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A Bayesian Framework for Dark Photon Searches at LDMX:
Parameter Inference and Interaction Model Comparison

Adam Berger
Department of Physics and Astronomy
Chalmers University of Technology

Abstract

Despite decades of experimental searches, dark matter, a hypothetical form of matter
with highly suppressed electromagnetic interactions, has yet to be detected. The absence
of any detection in the 10 GeV—TeV mass range has motivated searches in lower mass
ranges, reaching sub-GeV levels. Due to the Lee-Weinberg bound, a thermal-relic dark
matter particle at this mass scale requires a new force mediator to bring the annihilation
cross-section into agreement with the observed relic density. This force mediator is dubbed
the dark photon, and several experiments designed to produce and detect it have been
built or are currently under construction.

The main objective of this thesis is to develop a Bayesian framework for inferring the
coupling strength and mass of the dark photon using data from the upcoming Light Dark
Matter eXperiment (LDMX), a fixed target experiment where dark photons are expected
to be produced in electron-tungsten collisions. The framework is validated on MadGraph5b-
simulated data sets to quantify LDMX’s (Phase II) detection capabilities and parameter-
inference power. This task is accomplished using dynamic nested sampling, designed for
estimating posteriors and calculating marginal likelihoods. The secondary objective is to
investigate whether the degeneracy between the dark photon mass and interaction model
can be resolved through a combined analysis of the recoil-electron’s transverse momentum
|pr| and total energy E. The degeneracy is explored by comparing Bayes factors computed
from the marginal likelihoods of the different models. The framework recovers the dark
photon mass and coupling accurately for benchmarks corresponding to thermal relic targets
for complex scalar dark matter with R = my//m, = 2.5, while identifying benchmarks with
R = 2.2, producing fewer expected signal events, as being below detection threshold. Using
two-dimensional (E, |pr|) kinematics, the Bayes factor comparison breaks the mass-model
degeneracy between the interaction model groups ([KM, C, A] and [M, E]), with maximum
Bayes factors of In K = 591. One-dimensional analysis of E and |pr| alone still separates
the model groups, though less decisively, with maximum Bayes factors of In K ~ 42 for E
alone and In K ~ 22 for |pr| alone. The introduction of a relic-target prior on g further
separates KM from [C, A], at the cost of additional assumptions.
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1. Introduction

1.1 Background

The frontiers of scientific discovery are continually being pushed forward. There are
numerous examples in which a new type of astronomical object, planet, or entire field of
physics is identified through inference of what should exist given our current understanding
of the universe, even though we have not yet seen or proved it. One such example was
in 1783, when the English clergyman and scientist John Michell proposed an object so
massive that even light could not escape it. We first saw such an object in 2019, when
the Event Horizon Telescope captured the first ever image of a black hole (M87). Another
such example is the discovery of the planet Neptune through the irregular movements of
Uranus. It was argued that a planet could be pulling on Uranus gravitationally, and this
was confirmed to be the case when Johann Galle observed it telescopically in 1846 [7].

Today, one of the largest mysteries in physics is Dark Matter (DM), a proposed form of
matter whose only confirmed interaction with regular matter is gravitational. Due to its
nature, it is invisible to any known measurement technique, but its existence can still be
inferred due to its effects on the dynamics of celestial bodies and its crucial role in the
formation of the early universe. One of the most widely accepted theories is that the DM
particles exist as an extension of the Standard Model (SM) particles, contained in a so-called
dark sector, with its own set of particles and forces. While direct interactions between the
dark sector and SM particles have not yet been observed, a wide range of theoretical models
predict small but non-zero couplings, most notably through the theoretical existence of a
mediator particle, the Dark Photon (DP) [11], which is what this work will focus on.

The Light Dark Matter eXperiment (LDMX) [31], a missing-momentum experiment cur-
rently under construction, is designed for detection of sub-GeV DM and DPs. Recent work
[9] has shown that within the experimental setup of LDMX, where dark bremsstrahlung is
the production method for DPs, there exists a degeneracy between different DP models
and the mass of the DP. Specifically, the kinematic distributions of the recoil electrons,
which constitute the signature at LDMX, depend both on the mass of the DP and what
type of interaction is dominant between it and the SM fermions. This results in practically
identical distributions for certain combinations of interaction model and DP mass. The
authors of [9] suggest this degeneracy can be broken by combined analysis of both the
final-state energy and the transverse momentum of the recoil electrons. Breaking of the
degeneracy is essential for understanding the signal at LDMX: not only to be able to tell
if DPs exist, but also to be able to distinguish which underlying interaction between it and
the SM fermions is responsible for its production.

1.2 Bayesian Inference for Dark Photon Detection

This work develops a statistical framework for parameter inference and model discrimination
of DPs at LDMX. Bayesian statistics is used to infer both the mass m 4 and coupling
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strength e of the DP within the Kinetic Mixing (KM) interaction model, using simulated
total energy and transverse momentum data of the dark bremsstrahlung experiment at
LDMX. The sensitivity of the models developed is benchmarked against (m 4, €)-values
that would be responsible for the DM abundance observed in the universe today, so-called
relic targets. The framework is also evaluated against two different background scenarios,
one with a normalized background and one where the background is scaled by a factor of
100. In addition to inference and sensitivity estimation for data generated by the KM model,
four other types of interactions are investigated; Magnetic Dipole (M), Electric Dipole (E),
Charge Radius (C) and Anapole Moment (A). Each of these interaction types is treated
as a separate hypothesis, and Bayes factors are used to assess which is best supported by
the data. The model comparison is performed under the combined total energy E and
transverse momentum |py| distributions suggested for breaking the degeneracy between
DP mass and interaction model in [9]. Further analysis using a thermal relic target prior
on each model’s coupling strength gy is performed in an attempt to separate KM from A
and C.

The framework recovers the dark photon mass and coupling within the 68% credible
interval for benchmarks corresponding to thermal relic targets with R = ma//m, = 2.5
for background scaling BG = 1. For benchmarks corresponding to R = 2.2, the framework
does not detect a signal for most Poisson realizations of the data. This is due to the
low number of expected events in this parameter space region for Phase II of LDMX,
leading to wide credible intervals and with the background scaling of 100, a drowned-out,
undetectable signal. A cross-validation between Dynamic Nested Sampling (DNS) and
Markov-Chain Monte-Carlo (MCMC) shows that the two sampling methods largely agree,
validating the posterior estimation of the DNS method. Calculated Bayes factors between
interaction models show clear separation between the interaction model groups ([KM,
C, A] and [M, E]) with a log-uniform prior on g¢. The groups produce nearly identical
kinematic distributions for a given DP mass, differing only in the expected number of
events, which can be accounted for by the framework by varying the coupling strength g;.
One-dimensional analysis of E or |pr| alone still separates the model groups, though less
decisively. Adding a relic target prior on gy further separates KM from A and C.

This thesis builds on the work of [9] and was developed in coordination with the research
group’s ongoing efforts. To keep the Bayesian framework compatible with their pipeline,
the physical assumptions, MadGraph5-simulated data, data processing, and the Poisson
counting likelihood are adopted from their current setup. The contribution of this work is
the Bayesian part constructed on their foundation: parameter inference with DNS using
signal and background nuisance parameters under a hierarchical prior, model discrimination
via Bayes factors computed from marginal likelihoods of the five models, and a relic-target
prior on gy that breaks the degeneracy within one of the model groups.

1.3 Limitations

In this work, the mass constraint of the DP is limited to the sub-GeV scale. Specifically,
the prior on the DP mass is contained in the region [1073,1] GeV. The coupling strength
for the five interaction models is also limited to a uniform prior on a log-scale in the
range [1072°, 1], which means we are uninformative about the order of magnitude of these
parameters. Towards the end of the analysis, a relic target prior on g; for complex scalar
DM with R = 3 and ap = 0.5 is added in order to further separate the interaction models.



1.4. Thesis Structure

The choice of relic target is made due to data being readily available for this particular
combination of parameters. This work will, in accordance with [9], limit itself to the
investigation of these aforementioned five different DP interaction models. The data is
generated using simulation software, since LDMX has not run yet. This brings with it
limitations on what can be studied, and the data is carefully constructed and modified to
account for constraints in the experimental setup.

This work limits itself to studying Phase II at LDMX, which involves certain fixed experi-
mental parameters that are detailed in Chapter 2. Bayesian framework testing is performed
using four benchmarks selected for two different DP to DM mass-ratios, and taken from
pre-calculated relic targets for a scalar DM model with fine structure constant ap = 0.5.
The resolution of the mock signal data set simulated using MadGraphb5 is limited to 50 x 50
(E, pr)-bins, but is also tested using 200 x 200 bins. Due to computational limits, this
work computes 10 Poisson realizations per KM benchmark and 5 Poisson realizations per
Bayes factor.

1.4 Thesis Structure

Chapter 2 introduces basic DM- and DP-theory relevant to the scope of this work. The
chapter also includes detailed description of the experimental setup of Phase II at LDMX,
including relevant details for the handling of the simulated data that will be used for
analysis. Chapter 3 gives an in-depth guide of the Bayesian analysis and sampling methods
that are used in this work. Chapter 4 presents the results of the analysis on relic-target
benchmarks and model comparison. Chapter 5 summarizes and discusses the findings of
this work.
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2. Dark Matter Theory

This chapter introduces DM and DP theory relevant to this work. Section 2.1 presents
some of the most convincing pieces of evidence for the existence of DM to date. Section 2.2
introduces the logic and motivation behind switching the search from higher mass-scales to
sub-GeV levels, and why that requires the DP as a force mediator, introduced in section
2.3. Section 2.4 describes the experimental setup at LDMX, while explaining the different
steps that have been taken in this work to reproduce the data that will come from the
experiment. Finally, section 2.5 explains and presents the four benchmarks that are used
to test the framework on simulated data.

2.1 Evidence for Dark Matter

Over the years there have been many cases of scientific discoveries that can only be
explained by some sort of invisible, non-interacting particle that only affects objects around
it gravitationally. Here, a few of the most notable ones are mentioned, to motivate the
core search of a DM particle and its mediator, the DP.

2.1.1 Rotation Curves

Rotation curves are a measure of the orbital velocity of objects within a galaxy as a function
of their distance from the galactic center. It was believed for a long time that objects
further out from the rotational center of the galaxy would have a lower orbital velocity, as
is the case e.g. for the planets orbiting the Sun in our solar system. However, in 1970, a
study by Vera Rubin and Kent Ford [26] presented much more accurate observations of
M31, measuring out up to 110 arcminutes from the galaxy’s center. Later in the 1970s,
more such studies followed, and it was observed that the rotation curves of galaxies seemed
to level out with larger radii, rather than decrease. It was suggested that the explanation
for these flat rotation curves was due to an unknown additional mass present in the outer
edges of the galaxies. This missing mass, large structures encompassing galaxies at their
outer edge, is today believed to be massive DM halos [7].

