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Abstract
Ultra-reliable low latency communication (URLLC) is defined by the 3rd Genera-
tion Partnership Project (3GPP) as one of the three application scenarios in 5G.
Together with massive multi-user multiple-input multiple-output (MU-MIMO) tech-
nology, the needs of real-time communication for applications such as autonomous
driving and remote surgery are expected to be achieved. However, a large antenna
array at the base station (BS) in a massive MIMO system leads to high energy con-
sumption. To meet the stringent latency requirement as well as the power constraint,
we investigate in this thesis the transmission of short packets with low-resolution
analog-to-digital converters (ADCs) equipped at the BS antennas, where perfect
channel state information (CSI) can not be assumed and the cost of pilot symbols,
which are assigned to estimate the channel, needs to be considered.

In this thesis, we use methods from finite-blocklength information theory to analyse
the performance of short packet transmission using low-resolution ADCs under an
MU-MIMO uplink scenario. First, we investigate the quality of channel estima-
tion under the assignment of different number of pilot symbols and transmit power.
The results indicate that for each pilot length there exists an optimal power that
results in the lowest estimation error. Next, we take into account the reliability
of data transmission by considering the average power required to achieve a target
packet error probability. We investigate the impact of low-resolution ADCs and find
out that using 3-bit converters we are able to approach the performance obtained
with infinite-resolution converters. We also evaluate the effect of power allocation.
Specifically, we assign different power to pilot symbols and data symbols and show
that performance improvements can be obtained when assigning more power to pi-
lot symbols. Furthermore, we characterize the trade-off between the accuracy of
channel estimation and the reliability of data transmission.

Keywords: massive MU-MIMO, URLLC, low-resolution ADCs, Bussgang decompo-
sition, RCUs.
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1
Introduction

1.1 Massive MU-MIMO

1.1.1 Background
In recent years, wireless technology and multimedia data services have been widely
introduced in our lives and industries. Multiple-input multiple-output (MIMO)
technology is generally considered a major breakthrough in the field of wireless
communication, because it improves the capacity and spectrum utilization without
additional bandwidth. As the name suggests, multiple antennas at both the trans-
mitter and the receiver are used for signal transmission, compared to the single-input
single-output (SISO) system where the transmitter operates with only one antenna
as the receiver does.

Figure 1.1: SISO and MIMO systems

The concept of MIMO was first used to refer to multiple input and output ports
in electric circuits in the 50s of last century [2]. This term was later adopted by
researchers from communication engineering, and the wireless channel became the
reference point, with multiple input referring to the input signals to the channel,
transmitted by multiple transmit antennas, and multiple output referring to the
output signals from the channel, received by multiple receive antennas [3]. After
MIMO technology in cellular system first being introduced in 2001 by Iospan Wire-
less Inc., and first being included in the WiMAX standard [4] in 2005, MIMO has
been widely developed in wireless and mobile networks.

5G, which is known as the fifth-generation standard for cellular networks, is the

1



1. Introduction

highest peak in the development of communication technology so far. Undoubtedly,
the continuous evolution of 5G will greatly promote the improvement of technolo-
gies and applications such as the Internet of Things (IoT), smart factories, and
autonomous driving.

As a key technology in 5G communication systems, massive multi-user multiple-
input multiple-output (MU-MIMO) or large-scale MIMO is considered a promising
method to further improve the spectral efficiency and energy efficiency. The idea of
MU-MIMO is to increase the number of antennas at the BS dramatically as well as
allowing several users to be served by the same BS at the same time, as shown in
Figure 1.2. Large antenna arrays enable spatial processing which helps to eliminate
the effects of interference and small-scale fading.

Figure 1.2: A single-cell massive MU-MIMO system where a base station with a
large antenna array serves several users simultaneously (Each antenna is equipped
with converters to transform signals from continuous time to discrete time).

1.1.2 Review of literatures
Massive MU-MIMO has become a research hotspot in recent years. Several ap-
proaches to investigating its potential and to apply it to practical systems have
been studied.

One of the most important issues related to large antenna array is the increasing
demand for power and hardware cost. Considering the MU-MIMO uplink scenario,
a pair of analog-to-digital converter (ADC) hardware units is equipped at each an-
tenna to generate the real and imaginary part of a received symbol. These ADC
units are the dominant source of power consumption [5]. The consumed power grows
exponentially with the ADC resolution, so a simple solution to achieve a reasonable
power consumption is lowering the resolution of the converters [6]. However, using
low resolution ADCs complicates the problems on channel estimation and symbol
decoding. On the one hand, using low-resolution converters we can no longer as-
sume perfect channel state information (CSI) at the BS, which can be acquired
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1. Introduction

using infinite-precision converters by observing the channel long enough. On the
other hand, the quantization distortion is introduced inevitably, which makes chan-
nel estimation and data detection difficult.

A simple model was widely used where the quantization distortion is treated as
additive white noise [7, 8], which is inaccurate because quantization is a nonlin-
ear process where the noise is highly correlated with the input. In contrast, the
decomposition method introduced by Bussgang [9] provides an exact linearization
method, which can be performed on nonlinear devices with Gaussian inputs. It
takes into account the spatial correlation by formulating the nonlinear quantization
process as an equivalent linear function of the unquantized signal. Together with
the minimum mean squared error (MMSE) channel estimation method, the so called
Bussgang linear minimum mean squared error (BLMMSE) estimator is derived in
[10] and proved to be accurate for 1-bit quantizers where the correlation matrix of
the distortion can be calculated in closed form using the arcsine law [11].

In recent studies, the BLMMSE estimator is also generalized to analyse the perfor-
mances of multi-bit quantizers. In [12] the correlation of distortion is approximated
using a diagonal matrix by ignoring the temporal correlation, which is accurate when
we transmit at low SNR or when the number of UEs is large, and even exact when
the number of pilot symbols equals the number of UEs. Later in [13], the authors
proposed two approximations for the correlation matrix of distortion. The rounding
approximation is obtained by ignoring the overload distortion, which is accurate
regardless of resolution. The diagonal approximation is based on the assumption
that the off-diagonal elements are zero, which is accurate when the resolution is
higher than 2 bits. In [13] the diagonal approximation is performed to evaluate the
performance of BLMMSE estimator. Furthermore, it is shown that in the presence
of a fronthaul constraint, the case of large antenna array lowers the effect of distor-
tion ,i.e., more BS antennas with low-resolution ADCs perform better than fewer
antennas with high-resolution ADCs.
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1. Introduction

1.2 URLLC

Figure 1.3: Reliability and latency requirements of URLLC applications[1].

5G puts forward higher requirements for data transmission compared to 4G, which
includes not only speed but also improvements such as lower power consumption
and delay.

As defined by the 3rd Generation Partnership Project (3GPP)[14], there are three
main scenarios in 5G: enhanced mobile broad band (eMBB), massive machine type
communication (mMTC), and ultra-reliable low latency communication (URLLC),
which are designed to satisfy requirements in different applications. eMBB aims at
achieveing high data rates over a long time interval, which enables virtual reality
and video streaming with error rate around 10−3 [15]. mMTC is designed for in-
ternet of things (IOT) service where lots of sensing devices need to be connected
with a fixed uplink rate. Finally, URLLC refers to services that require low latency
and highly reliable connections. As Figure 1.3 shows, the support of URLLC is
needed for specific applications. In terms of the real-time requirements in remote
surgery, the target delay is normally lower than 10 ms which is difficult to achieve
in 4G. Another use case is the motion control and factory automation in Industry
4.0, which requires end-to-end (E2E) latency of 1 ms and 10 ms respectively. The
requirement is even higher for autonomous driving, where the delay needs to be as
low as 1 ms with extremely high reliability of 99.9999% [16].

