . If we calculate the matrix valued one-form product ?M−1dM
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we find that the following matrix components become

(
?M−1dM

)
61

= e2φ2

2 (χ1 ? dχ5 − ?dχ6)
(
?M−1dM

)
51

= e
√

3φ1+φ2

2 ? dχ5 −
e2φ2

2 χ1(χ1 ? dχ5 − ?dχ6).

By a straightforward calculation we find, by using (6.25a), (6.25b), (6.4b) and
(6.4c), that

(
?M−1dM

)
61

= −1
2dA2

(1)(
?M−1dM

)
51

= −1
2d(A1

(1) − χ1A2
(1)).

This leads us to define4 a matrix valued one-form N

dN = ?M−1dM (6.31)

and from the result above we get

N23 = −1
2A

2
(1)

N13 = −1
2(A1

(1) − χ1A2
(1)).

(6.32)

From the defining relation of N we get an induced transformation from M as

N −→ g−1Ng. (6.33)

Thus, the matrix N allows us to extract the transformed A1,2
(1) directly without

performing any dualization.

6.5 Dimensional Reduction to D = 2
The reduction to two dimensions is performed in the same way as in the previous
chapter and we choose (ρ, z) as coordinates on the flat two-dimensional space. The
ansatz

g(3) =
(
f 2g(2) 0

0 ρ2

)
(6.34)

4Actually, the result above does not provide enough evidence for us to make this assumption
since we need to check if all components can be written like this. However, on shell one can show
that this assumption is valid [17].
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gives the two-dimensional Lagrangian, [23]

L = ρR ? 1− 1
8ρTr

(
? (M−1dM) ∧ (M−1dM)

)
+ 2f−1 ? dρ ∧ df. (6.35)

Since there are no structural differences in this Lagrangian compared to the one
discussed in chapter 5, the field equations look the same. As pointed out at end of
chapter 5, the conformal factor f 2 is obtained by integration once M is known. In
[10], a useful and neat expression for calculating f is presented. It requires some
concepts which we will present in the following chapter.



7
Solution to the Riemann-Hilbert Problem

When we generated solutions in three dimensions we transformed the matrix M
and then read off the different fields directly. This procedure is rather straightfor-
ward, putting aside any issues with the inverse dualization. In two dimensions we
cannot simply read of the fields after we have made the transformation. This is
due to the nature of the monodromy matrixM, whose connection to the physical
fields is far from obvious. In order to find the physical fields after a transformation
we have to find the corresponding matrix M . To do this one have to factorize
M = VT V , which in general is quite difficult, called a Riemann-Hilbert problem.
As it turns out, this problem becomes manageable if one considers special types
of meromorphic matrices M with single poles. Breitenlohner and Maison worked
out a factorization procedure for this kind of matrices, presented in unpublished
notes1, and in [10, 11] this method is applied to pure gravity and STU super-
gravity. As explained in the previous chapter, the natural way to proceed is to
check if this method works for other groups which emerge from more complicated
gravity theories and the next in line would be the G2(2) group. There seem to
be no a priori indication that the method cannot be applied to this group but
when it comes to actually performing calculations some practical difficulties may
arise since this is a larger group in the sense of matrix representation. Since the
purpose of the forthcoming chapters is to apply this to the G2(2) group, we will
reproduce the method here, adapted to the G2(2) group. The presentation closely
follows [11]. At the end of this chapter we will apply the method to factorize the
Schwarzschild metric which will be one of the main results of this thesis. This
will function not only as an illuminating example but also as a seed solution to
generate the Reissner-Nordström metric.

1I am grateful to Axel Kleinschmidt for providing these notes.
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7.1 Riemann-Hilbert Problem for G2(2)

Due to the fact that M = VT (−1/t)V(t) we cannot simply let t → 0 in order to
get M . We have to obtain the corresponding matrix V(t) which amounts to solve
the Riemann-Hilbert problem. In this section we will assume that the monodromy
matrix M is meromorphic2 in the spectral paramter w. G2(2) is a subgroup of
SO(3+,4−) and should therefore preserve a quadratic form. Let η′ denote the
quadratic form preserved by an arbitrary coset element

η′ =



0 0 0 0 0 0 1
0 0 0 0 0 −1 0
0 0 0 0 1 0 0
0 0 0 −1 0 0 0
0 0 1 0 0 0 0
0 −1 0 0 0 0 0
1 0 0 0 0 0 0


. (7.1)

The matrix M(t,x) ∈ G2(2) is parametrized as

M(t,x) = Y + A1

w − c
+ A2

w + c
(7.2)

where Y is given by the boundary condition. This follows from (5.45) and the
assumption that M has an expansion in 1/r, i.e. M = Y + M1/r + O(1/r2). Ak
is parametrized as

Ak = αkaka
T
k + βkbkb

T
k (7.3)

where the generalized transpose on a column vector is defined3 as aTk = aTk η and on
a row vector as (aTk )T = η−1ak. The prefactors αk and βk are added for convenience
and can be used to tune detM = 1. We assume that the matrices A1 and A2 are
rank 2 matrices but the generalization to higher rank should be straightforward
[11]. From the relation (5.27)

t = 1
ρ

(
z − w +

√
(z − w)2 + ρ2

)
(7.4)

we can express M as

M(t,x) = Y +
2∑

k=1

νktkAk
t− tk

+
2∑

k=1

νkAk
1 + ttk

(7.5)

2A meromorphic function is an analytical function on an open set except for a set of isolated
points.

3This definition is obtained by looking at ATk .
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where

νk = − 2
ρ
(
tk + 1

tk

) (7.6)

and tk are the poles at ±c given by (7.4). We need to find the restrictions on the
vectors ak and bk which ensure thatM is an element in G2(2)/SO(2,2). To do this
we use the fact that a coset element should preserve the matrix η′. Consider

M(t,x)M−1(t,x) =M(t,x)(η′)−1MT (t,x)

=
(
Y + ν−

(
t1

t− t1
+ 1

1 + tt1

)
A1 + ν2

(
t2

t− t2
+ 1

1 + tt2

)
A2

)
(η′)−1

(
Y T + ν1

(
t1

t− t1
+ 1

1 + tt1

)
AT1 + ν2

(
t2

t− t2
+ 1

1 + tt2

)
AT2

)

= Y (η′)−1Y T + ν2
1A1(η′)−1AT1
(1 + tt1)2 + ν2

+A2(η′)−1AT2
(1 + tt2)2

+ A1(η′)−1ν1

1 + tt1

(
Y T + ν1

t1
t− t1

AT1 + ν2

(
t2

t− t2
+ 1

1 + tt2

)
AT2

)
+
(
Y + ν1

(
t1

t− t1

)
A1 + ν2

(
t2

t− t2
+ 1

1 + tt2

)
A2

) (η′)−1ν1A
T
1

1 + tt1
...

