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Göteborg, Sweden 2013



Reproducing the stylized facts of financial returns
An investigation of the parameter space of a stochastic discrete-time model

RASMUS EINARSSON
Department of Energy and Environment
Chalmers University of Technology

Abstract

Statistical analysis of price fluctuations in various financial markets has revealed
a number of statistical regularities that are persistent across different markets,
asset types, and time periods. These regularities have been studied extensively
during the last decades, and by now a number of them are widely acknowledged
as so-called “stylized facts” of financial price series. We present a subset of the
most well-established stylized facts of financial price series, and mention a few
mathematical modeling approaches that have been used in attempts to reproduce
the stylized facts.

The main part of this thesis is devoted to one such mathematical model proposed in
the literature, which has been demonstrated using numerical simulation to reproduce
a few of the stylized facts. We begin by simplifying the original model by making
a slight approximation and a variable change. The resulting simplified model is a
discrete-time stochastic process with three parameters. We derive the requirements
for convergence of the theoretical moments of the stochastic process, and find
analytical expressions for some quantities relating to the stylized facts. Numerical
simulations are combined with analytical techniques to explore the parameter space
of the model. Using the restrictions required for the existence of moments of the
stochastic process, and the restrictions required to match some stylized facts, we
find a region in the parameter space where the model is in reasonable agreement
with the stylized facts.

The final chapter contains a few general thoughts on the purpose, difficulties and
potential benefits of developing mathematical models to match the stylized facts.

Keywords: stylized facts, finance, financial, returns, stochastic, discrete, model,
parameter, moments
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Chapter 1

Introduction

Traditional economics and finance are disciplines often accused of horrible things.
The fundamental flaw, according to some, is that the basic assumptions about
perfect competition, rational agents, perfect information and market equilibrium
have been applied too widely and without regard to empirical facts.

In an essay in Nature (2008) entitled Economics needs a scientific revolution,
physics professor Jean-Philippe Bouchaud wrote:

“The supposed omniscience and perfect efficacy of a free market stems
from economic work done in the 1950s and 1960s, which with hindsight
looks more like propaganda against communism than plausible science.
In reality, markets are not efficient, humans tend to be over-focused
in the short-term and blind in the long-term, and errors get amplified,
ultimately leading to collective irrationality, panic and crashes. Free
markets are wild markets.”

Bouchaud argues that decisions in “wild markets” based on such optimistic theories
may have disastrous effects on the real economy. For example, regarding the
Black-Scholes model which was designed to price financial options, he wrote that

“[the model] is still used extensively. But it assumes that the probability
of extreme price changes is negligible, when in reality, stock prices are
much jerkier than this. Twenty years ago, unwarranted use of the model
spiralled into the worldwide October 1987 crash [. . . ] .”

And similarly, a partial cause to the financial crisis of 2007/2008, he claims, is

“the development of structured financial products that packaged sub-
prime risk into seemingly respectable high-yield investments. The models
used to price them were fundamentally flawed: they underestimated
the probability that multiple borrowers would default on their loans
simultaneously. These models again neglected the very possibility of a
global crisis, even as they contributed to triggering one.”

A lengthier and more balanced criticism of traditional economics by Farmer and
Geanakoplos (2009) points out some situations where equilibrium models can make
useful predictions, and some situations where they can never make useful predictions.
But in any case, the authors stress, it “shouldn’t be a question of dogma, and should
be resolved empirically.”

All three, Bouchaud, Farmer and Geanakoplos, have contributed significantly
in the last two decades to a set of empirical and theoretical developments called
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“econophysics”, with the aim to provide a complementary view on economics, not
least financial economics. The term econophysics was coined by merging the words
economics and physics, since the research has drawn some inspiration from the field
of statistical physics.

A significant piece of this research has focused on identifying and explaining a set
of so-called “stylized facts”, statistical regularities that seem to be common to most
financial markets. For example, as noted by Bouchaud, real-world stock prices are
much more volatile than the Black-Scholes model predicts. Specifically, it has been
established as a stylized fact that the price increments of financial instruments have
distributions with fat tails, i.e., much higher probability of large jumps than would
be predicted by a normal distribution.

A whole range of such stylized facts of financial markets are now widely acknowl-
edged, and there have been several attempts to reproduce them with mathematical
models. A model that successfully reproduces some of the stylized facts could be a
way of improving our understanding of financial markets: What are the drivers of
volatility? Why are there such large price jumps? To the extent that market volatil-
ity has negative effects on the real economy, how could the market be stabilized?
The aim of this thesis is not to answer any of these hard questions, but to take a
closer look at one example of a model from the literature.

1.1 Scope of this thesis

The aim of this thesis project has been to improve the understanding of a stochastic,
discrete-time model designed to reproduce some statistical regularities of financial
price series, often called stylized facts. The model, proposed by Westerhoff and
Franke (2012), was demonstrated using simulation results to match a few stylized
facts relatively well. This report presents an effort to map the parameter space of
the model, using a combination of analytical methods and computer simulation.

1.2 Organization of the report

The remainder of the thesis is organized as follows.
Chapter 2 presents some mathematical concepts used in the thesis, reviews a

small collection of well-established stylized facts of financial return series, and finally
mentions a few different modeling approaches that have been used to reproduce the
stylized facts.

Chapter 3 presents the analysis method, results and a discussion around the
model proposed by Westerhoff and Franke.

Chapter 4 concludes with a general discussion about the purpose, difficulties and
potential benefits of developing mathematical models to match the stylized facts.
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Chapter 2

Background

This chapter summarizes some topics that are fundamental to the method and
the results of our work, which is presented in the next chapter. In section 2.1, we
begin by going through some notation and mathematical concepts that will be used.
Then in sections 2.2–2.4, we cover some basic concepts in financial time series and
introduce some of the so-called “stylized facts”. Finally in section 2.5, we mention
some of the mathematical modeling approaches used so far to reproduce the stylized
facts.

This background chapter should be sufficient to follow the work we present in
the following chapters, but it is far from a complete introduction to the topics
mentioned above. If the reader is interested to learn more than the very basics, it is
highly recommended to take a look outside this meager introduction. The sources
referenced in this chapter provide a richer picture of the matters.

2.1 Mathematical tools and notation

2.1.1 Moments and central moments

For a stochastic variable X, the kth moment for a positive integer k is the expectation
E
[
Xk
]
, if the expectation exists. The expectation is said to exist for a continuous

random variable X with probability density function f(x) if (Rice, 2007, p. 22)
∫ ∞

−∞
f(x)

∣∣∣xk
∣∣∣ dx <∞.

The first moment is simply the meanE[X]. The kth central momentE
[
(X −E[X])k

]

is often used for integers k ≥ 2. For example, the second central moment is also
known as variance. The third central moment is the skewness, which measures the
asymmetry of the distribution of the random variable. The fourth central moment
is often normalized and called kurtosis,

κ =
E

[
(X −E[X])4

]

σ4
,

where σ is the standard deviation σ =

√
E

[
(X −E[X])2

]
.

2.1.2 Stochastic processes and stationarity

A stochastic process, loosely speaking, is a set of random variables, {Xt : t ∈ T},
where T is an ordered set interpreted as “time”. In this text, we exclusively deal with

3



one-dimensional, discrete-time stochastic processes, i.e., sequences of real stochastic
variables such as X1, X2, . . .. We will simply refer to such a stochastic process as
{Xt}. See, e.g., (Najim, Ikonen, and Daoud, 2004) for a rigorous introduction.

We will say that a stochastic process {Xt} is strictly stationary if the joint
distribution of any subset of variables {Xt1 , Xt2 , . . . , Xtn} is not affected by a shift
in time, i.e., the two subsets

{Xt1 , Xt2 , . . . , Xtn} and {Xt1+∆t, Xt2+∆t, . . . , Xtn+∆t}

have the same joint distribution for any ∆t.
Strict stationarity is so called because we can also come up with weaker forms of

stationarity requirements. For example, the requirement that the expectation E[Xt],
variance Var(Xt) and covariance Cov(Xt, Xt+s) all exist and are independent of t,
is sometimes called covariance stationarity or wide sense stationarity.

Later in this text, we will work with the requirement that a certain process
is stationary to the nth order, in the sense that all moments E

[
Xk
t

]
exist for

k = 1, 2, . . . , n, and that they are independent of t.

2.1.3 The autocorrelation coefficient

The correlation coefficient of two stochastic variables X and Y is

ρ =
Cov(X,Y )√

Var(X) Var(Y )
,

which should be interpreted as the covariance of X and Y , normalized such that
−1 ≤ ρ ≤ 1. The value ρ = 1 indicates perfect covariance (one goes up, the other
one surely does too), ρ = −1 perfect anti-covariance (one goes up, the other one
goes down), and ρ = 0 if and only if X and Y are statistically independent.

Assuming that a stochastic process {Zt} is at least weakly stationary, the auto-
correlation coefficient at time lag τ , between Zt and Zt+τ , is independent of t, and
it is denoted

Cτ (Zt) =
Cov(Zt, Zt+τ )

Var(Zt)
.

2.1.4 Hill’s tail estimator

Hill (1975) proposed a simple and general approach for statistical inference about
the shape of the tail of a distribution. Assuming that the distribution is of the Zipf
type, i.e., the cumulative density function follows F (x) = 1− Cx−α for large x, a
maximum likelihood estimator for the exponent α was derived. No assumption is
needed about the general shape of the distribution, only that the distribution tail
follows a power law.