The use of massive MIMO technologies in URLLC was discussed in [17] which pro-
vides guidelines in the design of URLLC systems. As illustrated in this report, three
main benefits can be obtained from the degrees of freedom which is created by large
antenna array:
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1. Introduction

- High SNR links because of the array gain.
- Channel hardening, where the channel becomes almost deterministic due to

spatial diversity. It improves the channel estimation accuracy and therefore relaxes
the need for strong coding schemes.
- The capability to perform spatial division multiplexing.

1.2.1 Literatures review related to short-packet transmis-
sion

Due to the strict requirement of low latency, short Transmission Time Interval (TTI)
is considered a necessary enabler for URLLC. A vast number of researches address
short-packet transmission for URLLC systems. As stated in [18], asymptotic metrics
such as ergodic and outage capacity, which are normally used under the assump-
tion of large block length in the conventional communication systems, are no longer
valid for short-packet transmissions. Nonasymptotic finite-blocklength information
theory appears to be more appropriate.

It is described in [19] that the average error probability over an ensemble of code-
books, which are generated from a given probability distribution, can be upper
bounded using a function of the number of codewords M , and the blocklength n.
In [20], the author presented a so-called random-coding union (RCU) bound with
parameter s (RCUs) which provides an upper bound on the average packet error
probability ε∗(M,n). It is proved to be a powerful tool for performance analysis
and is accurate for memoryless channels. In [18], the authors studied the maximum
coding rate achievable, which is denoted by R∗(n, ε), based on the RCUs bound.
Under the assumption of no a prior CSI, the authors analyze the performance of
both PAT and non-coherent transmission where no pilot symbols are transmitted
to estimate the channel. The results indicate that PAT is not energy efficient in
the SISO scenario. In [21], the RCUs bound was applied to a massive MU-MIMO
system with the set up of M = 230 and n = 288. With the assumption of no CSI,
PAT scheme was performed to learn the channel. As the result shows, under a re-
quirement on the target error probability, there exist an optimal number of pilots
that minimize the average transmit power.

1.3 Objectives and methods
Unlike the previous works which were concentrated on either the effect of low-
resolution ADCs or the performance analysis of short-packet transmission, we con-
sider in this thesis both of the factors. Motivated by the potential application
prospects of URLLC under the massive MU-MIMO scenario, we study the perfor-
mances of uplink short packet transmission with low-resolution ADCs at the BS.
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1. Introduction

Specifically, we use Bussgang’s theorem [22] to deal with the nonlinearity intro-
duced by the low-resolution ADCs. With the help of Bussgang’s decomposition, we
managed to express the output of quantizers as a linear function of the input. This
decomposition method is performed on pilot symbols and data symbols separately
as introduced in [10]. As for short-packets transmission, the RCUs bound is used
to upper-bound the average error probability. We consider also a simple power allo-
cation scheme where we are aiming to get either better channel estimation or lower
error probability for a given transmit power. Furthermore, the channel is assumed
to be unknown and estimated using pilot.

1.4 Outline
This report is structured as follows. In the next chapter, we introduce in details
the MU-MIMO system and finite-blocklength information-theory methods as well
as signal processing methods used in this thesis. It is followed by Chapter 3, which
provides the introduction to the massive MU-MIMO uplink transmission with low-
precision quantizers at BS antennas. In Chapter 4, we discuss the performance of
our system based on numerical results. We highlight the improvements when we use
optimum power allocation and discuss if it is worth using it in the real systems. We
conclude in Chapter 5 and introduce future works in Chapter 6.

6



2
Theory

In this chapter, we introduce the models and the tools we use in this thesis. Re-
garding the MU-MIMO wireless channel, we discuss the signal transmission and
processing methods such as linear combining for symbol detection. As for short
packet transmission, we introduce the random coding argument and the RCUs
bound in finite-blocklength information theory. We also introduce pilot-assisted
wireless transmission, which is a commonly used method for estimating the channel
at the receiver. We present a power allocation algorithm to find the optimal number
of pilots and the power assigned to them. We discuss also the uniform quantiza-
tion and the automatic gain control unit, which mantains the quantization quality.
To deal with the nonlinearity introduced by the quantizers, we discussed a popular
method of linearization that is based on Bussgang’s theorem and its application to
MIMO systems.

2.1 MU-MIMO system

2.1.1 Wireless channels

Figure 2.1: Data transmission in (a) a SISO system, (b) a MIMO system
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2. Theory

We introduce in this section the signal transmission of different wireless commu-
nication systems based on the assumption that the data sequence is transmitted
within a coherence block where the channel coefficients remain the same. Figure
2.1 shows the data transmission in a SISO system and a MIMO system.

Let us start first with a simple SISO system. A data symbol x is transmitted
through the channel denoted by coefficient h, and the antenna at the receiver end
receives

y = hx+ n, (2.1)

where n denotes the additive noise, which in most cases Gaussian is distributed with
known variance.

When we move to a MIMO system, where the transmitter is equipped with Mt

antennas and the receiver is equipped with Mr antennas, the channel becomes a
Mr ×Mt matrix H with the coefficient hi,j denoting the channel between the ith
receive antenna and the jth transmit antenna. Let xj be the transmit symbol from
the jth transmit antenna and yi the received symbol at the ith receive antenna. The
transmission can be formulated as:


y1
y2
...

yMr

 =


h11 h12 · · · h1Mt

h21 h22 · · · h2Mt

· · · · · · · · · · · ·
hMr1 hMr2 · · · hMrMt



x1
x2
...

xMt

+


n1
n2
...

nMr

 (2.2)

or y = Hx + n in vector form. The kth element of y is yk = ∑Mt
i=1 hkixi + nk, which

contains the signals from all transmit antennas Here, n is the Mr × 1 noise vector
with each of its element denotes the additive Gaussian noise at the corresponding
antenna.

The uplink transmission of a MU-MIMO system with M antennas at the BS and U
active single-antenna UEs can be modelled similarly to a standard MIMO system
with U antennas transmitting independent signals. Under this setting, we have an
M ×U channel matrix H where the kth column of H, which we denote by hk is the
M × 1 channel vector between the kth UE and all M antennas at the BS.

2.1.2 Signal combining
Several different spatial processing methods can be implemented at the BS to obtain
an estimate of the transmitted signals out of the received signals. As shown in
Figure 2.2, we assume that the BS applies a linear filter, which is represented by
theM×U matrix W. By multiplying y with the combining matrix W, the received
signal y is separated into U streams, denoting by the combined signal r:

r = WHy = WHHx + WHn. (2.3)

8



2. Theory

Figure 2.2: Signal combining and symbol detection at the BS

Assume that the channel H is known at the BS, we can apply maximum likelihood
(ML) detection, where the BS searches over the set X that contains all the possible
transmit sequences and choose the one that maximizes the likelihood function:

x̂ = arg max
x∈X

P(y|x) = arg min
x∈X

‖y−Hx‖2 , (2.4)

The kth entry of r is

rk = wH
k hkxk +

U∑
i 6=k

wH
k hixi + wH

k n, (2.5)

where wH
k denotes the kth column of W. The first term in (2.5) represents the

desired signal, and the other two terms represent the inter-user interference and
additive noise, respectively. Hence, we can compute the signal-to-interference-plus-
noise ratio(SINR) of the kth stream as

SINRk =

∣∣∣wH
k hk

∣∣∣2∑U
i 6=k |wH

k hi|
2 + ‖wk‖2 . (2.6)

Based on the knowledge of channel H, there are two ways to find W, which are
maximal ratio combining (MRC) and zero-forcing (ZF).