Since M(t,x)M−1(t,x) = (η′)−1 the left hand side should not contain any poles.
In particular, the absence of double pole at t = −1/t± gives us

Ak(η′)−1ATk = 0. (7.7)

Using the parametrization of Ak, k = 1,2, we get

Ak(η′)−1ATk = (αkakaTk + βkbkb
T
k )(η′)−1(αkakaTk + βkbkb

T
k )T

= α2aka
T
k η(η′)−1ηTaka

T
k + β2

kbkb
T
k η(η′)−1ηT bkb

T
k

+ αkβkaka
T
k η(η′)−1ηT bkb

T
k + αkβkbkb

T
k η(η′)−1ηTaka

T
k

= α2aka
T
k η
′aka

T
k + β2

kbkb
T
k η
′bkb

T
k

+ αkβkaka
T
k η
′bkb

T
k + αkβkbkb

T
k η
′aka

T
k .

Here we have used η(η′)−1ηT = η′. From this we get that

aTk η
′ak = 0

bTk η
′bk = 0

aTk η
′bk = 0,

(7.8)
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where k = 1, 2. The absence of single poles at t = −1/tk gives

Ak(η′)−1ATk +Ak(η′)−1ATk = 0 (7.9)

where

Ak =
(
M(t,x)− νkAk

1 + ttk

) ∣∣∣∣
t→− 1

tk

. (7.10)

Here, Ak should not be confused with the Kaluza-Klein vectors. If we insert the
expression for Ak we get

αkaka
T
k η
′η−1ATk + βkbkb

T
k η
′η−1ATk = −αkAkη−1η′aka

T
k − βkAkη−1η′bkb

T
k . (7.11)

If there exist numbers γk the solution is given by

Akη−1η′ak = −νkβkγkbk
bTk η

′η−1ATk = νkαkγka
T
k .

(7.12)

Note that we cannot simply calculate γk from one of the equations above since both
of them need to be satisfied. (7.12) should be considered as a further restriction
on the vectors ak and bk in order to have a solution of (7.11).

7.1.1 Ansatz for Factorization

We continue to follow [11] and factorize M into the form

M(t,x) = AT−(t,x)M(x)A+(t,x). (7.13)

Due to the fact that MT =M we have that

A−(t,x) = A+

(
−1
t
,x
)
. (7.14)

Moreover, since M(t,x) = VT
(
−1

t

)
V(t) and M(x) = V T (x)V (x) we have that

V(t,x) = V (x)A+(t,x). (7.15)

The poles ofM are obviously distributed between A+ and A− and due to the fact
that V(t,x) needs to be regular at t = 0 we have that the poles at t = −1/tk belong
to A+. Thus, we make the following ansatz for A+

A+(t,x) = 1− tC1

1 + tt1
− tC2

1 + tt2
. (7.16)



7.1 Riemann-Hilbert Problem for G2(2) 91

where Ck is a matrix to be determined. From (7.14) we get that

A−(t,x) = 1+ C1

t− t1
+ C2

t− t2
. (7.17)

In a similar way as we did before we study the product A+(t,x)η′MT (t,x)

A+(t,x)η′MT (t,x) = A+(t,x)η′AT+(t,x)MT (x)
(
AT−(t,x)

)T
= η′MT (x)

(
AT−(t,x)

)T
.

(7.18)

This tells us that A+(t,x)η′MT (t,x) does not have any poles at t = −1/tk and by
expanding M(t,x) in terms of Ak we get

A+(t,x)η′MT (t,x) =
(
1− tC1

1 + tt1
− tC2

1 + tt2

)
η′(

Y T + ν1

(
t1

t− t1
+ 1

1 + tt1

)
AT1 + ν2

(
t2

t− t2
+ 1

1 + tt2

)
AT2

)
= η′Y T + η′

ν1t1A
T
1

t− t1
+ η′

ν1A
T
1

1 + tt1
+ η′

ν2t1A
T
2

t− t2
+ η′

ν2A
T
2

1 + tt2

− tC1

1 + tt1
η′Y T − tC2

1 + tt2
η′Y T − tC1η

′ν1A
T
1

(1 + tt1)2 −
tC2η

′ν2A
T
2

(1 + tt2)2 + ...

The absence of double poles at t = −1/tk give us

Ckη
′ATk = 0. (7.19)

Now, if we recall (7.8) we make the following ansatz for Ck

Ck = cka
T
k η − dkbTk η (7.20)

where ck and dk are constant vectors. The reason why there is a minus sign in
front of the dk term will become apparent below. Given that (7.8) are satisfied,
(7.19) is satisfied as well. The absence of single poles at t = −1/tk give us

1
tk
Ckη

′ATk +
(
A+(t,x) + tCk

1 + ttk

) ∣∣∣∣
t=− 1

tk

η′νkA
T
k = 0. (7.21)

If we insert the expression for Ak, A+ and use (7.12) we get

1
tk

(−νkαkγkdkaTk − νkβkγkckbTk ) + αkνkη
′ηTaka

T
k + βkνkη

′ηT bkb
T
k

+ 1
tk − tl

(
αkνkcla

T
l η
′aka

T
k + βkνkcla

T
l η
′bkb

T
k − αkνkdlbTl η′akaTk

− βkνkdlbTl η′bkbTk
)

= 0,

(7.22)
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where l 6= k. Here we have used ηη′η = η′. This expression can be simplified if we
assume that

aTl η
′ak = 0

bTl η
′bk = 0

(7.23)

for l 6= k, i.e. a generalization of (7.8). In addition to the vanishing of the two
terms in the parenthesis we can use the orthogonality of ak and bk to get two
equations that need to be satisfied. By multiplying from the right with η′al and
η′bl we get that (7.22) is solved if(
− 1
tk
νkαkγkdk + αkνkη

′ηak + αkνk
tk − tl

(
cla

T
l η
′ak − dlbTl η′ak

))
aTk η

′bl = 0(
− 1
tk
νkβkγkck + βkνkη

′ηbk + βkνk
tk − tl

(
cla

T
l η
′bk − dlbTl η′bk

))
bTk η

′al = 0.
(7.24)

Thus, (7.24) becomes

η̃ak = 1
tk
γkdk + 1

tk − tl
dla

T
k η
′bl

η̃bk = 1
tk
γkck −

1
tk − tl

cla
T
l η
′bk

(7.25)

where we have defined η̃ = η′η. We note here that both αk and βk have disap-
peared. This means that we have a freedom in choosing the vectors ak and bk
which can be utilized to satisfy the constraint det M = 1. If we define a and b as
matrices with ak and bk as column vectors, respectively, (7.25) can be written as
matrix equations. If we define Γ as

Γkl =


γk
tk

for k = l
aTk η

′bl
tk−tl

for k 6= l
(7.26)

we get that (7.25) is equivalent to

η̃a = dΓT

η̃b = cΓ.
(7.27)

This result agrees with [11]. Here we have also defined the matrices c and d
completely analogous to a and b. The reason why we had a minus sign in front of
dk becomes clear here as it allows us to use Γ and ΓT . The linear system (7.27)
should be considered as equations for d and c. Once they are known, we can form
A+. To get M(x) we use the fact that M(t,x) −→ Y and A−(t,x) −→ 1 as
t −→∞

M(x) = Y A−1
+ (t→∞). (7.28)
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To summarize: we have a method to factorize monodromy matrices with single
poles in w. The residues of the poles are in general of arbitrary rank but for
Schwarzschild they are of rank 2. These residues are in turn parametrized by
vectors which have to satisfy a set of constraints in order forM to be in the coset
space. As a result, the only non-trivial part in the factorization method is to solve
a set of linear equations where the vectors are assumed to be known. Thus, when
we want to factorize the monodromy matrixM we need the vectors. We end this
section by referring to an important result in [8]: the factorization ofM is unique.