The upper tail, i.e., for x → +∞, is estimated by taking a sample X1, . . . , Xk

from the distribution, which is assumed to follow F (x) = 1− Cx−α for x ≥ D for
some known D. Take the largest r observations xi, i = 1, 2, . . . , r, ordered such that
xr ≤ yr−1 ≤ · · · ≤ x1 and where xr ≥ D. The maximum likelihood estimator, from
here on referred to as Hill’s tail estimator, is then

α̂ =
r∑r−1

i=1 lnxi − (r − 1) lnxr
.

In practice, it is an arbitrary choice how many of the largest observations to pick
out. We generally take all observations above a certain sample quantile, by taking
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fraction fH largest samples. For example, to take everything above the 95% sample
percentile, we choose where fH = 0.05 and take

brc = 0.05k,

where b·c is the floor function.
The tail of the distribution puts an upper limit on how many finite moments

the distribution can have. Specifically, a distribution can never have a finite kth
moment if α < k. This can be seen by noting that the kth moment exists only if∫ ∣∣xk

∣∣ f(x) dx < ∞, and assuming that the distribution tail follows a power law

above some finite D, i.e., f(x) = Cx−(1+α) for x > D,
∫ ∞

−∞

∣∣∣xk
∣∣∣ f(x) dx ≤ 2

∫ ∞

D
xkCx−(1+α) dx = 2C

∫ ∞

D
xk−1−α dx.

This integral is infinite if k ≥ α, so the tail index α is an upper limit for the highest
finite moment.

2.2 Financial time series

We begin with a little bit of notation for financial time series. Let P (t) be the price
of an asset, sampled by taking the price used in the latest transaction before time t.
What really matters to most traders of financial instruments is not absolute prices,
but the relative price change, the return, over a time period ∆t. The return is

Rt(∆t) =
P (t)− P (t−∆t)

P (t−∆t)
,

where the notation Rt(∆t) is used to indicate that returns depend on the time scale.
In practice, what is more often studied is the log return, defined as

rt(∆t) = ln (1 +Rt(∆t)) = ln

(
P (t)

P (t−∆t)

)
= lnP (t)− lnP (t−∆t).

For simplicity, we define the log price pt = lnP (t), so that

rt(∆t) = pt − pt−∆t.

Two things should be noted at this point. First, we will only consider log returns
in the remainder of this report. Note that for small returns Rt(∆t) � 1, returns
and log returns are approximately equal, since ln (1 +Rt(∆t)) ≈ Rt(∆t). From here
on, we write “returns” or “log returns” interchangeably, but the strict meaning is
always log returns. Similarly, we may write “prices” or “log prices”, which always
should be interpreted as log prices. Second, we will eventually measure time in units
of ∆t, so that rt = pt − pt−1, but for now we will be explicit about the time scale
while reviewing a few empirical facts.

2.3 The stylized facts

The idea of stylized facts was introduced by the macroeconomist Kaldor, who argued
that scientists should be free to start “with a stylized view of the facts”. Kaldor
identified a number of statistical facts concerning macroeconomic growth and used
these as a starting point for his theoretical modeling (Kaldor, 1961; Chakraborti
et al., 2011a).
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Figure 2.1: Log return series of the IBM stock at time scales of 3 minutes
(top) and 24 hours (bottom), normalized by the sample standard deviation
of returns during the two periods. Visual inspection of the data shows
that the return distribution has fat tails at least compared to a normal
distribution: returns of large magnitude are much more common than in
a normal distribution, where the probability of observing values outside,
for example ±5σ is less than 10−6. The figure also illustrates that the
volatility (the magnitude of fluctuations) varies over time at both time
scales. In other words, the volatility is relatively low for a while, then
higher for a while, etc. The 3-minute returns series (top) covers almost
two calendar weeks in late 2007, and the 1 day returns series (bottom)
covers about 14 calendar years 1998–2011.

The concept was later adopted to describe some statistical regularities in return
series of financial assets that are persistent across different markets, asset types,
time periods, return time scales, etc. By now a number of stylized facts are widely
acknowledged, not least because the data availability has increased enormously since
financial exchanges have moved from physical trading floors to electronic exchanges,
where all transactions are recorded to a database.

To get an intuitive feel for a couple of these stylized facts, it may be interesting
to start with a technique called visual inspection or, colloquially, eyeballing the
data. Figure 2.1 shows log returns of the IBM stock at two different time scales
and illustrates two things rather clearly. First, the distribution of returns is much
more fat-tailed than a normal distribution. The plots both show several returns of
more than five standard deviations in 3500 samples, whereas the normal distribution
would take such extreme values with probability below 10−6. Second, it is obvious
that the volatility of the returns series, often measured as the standard deviation
over a shorter period, is not constant. At both time scales, it seems like volatility is
“sticky”: it is high for a while, then drops gradually to a lower level for a while, then
rises again, etc. This property is often referred to as clustered volatility.
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In the following pages, we will briefly review some of the most widely acknowledged
stylized facts of financial return series. For a more complete treatment, see, e.g.,
the reviews by Cont (2001), Chakraborti et al. (2011a), and Guillaume et al. (1997).
The following material draws heavily on those sources.

2.3.1 No autocorrelation in returns

The first and perhaps most obvious stylized fact of financial time series is that
returns are not significantly autocorrelated. Assuming that returns were significantly
autocorrelated, one could make correct predictions of returns at least on average,
which could be used by traders to make profitable investment decisions. When
autocorrelations are exploited, market prices should equilibrate in such a way that
the autocorrelations disappear.

Nevertheless, there is a whole discipline in quantitative finance called technical
analysis, which aims at forecasting the direction of price changes by studying past
price data and finding patterns that can be used as signals to buy or sell. Consider
popular book titles like Technical Analysis: The Complete Resource for Financial
Market Technicians (Kirkpatrick and Dahlquist, 2010) or Chart Your Way to Profits:
The Online Trader’s Guide to Technical Analysis (Knight, 2007).

To be fair, technical trading strategies not only include looking at past price
movements, but also finding correlations across different markets and assets, and
whatever other information could be valuable. Still, the concept of technical trading
is incompatible with one of the theoretical cornerstones of finance called the efficient
market hypothesis (EMH). The EMH states that financial markets makes efficient
use of all available information, thereby instantly incorporating any “hidden value”
of an asset into its price. If the EMH is strictly true, there is no chance of making
money on technical analysis: the future returns of exchange-traded financial assets
are always unpredictable.

This apparent inconsistency in the existence of technical trading strategies on one
hand, and the stylized fact of absence of autocorrelation on the other, is perhaps
not so important. The fact is only a stylized one, which means that it should hold
qualitatively, but perhaps not in every case.

In practice, the information professional traders have about price movements
is more or less instantaneous, and it does seem like they utilize the information
rather efficiently. See figure 2.2 for an indication that the autocorrelation in returns,
Cτ (rt(∆t)) seems to vanish on average within a few minutes for the IBM stock.

2.3.2 Long autocorrelations in squared returns

The next stylized fact concerns the autocorrelation of the squared returns process
{r2
t }. Already in an influential paper from 1963, Mandelbrot wrote that “large price

changes are not isolated between periods of slow change” but “large changes tend to
be followed by large changes – of either sign – and small changes tend to be followed
by small changes” (Mandelbrot, 1963, p. 418). In other words, the autocorrelation
of absolute or squared returns is positive. This is sometimes referred to as a long
memory effect or clustered volatility.

This statistical fact has since been verified in many financial markets, and it
has been quantitatively refined. According to Cont (2001), several authors have
remarked that the autocorrelation in squared returns decays like a power law,

Cτ (r2
t (∆t)) ∼ τ−β,

7



0 20 40 60 80 100

τ/∆t

−0.03

−0.02

−0.01

0.00

0.01

0.02

0.03

mean Cτ (rt(∆t)), ∆t = 3 min

95% insignificance interval

Figure 2.2: Sample autocorrelation of 3-minute returns of the IBM stock
and the insignificance interval which sample values fall inside with prob-
ability 95% under the null hypothesis H0 : Cτ (rt) = 0. The first auto-
correlation at τ = 3 minutes is highly significantly different from zero
(p < 10−6). The hypothesis testing was done with a bootstrap technique,
sampling 50 random blocks of 5 · 103 consecutive values in the 3-minute
returns series of the IBM stock between January 1998 and February 2013
(total number of data points approximately 5 · 105). Each block sample
was used to estimate the autocorrelation at all different values of τ , and
the approximate insignificance interval was estimated by assuming that
the mean value of sample autocorrelations for each lag τ is normally
distributed with mean 0 and standard deviation equal to sample standard
deviation.
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Figure 2.3: Empirical distribution of log returns rt(∆t) of the IBM stock,
compared to a normal distribution with the same standard deviation. It
is clear that the return distribution has much fatter tails than a normal
distribution, both at ∆t = 5 minutes and ∆t = 24 hours, although the
shape is less pronounced for longer time scales. The figures are based on
data from January 1998 to February 2013. The empirical distributions
are Epanechikov kernel estimates using a bandwidth choice suggested by
Davidson and MacKinnon (2004, p. 681, equation (15.63)).

with a coefficient β ∈ [0.2, 0.4]. The quantitative results may be dependent on the
time step ∆t, but we will not go deeper into the topic at this point.

This stylized fact is important because it says that price increments are not
independently distributed: the magnitude of future returns can be predicted to
some extent based on past returns, even though the sign of returns cannot.