2.1.2.1 Maximal ratio combining

The MRC approach aims to maximize the signal-to-noise ratio (SNR) of each signal
stream in the absence of the inter-user interference, that is

wk = argmax

∣∣∣wH
k ĥk

∣∣∣2
‖wk‖2 . (2.7)

It holds that ∣∣∣wH
k ĥk

∣∣∣2
‖wk‖2 ≤

‖wk‖2
∥∥∥ĥk∥∥∥2

‖wk‖2 =
∥∥∥ĥk∥∥∥2

, (2.8)

thus we get the MRC receiver
wk = ĥk, (2.9)
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2. Theory

which is WMRC = Ĥ in the matrix form.

Using the MRC receiver, the received signal is just multiplied with the Hermi-
tian transpose of the channel matrix. MRC receiver is simple and proved to be the
optimum combiner for independent AWGN channels [23].

2.1.2.2 Zero-forcing receiver

ZF is an algorithm that takes into account the effect of inter-user interference but
ignores the additive noise, which is the opposite of what the MRC combiner does.
The ZF combiner for the kth UE satisfies:{

wH
k ĥk 6= 0

wH
k ĥi = 0 , i 6= k

(2.10)

To eliminate the inter-user interference, (2.10) needs to hold for all k , which is
enforced by setting WZF = Ĥ(ĤHĤ)−1. Therefore, we have

r = (ĤHĤ)−1ĤHy = x + (ĤHĤ)−1ĤHn. (2.11)

To guarantee that (ĤHĤ)−1 exists, the number of antennas M should be larger
than the number of UEs U .

Since the ZF receiver is introduced with the effect of noise neglected, it performs
well when the noise is relatively low, i.e., at high SNR.

2.1.3 LMMSE channel estimation
All the spatial processing methods just reviewed require H to be known to the re-
ceiver. However, it is very common in practical systems that no CSI is known at the
receiver or the transmitter. Wireless channels in real life change dynamically due
to lots of factors such as weather, moving obstacles and electromagnetic interfer-
ences, and therefore cannot be assumed as constant. Channel estimation methods
are commonly applied in practical systems.

As the name suggests, linear minimum mean square error (LMMSE) is an estimation
method that minimizes the MSE. It is also known as a special case of MMSE, where
by definition of ’linear’ we formulate the estimation as a linear transformation of
the received data.

Denote by h the wireless channel, x the transmitted signal, y the received signal
and n the additive noise, the channel estimation ĥ can be expressed as

ĥ = Uy = U(hx + n), (2.12)

where U is the linear operator that needs to be optimized.

10



2. Theory

The MSE of channel estimation is E
[
(ĥ− h)(ĥ− h)H

]
. Therefore, the LMMSE

algorithm can be written as follows:

ĥ = argmin
ĥ=Uy

E
[
(ĥ− h)(ĥ− h)H

]
= argmin

ĥ=Uy
E
[
ĥĥH + hhH − ĥhH − hĥH

]
= argmin

ĥ=Uy
E
[
UyyHUH + hhH −UyhH − hyHUH

] (2.13)

We then set the derivative of (2.13) with respect to U to 0 in order to find the
optimal hH :

∂E
[
UyyHUH

]
∂U

+
∂E

[
hhH

]
∂U

−
∂E

[
UyhH

]
∂U

−
∂E

[
hyHUH

]
∂U

= 0, (2.14)

where the second and the last term on the left side equal to 0 [24]. Thus,

E
[
yyHUH

]
− E

[
yhH

]
= 0. (2.15)

Let Cy = E
{
yyH

}
, Chy = E

{
hyH

}
, we get

U = ChyC−1
y , (2.16)

combined with (2.12), the channel estimation can be formulated as

ĥ = ChyC−1
y y. (2.17)

We observed from (2.17) that the LMMSE channel estimation requires both the
received signal and the channel statistics.

2.1.3.1 Rayleigh fading channel

The ideal wireless transmission involves the transmission of a signal through a
straight path between the transmitter and the receiver. It never happens in real
life when there are lots of obstacles, which create more paths due to the reflection,
refraction and scattering. The phenomenon that the signal power changes randomly
due to the multi-path transmission is called fading.

We use in this thesis the Rayleigh fading model, where the magnitude of a signal
when it reaches the receiving end varies in accordance with a Rayleigh distribu-
tion. This model applies to the environment with lots of obstacles, such as build-up
urban area, so that no dominant line of sight transmission exists. A channel is
Rayleigh faded when the real and imaginary part of its coefficients are independent
and identically distributed (i.i.d) Gaussian distributed with zero mean and the same
variance.
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2. Theory

2.2 Short packet transmission
To satisfy the low latency requirement in URLLC, a packet within limited length
is transmitted in one time-slot from a single-antenna UE. Conventional tools such
as ergodic capacity and outage capacity are not suitable in the case of finite block-
length. We introduce instead the results developed based on nonasymptotic, i.e.,
finite-blocklength information theory.

The reliability of short-packets transmission is determined by the packet error prob-
ability. In this section, we make use of a random coding argument to describe a
non-asymptotic achievability bound that gives us an upper bound on the average
error probability ε based on finite-blocklength information theory.

Figure 2.3: Diagram of message coding and decoding

2.2.1 Block fading channel
The block-fading channel is a common model in wireless communications for chan-
nels that vary slowly over the span of codewords with length N . The fading is
considered flat during a block, and changes to a different fading state which is
independent from the previous one from block to block. Despite its extreme simpli-
fication, it serves as a useful model to develop design criteria.

2.2.2 Random coding argument
Messages are not transmitted directly form the antennas. As shown in Figure 2.3,
a codebook is used to map messages into codewords. To analyse the performance of
a wireless system, instead of calculating the error probability for messages in each
codebook, Shannon introduced a so called random coding argument[25] based on
i.i.d codebook generation. According to this argument, the codebook is constructed
randomly with each of the codeword randomly generated from a given probability
distribution, which is proved to be ’good on average’. Therefore, we calculate the
average error probability across all messages from all codebooks.

Assume each entrance of a transmitted codeword x is generated randomly from
a determined probability distribution p(x). We consider a (M,nd, ε) code with rate
R = log(M)

nd
where M denotes the number of messages, nd denotes the block length

and ε denotes the packet error probability. A message m from the message set
{1, 2, 3, · · · ,M} is mapped to a codeword x(m) of length nd as the channel input.
We are interested in finding a coding scheme for the triplets (M,nd, ε) such that for

12



2. Theory

a determined M and nd, the average error probability ε(M,nd) does not exceed a
desired value.

2.2.3 The RCUs bound
Consider the data transmission over a block-fading channel with blocklength n,

yk = g xk + wk, k = 1, 2, · · · , n. (2.18)

xk and yk denote the kth elements of the channel input x = [x1, x2, · · · , xn] and
channel output y = [y1, y2, · · · , yn], respectively. g is the channel gain.

The RCUs bound is derived in [20] based on mismatched decoding, where the re-
ceiver determines the estimation of the message by choosing the codeword which
maximizes the decoding metric q(x(m),y):

m̂ = argmax
m

q(x(m),y). (2.19)

The generalized information density is expressed as

is(x,y) = log q(x,y)s
E [q(X ′,y)s] , (2.20)

where X ′ denotes a different codeword from the same codebook.