7.2 The Monodromy Matrix M for Schwarzschild

In this section we will apply the factorization method described above to the
Schwarzschild metric. Once the monodromy matrixM is obtained it can serve as
a seed solution to generate other solutions. At least to the best of the author’s
knowledge, the Schwarzschild monodromy matrix M for the case of G2 has not
been constructed elsewhere. One way to constructM is to solve the Lax-pair (5.23)
to get V . This approach is not recommended for two reasons: (i) the calculations
tend to get very cumbersome. (ii) To use the method described above we need
the vectors ak and bk which means that knowing M is not sufficient.

7.2.1 The Schwarzschild Metric in New Coordinates

As it turns out, the coordinates we used in 6.4 are not very practical when it
comes to actually performing calculations. The main problem is that the matrix
Y , introduced in the previous section, is not well defined since it diverges. In these
coordinates the Schwarzschild metric is given by

ds2 = −
(

1− µ

r2

)
dt2 +

(
1− µ

r2

)−1
dr2 + r2

(
dθ2 + sin2(θ)dφ2 + cos2(θ)dψ2

)
(7.29)

were µ = 2m. We would like to find a set of coordinates in which the limit
r −→∞ yields a constant invertible matrix Y . If we make the following coordinate
transformations, [21],

φ− = ψ − φ

φ+ =
√
µ

2
√

2
(ψ + φ),

(7.30)
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where µ 6= 0, the Schwarzschild metric is given in terms of the coordinates r, θ, φ−, φ+, t
as

ds2 = −
(

1− µ

r2

)
dt2 +

(
1− µ

r2

)−1
dr2 + r2dθ2 + 2r2

µ
dφ2

+ + r2

4 dφ2
−

+
√

2
µ
r2 cos(2θ)dφ+dφ−.

(7.31)

We see that in these coordinates the Schwarzschild metric is not diagonal and
consequently, not the monodromy matrix M either. However, this is not a big
issue. Moreover, in these new coordinates Minkowski spacetime is not represented
since it is not allowed to put µ = 0. To find the coset element we start by
identifying4 the non-vanishing fields φ1, φ2,...,A2

µ from 6.3

e
−2√

3
φ1 = 1− µ

r2

e−φ2 = 2
µ

√
r4 − µr2

A2
µ=2 =

√
µ

2
√

2
cos(2θ).

(7.32)

We also need the three-dimensional metric ds2
3

ds2
3 = 2

µ

(
r2 − µ

)(r2

4 sin2(2θ)dφ2
− +

(
1− µ

r2

)−1
dr2 + r2dθ2

)
. (7.33)

From the dualization procedure we get that the only non-trivial equation is

e−2φ2 ?3 dA2
(1) = dχ6 (7.34)

which in component form becomes

e−2φ2
√
ggνσgρλε̃µσλ∂[νA2

ρ] = ∂µχ6. (7.35)

The solution to this equation is given by

χ6 = −2r2

µ
+ b (7.36)

4We reduce the t and ξ dimensions.
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where b is a constant of integration which we set b = 1. It is straighforward to
identify that χ1 = χ5 = 0. In these new coordinates the matrix M takes the form

MS =



µ
2r2−2µ 0 0 0 0 µ−2r2

r2−µ 0
0 µ

2r2 0 0 0 0 µ
r2 − 2

0 0 1
1− µ

r2
0 0 0 0

0 0 0 1 0 0 0
0 0 0 0 1− µ

r2 0 0
2r2−µ
4r2−4µ 0 0 0 0 − µ

2r2−2µ 0
0 1

2 −
µ

4r2 0 0 0 0 − µ
2r2


. (7.37)

By expanding in 1/r we get that

Y =



0 0 0 0 0 −2 0
0 0 0 0 0 0 −2
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
1
2 0 0 0 0 0 0
0 1

2 0 0 0 0 0


. (7.38)

We will consider this matrix as the M matrix for the Minskowski solution R4,1

even though we do not have a metric representing flat space. Thus, every solution
M , in these coordinates, with asymptotic Minkowski spacetime should satisfy

lim
r→∞

M = Y (7.39)

for Y given above. In the next section we will generate the Reissner-Nordström
metric from Schwarzschild. Since the Schwarzschild solution is now expressed in
the r, θ, φ−, φ+, t coordinates all solutions generated from this seed solution will also
be expressed in theses coordinates. Thus, we have to make the same coordinate
transformation to the Reissner-Nordström solution presented in 6.4 in order to
recognize it. In particular, we need the non-vanishing coset scalars. By comparing
it with (6.3) we find

e
− 2√

3
φ1 = r2(r2 − 2m)

(r2 + 2m sinh2(δ))2

e−φ2 = r
√
r2 − 2m
m

χ2 = 2
√

3m sinh(δ) cosh(δ)
r2 + 2m sinh2(δ)

A2
µ=2 =

√
m cos(2θ)

2 .

(7.40)
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7.2.2 Parametrization of M
We start with the ansatz (7.2)

M(w) = Y + A1

w − µ/4 + A2

w + µ/4 . (7.41)

From the derived constraints (7.8) and (7.23), the results from section 5.3.3 and
the embedding of the SL(3,R) group, i.e. the vacuum truncation, it turns out
that the vectors ak and bk should be

a1 = (1/2,0, 1/
√

2, 0, 0, 1/4, 0)T

a2 = (0, 1/2, 0, 0, 1/
√

8, 0,−1/4)T

b1 = (−1/2, 0, 1/
√

2, 0, 0,−1/4, 0)T

b2 = (0,−1/2, 0, 0, 1/
√

8, 0, 1/4)T .

(7.42)

In order to tune det M = 1 we choose

α1 = β1 = µ

α2 = β2 = −µ.
(7.43)

This gives us the Schwarzschild monodromy matrix

MS =



−µ/4(
w+µ

4

) 0 0 0 0 µ/2(
w+µ

4

) − 2 0

0 −µ/4(
w−µ4

) 0 0 0 0 −µ/2(
w−µ4

) − 2

0 0 1− µ/2(
w+µ

4

) 0 0 0 0

0 0 0 1 0 0 0
0 0 0 0 µ/2(

w−µ4

) + 1 0 0

1
2 −

µ/8(
w+µ

4

) 0 0 0 0 µ/4(
w+µ

4

) 0

0 µ/8(
w−µ4

) + 1
2 0 0 0 0 µ/4(

w−µ4

)


.