2.1.2 Bullet Clusters

Another strong piece of evidence for the existence of DM is the Bullet Cluster [10]. Two
galaxy clusters set on a collision course have been observed through X-ray data, mapping
the distribution of the baryonic mass inside the clusters, consisting of hot, dense plasma.
When the clusters collided, the plasma experienced a drag force which caused it to slow
down. The stars and galaxies, observed through optical wavelengths, simply passed through
each other as the distances between them are too great for them to collide. However, in
addition to X-ray observations, the gravitational lensing effect of the clusters was also
measured, which takes into account the entire mass of the system. It was observed that,
while the baryonic mass was slowed down, there was a significant displacement between the
baryonic mass center and the total mass center of the clusters after the collision. The vast
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majority of the total mass of the two clusters simply passed through each other, indicating
that the clusters are mostly made up of invisible non-interacting non-baryonic matter.

2.1.3 Cosmic Microwave Background Radiation

Recent data (2018) from the Planck telescope reveals details about the very early period
of the universe through the Cosmic Microwave Background radiation (CMB) [1]. Before
recombination, about 380 000 years after the Big Bang, the universe was so hot and dense
that baryonic matter and photons were coupled tightly in a hot plasma. This plasma
oscillated due to the competing forces of gravity and radiation pressure. Due to the non-
interactive nature of DM, it did not experience the radiation pressure from the photons,
and was allowed to create potential wells of gravity. When the universe cooled, the photons
were released from their coupling with the baryonic matter, making their way through
the universe, which we observe today as the CMB. When the radiation was released,
it took with it a snapshot of the universe at recombination, and in it the gravitational
imprints caused by DM can be measured. The relative highs and lows of these wells can be
measured and directly related to the matter content of the universe. Following the Planck
telescope data, the cold DM density has been constrained to Q.h% = 0.1200 4 0.0012 and
the baryon density to Qyh? = 0.02237 £ 0.00015. This confirms that the total non-baryonic
DM density constitutes a much larger portion of the energy-mass content in the universe
than baryonic matter.

2.1.4 Structure Formation

The final piece of evidence for the existence of DM presented here is that of the unexplainable
structure formations of the universe. The CMB shows a remarkably smooth universe at
recombination, with density fluctuations of only 1 part in 10°. Yet today, the universe is
highly structured with galaxies, clusters, and the cosmic web at large. For the universe to
have created such complex structures only due to gravity in a relatively short time period
after recombination, something else had to have created gravitational structures already.
Simulations of the formation of the universe show that the structures that can be seen
today can form only with the inclusion of cold DM at recombination [8, 30].

2.2 From WIMPs to Sub-GeV

Historically, DM searches have been limited to the mass window of the Weakly Interacting
Massive Particle (WIMP) which typically ranges from 10 GeV to TeV in scale. WIMPs
are a proposed type of DM that can interact with SM particles through a weak-scale force.
The reason WIMPs have been the strongest contender for the DM particle for so long is
due to their weak-scale mass and weak-scale annihilation cross-section naturally freezing
out! in the early universe with a relic density approximately matching that of the observed
Qch? ~0.12 [7, 8.

Despite this match, decades of searching for the WIMP in the mass-scales where it should
be found have yielded no detections. The most sensitive search to date, LZ, has found no
evidence of WIMPs in the lowest region searched yet, the 3 — 9 GeV regime, even up to
sensitivities where solar neutrinos become an irreducible background [2]. This motivates

!meaning the DM annihilation rate falls below the rate at which the universe is expanding, leading to fewer
interactions and effectively making the DM content of the universe constant.
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the search for DM below the traditional 10 GeV scale, down to the sub-GeV scale. Due
to the Lee-Weinberg bound, the calculated relic density would not match the observed
value for a DM particle that only annihilates through a weak SM interaction at sub-GeV
scale, as the annihilation cross-section would be too small [20]. In order to increase the
annihilation rate of a proposed sub-GeV DM particle, a new mediator particle must exist,
the DP [9], which is introduced in the next section.

2.3 The Dark Photon

Sub-GeV DM models require a mediator for interactions between SM particles and particles
that belong to the dark sector. This mediator can be included in the underlying physics in
a number of ways, some more complex than others. For this work, we adapt the standard
approach of [9] in which a massive mediator is introduced as an extension of the SM through
a new U(1) gauge group, U(1)p. The new gauge group carries with it a corresponding
gauge boson A’, the DP.

Since it is not known what types of interactions occur between A’ and the SM particles,
other than that they are weak, portals are introduced as small, potentially observable
interactions. The vector portal causes interaction between the A’ gauge boson and the SM
gauge bosons corresponding to the groups U(1)y or U(1)en, through kinetic mixing. The
interaction occurs with U(1)y for energy scales above the electroweak symmetry-breaking
scale, and with U(1)ey below it. At sub-GeV levels, the interaction occurs between A’ and
the SM photon of the U(1)ep group, which is why we only consider that interaction in this
work. We can write down a general form of the Lagrangian considering the Abelian gauge
bosons corresponding to the U(1)en group and a dark U(1)p gauge group;

1
4

1

Z = 1

F FM — ~Fp,, FIY — %FWF;;”, (2.1)
where € is the kinetic mixing parameter and F),, is the electromagnetic field strength
tensor. The third term is responsible for the interaction between the bosons, and after
diagonalization, the dark photon gains a coupling to the fermionic electromagnetic current
=Yy QA as

Zim = —eeJH A (2.2)

where e is the elementary charge. Therefore, the kinetic mixing induces an effective coupling
strength —ee@ ¢ between A’ and each charged SM fermion [11].

The dark sector could include more complex physics than just kinetic mixing. Higher-
dimensional operators can be constructed which, if their signature is detected at a low-energy
experiment like LDMX, could indicate additional UV physics beyond the minimal kinetic-
mixing scenario [24]. In this thesis, the kinetic mixing scenario is extended by including four
additional interactions, coming from higher-order dark electromagnetic moment operators.
They are treated independently within an effective-field-theory framework, since LDMX
cannot resolve the UV physics that would generate them [9]. Although UV physics could
be responsible for generating combinations of these operators, this work considers each as
a separate operator hypothesis to compare models using Bayes factors.

The higher-order interaction models are Magnetic Dipole (M), Electric Dipole (E), Charge
Radius (C) and Anapole Moment (A). The full interaction Lagrangian, considering all five
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models following [9], takes the form

Lup= —eeQp fAf Ay, — g 0,(fo™ [) A}, —idy 0,(fo™™+° f) A},
— by [6”8u(f'y”f) - 8"8y(f’y”f)} A, (2.3)
+ag [070,(FA"F) = 09, (F"7° )] AL,

where, with respect to A’, 1y and dy are the magnetic and electric dipole moments of the
SM fermion f, by the charge radius coupling and ay the anapole coupling. The tensor o
is the antisymmetric product of Dirac matrices and ° the chirality operator. The KM
coupling strength € is dimensionless, while the other coupling strengths are dimensionful
with [uf, df] having dimension [mass] ™! and [bf, as] dimension [mass] 2. This is consistent
with the idea of their suppression at higher mass scales. It is convenient to define each of
the coupling strengths under a common parameter:

€ Kinetic Mixing

pg/e  Magnetic Dipole

d¢/e  Electric Dipole . (2.4)
by/e Charge Radius

ar/e Anapole Moment

gf

This parametrization, adopted from [9], allows for comparison between the five interactions,
with the elementary charge e factored out of the dipole, charge radius and anapole couplings.

2.4 LDMX

LDMX is an upcoming accelerator experiment designed for both direct detection of DM
particles and mediator particles, such as the DP, at sub-GeV scale [31]. It is designed to
use missing-momentum of a fixed-target electron beam fired at a heavy material to detect
signatures of DM or DP production. In order to do this, it must precisely measure the
initial and final states of the incoming and outgoing particles.

The incoming electrons are counted using a trigger scintillator system, and their momentum
and trajectory precisely identified using a tagging tracker. After the electrons have hit the
target material, their altered trajectory and momentum are measured using a recoil tracker.
The final state particles then enter a set of calorimeters, which measure their energy. The
calorimeters act as a veto system, rejecting background events and pairing particles to
signal events (see Figure 2.1) [3, 31].

2.4.1 Dark Bremsstrahlung

In order to detect a massive DP, one needs to consider its interactions with the SM particles.
The part of the Lagrangian coupling the DP Gauge boson A’ to the electromagnetic current
J# is structured in the same way as the regular photon interaction with the electromagnetic
current, as shown in equation (2.2). This gives rise to the same types of production
mechanisms as with the regular photon, which can be created in detection experiments. In
this work, we will consider one of these processes in particular, namely what is known as
dark bremsstrahlung (see Figure 2.2). The interaction gets its name from the analogous
counterpart of the SM photon, Bremsstrahlung, in which a charged particle emits a photon
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Figure 2.1: Experimental setup for Phase II of LDMX. An 8 GeV electron beam
hits a tungsten target, gaining momentum in the transverse direction and producing
a dark photon through dark bremsstrahlung. The recoil electron’s total energy
and transverse momentum are recorded in an ECal, while any hadrons from non-
signature events are detected by an HCal. The dark photon escapes the experiment
undetected.

when being decelerated [33]; for example by interaction with another particle. In the
context of producing a DP, a scenario can be created where a high-energy electron beam
is fired at a heavy material. The electrons scatter off the target nuclei, producing a DP
that, being invisible to detectors, carries away the missing energy and momentum [11]. In
order to separate dark bremsstrahlung processes from regular bremsstrahlung processes or
any other type of interaction, the experiment uses various detectors. Both electromagnetic
(ECal) and hadronic calorimeters (HCal) are used to detect any photons or hadrons that
could be created in processes other than dark bremsstrahlung. A signal event is one where
the recoil electrons have missing momentum and energy and no SM photons or hadrons
were detected, suggesting that an undetectable DP was the cause of the electron’s missing
momentum and energy. Throughout this work, it is assumed that the DP predominantly
decays invisibly into DM particles, requiring that the mass of the DP is at least twice
that of the scalar DM particle (m4s > 2m, ). Under this assumption, the DP escapes the
experiment undetected [9].

The signature of dark bremsstrahlung at LDMX is therefore a recoil electron with substan-
tially reduced energy and significant transverse momentum, accompanied by an absence
of any explaining detections in the calorimeters. By measuring the recoil electron’s total
energy E and transverse momentum |pp|, one can infer the kinematics of the DP that was
produced through energy-momentum conservation. This scenario is exactly what is to be
created and studied at LDMX (Phase II), where an 8 GeV electron beam is fired at a thin
plate of tungsten (1%41) [31]. Tungsten is chosen primarily for its high atomic number
Z, which enhances the dark bremsstrahlung production rate through the Z2 scaling of
the cross section [31]. While the analytic treatment of the cross section assumes a static
nucleus, the simulated signal samples used in this work include the full kinematics of the
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Figure 2.2: The dark bremsstrahlung process at LDMX: e” N — ¢" NA’. An
electron interacts with a tungsten nucleus, gains momentum in the transverse
direction, and emits a dark photon.

recoiling tungsten nucleus, following [9]. The experiment will be conducted in different
phases, where Phase II, which is considered in this work, is to be run for an extended
period, resulting in approximately 10'6 Electrons on Target (EOT).