Choose the decoding metric as:

q(x,y) = e−‖y−ĝx‖2
, (2.21)

where ĝ is the estimated channel gain, the mismatched scaled nearest-neighbor
(SNN) decoder is obtained, the decoding rule in (2.19) can be written as

m̂ = argmax
m

e−‖y−ĝx‖2
= argmin

m
‖y − ĝx‖2 , (2.22)

where the decoder chooses the message m that minimize the Euclidean distance
between the transmitted codeword and received codeword.

Error occurs when the message m̂ picked by the decoder is different from the one we
sent, i.e.Pr {m̂ 6= m}. We consider the average error probability ε, which is averaged
over all codebooks in which each codeword is generated randomly from i.i.d. Gaus-
sian distribution. Based on the random coding union bounds (RCU), the average
error probability ε is upper bounded by:

ε ≤ E [min {1, (M − 1)P {q(X ′,Y ) ≥ q(x,Y ) |X,Y }}] (2.23)
where

PX,Y ,X′(x,y,x′) = PX(x)PY |X(y | x)PX′(x′). (2.24)
We denote using X the transmitted codeword and X ′ a different codeword from
the same codebook.

13
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The moment-generating function for a codeword x can be written asM(s) = E[esx].
Apply the Chernoff’s bound on x, which is

Pr {x ≥ a} ≤ inf
s>0

e−(as−logM(s)), (2.25)

to P {q(X ′,Y ) ≥ q(X,Y ) |X,Y } in the RCU bound, we get

P {q(X ′,Y ) > q(X,Y )} ≤ inf
s>0

e
−(s q(X,Y )−log

{
E[es q(X′,Y )]

}
)
. (2.26)

Setting
is(X,Y ) = log q(X,Y )s

E [q(X ′,Y )s | Y ] , (2.27)

the RCUs bound is derived from (2.23) as

ε ≤ inf
s>0

E[e−(is(x,y)−log(M−1))+ ], (2.28)

where (a)+ , max(0, a).

Consider the i.i.d.Gaussian codebook , x ∼ CN (0, ρ) where ρ denotes the transmit
power, the generalized information density can be formulated as:

is(x,y) = −s ‖y − ĝx‖2 + s
‖y‖2

1 + sρ |ĝ|2
+ n log(1 + sρ |ĝ|2), (2.29)

where ĝ denotes the estimation of the channel gain g.

2.3 Pilot assisted wireless transmission
We assume in this thesis a block-fading channel which remains constant during the
transmission of a codeword, and the BS has no CSI in advance. The channel needs
to be estimated for the BS to perform signal processing. We assume that this is done
by using pilot sequences that are known at both the transmitter and the receiver.

Due to the characteristics of block-fading channel in our case, channel estimation
is performed for each block and pilot sequence is added to each packet. The more
pilot symbols we transmit, the better channel estimation we will get.

However, pilot sequence contains no information about the message. Therefore,
the resources such as time and power that we used to transmit pilot symbols are
actually the resources taken away from the transmission of the information symbols.
When it comes to short-packet transmission, the design of pilots needs special at-
tentions because the amount of resources is fixed per block. The amount of pilots
and the power allocated to pilot symbols affect the system performance, which is
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measured by the accuracy of channel estimator and the reliability of data transmis-
sion.

To solve this interesting problem, we ask the following questions:
- How to design the pilots optimally?
- How many pilot symbols should we insert in each packet?
- How much power should we assign to pilots?
- How much performance improvement should we expect and is it reasonable

enough compared to the increase in implementation complexity?
For the discrete memoryless channel, the probability of receiving y = [y1, y2, · · · , yn]
given that the input to the channel is x = [x1, x2, · · · , xn] can be written as

PY |X(y | x) =
n∏
i=1

P (yi | xi). (2.30)

2.3.1 Power allocation
We introduce in this section an optimal power allocation between pilot symbols and
data symbols. We know from [10] that dramatic improvement in spectrum efficiency
can be achieved by power allocation in the 1-bit massive MIMO scenario. Assuming
similar performance for multi-bit cases makes sense. Appropriate resource allocation
is needed especially when we are under a power constraint, i.e., average power ρave.

The idea of the optimization problem is to minimize the average transmit power
by choosing the training length and the power of pilot symbols properly. Instead
of transmitting pilot symbols and data symbols using the same power, we assign
different power to different parts in a block, i.e., ρp for pilot symbols and ρd for data
symbols where ρp 6= ρd. The length of the pilot symbols is taken into account as
well. Aiming at the lowest power consumption under the requirement of target error
probability ε, the optimization problem can be formulated as follows:

minimize
N,ε

ρave

subject to ρp·np+ρd·nd

np+nd
= ρave

error probability ≤ ε

(2.31)

2.4 Quantization
To map the received analog signals with infinite-precision complex values to a smaller
set of finite values for data processing purposes, quantizers are widely used in wireless
systems. In our case, with two ADCs per BS antenna, quantization is applied
separately to the real and imaginary part of the complex input y. Denoting by Q
the quantization operator, we have Q(y) = Q(<{y}) + jQ(={y}). For a vector y,
quantization is applied to each of its elements.
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Figure 2.4: A symmetric uniform quantizer with b-bits resolution.

We assume in this thesis symmetric uniform quantizers with step size ∆ and b-bit
resolution as shown in Figure 2.4, where the red arrows denote the quantization
levels and the dashed lines denote the thresholds. The number of quantization levels
is L = 2b. The quantizer is charaterized by L = {`1, `2, · · · , `L−1} , `1 < `2 < · · · <
`L−1 which is the set of quantization levels, and T = {τ0, τ1, · · · , τL} ,−∞ = τ0 <
τ1 < · · · < τL = ∞ which is the set of L + 1 thresholds. The set of complex-
valued ADC outputs at each antenna is therefore X = L × L. Specifically, we have
`i = ∆(i− L

2 + 1
2) and τi = ∆(i− L

2 ). The quantization rule is set as

Q(<{y}) =



− (2b−1)∆
2 , −∞ < <{y} < −2b−1∆

(i− 2b−1 + 1
2)∆ , (i− 1− 2b−1)∆ < <{y} < (i− 2b−1)∆

(2b−1)∆
2 , 2b−1∆ < <{y} <∞

(2.32)

This rule holds also for Q(={y}).

2.4.1 Automatic gain control
In a practical wireless system, due to the effect of multi-path fading and interference
from strong unwanted signals, the power of the received signal at each antenna can
vary dynamically over a wide range, which makes the quality of quantization uncon-
trollable. For instance, let us denote the amplitude of a signal as A. No matter how
far it is from the range of quantization level, if A � (2b−1)∆

2 or A � − (2b−1)∆
2 , the

quantization result Q(A) will always be ± (2b−1)∆
2 , leading to a large error named

overload distortion. On the other hand, an input signal that is really small com-
pared to the quantization interval ∆ leads to a constant output.

To improve the quality of quantization and prepare for further processing, Auto-
matic Gain Control (AGC) unit is necessary in wireless systems. The AGC unit
adjusts the received signal in order to bring its level to an acceptable level for accu-
rate quantization. Furthermore, knowledge of the power level of the received signal
is needed to perform AGC. We will show in the next chapter an AGC algorithm
based on our choice of pilot and channel estimation method.

2.5 Linearization using Bussgang’s theorem
A practical system normally consists of several nonlinear components such as quan-
tizers and nonlinear amplifiers, where the output can not be formulated as a linear
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function of the input, making the analysis complicated. We will introduce an exact
linearization method that greatly simplifies the signal processing.