(7.44)

To show that this matrix factorizes to (7.37) we apply the method described above,
which should be straightforward once the vectors ak and bk are determined. Ba-
sically, the only non-trivial part in the calculation is to solve the linear system
(7.27). The different constituents can be found in appendix D. The result is given
by

MS =



A 0 0 0 0 D 0
0 B 0 0 0 0 E
0 0 C 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 C−1 0 0

−D/4 0 0 0 0 −A 0
0 −E/4 0 0 0 0 −B


(7.45)
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where

A = 2µ
−2µ+

√
16ρ2 + (µ− 4z)2 +

√
16ρ2 + (µ+ 4z)2

B = 2µ
2µ+

√
16ρ2 + (µ− 4z)2 +

√
16ρ2 + (µ+ 4z)2

C =
µ+

√
16ρ2 + (µ+ 4z)2 + 4z

−µ+
√

16ρ2 + (µ− 4z)2 + 4z

D = − 16z√
16ρ2 + (µ− 4z)2 −

√
16ρ2 + (µ+ 4z)2 + 8z

E = −

√
16ρ2 + (µ− 4z)2 +

√
16ρ2 + (µ+ 4z)2 + 8z

µ+
√

16ρ2 + (µ+ 4z)2 + 4z
.

(7.46)

In order to recognize this as the Schwarzschild solution we have to change coor-
dinates to r and θ. From the canonical parametrization of the three-dimensional
metric

g(3) =
(
f 2g(2) 0

0 ρ2

)
(7.47)

we see, by comparing with (7.33), that

ρ(r, θ) = r√
2µ

√
r2 − µ sin(2θ). (7.48)

To find z(r, θ) we use the two versions of the two-dimensional metric i.e. ds2
2 =

dρ2 + dz2 and g2. These two metrics are obviously related through a coordinate
transformation (ρ, z) ↔ (r, θ). Since f 2g2 is diagonal, g2 is diagonal as well and
from this observation z(r, θ) can be found. We have

dρ2 + dz2 =
(
∂z

∂r

)2

dr2 +
(
∂z

∂θ

)2

dθ2 + 2∂z
∂r

∂z

∂θ
dθdr + 2∂ρ

∂r

∂ρ

∂θ
dθddr

+
(
∂ρ

∂r

)2

dr2 +
(
∂ρ

∂θ

)2

dθ2

(7.49)

and the requirement that no cross terms exist implies

∂z

∂r

∂z

∂θ
= −∂ρ

∂r

∂ρ

∂θ
. (7.50)
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The solution to this differential equation is given by

z(r, θ) = 1
2
√

2µ

(
2r2

µ
− 1

)
cos(2θ). (7.51)

If we insert this into (7.45) we regain the matrix MS. However, this step is not
as straightforward as it might seem due to (7.48) and (7.51) . To circumvent this
problem one can introduce the (x,y) coordinates as an intermediate step, [23],

x = 2r2

µ
− 1 ρ = 1

2
√

2µ

√
(x2 − 1)(1− y2) (7.52)

y = cos(2θ) z = 1
2
√

2µxy. (7.53)

The θ dependence on both ρ and z implies the restriction ρ ≥ 0. Otherwise we
get that θ = 0 and θ = π for a fixed r has the same ρ, z coordinate. Moreover, we
note that the horizon r = √µ corresponds to ρ = 0.

7.3 Adding Electric Charge

Now that we have the monodromy matrixMS for Schwarzschild we can use it as a
seed solution. In this section we will demonstrate how to add electric charge to the
Schwarzschild solution and thereby get the five-dimensional Reissner-Nordström
solution. The monodromy matrix M transforms as

M(w) −→ gT (w)M(w)g(w) (7.54)

where g(w) is an element in G+
2 . If we restrict ourselves to the case when g(w) ∈

SO(2, 2) is independent of w we get the following transformation properties for
the vectors ak and bk

ak −→ g−1ak

bk −→ g−1bk

aTk −→ aTk g

bTk −→ bTk g.

(7.55)

These are obtained from the definitions of ak and bk. The next step is to face
the question which group element g we should use to add electric charge. From
previous analysis we know that this group element lies in SO(2, 2), i.e. H. Since the
Reissner-Nordström metric has the same asymptotic behaviour as Schwarzschild
we also require that

g−1Y g = Y. (7.56)
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It should be emphasized that this is a requirement on the particular generator we
are looking after. It is not a requirement on g(w) in general. In [17], an analysis
of the action of the generators in h was made and as it turned out, k2 generates
electric charge. This means that

g = exp(
√

3δk2) (7.57)

and one can confirm that this group element indeed satisfies (7.56). The prefactor
is added for convenience. Using this group element the new vectors a′k and b′k
become

a′1 =
(

cosh(δ)
2 ,− sinh(δ)

2 ,
cosh2(δ)√

2
,− sinh(δ) cosh(δ)√

2
,
sinh2(δ)

2
√

2
,
cosh(δ)

4 ,− sinh(δ)
4

)

a′2 =
(
−sinh(δ)

2 ,
cosh(δ)

2 ,
sinh2(δ)√

2
,− sinh(δ) cosh(δ)√

2
,
cosh2(δ)

2
√

2
,
sinh(δ)

4 ,− cosh(δ)
4

)

b′1 =
(
−cosh(δ)

2 ,
sinh(δ)

2 ,
cosh2(δ)√

2
,− sinh(δ) cosh(δ)√

2
,
sinh2(δ)

2
√

2
,− cosh(δ)

4 ,
sinh(δ)

4

)

b′2 =
(

sinh(δ)
2 ,− cosh(δ)

2 ,
sinh2(δ)√

2
,− sinh(δ) cosh(δ)√

2
,
cosh2(δ)

2
√

2
,− sinh(δ)

4 ,
cosh(δ)

4

)

and accordingly the monodromy matrix MRN

MRN =



µc−
µ2−16w2 − µ2s(2δ)

µ2−16w2 0 0 0 −8wc−
16w2−µ2

8wµs(2δ)
16w2−µ2

µ2s(2δ)
µ2−16w2

µc+
µ2−16w2 0 0 0 − 8wµs(2δ)

16w2−µ2 − 8wc+
16w2−µ2

0 0 (c−)2

16w2−µ2
µs−

µ2−16w2 −2µ2s2(2δ)
µ2−16w2 0 0

0 0 −µc−s(2δ)
µ2−16w2

16w2−µ2c(4δ)
16w2−µ2

µs+
µ2−16w2 0 0

0 0 µ2s2(2δ)
32w2−2µ2 − µc+s(2δ)

µ2−16w2
(c+)2

16w2−µ2 0 0
2wc−

16w2−µ2 − 2wµs(2δ)
16w2−µ2 0 0 0 −µc−

µ2−16w2
µ2s(2δ)
µ2−16w2

2wµs(2δ)
16w2−µ2

2wc+
16w2−µ2 0 0 0 − µ2s(2δ)