2.4.2 Data Processing

The simulated signal samples, denoted S, are generated using the simulation software
MadGraph5_aMCONLO?[5, 22], a matrix-element generator that automatically constructs
Feynman diagrams from a given Lagrangian and computes the corresponding tree-level
cross-section by integrating the squared matrix element | M |? over the final state phase-space.
In the software, a number of parameters for the experiment can be used as input, including
the DP mass m 4/, the number of final events and the Lagrangian of the corresponding DP
model that is to be simulated. For each value of m 4/, MadGraph5 outputs a cross-section
o(mar), along with an associated integration uncertainty. In addition, the software outputs
the final state in the form of four-momenta, which are then projected onto the total energy
E and transverse momentum |pp| of the recoil electrons.

For each model, 100 simulations are run using MadGraphb corresponding to m 4s-values in
the range 0.001—1 GeV (log-scale) to generate a total of 10° signal events per simulation. To
prepare the data for statistical analysis, the (E, |pr|) of the recoil electrons corresponding
to a cross-section o(m /) are binned for two different resolutions, 50x50 and 200x200,
where 50x50 is the main one used throughout this work. Choosing the lower resolution
comes down to managing computational cost while keeping the grid dense enough to resolve
shape differences. A comparison between the two resolutions is performed and reported in
Appendix B. The ranges of the distributions are E € [0,8] GeV, as 8 GeV is the energy
of the incoming electron beam, and for |pr| € [0, 2] GeV, as the expected yield of events
above 2 GeV is considered negligible. This means that each bin ¢ corresponds to a range of
E and |pr| where a detection has happened. If a count is registered in a bin, it means a
detected recoil electron had both total energy E and transverse momentum |pp| within
the range of that bin.

There are several modifications applied to the signal and background distributions in order
to make them similar to the actual data that will be produced at LDMX. As adopted

2The generation of the data was performed by Taylor Gray. This section describes the inputs and outputs
of MadGraph5 relevant for the upcoming analysis.
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in [3]3, two primary kinematic cuts have been implemented due to the limitations of the
underlying physics of the experiment and the experimental equipment itself. The first is a
lower bound on the possible total energy of the detected recoil electrons, at £ = 0.05 GeV.
This cut is due to the detector’s inability to track charged particles with energies below this
value [31]. The second cut is a requirement on the recoil electrons, keeping them within a
+40° angle of the electron beam axis. This angle-constraint manifests as a condition on
the (E, |pr|) values themselves, namely |pr| < E - sin40°. These two kinematic cuts are
applied for all data sets. As an additional part of the analysis, a third cut of £ < 3.16 GeV
is implemented as a test on the framework’s capabilities on handling a lesser signal, while
also attempting to reduce the background in the kinematic distributions. This specific cut
is reported in LDMX collaboration reports for the trigger requirement [3, 4].

To account for the uncertainty of the detectors at LDMX, a smearing is applied to the
bins after the cuts have been applied. A real detector is not exact in the measurement
of E and |pr|: a detection in one bin could have been the result of a recoil electron
with kinematics corresponding to a neighboring bin. To model this, the bin contents are
spread out according to a Gaussian distribution centered at the corresponding bin, applied
separately for E and |pp|. The width of the Gaussian decides how much blurring of the
bin occurs. For energy, the width is calculated as

op(E) = Vs2E + 2E? 4 n?, (2.5)

with s = 0.2 GeV'/2, ¢ = 0.03 and n = 0, taken from Table 3.10 in [3]. For |pr|, the width
is taken from the resolution values in Figure 3.26 of [3]. The resulting distribution gets
washed out, modelling the uncertainty of the signal inherent to the detectors at LDMX.

The resulting kinematic distribution is normalized with the total number of simulated
events and then scaled with the proper luminosity and coupling strength factor using the
experimental parameters and the cross-sections calculated by MadGraph5. All simulation
is performed with g; = 1, which allows the distributions to be adapted to any coupling
strength by normalizing them to the proper coupling strength scaling. The total number of
expected dark photon events is given by the cross-section and the experimental parameters:

TXoN:.Ny
Na(mar,gf) = oar(mar,gr =1) Tegfn (2.6)

—_——
luminosity

where o4 is given in cm?, T = 0.1 is the number of radiation lengths, Xy = 6.76 g/cm?
the radiation length of the target, N, = 10'¢ the number of EOT, A = 183.84 g/mol
the atomic mass of tungsten and Ny is Avogadro’s number. The scaling of the coupling
constant as a normalization step allows the framework to adopt it as a variable parameter
in the sampling process.

The values of each bin generally take on decimal values. As a final step before analysis,
the mock data of a distribution with selected m 4 and coupling strength gy is sampled
through a random Poisson sampler. The reason for this is that the experiment at LDMX
will detect an integer number of recoil electrons with energy and transverse momentum
corresponding to each bin. A Poisson sampling of the distribution ensures integer counts in
the bins, the drawback of which is the introduction of random Poisson noise. The Poisson

3and confirmed through discussion with Lund University.
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realization of one distribution could look slightly different from another realization with the
same simulated distribution as its origin. The framework mitigates this noise by running
analysis over several Poisson realizations of the same mock data distribution.

2.4.3 Estimation of the Background

Although the veto-system at LDMX described in section 2.4.1 is designed to reject non-
signal events, no missing-momentum experiment is entirely free of background processes.
Among the background processes considered in [31], three illustrate the main mechanisms
by which a recoil electron’s kinematics can mimic those of a dark bremsstrahlung event:

1. Electrons that did not react with the target end up as high-energy showers in the
calorimeters, which occasionally lose energy through electro-nuclear or photo-nuclear
interactions in the ECal. This is the largest cause for background events at LDMX.

2. Incident low-energy particles, impurities in the electron beam with energies below
the intended beam energy, could make their way to the calorimeters and mimic a
signal event.

3. Hard bremsstrahlung occurs in the target and produces ordinary photons, which can
be missed as background events by the detectors due to low measurement accuracy
in energy.

Due to the lack of access to a combined two-dimensional background, it is modelled by
combining two different sources. First, the background for the recoil electron’s energy
E is taken as a digitization of Figure 10 in [31], where the energy axis is scaled by 2 to
approximate Phase II’'s 8 GeV beam. Second, the background in |pr| is approximated as
the |pr| distribution for the simulated MadGraph5 data for kinetic mixing with m 4 = 0.01
GeV, used as a stand-in in the absence of a |pr| background. The two backgrounds are
combined to form a two-dimensional distribution through an outer product, treating them
as uncorrelated. The same cuts and smearing as described in section 2.4.2 are applied
and then the background template is normalized. It can then be rescaled to a desired
number, and in this work a background scaling of BG = 1 and BG = 100 is considered in
the analysis. This scaling, together with the nuisance parameter §p introduced in section
3.4, sets the absolute background normalization during inference, while the template itself
only controls its shape in the (E, |pr|) plane.

See Figure 2.3 for an example of a binned (E, |pr|)-distribution of signal and background
simulated with m = 0.8 GeV and e = 0.5 - 1072 using the kinetic mixing model. The
background scaling is set to BG = 100. The distribution is displayed with the two
primary kinematic cuts applied (excluding E < 3.16 GeV), and post-cut smearing. The
full simulated kinematics is displayed to the left, while a Poisson instance of the same
distribution is displayed to the right.

2.5 Benchmarking on Relic Targets
In this work, the approach of [9] is adopted in which a complex scalar DM x charged under

a dark U(1)p gauge group is considered, with dark fine-structure constant ap = 0.5. As
mentioned above, for the invisible decay of the DP into DM particles the DP/DM mass

12
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Figure 2.3: Kinematic distribution of the recoil electrons for m 4 = 0.8 GeV and
€ = 0.5-1072 using the KM model, with background scaling BG = 100 (left), and
a Poisson realization of the same distribution (right). The signal is displayed in
red, and the background in blue.

ratio has to obey
R =my /m, > 2. (2.7)

For a given R, ap and interaction model, requiring the thermal annihilation cross-section
to agree with the observed relic density Qpyh? ~ 0.12 traces a curve in the (m/, qr)
plane, called a relic target curve. Points along this curve represent mass and coupling
strength combinations we most expect to be realized given the assumptions made, as they
would agree with observed data.

The Bayesian framework is benchmarked on four (m 4/, g¢) combinations under the assumed
kinetic mixing model. These benchmarks are extracted from digitization of Figure 6 in [6],
and rounded to two significant figures. Two benchmarks from the R = 2.5 and R = 2.2
relic curves each are used, corresponding to m 4 = 0.1 and 0.01 GeV. The four benchmarks
taken from their corresponding relic curves can be seen in Figure 2.4. In previous work
[9], the R = 3 scenario has been considered. Recent studies have excluded complex scalar
DM with R 2 3 [19], motivating the search at lower values, where the expected signal
is correspondingly smaller. Values extracted from a curve with higher R yield a larger
number of signal events, for a given m 4. Therefore, exploring two different values of R in
the range R € [2, 3] probes the detection sensitivity of LDMX.

For each benchmark, mock data distributions are created to mimic the data that would be
produced at LDMX for DP model with the corresponding parameters. This mock data is
then compared to other signal data through Bayesian methods, detailed in the following
chapter.

13
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Figure 2.4: Relic target curves for the KM model corresponding to R = 2.5 and
R = 2.2. The colored dots mark the four benchmarks used to validate the Bayesian

framework.
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This chapter goes over some basic concepts in Bayesian statistics, as well as the sampling
methods and specific choices made in this work. Section 3.1 goes over the basic ideas of
Bayes’ theorem and how it is used from a physics perspective. In section 3.2, the various
sampling methods used in this work are introduced, including some motivation on why
we might be interested in sampling the posterior. Later, sections 3.3 and 3.4 cover the
choice of likelihood and priors, explaining the model in terms of its nuisance parameters
and why they are important. Lastly, section 3.5 introduces Bayes factors and how they are
computed in this work, as well as how they are used in DP interaction model comparison.

3.1 Bayesian Statistics in Physics

When parameters are to be inferred in a scientific context, we are interested in the posterior
distribution p(@ | D, M). The posterior is the probability distribution of a set of parameters
0, given a dataset D and our model M that we have engineered to try to explain the
physical nature of our experiment. In reality, all models are wrong, and the goal of Bayesian
statistics is to introduce uncertainties about our model, to allow observed data to update
our prior beliefs. The posterior distribution is related to the likelihood and the prior
through Bayes’ Theorem:

L(D|0, M)x(6)
p(DIM)

p(@|D,M) = (3.1)
The likelihood £(D |60, M) is a distribution quantifying the probability of observing the
data given that our set of parameters @ and our model M, are correct. If the parameters
agree with the data, the likelihood is large, and vice versa. The prior 7(8) is the probability
density of the set of parameters @, which is decided a priori. In general, the prior is model
dependent. For this work, all models considered share the same prior for the majority of
the analysis. The denominator p(D| M) is the marginal likelihood or Bayesian evidence.
It is defined in equation (3.6) and is often difficult to define in a closed form for convenient
calculation [34].