Named after Bussgang, the theorem regarding to the correlation analysis of Gaus-
sian distributed signals as inputs to a nonlinear process was first reported in 1952.
It provides a useful tool to deal with nonlinearities in a system and has been consid-
ered as a landmark. The decomposition that we are about to discuss is an extension
of the results in the original paper and has been widely used in various studies as
a tool for analysing the effect of nonlinearities in wireless systems. Analysis and
extensions in this section are based mainly on [9], [26].

2.5.1 Bussgang’s theorem regarding crosscorrelations
Theorem 1 (A Theorem regarding Cross-correlation). For two Gaussian signals,
the crosscorrelation function taken after one of them has undergone nonlinear am-
plitude distortion is identical, except for a factor of proportionality, to the crosscor-
relation function taken before the distortion.

Consider f1(t) and f2(t) as two Gaussian random signals. f1(t) is the input to
a memoryless distortion device with distortion function U , where the output is de-
noted as F1(t) = U [f1(t)]. Denote using φ the cross-correlation function of two
signals, we can formulate Theorem 1 as:

φF1f2(τ) = gφf1f2(τ). (2.33)

where g is the scale factor.

The theorem can be proved as follows:
The amplitudes of f1(t) and f2(t) at anytime t can be assumed as zero-mean

Gaussian random variables x1 and x2, respectively. The probability density functions
of x1 and x2, are:

p(x1) = 1√
2π

exp
(
−x

2
1

2

)
, p(x2) = 1√

2π
exp

(
−x

2
2

2

)
. (2.34)

The expectation of the product of x1 and x2, which is denoted using m̄, can be
calculated as

m̄ = E {x1x2}

=
∫∫ ∞
−∞

x1x2 p(x1, x2) dx1dx2

= lim
T→∞

1
2T

∫ −T
T

f1(t)f2(t) dt.

(2.35)

where p(x, y) represents the joint distribution the two random variables and can be
expressed by a function of m̄ as:

p(x1, x2) = 1
2π
√

1− m̄2
exp(−x

2
1 + x2

1 − 2m̄x1x2

2(1− m̄2) ). (2.36)
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The second equation holds because the ensemble average and the time average in a
stationary process are identical.

The last term in (2.35) is also known as the cross-correlation function of two signals,
thus we have

φf1f2(τ) = lim
T→∞

1
2T

∫ −T
T

f1(t)f2(t) dt = m̄. (2.37)

Next, we assume that the signal f1(t) undergoes a nonlinear device characterized
by U with output F1(t) = U [f2(t)], and the signal f2(t) undergoes a similar device
characterized by V with output F2(t) = V [f2(t)]. The cross-correlation function of
F1(t) and F2(t) can be formulated as

φF1F2(τ) = lim
T→∞

1
2T

∫ −T
T

F1(t)F2(t) dt. (2.38)

Just like x1 and x2, the amplitudes of signal F1(t) and F2(t) can be treated as
random variables U(x1) and V (x2). Similar to (2.25), we get

φF1F2(τ) =
∫∫ ∞
−∞

U(x1)V (x2) p(x1, x2) dx1dx2 = E {U(x1)V (x2)} . (2.39)

For the case of one of the signal undergoes nonlinear distortion device as stated in
Theorem 1, let x2 be the signal without distortion. Therefore we can set U(x1) = x1
and rewrite (2.39) as

φf1F2(τ) =
∫∫ ∞
−∞

x1V (x2) p(x1, x2) dx1dx2

= 1
2π
√

1− m̄2

∫∫ ∞
−∞

x1V (x2) exp
(
−x

2
1 + x2

1 − 2m̄x1x2

2(1− m̄2)

)
dx1dx2.

(2.40)

Since∫ ∞
−∞

x1 exp(−x
2
1 − 2 m̄ x1x2

2(1− m̄2) )dx1 = m̄
√

2π(1− m̄2)x2 exp
(

m̄2 x2
2

2(1− m̄2)

)
, (2.41)

(2.40) can be simplify as

φf1F2(τ) = m̄√
2π

∫ ∞
−∞

x2 V (x2) exp
(
−x

2
2

2

)
dx2. (2.42)

Combined with (2.37), we get the ratio

φf1F2(τ)/φf1f2(τ) = 1√
2π

∫ ∞
−∞

x2 V (x2) exp(−x
2
2

2 ) dx2 (2.43)

which is the ensemble average over x2 V (x2). Denote this ensemble average using a
constant g, we finally prove that φF1f2(τ) = g φf1f2(τ).
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2.5.2 Bussgang’s theorem over a single device
When it comes to a device with input f1(t) and output F1(t), we can simply replace
x2 with x1 and rewrite (2.33) as

φF1f1(τ) = g φf1f1(τ). (2.44)

A consequence of Eq.(2.44) is that the output signal can be decomposed as

U(x1) = gx1 + d, (2.45)

where d is the distortion that is uncorrelated to x1. It is known as the Bussgang
decomposition which indicates that the output of a non-linear device with Gaussian
input is a scaled version of the input plus the uncorrelated distortion d. d = U(x1)−
gx1 is a non-linear function of x, hence d is not Gaussian distributed.

2.5.3 Bussgang decomposition in MU-MIMO systems
In recent studies, Bussgang’s theorem has been widely used to model the nonlin-
ear devices in MIMO communication systems. We introduce here the extension of
Bussgang decomposition to MIMO systems.

2.5.3.1 The complex-valued version of Bussgang’s theorem

It was proved by Minkoff [27] that the Bussgang’s theorem can be extended to
the complex Gaussian signals. That is, for the complex Gaussian variables x1 ∼
CN

(
0, σ2

x1

)
and x2 ∼ CN

(
0, σ2

x2

)
. x1 undergoes a distortion where the output

is denoted by y = U(x1). Denote using C the cross-correlation function, Cyx2 ,
E {yx∗2} and Cx1x2 , E {x1x

∗
2}, it holds that

Cyx2 = gCx1x2 . (2.46)

2.5.4 Extension to MIMO systems

Assume that there are M antennas at the BS, and x = [x1, x2, · · · , xM ]T is the
vector of length M denoting the received signal at a time instant with each of its
element corresponds to a single antenna. Characterize using U the distortion. The
output can be expressed element-wise as

z = U(x) =


U(x1)

...
U(xM).

 (2.47)

We call it a MIMO extension since the distortion function takes multiple inputs and
provide multiple outputs.

It is easy to conclude that each output is a distorted version of only the input
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with the same index. We can then simplify the Bussgang decomposition operator
G as a diagonal matrix G = diag([g1, g2, · · · , gM ]T ). It holds that

Cyx = GCx. (2.48)

and we can obtain the Bussgang decomposition

z = Gx + d =


g1x1
...

gMxM

+ d (2.49)

Lack of correlation between x and d can be proved as

E
[
dxH

]
= E

[
(y−Gx)xH

]
= Cyx −GCy = 0M×M (2.50)

The Bussgang gain matrix G can be computed in for a broad range of nonlinearities
as long as we know Cy. We will indicate in the next chapter two ways of finding G
according to different ADC resolutions. For 1-bit ADCs, Cy can be calculated in
closed form using the arcsin law. For multi-bit ADCs, the covariance of distortion
d is formulated in order to get Cy.
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In this thesis, we consider MU-MIMO uplink transmission over the i.i.d. Rayleigh-
fading channel where the channel realizations between transmit-receive antenna pairs
are assumed to be independent. There is no CSI at either the UEs or BS, and pilots
will be used for the BS to learn the channel. The channel is assumed to remain
constant for a coherence block of N symbols in time.

