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Differentiable Monte Carlo Samplers with

Piecewise Deterministic Markov Processes

Ruben Seyer

Department of Mathematical Sciences

Chalmers University of Technology and University of Gothenburg

ABSTRACT

Gradient estimation by Monte Carlo methods, to e.g. find optimization dir-
ections, is an important component of many problems in statistics and ma-
chine learning. In one approach, related to the reparameterization trick, the
sampling method itself is differentiated pathwise to obtain a sampler for the
gradient. Unfortunately, the Hamiltonian Monte Carlo and other common
methods contain a non-differentiable rejection step, for which pathwise de-
rivatives do not provide unbiased estimates and corrections are computa-
tionally expensive. Here we use recently developed rejection-free methods
based on piecewise deterministic Markov processes (PDMPs) to construct dif-
ferentiable Monte Carlo methods. These handle unnormalized target densit-
ies as well as unbiased estimates of the target density. We find couplings (re-
parameterizations) for two PDMP methods, the Bouncy Particle sampler and
the Zig-Zag sampler, which make them differentiable. The former is path-
wise differentiable while the latter requires correction for large sample path
perturbations, made efficient by our coupling. We investigate the theoretical
properties of the resulting estimators, which only require a single sampler
run. This opens up a promising new approach to stochastic gradient estima-
tion problems.

Keywords: Piecewise deterministic Markov processes, Monte Carlo, gradient
estimation, pathwise derivatives, reparameterization trick, probabilistic pro-
gramming.
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INTRODUCTION

The impact of Monte Carlo methods on the field of statistics in the last few
decades cannot be overstated. Today, one would struggle to find a prob-
lem in Bayesian inference where no such technique is used to sample from
a posterior, especially as datasets have grown simultaneously with our com-
putational capabilities [1]. The standard tool for sampling is Markov chain
Monte Carlo (MCMC), in particular the Metropolis-Hastings algorithm and
its descendants, one of which is the popular Hamiltonian Monte Carlo al-
gorithm [2]. Recently, a new type of samplers using piecewise deterministic
Markov processes (PDMPs) have been developed [3]. In contrast to the com-
mon MCMC methods, which are discrete-time, PDMPs are continuous-time
processes that follow deterministic dynamics but switch states at random
event times. PDMP samplers are especially suited to large scale Bayesian ap-
plications, allowing subsampling techniques and unnormalized densities (cf.
section 2.3).

An important application for Monte Carlo methods, particularly in machine
learning, is stochastic gradient estimation, i.e. estimating the gradient of an
expectation with respect to parameters of the underlying distribution. Such
problems are ubiquitous in machine learning and statistics, where the estim-
ators are used for optimization and for sensitivity analysis, with applications
in e.g. approximate inference, reinforcement learning, financial mathemat-
ics, and experimental design [4] (cf. section 1.2). One class of gradient es-
timator which has enjoyed renewed interest is the pathwise derivative or the
reparameterization trick, whereby the sampling is done indirectly through
applying a transformation to independent randomness. The transformation
can then be differentiated with respect to the parameters to obtain a gradient
estimator, which in turn can be sampled using Monte Carlo methods [5, 6].

Gradient estimation has become even more important and accessible with
the advent of automatic differentiation (AD), referring to methods which effi-
ciently and automatically compute the derivatives of input functions [7]. AD
has enabled differentiable probabilistic programming languages, where one
can fluently describe generative models that incorporate samples of random
variables, thus expressing complicated distributions. The models are then
compiled into programs which sample from the resulting distribution using
Monte Carlo methods, and if this method is differentiable the program essen-
tially internalizes the machine learning concept of backpropagation without
manual derivations [8, 9].



1.1 OBJECTIVE

One strategy for general gradient estimation is therefore to directly differen-
tiate the sampler program itself, viewing it as a complicated transformation
of random numbers. However, Hamiltonian Monte Carlo uses a Metropolis-
Hastings type acceptance-rejection step, which is not directly differentiable.
Many applications omit this step to obtain a differentiable sampler [9], but
the resulting estimator is then not guaranteed to be unbiased without in-
troducing further corrections, such as resorting to simulating all alternative
paths [10, 11]. This drawback is not shared by the rejection-free PDMPs. Hence,
this thesis combines the two fields of PDMPs and stochastic gradient estima-
tion, with the ultimate goal of producing a novel differentiable Monte Carlo
method for unbiased gradient estimation.

1.1 OBJECTIVE

More precisely, we introduce the objective of this thesis as follows: Let y, be
atarget probability distribution on [R, %], the measurable space where R de-
notes the real numbers and %y denotes the corresponding Borel o-algebra,
dependent on the parameter 0. In practice, this target may be given only by
an unnormalized density. By using a suitable Monte Carlo sampler {Z? }es0
targeting this distribution, in our case a PDMP sampler, we can obtain expect-
ations for this distribution according to the ergodic theorem

1 T
Exopy [fOC0] = [ ity = Jim = [ pizf)de (1.1)

for integrable functions f (cf. theorem 2.18). In practice, approximate es-
timates of the expectation are obtained by finite-horizon trajectories. Other
functionals of the sample path than expectations are possible, but we will fo-
cus on expectations. Now, we want to estimate the gradient in a similar way

O, [Fx®) = Jim —

= f fzbat (1.2)

60 T
applying stochastic derivative methodology to the Monte Carlo sampler. The
estimator we construct should ideally be unbiased when starting according
to the target distribution, consistent, require only a single trajectory of the
sampler to compute, and exhibit low variance. In pursuit of this goal, we
must identify assumptions on f and yy under which our constructed estim-
ator is valid.

1.2 APPLICATIONS

The applications of such a method are at the intersection of machine learning
and Bayesian inference. Chandra, Li, Tenenbaum & Ragan-Kelley [9] have



1.3 OUTLINE

catalogued several examples from the literature where differentiable Monte
Carlo methods are used for gradient estimation:

e Variational inference [12]: The goal in variational inference is to fit a
parameterized distribution, often represented by complex models such
as neural networks, as an approximation to the true posterior. This
transforms Bayesian inference into optimization. Fitting this distribu-
tion can be done using gradient estimates for the evidence lower bound
and is one of the earliest applications of differentiable Monte Carlo in
the machine learning literature.

* Probabilistic programming [9]: As previously mentioned, gradient es-
timates can be used to optimize over the expected output of probab-
ilistic programs. In [9] a probabilistic model for human perception is
used in optimization to generate optical illusions.

* Bayesian learning [13]: More direct inference tasks, such as fitting a
Bayesian linear regression model with the sampler targeting the pos-
terior, have also been done using gradient estimates.

* Hyperparameter tuning [14]: Monte Carlo methods themselves often
involve several hyperparameters, and tuning them systematically to
speed up convergence could be done by optimizing on gradient estim-
ates for the expected final potential.

The cited literature for the examples all share a common approach of using
Hamiltonian Monte Carlo to sample from the posterior, and thus run into
the aforementioned issue of having to omit the acceptance-rejection step to
obtain a differentiable sampler, in doing so obtaining a bias in the estimates.
This illustrates a gap which can be filled by our objective of deriving a single-
run unbiased gradient estimator.

1.3 OUTLINE

Following on this introduction, chapter 2 presents the necessary theory of
stochastic derivatives, PDMPs, and more required to derive our estimators. In
particular, an explicit theory of filtered stochastic derivatives is introduced.
Chapter 3 then builds up to a general result using the Zig-Zag sampler for
one-dimensional target distributions, with a proof of an unbiased, consist-
ent gradient estimator. Next, chapter 4 uses many of the same ideas to con-
struct an estimator using the Bouncy Particle sampler for multi-dimensional
target distributions. Finally, chapter 5 discusses the big picture of the previ-
ous chapters and suggests future avenues of exploration.






BACKGROUND

2.1 STOCHASTIC DERIVATIVES

The general objective of recovering an unbiased estimator of the gradient
makes it natural to consider methods to differentiate random variables. The
immediate relation one might have to this topic is the subject of stochastic
calculus, in which a theory of integration and stochastic differential equa-
tions is developed. However, in this thesis time derivatives of the stochastic
processes involved are not the focus—in fact, differentiating in time would
be easy for PDMPs instead of a major difficulty—but rather derivatives with
respect to some parameter of the process, so that we consider a whole para-
metric family of processes.

The simplest possible example is to consider a single random variable X% ~
g whose distribution depends on some parameter 6. Our goal is to under-
stand how X? behaves when the parameter is perturbed. The immediate
naive approach might be to recall first-year calculus and consider difference

quotients of the type
1

- (X9+€—X‘9) (2.1)
£

for independent realizations X 0 x9+€ and a small perturbation ¢. Unfortu-
nately, such differences are not necessarily well-behaved; the result can ex-
hibit arbitrarily large fluctuations simply due to the inherent randomness, in

particular if e — 0 [4].

To make this limit well-defined and reduce the variance, we devise a coup-
ling between the two variables X? and X%*¢: a manufactured joint distribu-
tion such that each variable has the correct marginal distribution, but taken
together there is some (positive) correlation or dependence. A small but im-
portant portion of this thesis is dedicated to finding couplings that make our
analysis of stochastic derivatives easier, or even possible in the first place.

We present a few different approaches to this problem relevant for this thesis,
but there are many variations and extensions; one suggestion for further read-
ing is the survey by Mohamed, Rosca, Figurnov & Mnih [4], which contains
several examples of applications.
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2.1.1 Pathwise derivatives

The pathwise derivative [5, 15], also known as infinitesimal perturbation ana-
lysis and the reparameterization trick [6] is a method which directly targets
the structure by which the process is (or could be) simulated. Our presenta-
tion here follows Glasserman [5, ch. 1].

Let {Z?) t=0 D€ a continuous parametric family of processes defined on a com-
mon probability space (Q2, %,P). Define a performance functional F(Z %) a
map from a sample path ¢ — Z? to a real value. The performance is itself
random and dependent on 8 due to the random path. Hence, we can view
F as a function of the random outcome w € Q) and the parameter 0, giving
us a random variable F(-;6). Then consider the following (purely analytical)
computation:

Definition 2.1. The pathwise derivative of F (Zf )wrt 0 is the random variable

OF . Fw;0+¢)-F(w;0)
g (@0) =lim . (2.2)

if this limit exists a.s. (that is, for a.e. w € Q).

The name comes from the fact that it is obtained for each possible path cor-
responding to some w. Under sufficient conditions on F we can then use it
as an estimator:

Theorem 2.2 (Unbiasedness of pathwise derivative, [16, theorems 1.1-1.2]).
Let F (w; 0) be a performance functional as above. If F(-;0) is continuous and

piecewise differentiable wrt 0 a.s., and E [supg |g—g(- ;:0) |] < oo taken over 0 for
which F(-;0) is differentiable, then

F(;0+¢€)—-F(0)
&

i E[F(-;0)] = lin(}[E

OF

|-E

that is, the pathwise derivative is an unbiased estimator for the derivative of
the expected performance.

In practice we do not observe an infinite path of the process, but rather some
finite {Z? }_o- If we make longer and longer observations on the trajectory we
desire some kind of convergence of the derivative, assuming of course that
the performance functional itself has this property.

Theorem 2.3 (Consistency of pathwise derivative, [16, theorem 1.3]). Let the
set of parameters © be compact, and let F (w;0) be a performance functional
defined as above. Furthermore, let {F, (w;0)} be a family of performance func-
tionals such thatlim,,_, . F,(-;0) = E[F(-;0)] a.s. (i.e. astrong ‘law of large num-
bers’ holds, with a.s. convergence to the mean) and the corresponding path-
wise derivatives exist a.s.. Suppose that the following is satisfied for all0 € ©:
OF 0
(i) E [0—6"(-;0)] = 30 E[F,(-;0)] + h,,(0) where h,,(0) — 0 as n — oo,
(ii) rlllln E[F,(50)] =E[F(;0)],

6
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OF OF
(iii) %1_{210 69" (:0) = ALHC}O[E[ 60" (-;0)] a.s. (with the limits existing a.s.),

(iv) There exists a bound g (0) integrable on © such that for all 0 € © it holds
that [E| %2(50)| - b, 0)| < g(0).

ThenE[F(-;0)] is a.e. differentiable, and 661;" (+;0) is a strongly consistent estim-

ator for its derivative, that is aaI;" (;0) — % E[F(-;0)] a.s. as n — oo.

Remark. In our setting, several of these assumptions hold indirectly. Clearly
(ii) is dependent on the setting rather than the derivative scheme. If the finite
horizon estimators 661;” (-;0) are unbiased, then (i) holds with k, = 0. If we
have Lipschitz continuity of F(-;0), then both the boundedness desired for
unbiasedness as well as (iv) in the unbiased case (through Jensen’s inequality)

follow.

The abstract nature of this formulation hides the main challenge with it, which
is to determine a mechanism by which we can connect ‘independent ran-
domness’ in w € Q through a sample path t — Z%(w) to obtain the value
of F(w;0). It is precisely this connection which we differentiate, and so we
must have a concrete relationship in mind to apply the theorems. The only
constraint on such a connection is that F(:;0) has the correct marginal distri-
bution for every 6, but we are free to choose the joint dependency—a coup-
ling—to improve the properties or conditions for existence of the estimator.
Even better if we can write g—g (Zt‘9 ;0) so that the derivative can be recovered
from the trajectory itself, thus requiring no extra simulation; then the con-
nection can be purely theoretical and we are free to simulate the process any
way we want.

2.1.2 Stratified derivatives

Nevertheless, the (simplified) condition that the performance should be a.s.
Lipschitz in 0 is relatively strong. Even in cases where the limit interchange
in the pathwise derivative fails, the expectation can still have a well-defined
derivative (as seen later in e.g. example 3.7), and we could conceivably con-
struct some estimator. One way to correct the pathwise derivative is smooth-
ing [15], also known as smoothed perturbation analysis [16]. Our presenta-
tion here is inspired by Heidergott & Vazquez-Abad [15], Fu & Hu [16, chs.
3-5] and Arya, Schauer, Schifer & Rackauckas [17]; the latter call their con-
struction stochastic derivatives.

On a high level, this smoothing consists of taking the conditional expectation
of the performance with respect to some o-algebra ¢ such that

0 E[F(;0)]=E 0 E[F(;0) 4] (2.4)
a0 T ag ' 4
where now E[F(-;0) | ¢] is a.s. Lipschitz in 0. The difficulty lies in selecting ¢
to be small enough that one ‘integrates out’ the problematic points where the
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derivative fails, but large enough that no significant extra computation over
the pathwise derivative is required. In general, there is no method to select
¢ that works for all processes and performance functions, and any results
obtained are only relevant to the specific setting.

Our approach will be to handle the discontinuities separately, hence the name
stratified derivatives. The pathwise derivative contains infinitesimal perturb-
ations which occur almost surely, while the discontinuities are finite perturb-
ations that occur with infinitesimal probability. In the words of Heidergott &
Vazquez-Abad [15], we partially integrate the discontinuities by instead dif-
ferentiating the infinitesimal probabilities.

Definition 2.4. A critical event A(e, 0) for the performance F(-;0) where € #+ 0
is an event

A(e,0) {w €Q:|F;0+1e) - Flw;6-1e)| > B(a))lal} (2.5)

i.e. the local Lipschitz condition fails for some integrable random bound B >
0, such that

(i) there exists a limiting complement event A*(0) which has probability
1, where we have for all w € A* (0) that lim,, Lyeor(@) =1,

(i) the critical rate pj:=lim, o 1 P(A(¢,0)) > 0 exists and is finite, and

(iii) the conditional distributions given A(g, ) of the performance discon-
tinuities F(-;0 + %5) —-F(-;0—- %z—:) are uniformly integrable, and converge
in distribution as € | 0 to an integrable random variable A, called the
jump.