µ2−16w2 − µc+
µ2−16w2



where s(2δ) = sinh(2δ) and

c− = 4w − µ cosh(2δ) s− = 8w sinh(2δ)− µ sinh(4δ)
c+ = 4w + µ cosh(2δ) s+ = 8w sinh(2δ) + µ sinh(4δ).
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The constants αk and βk remain the same. The factorization works as before and
one finds that the MRN matrix becomes

MRN =



µ(r2+s2µ)
2r2(r2−µ) − csµ2

2r4−2r2µ 0 0 0
csµ2

2r4−2r2µ
µa

2r2(r2−µ)(r2+s2µ) 0 0 0

0 0 (r2+s2µ)2

r4−r2µ − 2csµ(r2+s2µ)
r4−r2µ

2c2s2µ2

r4−r2µ

0 0 csµ(r2+s2µ)
r4−r2µ 1− 2c2s2µ2

r4−r2µ
−2csµa

r2(r2−µ)(r2+s2µ)

0 0 c2s2µ2

2r4−2r2µ
csµa

r2(r2−µ)(r2+s2µ)
a2

(r2−µ)(r3+s2µr)2

(2r2−µ)(r2+s2µ)
4r2(r2−µ) − cs(2r2−µ)µ

4r2(r2−µ) 0 0 0
cs(2r2−µ)µ
4r2(r2−µ)

(2r2−µ)a
4r2(r2−µ)(r2+s2µ) 0 0 0


where

a = r4 − µr2 − c2s2µ2

and s = sinh(δ) and c = cosh(δ). From this matrix we can read off the φ1, φ2, χ2
and χ6 components by comparing it with (D.1). The A2

(1) component is obtained
by inverse dualization, (7.35), which in general requires that we know the three-
dimensional metric ds2

3. This metric is obtained once we have solved the equa-
tion for the conformal factor, (5.4). However, in this case we know from section
3.4.2 that the three-dimensional metric is the same for Reissner-Nordström as for
Schwarzschild since we have transformed with the finite group G. Since χ6 is the
same as for the Schwarzschild solution, A2

(1) is the same as well. In this example
and the previous one we have reintroduced the r, θ coordinates. The reason for this
is to make it easier to recognize the solutions as the Schwarzschild and Reissner-
Nordström metric. However, when we generate new, previously unknown, solutions
this is of course not possible since it requires that we know the explicit metric in
the r, θ coordinates.

It is really worth noticing how relatively easy5 this solution was obtained in
the sense of the actual calculation but also compared to if we would have started
with the Einstein-Maxwell action and solved the equations. This shows the entire
purpose of using symmetries; almost no equations need to be solved.

5Once the seed solution is known.



8
Conclusions

In this thesis, solution generating techniques have been analysed and applied to
various examples for the case of minimal supergravity in D = 5 and the group
G2(2). The motivation for this has been to broaden the uses of previously known
techniques which have been proven successful. We have seen that the techniques
and methods are quite general and easily applied to many groups. However, the
method relies on representation theory which causes some practical difficulties.
The key challenges we have faced are:

� How should the metric be parametrized?

� What is the symmetry group of the theory?

� How should we parametrize the coset space?

� What should we use as seed solution and how do we find the explicit expres-
sions?

� What is the correct group element to use in the transformation?

� How do we extract the new fields after a transformation?

Many of these questions have been taken care of by previous authors. Nonetheless,
we have been quite cautious since every group requires some adjustments. In
D = 2 we have seen that it is not that easy to find the seed solution. One
should be able to start with Minkowski spacetime, however, we chose to start
with Schwarzschild. The reason for this was because it made it easier to generate
the Reissner-Nordström metric. We also chose Schwarzschild as seed solution to
illustrate the factorization procedure ofM. From our analysis of the factorization
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we found one problematic step; how do we find ak and bk? For the case of pure
gravity when SL(2,R)/SO(2) is the coset space one can start with arbitrary ak
and bk. Since these vectors only have two components each one can, by tuning
them, satisfy the coset constraints. When the number of components increases,
e.g. for G2(2), this is no longer practicable.

A lot of effort has been put into trying to understand the group theoretical nature
of these vectors. One approach has been to embed the vacuum truncation in
the group and see which further restrictions we get on the coset element and
consequently the vectors ak, bk. Moreover, we have used some results in [9] about
the analytical properties of M on the z-axis, i.e. for ρ = 0, for further guidance.
Unfortunately, a completely satisfying understanding of the nature of these vectors
is yet to be found.

In future studies, one can perhaps exploit the gauge symmetries related to the gen-
erators of the Borel algebra and reduce the number of degrees of freedom in ak and
bk. As we have seen, these transformations do not generate new physical solutions
but instead act as gauge transformations. We used that G2(2) should preserve a
matrix η′ since it is a subgroup of SO(3, 4). However, this does not completely
ensure that we get an element in G2(2). If one can find further restrictions which
guarantees that we get an element in G2(2), it would probably simplify the process
considerably. The most promising approach would be to use that elements in G2(2)
also preserve a three-form1 which would give us further restrictions on ak and bk,
[23]. That being said, one of the main results of this thesis is that the monodromy
matrix M for Schwarzschild has been constructed and can thus be used as a seed
solution.

Another difficulty which arises is the inverse dualization procedure. Even for the
most simple solutions, e.g. Myers-Perry in D = 5 we get integrals which are
very difficult to solve. It was desired to find the monodromy matrix for Myers-
Perry but due to this difficulty and the time limit of this thesis, the Reissner-
Nordström monodromy matrix was constructed instead. Probably, the solution to
this amounts to finding appropriate coordinates. In [31], the Myers-Perry mon-
odromy matrix was obtained but in the setting of five-dimensional pure gravity in
which SL(3,R)/SO(2, 1) is the coset space. This coset space is much simpler to
work with for two reasons; (i) the matrices are only 3×3 (ii) the residues are only
of rank 1.

When we added electric charge to the Schwarzschild solution we only needed the
“usual”finite group element g ∈ SO(2, 2). A natural continuation would be to con-

1I am grateful to Amitabh Virmani for sharing his ideas with me.
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sider transformation from the full affine Kac-Moody group. This would allow one
to start from Minkowski spacetime and add poles to get for example Schwarzschild.

A remarkable property of five-dimensional gravity is the existence of black ring
solutions [32]. These are black holes but with a non-spherical horizon. Another
interesting continuation of this thesis would be to generate the six-parameter black
ring solution [33].

For N = 1 supergravity in D = 11 the symmetry group in three-dimensions is
E8(8) and the coset space is E8(8)/SO(16) [9]. In this thesis a small step towards
this “final theory” has been taken and will hopefully be a source of inspiration for
future studies.
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A
The Vielbein Formalism

In this appendix we present a brief introduction to vielbeins following [34]. Con-
sider a manifold with tangent space Tp at a point p. A natural basis, êµ, for this
tangent space is given by the partial derivatives of the coordinates we are using.
That is, êµ = ∂µ. For the cotangent space T ∗p the basis is given by the gradient,
êµ = dxµ.