As shown in Figure 3.1, a BS equipped with B antennas communicates with U � B
single-antenna UEs simultaneously. The UEs transmit independently their own data
over the fading channel, and the resulting signal is detected by B BS antennas. The
signal received at each of the antenna is quantized by a pair of converters that
generate the in-phase and quadrature component respectively. The quantized sig-
nal is then used to perform channel estimation, followed by linear combining, and
decoding. We put before ADCs the radio frequency (RF) circuits to indicate the
preprocessing of band-pass signals that occur before sampling and quantization.

Figure 3.1: Massive MU-MIMO uplink system with low-precision converters at
the BS.

We denote by X ∈ CU×N the transmitted signal from U UEs, each of length N .
H ∈ CB×U is the realization of the block-fading channel and Y ∈ CB×N is the
received signal at B antennas where Y = [y1,y2, · · · ,yN ]. The B-dimensional
received signal at time k is

yk = Hxk + zk, (3.1)
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where zk denotes the additive white Gaussian noise (AWGN) at the antennas.

The parameters and notations used in this section are summarized in the follow-
ing tables:

Table 3.1: Parameters

Parameter Definition
X/x Transmitted symbols matrix/vector
Y/y Received symbols matrix/vector
r Decoded symbols
P Pilot matrix
H/h Channel realization matrix/vector
Z/z AWGN noise matrix/vector
U Number of UEs
B Number of antennas
N Block length
b resolution of ADCs (bit)
∆ step size of ADCs
Q Quantization operator
L Quantization level set
T Quantization threshold set
Ca/Ca,b Covariance matrix of a/Cross correlation matrix of a and b
A Scaling matrix for quantization
G Bussgang gain
ε packet error probability

Table 3.2: Notations

Notation Definition
vec (A) Vectorization of matrix A,

with the columns stacked on top of one another
‖a‖ `2-norm of vector a
A⊗B The Kronecker product of A and B
Φ(x) The CDF of the standard normalized distribution

Φ(x) = 1√
2π
∫ x
−∞ e

−u2
2 du

E {x} The expected value of x
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3.1 Channel estimation
PAT is performed to estimate the channel. np pilot symbols are inserted at the
beginning of each transmitted sequence by each UE. Putting them together we will
get a U × np pilot matrix P which will then be analysed by the BS to learn the
channel. As the information of pilots is assumed to be known at the BS, we can
therefore separate the transmission of pilots and data symbols as two distinct stages,
which means the the coherence block is divided into two parts which refer to channel
estimation and data transmission, respectively. We will present in this section the
transmission and processing of the pilots.

The received signal at all BS antennas can be written in matrix form as

Yp = √ρpHP + Z, (3.2)

where Yp is a B × U matrix and Z is the additive white Gaussian noise matrix
with independent entrances zk,b ∼ CN (0, 1). We denote here using ρp the transmit
power, as all the pilot symbols are of unit power, ρp is also the SNR.

For simplicity, we vectorize Yp by stacking its columns, that is

vec (Yp) = yp =
[
yp1,1 , · · · , ypB,1 , yp1,2 , · · · , ypB,2 , · · · yp1,U

, · · · , ypB,U

]T
. (3.3)

Rewriting (3.2) in vector form, we have

yp = √ρpP̃h + z, (3.4)

where P̃ = PT ⊗ IB, h = vec (H), z = vec (Z).

Due to the effect of fading channel and random noise, the amplitudes of received
signals may vary a lot. To match the dynamic range of the quantizers which is
normally assumed to be equal on all antennas as well as minimize the quantiza-
tion error, automatic gain control is performed where the received signals are first
scaled by a matrix A before quantized. To make the average receiving power at
each antenna equal to 1/B, the scaling matrix A is designed as

A = 1√
B
diag(Cyp)−1/2, (3.5)

where Cyp is the covariance matrix of yp, which is equal to

Cyp = E
(
ypyHp

)
= ρpPT (PT )H ⊗ IB + InpB. (3.6)

To get rid of interferences during channel estimation, we make the pilot sequences
from different UEs mutually orthogonal to get PPH = UInp . This can be achieved
by picking the first U columns of the np × np DFT matrix. Therefore,

diag(Cyp) = (ρU + 1)InpB (3.7)
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A =
√
ρpU + 1

B
InpB. (3.8)

Performing quantization on the scaled signal, we get

yq = Q(Ayp). (3.9)

As stated before, quantization is a nonlinear process that introduces unneglectable
distortion. The distortion caused by finite-resolution quantizers is correlated with
its input, which can not be treated as additive noise. However, applying Bussgang
decomposition we can find a linear operator Gp and represent the quantized signal
as the sum of a linear function of the unquantized signal yp and a distortion d, i.e.,

yq = Gp(Ayp) + d. (3.10)

To minimize the power of distortion d and make the distortion uncorrelated with
the received signal yp, Gp is designed as

Gp = ∆√
π
diag(ACypA)−1/2

L−1∑
i=1

exp(−∆2(i− L/2)2diag(ACypA)−1) (3.11)

with the effect of scaling matrix A taken into consideration. We use ∆ to denote
the step size of the quantizers. Due to the nonlinearity of the quantization operator
Q, the distortion d is not Gaussian distributed.

We evaluate in this thesis the quality of channel estimation by the mean squared
error (MSE), which is E

{∥∥∥hi,j − ĥi,j∥∥∥2
}
. The linear minimum mean square error

(LMMSE) channel estimator that minimize the MSE can be obtained as:

ĥ = ChyqC−1
yq

yq, (3.12)

where Chyq and Cyq will be given next. With our choice of linear operator Gp,
the distortion d is also uncorrelated with the channel realization h. Hence, we can
express the cross-correlation between channel realization h and the quantized signal
yq as:

Chyq = √ρpGpAP̃H , (3.13)
which can be calculated using the above formulas. The covariance matrix of the
quantized signal can be expressed as:

Cyq = ρpG2
pA2P̃P̃H + G2

pA2InpB + Cd, (3.14)
where computing Cd is often difficult. For 1-bit ADCs, Cyq can be computed in
closed form using the arcsin law:

Cyq = 2
π

(arcsin(S−1/2<
{
Cyp

}
S−1/2) + j arcsin(S−1/2=

{
Cyp

}
S−1/2)) (3.15)

where S = diag(Cyp).
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There is no such closed form for multi-bit quantizers. However, we can obtain
an easy-to-compute approximation of Cd by modeling the quantization distortion
as a white process in both space and time [7]. The off-diagonal elements of Cd are
assumed to be zero, and the diagonal matrix Cdiag

d is given by

Cdiag
d = diag(Cyq)−Gdiag(ACypA)G

= ∆2

2B (L− 1)2InpB −Gdiag(ACypA)G

− 4B∆2
L−1∑
i=1

(i− L

2 )Φ
(√

2B∆diag(ACypA)− 1
2 (i− L

2 )
)
.

(3.16)

Then Cyq can be obtained by substituting (3.16) into (3.14).

With both Chyq and Cyq computed, we can easily get the estimated channel ĥ
from (3.12). Furthermore, we can reshape ĥ to a matrix by taking every B elements
as a column and put aside each other. We denote in matrix form using Ĥ = unvec(ĥ)
the Bussgang LMMSE channel estimator.