Remark. The definition of A(e, 0) is symmetric in the sign of €. One can re-
place the right limits with a left limits, which only results in flipping the signs
of the critical rate and jump. Note that a single critical event does not need to
describe all possible discontinuities that may occur, i.e. with equality in (2.5).
Furthermore, if the critical rate were zero or the limiting event were empty,
the impact of the perturbation will vanish in the limit (so that the event no
longer merits being called critical).

Theorem 2.5 (variant of [17, theorems B.1, 2.3] and [15, section 2.1]). Let
F(w;0) be a performance functional defined as above, and suppose it is a.s.
piecewise continuous and differentiable. Let

Ae,0) = {w e Q: |[Fw;0+ 1) - Fw;0 - 1e)| > Bw)lel},  (2.6)

(with equality) for some given random bound B > 0, and suppose it fulfils the
conditions of a critical event. Then

9 9 ,
—E[FG0) =E ﬁp(-,e)] FE[AF] ). (2.7)
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Proof. On the complements A(e, H)E the conditions are fulfilled for the exist-
ence of the pathwise derivative using the bound of |F(w;0 + %E) —F(w;0 —
%e)l < B(w)|el|, which is a Lipschitz condition. Hence we have a.s.

. F(w;0 + 38) - F(w;0 — 3¢) P
firm - e Ly = @F(';H) (2.8)

and the bound implies by dominated convergence that

F(;0+ €)= F(50 - 3¢)

&

lim[E
e—0

0
aeor | =E [%F(';Q)] . (2.9)

Next, the assumptions on the critical event together imply

__[F(;0+38)~F(50-3¢)
limE - Lieo (2.10)
1
=i Bl (g 1) JAEO)
_16%1[E[(F(,9+25) F(:0 25)) ] (2.11)

=l [F56 + Je) - (50~ 3o | Ae, ) T oo

=E[Ap]py (2.12)
where uniform integrability was required for convergence of the means. Tak-
ing the limit from the left yields instead as the final line E [-Ag] (—pp) where
the two signs cancel out, so that the limits are equal and the limit as € — 0
exists. Partitioning on the two sets and taking the limit yields the result. [

The preceding theorem introduces in a very abstract manner the notion of
the random jump Ar. One may instead understand this through the concept
of the alternatives F (w;0") := lim, o F(w;0 +¢) and F(-;07) :=lim, o F(w; 60 —
€). If we let Q be the resulting probability measure from the weak conver-
gence to Ap, which informally describes the distribution between different
discontinuities conditional on a jump occurring, we can take the limits point-
wise for each w € supp Q, and note they exist using the integrability of jumps
and piecewise continuity of F. Then

E[Ag] = f(F(a);GJ“) —F(w;67)) dQ(dw). (2.13)

At the occurrence of a critical event, two very different performances are pos-
sible simply by infinitesimally perturbing 0. Since the performance depends
on 6 through the sample path, these two different performances really come
from two alternative limiting sample paths. With this perspective we can in
many cases obtain a much more illuminating description of the alternative
than the abstract definition. Note that the corrected estimator requires us to
sample the alternative trajectory, so a better understanding of it will hope-
fully allow us to do so efficiently.

In practice, characterizing a ‘complete’ critical event as in theorem 2.5 can
be difficult. The possibility of discontinuities can depend on the sample path
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(and thus @ might be too complicated). We extend this theorem to a version
where we have a collection of critical events, and want to apply a filtered ap-
proach. The introduction of a filtration will later allow us to exploit Markov
structure in the underlying process in our characterization.

Definition 2.6. Let {%}?LO be afiltration. A filtered collection of critical events
(FcCE) for the performance F(-; 0) is an event A* (¢,0) and a collection of events
{A;(e,0)}Y |, all pairwise disjoint, such that A;(¢,0) € &; for € # 0 where

A*(e,0) = {w e Q: [F@;0 + L&) — Fw;0 - 1&)| < Bw)lel} (2.14)

for some integrable random bound B > 0, and it holds

(i) there exists a limiting complement event A*(0) which has probability
1, where we have for all w € A*(0) that limg 140 (@) =1,

(ii) P(A"(,0) UUY, 4;(e,0)) =1-0(e),
(iii) foralli=1,...,N

a) the conditional critical rate wf = limg % Ela,c0) | Fi-1l as. ex-
ists and is uniformly bounded, and

b) the conditional distributions given A; (¢, ) of the conditional per-
formance discontinuities E[F (-;0 + %e) —F(;0- %e) | &;_,] are uni-
formlyintegrable, and converge in distribution as € | 0 to an integ-
rable random variable [E[Ag) | Z,;_,1, called the conditional jump.

Theorem 2.7. Let F(w;0) be a performance functional defined as above, and
suppose it is a.s. piecewise continuous and differentiable. Let {F;}Y., be a fil-
tration, and let A* (¢,0), {A; (e, 0)}1i\i1 be an FCCE for F. Then

) )
S5 E[FGO)] _[E[EF(-,H)] +E (2.15)

i

N
Y E[AY | F | wf .
i=1

Proof. The hypothesis (i) on the FCCE ensures that, following exactly the same
argument as in theorem 2.5 but taking the limit on A* (¢, 6) instead, the path-
wise derivative is applicable on A*(6).

Furthermore, by hypothesis (ii) the FCCE is ‘sufficiently close’ to a partition to
capture the perturbations; the remaining complement will have probability
o(e) and thus vanish through a ‘partial integration’ as in theorem 2.5.

The final step is to partially integrate each term belonging to a critical event
A;(g,0), similar to the argument in theorem 2.5, although this time condi-
tional on %;_,. The product converging to the critical jump and critical rate

10
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are by FCCE hypotheses (ii) and (iii) uniformly integrable and still converge
in distribution. Hence

F(50+1e) - F(50 - 3¢)

£

limE
€lo

14,6 ‘ (2.16)

W)
E

E

(2.17)

)

i 20+ 1e)—F(:0—1
=limE (F(;0+30) - F(;0 - 3e))

] P(A;(€,0) | F_y)

£

=limE [[E [F(-;H +3€) —F(50—3€) | Ai(e,0), F;_,
€lo

(2.18)
=E[E[af | 7| w?]. (2.19)

Again, by a similar argument as in theorem 2.5 the left limit leads to two signs
that cancel each other, so the limit as € — 0 exists. Partitioning on the FCCE
and taking the limit yields the result. [

We close this subsection with a few examples to illustrate the practical use
of our stratified derivative definitions, which hopefully yields some intuitive
understanding for the abstractions.

Example 2.8 (Bernoulli parameter). Let (Q,%,P) = ([0, 1], % 1;,Leb). Con-
sider now F(w;0) = 1,g4,(w), so that F(;0) ~ Ber(f). Obviously E[F(;0)] =6
and hence a% E[F(-;0)] = 1. But F is also piecewise constant, so the pathwise
derivative is a.s. zero. We instead apply theorem 2.5.

The finite difference in performance occurs if the same w ends up in different
branches. We have a clear characterization of the critical event A(e,0) = (0 —
2€,0 + 2¢] (with say B = 1 a.s.). Then we compute the critical rate

P((O - 3¢,0 + 3€]) ,
. =1 w 1=p, (2.20)

and finally, since the performance discontinuity is 1 for all w € A(g,0), the
jump sequence is a fortiori uniformly integrable with A =1 Q-a.s. and Q =
0p the Dirac measure on 0, as this is the only jump point remaining in the
limit. In this very simple example we could thus characterize the conditional
distribution fully. By theorem 2.5 indeed % E[F(-;0)] = E[A] pé =1.

Example 2.9 (Geometric parameter). Consider now X, ~ Geom(6) defined
asPXy=k)=(01- 0)%16 for k = 1,2, ... i.e. the number-of-trials definition.
Then E[Xg] = 1/0 and hence % E[X,] = —1/6%. If we were to use a direct inver-
sion of the cumulative distribution function and simulate a uniform latent,
then F (w; 0) = [log(w)/log(1—0)]1. We then have countably many discontinu-
ities in F that get arbitrarily close to each other. Hence, it seems difficult to
produce a valid characterization of a complete critical event for a fixed € > 0.

However, we have considerable freedom on the underlying probability space.
Let (Q, #,P) = ((0,00), B(p,00), Pexp) with the cumulative distribution function

11



2.1 STOCHASTIC DERIVATIVES

Pe(0,x] =1—e77, i.e. an Exp(1) probability measure. One can imagine this

as using exponential latents in the simulation procedure. Then let F(w;0) =

[—w/log(1-0)]. We now have equidistant jumps of size —1 (because increas-
ing 6 will lower the number of trials) concentrating on points —k log(1-6), k =
1,2, .... The critical event will now be the union of intervals about these points

(—klog(1-0+¢/2),—klog(l1-0—-¢€/2)], k =1,2,..., and for sufficiently small

€ we may assume these intervals are disjoint, so that

P(A(e, 0)) _ 1 io: (eklog(1—9+€/2) _ eklog(l—@—e/Z)) (2.21)
€ € k=1
1 —4¢ 1 ( )
== — — 2.22
€ €2—-40? o 0?

and we once again recover the derivative as —1/6% by theorem 2.5. Therefore,
there is considerable value in selecting the right coupling for our derivatives.

2.1.3 Score method

A different approach to stochastic derivatives is to differentiate the meas-
ure corresponding to X? rather than the simulation path itself, and we very
briefly cover this as the main alternative to the estimators of the thesis. One
general estimator is the score method [4, 18], also known as likelihood ratio
method [19] and REINFORCE. It relies on the score, defined for a distribution
with density 7 (x;0) as

2 7 (x;60)
ilogzt(x;B) =9

0 7 0) (2.23)

by a classic calculus identity. Under suitable conditions this allows us to ob-
tain an unbiased estimator; let X% ~ 7 (x; ), then

0 oy _ 0 ) dy = 9

@[Exaw(x;g) [fX)] = %ff(x)n(xﬁ) dx—ff(x) agn(x,e) dx (2.24)
:ff(x) [%logn(x;@)} m(x;0)dx (2.25)
= Bt nin | [ 0C) 2 logr(xc%36)| (2.26)

by exchanging the derivative and integral. Hence the derivative can be estim-
ated with the same sampler by changing the performance function appropri-
ately. The conditions are fairly weak for distributions supported on R:

Theorem 2.10 ([18, section 2]). LetX? be distributed according to the density
7 (x;0) parameterized by 0 € ©® where © < R is an open interval. Suppose that

(i) forall x € R, n(x;0) is continuously differentiable in 0, and

(ii) there exists an integrable function h : R — R such that, for all 0 € ©,
|[f (0 27 (x;0)| < h(x).

12



2.2 POISSON PROCESSES 13

0 0
g Ex0-rx0 XD =Exorin) f(Xe)@ logn (X% 0) (2.27)
that is, the score method yields an unbiased estimator for the derivative of the

expectation.

Remark. As a special case, by taking f = 1 constant so the left-hand side is
the derivative of a constant, we see that the expected score is zero.

The score method is appealingly simple and completely general with respect

to the distribution, and unlike the pathwise approach does not require a coup-
ling. The estimator is unaffected by large magnitudes of performance deriv-
atives, but the variance of the score method estimator grows with the dimen-
sionality of the parameter space while the variance of the pathwise estimator

is bounded by the squared Lipschitz constant of f. Therefore, no approach

is uniformly better; for further reading, [4] contains some simple simulation

studies that compare the variance of estimates.

2.2 POISSON PROCESSES

Poisson processes, ubiquitous in probability theory, appear in this thesis as
important tools. We summarize the necessary definitions and results, adapt-
ing them principally from Cinlar & Sollenberger [20, chapter 4].

Definition 2.11 ([20, 4.7.1]). An inhomogeneous Poisson process (IPP) is the
process {N,},. valued in N, = {0,1, 2, ...} defined by

(i) Ny=0,
(ii) r — N, is (weakly) increasing and cadlag,
(iii) t — N, a.s. only increases by jumps of size one, and
(iv) forallt, h =0, theincrement N, ,—N, isindependent of the past {N}o_s;-

We define the corresponding cumulative intensity function (CIF) of the IPP as
A(t) =E[N;],t =20. Wecall t; =inf{t = 0: N, = i},i € N, the ith arrival time
and 1; = t; — t;_y,1 €N, the ith interarrival time (with ¢, = 0).

Note that the CIF is (weakly) increasing and right-continuous by monotone
convergence ensuring it inherits these properties from the 1PP [20, 5.7.2].

Definition 2.12 ([20, 4.7.11]). Let {N,},,, be anIPP. If there exists A : [0,00) —
[0,00) such that for the corresponding CIF A(#) it holds that

t
A(1) :f A(r)dr (2.28)
0

we say that the IPP has intensity or rate A(t). If the rate is constant A(f) = A
we say that the IPP is homogeneous.

Intuitively, A(t) dt represents the infinitesimal probability of an event occur-
ring in the infinitesimal time interval [z, t + dt].



2.2 POISSON PROCESSES

Definition 2.13 ([21, 2.1]). Let A : [0,00) — [0, 00) be (weakly) increasing and
right-continuous. Then it has a pseudoinverse A~ : [0,00) — [0,00) defined
by

A" (w) =inf{t =0: A(t) = w}, (2.29)
i.e. where there are multiple candidates for ¢ such that A(#) = w, we pick the
one making A" left-continuous.

Note that where A islocally constant we have a jump discontinuity in A~ and
vice versa, and A~ is itself (weakly) increasing by construction. Furthermore,
if A is strictly increasing, then it is invertible and the inverse A~! agrees with
A™. The pseudoinverse has an important theoretical use in describing the
distribution of arrival times:

Proposition 2.14 ([20, 4.7.7-8]). Let {N,},., be an IPP with continuous CIF.
Then {Ny- )} ;=0 is a homogeneous Poisson process with unit rate. In particu-
lar, for two consecutive arrival times of N it holds that A(t,.,)—A(t,) ~ Exp(1),
and each such increment is independent of the others.

Corollary 2.15 (variant of [20, 4.7.10]). Let {N,},., be an IPP with continuous
CIF. Then
P(t,  >t]t,...,t,) = e [AEatO-AW)] (2.30)

and if the rate A(t) exists then we further have

tp+t

P(T,1 >t t,...,t,) = e Jum (2.31)
Ferittint, 101 o 1) = AL, + D) e ¥ =0, (2.32)

.....

A(r)dr

Note that the interarrival times need not be independent of each other.

Hence, an IPP can be simulated through sampling independent latents n; ~
Exp(1), i € N and computing arrival times t; = A™ (A(t;_;) +1;), i € N. Inver-
sion is not the most numerically efficient way to simulate an IPP in general,
as computing A~ may be intractable, and in practice some variant of thin-
ning is often used (see e.g. [22]). We are not concerned with the details of
simulation in this thesis, preferring the theoretical connection provided by
inversion.

Our final set of results concern superposition and thinning, where 1PPs pos-
sess a remarkable closure property.

Theorem 2.16 ([20, variant of 4.4.2 using 4.7.9]). Let {Nt(l)}tzo be an IPP with
CIF A\, and let {Nt(z)} t=0 be an IPP with CIF A\,, both independent of each other.
Then the superposition {N" + N}, is an IPP with CIF A, + A,.

Theorem 2.17 ([22, theorem 1]). Let {N;},., be an IPP with rate A, and let
p(t) : [0,00) — [0,1], interpreting p(t) as the time-dependent thinning prob-
ability. Construct {N'},., by counting the ith arrival of N independently with
probability p(t;), and construct {N} ,}tzo as NY =N, - N}. Then{N'},., and
{th’}tzo are independent IPPs with rate p (t)A(t) and (1 —p(t)) A(t) respectively.

14
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2.3 PIECEWISE DETERMINISTIC MONTE CARLO

The class of Monte Carlo methods that we study in this thesis are based on
piecewise deterministic Markov processes (PDMPs); thus we term them Piece-
wise Deterministic Monte Carlo methods to contrast with the more widely
known Markov chain Monte Carlo (MCMC). PDMP-based samplers are a fairly
recent development, with most literature appearing in the last decade.