As always, we have the freedom to choose any basis we like, although some
are far more appropriate than others. Consider a new set of basis vectors êa at a
spacetime point p which satisfy the following condition

g(êa, êb) = ηab (A.1)

where g is the spacetime metric and ηab is the metric representing the signature of
the spacetime. That is ηab is Minkowski for Lorentzian spacetime and the identity
for Euclidean. The old basis êµ can be expressed in the new basis êa as

êµ = e a
µ êa. (A.2)

The object e a
µ , which is the components of the vector êµ in the basis êa, is called

vielbein. We define their inverse eµa as

êa = eµaêµ (A.3)

which obviously satisfies

eµae
a
ν = δµν . (A.4)

(A.1) can thus be written as

gµνe
µ
ae
ν
b = ηab (A.5)
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which tells us that ηab is the metric gµν expressed in the êa basis. By multiplying
with e a

σ e
b
λ we get

gσλ = e a
σ e

b
λ ηab. (A.6)

The vielbeins are used to switch from curved indices µ, ν, ... to flat indices a, b,....
For example, a tensor V can be expressed as

V = V abêa ⊗ êb = V abe a
µ e

b
ν ê

µ ⊗ êν = V µν êµ ⊗ êν . (A.7)

When we use ∂µ as basis we get an indued transformation of the components of
a tensor which we use to define the tensor. However, the êa basis is independent
of the coordinates and can therefore be transformed without having to do a co-
ordinate transformation. Since (A.1) defines the vielbeins we restrict ourselfs to
transformations which preserve this condition, i.e. Lorentz or Euclidean transfor-
mations depending on the signature of η. These transformations are local1 which
leads us to define the transformation of êa as

ê′a = Λ(x)baêb. (A.8)

A tensor V can be expressed both in the vielbein basis and the coordinate basis as

V = V aµêa ⊗ êµ (A.9)

and transforms by a mixed transformation as

(V ′)aµ = Λ(x)ab
∂(x′)µ
∂xν

V bν . (A.10)

A tensor expressed in the coordinate basis has a covariant derivative acting on
the components with an ordinary partial derivative plus correction terms. For
example,

∇µV
νσ = ∂µV

νσ + ΓνµρV ρσ + ΓσµρV ρν . (A.11)

For a tensor expressed in the vielbein basis we get something similar. For example,
for V ab the covariant derivative becomes

∇µV
ab = ∂µV

ab + ω b
µ cV

ac + ω a
µ cV

cb. (A.12)

That is, ω a
µ c serves as connections in the vielbein basis. This object is called the

spin connection. By calculating ∇V both in the coordinate and the vielbein basis
and then equate we get an expression relating the ordinary connection Γ with ω

ω a
µ b = e a

ν e
λ
bΓνµλ − eλb∂µe a

λ . (A.13)

From the first term, our conception of ω as Γ expressed in the vielbein basis gets
further support. However, we have to keep in mind that these objects are not
tensor and do not transform accordingly.

1Since there is a set of basis vectors êa defined at every spacetime point p.



B
Kac-Moody Algebras

The following appendix is a brief introduction to Kac-Moody algebras and in
particular, affine Kac-Moody algebras. The content is based on [14, 26, 35].

B.1 Chevalley-Serre Presentation

We take (ei, hi, fi) to be a triple of sl(2,R) generators , i.e.

[hi, ei] = 2ei, [hi, fi] = −2fi, [ei, fi] = hi. (B.1)

Consider the complex Kac-Moody algebra g constructed from r copies of the
sl(2,R) tripple, i.e. i = 1, 2, ..., r, subjected to the following conditions:

[ei, fj] = δijhj,

[hi, ej] = Ajiej,

[hi, fj] = −Ajifj,
[hi, hj] = 0.

(B.2)

and

ad1−Aij
ei

(ej) = [ei, [ei,...[ei, ej]...]] = 0
ad

1−Aij
fi

(fj) = [fi, [fi,...[fi, fj]...]] = 0.
(B.3)

The matrix Aij is called the generalized Cartan matrix. This matrix defines the
algebra which suggests that it is more appropriate to denote the algebra g as
g(A). Given the Chevalley generators ei, hi, fi we can construct more generators
by commutation. The two conditions (B.3) are called the Serre relations which
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are added to ensure that no ideal are present in the algebra g(A) thus making
it a simple algebra. It might seem that the Serre relations “cut the chain” of
commutations and restricting the algebra to be finite dimensional. This is not
true and the algebra g(A) might as well be finite as infinite, given the information
above. What determines whether the algebra is of infinite or finite dimension is
the generalized Cartan matrix A so let us discuss it a bit further. A generalized
Cartan matrix Aij satisfies the following conditions, [26],

Aii = 2, i = 1, 2,..., r (B.4)

Aij = 0⇔ Aji = 0 (B.5)

Aij ∈ Z− (i 6= j). (B.6)

Furthermore, we will also assume that A is indecomposable. This means that we
cannot divide the index set (1,2, ..., r) into two non-empty sets I and J such that
Aij = 0 for i ∈ I and j ∈ J [14]. The crucial propery of A that determines whether
the algebra g(A) is finite or infinite-dimensional is the sign of the determinant.
There are three different classes:

(i) g(A) is finite-dimensional if A is positive definite, i.e. only positive eigenval-
ues. Examples of algebras of this type are the well-known An, Bn, Cn, Dn, G2,
F4, E6, E7 and E8 algebras.

(ii) g(A) is infinite-dimensional if A is positive-semidefinite. That is, detA ≥ 0
and has only one zero eigenvalue. These algebras are called1 affine Kac-
Moody algebras.

(iii) g(A) is called an indefinite Kac-Moody algebra if none of the above conditions
on A is satisfied.

In the continuation of this appendix we will focus on the second case, i.e. affine
Kac-Moody algebras. There exists a very natural decomposition of the affine Kac-
Moody algebra g(A) called the triangular decomposition given by

g(A) = n− ⊕ n0 ⊕ n+ (B.7)

where

n− = Span
R
{f1, f2, ...},

n0 = Span
R
{h1, h2,...,hr},

n+ = Span
R
{e1, e2, ...}.

(B.8)

1Actually, this is only the derived algebra, not the full affine Kac-Moody algebra. We will
elaborate on this in the next sections.
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where the sum is a direct sum of vector spaces. The term “triangular” becomes
obvious here since ei are upper triangular matrices and fi are lower triangular
matrices. The ± signs will be explained in the next section. The subalgebra n0 is
called the Cartan subalgebra which forms an abelian subalgebra of g(A).