2.3.3 Fat tails in the return distribution

Another widely acknowledged stylized fact is that returns are not normally dis-
tributed. This is illustrated with an example in figure 2.3, which clearly shows that
the return distribution has a narrower central part and fatter tails than the normal
distribution. This empirical regularity was noted already by Mandelbrot (1963) and
since then, a whole range of different distributions have been suggested, but there is
no consensus on the exact form of the tails (Chakraborti et al., 2011a).

The difference can be quantified in at least two different ways. First, empirical
return distributions typically have a large normalized fourth moment, also known
as kurtosis (see section 2.1.1 on page 3). The kurtosis of the normal distribution is
κ = 3, and a distribution with κ > 3 is called leptokurtic. The sample kurtosis of
financial returns falls roughly in the range 5 < κ < 100 (Cont, 2001; Lux, 2009). No
single value should be accepted as universally correct, but it is clear that all return
series are significantly leptokurtic.

A second way of quantifying the distribution shape is to compute its tail index
using the Hill estimator (see section 2.1.4 on page 4). Malevergne, Pisarenko, and
Sornette (2005) found Hill estimator values roughly in the region 2.7 ≤ α̂ ≤ 4.0
using return series from three different stock indices with return intervals from 5
minutes to 24 hours, and with the Hill estimator based on empirical returns above
different quantiles from the 95% to the 99% quantile. Similar results have been
reported for daily returns in some stock indices by Lux (2009).
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2.3.4 Skewness

Finally we briefly mention the skewness of empirical return distributions. Cont
(2001) reports normalized skewness values between −0.4 and −0.1 for five-minute
returns of three different financial instruments. Cont describes it as a “gain/loss
asymmetry”, because “one observes large drawdowns in stock prices and stock index
values but not equally large upward movements” (Cont, 2001, p. 224).

However, it has been pointed out by Kim and White (2004) and Bonato (2011)
that standard estimators of skewness may be likely to overestimate the magnitude
of skewness when dealing with return series. We expand briefly on this topic in
section 2.4.2 below. It seems like a sufficiently conservative statement that returns
skewness should probably be below zero, and probably not much smaller than −0.5.

2.4 Limitations of the stylized facts

The stylized facts mentioned above are among the least controversial: they have
been demonstrated in different asset types, at different time scales, and in different
time periods (Cont, 2001). Nonetheless we want to mention a couple of caveats at
this point.

2.4.1 Time scales

The first complication is the time scale. Many of the stylized facts have been
demonstrated in return series at different time scales, from seconds and minutes up
to days or even weeks, i.e., ranging over five or six orders of magnitude. But things
do change with the time scale. For example, according to Cont (2001) the return
distribution looks more and more like a normal distribution as the time step ∆t is
increased. This effect is illustrated in figure 2.3 above.

More generally, one can find quite different results by sampling return series using
different “clocks”. One method is to sample transaction prices with a constant time
interval, as we have assumed so far. This “calendar time” is the most common
(Chakraborti et al., 2011a). But one could instead sample at every placement and
cancellation of orders in the electronic order book to get a series in “event time”, or
at every transaction to get a series in “trade time”, or sample only when the price
changes to get a series in “tick time” (Chakraborti et al., 2011a).

Without digging deeper at this point, we note that revisiting the stylized facts
with a new clock can give additional insight into return series. This could be an
essential consideration in designing mathematical models for explaining the stylized
facts.

2.4.2 Existence of moments

Another caveat is that the stylized facts have been established using statistical
estimation methods which may not accurately describe the “true” underlying values.
Specifically, assuming that the data generating process for a random variable X
does not have a kth moment, i.e., the integral

∫ ∣∣xk
∣∣ f(x)dx diverges, the sample

estimator based on empirical data is perfectly computable but will supposedly
exhibit erratic behavior (Bonato, 2011).

The behavior of conventional estimators of skewness and kurtosis when the data
generator process is a distribution which does not possess second or third or fourth
moment has been investigated by Kim and White (2004) and Bonato (2011). One
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result was that for a symmetric, fat-tailed distribution sample, skewness is not a
valid indicator of the presence of asymmetry.

This point is highly pertinent to our work since the return distributions are fat
tailed according to a basic stylized fact. Recall that the tail index of a distribution
sets an upper limit on highest finite moment. Since the tail index in empirical
distributions are estimated at α ≈ 3, it seems likely that the fourth moment is
infinite, and perhaps the third moment too. Hence, any estimate of skewness (third
moment) or kurtosis or autocorrelation of squared returns (both depend on the
fourth moment), or higher moments should also be interpreted with great care.
However, according to Cont (2001), a systematic analysis of a wide range of US
and French stocks indicates that typical returns series at least have finite variance
(second central moment).

2.5 Reproducing the stylized facts: modeling approaches

A number of different modeling approaches have been used to replicate or explain
various stylized facts about financial markets. We do not attempt to make an
overview here, but merely point to a few examples.

2.5.1 The ARCH family

A large literature in econometrics uses variants of a model proposed by Engle
(1982), originally designed to reproduce the time-varying volatility of macroeco-
nomic variables. Engle’s model class, called ARCH (autoregressive conditional
heteroskedasticity), was later generalized into a class now known as GARCH (a
textbook introduction is given by Davidson and MacKinnon (2004, pp. 587–595)).

The GARCH class is merely a mathematical structure and the models provide
no explanation whatsoever to why the stylized facts arise. In any case, it is an
interesting class because there are plenty of theoretical results in the literature, and
the GARCH model, and different variants of it, has later been explicitly applied to
financial return series with some success, e.g., by Ding and Granger (1996).

A fundamental shortcoming of the GARCH models is that they produce expo-
nentially decaying squared autocorrelations, i.e., much faster decaying than the
empirically observed power law behavior.

2.5.2 Agent-based order book dynamics

There is also a large number of more concrete, descriptive models. Some of them
focus on order book dynamics, i.e., the placement and cancellation of buy and
sell orders in an electronic order book which affect the market price. Order book
dynamics are not considered elsewhere in this thesis, but it should be noted that
several interesting statistical regularities about order flow have been identified
(Chakraborti et al., 2011a), which inform the design of order book models.

A simple example was presented by Challet and Stinchcombe (2001), who modeled
the order book with a “zero-intelligence” order flow similar to a physical deposi-
tion/evaporation process. A more elaborated model by Mike and Farmer (2008)
takes a more concrete approach to trader behavior as a function of the current
market conditions. The model was calibrated against empirical data for one stock
and rather successfully validated against 24 other stocks on the same market. Several
other order book models can be found in the review by Chakraborti et al. (2011b)
and references therein.
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2.5.3 Heterogeneous agents in aggregated market models

Finally, we mention a rather specific class of agent-based models which is interesting
because there are several similar such models in the literature which have successfully
reproduced some of the stylized facts, such as clustered volatility and fat tails of the
return distribution. Our work, presented in chapter 3, contains results for one model
of this class. These models build on the notion of different trading strategies that
agents employ to determine their demand for an asset. The market is described in a
more aggregated, abstract way than in the order book models, using a discrete-time
difference equation for the price increments,

pt+1 = pt + f(Dt),

where pt is the price at time t, f(·) is a function with positive slope and f(0) = 0
(many models use f(x) = kx for a constant k), and Dt is the net demand at time t.
Hence, the price increases (decreases) if the net demand is positive (negative).

The interesting part of these models is the function Dt, which is in general a
nonlinear, stochastic function of the previous prices pt, pt−1, . . .. Various functional
forms may be motivated in various ways, but a common factor to several models is
the concept of combining “fundamentalist” agents trading on the belief that prices
will eventually return to a certain “correct” price level motivated by the fundamental
value of the asset, and technical traders or “chartists” betting that prices follow
some form of trend. The concept of combining fundamentalist and technical traders
is consistent with questionnaire data on trading strategies collected among financial
professionals, reviewed, e.g., by Hommes (2006, pp. 1118–1122). According to these
surveys, professional traders act both on the long-run expectation that prices return
to some fundamental level, and on the short-run expectation that prices can be
predicted based on recent trends.

Such models with different forms of the demand function have been proposed,
e.g., by Day and Huang (1990); Farmer and Joshi (2002); Tramontana, Westerhoff,
and Gardini (2010), and Westerhoff and Franke (2012), all similar in some sense,
but exhibiting different behaviors according the functional form chosen for Dt. The
models just mentioned have constant populations of traders following different
strategies, while other models allow agents to switch their investment rules (e.g.,
Grauwe and Dewachter, 1993; Brock and Hommes, 1998; Chiarella, He, and Hommes,
2006; Alfi et al., 2009). A couple of the models (e.g., Grauwe and Dewachter, 1993;
Brock and Hommes, 1998) are deterministic while most others have stochastic
elements.