Bayes’ theorem tells us how we should update our beliefs when presented with new data.
The prior contains our initial beliefs about what the parameters of our model should be,
while the likelihood encodes the magnitude at which the data updates that initial belief.
Consider a scenario where we are entirely certain one of the parameters should be 6; = 2.0,
i.e. the prior is a delta function §(6 — 2.0). There would be no amount of data that could
sway the power of such a prior, since the probability of 61 being anything other than 2.0 is
zero. For this reason, we must admit to some sort of uncertainty about our prior beliefs,
and make it possible for the posterior to consider many alternatives in the probability of 6.
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3.1.1 Parameter Inference

The posterior in equation (3.1) is joint over all parameters of the model. In many cases,
only a few of the parameters are of interest, or the model contains nuisance parameters,
which are covered in section 3.4. In order to extract the posterior over only a select number
of parameters, the remaining ones have to be marginalized over. In other words, they have
to be integrated out, projecting the multi-dimensional posterior onto a single axis, the axis
of the parameter of interest e.g. mas:

p(mar | D, M) = /p(mA/, 0" | D, M)de, (3.2)

where 8* are all other parameters except m 4. This marginalization propagates the
uncertainties of the other parameters onto the marginal posterior of m 4/ [14].

Once the posteriors of the parameters of interest are recovered, they can be interpreted
in several ways. This is often done through a point estimate, a number that somehow
represents a parameter prediction or another quantity of the distribution. This could for
example be the mean of the distribution, or the mode, which gives the single most probable
parameter value. In this work, we use the median prediction. Choosing the median of the
distribution ensures that 50% of the posterior mass is located above and 50% is located
below the prediction value. This is common when using samplers, as the resolution around
the peak can often be low, leading to uncertain maximum probability estimations [14].

3.1.2 Credible Intervals

In addition to the median prediction, this work uses 68% credible intervals (CI) for its
uncertainty estimations. A 100 - (1 — «)% credible interval is any interval [a, b] such that

/bp(o 1D, M)d6 = 1 —a, (3.3)

where p(0 | D, M) is the marginal posterior for the parameter . There are many possible
intervals that follow this definition. In this work, the 16th and 84th percentiles of the
marginal distributions are used for the 68% CI, placing 16% of the distribution in each
tail of the posterior. For a Gaussian distribution, the Bayesian credible interval and the
frequentist confidence interval coincide, and a 68% CI corresponds to the £10 bounds [32].

3.2 Sampling the Posterior

There are many cases where one might have a likelihood and prior distribution, but has
no analytical way of calculating the posterior distribution. One of the more difficult
parts of getting an estimation of the posterior is the denominator in equation (3.1), the
so-called marginal likelihood. There are many sampling algorithms that handle this
problem though, such as MCMC sampling (section 3.2.1), where the marginal likelihood is
simply never calculated, the consequence of which is an un-normalized sampled posterior.
Another example is Nested Sampling (NS) (section 3.2.2), which is specifically designed to
approximate the marginal likelihood, at the cost of less efficiency in parameter inference.
The sampling method used in this work is DNS (section 3.2.3), a modified NS algorithm that
allocates live points to areas of higher posterior mass, combining the marginal likelihood
calculation strategy of NS with high efficiency in parameter inference.
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3.2.1 Markov-Chain Monte-Carlo (MCMC) Sampling

A Markov chain is a particular type of stochastic process defined by the Markov property

P, 1X0,X1, Xn_1 (Pnli0, 31, - - -y in—1) = Px, |x,,_, (inlin-1), (3.4)

where X, are random variables and 7 denotes an iteration in the process [21]. The condition
describes a scenario where the state n only depends on the state before it n — 1. In essence,
the probability of the state n is only dependent on the previous state, and not any of the
states that come before it. This concept is the core of MCMC, a category of sampling
algorithms that, when implemented correctly, sample the posterior by proposing new steps
that depend on the previous one. The Markov chain eventually reaches an equilibrium
state where all subsequent samples follow the same distribution as the posterior.

The most common implementation of MCMC-sampling is the Metropolis-Hastings algorithm
[16]. Applied to the problem of parameter inference, where we are interested in sampling
an unknown posterior from which we can only evaluate the numerator in equation (3.1),
the algorithm starts at state 6, (a point in parameter space). A new state €' is drawn
from a proposal distribution Q(6’|6,,). In theory, @ does not need to look anything like
the posterior we are interested in sampling. Labeling the product of the likelihood and
prior as p*(0|D, M), the proposed step is accepted with probability

a= min(l, (0| D, M) Q| 0l)>. (3.5)

P*(0n| D, M) Q6" [ 60n)

If the step is accepted, we set 0,11 = @', otherwise, 0,11 = 6,,. If Q is symmetric, the
fraction in (3.5) becomes a fraction between p* for the two points. In theory, the algorithm
will draw the steps taken by the algorithm closer to regions of the posterior with high
probability. Since each step depends on the last, it can take a considerable number of steps
to get enough independent samples from the distribution. Fortunately, one often only needs
a small number of independent samples to approximate the distribution being sampled
[21]. After an appropriate number of steps, and after proper convergence of the Markov
Chain, the samples themselves will be distributed as the posterior, with the drawback of
not being properly normalized.

This work makes use of the MCMC sampler package emcee [12], an ensemble sampler
utilizing the affine-invariant stretch move [15]. A number of walkers n,, take steps in
parallel, where the next proposed step is defined by the current position of the other
walkers. This makes the step size adaptive, adjusting the sampler to posterior shapes that
a fixed step size would have difficulty navigating.

3.2.2 Nested Sampling (NS)

The main objective with NS [27] is to calculate the Bayesian evidence. With MCMC
sampling, the overall normalization factor in equation (3.1) is not needed. Instead, MCMC
sampling estimates the shape of the posterior, so that a mean/median/mode value and
variance could be determined for the parameters we are trying to infer. In order to properly
compare how well different models fit our data using Bayes factors (see section 3.5) this
normalization factor is needed. It takes the form of an integral over the entire prior volume
Qg:

z= | L(D]0.M)x(0)d6. (3.6)
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This is in general a very difficult integral to calculate, spanning as many dimensions as there
are parameters. Nested sampling tackles this problem by reshaping the prior landscape
into a volume by the use of a prior transform. Each point in a d-dimensional unit cube
u € [0,1]? gets mapped to the prior space via a cumulative distribution function, and the
integral in (3.6) becomes a one-dimensional integral

Z - / LXO)AX (), (3.7)
0

where X (\) is the prior volume contained in the region where the likelihood exceeds the
threshold A [27];

X(\) = /ﬁ o 7O (3.8)

As X increases, the volume X shrinks from X = 1, where the entire prior lies above A, to
X =0, where A is the maximum likelihood. To estimate this integral, the sampler places
a number of live points uniformly spaced inside the prior volume. The algorithm then
evaluates which of these points has the lowest likelihood and discards it, labeling it as a
dead point. A new point is sampled inside the now smaller prior volume, defined by the
reach of all the current live points (see Figure 3.1). The algorithm keeps doing this until
the prior volume is as small as a certain convergence criterion allows. Each iteration, the
"area" that the current live points encompass is multiplied by the most recent dead point,
adding a "slice" to the total calculation of Z [27].

Early Iteration Later Iteration

@ Live points
©  Dead points
L= Luyin

b2

01 01
Figure 3.1: Example of a nested sampling procedure. The live points start out
uniformly across the entire prior. As the algorithm progresses, the live points hone

in on the posterior peak. The red ellipse traces out the "slice" of the posterior
defined by the live point with the smallest likelihood value.

The nested sampling algorithm proceeds as follows:
1. Draw N live points from the prior 7(8).

2. Identify the live point with the lowest likelihood, £;, and record it as a dead point
with an associated prior volume X; at iteration 1.
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3. Replace the dead point with a new sample drawn from the prior, subject to the
constraint £(0) > L;.

4. Update the Bayesian evidence estimate Z ~ ), L;w;, where wj; is the prior-volume
weight associated with dead point ¢, and repeat from step 2.

5. Terminate when the contribution of the remaining live points to Z falls below a
chosen tolerance Alog Z.

The weights w; in step 4 are calculated as the difference between the prior volume X at
step 7 and the volume X at the previous step ¢ — 1:

w; = Xifl — Xz (39)

The prior volume at a given iteration X; cannot be calculated directly. If that was the
case then there would be no need for the NS algorithm. Instead, certain statistical tricks
are used to estimate X;. We know that for a given iteration ¢ — 1, we have N live points
uniformly distributed over the prior volume X;_;. By definition, the volumes associated
with each of those live points are themselves uniformly distributed on [0, X;_1]. We can
therefore define an associated relative prior volume uy = X (Ly)/X;—1 which is uniform on
[0, 1], and since the lowest likelihood point is discarded at each iteration of NS, that point
has the largest corresponding prior volume X}, and also largest corresponding u;. We
can therefore equate the shrinkage ratio t; = X;/X;_1 to the maximum of N independent
uniform random variables

t; :Xi/Xi—l :max(ul,ug,...,u]v), (310)

which is a standard order statistic distributed as a beta distribution Beta(N, 1), with
expected log-shrinkage E[lnt;] = —%. Since the prior volume contracts multiplicatively at
each iteration, X; = X;_1t;, the log-volume after i iterations is the sum of ¢ independent
log-shrinkages

InX; =) Int;, (3.11)
j=1

with expected value E[ln X;] = —i/N. Approximating X; by its expected log-value gives
X; =~ exp(—i/N). (3.12)

The weights in equation (3.9) can then be approximately computed, and equation (3.7)
becomes the finite sum Z ~ ), L;w; over the dead points [27].

Selecting a new live point in step 3 is not trivial. Since the probability of finding a point
across the whole prior volume X inside X; is X; /Xy, rejection sampling becomes inefficient
as X; shrinks. dynesty [28, 29|, which is a Python package that is used in this work for
NS and DNS, has many different sampling methods that can be chosen from. In this work,
slice sampling is chosen.

A practical side-effect of nested sampling is that in the estimation of the Bayesian evidence,
samples of the posterior are produced as well. The dead points are assigned importance
weights

Pi = Eiwi/Z, (3.13)

19



3. Bayesian Inference & Sampling
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Figure 3.2: Example of NS using a Gaussian likelihood and a five-dimensional
prior. As the sampling progresses, In X becomes increasingly negative. The dead
points (maroon) are spread out roughly uniformly along In X, leading to equal
resolution at the bulk of the posterior mass as in the empty prior landscape.

which appropriately assigns each point to the posterior. The problem is that the sampling
of the dead points themselves does not differentiate for areas of high posterior mass (see
Figure 3.2). In other words, with a fixed number of live points IV, the posterior is sampled
just as densely in areas of low likelihood as it is in areas of high likelihood. One could
increase NV to get a higher-resolution sampling on the whole posterior, but in the process
areas of non-interest also get sampled more, which is computationally inefficient. For
estimation of the Bayesian evidence, this is fine, but for detailed posterior mapping, an
allocation of sampling resources to areas where the posterior mass £(X)X is large is
preferred [17].

3.2.3 Dynamic Nested Sampling (DNS)

With MCMC, we could reliably sample the posterior, but had no way of computing the
marginal likelihood in equation (3.6). NS solved the calculation of the Bayesian evidence,
but is generally less efficient for posterior recovery. With DNS, regular NS is improved with
regard to posterior estimation, by first performing regular NS to calculate the marginal
likelihood, and then allocating live points to areas of high interest (using information
gained from the first exploration), increasing sampling resolution around areas of high
posterior mass [17].