B.2 The Root Space

In this section we will introduce the concept of root and root space. Consider the
adjoint action of a Cartan element h on the Chevalley generators ei and fi,

adh(ei) = [h, ei] = αi(h)ei,
adh(fi) = [h, fi] = −αi(h)fi,

(B.9)

for i = 1, 2,...,r. The eigenvalue αi(h) is considered as the value of a linear map,
[14],

αi : n0 3 h 7→ αi(h) ∈ R (B.10)

Furthermore, the functional αi is called a simple root and belongs to the dual space
of n0, denoted n?0. We emphesize here that the simple roots αi corresponds to the
Chevalley generators e1, e2,...,er. The Cartan elements hi can also be referred to
as coroots, denoted α∨i . The eigenvalue relations (B.9) can then be expressed as

Aij = 〈αi|α∨j 〉 = αi(α∨j ). (B.11)

For the multiple commutator elements [ei, ej] it is straightforward to verify that

[h, [ei, ej]] = (αi + αj)[ei, ej]. (B.12)

That is, [ei, ej] is also an eigenvector to h with eigenvalue (αi + αj). If the Serre-
relations allow [ei, ej] 6= 0, this is an element in n+. Let Π = {α1, α2, ...,αr} be the
set of simple roots. This set forms a basis in the dual space n0 since every root
can be expressed as a linear combination of these. That is,

n?0 = Span
R
{α1, α2,...,αr}. (B.13)

The complete set of roots, the root system, Φ can be divided into a positive and a
negative part,

Φ = Φ+ ∪ Φ−. (B.14)

A root vector α,

α =
r∑
i=1

miαi. (B.15)
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is called a positive root if mi ≥ 0 for all i and a negative root if mi ≤ 0 for all
i. Thus, a positive root belongs to Φ+ and a negative root to Φ−. We can now
decompose g(A) into a so called root space decomposition given by

g(A) =
⊕
α∈Φ

gα (B.16)

where

gα = {x ∈ g(A) : [h, x] = α(h)x,∀h ∈ n0}. (B.17)

B.3 The Bilinear Form

In this section we will introduce an invariant bilinear form which we will see is an
important object in the construction of affine Kac-Moody algebras. Let us assume
that the Cartan matrix A is non-degenerate and symmetrizable. A non-degenerate
Cartan matrix A has det 6= 0 and is indecomposable. This restriction will be
abandoned later on. A symmetrizable matrix can be factorized as

A = DS (B.18)

where S is a symmetric r × r matrix and D = diag(ε1,..., εr) with all εi ≥ 0. By
using the matrix S we can define a bilinear form (·|·) on n?0 as , [14],

(αi|αj) = Sij. (B.19)

We note here that αi, αj ∈ Π. The next step is to find a bilinear form on the
Kac-Moody algebra. Let the mapping µ

µ : n?0 −→ n0 (B.20)

be defined as, [26],

〈α, µ(β)〉 = (α|β), β, α ∈ n?0, µ(β) ∈ n0. (B.21)

The inverse map µ−1 can then be used to define a bilinear form on the Cartan
subalgebra n0 as

(α∨|β∨) = 〈µ−1(α∨), β∨〉 α∨, β∨ ∈ n0, µ(α∨) ∈ n?0. (B.22)

One can derive an explicit relation between the bilinear form on n0 and n?0, e.g.
[14]. The result is given by

(α∨i |β∨j ) = εiεj(αi|αj). (B.23)

This non-degenerate bilinear form (·|·) can be extended the entire algebra g(A)
with the following properties, [26]:
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(i) (·|·) is invariant, i.e. (x|[y, z]) = ([x, y]|z) for all x, y, z ∈ g(A)

(ii) (gα|gβ) = 0 if α + β 6= 0

By using the invariance property one can show that (ei|fj) = εiδij.

B.4 Affine Kac-Moody Algebras

We discussed in section B.1 how different classes of Kac-Moody algebras depends
on the Cartan matrix A. We recall that an affine Kac-Moody algebra was char-
acterized by the fact that det (A) = 0 and the existence of one zero eigenvalue.
Because of these conditions, an affine Kac-Moody algebras has some interesting
properties not shared with the other classes. Let us define the center of a Kac-
Moody algebra. The center Z of a Kac-Moody algebra g(A) is defined as

Z = {x ∈ g(A)|[x, y] = 0,∀y ∈ g(A)}. (B.24)

For the class of Kac-Moody algebras where the Cartan matrix is positive definite,
the center Z = 0. Otherwise it would not be a simple algebra. Actually, Z 6= 0
if and only if det A = 0 [26]. For affine Kac-Moody algebras where we only have
one zero eigenvalue we have that the Cartan matrix has rank r − 1. According to
[14], we have that

dim Z = r − n (B.25)

where n is the rank of the Cartan matrix. Thus for an affine Kac-Moody algebra
we have that dim Z = 1 suggesting that there only exists one central element
c ∈ Z,

Z = Rc. (B.26)

It can be shown that the central element c is in the Cartan subalgebra n0, [14].
The fact that there exists a non-trivial center Z for affine implies that affine Kac-
Moody algebras are not simple. Before we state a proper definition of an affine
Kac-Moody algebra we have to introduce the derivation d. The reason for this is
that the algebra we have constructed from the Cartan matrix A is only the derived
algebra. Let us continue to call the affine Kac-Moody algebra g(A) and the derived
algebra g′(A),

g′(A) = [g(A), g(A)]. (B.27)

That is, we only get the derived algebra when we commute elements in the affine
Kac-Moody algebra. Since the Cartan matrix A is degenerate the bilinear form
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is also degenerate. As we will see, the derivation d is introduced to fix this. One
may think of a rank r = k+ 1 affine Kac-Moody algebra g(A) as an extension of a
finite-dimensional rank k algebra ḡ [14]. The extension amounts to adding a node
to the Dynkin diagram. Let us denote the set of simple roots for ḡ as

Π̄ = {α1, α2,...,αk} (B.28)

and the set of simple roots for g(A) as

Π = {α0, α1,...,αk}. (B.29)

The root α0 is called the affine root and is always of the form, [14],

α0 = δ − θ. (B.30)

Here, θ is the highest root of ḡ and δ is a so called null root since it satisfies
(δ|δ) = 0. The fact that there exists a null root is a consequence of det A = 0. We
simply extend our algebra g′(A) by adding the derivation d as

〈αi, d〉 = δi0, i = 1, 2,...,k (B.31)

The derivation d is added as an element in the Cartan subalgebra n0 , thus making
n0 a (k + 2)-dimensional subalgebra. That is,

Π∨ = {α∨0 , α∨1 ,...,α∨k , d}. (B.32)

Moreover, we now have the following results, [14],

(c|α∨i ) =0 (c|c) = 0 (c|d) = 1. (B.33)

We see that last result ensures that the bilinear form becomes non-degenerate.
Due to (B.31) we also find that d will never appear on the right hand side of any
commutator [14]. This explains (B.27). We end this section by summarizing the
affine Kac-Moody algebra g(A) as

g(A) = g′ ⊕Rd. (B.34)

B.5 Loop-Extension

This section is based on [35]. Affine Kac-Moody algebras can be realized through
loop algebras which are of great interest in this thesis. Let us begin by defining a
loop algebra: a loop algebra Lḡ is the set of analytical maps from S1 to a simple
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Lie algebra ḡ. Let {T a|a = 1, 2,...,d} be a basis for the rank r algebra ḡ . The
elements in the loop algebra Lḡ are then given by

T an = T a ⊗ zm (B.35)

where z is the complex coordinate on S1 and m an integer. The Lie bracket on
this space is naturally generalized to