All these models have been demonstrated by the authors to reproduce some
stylized facts of financial markets, specifically lack of returns autocorrelation, fat
tails of the return distribution, and volatility clustering. However, the matching of
stylized facts is in many cases only qualitative, e.g., squared or absolute returns are
autocorrelated, but not necessarily according to a power law; the return distribution
has fat tails, but not necessarily with a tail index close to empirical observations.
Among the most quantitative attempts at matching results we have encountered
were presented by Westerhoff and Franke (2012) in the model we analyze in chapter
3. Westerhoff and Franke tried to quantitatively match the tail index and absolute
returns autocorrelations against empirical values with some success.
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Chapter 3

Analysis of a stochastic model

This chapter contains an investigation of a stochastic asset pricing model proposed
by Westerhoff and Franke (2012). They demonstrated using computer simulations
that the model can roughly match some empirical observations in daily returns
series from a stock market and a foreign exchange market (the S&P 500 index
and the USD-DEM exchange rate), specifically autocorrelations in returns and
the Hill estimator of tail index. Their simulation results also have the first 100
autocorrelations in absolute returns in the right order of magnitude, although it is
not clear from their simulation results how well the model matches the power law
decay we expect based on the stylized facts. Figure 3.1 shows simulation results
corresponding to the parameters in the stock market scenario from the original
paper (Westerhoff and Franke, 2012, p. 428).

However, the results presented by Westerhoff and Franke are only simulation
results from two different points in the parameter space. This naturally raises
questions about parameter sensitivity. How does a change in parameter values affect
the results? In which parts of the parameter space does the model reproduce the
stylized facts?

This thesis provides partial answers to those questions using a combination of
theoretical analysis and numerical simulation. First, by putting some stationarity
requirements on the process {pt}, some constraints on the model parameters are
derived theoretically, which restricts the analysis to a smaller part of the parameter
space. Second, analytical expressions are derived for returns skewness and kurtosis,
autocorrelation of returns, and autocorrelation of squared returns. Matching these
results against the stylized facts, even further constraints can be put on the parame-
ters. Finally, computer simulations are used to analyze how the Hill tail estimator
varies in the relevant parameter space.

The remainder of this chapter is organized as follows. In sections 3.1 and 3.2, the
model by Westerhoff and Franke is presented and simplified. Section 3.3 provides
the theoretical basis for computing moments of the stochastic process, and presents
derivations of some quantities. Section 3.4 briefly discusses numerical simulation of
the model. Finally, the results are summarized and discussed in section 3.5.

3.1 The original model formulation

The model proposed by Westerhoff and Franke is a stochastic difference equation,
motivated by the notion of three trader types. First, the fundamentalists who think
that the asset has a constant fundamental value p∗ and whose demand at time t is
proportional to the perceived mispricing (p∗ − pt). A fundamentalist who trades at
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Figure 3.1: Simulation results of the stock market scenario in the model
proposed by (Westerhoff and Franke, 2012, p. 428). The price and
returns series displayed is only a short subsample at the end of a long
simulation. The return distribution and autocorrelation functions were
estimated based on a single simulation of 106 time steps, discarding the
first 5 ·105 to eliminate any transient effects. The parameters transformed
to our simplified model are a = 0.989, σX = 0.101, b = 0. The empirical
distributions are Epanechikov kernel estimates using a bandwidth choice
suggested by Davidson and MacKinnon (2004, p. 681, equation (15.63)).
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time t makes the order

dF
t = φ(p∗ − pt),

where φ is a positive constant.
Second, there are chartists who bet on the opposite, that any mispricing will

increase. A chartist who trades at time t makes the order

dC
t = χ(pt − p∗),

where χ is a positive constant.
Third and last, investors are traders who act independently of any price signals.

An investor is either a buyer or seller, who if active at time t makes the order,
respectively,

dB
t = κ,

dS
t = −κ,

for a positive κ.
The stochastic elements of the model are motivated by each trader type having a

finite population where each individual decides to trade with a certain probability
each time step. For example, the population of fundamentalists is NF and they all
independently decide with probability πF to trade in each time step. Hence, the
number of active traders of each type at time t is binomially distributed,

Ft ∼ Bin(NF, πF),

Ct ∼ Bin(NC, πC),

Bt ∼ Bin(NB, πB),

St ∼ Bin(NS, πS),

where F denotes fundamentalists, C chartists, B buyers and S sellers.
Finally, it is assumed that the price change between time t and t+1 is proportional

to the total demand with a constant factor µ. The complete model is written

pt+1 = pt + µ [(χCt − φFt)(pt − p∗) + κ(Bt − St)] (3.1)

3.2 The simplified model

First, an approximation will be used to simplify the model. The binomially dis-
tributed variables Ft, Ct, Bt, St can be approximated by normally distributed vari-
ables. The approximation Bin (n, π) ≈ N (nπ, nπ(1− π)) is exact in the limit
n→∞ and it is quite good already for small n if π is not too close to 0 or 1 (J. S.
Hunter, W. G. Hunter, and Box, 2005). In fact, the same approximation was used
in the simulations presented in the the original paper by Westerhoff and Franke
(2012).

Using the normal approximation, it is easily seen that

µ (χCt − φFt) is approximately distributed as N
(
µX , σ

2
X

)

κ (Bt − St) is approximately distributed as N
(
µY , σ

2
Y

)
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where

µX = µ (πCχNC − πFφNF ) ,

σ2
X = µ2

(
(1− πC)πCχ

2NC + (1− πF )πFφ
2NF

)
,

µY = κµ (πBNB − πSNS) ,

σ2
Y = κ2µ2 ((1− πB)πBNB + (1− πS)πSNS) .

This way, equation (3.1) can be approximated by

pt+1 = pt + (σXXt + µX) (pt − p∗) + (σY Yt + µY ),

where Xt ∼ N (0, 1) and Yt ∼ N (0, 1).
Second, two of the parameters can be canceled through a suitable variable change.

Simply subtract p∗ from both sides of equation (3.1) and then divide by σY to find

pt+1 − p∗

σY
=
pt − p∗

σY
+ (σXXt + µX)

pt − p∗

σY
+ Yt +

µY
σY

,

or, with p′t = (pt − p∗)/σY ,

p′t+1 = p′t + (σXXt + µX)p′t + Yt +
µY
σY

,

The dynamics in p′t have only been shifted by the constant term −p∗ and scaled
by 1/σY , which does not matter for any of the results in this thesis, since the results
presented below only concern normalized central moments of the return distribution,
autocorrelations in returns and squared returns, and the Hill tail estimator of the
return distribution. All of these are independent of price scaling and translation, as
is easily verified using the definitions given in section 2.1.

The simplified model is finally obtained by dropping the apostrophe on p′t, col-
lecting terms and setting a = 1 + µX and b = µY /σY . Then,

pt+1 = pt (a+ σXXt) + Yt + b, (3.2)

where Xt and Yt are random variables of the standard normal distribution N (0, 1),
a and b are real-valued constants, and σX is a non-negative real constant. (We could
allow σX to be negative, but since Xt is symmetrically distributed, this does not
change anything.)

3.3 Theoretical analysis of the simplified model

In this section, we derive a few theoretical results for the simplified model in
equation (3.2) above. Most notably, we derive the skewness and kurtosis of the
return distribution, and the expected autocorrelation of returns and squared returns.

We begin with a few theoretical considerations in sections 3.3.1 – 3.3.3, then
derive the actual results in sections 3.3.4 – 3.3.4. The results are summarized and
discussed in section 3.5.

3.3.1 The general principle

The following calculations are essentially motivated by two facts about expected
values. First, expectation is linear, and second, the expectation is multiplicative for
independent random variables.

E[A+B] = E[A] +E[B] for all A,B,

E[AB] = E[A]E[B] if A and B are independent.
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Now, some of the quantities we are interested in, such as the autocorrelation of
returns, and skewness and kurtosis of returns, can be written as a linear combination
of expressions of the form

E

[
m∏

i=0

pνit+i

]
, (3.3)

where νi are non-negative integer constants. In fact, any moment (or central moment)
of prices or returns, or powers of those (including mixed moments) can be written
in this form.

Furthermore, any expression of the form (3.3) can be rewritten using the model
equation (3.2) repeatedly until only powers of pt remain. Using linearity of expecta-
tion and multiplicativity of independent expectations, the general result is

E

[
m∏

i=0

pνit+i

]
=

N∑

n=0

γnE[pnt ] ,

where γn are constants and the largest possible exponent is N =
∑m

i=0 νi. (For a
proof, see appendix A.1.) Hence, the expectation (3.3) exists, and can be computed,
if also E[pnt ] exists and can be computed for all n = 1, . . . , N .

3.3.2 Existence and derivation of moments

As previously discussed in section 2.4.2, any talk about moments of the return
distribution should be careful, because it is not obvious that moments exist, much
less that they are constant.

In our model, the moments E[pnt ] for positive integers n do not necessarily exist,
and if they exist, they generally depend on t. However, in slightly vague terms it can
be said that moments are indeed constant and finite assuming that the process has
been going on for a long time, and that the parameter values follow some restrictions.

To be specific, a theoretical investigation by Vervaat (1979) shows that the price
process pt in the model does converge in distribution as t→∞ under sufficiently
strict parameter restrictions, and more importantly that the moments E[pnt ] tend
to finite constants as t→∞ under less strict restrictions on the parameters. A less
formal explanation can be made as follows.

From here on, we will assume that the price process pt is defined for non-negative
integers t ∈ {0, 1, 2, . . .}. The expectations E[pnt ] for positive integers n can then be
computed through a general algorithm. We show in appendix A.3 that for a positive
integer t, the expectations E[pnt ] and E[pn0 ] always have a simple relationship if they
exist, namely

E[pnt ] = CtnE[pn0 ] +Dn

t−1∑

ν=0

Cνn,

where Cn and Dn are constants that depend on the parameter values and the power
n. Specifically, Cn = Cn (a, σX) and Dn = Dn (a, b, σX). Assuming E[pn0 ] <∞ and
requiring that E[pnt ] < ∞ leads to the restrictions |Cn| < 1 and Dn < ∞. Under
those conditions, E[pnt ] converges exponentially in absolute value to a constant,

lim
t→∞

E[pnt ] =
Dn

1− Cn
. (3.4)
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Since the expectation E[pnt ] converges, we can loosely say that it is constant if
the price process has been going on forever. From here on, we will assume that the
process pt has moments independent of t for all positive integers n whenever the
limit limt→∞E[pnt ] exists, if nothing else is stated.