There are several motivations behind their development. Firstly, these contin-
uous-time non-reversible methods are more efficient, in the sense of mix-
ing time to the target distribution, than the classic discrete-time reversible
MCMC counterparts such as Metropolis-Hastings. The need for fast mixing
has also motivated further development of new MCMC methods, such as the
common Hamiltonian Monte Carlo. But unlike Hamiltonian Monte Carlo,
PDMP-based samplers do not rely on approximate integration for the dynam-
ics, instead truly yielding a continuous sample path. (3, 23]

Secondly, they require only the gradient of the potential of the target distri-
bution, i.e. Vi (x) = V[-logm(x)] where n(x) is the target density. The nor-
malization constant, often intractable, then disappears from the expression.
In the particular case of a posterior formed by a product over data point like-
lihoods, Vy (x) becomes a sum. This implies a computational efficiency par-
ticularly suitable for modern Big Data workloads, and there are even schemes
which use only an unbiased estimate of Vi from subsampling the data but
still sample from the target distribution. [3, 23]

Ultimately, estimating expectations with any Monte Carlo method relies on
the same fundamental result, the ergodic theorem. It allows us to pass from
the invariant or stationary distribution, i.e. a distribution preserved by trans-
itions over any finite time interval, to long term behaviour:

Theorem 2.18 (special case of [24, theorem 5.1], see also [25]). Suppose{Z? }20
has an invariant distribution pg on its state space E and is ergodic, letf : E — R
be g -integrable, and suppose t — f(Z?) is a.s. locally integrable. Then a.s.
1T

lim ?fo fZ%dr = fEfdug = Exo., [ X%)]. (2.33)

T—o0

The precise definition of ergodic for a Markov process beyond the intuitive
‘mixing to a unique invariant distribution no matter the starting state’ is out
of scope here, and in general proving that a PDMP is ergodic is a non-trivial
undertaking. However, if we have ergodicity we have a consistent estimator
for the expectation wrt the target distribution .

We first define piecewise deterministic Markov processes (PDMPs). Then we
consider two particular PDMP samplers: the Zig-Zag sampler and the Bouncy
Particle sampler. For further reading, a more in-depth but still accessible sur-
vey is that of Fearnhead, Bierkens, Pollock & Roberts [3]. We focus on the case
of target distributions that are absolutely continuous wrt the Lebesgue meas-
ure and supported on R%, but extensions are possible, see [26, 27].

15
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—40 1 1 1
0 100 200 300

(a) 1D Zig-Zag sampler targeting a bimodal (b) 2D Bouncy Particle sampler targeting

distribution (see example 3.15). Position  a Gaussian mixture (see example 4.11).

(vertical) over time (horizontal). Phase portrait in the x, x,-plane.
p 1*2-P

Figure 2.1: Example trajectories of the two PDMP samplers we consider.

2.3.1 Piecewise Deterministic Markov Processes (PDMPs)

PDMPs were introduced by Davis [28, 29] to provide a common theoretical
framework for, in his words, ‘non-diffusion models of applied probability’.
Many common types of stochastic processes, such as Markov chains (both
discrete- and continuous-time), IPPs, renewal processes, and queues can be
formulated as PDMPs, connecting results from these fields together. We will
here consider a slightly simplified definition suitable for our purposes.

Definition 2.19 ([29, section 24]). A piecewise deterministic Markov process
(PDMP) is a continuous-time cadlag stochastic process {Z,},., on a state space
E < R" described by its local characteristics:

e Adrift¢ : E — E, alocally Lipschitz vector field such that we have a flow
@(t,zy) = z(t) with z(t) given by the solution to the ODE

dz _
dr

This flow ¢ will describe the deterministic behaviour of the process
between random events. We assume that the flow does not explode
at a finite time unless the process would cross a boundary of E; for a
more rigorous treatment of this technicality see [29, pp. 57-58].

&(z), z(0) =z, € E. (2.34)

e Arate A : E — [0,00) such that for all z, € E, there exist € > 0 such that
Alp(t, zy)) is integrable on [0, €).
Then t — A(@(t, zy)) is a suitable rate of an IPP, from which we draw the

time to the next event along a segment starting at z,. We assume the
time to the next event is a.s. finite.

* A transition kernel Q(z,dz') such that for each z € E, Q(z,-) is a prob-
ability measure on [E, 28] with 28 the Borel o-algebra on E.

16
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The kernel determines the distribution of random transitions from state
z on an event. (One often assumes that there are a.s. no self-transitions,
thatis for all z € E we have Q(z, {z}) = 0, to ensure A truly describes the
rate of jumps, but this is not strictly necessary.)

Now, construct{Z,},,, recursively as follows. Given the current state Z, (with
t, = 0and Z; € E fixed):

1. Sample the next interarrival time 7, as the first arrival of the 1PP with
rate A(@(t,Z,)), and let 1}y = I} + Ty

2. Fors e [ty, ty) weletZ, = (s — 1, Z;,).
3. Sample the transition Zio ™ Q((p(Tk+1,Ztk), .
We assume that the expected number of events on [0, ¢] for fixed ¢ is finite.

Hence, a sample trajectory of a PDMP is entirely described by the correspond-
ing sequence of events with times and new states, since the deterministic dy-
namics are followed in between. This description in terms of skeleton points
will frequently be used throughout the thesis.

The construction in the definition directly suggests a scheme for simulating
a PDMP, where the main difficulty is tractable simulation of the interarrival
times. Explicitly connecting the simulation to IPPs allows us to make use of
the techniques discussed in the previous section. Furthermore, the construc-
tion hints that a PDMP indeed is Markov:

Theorem 2.20 ([29, theorem 25.5]). APDMP{Z,} . satisfies the strong Markov
property: Let &%, = 0(Z,,0 < r < t) be the natural filtration, let T be a &, -
stopping time, and let f : E — R be bounded and measurable. Then for s = 0

[E[f(ZT+s)1{T<oo} | Frl = [E[f(ZT+s)1{T<oo} | Zr]. (2.35)

In particular, the event arrival times are stopping times, so the evolution of
the process on each segment only depends on the state at segment start, and
is independent of the trajectory up to that point.

2.3.2 Zig-Zag sampler

Definition 2.21 (adapting 30, section 2.4.2]). Let yy be a probability distri-
bution on R parameterized by 8 € O, such that py has a density 7y with re-
spect to the Lebesgue measure. Write 1 (x;0) = —logmy(x) for the corres-
ponding potential. The Zig-Zag sampler targeting p, is a PDMP with state
space E = R x {+1,—1} characterized by

e drift corresponding to uniform motion (i.e. no acceleration)
¢x,v) = (v,0), (2.36)

e event rate 5
Alx,v;0) = max{O, vau/(x;e)}, (2.37)

17
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¢ and transition kernel
Q(x,v,dx',dv") = 6,(dx"6_,(dv") (2.38)

corresponding to deterministically flipping the sign of v on an event.
Theorem 2.22 ([23, theorem 2.2 and proposition 2.5]). Let uy be a probabil-
ity distribution on R with potential y € €", such thatlim,_, %w(x) = 400.
Then the one-dimensional Zig-Zag sampler targeting |y has invariant distri-
bution pg ® Unif{—1,+1} and is ergodic.
For brevity, we will write Z, for the positional component of the sampler only.
The Zig-Zag sampler in one dimension was first proposed by Bierkens & Roberts

[31]. This was then extended in [23] to multiple dimensions, best understood
as parallel event ‘clocks’ that flip each coordinate of the velocity.

2.3.3 Bouncy Particle sampler

Definition 2.23 (adapting [30, section 2.4.1]). Let uy be a probability dis-
tribution on R parameterized by 6 € ©, such that y, has a density 7, with
respect to the Lebesgue measure. Write ¥ (x;0) = —logmy(x) for the corres-
ponding potential. Define the reflection update rule

V'V, v (x;0)

Rx,v)=v-2
) =0 012

V. (x;0) (2.39)

corresponding to an elastic reflection tangential to the gradient of the poten-
tial, whence we derive the adjective bouncy.

Then, the Bouncy Particle sampler is a PDMP with state space E = R? x R4
characterized by

e drift corresponding to uniform motion (i.e. no acceleration)
v
$(x,v) = (0), (2.40)

e event rate
A(x, v;0) = max{0, vV, (x;0)} + Ao (2.41)
for some constant refreshment rate A.; = 0, and
e transition kernel
5, (dx")

Q(x,v,dx,dv):m

(Ao (dv) + max{0, v'V, y (x;0)}0 1. ) (dV")

(2.42)
for the velocity distribution p = N(0,1%).
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A possibly more intuitive interpretation of the event rate and transition ker-
nel is as a race between two times, each with rate corresponding to one of
the terms. The transition kernel corresponds to either reflecting or refreshing
depending on the winning time with the position unchanged. Such a formu-
lation is equivalent by superposition/thinning results for 1PPs. [30, section
2.4.1]

Theorem 2.24 ([32, proposition 1 and theorem 1]). Let uy be a probability dis-
tribution on R with potential w € €". Then the Bouncy Particle sampler tar-
geting g has invariant distribution e ® p. Ifadditionally A, > 0, the sampler
is ergodic.

Without refreshments one can find counterexamples where the sampler gets
stuck, unable to explore the whole space (see [32, section 4.1]). For brevity,
as in the previous section, we will write Z, for the positional component of
the sampler only.

It will be convenient for us to augment the sequence of skeleton points with
information about whether a reflection or a refreshment occurred on the
segment. This can be done formally by moving to the state space E' = E x
{reflect, refresh}, letting the drift be zero on the new component, and adjust-
ing the transition kernel to transition into the appropriate state. The main
reason this is not part of the definition is that it adds unnecessary complica-
tions in formulating the invariant distribution.

The Bouncy Particle sampler was first proposed by Bouchard-Co6té, Vollmer
& Doucet [32]. It may be interesting to note that it in one dimension is equi-
valent to the Zig-Zag sampler (without refreshments).
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DIFFERENTIATION OF THE
Z1G-ZAG SAMPLER IN ONE
DIMENSION

The first concrete problem in this thesis concerns the Zig-Zag sampler in one
dimension. Given a target distribution py on R parameterized by 8, and a
function f : R — R, our goal is to use a trajectory of the sampler to estimate
% Exo-p,[f (X %)]. The extension to gradients of parameter vectors is naturally
done through all the directional derivatives along coordinate axes.

Our standard setting in this chapter is the following:

Assumption 3.1. Let {Z! }T_, be a Zig-Zag sampler targeting a distribution
Uy parameterized by 0 € © < R (in particular, y, satisfies the assumptions in
theorem 2.22). Let f : R — Rbe such that the expectation Exo_,, [f (X9)] exists
and is differentiable wrt 6. Furthermore, the potential ¥ (x;0) corresponding
to g is €°. We identify trajectories of the sampler with the sequence of skel-
eton points {(z;, x;, )},

The outline of this chapter is as follows: To obtain such an estimator, we
begin by constructing a coupling for derivative analysis. We then split the
problem into differentiating the integral that estimates the expectation from
the sampler, and differentiating the actual trajectory segment-by-segment
through the pathwise derivatives of events. This suffices for unimodal g,
where we in fact can prove consistency. In the general case, we must in addi-
tion handle jumps in the perturbed trajectory where the difference in expect-
ation is not Lipschitz by a stratified derivative. This requires us to develop
understanding of when such jumps occur, and how to sample them. The end
result is an unbiased estimator of the derivative of the expected performance.
We close this chapter with some examples and simulations.

3.1 SHADOWING COUPLING

As put forward in the discussion of stochastic derivatives, we require a coup-
ling between the two trajectories to produce single-run estimators for the

gradient wrt 6 of the expectation. The ideal result in the case of a finite per-
turbation ¢, in the sense of having stable variance properties, should resemble
a copy of the trajectory almost following the other one, hence our name shad-
owing coupling.

The ‘randomness’ of the Zig-Zag sampler comes entirely from the underlying

IPP that drives the event times, since the dynamics are deterministic and all
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<

Figure 3.1: A shadow trajectory (purple) obtained through coupling with a primal
trajectory (black), for a perturbation of a small but finite e. Compare with
the completely independent new trajectory (teal).

transitions are reflections. If these are driven by the same latent independent
randomness we hope to obtain the necessary coupling between the primal
and shadow trajectories (fig. 3.1). The simplest such connection is provided
by the inversion method. Our shadowing coupling is then achieved by invert-
ing the inversion to provide an (a.s.) differentiable connection:

Definition 3.2 (Shadowing coupling, Zig-Zag). Let {Z°} tTgo denote the primal
trajectory, which is perfectly described by the sequence of interarrival times
{Tl-}»li\i1 and the starting state. Corresponding to perturbing 0 by ¢, form the
shadow trajectory {Zf e tTZBE with the new sequence of interarrival times {T;}ﬁl
defined by

1= A7 (A;(1;0);0 +e). (3.1)

where A; is the CIF of the corresponding 1pP for the ith event. (Note that the
dependency of the CIF on 0 is nontrivial, as it also depends on the state at
the start of each segment which itself may depend on 6.) The one-to-one
relationship between events implies that the shadow trajectory has the same
number of events N as the primal trajectory (which is a priori random), and
hence may have a perturbed total duration Ty,

3.2 SMOOTH CASE

We can now use the shadowing coupling to analyse the sensitivity of the es-
timates, ostensibly taking the limit between the trajectories as € — 0. This is
done in two stages: first pathwise differentiating the expectation functional
(the integral or performance) with respect to the trajectory, and then path-
wise differentiating the trajectory with respect to the parameter. Hence, this
section works under an important assumption:

Assumption 3.3. The CIF of the IPP on a segments in the sampler is invertible
in time on (0,00), and the inverse is differentiable in 6. Intuitively speaking,
infinitesimal perturbations of the parameter translate to infinitesimal per-
turbations of the trajectory.
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This is a fairly strong assumption which does not hold in many common
cases, and to avoid it requires extensions deferred to the next section, but
it holds in e.g. the case of a unimodal target distribution.

To build intuition, consider simply stretching the process trajectory infinites-
imally at each reflection as in fig. 3.2. Since we must keep unit velocity, this
corresponds to an infinitesimal delay ¢ at each reflection, incurring the same
delay when returning ‘home’ for the next reflection. The need to return is due

Figure 3.2: Illustration of uniformly delaying a trajectory by .

to the inability to reflect when moving towards the mode, which the process
does immediately after reflecting. The result is that we accumulate the delay
in arrival times over time; a local perturbation has global effects. However,
the relative position of the reflection points only change by +¢, and this mo-
tivates focusing on the sensitivities of these points, as is done in the analysis
that follows.

3.2.1 Derivative of expectation functional

First, given the sensitivities of the reflection points, how does the perturba-
tion affect the expectation functional?

Lemma 3.4. Under assumption 3.1, suppose the sensitivities of the reflection
positions % (which are in fact pathwise derivatives of random variables) are
well-defined and exist (a.s.) for all i.

Then the (a.s.) derivative wrt 0 of the functional estimating the expectation

o, 1 [T o
Fz? = —f fZz9dr (3.2)
Iy Jo
is given by
0 o, 1 Y ) 0 1 0x;
@F(Zt) = ?e i:ZI(Z— 1, (D) (f(x,-) - F(Z, )) (—Z 30 ) (3.3)

Proof. Use the shadowing coupling (definition 3.2) in order to consider the
difference in the functional between the primal trajectory {Z? tTiO and the
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shadow trajectory {Z; 9+€} b+ for some €. Note that T = T, since the coupling
fixes the number of events and hence the total time may depend on 6.