Unlike NS, which uses a fixed number of live points N throughout the entire sampling
procedure, DNS lets the number of live points n; vary between the initial run and subsequent
allocation runs. A relative weight G € [0, 1] is assigned to the DNS algorithm depending
on how much one wants it to focus on sampling the posterior, as opposed to calculating
the marginal likelihood. G = 0 corresponds to optimizing for evidence calculation while
G = 1 means better posterior estimation. Each dead point after the initial regular NS run
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is assigned an importance

Iz(3) Io(i)
5 10) TS, 1)

where Iz, the importance that dead point i holds for evidence calculation, is defined as

I(Gi) = (1-G)

(3.14)

I7(7) E[Zzi], Zsi =Y Lrwg(t), (3.15)

T >i

and Ig, the importance corresponding to parameter inference, is defined as
Ig(Z) 0.8 EZE[w,(t)] (316)

After assigning importance, a new sampling run is begun. This time, the sampler runs from
likelihood point £;_1 to Li41 where j and k are the first and last point in the collection of
dead points that have importance larger than some predetermined fraction f. In this way,
the algorithm picks out a region of "high importance" depending on the choice of G and
f, where the new sampling will take place [17]. Any number of re-runs of this kind can
be made in succession, and therefore the accuracy of the sampling method increases with
time, until a certain stopping criterion is met.

In this work, dynesty’s [28] implementation of DNS is used with an initial baseline run
of N = 500 live points, an importance weight of G = 0.8 and the sampling method
slice sampling [23]. This combination prioritizes posterior resolution while still producing
accurate evidence estimates. This is appropriate for the task of this work, inferring
parameters and calculating Bayes factors. The algorithm is terminated when the default
stopping criterion for dynesty is met, which is when the contribution of the live points
falls below the tolerance Alog Z = 0.01.

3.3 Likelihood Formulation

Choosing the likelihood can be one of the most difficult tasks in designing a Bayesian
framework. The answer often lies in what type of experiment one is trying to model. In
this work, we are modeling recoil electrons falling into (£, |pr|) bins independently, with a
small probability and large number of independent trials (101 EOT). LDMX is therefore
what is called a counting experiment, and the count in each bin is Poisson-distributed:

Ae—A

P(X=d)= "7,

(3.17)

where d is the number of observed events and A the expected number of occurrences [34].
An example of the Poisson distribution for three different A’s can be found in Figure 3.3.
We can model the likelihood of d; number of events landing in a specific bin ¢ as the Poisson
distribution where we input the number of events we expect in bin ¢ as A;:

)\dief)\i
P

L(di | i) =~

(3.18)

Since the bins themselves are independent, the combined likelihood over all bins is simply
the product over all the individual likelihoods. Labeling the combined data of each
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3. Bayesian Inference & Sampling

bin as d = (dy,da, ..., dp,,..), the combined expected number of events in each bin as

)= (A1, A2, .oy Ay, ), and treating each bin as independent, we get
Nbins \d; —\;
- o Aie— N
L(d|N)= !
@x=11 >

i=1

, (3.19)

as the combined likelihood of all the bins. Because the product of many small probabilities
tends to become too small to work with, samplers work with the log-likelihood, turning
the product into a sum, which is more stable to compute:

Nbins

InL(d|X) =Y (dilnX;i— X —Indy!). (3.20)

i=1
This is exactly the likelihood that is used in the sampling done in this work. X, the
combined means of each Poisson-bin, is the simulated signal that has been generated using
MadGraph5. When it is compared with the data d, it evaluates the likelihood of the data
matching the expected number of counts in each bin as equation (3.20).
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Figure 3.3: Example of three Poisson probability distributions with A = 2,6, 12.

Since the Ind;! term does not depend on X, it is simply a normalization term, and can
safely be dropped when sampling the posterior with the intention of parameter estimation
(where we only care about shape). It can be advantageous to do so since d;! can become
very large for certain data sets, causing problems with computation. However, when
calculating the Bayesian evidences, this term would matter since it contributes to the
overall normalization of the likelihood. Since this work only uses Bayesian evidence to
calculate relative differences between identical data sets using Bayes factors (which are not
affected and neither are their uncertainties), this problem is avoided, but it is good to keep
it in mind [28].

3.4 Nuisance Parameters & Selecting Priors

For the two parameters of interest, we choose an uninformative log-uniform prior with
bounds mas € [1073,1] GeV and gy € [1072%,1]. This choice is consistent across all five
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interaction models, ensuring the prior volume factor cancels in Bayes factor calculation
(outlined in section 3.2.3). The choice of upper bound on the g¢ prior is well motivated
for the Kinetic Mixing model, as g; = € is a dimensionless scaling parameter defined on
[0,1]. However, the other models’ coupling strengths are dimensionful, and could take on
values larger than 1. In this work, the prior is shared across all models, ensuring the prior
dependence in the marginal likelihood cancels for the calculation of Bayes factors. An
analysis was performed after the calculation of the Bayes factors in section 4.2.2, Figure
4.4, to check if the posterior is clipped at the upper boundary of g;. The estimated 99.9th
percentile of the recovered coupling never exceeds log;y(Jf,99.9) = —1.69, leaving over 1.6
orders of magnitude of headroom to the upper prior bound. This confirms that the upper
bound on the prior for gy is justified in this analysis. For future work where higher event
counts or different model assumptions might push posteriors closer to the upper bound,
the prior on gy should be reconsidered due to the dimensional nature of the coupling for
non-KM interactions.

In order to quantify uncertainty about the likelihood, new parameters can be introduced
in the sampling process. Often called nuisance parameters, these are not of interest
when trying to make a prediction of the underlying physics. Instead, the parameters are
introduced with a corresponding prior and often, a corresponding uncertainty to allow
assumptions of the underlying physics to be malleable during the sampling process. In this
work there are several nuisance parameters that could be introduced, each corresponding
to an uncertainty one might have about the experimental setup. For example, the number
of EOT might be measured by the instruments in the experiment, but keeping track of
individual electrons is inherently subject to measurement errors. One could model this
uncertainty by adding a prior on the number of EOT N,. A common choice is a normal
distribution with a mean around the measured value and a variance corresponding to the
uncertainty of the detectors. This gives the sampler room to explore other values for NV,
around that measured mean, and therefore allows it to marginalize over the uncertainty,
shifting the posterior distribution if the data fits better to a different value for N.. The
nuisance parameters can then be marginalized over, propagating their uncertainties onto
the marginal posterior distribution of the parameters of interest.

This work employs a hierarchical model, which means the priors of one or several of the
nuisance parameters will themselves depend on other nuisance parameters [14]. In this
work, three nuisance parameters are used in the inference of m 4 and gy; the third is
hierarchical and acts as a hyperparameter on the prior of the second. Firstly, we introduce
two multiplicative scaling parameters on the signal and background, denoted as g and 6
respectively. For an E and |pr| bin i, we have

A = S;0s + B;ifp, (3.21)

where )\; is the expected event count, S; is the contribution from the simulated signal
and B; is the contribution from the background. The primary function of the scaling
parameter on the signal, fg, is to account for the uncertainty inherent in the production of
the simulated data using MadGraph5. This uncertainty is estimated to lie around 10%?,
meaning that for a certain count in a specific bin, the expected error is 10% of that count.
To simulate this error, the prior distribution for fg is set to a log-normal distribution with
median 1 and shape parameter o = 0.1. Because the median of a log-normal distribution is

Lfrom observation of the errors calculated within MadGraph5.
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given by e#, we set ;1 = 0 in order to enforce equal probability mass on each side of g = 1:

7(0s) =InN(u=0, 02 =0.01) = _(n 05)2) . (3.22)

1

Bs-0.1v2r P ( 0.02

This prior lets the sampler explore a region around the median fg = 1 to account for the
error in the simulation software. Furthermore, the background scale factor 6p is also chosen
to have a log-normal prior with a median at 1. This ensures that a negative value for g
is not allowed, which is especially important since we will make the standard deviation
(or shape parameter) of this log-normal our third and final nuisance parameter. The
log-normal prior for 05 takes the form

7(0g) =InN(u=0,0%) = W) : (3.23)

1
930’3\/271‘ P ( 20’%3

Since fg and 0p are multiplicative scaling parameters, log-normals are a natural choice
as they span the positive real numbers and are symmetric in log space. Finally, since we
are unsure about the uncertainty of 05, the hyperparameter op is also given a prior. We
know that an uncertainty cannot be negative, and that it is probably relatively small in
comparison to the order of magnitude of the parameter it is assigned to. It is therefore
motivated to choose a half-normal for m(op), i.e. a normal distribution centered at 0 but
cut off at the peak, allowing only positive numbers. This ensures a maximum prior density
at 0, yet the prior is limited to the positive real numbers. Distributions of this kind, such as
the half-normal or the heavy-tailed half-Cauchy, have been advocated over inverse-gamma
priors for hierarchical variance parameters [13]. The choice of standard deviation for 7(op)
is relatively arbitrary, but it is chosen in this work to be o4, = 0.5. This provides a weakly
informative constraint in order not to let g vary too much during the sampling procedure.
The equation for the half-normal prior on op is

71'(03):/\/’*(;1:0 o =0.25) = Lexp — U% :\/gexp(—QUQ) o >0
e To2, 202 T B)> -

(3.24)
Generally, priors with hard boundaries like the half-normal can be problematic in sampling
algorithms like MCMC. Walkers can get stuck at the boundaries, since half of the proposed
steps are likely to be rejected. The hard boundary is handled by the prior transform
function necessary for DNS, as it maps the unit cube u € [0, 1]d to the whole parameter
space. The three priors on the nuisance parameters g, 0 and the hyperparameter op
can be seen plotted in Figure 3.4.

3.5 Model Comparison using Bayes Factors

One conceivable approach to model selection is the introduction of the theoretical model
itself as another parameter with a likelihood function capable of transcending models.
Given a data set, one could then let the sampler explore this new additional parameter and
it would give a posterior distribution of what model fits the data best. However, this would
require the definition of a complex likelihood that takes into account different simulated
data sets and somehow compares them within the sampling process at each iteration and/or
walker step. Instead, this work employs a more computationally simple method for model
comparison, given that one has means of calculating the marginal likelihood: Bayes factors.
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Figure 3.4: Prior distributions on the three nuisance parameters: log-normal on
0s with fixed og = 0.1 (left); log-normal on 6 shown with a representative o =
0.5 (center), where op itself is sampled from its hyperprior, a half-normal on op
with scale 0.5 (right).

The Bayes factor Kap for the comparison of model A and model B is defined as the ratio
of the two Bayesian evidences:

7y Jo, £(D]0.A)n(0] A)d6
- Zs Jo, £(D|6,B)m(6]B)d6’

Kan (3.25)

where in this work, the prior 7(8) is for the primary analysis not model dependent, canceling
in the calculation of the Bayes factor. A Bayes factor Kag > 1, or In Kap > 0 indicates
that the marginal likelihood, defined in equation (3.6), is greater for model A than model
B, and therefore that model A is more strongly supported by the data. By this definition,
this work labels model A as the true model and model B as the hypothesis model. Mock
data will be generated using the true model, after which Bayes factors are calculated by
comparing the recovered marginal likelihoods for each hypothesis model with the true
model by sampling the posterior using DNS.