For a complete description of the steps taken to compute the moments E
[
pkt
]
,

refer to appendix A.3.

3.3.3 Parameter restrictions for stationarity

In conclusion, we require |Cn| < 1 and Dn <∞. We show in appendix A.3 that the
constant Dn is finite if and only if all |Ck| < 1 for k = 1, 2, . . . , (n− 1). Hence, to
compute the expectation

E

[
m∏

i=0

pνit+i

]
,

where the powers νi sum to N =
∑

i νi, it is required that

|Cn| < 1 for n = 1, 2, . . . , N.

The constants Cn depend on a and σX , so we have to impose some restrictions on a
and σX . The restrictions (derived in appendix A.1) are

|Cn| =

∣∣∣∣∣∣
an +

bn/2c∑

k=1

(
n

2k

)
an−2kσ2k

X (2k − 1)!!

∣∣∣∣∣∣
< 1 for n = 1, 2, . . . , N. (3.5)

Note that σ2k
X is always positive and an−2k has the same sign for all integers n and

k. Therefore all terms in this sum have the same sign, so it is equivalent to require

|Cn| = |a|n +

bn/2c∑

k=1

(
n

2k

)
|a|n−2k σ2k

X (2k − 1)!! < 1 for n = 1, 2, . . . , N.

The first four Cn are

C1 = a,

C2 = a2 + σ2
X ,

C3 = a3 + 3aσ2
X ,

C4 = a4 + 6a2σ2
X + 3σ4

X .

3.3.4 Calculation of some quantities

Following the general principles established in previous sections, it is possible to
calculate closed-form expressions for the theoretical mean of several quantities
associated with the stylized facts. In the following pages, we present calculations
of the expected returns, skewness and kurtosis of the return distribution, and
autocorrelation in returns and squared returns.

Expected price and expected returns

From sections 3.3.2 and 3.3.3 above, it follows that the expected returns E[rt] =
E[pt − pt−1] exists if |a| < 1. In that case E[pt] is a constant, independent of t, and

E[rt] = E[pt − pt−1] = E[pt]−E[pt−1] = 0 |a| < 1.
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In other words, the expected price is constant for |a| < 1 and hence expected
returns are always zero. For completeness, we still derive the expected price E[pt]
as follows.

First, we note using linearity of expectation and multiplicativity of independent
expectations, and E[Xt] = E[Yt] = 0, that

E[pt+1] = E[pt(a+ σXXt) + Yt + b]

= aE[pt] + σXE[pt]E[Xt] +E[Yt] + b

= aE[pt] + b.

Using the same relation again, we see

E[pt+2] = a2
E[pt] + ab+ b,

and so on. Iterating N times yields

E[pt+N ] = aNE[pt] + b

N−1∑

ν=0

aν .

In the limit N →∞, this expression is only convergent for |a| < 1, and then

lim
N→∞

E[pt+N ] = lim
N→∞

aNE[pt] + b
1− aN

1− a
=

b

1− a
, |a| < 1. (3.6)

For |a| ≥ 1, the limit limN→∞E[pt+N ] does not exist, so there is no unconditional
expectation E[pt].

Expected squared returns

Similarly, we will show that the expected squared returns E
[
r2
t

]
= E

[
(pt − pt−1)2

]

exists if |a| < 1 and
∣∣a2 + σ2

X

∣∣ < 1.1 To compute expected squared returns, we first
use linearity of expectation to find

E
[
r2
t

]
= E

[
(pt − pt−1)2

]
= E

[
p2
t

]
− 2E[ptpt−1] +E

[
p2
t−1

]
,

where E[ptpt−1] can be rewritten using the model equation so that

E
[
r2
t

]
= E

[
p2
t

]
− 2E

[
p2
t−1(a+ σXXt) + pt−1(b+ Yt)

]
+E

[
p2
t−1

]

= E
[
p2
t

]
− 2aE

[
p2
t−1

]
+ bE[pt−1] +E

[
p2
t−1

]
.

We know that E
[
p2
t

]
, if it exists, is independent of t, so E

[
p2
t−1

]
= E

[
p2
t

]
. Using

this, and the expectation E[pt] from equation (3.6) (assuming |a| < 1),

E
[
r2
t

]
= 2

(
(1− a)E

[
p2
t

]
− bE[pt−1]

)
=

2b2

a− 1
− 2(a− 1)E

[
p2
t

]
(3.7)

Now, we just have to find E
[
p2
t

]
. Applying the model equation once, using

additivity and multiplicativity, and E[Xt] = E[Yt] = 0, we find

E
[
p2
t+1

]
= E

[
(pt(a+ σXXt) + Yt + b)2

]

= 1 + b2 + 2abE[pt] +
(
a2 + σ2

XE
[
X2
t

])
E
[
p2
t

]
.

1Of course,
∣∣a2 + σ2

X

∣∣ < 1 implies |a| < 1, but in principle it has to be confirmed that all |Ck| < 1
for k = 1, 2, . . . , n to guarantee the existence of E[pnt ].
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Since Xt ∼ N (0, 1), the random variable X2
t is χ2-distributed with one degree of

freedom, so E
[
X2
t

]
= 1. More generally, it is shown in appendix A.2 that

E

[
Xk
t

]
= E

[
Y k
t

]
=

{
(k − 1)!! for even k,
0 for odd k.

(3.8)

Using equation (3.6) and equation (3.8), we find

E
[
p2
t+1

]
= 1 + b2

1 + a

1− a
+
(
a2 + σ2

X

)
E
[
p2
t

]
.

Applying this relation iteratively, as in the derivation of E[pt], yields

E
[
p2
t+N

]
=
(
a2 + σ2

X

)N
E
[
p2
t

]
+

(
1 + b2

1 + a

1− a

)N−1∑

ν=0

(
a2 + σ2

X

)ν
.

With the same logic as before, it is easily seen that the expectation E
[
p2
t

]
exists

only if
∣∣a2 + σ2

X

∣∣ < 1 and it is

E
[
p2
t

]
=

a
(
b2 − 1

)
+ b2 + 1

(a− 1)
(
a2 + σ2

X − 1
) ,

∣∣a2 + σ2
X

∣∣ < 1. (3.9)

The final result is obtained by inserting equation (3.9) in equation (3.7),

E
[
r2
t+1

]
=

2
(
(a− 1)2 + b2σ2

X

)

(a− 1)
(
a2 + σ2

X − 1
) ,

∣∣a2 + σ2
X

∣∣ < 1. (3.10)

Returns skewness and kurtosis

The returns skewness and kurtosis can be calculated using the same sort of procedure
used for expected returns and expected squared returns in sections 3.3.4 and 3.3.4
above.

However, the exercise is a bit more laborious since returns skewness and kurtosis
require the third and fourth moments E

[
p3
t

]
and E

[
p4
t

]
respectively. Expanding

E
[
p4
t+1

]
= E

[
(pt(a+ σXXt − 1) + Yt + b)4

]
obviously yields a relatively large num-

ber of terms, which would be uncomfortable to handle manually. The results
presented below have instead been calculated using the symbolic mathematics soft-
ware Wolfram Mathematica, by implementing the rules for linearity of expectation,
multiplicativity of expectation of independent variables, expected values E

[
Xk
t

]
,

etc.
The resulting expression for the normalized skewness of the return distribution is

E
[
r3
t

]

E
[
r2
t

]3/2 =
3(2a+ 1)bσ2

X

√
2
(
a3 + 3aσ2

X − 1
)√ (a−1)2+b2σ2

X

(a−1)(a2+σ2
X−1)

The returns kurtosis is given in appendix A.5.

Autocorrelation of returns

By definition, autocorrelation of returns is

Cτ (rt) =
E[(rt+τ −E[rt+τ ]) (rt −E[rt])]√

E

[
(rt+τ −E[rt+τ ])2

]
E

[
(rt −E[rt])

2
] ,
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which immediately can be simplified since the moments of rt are independent of t,
and E[rt] = 0. A simpler expression is

Cτ (rt) =
E[rt+τrt]∣∣E
[
r2
t

]∣∣ .

Setting τ = 1, the calculation of this quantity is straightforward using the principles
established in sections 3.3.1 and 3.3.3. The result is

C1(rt) = −1− a
2

if
∣∣a2 + σ2

X

∣∣ < 1.