Tpse 1 T
F(Z%) - F(Z0) = f V- o f "fzhar  (3.4)
7]

0+¢ VYO
“ T (f fziydr - f f(Z”)dt) (3-5)
+(TH+€ ) f Fz0 de (3.6)

The difference in each reflection position is %8 + o(¢g). This contributes to
a difference in the integral on each adjacent segment, with special cases of
the starting point being fixed and the ending point contributing half, by the
fundamental theorem of calculus and using that v; = —v;_;:

(3.7)

o 1 [~
agfllf(x,1+v, lr)dr—% — lef(u)du

10
- xf( p

i—1)- (3.8)
Vi1

Outside of the reflections, the coupling ensures that the shadow trajectory
follows the primal trajectory perfectly albeit with a time shift, thus cancelling
each other’s contributions. Hence the first term in eq. (3.5) is

10
L S o1 (0 ) (——%Ho(s)) (3.9)
O+¢e i=1

Similarly, the unit speed of the Zig-Zag implies that the shadow trajectory
reflection times are perturbed by the same amount, so that

1 O0x
T+ — T0+Z(2 l{N}(z))(——£5+o(e)) (3.10)

which may be inserted into eq. (3.6), and by the chain rule

L _1__ Z(z 1, (D) ——aig+o(g) (3.11)
T Y] e >
Now divide by € and take € — 0 in both expressions. O

Remark. Note that the result holds even if f is not differentiable, as in our
common example of estimating the probability of some event A, where we
have f = 1,. Furthermore, the derivation does not depend on the form of
the rate, abstracting it away behind the point sensitivities.
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3.2.2 Pathwise derivative of segments

We continue by determining the reflection point sensitivities.

Lemma 3.5. Under assumption 3.1, then (a.s.)

CL1ox; [ 1 0x | Alxiy,-4;0) _ﬁ xfil%(y,v,-_l;ﬂ)dy (3.12)
500 | v, 96 Ay, vr1;0) Ay, v 1;0) 3

fori=1,2,...,N.

Proof. We consider the effect of a perturbation segment by segment; by ap-
peal to the strong Markov property, the starting point of the segment is suf-
ficient to reason about the evolution on the segment. A perturbation in the
end point of a given segment can therefore come from perturbations in the
starting point of the segment and/or perturbations in the actual dynamics
along the segment.

For the ith segment, denote by
t
L;(t;6) :fo AX;_q + V7, v;_1;0) dr (3.13)

the CIF of the corresponding IPP with the starting point fixed. Let ;' be the
corresponding inverse in time. Assumption 3.3 implies that L; is strictly in-
creasing and differentiable, hence truly invertible with differentiable inverse.
(Without this assumption, the preceding only holds a.e., but we can still pro-
ceed in those cases, albeit obtaining a weaker result of a.s. existence.)

Suppose we have an arbitrary perturbation € of 8 such that the previous re-
flection is delayed by §,, instead occurring at ¢;_, + 6,. A direct consequence
is the perturbation of the starting point of the segment to x;_, — v;_,0,. (The
sign comes from the fact that v;_, is the velocity after the reflection, so that
—V;_; = V;_,, the actual incoming velocity. Working with the perturbation in
time leads to more concise notation in what follows.) Hence

t
A;(t;0+¢€) = f AX;_y+v;_(r=90,),v;_1;0 +€)dr (3.14)
0
is the CIF of the resulting perturbed IPP.
Now
t
A;i(t;0+¢) = f A+ v (r=96,),v;_1;0 +¢€)dr (3.15)
0
-6
= f Alx;_y + v 1, 0;_;0 +€)dr (3.16)
-8,

0
=L;(t-0,0+¢) +f AX;_y + v, 1, v 0 +€)dr (3.17)
-5,
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3.2 SMOOTH CASE

where we extended the domain of L; appropriately if 6, > 0, and so inverting
w = A;(t;0 + €) in time yields

0
A (w;0+¢e)=L;" (a)—f Ax; + v 1,0, ;0+€)dr;0+€|+5,.. (3.18)
-5,

We must now expand this in terms of the perturbation ¢ in two steps. First,
nothing that §, depends on ¢, let

0
I(e) = —f AX;_y + V1, V;_;0 +€)dr (3.19)
_66
so that

-5,
I(e) = f A+ v v 0 +€)dr = —A(x;_;,v;_1;0)0, +0(e)  (3.20)
0

by application of the Leibniz rule (theorem A.2, using that the inner 6-derivative

vanishes as € — 0). Hence, by the chain rule

oL! -1
AN w;0+¢€) =L (0;0) + —— (w;0) - 1(€) + ——(w;0)e + 5, + 0(e) (3.21)
! ow 00
oL;! .
=L (0;0) + |1 - ——(@;)A(x;_, v;_1;0) |6, + —— (; 0)e + 0(e)  (3.22)
Oow 00

By application of the inverse function theorem (theorem A.1) to ¢ = L} (w; 6)

oL ! 1 1

i

(w;0) = = (323)
0w LT @;0;0)  ALioy+ Vit v;130)
oLy MU @050 —pn iy B0 v 0 dy
(@;0) = 5 —————= — (3.24)
00 (L N (w;0);0) A+ V218,043 0)

ot

where the last equality performed an interchange of the integral and derivat-
ive, valid even though % may only exist almost everywhere by the fact that A
is continuously zero at those points where g—g may fail to exist.

The final detail is to determine §,.. One may think it is equal to the previous in-
terarrival time perturbation, but that is too simplistic; the previous segment
can itself be perturbed by both sources of perturbation. By definition of the
reflection point sensitivity, as the point must move in space and time simul-
taneously, the delay is precisely

1 0x;,

0. =— o 00 e+o(e). (3.25)

. . . OAT! .
and now egs. (3.22) to (3.25) combine to the desired derivative % (s;60) which
can be used with the shadowing coupling (definition 3.2) to determine the in-
terarrival time sensitivities accounting for both sources of perturbations as

or; (_ 1 ax,._l) (1 B Alx;_y, vi_l;H)) _ ﬁfxfil %(J/r vi_1;0) dy (3.26)

90 v;_, 00 Ax;, v;_1;0) Ax;, v;_1;0)
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3.2 SMOOTH CASE

Finally, the definition of the segments x; = x;_; + v;_, 7; yields a recursive ex-
pression for the sensitivity
1 0x; 1 Ox; 1 0x;_, Or;
o 2 T 2 el PR (3.27)
v; 00 wv,_, 00 v;_, 00 00
with the initial position x, constant and having zero sensitivity. Inserting
(3.26) recovers the result. [

Remark. Only a single step here used explicitly that we are targeting the Zig-
Zag rate, and with some work it could be extended to a more general result;
additional conditions might be required for the Leibniz rule in eq. (3.24) to
apply, without which one might be forced to leave the derivative outside the
integral.

This completes the work required to have an estimator under assumption 3.3,
as we can sequentially compute point sensitivities with lemma 3.5 that are
then used in lemma 3.4 to provide an estimate for the derivative. The next
step would be to prove unbiasedness of the pathwise derivative, by noting
that A~ is Lipschitz in 6 by assumption 3.3 and applying theorem 2.2 (as-
suming e.g. that the 0 of interest are a compact set, which poses no practical
restriction). We omit the details in favour of a later result.

Nevertheless, such pathwise unbiasedness results are subtle, implying only
that the finite-horizon pathwise derivative is an unbiased estimator of the
derivative of the finite-horizon expectation. This is desirable but not enough
for our final goal, since clearly a very short trajectory starting from a fixed
point need not mix and produce a good estimate for the target expectation.
We also want a strong consistency result, i.e. that the pathwise derivative es-
timator a.s. converges to the true derivative of the expectation; the error is
then only a matter of how fast it converges.

Theorem 3.6. Under assumptions 3.1 and 3.3, the estimate of the derivative of
the expectation functional derived from lemmata 3.4 and 3.5 is strongly con-
sistent, that is

0 01 — 15 0 0
g Exo- XD = Jim —F(Z])  as (3.28)

where F (Zg) is the finite-horizon estimatorup to T .

Proof. The key idea is to cut the trajectory into a sequence of excursions as
illustrated in fig. 3.3, hence establishing a regenerative structure, which al-
lows us to apply the strong law of large numbers to ‘interchange’ the deriv-
ative and limit in the ergodic theorem. This would be sufficient to apply the-
orem 2.3, but we will for illustrative purposes prove it directly.

Let my = max{x e R: %f(x;e) = 0}; for unimodal target distributions this cor-
responds to the mode. By hypothesis, my exists and the sampler will return
o0

to my infinitely often. Denote the times of upcrossings of my by {c; ¢}32,, and
note that they are (a.s. finite) stopping times for the sampler. The cut points
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3.2 SMOOTH CASE

Figure 3.3: Cutting a sample trajectory into i.i.d. excursions after burn-in.

for the excursions correspond to the times c; 3. Each such excursion corres-
ponds to a short trajectory of the Zig-Zag sampler with starting state (g, +1)
that is run until stopped at the next upcrossing of my. By the strong Markov
property, each excursion is independent and identically distributed. Let I;
be the integral along the ith excursion, i.e.

Cit+1,0 0
I; = fzyde (3.29)
Cio
andlet T; = ¢;,, g —c; g be the elapsed time. If the starting state is not (1, +1),
a ‘burn-in’ period until the first upcrossing is necessary, and we denote its
integral by B = [, f(29) dt.

We are now ready to connect the regenerative structure to the ergodic the-
orem. Consider a sequence of N excursions with possible burn-in. By the-
orem 2.22, Exo_, [f(X?)] =limy_,, F(Z,,  ,) a.s., while at the same time

CN+1,0
F(Z ) 1 fCN+1,Gf(Z9) dt B+Zi\i1[l ( )
= = 3.30
CN+1,0 CN+1,6 0 t Cl,e 4 Zﬁvzl T;
B+YN TI. N EI
BAPYSLY a1 (3.31)

N agrnin v BT,

by the strong law of large numbers. Using the regenerative structure, we have
thus related the true expectation to expectations of special finite-horizon es-
timators, allowing us to proceed with proving the consistency through the
use of finite-horizon unbiasedness.

We now differentiate pathwise wrt 6. Clearly % arei.i.d., since theyare based
on the separate excursions. It is less obvious that % are i.i.d., but note from
the form of the pathwise estimators in lemmata 3.4 and 3.5 that only parts
moving away from my, contribute to the derivative, each such excursion con-
taining two terms dependent on each reflection point. Furthermore, as the
performance is Lipschitz and the pathwise derivative is then unbiased by the-
orem 2.2, we remark that by extension these finite horizon pathwise derivat-
ives are unbiased estimates of the corresponding derivatives as well.

Hence, considering a sequence of N excursions with possible burn-in as be-
fore, we have the pathwise derivatives

0B N oI,

0 CN+1,0
2 79dr =22 45 %1 .
69[0 fdr=735+2 5 (332)
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3.3 GENERAL CASE

9 0 Y, 0T;
—C = —C —+ -, .
60 N+l,9 00 1,9 l:Zi ag (3 33)
so that
1 CN+1,0
9L Cenona) 1 &) (3-34)
3
1 a CN+1,H %CNi-l 0 CN+1,9
_ 9 (20 dp — N0 f % dt (3.35)
cn+1,0 00 Jo 1@ (CN+1,0)2 0 1@
ol; 9 N 0Ty N
_BILE (o0 + 2 5 (B+ 2 1) (3.36)
Lo+ XN T, N 2 .
: i=1 " (CI,H +2in Tz)
ol oT 90 .
a.s. lEo_el_[Ea_elEIl:%[EIl_(ag[ETl) [EIIZE[EII (337)
N-o ET; (ET)?> ET (ET))? 00ET,

by the strong law of large numbers applied similarly as before, and the chain
ruleinreverse using finite-horizon unbiasedness. However, we showed above
that E—;‘l = Exop, [f X %)] and so we have established the consistency along
the discrete sequence. Consistency for the continuous limit 7" — oo follows
by separately sandwiching numerator and denominator between full sets of

excursions for any given 7', and thus we are done. O

3.3 GENERAL CASE

Not every reasonable IPP that arises for the Zig-Zag sampler satisfies assump-
tion 3.3 of invertible CIF A with the inverse smooth in 8. It suffices that there
exist regions where the rate A becomes zero again, e.g. if the target is mul-
timodal. Then both parts of the assumption are violated: although A is not
uniquely invertible, we may form the pseudoinverse A~ and the inversion
method remains valid, but this results in jump discontinuities in A~ and we
now only have a.s. differentiability.

Then, lemmata 3.4 and 3.5 only hold a.s., and this is not sufficient in general
to construct an unbiased estimator: an infinitesimal perturbation of 6 can
then lead to a finite change in the expectation by ‘pushing’ reflections across
these regions where the process cannot reflect, as illustrated in fig. 3.4. We
call these regions where reflections cannot occur tunnels. Even though this
in the limit happens with probability zero the derivative can then fail to ex-
ist. The main difficulty is that we never observe this probability zero event
in practice when sampling our primal trajectory. Therefore, we require more
tools to capture this perturbation, which we now develop in this section, be-
ginning with a concrete example and culminating in a stratified stochastic
derivative estimator.
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3.3 GENERAL CASE 30

tunnel \

NS

Figure 3.4: ‘Losing the coupling’ due to a tunnel. A prototypical target density is
sketched to the right, showing how two modes can create a tunnel.

Example 3.7 (Truncated 1PP). Consider the piecewise constant rate A(¢;0) =
110,61u20,00) (£), 6 > 0. We obtain the CIF and pseudoinverse:

t, 0<tr=<@
t
A(t;e)zfo A0 dr =0 9<r<20 (3.38)
t—6, 20<t
w, O<w<0
A (w;0) = (3.39)

w+0, O<w

shown in fig. 3.5. Note that the pseudoinverse has a jump discontinuity at 6
with jump size 0, exemplifying the two ways 0 can affect such discontinuities.

Figure 3.5: CIF and pseudoinverse in example 3.7, for two different 6.

We can in the standard manner compute the expectation of the correspond-
ing first arrival time and then differentiate:

0 20 00
Et = f e tdt +f e fdrt +[ e dr=1+0e" (3.40)
0 0 20

9
5 Er=0- 0)e". (3.41)



3.3 GENERAL CASE

However, attempting to directly use the pathwise derivative obtained through
inversion (with the derivative that exists a.s.) fails:

ot OA™
i W(A(T;H);G) = 1(g,00) (A(T;0)) = 129 o) (7) (3.42)
ot 00 0
E|—|= 0 dr=e%+ —FET. .
a0 fze ¢ ¢ FT (3.43)

That is, even though we have a.s. differentiability, this is not sufficient to inter-
change expectation and derivative. The small perturbation becomes a large
difference if we ‘switch sides’ of the jump discontinuity. However, simply
from fig. 3.5 one can see that the stratified derivative will provide the missing

piece of the puzzle, because the jump is of size —0 with critical rate e /.

3.3.1 Tunnels and teleportation

We present an exact definition of tunnel and study the behaviour of traject-
ories interacting with them for finite perturbations ¢.

Definition 3.8 (Tunnel). Given an IPP with CIF A(¢), a tunnel T is a compact
interval [a, b] < (0,00) in time such that

e A(b)—A(a)=0,
e Ve>0 A(b+¢e)—Ab) >0,
e Yee(0,al Ala)—A(a—¢)>0.

This precise description makes clear that a tunnel is not only an interval of
zerorate, butalso has openings atboth ends a, b so thatreflections can poten-
tially occur both before and after. Hence there is no tunnel containing time
zero, even though the rate commonly is zero immediately after an reflection,
because no reflections can be pushed earlier than the start of the segment.
Of course, for the parameterized rates A(x, v;0) that we consider where the
time enters through the sampler state, a tunnel ¥(0) is also sensitive to the
parameter, and one can identify tunnel openings with two zeros of g—lfc’(x ;0).
The sign of v determines which zero corresponds to inf¥(0) = a.