The marginal likelihood measures the average predictive success of the model, as it
integrates the likelihood over all possible parameter combinations. Given this definition,
the Bayes factor inherently brings with it an Occam’s razor penalty for complex models.
If the likelihood peak is large, due to a good fit to the data through a model with many
parameters, those extra parameters also result in a larger dimensional parameter space.
The average is therefore diluted in poorly fitted regions, and the penalty is only overcome
if the fit is good enough. In this work, all five models share identical parameters and priors,
so the Occam penalty has no effect; the Bayes factors instead reflect relative goodness-of-fit
alone [34].

To perform the model comparison for this work, we simply modify our likelihood to depend
on model selection. The Poisson log-likelihood in equation (3.20) will have a different
mean X M depending on which DP interaction model is assumed to be the correct one. In
this way, a "hypothesis model" M can be selected for the likelihood before sampling the
posterior using DNS. The sampler tries to fit the parameters to the data and simultaneously
calculates the Bayesian evidence Zx . This is repeated for all five interaction models,
yielding a marginal likelihood for each. These Bayesian evidences can then be compared
through the Bayes factor, which gives an indication of which model is more favored by the
data.
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4. Results

This chapter contains the results of the various tests performed on the Bayesian framework.
Section 4.1 contains the DNS sampling of the posterior for four relic-target KM benchmarks.
A few different variations of the benchmarks are reported. The benchmarks were run with
both background scaling BG = 1 and BG = 100, with and without the E < 3.16 GeV cut.
This is to show the effects of a significant number of background events at LDMX, and
determine what kind of effect it will have on the inference of the model parameters. A
cross-validation between MCMC and DNS is made in section 4.1.2, in order to confirm the
framework’s consistency across samplers. The model comparison using Bayes factors is
presented in section 4.2. Here, a noise floor estimation is included, along with Bayes factors
calculated from running the sampler with a model-specific likelihood on data generated
from each interaction model. There is also a bias estimation showing how much the sampler
drifts in its median prediction if the wrong model is used in the likelihood. Section 4.3
shows that introducing a relic target prior on g; breaks degeneracy between KM and [C,

Al.

4.1 Parameter Inference on KM Benchmarks

The four benchmarks on which the Bayesian framework has been tested are presented
and color-coded in Table 4.1. The benchmarks can be grouped into two groups: [BM
1, BM 2], which are taken from relic target calculations assuming a complex scalar DM
model, a dark-sector-fine-structure constant ap = 0.5 and a DP to DM mass-ratio of
R = my//m, = 2.5. The second group, [BM 3, BM 4], assumes R = 2.2. These values
were extracted by digitizing Figure 6 in [6]. For all benchmarks, the true values of the
nuisance parameters 6g and g are set each to 1.0.

Table 4.1: The four KM relic target benchmarks that were used to test the
Bayesian framework. Color coded to match to posterior figures.

Parameters | MBM 1 |l BM 2 | @M BM 3 BM 4
myr [GeV] 0.1 0.01 0.1 0.01

gf 6.3-107° | 48-107° [ 6.0-107 [ 5.2-1077
R 2.5 2.5 2.2 2.2

4.1.1 Posterior Recovery with DNS

The posteriors shown in Figures 4.1 and 4.2 are of a representative realization, chosen
as the run which produced the median prediction (1724/,§s) closest to the median of 10
Poisson realizations of the KM data. This is done for both background scaling BG =1
and BG = 100. The corner plots contain the marginal posteriors of all five parameters,
including the nuisance parameters fg, fp and the hyperparameter og. As is apparent, the
fitting to the data becomes progressively less stable for each benchmark. This is mainly
due to the fact that the coupling strength gy acts as a scaling parameter on the expected
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number of events, N x gj%. Since the coupling strength drops approximately two orders
of magnitude between BM1 and BM4, and BM4 has an order of magnitude lower m 41,
N drops by a factor of &~ 70 to only 3 — 4 total events in a given Poisson realization
(see Appendix A). This is simply too little information for the sampler to go on, which
leads to wide posteriors on m 4/, spanning the whole prior range. This effect is even more
noticeable when the background is scaled by 100. In Figure 4.2, it can be seen that for
benchmark 3 and 4, the large background of BG = 100 disrupts the signal. The posterior
has difficulty reading the shape and scaling in the signal data, apparent by the mostly
uniform, uninformative shape on both m 4 and gr. The modes of the posteriors sometimes
still end up around the truth, indicating that a large variety of parameters agree with the
data, but values close to the truth are still preferred.

The combined statistics for the 10 Poisson realizations are shown in Table 4.2. Here,
the values presented are all the medians of the median predictions across the 10 Poisson
realizations. The + /- values on these predictions represent the medians of the 16th and
84th percentile bounds on the posteriors. The values from the analysis with the E' < 3.16
GeV cut are also included.

Table 4.2: Recovered (riva/,§y) posteriors for the four KM benchmarks using
DNS. Values are the median across n = 10 independent Poisson realizations of the
per-realization posterior median, with 68% credible intervals given by the median
across realizations of the 16th and 84th percentile bounds. The corner plots in
Figures 4.1 and 4.2 show the representative realization (closest to the median across
runs in the (mas, g¢) plane) and may differ slightly from the values reported here.
Rows with a cut value include the E < 3.16 GeV cut (Section 2.4.2).

BM mi©[GeV]  g§"  BG Cut [GeV] i [GeV] gy

1 — 0.09970007  (6.379%) x 1077
100 — 0.096709%2  (6.1709) x 10~°
1 0.10 6.3 x 107° —0.007 0.7
8 1 316 0.0967000  (6.1709) x 10
100 3.16 0.097 5008 (6.119%) x 1077
1 — 0.011415;%(8)%% (5 65;‘%1) X 10—;j
_¢ 100 — 0.0108 (5.2712) x 10
2 0.01  48x1070 — 516 001270000 (5.7720) 5 1070
100 3.16 0.011% 5003 (5.2%1%) x 1076
1 — 0.040752%  (0.45755%) x 1076
100 — 0.058152%8 -
f 1 0x 1076 —0.052
; 010 0.0>10 1 3.16 0.03870 237 (0.38%759) x 10°°
100 3.16 0.05915221 -
1 — 0.020750%%  (0.487277) x 107©
100 — 0.032+931L -
47 01 2x1077 0.029
00 21070 — 316 0.017700% (040723 x 10-°

0.316
100 3.16 0.03417-03°

T The posteriors for both m 4+ and g; span a large fraction of the prior range. For most of these
prior-dominated cases the median prediction and 68% CI cannot be attributed to parameter recovery. See
Figure 4.2 for the representative posteriors.

Ywhich actually contributes to a higher N, since the production cross-section grows as m 4 decreases.
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Figure 4.1: Posterior distributions over the five parameters (mar, g¢,0s,0p,0B)
recovered for Benchmark 1 (a) and Benchmark 2 (b) with the Kinetic Mixing model
using DNS. For each benchmark, the left corner plot shows the posteriors when
the background has been scaled by a factor of 1, and the right by a factor of 100.
The dashed lines encase the 68% credible interval and median prediction of the five
marginalized distributions corresponding to each parameter. The two-dimensional
distributions are combinations of each of the five marginal posteriors, and their
shaded regions encompass 39.3% and 86.5% of the posterior mass.
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Figure 4.2: Posterior distributions over the five parameters (mar, gf,0s,0p,0B)
recovered for Benchmark 3 (a) and Benchmark 4 (b) with the Kinetic Mixing model
using DNS. For each benchmark, the left corner plot shows the posteriors when
the background has been scaled by a factor of 1, and the right by a factor of 100.
The dashed lines encase the 68% credible interval and median prediction of the five
marginalized distributions corresponding to each parameter. The two-dimensional
distributions are combinations of each of the five marginal posteriors, and their
shaded regions encompass 39.3% and 86.5% of the posterior mass.
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The E < 3.16 GeV cut leaves the BM1 and BM2 predictions largely unchanged, but pushes
BM3 and BM4 further into non-detection. Most indicative of this is the BM3 and BM4,
BG = 100 cases where the median 16th and 84th percentile are unconstrained, spanning
several orders of magnitude from the median gy.

4.1.2 MCMC vs DNS Cross-Validation

In this section, the results for posterior recovery using MCMC on the four benchmarks
are presented and cross-validated with DNS. The comparison is done using the same
Poisson realization, to accurately determine the differences between the two sampling
methods. Similarly to section 4.1.1, the benchmarks have been run with a total of 10
Poisson realizations each, where the median realization is selected based on the distance its
(Mar, gf) pair has from the median of all (4, §f) pairs across the 10 realizations. The
MCMC algorithm was run using the emcee package, with 5000 steps as burn-in period
followed by Ngteps = 10 sampling steps, using n,, = 50 walkers. The DNS posteriors are
the same as in section 4.1.1, using N = 500 live points, G = 0.8 and slice sampling.

A comparison between the two-dimensional posteriors over my and gy recovered with
both sampling methods is presented in Figure 4.3. We see that both samplers perform very
similarly in parameter inference and posterior recovery, however MCMC fails to capture the
entire tail of the posterior in the same way as DNS in benchmark 3. This could probably
be improved by using a larger number of sampling steps in the MCMC run, leading to
walkers eventually exploring the entire posterior. The fact that DNS and MCMC have
nearly identical posterior recovery means they validate each other and the framework
implementation well. For this reason, DNS is suitable as primary sampling method in this
work, as it also calculates the Bayesian evidence.

The MCMC runs converged adequately, as indicated by the maximum autocorrelation
times Tmax in table 4.3. Here, the relevant diagnostics of the MCMC chain are presented
for each benchmark. Mean acceptance fraction (a) slightly below 0.5 indicates that roughly
half of the suggested steps were accepted. The minimum Effective Sample Size (ESSyin)
measures how many truly independent samples were gathered at a minimum for the five
parameters.

Table 4.3: MCMC sampler diagnostics across the four KM benchmarks, with
background scaling BG = 1. Values are means/medians over n = 10 Poisson
realizations. Acceptance fraction (a) should lie in [0.2,0.5] for healthy stretch-move
sampling [12]. The autocorrelation time 7Ty, is the maximum across the 5 sampled
parameters; ESSyi, is the corresponding minimum effective sample size. Chain
length N = 10* steps per walker, with n,, = 50 walkers.

BM (a) median Tyax  mMax Tmax min ESSp;,  N(ESS > 2000)

1 0.46 132 281 1779 7/10
2 043 194 504 991 9/10
3 042 139 289 1728 9/10
4 042 182 353 1416 9/10

Table 4.4 shows how many of the 10 Poisson realizations recovered a median parameter
prediction within a 68% CI for both sampling methods. This number does not indicate
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detection, as a posterior spanning multiple orders of magnitude has a very wide 68% CI.
See for example Figure 4.2b BG = 100, where a posterior spanning the prior of m 4/ still
has the truth within its 68% CI.