[T am, T bn] = [T a,T b]⊗ zm+n, (B.36)

or in terms of the structure constants [T a, T b] = fabc T
c

[T am, T bn] = fabc T
c
m+n. (B.37)

This algebra may be extended by introducing an additional element c, the central
element. The commutator becomes

[T am, T bn] = fabc T
c
m+n +mδm+n,0B(T a,T b)c

[T am, c] = 0,
(B.38)

where B is the symmetric invariant bilinear form on ḡ. This procedure is often
refered to as central extension. We continue by enlarging the algebra even further
by introducing the derivation d satisfying the following commutation relation:

[d, T am] = mT am
[d, c] = 0

(B.39)

for all T am. We see that d can be regarded as a “counting operator” with respect to
the mode number m. The final Lie algebra, denoted g, will be an untwisted affine
Kac-Moody algebra. We summarize,

g = Cc⊕Cd
∞⊕

m=−∞
C(zm ⊗ ḡ). (B.40)

For our new algebra g we can find a maximal commuting set,

{c, d, h̄i ⊗ z0|i = 1,2,...r}, (B.41)

where h̄i is a Cartan element in ḡ. Thus, the extended Cartan subalgebra for g
is (r + 2)-dimensional. We note that h̄i ⊗ zk for k 6= 0 is not an element in the
Cartan subalgebra due to the commutating relations (B.38),

[h̄i ⊗ zk, h̄j ⊗ zl] = kδk+l,0B(h̄i, h̄j)c (B.42)
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which in general is non-vanishing. Let us denote this new Cartan subalgebra n0,

n0 = Cc⊕Cd
r⊕
i=1
C(h̄i ⊗ z0). (B.43)

The roots ᾱk ∈ Π̄ associated to ḡ can be extended to become linear operators α
on n0, i.e. elements in n?0, by the definitions:

α(h̄i ⊗ z0) = ᾱ(h̄i), i = 1,2,...,r
α(c) = α(d) = 0.

(B.44)

Now, let us introduce a new root δ on n?0,

δ(h̄i ⊗ z0) = 0
δ(c) = 0
δ(d) = 1.

(B.45)

By a straightforward calculation we find,

[h, ēj ⊗ zm] = ᾱj(h̄i)ēj ⊗ zm = αj(hi)ēj ⊗ zm

[d, ēj ⊗ zm] = m(ēj ⊗ zm),
(B.46)

where ej ∈ n̄+. These commutation relations can be combined as

[h, ēj ⊗ zm] =
(
mδ(h) + α(h)

)
ēj ⊗ zm. (B.47)

This tells us that the root mδ + α corresponds to the element ēj ⊗ zm. Moreover,

[h, h̄i ⊗ zm] = mδ(h)h̄i ⊗ zm. (B.48)

From this we see that h̄i ⊗ zm is not a Cartan element but rather a generator
with the associate root mδ. Here we note that there is a degeneracy. Since there
are r linearly independent h̄i we have a finite degeneracy, i.e. the root space
corresponding to mδ is r-dimensional.
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B.6 Examples

In this section we present two examples of affine Kac-Moody algebras that appear
in this thesis. For more examples, see [35].

B.6.1 A+
1

We have already encountered this affine Kac-Moody group when we intertwined
the Ehler’s SL(2,R) with the Matzner-Misner SL(2,R) but we will present it here
again with some further details. For A+

1 the corresponding simple Lie algebra ḡ is
the three-dimensional sl(2,R), also known as A1. The Cartan matrix is given by

A =
(

2 −2
−2 2

)
. (B.49)

and the δ root is given by

δ = α0 + α1 (B.50)

where α1 is the highest root of A1. The Cartan subalgebra of A+
1 is three-

dimensional.

B.6.2 G+
2(2)

The Cartan matrix for G+
2(2) is given by

A =

 2 −1 0
−1 2 −1
0 −3 2

 (B.51)

and the δ root by

δ = α0 + 2α1 + 3α2 (B.52)

where 2α1 +3α2 is the highest root for G2(2). The corresponding simple Lie algebra
is G2(2) which is 14-dimensional and of rank 2 thus making the Cartan subalgebra
of G+

2(2) 4-dimensional.
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C
Representation of G2(2)

We use the following representation of G2(2), also used in [17],

h1 =



0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 −1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 −1 0
0 0 0 0 0 0 0


h2 =



1 0 0 0 0 0 0
0 −1 0 0 0 0 0
0 0 2 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 −2 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 −1



e1 =



0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


e2 =



0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 2 0 0 0
0 0 0 0 2 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 1
0 0 0 0 0 0 0



f1 =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0


f2 =



0 0 0 0 0 0 0
1 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 1 0
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D
Details on the Calculation ofM

In this appendix we present some details of the calculation ofM from section 7.2.2
for the interested reader.

D.1 Schwarzschild

γk = 0

Γ =
(

0 A
−A 0

)

where

A =

√
2
µ
r
√
r2 − µs(2θ)(

2µ+
√

(µ3/2+
√

2(2r2−µ)c(2θ))2

µ
+ 8r2(r2−µ)s2(2θ)

µ
−
√

(µ3/2+
√

2(µ−2r2)c(2θ))2

µ
+ 8r2(r2−µ)s2(2θ)

µ

)

and s = sin, c = cos.

D.2 Reissner-Nordström

Both γk and Γ are the same for Reissner-Nordström as for Schwarzschild. If
we make the assumption that the Reissner-Nordström solution is diagonal in the
r, θ, φ, ψ, t coordinates and that the only non-vanishing component of A is the time
component we get that the coset representative in the r, θ, φ−, φ+, t coordinates is
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parametrized by φ1, φ2, χ2, χ6. We do not need the entire matrix so we present
only the left upper 5× 5 matrix needed to solve for φ1, φ2, χ2, χ6

MRN =



e

φ1√
3

+φ2 − e
φ1√

3
+φ2

χ2√
3

0 0 0

e

φ1√
3

+φ2
χ2√

3
e
φ2−

φ1√
3 − 1

3 e
φ1√

3
+φ2

χ2
2 0 0 0

0 0 e

2φ1√
3 − 2e

2φ1√
3 χ2√
3

2
3 e

2φ1√
3 χ2

2

0 0 e

2φ1√
3 χ2√
3

1− 2
3 e

2φ1√
3 χ2

2

2χ2

(
e

2φ1√
3 χ2

2−3

)
3
√

3

0 0 1
6 e

2φ1√
3 χ2

2 −

χ2

(
e

2φ1√
3 χ2

2−3

)
3
√

3
1
9 e
− 2φ1√

3

(
e

2φ1√
3 χ2

2 − 3

)2

− 1
2 e

φ1√
3

+φ2
χ6

e

φ1√
3

+φ2
χ2χ6

2
√

3
0 0 0

− e
φ1√

3
+φ2

χ2χ6
2
√

3
1
6 e
φ2−

φ1√
3

(
e

2φ1√
3 χ2

2 − 3

)
χ6 0 0 0


(D.1)
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