For a given CIF A(¢) we can identify each tunnel in the corresponding 1PP
with one jump discontinuity of A™ (w). Indeed, if we have a tunnel ¥ and let
ws = A(inf%), then it holds that A™ (wg) = inf¥ and lim,, |, A™ (w) = supT
by definition of pseudoinverse. This connection can be used to succinctly
describe the critical set when the pathwise derivative fails.

Lemma 3.9. For a given CIF A(t;0) corresponding to one segment of a Zig-Zag
process with a single tunnel ¥(0), the set

Ale,0) = {w e (0,00 [A"(@;0+ 1) - A~ (30— 3o)| > alel}  (3.44)

fore + 0 and some bound a > o, is either empty or equals whichever is nonempty
Of (Wx(g-er2) Wz +er2)] OT (W3(g1e/2) D(0-c/2)]-
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3.3 GENERAL CASE

Proof. The argument is essentially illustrated in fig. 3.5; if the w considered
is between w«g_¢/s) and wg g, 2, then the resulting times land on different
sides of the tunnel and the jump contributes to the difference, ensuring the
difference does not become arbitrarily small. However, if w is such that the
times both land on the same side of the tunnel, the local 0-differentiability
of A ensures that it in particular is Lipschitz in the argument for this w and
hence fails to satisfy the condition. Finally, a is determined by the maximal
Lipschitz constant obtained on each of the piecewise derivatives of A™. [

Intuitively, if wgg_¢/2) < @ < Wgg4e/2), the perturbation causes the reflection
to be pushed before the tunnel, while if wgg,¢/2) < @ < Wgg_¢/2) the perturb-
ation causes the reflection to be pushed after the tunnel. In the special case
Wz g—e/2) = W g+e/2) the perturbation causes no jumps at all.

Corollary 3.10. In the limit, perturbing reflections exactly at tunnel openings
cause jumps. That is, lim,_y A(g,0) = {ws @)} = {t = infZ(0)} if nonempty.

The impact of a perturbation pushing a reflection across a tunnel on level of
a whole trajectory is thus quantified by the difference between two limiting
trajectories at the openings of the tunnel, corresponding to reflections ‘infin-
itesimally before’ or ‘infinitesimally after’ the tunnel. The strategy we will use
to efficiently generate such trajectories from a sample primal trajectory is by
teleporting the particle between crossings of the openings of the tunnel. This
generates new simulated events which correspond to the desired reflections.

The benefit of this approach is that these constructed trajectories eventually
end back up on the same trajectory (translated in time) as the primal tra-
jectory they were constructed from. Hence one can very easily compute the
change in a linear performance functional (e.g. expectation) generated by
this perturbation, as by linearity it suffices to compute this performance for
the ‘skipped’ segment which is much shorter than the whole trajectory. At
the same time, the construction ensures that the trajectories deviate minim-
ally, thus computing the impact with relatively little variance. Nevertheless,
such reflections can only be forced on segments where the primal trajectory
crossed the tunnel in the first place, and thus there is an additional condi-
tioning on this occurring when using such trajectories.

Definition 3.11. Suppose assumption 3.1 holds. Consider the ith segment of
the trajectory, and suppose there is a tunnel T(0) on this segment. Suppose
we hit the tunnel, i.e. 7; > inf’T(0). Then we can construct the limiting traject-
ory {Zte +(i)}tT:+(§i) (and {Zf _(i)}tT;éi) respectively, replacing inf by sup) from the
primal, illustrated in fig. 3.6, as follows:
1. Replace 7; with inf¥(0) (sup¥(0)) and from it recompute x;, v;, so the
reflection occurs at the beginning (end) of the tunnel.

2. Jump ahead to the next time Zte crosses inf¥(0) (sup¥(0)), orif no such
point exists, end the trajectory.
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3.3 GENERAL CASE

3. Suppose the next time this crossing occurs is on the (j + 1)th segment,
after the jth reflection: replace 7;,, with (x;,, — x;)/v;, teleporting to
the crossing, and recompute x;,,, rejoining the primal.

4. Then replay segments j +1,j + 2, ... until the end of the trajectory.

v 707 )z

Figure 3.6: Regaining the coupling through forcing reflections by teleporting the
sampler between tunnel crossings: Left, we see the teleportations on the
primal trajectory (black). Right, creating the limiting trajectories from
these: before (purple) and after (teal) the tunnel.

3.3.2 Stratified derivative of trajectories

With a characterization of discontinuity events and the constructed limiting
trajectories we finally have all the necessary elements to construct a stratified
derivative, where we smooth out the jumps caused by tunnels at the traject-
ory level to obtain a general unbiased estimator.

Theorem 3.12. Suppose assumption 3.1 holds. Suppose further that Z° has a
single tunnel, which we identify with two zeros cy(v) of g—f (x;0) (selecting the
correct zero and tunnel opening depending on the sign of v). On each segment
i, let T;(0) be this tunnel (in terms of time) for the corresponding IPP.

Define the functional estimating the expectation
o _ L [T g
FEh == [ r@har. (3.45)
1y Jo

Then an unbiased estimator of % E [F 44 )] is given by

5 N 1 peotwn g2
%F(Zf) + l; Lz >infs;0060) (;f g(y, v;;0) dy (3.46)

ivXi

where the first term is given by lemmata 3.4 and 3.5, and the performance dif-
ference gy = F (Zf Dy _F (Zf D) using the construction in definition 3.11.

Proof. Let {Z;}\, be the filtration obtained by the information at successive
reflections, i.e. & = 0(Z%,0 < s < t;). Use once again the shadowing coup-

ling (definition 3.2) in order to consider the primal trajectory {Z? }tTZO and the

shadow trajectory {Z? +5}tTZB‘5 for some small §. Hence, we canletn; = A;(1;;0)

following the shadowing coupling and obtain a vector of latents (1;)Y_,, inde-

pendent and Exp(1) distributed, so that &; = (1, ...,n;). Here Z%*% is not
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3.3 GENERAL CASE

adapted to {%;} in the usual sense, since the arrival times of the reflections
may be perturbed, but the reflections are ‘unveiled’ successively.

Suppose € > 0. We now define a FCCE for the expectation functional using the
shadowing coupling, by letting A*(¢,60) be the event where no jumps occur,
that is for the CIFs A; on each segment i we have A} locally 6-differentiable
for all i, and letting A; (¢, 0) be the event where a jump occurs on the ith seg-
ment only, that is the Lipschitz condition being violated by A;". Taken as a
fixed event, the definition is difficult to write out fully, since it depends on
the exact sequence of latents. We proceed conditional on %;_,, which allows
us to use the characterization of lemma 3.9. Then the limiting event exists
and has measure zero, corresponding to an empty event (if no tunnel exists
or the tunnel is not parameter sensitive) or the latent hitting a single value.

Suppose that the tunnel ¥;(0) in question has Wz, g_¢/2) < Wz, g+e/2)- Then

O 0+e12)
P(A(e,0) | Fp_y) = f e~ ds (3.47)
WT;(0-€/2)
__ (e—Ai(inf‘Ii(0+e/2);6+e/2) _ e—A,-(infT,-(G—e/Z);t‘)—e/Z)) (3.48)
and hence
0 .1 OA; . — A (infT;(6);6)
w; :lgglgﬂj’(Ai(e,B) | Fi1) = — o (InfT;(0);0) e~ = (3.49)

showing the (%,_, -measurable) critical rate exists (with a Lipschitz-type bound

for sufficiently small €), where the dependency of inf¥;(0) on 6 does not con-
tribute as the rate A is zero at the opening. If Wz, g_¢/2) > Wz, 9+c/2), then wiH
is instead the negative of (3.49). The last case of wg,g_/2) = Wz, (g+e/2) iMplies
that the event is not critical, but wie in any case is zero.

For A* (g, 0), asequence of such conditional characterizations, where the CIFs
and random bounds depend on the previous trajectory, show that the limit-
ing event also exists. There the performance is then (a.s.) Lipschitz so that
the pathwise derivatives and lemmata 3.4 and 3.5 apply. The collection of
events is also sufficiently fine: if we were to account for multiple jumps along
the trajectory, the critical rate would vanish, since the probability of two or
more jumps is o(¢) by the above calculation on the separate segments by the
Markov property. It follows that lim,, P(A*(g,0) =1.

Finally, the difference between trajectories reflecting at either end of the tun-
nel, all else equal, is certainly a.s. bounded in absolute value since our seg-
ment is a.s. finite, and given %; we can obviously determine whether a jump
occurred in the last segment, so the necessary hypotheses on the FCCE are
satisfied.

Hence the conditions for theorem 2.7 are fulfilled, and

i[E[F(ZB)]:[E iF(Z@) +E
a0 t 20 1

N .
YE [Ai(” | 93._1] wy } (3.50)
i=1
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where E [Af,(i) | 9,-_1] is composed of (a priori random) limiting trajectories
that differ only in which end of the tunnel reflection i happens. We select Ale,(i)
as the difference before and after the tunnel rather than precisely right and
left limits; this represents reflections being pulled earlier, corresponding to
% > 0. However, if % < 0 at the opening, the expression for wig contributes
anegative sign so that we have the correct difference representing reflections
being pushed later, and if wf = 0 the difference should also be zero. This
slight abuse of notation where we let the right limit always mean ‘before the
tunnel’ and vice versa allows us to have a single expression no matter the sign
of the derivative.

Although this provides an estimator, it is not practical to sample these limit-
ing trajectories if the primal trajectory did not cross the tunnel, since it will
require simulating new trajectories after the reflection. We would like to use
the construction in definition 3.11 (yielding jp ;) ), but itis only valid when the
primal crosses the tunnel on that segment. However

P(r; > infT;(0) | &;_,) = e~ 2inf:i0)0) (3.51)

and certainly conditional on %;_, the indicator 1, .y, ) Of hitting the tun-
nel is independent of the limiting trajectories, since they do not depend on
the primal 7;. It follows that the sampling bias can be corrected:

E =E

4

N 0(i) 6
Y E[a0 7 | w
i=1

N

0(i) A;(inf%;(0);0) ,,,0
Zl{ri>infzi(9)}[E[Ap I%_l]e iUnk=; w!
i=1

(3.52)

In this setting Jp; 2 [Ag(i) | ,%_1]. It remains only to simplify the last factor
oA,

according to our known expression for —;

| 1 peotwi g2
A;(inf%;(0);0),,,0 _ — - ~0)d .
e w; vifx 30 (y,v;;0)dy (3.53)

and we obtain the result. O]

Remark. We emphasize that we only need to observe a single trajectory to
produce an estimate of the derivative according to the theorem. The exten-
sion to multiple tunnels on an interval is straightforward by further dividing
the critical events on each segment, generating several possible jump terms,
and the conditional difference E [Ag(i) | ,%_1] will be a mixture between the
jumps.

Remark. We conjecture that we have consistency of the one-dimensional es-
timator even in the presence of tunnels. It suffices to establish a regenerative
structure like in theorem 3.6, where the main change in the proof will be that
the form of the excursions is more complicated and finite-horizon unbiased-
ness is established by the preceding theorem.
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3.4 EXAMPLES

As a proof-of-concept, we implement the estimator we have derived in the-
orem 3.12 in Julia [33], using ZigZagBoomerang.jl [34] to run the Zig-Zag
sampler. (More details on the implementation are available in appendix B.)
Using the implementation, we test a few example problems. All sampler runs
are started in the mean with a random initial direction.

Example 3.13 (Gaussian scale). Consider X% ~ N(0,6?), and f = 1, p for
some interval. This example is artificial, since there is a direct reparameter-
ization XY = #X' moving the parameter dependency out to the the perform-
ance and avoiding differentiating the sampler entirely, but of course such
shortcuts are not generally available.

The two required derivatives of the potential are

oy Py 2x
305 50 = 53 (3-54)

ox

x
(-x; 0) = ﬁ)
and the unimodal distribution implies the smoothness assumptions holds,

so that there are no tunnels in this example.

Here we have exact expressions for the true values, with the derivative even
composed of elementary functions:

1 b a
Ell, X9 == (erf(—) — erf( )) (3.55)
b 2 V26 20
9O b o = pexp (- 2| - aexp (-2 (3.56)

Comparing with the results from the sampler in fig. 3.7, we see that we have
good convergence to the true result with very little variance. This situation is
more or less the ideal case, with a unimodal target density and the sampler
efficiently exploring regions that contribute to the derivative.

0.25 |- € L3 true
0.20 |- X estimate
*
% 0.15 |- o

0.10 |- 3%

0.05 | >

0.00 | o
| | | | | | .)ﬂ. ras
04 0.6 0.8 1.0 1.2 14 1.6

Figure 3.7: Derivative estimates for Zig-Zag targeting a Gaussian parameterized by
scale, with f = 1;; 5. At each 6 we sample 10 trajectories for T = 10% and
show means (x), minima and maxima (error bars).
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Example 3.14 (Gaussian mixture). The natural first bimodal example is a
mixture of two Gaussians. We will see that the jump term is required for an
unbiased estimate in this situation, where a tunnel is present. Consider (with
abuse of notation) X? ~ IN@2+6,1) +IN(-2—-0,1) with 0 = 0, and f = 1, 5,
for some interval.

The two required derivatives of the potential are

oy

a(x;Q) =x—-(2+60)tanh((2+60)x) (3.57)
o’y x(2+6)

;0) = — —tanh((2+6 .58

360x cos? (2 + 0y e (359)

and we omit the true derivative of the expectation, only noting that it can be
obtained in elementary closed form.

The results from the sampler in fig. 3.8 also show the contribution from the
pathwise derivative and the smoothed jumps separately. Indeed both terms

arerequired to obtain an unbiased estimator. The difficulty of crossing between

modes contributes to the variance, so that longer trajectories become neces-
sary, but the jump term estimator is very stable thanks to the teleportation
construction.

0.000 |- tTue
—0.025 |- X estimate
[ pathw.
% —0.050 |- ¥ jump
- = X
0.075 5, /x/
—-0.100 - x -
| X —x | |
0.0 0.5 1.0 1.5

Figure 3.8: Derivative estimates for Zig-Zag targeting a mixture of two Gaussians,
with f = 1;; 5. At each 6 we sample 15 trajectories for T’ = 10° and show
means (x), minima and maxima (error bars). We also show the contribu-
tion of each estimate term.

It may seem unintuitive that the jump term vanishes as the modes move
further apart. One can explain this by connecting the jump term to the dis-
tortion of tunnels; the shape of the distribution changes significantly more
when the modes are closer together. (And recall that parameter-insensitive
tunnels do not cause jumps.)

Example 3.15 (Alpha-skew-Normal). The a-skew-Normal distribution [35]

has a shape parameter a € R, and transitions from unimodal to bimodal at

a = +1.34. We say a random variable is ASN(a)-distributed if it has density
(1-ax)®*+1

T(x) = Taz(l)(x),x eR (3-59)
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3.4 EXAMPLES

where ¢(x) is the standard Normal density. Note that ASN(0) is equal in dis-
tribution to a standard Normal. To our knowledge there is no closed form
inverse nor a continuous reparameterization for general a.

We target ASN(60), and consider f = 1, ;; for some interval. The two required
derivatives of the potential are

oy 200-0x)

Gy B =X T (3.60)
o’y 2(2 - 40x +6%x?)
500 9 = 220 + 07272 (3.61)

and yet again we omit the true derivative of the expectation and note it can
be obtained in elementary closed form.

Like the previous example, fig. 3.9 shows the contribution from the pathwise
derivative and the smoothed jumps separately. We see the transition where
the tunnel appears and the jump contribution becomes non-zero.

0.05 true

0.00 X estimate
pathw.

[ jump

-0.05

oE

-0.10

-0.15

Figure 3.9: Derivative estimates for Zig-Zag targeting ASN(0), with f = 1; 5. At each
6 we sample 15 trajectories for T = 10® and show means (x), minima
and maxima (error bars). We also show the contribution of each estim-
ate term, and indicate the theoretical shift between uni- and bimodality.