3.2 Data transmission
When it comes to the data transmission stage, we utilize the estimated channel to
help decode data symbols. Similarly, we assume all U users transmit data symbols
to the BS independently at the same time. The B-dimensional received signal at
the kth channel use can be written as

yk = √ρdHxk + zk, (3.17)

where ρd denotes the power of data symbols, xk = [xk,1, · · · , xk,U ] ∈ CU denotes the
transmitted symbols from U UEs at the time instant k. Using Gaussian codebooks,
xk,u are drawn independently from CN (0, 1) distribution. zk is the B-dimensional
AWGN vector at time k with zk,b ∼ CN (0, 1) for each antenna at the BS. H ∼ CB×U

is the channel realization matrix. Since pilot symbols and data symbols stay inside
one coherence block, the channel matrix H is the same as the one for pilot trans-
mission.

As introduced in the previous section, automatic gain control is required and the
received symbols need to be scaled before quantization to match the dynamic range
of the ADCs. The scaling matrix A for data symbols is

A = 1√
B
diag(Cyk

)−1/2. (3.18)

Since we have our codewords xk from the Gaussian codebook, it holds that E
{
xkxHk

}
=

IU . Therefore,
Cyk

= ρdHHH + IB. (3.19)
Performing the Bussgang decomposition, we can formulate the quantized signal as

ykq = Q(Ayk) = √ρdGAHxk + GAzk + d, (3.20)
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where the Bussgang operator

G = ∆√
π
diag(ACyk

A)−1/2
L−1∑
i=1

exp(−∆2(i− L/2)2diag(ACyk
A)−1) (3.21)

is diagonal for Gussian inputs. For the case of 1-bit quantizers, by setting L = 1,
we can easily obtain

G = ∆√
π
diag(ACyk

A)−1/2. (3.22)

After quantization, signal processing methods are performed to get an estimation of
the transmitted symbols. We use a linear combiner W to detect the data symbols
from different users. By multiplying the signal with WH , the quantized signal is
separated into U streams:

rk = WHykq = √ρdWHGAHxk + WHGAzk + WHd (3.23)

rk = [rk,1, rk,2, · · · , rk,U ]T , where the uth entrance of rk is the detected symbol that
corresponds to the symbol transmitted by the uth UE.

For a transmitted symbol xk,u, the corresponding symbol after combining is

rk,u = √ρdwH
u GAhuxk,u +√ρdwH

u

U∑
i 6=u

GAhixk,i + wH
u GAzk + wH

u d (3.24)

where wu, hu denote the uth column of matrices W and H, respectively. The first
term in this equation is our desired signal, the second term denotes the multi-user
interference after linear combining and the last two terms denote the additive noise
and quantization distortion.

W is obtained on the basis of the estimated channel Ĥ. We formulate two types of
commonly used combiners as

W =
{

GAĤ, MRC
GAĤ((GAĤH)GAĤH)−1, ZF (3.25)

and use MRC in our simulation.

3.3 Packet error probability
We measure the performance of short-packet transmission in this thesis based on the
average packet error probability. Error occurs when the message decoded from the
received packet is different from the one we sent. As introduced in Section 2.2.3,
the average error probability upper bounded by

ε ≤ inf
s>0

E[e−(is(x,y)−log(M−1))+ ] (3.26)

is obtained based on the random coding argument and average across the code-
words from all possible codebooks. The bound is calculated by averaging over all
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the e−(is(x,y)−log(M−1))+ we get.

We write the right side of (3.24) into two terms as

rk,u = √ρdguxk,u + nk,u. (3.27)

The first term denotes the part that contains information of the symbol we want,
where we denote using gu = wuGAhu the channel gain corresponds to the uth UE.
The second term nk,u = √ρdwH

u

∑U
i 6=u GAhixk,i + wH

u GAzk + wH
u d represents the

combination of interference, distortion and noise.

Performing mismatched SNN decoding, we look for the codeword which, after scal-
ing, has the smallest Euclidean distance from the output of the combiner, that is

x̂u = argmin
x

‖ru −
√
ρdĝuxu‖2 . (3.28)

Here ĝu = wuGAĥu is the estimated channel gain. Consider the i.i.d.Gaussian
codebook where we get the codewords from, the generalized information density
can be formulated as:

is(xu, ru) = −s ‖ru −
√
ρdĝuxu‖2 + s

‖ru‖2

1 + sρd |ĝu|2
+ nd log(1 + sρd |ĝu|2). (3.29)

Note here each is corresponds to one codeword received. Hence for every single
realization of the block-fading channel, we obtain as many is as the number of UEs.

Since log(M − 1) in (3.26) is a constant as M is pre-defined in the system, the
more is we collect, the tighter this bound will be. Testing over large amount of
realizations we can get a reliable bound and analyse the performance of our system.
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4
Simulation Results

In this chapter, we evaluate the performances of a single-cell massive MIMO uplink
transmission and present the numerical results in four sections. As stated before, a
PAT scheme is utilized in order to learn the channel, in which resources are taken
away from data symbols to the transmission of pilots. Therefore we put our focus
on the trade-off between channel estimation and data transmission.

We start by illustrating the accuracy of channel estimation. In Section 3.1 we show
how the number of pilots np and the transmit power ρp affect the MSE. In Section
3.2 we illustrate with and without power allocation, the minimum SNR required to
achieve the target error probability ε < 10−3 according to different training lengths.
After that, in Section 3.3 we plot the MSE as a function of SNR to characterize the
trade-off between channel estimation and data transmission. At last, according to
the results we got in Section 3.2 and 3.3, we plot the MSE as a function of np.

The parameters of simulation can be found in Table 4.1.

Table 4.1: System parameters

Parameter Name Value
Number of antennas at the BS 100
Number of single-antenna UEs 10
Blocklength 288 symbols
Message payload 30 bits
Target error probability ε < 10−3

Substituting (3.6) into (3.5) we can rewrite the scaling matrix as

A = a√
Bρp

InpB (4.1)

where
aI = diag(PTPTH + I), (4.2)

which means the main diagonal entries of A are the same and depend only on
transmit power ρp. (3.16) and (3.21) can be simplified where

diag(ACypA) = Adiag(Cyp)A = 1
B
. (4.3)
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Hence, neither Gp nor Cd depend on the transmit power or training length, but
depend on the resolution of the quantizers, as we show in Table 4.2:

Table 4.2: Main diagonal entries of Gp and Cd for different ADC resolutions

Resolution Gp Cd
2 bits ∼ 0.8352 ∼ 9.3021× 10−4

3 bits ∼ 0.8764 ∼ 3.8404× 10−4

10 bits ∼ 0.9164 ∼ 2.3224× 10−4

Infinite 1 0

4.1 Accuracy of channel estimation

We present first the MSE of channel estimation, MSE = E
{∥∥∥hi,j − ĥi,j∥∥∥2

}
, which

is averaged over all the channel coefficients, as a function of training length np for
ADCs with different resolutions. The power of pilot symbols is set as ρp = 0dB. As
we expected, the more pilot symbols we transmit, the better channel estimation we
will get. However, the trend of accuracy improvement does no go linearly with the
increase of pilot length. MSE decreases rapidly as np increases from 10 to 40, but
flattens out gradually which implies a limited improvement.

Increasing the resolution of quantizers is another option for better estimation. Great
improvement is observed by upgrading 1-bit quantizers with 1 more bit. Using 3-
bit ADCs, the quality gap of channel estimation is less than 3dB from the quality
obtained with infinite-precision quantizers.

Figure 4.1: Channel estimation accuracy vs pilot length np for ADC with 1, 2, 3,
inf bits, SNR = 0dB.
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Specifically for 1-bit ADCs, the MSE of the Bussgang channel estimator as a func-
tion of the pilot power for different training length np is shown in Figure 4.2. The
accuracy of channel estimation eventually converges to a certain level with the in-
crease of SNR, and it converges faster when we increase the length of pilot sequence
within the range of 100 symbols.Moreover, for np ≥ 100 there exists an optimal
SNR that gives the lowest MSE. However, large training length means lots of power
taken away from data symbols. As will be presented later, when N = 288, there is
no reason to make np > 50, especially when we perform power allocation.