Now, the returns autocorrelation at any lag τ ≥ 1 can be found by noting that

Cτ+1(rt)

Cτ (rt)
=
E[rt+τ+1rt]

E[rt+τrt]
=
E[(pt+τ+1 − pt+τ )rt]

E[rt+τrt]

=
E[(pt+τ (a+ σXXt+τ ) + Yt+τ − pt+τ−1(a+ σXXt+τ−1)− Yt+τ−1)rt]

E[rt+τrt]

=
aE[rt+τrt] +E[(σX(Xt+τ −Xt+τ−1) + Yt+τ − Yt+τ−1) rt]

E[rt+τrt]

= a,

where the last equality holds since Xt+τ−1 and Yt+τ−1 are independent of rt when
τ ≥ 1. In conclusion,

Cτ+1(rt) = aCτ (rt), τ ≥ 1,

so the general formula for autocorrelations at lags τ = 1, 2, 3, . . . is

Cτ (rt) = −aτ−1 1− a
2

,
∣∣a2 + σ2

X

∣∣ < 1. (3.11)

Autocorrelation of squared returns

The autocorrelation of squared returns,

Cτ (r2
t ) =

E
[(
r2
t+τ −E

[
r2
t+τ

]) (
r2
t −E

[
r2
t

])]
√
E

[(
r2
t+τ −E

[
r2
t+τ

])2]
E

[(
r2
t −E

[
r2
t

])2]
,

is calculated the same way as the quantities found in previous sections. The
autocorrelation of squared returns only exists if all the first four price moments up
to E

[
p4
t

]
exist.

An expression for the first lag autocorrelation C1(r2
t ) is found in appendix A.5.

When it comes to higher lags τ ≥ 2, things get slightly more complicated. It can
be shown that choosing the parameter b = 0 yields an exponential decay similar to
the autocorrelation of returns,

Cτ+1(r2
t ) = (a2 + σ2

X)Cτ (r2
t ), b = 0, τ ≥ 1.

However, when b 6= 0, the decay is generally not exponential, but

Cτ (r2
t ) =

(
K1a

τ−1 +K2

(
a2 + σ2

X

)τ−1
)
C1(r2

t ), τ ≥ 1. (3.12)

with constants K1 and K2 given in appendix A.5.
Note that if a = a2 + σ2

X , the autocorrelation decay is exponential. In the other
case (a 6= a2 + σ2

X), the decay of the squared returns autocorrelation also tends to
an exponential (at least in absolute value) as τ →∞, since one of the terms in the

sum K1a
τ−1 +K2

(
a2 + σ2

X

)τ−1
vanishes faster than the other.

The calculations behind these results are found in appendix A.4, and a complete
expression for Cτ (r2

t ) is given in appendix A.5.
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Figure 3.2: In numerical simulations, the moments of the price process
converge predictably, if they are finite. The figure shows the theoretical
convergence of the second price moment E

[
p2t
]

towards its stationary
value, confirmed by simulation results. Simulation results are averages
of p2t over 106 independent runs, started with p0 = 0. Parameter values:
a = 0.989, σX = 0.08, b = 0.

3.4 Numerical simulation

Numerical simulation of the price process is straightforward. After choosing an
initial price p0, obtaining a finite series p1, p2, . . . , pN is simply a matter of iterating
the model equation N times with random numbers Xt and Yt drawn independently
from the standard normal distribution.

When interpreting the simulation results, however, there are two important points
to note. First, to ensure that moments of interest have converged, a suitable number
of time steps should be discarded from the start of the simulation. Second, it should
be noted that estimators of moments may have infinite variance. These two points
are elaborated in sections 3.4.1 and 3.4.2 below.

3.4.1 Convergence of moments

It is known from equation (3.4) that the price moments, if they exist, converge
exponentially toward constant values. A practical implication is that numerical
simulations generally need to run for some time before a given moment can be
reliably estimated from simulation results.

For simplicity, numerical simulations were always started with the first price value
p0 = b/(1− a), i.e. equal to the theoretical stationary moment limt→∞E[pt]. From
the calculations above it is then clear that for all times t = 1, 2, . . . , N , the first
moment is always equal to its theoretical value.

However, since the first value p0 is a constant, all higher moments are initially equal
to some constant which is generally not the theoretical moment, i.e. E

[
pk0
]

= pk0
for k ≥ 2, and therefore the moments E

[
pkt
]

are generally not independent of t.
The dependence of the moments E

[
pkt
]

is explicitly given in equation (3.4), and
from there it is easily computed how many time steps are needed to obtain a given
relative error of the finite-time moment E

[
pkt
]

compared to the infinite-time limit.
This principle is illustrated with the second moment as an example in figure 3.2.
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3.4.2 Variance of estimators

An estimate of the kth moment of the price at time t can be computed by simulating
N independent price series to get a set of realizations of pt, i.e. {pt(i)}Ni=1. The
estimate is then computed as

Ê
[
pkt
]

=
1

N

N∑

i=1

(pt(i))
k .

The variance of the estimator can be computed by noting that all realizations
pt(i) are identically distributed so that E[pt(i)] = E[pt], and also independently

distributed, so all the mixed terms simplify as E
[
pt(i)

kpt(j)
k
]

= E
[
pt(i)

k
]2

. Keeping
this in mind, it is seen that

Var
(
Ê
[
pkt
])

= E

[(
Ê
[
pkt
]
−E

[
Ê
[
pkt
]])2

]
= E

[
Ê
[
pkt
]2]
−E

[
Ê
[
pkt
]]2

︸ ︷︷ ︸
=E[pkt ]

2

=
1

N2
E



(

N∑

i=1

(pt(i))
k

)2

−E

[
pkt

]2

=
1

N2

N∑

i=1

E

[(
(pt(i))

k
)2
]

+
N(N − 1)

N2
E

[
(pt(i))

k
]2
−E

[
pkt

]2

=
1

N
E

[
p2k
t

]
+

(
1− 1

N

)
E

[
pkt

]
−E

[
pkt

]2

=
1

N

(
E

[
p2k
t

]
−E

[
pkt

]2
)
.

The point of this exercise is to show that the variance of the estimator of the kth
moment depends on the (2k)th moment, e.g., the estimator of the second moment
depends on the fourth moment. Clearly, if the fourth moment diverges, so does the
variance of the estimator of the second moment. But if the (2k)th moment does
exist, the variance of the estimator decreases like 1/N as we are used to.

3.5 Results and conclusions

The theoretical results derived in section 3.3 improves our understanding of the
model significantly, in two distinct ways described below.

3.5.1 Parameter restrictions for stationarity

First, the calculation of the various quantities leads to a number of mathematical
restrictions on the values of the parameters a and σX . For example, requiring that
the autocorrelation of squared returns or the kurtosis of the return distribution
exists, also implies that all the moments up to E

[
p4
t

]
must exist. This, in turn,

restricts a and σX as described in section 3.3.3. The regions where the first four
moments of the return distribution exist are illustrated in figure 3.3.

In the final chapter, we discuss a few issues which pertain more generally to
models of financial markets. One of them, mentioned also by Cont (2001), is that
we perhaps should not require the theoretical existence of higher moments such as
skewness and kurtosis. At this point, it can be noted that the simulation results by
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Figure 3.3: The regions in the (a, σX)-plane where the first four moments
of the return distribution exist. Note that changing sign on a makes no
difference for the existence of moments, since equation (3.5) is symmetric
in a. We require σX ≥ 0 because Xt is symmetrically distributed and
changing signs of σX makes no difference whatsoever for the model.

Westerhoff and Franke (2012) were made in a parameter region where the theoretical
second and third moments exist, but the fourth moment diverges. This is illustrated
in figure 3.4.

3.5.2 Parameter restrictions for agreement with stylized facts

Second, even more restrictions on the parameter values can be found if we require
that the quantities we have found expressions for agree with the stylized facts to
some extent.

Autocorrelation in returns

Perhaps the most basic stylized fact is that there should be no significant autocor-
relations in returns. Set any limit |C1,max| on the maximal absolute value of the
first-lag autocorrelation. Since the first autocorrelation of returns is (1− a)/2, it is
required that |1− a| < 2 |C1,max|, and since |a| < 1 if the first moment exists,

a > 1− 2 |C1,max| .

Furthermore, the autocorrelation of returns only exists if a2 +σ2
X < 1, so this creates

a closed region in the (a, σX)-plane where all autocorrelations are smaller than the
limit |C1,max|. This is illustrated in figure 3.5 for the autocorrelation limits 10−2

and 10−3.

Fat tails of the return distribution

The kurtosis of the return distribution is always κ ≥ 3 (the expression is found in
appendix A.5), and κ = 3 only when σX = 0. In other words, the return distribution
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Figure 3.4: Convergence regions of the second, third and fourth price
moments are marked in shaded areas. The two scenarios simulated by
Westerhoff and Franke (2012) are marked in the region where the three
first moments exist, but not the fourth. The two scenarios simulated by
Westerhoff and Franke both have the last parameter b = 0.
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lags τ ≥ 1.
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Figure 3.6: Contour plots showing kurtosis of the return distribution in
the (a, σX)-plane with b = 0 (upper row) and in the limit b→∞ (lower
row). The return distribution is leptokurtic (κ > 3) in the whole shaded
area. Darker colors indicate higher kurtosis. The fourth moment of the
return distribution does not converge in the white region (so the kurtosis
does not exist). The kurtosis is an even function with respect to b, and
increases monotonically with the absolute value of b, so the two cases
b = 0 and b→∞ minimize and maximize the kurtosis, respectively, for
any combination of a and σX .

strictly speaking is leptokurtic for all σX > 0. However, to find kurtosis values
of roughly 5 < κ < 100 as reported by Cont (2001) and Lux (2009), the model
parameters are much more restricted, as illustrated in figure 3.6.

Figure 3.7 shows how the shape of the estimated return distribution varies with b
and a fixed pair (a, σX) corresponding to the stock market scenario in Westerhoff
and Franke’s paper.