Example 3.16 (An inverse inverse problem). The following problem illustrat-
ing an application of differentiable Monte Carlo is taken from Chandra, Li,
Tenenbaum & Ragan-Kelley [9].

Suppose the prior model for a temperature T ~ N(70,5%) degrees Fahrenheit.
Our thermometer measures M = T + E, where the error E ~ N(0, 2%).

(i) If we observe M = 100 degrees Fahrenheit, what is our estimate for 72

(ii) What measurement M would we have to observe to infer that T = 100
degrees Fahrenheit?

By conjugacy, this Bayesian inference problem can be solved to obtain the
exact posterior T | M = m ~ N((25m + 280)/29,100/29). Hence, the answer
to the first question is E[T | M = 100] = 2;—30 =~ 95.86. Numerically, the result-
ing posterior for T | M = 100 could be sampled with the Zig-Zag sampler to
compute the expectation.
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3.4 EXAMPLES

However, the second question is an ‘inverse inverse problem’ in the termin-
ology of [9]. In this simple case, an analytical solution is available: E[T | M =
m] = 100 has solution m™ = % = 104.8. But it is also a simple example of
a problem which could be solved numerically by differentiable Monte Carlo.
By considering m as a parameter of the posterior, we can minimize the ob-
jective ¢(m) = E[(T — 100)? | M = m] to find the solution m*. (The choice of
quadratic loss is somewhat arbitrary; all we require is the correct global min-
imum, and the exact choice of loss function in the expectation only affects

numerical properties of the minimization.)

Since ¢ has the form of the expectation of some function of the posterior, it
is an instance of the prototype problem in this chapter. Thus an estimator
for ¢'(m) can be obtained from a Zig-Zag process sampling the posterior to-
gether with our derivative construction, and we can by gradient descent find
m™ numerically. The results of a gradient descent-type optimization starting
in m, = 100 is illustrated in fig. 3.10, where we see that with some tuning we
converge quickly to the true m*.

104 -
103 |-
102 -
101 -
100 | | | | | J

m
loss

5 10 15 20 25 30 15 20 25 30
0 230
w
2 -2 E 225
2 = 220
T 4 £ 215
5 <
o0 5 210
-6 L]
I I I I I J 205
5 10 15 20 25 30 5 10 15 20 25 30
iteration iteration

Figure 3.10: Optimization diagnostics for example 3.16. The Adam optimizer [36]
(learning rate a = 0.5, decays f8; = 0.5, 8, = 0.99) is run using our Zig-
Zag-based estimates of ¢'(m) by targeting the posterior (T = 10°).

39






DIFFERENTIATION OF THE
BOUNCY PARTICLE SAMPLER
INMULTIPLE DIMENSIONS

We now extend the problem in the previous chapter by considering multi-
dimensional distributions. Given a target distribution g on R%, d € N, para-
meterized by 0, and a function f : R? — R, our goal is to use a trajectory of
the sampler to estimate % Exop, [f (X %)]. Again, the extension to gradients
of parameter vectors is naturally done through directional derivatives.

Rather than use the multi-dimensional Zig-Zag sampler, we will instead use
the Bouncy Particle sampler. The reason is that the discrete set of directions
allowed in the Zig-Zag sampler creates direction change perturbations which
are not infinitesimal, making the pathwise derivative inapplicable. Methods
exist to work with the sensitivities of discrete randomness (see e.g. [17]) but
are likely to require simulating alternative trajectories. Instead, the Bouncy
Particle sampler has a continuous and a.e. differentiable reflection rule.

However, the Bouncy Particle sampler requires the introduction of refresh-
ment events to ensure ergodicity. This leads to a new difficulty we did not
have in one dimension: handling a perturbation causing the interchange of
reflections and refreshments. We will see that an appropriate choice of coup-
ling, using an equivalent formulation of the sampler, will allow us to control
the size of such perturbations.

Our standard setting in this chapter is the following:

Assumption 4.1. Let {Z/}T_, be a Bouncy Particle sampler targeting a dis-
tribution u, parameterized by 0 € ® < R (in particular, y, satisfies the as-
sumptions in theorem 2.24). Let f : RY — R be such that the expectation
Exop, [f (X %)] exists and is differentiable wrt 6. Furthermore, the potential
v (x;0) corresponding to p, is 62. We identify trajectories of the sampler with
the sequence of skeleton points {(¢;, x;, v;, ri)}ﬁ.\; o where r; € {reflect, refresh} in-
dicates the event type.

Notably, the assumptions on the potential are the same as in the previous
chapter, although we will now make use of all second order derivatives.

The outline of this chapter parallels the previous one: We begin by construct-
ing a coupling, which requires exploring how the sampler behaves when a
perturbation reorders reflections and refreshments. Next, we once again dif-
ferentiate in two steps under a smoothness assumption, first the expectation
integral wrt the sampler, then the trajectory wrt the parameter. Surprisingly,
unlike in one dimension, tunnels do not pose an issue for the Bouncy Particle
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4.1 SHADOWING COUPLING

sampler as there is no difference in the trajectory at the endpoints, and hence
we will in fact derive a general estimator, subject to some boundedness con-
ditions. We finish with some examples and simulations.

4.1 SHADOWING COUPLING

We proceed with defining a coupling for use in deriving our derivative estim-
ators. The approach chosen here is hierarchical: we simulate first refresh-
ment events, then reflection events in-between. This avoids unnecessary de-
viations between the primal and shadow trajectories due to refreshments, ex-
ploiting that they do not depend on the parameter 6. The connection between
reflection interarrival times in the two trajectories is still provided by the in-
version method, like in the previous chapter.

Definition 4.2 (Shadowing coupling, BPS). We refer to the characteristics in
definition 2.23. Let M jtis1,jz1 be a matrix of iid Exp(1) latents, let {rﬁefr},-zl be
a sequence of iid Exp(A ) refreshment interarrival times, and let {u;};., bea
sequence of iid p refreshment directions. These form the randomness which

couple the trajectories.

Denote by {Z? }ts0 the primal trajectory, and by (7?9 "€} ,50 the shadow traject-
ory for a perturbation . Construct each of them separately as follows:
1. Initialize a trajectory Z° at Z,

2: fori=1,2,...do
refr

3: j<16<r,
4: 7; < Obtain the next reflection time from Z 9 using i
5: while 7; < 0 do
6: Move Z° deterministically for T;
7 Reflect Z 6 > Emits an event.
8: j=j+L,6<b6-71;
9: 7; < Obtain the next reflection time from Z 9 using i
10: end while
11: Move Z° deterministically for &
12: Refresh 79 with new direction u; > Emits an event.
13: end for

where we sample reflection times from the Bouncy Particle sampler 1PP without
refreshments (A, = 0) starting from the current state by inversion, that is
T](? = A]‘._ M55 0). Therefore, between refreshments we use latents from row i
to obtainreflection times in both trajectories. The movement, reflections and
refreshments are done according to the Bouncy Particle sampler flow and
transitions.

Importantly, the primal and shadow trajectories have the same refreshment
arrival times, but may have a different number of events between refresh-
ments due to the perturbation. The coupling ensures this does not decouple
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4.1 SHADOWING COUPLING

the common randomness following the refreshment. Finally, we may trun-
cate the processes at an appropriate stopping time to obtain a finite traject-
ory; the ideal choice is at the arrival of a refreshment, as this will make the
final time T independent of 6.

Proposition 4.3. Using definition 4.2, we have that the generated {Z9} t=0 and
(z9+¢y t=0 marginally are Bouncy Particle samplers.

Proof. Tt suffices to argue for the primal trajectory {Z? }t=0, since the two tra-
jectories are simulated the same way, just with a different parameter 6. Fol-
lowing a remark on definition 2.23, we note that the IPP on each segment can
be viewed as the superposition of two 1PPs, one for reflections and one for
refreshments, each with separate transition kernels. Thus it suffices to simu-
late interarrival times from the separate IPPs and select the event type using
whichever occurs first; we are free to specify that the refreshment ‘wins’ if
they are equal, since that almost never occurs.

The reflection times are correctly distributed by inversion, but the refresh-
ments are simulated in a different way than the general PDMP construction.
There, we draw a new first arrival from the 1PP for each segment. However,
the refreshments come from a homogeneous 1PP, and thus by memoryless-
ness of the exponential distribution the interarrival time after waiting for a
reflection will still be exponential. Thus this scheme also simulates the re-
freshments correctly.

Finally, we note that the reflection kernel is deterministic, and the refresh-
ment kernel is deterministic conditional on the new direction, which is given
by the correctly distributed {u;};.,; hence the times are sufficient to determ-
ine the evolution of the sampler, and we are done. O]

4.1.1 The reordering problem

Note that simply by observing the primal trajectory we do not a priori possess
enough information to generate the shadow trajectory for an arbitrary finite
perturbation ¢; the shadow trajectory could have additional reflections on a
section between two refreshments that did not occur in the primal traject-
ory, and information on those latents is not available. Moreover, such a re-
ordering may cause the shadow trajectory to deviate further from the primal
trajectory, which is not desirable for controlling the variance. However, as

Figure 4.1: llustration of a reordering adding or removing a reflection from a seg-
ment. Note that the two cases are equal up to a sign change.
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4.1 SHADOWING COUPLING

€ — 0, the probability of this occurring vanishes; in the limit a reordering
only occurs if a reflection and refreshment arrives simultaneously. If we can
verify that the coupling behaves nicely under a reordering, so that the per-
turbations a reordering causes are sufficiently small, we may thus neglect it
for the purposes of applying the pathwise derivative.

Proposition 4.4. For a sufficiently small but finite perturbation €, the change
between {Z?} =0 and (z? "€} ,50 (defined by the shadowing coupling) in refresh-
ment positions caused by a reordering is surely Lipschitz. Furthermore, the
probability of a reordering is O(g). Hence neglecting reorderings does not in-
troduce a bias in the pathwise derivative.

Proof. Consider first the prototypical case in fig. 4.1 of a single segment, from
a starting point at time zero, to a refreshment at time 7. (In general, the start-
ing point may be of any event type and thus sensitive to the perturbation ¢.)
Depending on how ¢ affects the time to reflection 7;, an additional reflection
might be introduced before the refreshment if & < 79 but 79¢ < 78*¢. The
interarrival time until the refreshment on the extra segment then becomes

TRp(€) = max{rg+€ — Tg“,O} (4.1)
and the refreshment moves to

xp(€) = X8 + (' (e) — V¥ ) 1) (e) (4.2)

— x}92+€ + (R(xg+€, v9+€) _ v9+€) max{_[g+e _ T2+€,0} (43)

where we with the explicit parameter dependencies account for sensitivities
in the starting point (which affects the refreshment interarrival time) and re-
flection rate. Hence, the difference caused by a reordering is Lipschitz as
a function of the event interarrival times and positions. The opposite case
where the perturbation ¢ excludes a final reflection before the refreshment is

analogous, with a sign change in the difference.

Whether a reflection is added or removed depends on the sign of %L, but
also to some extent on the starting point sensitivity. In fact, the conditional

probability of an additional reflection is

AT 0+e)

P8 <78 70 < 10%¢ | 78) = / e *ds (4.4)
INGAT))

which is O(¢e) by continuity of the integral and CIF, with the opposite sign for

a removed reflection. (The extra sign in that case cancels with the extra sign

of the derivative.)

Now, let {#;};( be the filtration obtained by the information up to the ith re-

freshment, thatis & = o (N j}e=1,...i; j=10 {rrei _ {m}i_ ). By construction,

for both the primal and shadow trajectory the state at the ith refreshment is

Z,-measurable. Given the next refreshment time, reflections are simulated

according to the coupling, and for sufficiently small € there is only a possible
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4.2 SMOOTH CASE

difference of a single reflection between the two. But this means the refresh-
ment position changes as in the prototypical case, because we can include
all the accumulated sensitivity up to the last common reflection. Further-
more, this holds for an arbitrary refreshment time, so by total probability the
reordering probability is still O(¢) and the impact is surely Lipschitz. Hence,
reorderings do not violate the conditions for unbiasedness in theorem 2.2
(although whether unbiasedness holds depends on how the perturbation af-
fects the aforementioned skeleton points). [

This is a remarkable property of the coupling, necessary for our approach to
work at all. Without it, every refreshment would give rise to some alternative
trajectory caused by a possible reordering, but this lemma shows that we may
without loss of generality assume a one-to-one correspondence between the
events in the primal and shadow trajectories when taking pathwise derivat-
ives, as is done in the previous chapter.

4.2 SMOOTH CASE

The shadowing coupling will be used similarly to the previous chapter to per-
form a pathwise differentiation of the trajectory. The proofs will follow the
same ideas, just with more involved computations. We thus introduce a sim-
ilar smoothness assumption for this section:

Assumption 4.5. The CIF of the 1PP in the sampler is invertible in time on
(0,00), and the inverse is differentiable in 0.

A sufficient condition is that v is quasiconvex (or equivalently that the dis-
tribution is quasiconcave). This ensures no tunnels appear that cause the
problematic jumps we previously studied. In one dimension this would im-
ply unimodality of the distribution, just like in the corresponding smooth
case of the previous chapter.

Definition 4.6. A function vy : R? — R is quasiconvex if for all x,, x, € R? and
6 €10,1] it holds that

Y (6x; + (1-0)x,) < maxiy (x), ¥ (x,)}. (4.5)

For convenience, we will use matrix calculus notation to succinctly represent
the derivatives that appear. Hence for a vector y (or more precisely a vector-
valued function) we write for scalar 6 and vector x

oy 3 T

7 _|oy OYn

ay X1 Xn
x Yn yn
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4.2 SMOOTH CASE

where y,,...,y, and x,,...,x,, are the components of y and x respectively.
Computations are made with the help of matrixcalculus.org [37]. To effi-
ciently express the chain rule, we also write —Z; d g for the fotal derivative which
simply amounts to applying the chain rule Vlewmg all arguments as func-
tions of 6.

To differentiate the Bouncy Particle reflection rule R(x, v) in (2.39), define the
shorthand projection operator for projecting u onto y

T

u'y
lyll?

Pu=—"y (4.8)

sothatR(x,v) = v—2Py_y 9V, and note thatifboth u and y are 6-differentiable

dpu _[0Ru | du [0Fu |’ dy (4.9)
do ou do oy do ’
T d T T T T I d
_wydu (yu Wyt WIndy

Iyl>do \lyl Iyl Iyl

4.2.1 Derivative of expectation functional

We now prove the multi-dimensional analogue to lemma 3.4. Here, the can-
cellation that provided a geometric argument in one dimension does not ne-
cessarily occur due to perturbations of the reflection angle, and we have to
analyse the impact segment by segment.

Lemma 4.7. Under assumption 4.1, suppose the sensitivities of the event in-
terarrival times, positions and velocities %, %, % are well-defined and exist

(a.s.) for alli. Suppose further that f is differentiable.

Then the (a.s.) derivative wrt 0 of the functional estimating the expectation

o _ 1 [T, 0
F(Zt):—f f(Z% dt (4.11)
Iy Jo
is given by
iF(Z")_— [f(x F(Z")] (2.12)
TH: 1 a0 .
ov;
T l 1 i—1
[ Vf(x;_,+v,_1) 66 +—69 r dr) (4.13)

Proof. We use a direct computational approach, with the shadowing coup-
ling (definition 4.2) as the implicit tool to obtain the sensitivities in the hypo-
thesis. Differentiating yields

i 0y _ — 0 0
) yg,(aef f(Z)dt) (aeib)f Fzbdr. (4.14)
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For the first term, consider the impact segment by segment. Fixi € {1,...,N}.
Then apply the Leibniz rule for the integral along the ith segment

0x;_y 0y,

30 aerdr

(4.15)

00[ fx;,_y+v,_yr)dr = f(x)—+f Vf(x;_+v_;1)T

and sum over all segments.