Table 4.4: Cross-method validation: number of realizations (out of n = 10) in
which the recovered 68% credible interval contains the true parameter value. Results
from both DNS and MCMC are presented at background levels BG = 1 and BG
= 100.

BM BG Method my gy fs, O0p
DNS 7/10 7/10 10/10, 10/10

MCMC 7/10 9/10 10/10, 10/10
DNS 10/10 2/10 10/10, 7/10

1

0 N emce 10/10 2/10 10/10, 7/10

. DNS  7/10 7/10 10/10,10/10

) MCMC 8/10 8/10 10/10, 10/10
o DNS  8/10 8/10 10/10,8/10
MCMC 8/10 8/10 10/10, 9/10

. DNS  7/10 3/10 10/10, 10/10

, MCMC 7/10 3/10 10/10, 10/10
o DNS 9/10 5/10 10/10,8/10
MCMC 9/10 5/10 10/10, 7/10

. DNS  10/10 7/10 10/10, 10/10

A MCMC 10/10 7/10 10/10, 10/10
o DNS  6/10 6/10 10/10,8/10

MCMC  6/10 6/10 10/10, 8/10

32



4.1. Parameter Inference on KM Benchmarks

. DNS (68%, 95% CI) BM 1 BM 2
10 MCMC (68%, 95% CI) .
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Figure 4.3: Comparison between MCMC sampling and DNS sampling on the
same median Poisson realization out of 10 with BG = 1. The two recovered two-
dimensional marginal posteriors are plotted on top of each other for comparison.
Each subplot shows which benchmark was used in the generation of the data, and
the orange triangle marks the true benchmark values. The color gradient on the
DNS posterior and red outline for MCMC mark the two-dimensional 68% and 95%
credible intervals.
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4.2 Dark Photon Model Comparison

In addition to inferring the model parameters of a single model, the Bayesian framework is
equipped to compare competing models. One might be interested to know if, given a data
set, which of the five interaction models considered in this work (Kinetic Mixing (KM),
Magnetic Dipole (M), Electric Dipole (E), Charge Radius (C) and Anapole Moment (A)),
is most likely to be the one to have produced said data. This comparison is done using
the Bayes factor, which is a ratio of evidences Kap = %, where A is the true model and
B is the hypothesis model. The Bayes factor can be interpreted using Jeffreys’ scale [18§],
where |In K| > 5 is by convention taken as decisive evidence that the hypothesis model
can be rejected. For each pair of true model and hypothesis model, the Bayesian evidences
are computed using DNS on n = 5 identical Poisson realizations on the data, such that
data-dependent likelihood normalizations (see section 3.3) are canceled in the calculation
of In K. The choice of lowering the number of Poisson realizations from n = 10 was made
to save on computation time. The data is generated using each model under m 4 = 0.1
GeV and corresponding gy consistent with relic targets for the respective model, which are
presented in table 4.5. The values are extracted in the same way as the relic targets in

Figure 1 in [9], but for R = 2.5.

Table 4.5: Relic target coupling values gy used as the generative-model couplings
in the Bayes factor analysis, evaluated at the benchmark mass m 4 = 0.1 GeV. Neyp
is the total number of expected signal events for the benchmark.

Model gy Nexp
KM 6.3 x 107° 250
3.8x1073-e 3900
3.8x 1073 e 3900
3x1072-e 5300
3x107%2-e 5300

Qe

In section 4.2.1, there is a discussion about the relative noise floor in these calculations due
to the inherent Monte Carlo stochasticity in the simulation of the data using MadGraphb5
[5], along with a description of how this noise floor was estimated. The Bayes factors
calculated using combined E and |pr| kinematics as well as E and |pr| separately are
presented and compared in section 4.2.2. There is also a bias estimation under model
misspecification, showing how much the recovered median 14/ and gy could differ from
the true values if the analysis is performed using the wrong interaction model on LDMX
data, presented in section 4.2.3.

4.2.1 Noise Floor Estimation

The signal kinematics used in both data generation and likelihood evaluation are Monte
Carlo samples from MadGraphb, bringing with them an inherent uncertainty. Two indepen-
dent runs on the same DP interaction model using the same benchmark therefore yield
slightly different kinematic distributions. Given a comparison between two such batches,
the Bayesian evidence difference A ln Z will be non-zero even though they both describe
the physics of the same model. This sets a noise floor below which Bayes factors cannot be
attributed to a model difference.

To approach this problem, a simple comparison was made using a different batch of
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simulated KM data (KMyew). This data set was compared with the data used throughout
this work, KM)q, which is simulated under the exact same parameters. Data were
generated using both KM and KMgq. The difference between the Bayesian evidences
AlnZ =In Zyew — In Zyq was computed across n = 10 Poisson realizations, with KMq in
the role of the hypothesis model. The benchmarks create roughly the same total number of
events in the bins for the pairs [M, E] and [C, A] respectively, but they differ a lot between
those groups. This means the statistics are different, so the event counts in each of the
data generations were scaled to match the M-model and C-model relic-target benchmarks,
in order for the statistics to remain the same as in the Bayes factor analysis in section
4.2.2.

Table 4.6 reports median Aln Z, standard deviation o, and min/max bounds across the
n = 10 realizations for each calibration.

Table 4.6: Noise floor estimate for the Bayes factor calculations. Two independent
MadGraph5 batches of the KM signal (KMgq and KM,y ) were generated under
identical physical parameters, with event counts scaled to match the KM-, M- and C-
model relic-target benchmarks. For each Poisson realization, signal-plus-background
data were drawn from both batches at a shared Poisson seed, and the log evidence
of each dataset was computed under a common KM,q likelihood. The reported
quantity |[AlnZ| = |In Zpew — In Zy1q| measures the shift in evidence induced by
MadGraphb stochasticity. The minimum and maximum values characterize the
signed scatter around zero.

Calibration median [AlnZ| o [min, max]

Scaled to KM-model event count 2.4 9.5 [-10.9, +25.4]
Scaled to M-model event count 10.3 12.1  [-3.9, +32.6]
Scaled to C-model event count 9.2 13.0 [-13.3, +23.7]

This noise floor estimation is very rough due to the low sample size, and is meant to
serve the discussion of the results in section 4.2.2, rather than give a concrete quantitative
calculation of the stochastic error in the MadGraphb simulations.

4.2.2 Bayes Factors

Figure 4.4 shows the results of the Bayes factor calculations on relic target benchmarks for
the five interaction models. We see a clear separation between two groups, namely [KM, C,
A] and [M, EJ, which is in agreement with the work of Catena et al. [9]. The models within
each group produce similar kinematic distributions for a given m 4., where only the number
of events, N, differs. It is therefore possible for the sampler to match a different model
within the same group to the number of events N in a given distribution simply by fitting
to a different gy, as N o g]%. Looking at the Bayes factors it is clear that the separation
between these two groups is decisive, given Jeffreys’ scale threshold of |In K| > 5. When
comparing the two groups, Bayes factors reach all the way from 38 to 591, where the scale
is assumed to be due to the large difference in statistics between benchmarks.

The errors reported in Figures 4.4 and 4.5 are median absolute deviations (MAD), across

the five Poisson realizations of each cell. For a fixed cell, let In K; be the value in Poisson
realization ¢ = 1,...,5, and median(In K*) the median over those five. The MAD is
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calculated as the median across realizations of the absolute value of the difference
MAD = b - median(|In K; — median(In K*)|), (4.1)

where b = 1.4826 in order to make MAD consistent with 1o for Gaussian distributions [25],
and median(In K*) is the median of all five values of In K across the Poisson realizations.
MADs are more resistant to outliers than standard deviation, which is a real risk with
only five realizations. A large spread between the MAD values can be seen in the cells of
Figures 4.4 and 4.5, which is explained by the low number of Poisson runs.

The Bayesian evidences carry with them an intrinsic error due to the stochastic nature
of DNS. This uncertainty is reported by dynesty as oy, z, which propagates to the
Bayes factors through their calculation In K = In Zi;ye — In Zpypothesis- LThese errors are
independent, so the sampler uncertainty on In K can be calculated using the standard
propagation of errors formula:

— 2 2
OnK = \/Uln Ztrue + Uln Zhypothcsis ' (42)

Across the model pairs and all five realizations, oy, ¢ has a median of roughly 0.11 nats,
which rises to 0.15 for higher statistics benchmarks like those using models M and E
as the true model. Looking at Figure 4.4, these numbers are very low compared to the
decisive Bayes factors ranging from =/38-591 nats. The sampler precision is therefore
negligible compared to the discriminating power of the relic target data, the Jeffreys’ scale
threshold of |In K| > 5, the calculated noise floor and the calculated MADs. Although the
uncertainty is of the correct order of magnitude of the non-discriminating Bayes factors
in Figure 4.4, these values are not taken as indicating any sort of information regarding
model selection in this work.
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Bayes Factor
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+10.0

KM M E C A
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Figure 4.4: Bayes factors recovered with Dynamic Nested Sampling (DNS) by
comparing marginal likelihoods between the five interaction models using both F
and |pr| kinematics. The y-axis shows what model was used in the generation of the
data, while the x-axis shows what model was used in the likelihood while sampling.
The numbers reported are In K, where K = Zz¢ A larger In K means higher

hypothesis
confidence that corresponding hypothesis model is ruled out.
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The Bayes factor analysis was also run using only total energy E or transverse momentum
|pr| kinematics from the recoil electrons, reported in Figures 4.5 and 4.6. It is apparent
that using only one-dimensional data in the distributions leads to lower statistics, indicated
by lower overall Bayes factors. This is not surprising, as not only is one whole dimension of
shape information lost, but there is also a decrease in the number of bins in the kinematic
distribution from 50x50 = 2500 to only 50. The Bayes factors sometimes fall below the
estimated two-dimensional noise floor, but no estimation was made for the one-dimensional
case.
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Figure 4.5: Same as Figure 4.4 using only total energy E kinematics.
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Figure 4.6: Same as Figure 4.4 using only transverse momentum |pr| kinematics.
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4.2.3 Bias Estimation under Model Misspecification

A bias estimation was performed, showing the difference between the median DNS-predicted
parameters (1m4s, §r) and the true values, displayed in Figure 4.7. For each of the
corresponding runs that are reported in Figure 4.4, the difference between the predicted
parameters and the true values is reported as

m = logyo(m.ar/GeV) — logo(mire/GeV),

true

~ A (4.3)
gr =logyp gy —logyg gr

Under this definition, e.g. gy ~ —2 means that the sampler has fitted a coupling strength
two orders of magnitude lower than the true g}rue to the data.

2.00
=  m=-001 m=—0.21 m = —0.21 m = —0.01 m = —0.01
<7 gr=-001 gy = +0.60 gy = +0.60 gy = +2.03 gy = +2.02 175
__ m=+026 m = +0.00 m = +0.00 m = +0.27 m = +0.26 1.50
=7 gr=-031 gy = +0.00 gy = +0.00 gr=+1.18 gr=+1.19
e 1257
§ - m m = +0.23 m = +0.24 Lo +
_ = = ol
Y gy =+1.19 gy =+1.19 =
—
H _ -0.75
. m = +0.02
o i -
gr = —1.99
9y 050
m = —0.01 m 0.23 m -0.95
B -0 ‘ 44 Ji
-0.00

E
Hypothesis Model

Figure 4.7: Bias estimation under model misspecification for the two-dimensional
Bayes factor analysis. The y-axis shows what model was used in the generation
of the data, while the x-axis shows what model was used in the likelihood while
sampling.