Skewness

The normalized skewness of the return distribution,

E
[
r3
t

]

E
[
r2
t

]3/2 =
3(2a+ 1)bσ2

X

√
2
(
a3 + 3aσ2

X − 1
)√ (a−1)2+b2σ2

X

(a−1)(a2+σ2
X−1)

,

is obviously odd with respect to b, and it is easily verified that it increases mono-
tonically with b. The stylized facts about returns skewness are not quantitatively
certain, but based on the values reported by Cont (2001), we choose at least to
require that skewness is non-positive, if it exists, which implies b ≥ 0.
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Figure 3.7: Variation of the shape of the simulated return distribution
with different values of b, and a and σX fixed at the parameters adapted
from Westerhoff and Franke’s stock market scenario. The results show
that a change from b = 0 to b ≥ 10−3 significantly changes the shape
of the return distribution, introducing a slight visible skewness, but
also a clear narrowing of the center of the distribution. The return
distributions are Epanechikov kernel estimates using a bandwidth choice
suggested by Davidson and MacKinnon (2004, p. 681, equation (15.63)),
based on simulations of 106 time steps and discarding the first 5 · 105

to eliminate any transient effects. The parameters of Westerhoff and
Franke’s stock market scenario transformed to our simplified model are
a = 0.989, σX = 0.101, b = 0.

The normalized skewness converges as b→∞,

lim
b→∞

E
[
r3
t

]

E
[
r2
t

]3/2 = −
3(2a+ 1)σ2

X

√
2

√
σ2
X

(a−1)(a2+σ2
X−1)

(
1− a3 + 3aσ2

X

) ,

so for each point (a, σX), we can be sure that the normalized skewness is never more
negative than this quantity. This minimal skewness function in illustrated in figure
3.8.

With the requirement that autocorrelations in returns are small in absolute value,
say < 10−2, the relevant parameter region is a > 0.98. An illustration of the
skewness values obtained in this region is found in figure 3.9.

Figure 3.7 shows the return distribution in simulations of the stock market scenario
in Westerhoff and Franke’s paper, and variations with increasing b.
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Figure 3.9: Contour plots showing skewness of the return distribution for
different values of b. The skewness is negative for all b > 0 in this part of
the (a, σX)-plane. Darker colors indicate more negative skewness. The
third moment does not exist in the white region. Not much change can
be seen between the cases b = 1 and b→∞, which means that skewness
almost reaches its minimal value already at b = 1 in this region of the
(a, σX)-plane.
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Autocorrelation in squared returns

The central stylized fact about autocorrelation in squared returns is that it decays
slowly with increasing lags, perhaps like a power law. This stylized fact is never
matched by the model, since the autocorrelation in squared returns always falls
approximately exponentially. This is a fundamental shortcoming of the model in
reproducing the stylized facts.

Since the shape of the autocorrelation function of squared returns does not match
empirical data, it is perhaps not a worthwhile exercise to compare the function
values either. With this caveat, we present some rough results anyway.

To keep skewness non-positive, we require b ≥ 0. Differentiating the expression
for the first-lag autocorrelation of squared returns C1(r2

t ) (see appendix A.5), it can
be verified that C1(r2

t ) increases monotonically with b if σX > 0. As b approaches
infinity, the first autocorrelation converges to an expression that only depends on
a and σX . In conclusion, we know that if b ≥ 0, the minimal autocorrelation in
squared returns is obtained for b = 0, and the maximal autocorrelation is obtained
in the limit b→∞.

The first-lag autocorrelation C1(r2
t ) is illustrated in figure 3.10 for the two cases

b = 0 and b→∞ in the whole region of the (a, σX)-plane where the fourth moment
E
[
r4
t

]
exists.

In the region where autocorrelation of returns is small, i.e., where 1− a is small,
the first-lag autocorrelation is largest along the border where the fourth moment
E
[
r4
t

]
diverges. This is illustrated in figure 3.11 for some different values of b. The

decay of the autocorrelation Cτ (r2
t ) with the lag τ is also slower close to this border

(see equation (3.12)), so choosing a point (a, σX) in a darker region in figure 3.11
both gives relatively large autocorrelation in squared returns and a relatively slow
decay.

Hill tail estimator

The simulation results of the Hill tail estimator obtained by Westerhoff and Franke
(2012) were on average α̂ ≈ 3.5 in their stock market scenario. Our results show
that this is a very typical value of the Hill estimator in the parameter region where
the other stylized facts are well reproduced. Contour plots of simulation results in
the relevant part of the parameter space is shown in figure 3.12.

It is reassuring to note that the Hill estimator values do not vary much if the
utilized fraction fH of the distribution changed. Westerhoff and Franke calculated
the tail index based on the top 5% of the returns, i.e., fH = 0.05, and so did we
for the results shown in figure 3.12. But additional simulations (not illustrated in
the report) show that very similar results are obtained for 0.001 < fH < 0.05. This
indicates that the tail really has characteristics similar to a power law.

3.5.3 Conclusions

The most basic requirement on the model is perhaps that the autocorrelation
of returns is small in absolute value, which restricts the parameters a and σX
significantly, as shown in figure 3.5.

Requiring that the skewness of the return distribution is zero implies b = 0.
Allowing also negative skewness values implies b ≥ 0.

Requiring that the return distribution has a finite fourth moment, but is clearly
leptokurtic (say 5 . κ) restricts a and σX even further to a relatively narrow band
just below the curve 1 = a4 + 6a2σ2

X + 3σ4
X , where the fourth moment diverges.
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Figure 3.10: Contour plot in the (a, σX)-plane of first-lag autocorrelation
of squared returns, C1(r2t ). The autocorrelation is always positive. Darker
colors indicate larger values. In the white regions, the fourth moment of
the return distribution does not exist.
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Figure 3.11: Contour plots showing first-lag autocorrelation of squared
returns, C1(r2t ) for different values of b. The autocorrelation is always
positive for b > 0. Darker colors indicate larger values. The fourth
moment does not exist in the white region. Not much change can be seen
between the cases b = 1 and b→∞, which means that autocorrelation
almost reaches its maximal value already at b = 1 in this region of the
(a, σX)-plane.
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Figure 3.12: Contour plots of the Hill tail estimator for different values
of b. The shaded regions show where the theoretical second and fourth
moments of the return distribution diverge. The return distribution was
estimated by taking 106 time steps, starting with the price p0 = b/(1− a)
and discarding the first 103 values. The Hill estimator was computed
based on the upper 5% of the simulated values, and finally averaged over
30 independent runs.
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This band is less narrow for large b. Kurtosis results are illustrated in figure 3.6.
Figure 3.7 shows simulated return distributions for different values of b and

with “realistic” choices of a and σ (corresponding to the stock market scenario
in Westerhoff and Franke’s paper). The simulation results show that a change
from b = 0 to b ≥ 10−3 significantly changes the shape of the return distribution,
introducing a slight visible skewness, but also a clear narrowing of the center of the
distribution.

The contour plots for returns kurtosis (figure 3.6) and the first-lag autocorrelation
of squared returns (figure 3.11) are quite similar in the relevant region. The two
figures show that strong leptokurtosis is obtained in the same region as large and
relatively slowly decaying autocorrelations in squared returns.

The long-range autocorrelations in squared returns is never reproduced by this
model, in the region where the fourth moment is finite. The autocorrelations decay
exponentially as a function of the lag τ , which is far from matching the stylized fact
of a power law decay.

Numerical simulation results indicate that the Hill tail estimator of the return
distribution always takes values roughly in the range 2.5 . α̂ . 4, in the region
of (a, b, σX)-space where returns autocorrelation, kurtosis and skewness reasonably
match the stylized facts.

In summary, to the extent that the model can reproduce the stylized facts about
autocorrelations of returns and squared returns, returns skewness and kurtosis, and
the values of the Hill tail estimator, they all do so simultaneously in a relatively
narrow region of the parameter space. We can only speculate at this point whether
these results are a coincidence, or if they actually indicate that model provides an
explanation of some regularities seen in financial markets.

The choice of parameter values a, b and σX seems impossible to make from first
principles, since the model is a rather abstract description of reality. Our work only
asserts that the model produces interesting results in a region of the parameter
space, but provides no clue as to why the parameters should be chosen in that
region. We note that the simulation results presented by Westerhoff and Franke
(2012) were produced in the region where the three first price moments exist, but
the fourth moment diverges (see figure 3.4 on page 25).
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Chapter 4

Discussion and outlook

In this final chapter, we touch upon a few discussion points that are relevant for
the model presented in the previous chapter. We also believe that these last points
are relevant points to consider for all the heterogeneous agent models mentioned in
section 2.5.3 (page 12).

4.1 Existence of moments of the returns process

The foundation of our model analysis has been to derive the theoretical moments of
the returns process. Insisting that a sufficient number of moments exist, i.e., that
they do not diverge as t → ∞, we derived expressions for the autocorrelation of
the returns process, the skewness and kurtosis of the return distribution, and the
autocorrelation function of squared returns.

However, it is not clear at all that we should impose such restrictions on the
parameter choices. As we discussed in section 2.4.2 (page 10), it seems like empirical
returns series have a tail index around 3, which means at least that the fourth
moment does not exist. If the tail index is below 3, the skewness does not exist,
either. But the possible nonexistence of higher moments does not really stop us
from estimating them, as we have done with the autocorrelation of squared returns
in simulation results from a region where the fourth moment does not theoretically
exist (see figure 3.1d on page 14). But the point should be taken seriously: if the
fourth moment of the return distribution doesn’t exist, there is no such thing as
a autocorrelation in squared returns, and those who decide to use the estimator
anyway should keep this in mind.