For the second term, we use Ty = Y.¥ | 7; and differentiate directly to obtain

f f@Zzdde=|- ! N o f fZzddt = — % ( F(zﬁ)%)

6612; ub)%lae TS 700
(4.16)

and combining the two yields the desired result. [

Remark. It is possible to weaken the assumption that f is differentiable with
distributional derivatives or other ways to assign meaning to [ Vf, making
the results applicable to e.g. f = 1,, but it would needlessly complicate the
presentation here.

Note that lemma 4.7 simplifies to the same equation as lemma 3.4 in one
dimension, as then the Bouncy Particle sampler (without refreshment) and
the Zig-Zag sampler are equivalent, and we have deterministic velocities after
reflection. However, the proof in the special case completely avoids any as-
sumption of differentiability of f.

4.2.2  Pathwise derivative of segments

Next, we prove the multi-dimensional analogue to lemma 3.5. We require
sensitivities not only for the position, but also the interarrival time and the
velocity, making this generalization more complicated.

Lemma 4.8. Under assumption 4.1, then (a.s.)

r=b;
Z (x +v;_T; Q)T 0x;_1 + ravi_l j
6ti_1 (aj,bj)cP; xl// -1 -1 ( 06 ) r=a;
ot; a0 Ax;,v;_1;0) r; = reflect,
%:< fT Oﬂ(x 1+V 1r vl I,H)d]‘
A(x;,v;_1;0)
0 1; = refresh
(4.17)
or; 0t; O0t;_,
90 00 18
0 00 46 (4.18)
0x; ox; ov: oT.
i | Zim, O ! (4.19)
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4.2 SMOOTH CASE

[—2 plpl ) avi—l
IIP,II2 00
ov, P pPi?, 1—1 —Z(V 1p1)p1p; + (V 1Pl r; = reflect,
0 4 I p; 112 Ip; I Il p;ll? (4.20)
6x 6wa
( YV (x; 30 (x,-;H))
0 r; = refresh

fori=1,2,...,N, where P, = {r € [0,1;] : )L(xl 1+ v 1, v,_;0) > 0} with
the sum over the set of disjoint intervals (a;, b;) whose union is P;, and p; =

Vi (x;0).

]’]

Proof. We consider the effect of a perturbation segment by segment. A per-
turbation has two qualitatively different sources, just like in one dimension:
either it is the result of accumulated perturbations of earlier segments, or the
result of perturbing the dynamics along the current segment.

First, egs. (4.17) and (4.18) make use of the shadowing coupling (definition 4.2).

Each segment may end in either areflection or a refreshment. In the case ofa
refreshment, we work with arrival time, which itself is independent of § and
by proposition 4.4 we may neglect any possibility of reordering (which would
alter the number of events). Hence the derivative is zero.

In the case of a reflection, we instead work with interarrival times. Differen-
tiate through the inversion coupling and apply the relevant inverse function
theorem (theorem A.1)

or; OA;! B (7;;6)
— = ——(7\;(1;0);0) = ——— (4.21)
00 00 %(Tﬁe)
where
pU) = A(xi» Ui_1;9) (4.22)
oA, Ti dA
E(T,-;B) = fo %(x,-_1 + v 1,v_;0)dr. (4.23)

Note the interchange of integral and derivative in the second equation, which
uses the same justification as lemma 3.5: may only exist a.e., but for ¢
where % may fail to exist we have that A is contlnuously zero. The total de-
rivative appears due to the dependency of both A as well as x;_;, v;_; on 6.

To obtain 44 de’ recall that A(x,v;0) = max{v'V 1y (x;0),0}, and differentiate
the two pieces separately (yielding an a.e. derivative). In the zero case, the
derivative is clearly zero, so we focus on the positive case and compute the
total derivative. Let (r) be shorthand for evaluating in (x;_, + v;_;r;0). Then

ov;_ .
V.w(r) = xw(rf%+v§1 w(r) (4.24)

d
d911
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The total derivative of the the gradient of the potential is by the chain rule

AVyy OV ox OViy o, 0X  OV.y

a0  ox o0 o0 *Va0 " o0 (4.25)
where we recovered the Hessian Viw. And since E+vr) = @ + Z—Zr we
finally write (4.24) as

d ov,_ 0x;_ ov,_ avx
28V Vv (0= Ve (=5 + vl (Viw(r) [ 50 " a0 |t w( ))
(4.26)

Although we have the ability to compute this expression, we are not yet done
as (4.23) requires the integral of the total derivative. We can achieve some
simplification through integration by parts: for the first term

fV 1//(r)T %1 gy = rv w(r)Tagig frv Vzu/(r) %1 gy (4.27)

cancelling a part of the second term, and noting

d
fv, V2 (r) a’gldr fdr( RIAG 7 it )dr— qu(r)T ” (4.28)

we can substitute both to obtain a succinct antiderivative of (4.26) (i.e. still
in the positive case)

avi— ov xu/

de Vv () dr = xw(r)T( 09 Lyr agl)+fviT—l (r)dr. (4.29)
Combining everything, and ensuring we evaluate the antiderivative accord-
ingly to the positivity restriction (which can be done by partitioning the time
interval on the zeros of the potential), we arrive at (4.17).

Next, (4.19) is immediately recovered by differentiating the segment relation
x; = x;_; + v;_,7; and hence the same for both reflections and refreshments.

Finally, (4.20) depends on the event type. In the case of a refreshment, it suf-
fices to note that the new velocity is independent of the parameter. In the
case of a reflection, using the expression differentiating the reflection rule

ov; _ 0y, zdpvxw(xi;ﬂ)vi—l

90 00 o (4.30)

expanding the projection derivative by (4.10) and obtaining the total derivat-
ive of the gradient of the potential from (4.25) evaluated in (x;;6), we arrive
at the result. This completes all expressions. O

Similarly to the previous chapter, lemmata 4.7 and 4.8 allow us to obtain an
estimator under the smoothness assumption for this section. The computa-
tions are more involved than in one dimension, but can be done sequentially
top to bottom according to lemma 4.8 for each segment.
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4.3 GENERAL CASE 50

4.3 GENERAL CASE

The assumption of quasiconvexity excludes many popular models such as
Gaussian mixtures, so without lifting it the applicability of the estimator would
be limited. Up until this point the arguments have essentially followed the
previous chapter, only with a more complicated coupling. Hence, one could
reasonably believe that we also will extend the multi-dimensional case by
separately handling jumps across tunnels with a stratified derivative.

However, the Bouncy Particle sampler reflections behave differently close to
tunnels compared to the Zig-Zag sampler, since the reflection angle depends
on the potential. At the opening of a tunnel, v'V 1 (x;60) = 0, and assuming
V., v (x;0) + 0 we will therefore have R(x, v) = v causing a ‘reflection’ leaving
the velocity unchanged. The condition that V, v (x;0) # 0 is important, be-
cause otherwise the reflection rule is undefined, and the limit approaching
the point may be non-zero.

. =

(a) Sample reflections at different times, showing the new direction.

T T T T T T T T

iy g

new angle

18

0 | | | |
-1 =05 0 0.5 1 1.5 2 2.5

reflection position

(b) The new trajectory angle as a function of reflection position. Recall that reflections can-
not occur inside a tunnel, so the reflection position ‘jumps’ between 0 and 1.5.

Figure 4.2: Tllustrations of the continuity wrt 8 of the trajectory across tunnels, in
terms of dependency on reflection position.

Thus, even though the reflection times jump when crossing the tunnel, the
trajectory itself is identical for reflections at either end. In particular, there
will be no performance difference in this limiting case. This suggests the
rather surprising conclusion that tunnels do not matter at all for the validity
of the derivative, because the trajectory changes continuously as we perturb
the parameter. Handling the tunnels separately as done in one dimension
would, the fact that the events cannot be critical notwithstanding, simply
lead to a zero term and provide no contribution to the resulting estimator.



4.4 EXAMPLES

There is no special result in this section, as the conditions for unbiasedness
in theorem 2.2 impose no requirements on the underlying representation of
the performance derivative; although the skeleton point sensitivities often
are discontinuous across the tunnel (as in the example of fig. 4.2), as long
as the whole trajectory is sufficiently well-behaved the estimator will be un-
biased. The observant reader might note that the continuity of the trajectory
is not sufficient, as we require Lipschitz continuity or at least an integrable
bound on the performance derivative. Conditions need to be imposed on
f and v for this to hold, and the more complicated interlinked expressions
of lemma 4.8 makes boundedness harder to show than in one dimension,
where it is incorporated into the FCCE construction. Furthermore, distribu-
tions where V,y (x;0) # 0 in more than isolated points could theoretically
cause discontinuities at tunnels.

Ultimately, in practice the estimator obtained from lemmata 4.7 and 4.8 ap-
pears to work numerically, and one can then investigate the theoretical un-
biasedness on a case-by-case basis.

4.4 EXAMPLES

Like the previous chapter, we implement the estimator we have derived in Ju-
lia [33], using ZigZagBoomerang. j 1 [34] to run the Bouncy Particle sampler.
(More details on the implementation are available in appendix B.) We once
again run the sampler starting in the mean with a random initial direction.

Compared to the previous chapter, this estimator has significantly increased
variance. Depending on the properties of Vv, relatively large perturbations
may occur in the velocity with significant impact on the trajectory. Reflec-
tions close to tunnel openings (see once again fig. 1.2, where the angle varies
over the entire half circle) lead to particularly large perturbations. Hence, for
numerical purposes we must increase the refreshment rate A, to combat
large velocity perturbations, noting that refreshments reset the accumulated
velocity sensitivity. It is important to find a balance, since increasing A..;. im-
plies increasing the computational effort required simply due to more events
occurring per time unit.

Example 4.9 (Gaussian correlation). Consider X? ~ N(0,2(0)) where

1 6 1 1 -6
>(0) = — >0 = .31
(0 1) 1_92(_@ 1) wa)

with the correlation 6 € (—1,1). This target distribution is quasiconcave and
thus satisfies assumption 4.5. It is an artificial example, since we can con-
tinuously reparameterize as

XB:(1 0 )XO (4.32)

0 V1-6?
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thus avoiding any differentiation of the sampler, but it still illustrates the easi-
est possible case for our method. (Similarly, we could apply the inverse trans-
form for preconditioning or aligning the refreshment directions.)

We let f (x) = x, x,, which in this zero mean, unit variance case will lead to us
estimating the correlation of the two components. Hence the true expecta-
tion and its derivative are by construction

0
Ef (X1 =0, —SEfX")]=1. (433)
The required derivatives of the potential are

V. (x;0)=2"'0)x, Viy(x;0)=27'0), (4.34)

0 20 —-1-0?
g V<Y (x:0) = e (_1 02 90 )x (4-35)
The final step required to run the sampler and obtain derivative estimates is
tuning the refreshment rate. We find by experimentation that A,; = 8 yields
sufficiently stable single estimates (for larger 8 we probably could adjust it
even higher). A relatively high refreshment rate means the process becomes
quite diffusive (see fig. 4.3), with about 93% of the events being refreshments.

F17.5
F15.0
F12.5
F10.0
7.5
5.0

2.5

Figure 4.3: Sample trajectory for Bouncy Particle sampler targeting a 2D Gaussian
parameterized by correlation, with 7 = 103, 0 = 0.5, and A,.; = 8.

Results for several different parameter values are shown in fig. 4.4. The vari-
ability is indeed much greater than in one dimension, and it visibly grows
with increasing correlation 6 as the potential becomes steeper. Nevertheless,
we still achieve reasonably good single estimates for longer runs, and taking
the mean of 10-20 runs essentially yields the true value with two decimals
of precision. Again, this represents the ideal scenario for the estimator, as
we have no tunnels that generally imply derivatives that are much greater in
magnitude.
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Figure 4.4: Derivative estimates for Bouncy Particle sampler targeting a 2D Gaussian
parameterized by correlation, with f(x) = x; x,. At each 8 we sample 100
trajectories for T = 10® and show means (x) and boxplots.

Example 4.10 (Rosenbrock-type ‘banana’ density). Consider X? parameter-
ized by 0 > 0 and distributed according to the density

n([x; x,];0) = (\/ﬁxl)(l’ (\/773/(352 —fo))’ [x; x,] € R (4.36)

where ¢(7) is the standard one-dimensional Normal density and y,,y, > 0
are precision constants. We will fixy, = i andy, = ;—*. This density is a Gaus-
sian smoothing of a Rosenbrock-type function, which are common test cases
in optimization [38]. It leads to a curved ridge which must be explored by
the sampler, and the distribution is non-quasiconvex with tunnels occurring
across the curve (see fig. 4.5). However, the sampler does not need to cross
tunnels to explore the whole ridge, and thus this is a fairly weak form of non-
quasiconvexity in the problem, with little impact for small 6.

5.0 30 30
I 25 25
25F { —
T 20 20
0.0 \\ / / 15 F15
l10 F10
—25F
15 15
-5.0 L ! L

1 1
-50 -25 0.0 2.5 5.0

Figure 4.5: Contour and sample trajectory for Bouncy Particle sampler targeting the
‘banana’ density, with T = 103, 6 = 0.25, and A, = 8.

We let f = 1)y, i.€. the indicator of the first quadrant. This choice is not
differentiable and thus strictly speaking violates our assumptions. However,
following a previous remark we can still make sense of [ Vf using distribu-
tional derivatives, yielding contributions from crossings of the boundary; in
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fact, for numerical purposes and assuming unbiasedness holds, we do not
need to worry about these details and could replace lemma 4.7 by AD on a
function computing the integral, using lemma 4.8 as derivatives of the skel-
eton points.

The required derivatives of the potential are
7200~ Bxfw) 2y e - ((4HX? - szlxzm) |
(4.37)

Vv (x;0) = (

(4.38)

)

—26x17/y Yy

and here there is no closed form for the true expectation and its derivative; we
obtain various hypergeometric series, which can be computed numerically.

We set A,.; = 8, and run the estimator for a few different parameter values to
obtain the results in fig. 4.6. With a high refreshment rate we can still obtain
acceptable estimates in a non-quasiconvex setting, although the scaling is
worse and we likely need to increase the refreshment rate for larger 6.
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Figure 4.6: Derivative estimates for Bouncy Particle sampler targeting the ‘banana’
density, with f = 13 2. At each 6 we sample 100 trajectories for T = 10°
and show means (x) and boxplots. To the right, enlarged version without
outliers.

Example 4.11 (Gaussian mixture). We return to the standard example of a
Gaussian mixture. Consider (with abuse of notation) the bimodal distribu-
tion X ~ IN(r[cos6, sinB],I) + iN(-r[cosH, sinf],I) with @ € R, r > 1, and
J =1jg,002- This corresponds to the modes of the mixture rotating about the
origin as 6 changes, yielding a non-trivial shape dependency while keeping
tunnel length constant. The potential is non-quasiconvex, and furthermore
it is necessary to cross tunnels to sample properly from the whole distribu-
tion. Hence, there is no avoiding large perturbations from reflections close
to tunnels on longer trajectories, further increasing the variance of the estim-
ator and forcing even higher refreshment rates.
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The required derivatives of the potential are

x; — rcos(0) tanh(rx; cos(0) + rx, sin(O))) (4.39)

v,y (x;0) = (

X, — rsin(0) tanh(rx, cos(0) + rx, sin(0))

1% cos(0) (—x, cos(f) +x; sin(@))
cosh?(rx; cos(6)+rx,sin(@))
r? sin(f) (—x, cos(0)+x; sin(@))
coshz(rxl cos(0)+rx,sin(0))

0 + rsin(0) tanh(rx, cos(0) + rx, sin(0))
vau/(x;e) =

— r cos(0) tanh(rx; cos() + rx,sin(f))

(4.40)
1— r2 cos? (0) _ 2 sin(60) cos(6)
2 . _ coshz(rxl cos(0)+1x,sin(6)) coshz(rxl cos(0)+71x,sin(0))
wa (x;0) = . r2sin(6) cos(6) . r2sin%(9)
cosh?(rx; cos(0)+71x,sin(@)) cosh?(rx; cos(6)+rx,sin(6))
(4.41)

and we omit the true expectation and its derivative, which do not exist in
closed form but are amenable to numerical computation.