Figure 4.2: Channel estimation accuracy vs SNR with different pilot length np for
1-bit ADC.
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4.2 Optimal PAT scheme
We illustrate the optimization of pilots by means of minimizing the average transmit
power ρave = ρp·np+ρd·nd

np+nd
under the requirement of a target error probability ε < 10−3.

The scenarios with and without power allocation are both considered. By power
allocation we refer to the method stated in Section 2.3.1, where the transmit power
of data symbols and pilots can be different.

Figure 4.3: Average SNR required as a function of trainning length np to achieve
ε < 10−3 under condition of the resolution set 1, 2, 3, inf bits, with and without
power allocation

The dash lines in Figure 4.3 represent the results we obtained without power al-
location, where ρp = ρd is assumed, while the solid lines present the performances
with power allocation methods.

We observe from the dash lines that without any power allocation, the uplink SNR
decreases with the increase of the training length until np = 120. While for np > 120,
the required SNR increases rapidly because as we set larger training length for chan-
nel estimation, there are fewer remaining symbols in a block which leads to a weaker
encoder for the data payload, thus the performance loss offsets the accuracy of chan-
nel estimation. We have approximately 2.3dB performance gap between 1-bit ADCs
and infinite resolution ADCs, and the gap became as small as 0.6dB for 2-bit ADCs.
Using the quantizers with 3-bit resolution, we are able to approach infinite-resolution
performance.
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It can be easily observed that power allocation improves the performances signif-
icantly. For instance, to achieve the same error probability using 3-bit ADCs, we
can save up to 4.8 dB using power allocation with 10 pilot symbols. For infinite-
resolution quantizers, the optimal number of pilot symbols that results in the lowest
average power is 10, which is the same as the number of UEs. The lower the res-
olution is, the larger the training length is needed. We have the optimal np ≈ 40,
np ≈ 20, and np ≈ 13 for 1-bit ,2-bit and 3-bit resolution cases respectively. The
reason is that a larger number of pilot symbols are needed for better channel esti-
mation to reduce the effect of quantization distortion. Again with 3-bit ADCs, the
performance is fairly close to the case of infinite-resolution ADCs. The performance
gap between the cases with and without power allocation became smaller with the
increase of training length. For np > 130 we can hardly see any performance im-
provement.

Compare either the dash lines or the solid lines, we conclude that the performance
improvement achieved by increasing resolution from 1 bit to 2 bits is apparent, but
for more than 3 bits, the improvement becomes smaller and might be offset by higher
power consumption. Combined with the results showed in Figure4.2, we are actu-
ally far from the SNR which gives us the best channel estimation under each pilot
length.
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4.3 Channel estimation vs data transmission

In this section, we consider the trade-off between channel estimation accuracy and
data transmission reliability under the requirement of error probability ε < 10−3.
For each np and the required average SNR in Figure 4.3, the MSE can be easily
obtained as we have both np and ρp. We depicted in Figure 4.4 the MSE as a
function of the SNR required to achieve an error probability ε < 10−3.

Figure 4.4: MSE of channel estimation as a function of SNR under the condition
of ε < 10−3 and resolution set 1,2,3,inf bits, with and without power allocation.

The shape of the curves looks like a 90-degree clockwise rotation of the curves
in Figure 4.3 because the MSE decreases with the increase of np as analysed in
Section 3.1. With power allocation, as there is more power assigned to pilot symbols,
we can always get a better channel estimation. As observed, lots of the MSEs
we got concentrated around −3dB to −4dB for all the resolutions within a small
range of required SNR, which correspond to np < 120 in Figure 4.3. No notable
improvement in channel estimation can be achieved until we increase the number
of pilot symbols dramatically. We can also observe small gaps around −3dB which
indicates that with power allocation, less power is consumed to achieve the same
MSE. If we are under a power constraint, i.e., −18.6dB for 1-bit ADCs, we can
achieve the same reliability but a more accurate channel estimation by using more
pilot symbols, i.e., np = 160 for MSE < −3.7dB instead of np = 20 for MSE =
−2.36dB.
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4.4 Channel estimation based on PAT scheme
We look back to the relationship between channel estimation and the length of pilots.
Unlike Section 4.1 where only pilot symbols are considered, results we obtained here
shows the estimation accuracy required to transmit the data reliably.

Figure 4.5: Channel estimation pilot length np to achieve ε < 10−3 under condition
of the resolution set 1,2,3,inf bits, with and without power allocation

In Figure 4.5, each pair of MSE and np corresponds to a required SNR which can be
found in Figure 4.3 or Figure 4.4, to achieve the target error probability ε < 10−3.
With solid lines and dashed lines refer to the scenarios with and without power
allocation respectively, it’s easy to see that the channel estimation is better with
power allocation when np < 120. For np > 130, there is hardly any improvement
observed.

For the case of power allocation, lower ADC resolution corresponds to higher require-
ment on estimation accuracy, which is reasonable because better channel estimation
is needed to overcome larger quantizer distortion. While for the case without power
allocation, we have a quite different observation where no matter how we increase
the resolution, the quality of channel estimation does not differ a lot for different
training lengths. The MSEs we find for 1-bit ADCs can be used as a reference for
multi-bit cases, to identify the required transmit power for target error probability.
This indicates that the problem of achieving the target error probability equals to
that of achieving the target channel estimation accuracy, which will greatly reduce
the computing time.
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5
Conclusion

5.1 Conclusion
We analyzed in this thesis the performances of short packet transmission in the
massive MU-MIMO uplink scenario over a flat Rayleigh-fading channel with low-
resolution ADCs at the BS. We focused on the trade-off between channel estima-
tion accuracy and data transmission reliability in order to design the optimal PAT
scheme. We used Bussgang decomposition to characterize the quantization process
and nonasymptotic bound on the error probability, which is more appropriate for
finite blocklength. A simple power allocation method is performed to minimize the
average power consumed under a target error probability.

The numerical results show that with fairly low-precision quantizers, i.e., 3-bit
ADCs, the performance we can achieve is close to the infinite-precision case. There
exist an optimal training length if no power allocation is performed or the resolu-
tion of quantizers is as low as 1 to 2 bits. Furthermore, we can use as many pilot
symbols as the number of UEs to get the optimal performance if we increase the
resolution together with power allocation. The performance improvement by power
allocation is notable when we use a limited number of pilot symbols. By increas-
ing pilot length, we can get better channel estimation with slightly more consumed
power. However, there is no significant improvement if a lot more pilot symbols are
used and power is invested. Furthermore, we found that if power allocation is not
available, the problem of achieving the target error probability might be equal to
the problem of achieving the target channel estimation accuracy, which leads to a
reduction in simulation time.

5.2 Future work
The normal reliability requirement in URLLC is higher than 99.999%, indicating the
target error probability ε ≤ 10−5. Our current simulation is based on ε ≤ 10−3 due
to the long running time and lots of set-up cases. To get more realistic simulation,
higher number of realizations need to be tested.

Moreover, the i.i.d Rayleigh fading channel is too ideal to be true in real wire-
less systems, more realistic channel models need to be studied. Local scattering
spatial correlation model is worth to be considered as the spatial correlation caused
by scattering around the UEs is an important characteristic of massive MIMO.
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