As shown in Figure 4.7, the model agreement within groups that was apparent in Figure
4.4 between KM and [C, A] can be explained by the sampler fitting a coupling strength
that is two orders of magnitude too high or low to the data. The shape of the distributions
between the models is nearly identical, and the only difference is the total event counts
N. The sampler can account for this difference in N by fitting a different gy to account
for this difference. Similarly, for hypothesis models where the Bayes factor is large, the
shape of the kinematic distributions, governed by the mass of the DP, should be different
between the true model and the hypothesis model. To match the shape of the hypothesis
model, m 4/ gets biased towards a different value.

The apparent asymmetry in the cells that represent cross-group predictions can be explained
by the mismatch between the two models’ kinematic shapes. When the sampler looks at
data generated with e.g. the KM model and compares it to M-signal, the sampler cannot
recreate the correct shape of the distribution at the true mass; median prediction 1 4/ gets
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shifted =~ —0.21 orders of magnitude away from the truth. In the reverse case, the 14
gets biased by ~ +0.26 orders of magnitude. The reason gy gets biased asymmetrically
(g5 =~ +0.60 in the first scenario and gy ~ —0.31 in the second), is that the DP mass also
affects the cross-section, and therefore the total event counts. Indeed we can see from the
posteriors in section 4.1 that m 4 and gy are correlated. The sampler then tries to account
for this shift by fitting a different coupling strength, scaling the signal by the amount that
matches the mass. Since the mass bias differs in magnitude between the two directions,
so does the required coupling compensation. Figure 4.7 therefore shows the consequences
for parameter prediction one could expect when using this Bayesian framework with the
wrong model likelihood for the analysis of real data from LDMX.

4.3 Relic Target Prior

As a final proof-of-concept, a prior on the parameter gy is introduced based on the relic
target curves in Figure 1 of [9]. Abandoning the log-uniform prior on gy, every sampled
point m,” is assigned to a log-normal centered at the corresponding relic target gy, with
shape parameter o, = 0.1. This new prior is model-dependent, and introducing it has
the effect of constraining g; to a prior belief based on an assumed R = 3 and ap = 0.5,
differing from the R = 2.5 case of Figure 4.4. This leads to the different model priors no
longer canceling in equation (3.25), which makes separation possible, and the Bayesian
evidence is weakened if gy strays too far from the relic target. The larger R brings with it
slightly altered coupling strengths for all the models with m 4 = 0.1 GeV. The hope was
that the bias reported in Figure 4.7 would be exploited in a way that allows for separation
between the KM interaction model and [C, A]. The result is reported in Figure 4.8. We get
a clear separation between KM and [C, A], where the relic target prior has penalized the
fitting of a gy away from the relic target. Within each higher order group the separation
remains weak, since the paired models’ relic target curves are nearly identical at m 4 = 0.1
GeV: [C, A] shows essentially no separation, while [M, E] separates only marginally.
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Figure 4.8: Same as Figure 4.4 but using a relic target prior on gy with R = 3,
allowing for separation between KM and [C, A].
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5. Discussion & Conclusion

5.1 Discussion

The Bayesian framework recovers (m 4/, g¢) within the 68% CI for the R = 2.5 benchmarks
(BM1, BM2) under BG = 1 for 7/10 Poisson realizations. At BG = 100 this still holds for
BM2 (8/10), but BM1’s coupling drops to 2/10. DNS and MCMC give the same number,
so this is not a sampler problem. It likely comes from the large background, which pulls
the correlated recovered mass and coupling slightly low and tightens their intervals, leaving
the true coupling at the upper edge where it is often missed. Even so, the true g; still falls
within the median of the 16th and 84th percentile as shown in Table 4.2, so the coupling is
still recovered on average.

The benchmarks corresponding to R = 2.2 behave differently. They sit below the detection
threshold for the luminosity of LDMX Phase II, indicated by the prior-dominated marginal
posteriors for BG = 1 and the near uninformative m 4/ posteriors for BG = 100. However, a
posterior mode around the truth is still recovered for marginal posteriors over g, suggesting
the likelihood provides more information about the overall scaling of the event counts
than the shape of the distribution at these benchmarks. This mode sits on a broad,
prior-dominated hill spanning several decades in g, resulting in a failure for the median
and 68% CI to localize it. This is why, for BM3, the true g; only falls within the 68% CI
for 3/10 Poisson realizations (see Table 4.4), and why this benchmark reads as being a
non-detection.

The reason a mode survives at all comes down to the background. The marginal posteriors
over the nuisance parameters are for all benchmarks centered around the true values with
ClIs in the expected ranges given their priors. For benchmarks corresponding to R = 2.2,
the total number of expected events is very low (dropping by =~ 10* between BM1 and
BM4), so the signal is disrupted by a large background. The mode around g}rue is probably
due to 6 having low variance, allowing for a faint distinction of the signal. Indeed, we can
see that the marginal posterior over o is bounded closer to zero for [BM3, BM4|, BG =
100, indicating that the sampler was handed more background information to constrain 6p

tightly around the true value of #%"¢ = 1.0, to separate the signal from the background.

5.2 Future Considerations

A few directions could make the analysis more robust or extend its capabilities. Due to
computational limits, the number of Poisson realizations run as an attempt to mitigate
Poisson noise has been kept conservative. Five Poisson realizations per Bayes factor lead to
noisy MADs. Increasing the number of Poisson realizations would be advantageous to gain
a more robust analysis with less noise. Section 4.2.1 shows the calculation of the expected
noise floor between MadGraphb runs, which could contribute to skewed Bayes factors. This
estimation is rough, with only one KM simulation run as a comparison. A more thorough
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analysis of the noise between MadGraph5 runs is needed to investigate the effect it has on
the Bayes factors.

A second limitation is the binning of the kinematics. An unbinned analysis of the data
supplied at LDMX could be advantageous due to the high precision it would provide in
capturing the recoil electron kinematics. Right now, the binned analysis inherently strips
away some information from the data. While computationally efficient, the binned analysis
partially loses detailed shape differences in the (F, |pr|)-distribution which are important
in both model comparison and parameter inference. However, one must also consider that
while the data might show a precise point in (E, |pr|) space for a recoil electron, such
a data point is still not without its uncertainty. Various errors can affect the data not
only in the LDMX detectors, but also in the simulation of the signal. A higher resolution
of 200x200 does show slightly narrower 68% CIs (Appendix B), indicating that higher
resolution does reveal more information in the data.

A third consideration is in regard to the choice of prior for the coupling strength during
model comparison. The benchmarks tested in this work fall far from the edges of the
log-uniform gy € [1072°,1] prior. If, however, the true g¢ is located close to one of these
edges, the prior dependence in equation (3.25) could in theory affect the Bayes factors. In
addition to this, the higher-order couplings could in theory take on values larger than 1.
It is therefore recommended to increase the scope of the prior on gy for analysis of real
LDMX data.

Finally, the relic target prior could be made less dependent on assumptions. The Bayes
factors presented in section 4.3 show that the method of introducing a prior on gy based
on the individual relic targets of the models works for separating KM from [C, A]. The
downside to this approach is that one has to assume many things about the DP in order
to fix a relic curve for each model. Solving this problem could include sampling both R
and ap as hyperparameters on the gy prior. This would need to incorporate some sort of
Boltzmann solver into the framework, which can calculate relic target curves based on the
hyperparameters. This is left for future work.

5.3 Conclusion

In conclusion, the framework performs well on benchmarks corresponding to R = 2.5,
while identifying R = 2.2 as below detection threshold at LDMX. A larger background
scaling has a negative effect on detection capabilities, leading to large Poisson fluctuations.
While the E < 3.16 GeV cut removes a large portion of the background, it also removes
information about the signal, weakening the detection capabilities on benchmarks where
it is already low. The apparent degeneracy between the groups outlined in [9] is broken
for two-dimensional kinematics, as the Bayesian framework handles separation between
the interaction groups [KM, C, A] and [M, EJ]. Analysis using only E or |pr| information
still holds some discriminating power between groups, with some Bayes factors below the
estimated two-dimensional noise floor. Combined, they produce essential shape differences
that result in decisive Bayes factors. Separating KM from C and A within a group requires
the model-dependent relic prior on g, which trades the shared prior cancellation for added
assumptions.
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A. Benchmark Distributions

Below are examples of the different distributions created with the four benchmarks that
the framework is tested on, and corresponding Poisson realizations.
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Figure A.1: Kinematic distributions of benchmark 1 (right), with a Poisson

instance of said distribution (left). Background scaling BG = 1.
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Figure A.2: Kinematic distributions of benchmark 2 (right), with a Poisson

instance of said distribution (left). Background scaling BG = 1.
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Figure A.3: Kinematic distributions of benchmark 3 (right), with a Poisson
instance of said distribution (left). Background scaling BG = 1.
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Figure A.4: Kinematic distributions of benchmark 4 (right), with a Poisson
instance of said distribution (left). Background scaling BG = 1.



B. Tables

Below, a few tables are listed that display the test of a 200 x 200 bin resolution (Table
B.1) as well as the recovered parameters of the MCMC cross-validation (Table B.2).

Table B.1: Recovered (14, §f) posteriors for the four KM benchmarks using DNS
at 200 x 200 resolution, with background scaling BG = 1. Values are the median
across n = 10 independent Poisson realizations of the per-realization posterior
median, with 68% credible intervals given by the median across realizations of the
16th and 84th percentile bounds. This higher-resolution analysis is presented as a
cross-check of the primary 50 x 50 results (Table 4.2); recovered values are broadly
consistent, and apparent differences for the low-signal benchmarks (BM3, BM4) lie
within the realization-to-realization scatter expected at these low event counts and
cannot be attributed to binning resolution alone.

BM  m% [GeV] g% ma [GeV] af
1 0.10 6.3 x 107> 0.100970 006  (6.247073) x 107°
2 0.01 4.8 x 1075 0.010079 015 (4. 80+ 20) x 1076
3 0.10 6.0 x 1075 0.063970 0550 (3. 09+5 10) x 1076
4 0.01 5.2 x 1077 0.010670 0000 (4. 85+ )y x 1077

Table B.2 contains the median predictions of m 4 and gy and the median 16th and 84th

percentiles for the posteriors.

Table B.2: Recovered (ma, gy) posteriors for the four KM benchmarks, sampled
with MCMC. Values quoted are the median and 68% credible interval over n = 10
independent Poisson realizations of each benchmark. Background scaling BG = 1.

BM  mbie [GeV]  gife gy [GeV] gy
1 0.10 6.3 x 107> 0.098470:0051 (6.3370:33) x 107°
2 0.01 4.8 x 1076 0.011479393%  (5.467159) x 1076
3 0.10 6.0 x 1076 0.0431F5:28%0  (4.6873%00) x 107
4 0.01 5.2x 1077 0.0200100%0  (4.7075%0°) x 1077
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