Weletr = % Experimentation indicates we now have to increase to A,; = 12
to see some convergence of the mean, in doing so compensating for the in-
creased velocity variance. At such a high refreshment rate the process be-
comes extremely diffusive; compare fig. 4.7 with the more standard fig. 2.1b.
Such a configuration would definitely be less than ideal for generating samples
from the distribution, but without it the derivative estimates become unstable.
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=3F 1 1 1 1 3

-4 -2 0 2 4

Figure 4.7: Contour and sample trajectory for Bouncy Particle sampler targeting a
Gaussian mixture, with T = 103, 6 = 0.0, and A, = 12.

We run the estimator for a few different parameter values to obtain the res-
ultsin fig. 4.8. Since we require more samples to obtain a good estimate of the
mean, we reduce the trajectory length significantly to avoid excessively long
computations. Shorter trajectories also contribute to the observed greater
variability, with several outliers far from the true value. Unlike our first ex-
ample, here we do not yet achieve a sufficiently stable single-run estimate of
the derivative, but the estimator does still appear to be unbiased.

In fact, we have throughout these examples systematically compared the true
value with the finite-horizon estimators, thus suggesting a stronger claim
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Figure 4.8: Derivative estimates for Bouncy Particle sampler targeting a Gaussian
mixture, with f = 1j,,)2. At each 6 we sample 1000 trajectories for
T = 10° and show means (x) and boxplots. To the right, enlarged ver-
sion without outliers.

than just that of having an unbiased estimate of the derivative of the finite-
horizon expectation functional, which may not estimate the true derivative
of the expectation. That our numerical estimates appear to be unbiased for
the true derivative indicates that we also have vanishing bias from the start-
ing point as the sampler is mixing or at least symmetric truncation error,
which is important to achieve a single-run derivative estimator.



CONCLUSION

We have in this thesis presented a blueprint for the construction of a gen-
eral differentiable Monte Carlo method based on PDMPs, by two exemplify-
ing such constructions that are strongly related, each with its own difficulties.
For both samplers that we consider, we have applied the same technique of
a carefully constructed coupling of trajectories to derive the pathwise deriv-
atives of the sampler trajectories, noting that the actual simulation of the tra-
jectories need not be done by the coupling for the estimator to be valid.

In one dimension we developed an unbiased, low-variance, and single-run
derivative estimator, and we also proved it consistent in a special case, con-
jecturing its consistency in general. Note that consistency is the key step that
allows us to go from an unbiased estimator for the derivative of the finite-
horizon performances to an estimator for the desired derivative of the ex-
pectation, much like we would use our sampler for the expectation. The
general unbiased estimator required the correction of the pathwise derivat-
ives by stratifying on discontinuities in the sampler, using our formulation
of a filtered theory for stochastic derivatives that partially integrate these dis-
continuities. In doing so, we recoupled the primal and shadow trajectories
across discontinuities, while estimating the impact of alternative trajectories
in a way which requires no extra simulation.

We find particularly appealing this notion of stratification, where we have
both infinitesimal perturbations that occur almost surely and finite perturb-
ations that occur almost never, only solving our problem by handling these
cases separately. It challenges our intuition about the behaviour of the de-
rivatives that something, which is never observed in practice, can have a dis-
proportionate impact on the expectation. The strategy to recover the coup-
ling, where we create alternative trajectories that eventually recouple with
the primal trajectory to obtain low-variance estimates of the impact, is also
an example of a promising technique which we would like to highlight, which
can be applied in other settings than PDMPs (see e.g. [39] where both ideas are
applied to Metropolis-Hastings).

In multiple dimensions we used the same ideas to develop an estimator, by
the power of the chosen coupling showing that no corrections were required
at all in many cases, since the trajectory difference became continuous with
respect to the perturbations. With a.s. valid skeleton point sensitivities we
open up many applications where arbitrary stochastic programs use the tra-
jectories asinput, as our estimates then enable AD through sampling routines.
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5.1 PRACTICAL CONSIDERATIONS

Here, the strength of the technique of coupling shines. Ultimately, the shad-
owing couplings show that the effect of perturbations are local and propag-
ate, which makes our estimation possible. In one dimension this can be un-
derstood by the sensitivity essentially stretching time proportional to the de-
rivative. Furthermore, to obtain the desired perfect shadowing in multiple
dimensions, we could not resort to the naive choice of common randomness
(i.e. common seeds for the random number generator), but had to adjust the
simulation procedure in order to achieve our goal.

51 PRACTICAL CONSIDERATIONS

A natural consideration in discussing the results is how far they are from use
in real-world applications. In the one-dimensional case, we have as previ-
ously mentioned essentially developed the theory necessary to show that the
estimator fulfils our objective. The only missing piece is a more mature imple-
mentation. However, there is a limit to the possible intractability of practical
one-dimensional problems, and few if any new major applications are made
possible by this estimator.

The multi-dimensional case, on the other hand, does suggest a scheme which
solves a current gap in applications of an unbiased single-run estimator. In

particular, it will have the remarkable ability to handle unknown but parameter-

dependent normalization constants. Nevertheless, we do not yet have gen-
eral conditions on its applicability, and we must consider the assumptions
carefully when using the estimator to ensure it is unbiased. Sufficient condi-
tions for unbiasedness which are easier to check together with a mature, per-
formant implementation are likely required to adopt the estimator in prac-
tice. A proof of consistency, which is also desirable for practical purposes,
will require additional theory beyond what is presented in this thesis.

Furthermore, the multi-dimensional estimator suffers from relatively high
variance compared to the one-dimensional estimator (although it should be
noted that we do not compare either to other approaches), and in harder set-
tings one cannot yet rely on a single run for a good approximation. The study
of methods for variance reduction is thus of high importance to further en-
able application of the estimator, and in particular reducing the refreshment
rate to improve performance while still maintaining convergence.

Oneideaisto pool the results of shorter trajectories that already have reached
stationarity rather than running long trajectories which accumulate sensitiv-
ity contributions over time. To alleviate bias from incomplete exploration of
the target density this requires varying the starting state and representing the
estimator as conditional on the starting state:

Ezo- |F(Z%)] =E

20 |E|FZ91Z]|| :f[E[F(Z“’)|z] my(z)dz.  (5.1)
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In practice, we use the sampler itself to obtain starting states Z(f from a ‘mother’
trajectory tuned for that purpose. Hence, the starting state itself is sensitive
to the parameter, and this sensitivity cannot a priori be neglected when dif-
ferentiating. We handle this sensitivity by a hybrid approach, using the score
method to compensate:

0?9 ~M[F(ze)]—f( [E[F(Z9)|z]ﬂg(z)+[E[F(Z9)|z] ﬂg(z))
(5.2)

0
—logmy(Z))|  (5.3)

00

=Ez0 4 | 5 E[F(Z“’)|Z"] +Eg.,

Z@) |Z6

where the first term is the pooling of our ‘daughter’ trajectory derivative es-
timators and the second term is the score method compensation for sensitiv-
ity in the starting state. Note that for sufficiently long ‘daughter’ trajectories,
the second term tends to zero as the ‘memory’ of the starting state is lost,
the expectation estimate becomes effectively independent, and the expec-
ted score is zero. Of course, such pooling will not fulfil our goal of a single-
run estimator. However, this scheme suggests the validity of restarting the
trajectory at points where the score is zero, and so the sensitivities of a long
trajectory could be reset at such points, thus reducing the accumulation of
sensitivities without introducing bias or requiring pooling.

52 FUTURE WORK

There are several directions in which one can continue this work. Firstly, to
prepare for practical applications a major simulation study of the variance
with comparisons to other methods is required. Although we note that each
gradient estimation method fills different niches, and the assumptions and
knowledge about the target required to apply, say, the score method, differs
from applying our PDMP-based pathwise derivative estimators, it is still of in-
terest to have a reference comparison. The existing literature on pathwise de-
rivatives already contains comparisons with other gradient estimation meth-
odology that one can build on. This would also certainly entail investigating
possibilities for variance reduction, such as the one discussed in the previous
section.

Another extension would be to other performance functionals than the ex-
pectation functional. The theory of pathwise derivatives and stratified deriv-
atives are not restricted to any specific functional. Furthermore, we made a
major point of separating our derivations into two lemmata, first obtaining
the derivative of the functional with respect to the trajectory, then obtaining
the derivative of the trajectory with respect to the parameter. Much of the the-
ory showcased can therefore be adapted to other functionals, thus enabling
even more applications than what has been considered in this thesis. In par-
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ticular, we are not restricted to only working with the marginal distributions
and e.g. gradient estimates of the autocovariance

1 T-h
CZ,h) = 7[{) (Z, —EXD)(Zpyp, —EIXD dt (5.4)

with respect to hyperparameters could be used for tuning, in some sense lit-
erally measuring the ‘performance’ of the sampler. Compared to the tuning
application covered in the introduction, we have a much wider class of per-
formance metrics available in this setting as we are not dependent on an ex-
plicit reparameterization in terms of hyperparameters.

Itis also interesting to further investigate other PDMP samplers and related ex-
tensions. An aspect of this is extending to samplers on other domains than
R? and with target densities with respect to other measures than Lebesgue,
where we hope that our general methodology is applicable as well. We opted
early to not use the Zig-Zag sampler in multiple dimensions, because of the
possibility of unavoidable discrete perturbations in the velocities after reflec-
tion. However, our intuition of difficulties with the Bouncy Particle sampler
due to reflections and even tunnels was disproven by further scrutiny. There
is a hope that the restricted set of velocities of the Zig-Zag sampler may al-
leviate much of the variance problems due to velocity perturbations that we
see in our multidimensional estimator. Perhaps the right choice of coupling,
such that we could obtain a similar low-variance solution to recoupling the
alternative trajectory as that of tunnels in one dimension, will make the Zig-
Zag sampler in multiple dimensions a viable low-variance approach.

Finally, the Bouncy Particle sampler examples in the previous chapter where
we increased A, to achieve sufficient stability led to much more diffusive tra-
jectories. It suggests the importance not of the sampler position itself, as the
high refreshment rate leads to less effective sampling of the target, but rather
of how the shape of the distribution is perturbed, with the increased explora-
tion of ‘bad’ directions by the trajectories. There is the possibility of the exist-
ence of some diffusion limit, perhaps in which the sampler approximates a
Hamiltonian SDE. Stochastic calculus, which we emphasized the differences
of in the opening statements about stochastic derivatives, might very well
return as a tool to analyse this emergent phenomenon. We also saw that a
portion of the variability comes from the inability to explore the distribution
without tunnels, and there is the possibility that the diffusivity could be re-
stricted by better ways to move between modes or a symmetric use of the
tunnels by the introduction of teleportation events as in [27].

In conclusion, this thesis only scratches the surface of the possibilities that
PDMP-based differentiable Monte Carlo methods provide. It is our hope that
in presenting these first examples and theoretical steps we have motivated
further interest in this methodology, which in time may pose a solution to
many of the stochastic gradient estimation problems introduced at the be-
ginning of the thesis.
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SUPPLEMENTARY
BACKGROUND

Here we collect a few extra preliminaries, required to fill in some technical
details of the proofs but which may not be known to the reader in this form.

Theorem A.1 (corollary of [40, theorem 4]). Let F: D x © — Q, where D,0,Q
are open intervals in R, be continuously differentiable. Consider (t,0) € D x©,
letw = F(t,0), and suppose ‘g—f(tﬁ) # 0. Then it holds that F is t -invertible in
a neighbourhood of (t,0), i.e. there exists a F~! so that F~'(w;0) = t, and

O i) = —— (A1)
ow g—f(F—l(w;H);O)’ '
oF ! — 9 (F ™ (w;6);6)

(w;0) = . A.2
360 " T O (F1(a;0;0) (8]

This is a special case of the inverse or implicit function theorems from mul-
tivariate calculus, applied to the explicit form rather than the usual implicit
G (t,w;0) = F(t;0) — w. In fact, specialized forms for sampling random vari-
ables with the inversion method appear in the literature, see [5, theorem 1.3].

Theorem A.z (Leibniz rule, [41, theorem 6.28]). Let (D, %, ) be a measure
space, let © c R be a nontrivial open interval, and let f : D x ® — R be a func-
tion such that

(i) forall6 € ©, x — f(x;0) is u-integrable,
(ii) fora.e.x € D, 0 — f(x;0) is differentiable with derivative 0 — %(x; 0),

(iii) there exists h : D — [0,00) that is p-integrable such that I%(-;H)I <h
w-a.e. forall € ©.

Then, for all0 € ©, we have x — g—{;(x;e) is u-integrable and

0 : _[of .
ﬁff(xﬂ)u(dx) —fae (x;0) p(dx). (A.3)

If the integral endpoints depend on 0, we handle this through application
of the usual chain rule, which allows us to work around cases when we only
have a.e. 0-differentiability.
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IMPLEMENTATION NOTES

The numerical results exhibited in the examples are obtained with the afore-
mentioned proof-of-concept implementation of the results available at

Seyer, R. Implementation archive for Differentiable Monte Carlo
Samplers with Piecewise Deterministic Markov Processes. 2023.
doi:10.5281/ZENODO. 8028965.

Although the actual implementation is not the focus of this thesis, and the
code is not a complete end product, we do have some remarks for the reader
who wants to use the theoretical results for numerical computation.

In one dimension, most of the numerical difficulty lies in integration of %.
Imprecise computations of this integral may lead to considerable error in the
final estimate. It is helpful to compute the zeros of %w(x; 0), which not only
appear explicitly in theorem 3.12 as tunnel openings, but also help numeric-
ally in the smooth case.

e The integrand % is piecewise continuous (and in pratice often piece-
wise smooth), and in general numerical methods will have smaller er-
ror if one handles the pieces separately. In terms of x these cut points
correspond to the aforementioned zeros.

e It is important both for numerical, performance and variance reduc-
tion purposes to exploit the linearity of the integral in computing the
change in performance due to a jump across a tunnel. The perform-
ance only needs to be computed for the removed segment to obtain an
unbiased estimate for the performance based on the primal trajectory.

In higher dimensions, with the variable angle of the trajectory we no longer
have the theoretical cancellation that simplified calculations considerably in
the one-dimensional case. A larger computational effort is required, which
means implementation choices play a larger role, and limiting the error in
the steps improves the final estimates.

* As mentioned in the example section it is very important to have suffi-
ciently large A,.; for long trajectories. Refreshments allow the reset of
the accumulated sensitivity in the velocity of the sampler, which oth-
erwise over time leads to large deviations and catastrophic cancella-
tion. However, a larger refreshment rate slows the convergence as the
trajectory becomes more diffusive, and increases the computational
effort since more events occur per time unit. It may be useful to use
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out-of-core storage or online computations for the trajectory to avoid
memory restrictions impacting the maximum possible A ;.

The problem of finding zeros of Vi becomes in higher dimensions the
more general one of describing isopotentials. Although one can use
standard root-finding methods (using gradients, since the potential is
%), if we have knowledge of these isopotentials or they have special
structure (e.g. are polynomial curves) we can use faster and more pre-
cise methods. Zeros along the trajectory appear as cut points both
for integration of % as well as points a;, b; in the partial integration
oflemma 4.8.

¢ The many dot and matrix products that appear can be taken in an order
that avoids allocation of large matrices, and in particular it is unneces-
sary to build the large ‘outer product’ matrices p;p; of the projection
operator derivative.
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