4.2 What do models explain?

The model presented in chapter 3 has a couple of strong advantages speaking for it.
First, it successfully reproduces some of the stylized facts in a certain region of the
parameter space, which was a primary purpose. Second, the model is simple enough
to allow some analytical treatment, which significantly improves our understanding
of it.

The main disadvantage of the model is its limited explanatory power. Westerhoff
and Franke did provide a motivation for the different terms in the model equation,
but the motivation is only conceptual, and it seems difficult to determine any of the
parameter values in the original formulation based on empirical data.

One difficulty in mathematical modeling is to choose a mathematical representation
of the things that are known (or thought to be known) about the real world, because
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equations and explanations do not have a one-to-one correspondence. In other words,
a single explanation could be modeled mathematically in different ways, and a single
mathematical formulation could match any number of different explanations.

This brings us to a general point about choosing parameter values in a model. If
the parameter values of a model can be estimated with reasonable accuracy, without
considering their impact on the model, and if the model with those parameter values
successfully reproduces some empirical facts, that is a sort of evidence in favor of the
model structure, indicating that the model may actually have captured the actual
mechanisms at work.

But if the parameter values going into a model are unknown, or too abstract to
estimate, they usually have to be fitted to match model results against empirical
results. In such cases, the validity of the model structure is much harder to assess.
There is always a risk that the model through parameter choices can be made to
reproduce a wide range of results. With such models it is preferable to make a very
wide search if possible, to determine which region(s) of the parameter space produce
interesting results. Unfortunately this is usually increasingly hard as the number of
parameters grows, but it is also in models with many parameters that this point is
most important.

4.3 Time scales and the source of randomness

We finally turn to an interesting point made by Westerhoff and Franke (2012). Their
paper is entitled Converse trading strategies, intrinsic noise and the stylized facts of
financial markets. The expression “intrinsic noise” refers to their motivation for the
binomially distributed random variables they introduced, namely the random choice
of N independent traders to participate in the market with probability π in each
time step. In other words, the random fluctuations in the model are endogenously
motivated.

This leads to a point of discussion we have largely swept under the carpet so far,
namely the time step. The stock market scenario in Westerhoff and Franke’s paper
is calibrated against daily return series from the S&P500 stock index, so the time
step is implicitly said to be ∆t = 1 day. The problem is that if we increase the
length of the time step, this source of randomness should gradually die out, because
the distribution of the number of active traders becomes more narrow.

In terms of the model, increasing the time step from ∆t to m∆t is equivalent to
increasing the number of independent trade decisions from N to mN , since the N
traders have m independent chances of trading in a time period of m∆t. Letting
n(t, t + m∆t) denote the number of trades in the period t to t + m∆t, we note
that the expected number of trades increases to E[n(t, t+m∆t)] = mNπ, while
the standard deviation std(n(t, t + m∆t)) =

√
mNπ(1− π). In other words, the

expected number of trades (rather intuitively) increases linearly with the time step,
while the standard deviation only increases as the square root.

Therefore, Westerhoff and Franke’s “intrinsic noise” explanation only makes sense
at short enough time scales, where the number of trade decisions is small enough
that the outcome can fluctuate significantly. This does not invalidate the whole
concept, but it is an important point to take into explicit consideration if the goal
is to improve the explanatory value of the model.

Perhaps this last point is an argument in favor of the order book models introduced
in section 2.5.2. Such models have a naturally defined time scale, and can certainly
make use of the concept of “intrinsic noise”.
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4.4 Conclusion and outlook

The model we present and analyze in the previous chapter is relatively successful
in reproducing some of the stylized facts of financial returns series, and several
other models have been demonstrated to have similar performance in this respect.
However, this model and several similar models are motivated in a relatively abstract
way, which makes it hard to argue that any single model should be preferred above
other models.

In one sense, it can be seen as positive that several simple models are relatively
effective in reproducing the stylized facts. It means that some of these statistical
regularities in financial markets are not so strange as they may seem. On the other
hand, it also means that additional simple but abstract explanations have little
value, because they do not necessarily increase our understanding of the financial
markets in the real world. A model is not qualified for making concrete predictions
or supporting policy advice, just because it reproduces some of the stylized facts.

A significant development one could hope for, that we have not encountered in
the literature, is a model with parameters that could be estimated in other ways
than by fitting model results to empirical data, and still reproduce some of the
stylized facts. That could be a first step towards an improved understanding of the
actual drivers of market behavior.
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Appendix A

Supporting calculations

A.1 Reformulation of price product expressions

Any expression of the form

E

[
m∏

i=0

pνit−i

]
, (A.1)

with a non-negative integer m and non-negative integer exponents {νi}, can be
expressed as

n∑

k=0

γkE
[
pkt−m

]
,

where {γk} are constants and the largest exponent is

n =
m∑

i=0

νi.

To see why, use the model equation to rewrite (A.1) as

E

[
m∏

i=0

pνit−i

]
= E

[
pν0t

m∏

i=1

pνit−i

]

= E

[
(pt−1(a+ σXXt−1) + Yt−1 + b)ν0

m∏

i=1

pνit−i

]

= E




ν0∑

λ0=0

(
ν0

λ0

)
(pt−1 (a+ σXXt−1))λ0 (Yt−1 + b)ν0−λ0

m∏

i=1

pνit−i




= E




ν0∑

λ0=0

(
ν0

λ0

)
(a+ σXXt−1)λ0 (Yt−1 + b)ν0−λ0

m∏

i=1

pνi+δi1λ0t−i


 ,

where δij is the Kronecker delta function (δij = 1 if i = j and δij = 0 otherwise).
Observing that Xt−1 and Yt−1 are independent of each other and independent of
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pt−i for i ≥ 1, and using linearity of expectation, we find

E

[
m∏

i=0

pνit−i

]

=

ν0∑

λ0=0

(
ν0

λ0

)
E

[
(a+ σXXt−1)λ0

]
E

[
(Yt−1 + b)ν0−λ0

]
E

[
m∏

i=1

pνi+δi1λ0t−i

]

=

ν0∑

λ0=0

α0(λ0)E

[
m∏

i=1

pνi+δi1λ0t−i

]
, (A.2)

with constants α0(λ0) that can always be found since the expectation E
[
Xk
t

]
=

E
[
Y k
t

]
is known (and finite) for all positive integers k.

Expression (A.2) is a linear combination of expressions of the form (A.1), but
only containing products of {pt−1, pt−2, . . . , pt−m} and not pt. Each term in the
linear combination (A.2) can then be rewritten in the same way, using products of
{pt−2, pt−3, . . . , pt−m},

E

[
m∏

i=0

pνit−i

]

=

ν0∑

λ0=0

α0(λ0)E

[
m∏

i=1

pνi+δi1λ0t−i

]

=

ν0∑

λ0=0

ν1+λ0∑

λ1=0

α0(λ0)α1(λ1)E

[
m∏

i=2

pνi+δi2λ1t−i

]
,

and so on. After rewriting m times, the reduction is complete,

E

[
m∏

i=0

pνit−i

]

=

ν0∑

λ0=0

ν1+λ0∑

λ1=0

ν2+λ1∑

λ2=0

· · ·
νm+λm−1∑

λm=0

m∏

i=0

αi(λi)E
[
p
νm+λm−1

t−m

]

=

n∑

k=0

γkE
[
pkt−m

]
.

The highest exponent on pt−m that can appear in this final expression is clearly

n = νm + maxλm−1

= νm + νm−1 + maxλm−2

= · · · =
m∑

i=0

νi.

A.2 Moments of normally distributed variables

A standard normally distributed variable X ∼ N (0, 1) has the probability density
function

f(x) =
1√
2π
e−x

2/2.
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Hence, the nth moment is

E[Xn] =
1√
2π

∫ ∞

−∞
xne−x

2/2 dx.

If n is an odd integer, the integrand is an odd function, integrated over an even
interval, so

E[Xn] = 0, for odd n ≥ 1.

For positive even integers n = 2m, the integral is

E
[
X2m

]
=

√
2

π

∫ ∞

0
x2me−x

2/2 dx,

or with the variable change t = x2/2,

E
[
X2m

]
=

1√
π

∫ ∞

0
2mtm−

1
2 e−t dt.

Consulting a standard handbook on mathematics, e.g. (R̊ade and Westergren,
2004, p. 287), this integral can be simplified by noting that the Gamma function is

Γ(z) =

∫ ∞

0
tz−1e−t dt,Rez > 0.

Hence, for a positive even integer n = 2m,

E
[
X2m

]
=

1√
π

2mΓ

(
m+

1

2

)
.

Another fact about the Gamma function is, for positive integers m,

Γ (m+ 1/2) =
(2m− 1)!!

√
π

2m
,

so in conclusion it is finally established for X ∼ N (0, 1),

E[Xn] = 0 for odd n ≥ 1,

E[Xn] = (n− 1)!! for even n ≥ 2.

A.3 Derivation of moments of prices

It has been rigorously shown by Vervaat (1979) that the moments of solutions to a
certain class of stochastic difference equations converge to unique constants under
some restrictions on the parameters and for almost any initial conditions. Our price
process pt belongs to this class of stochastic processes, and this section contains is a
less formal calculation specific to the moments E[pnt ] for n > 0. The main result is
the following.

The nth moment E[pnt ] for any integer n ≥ 1 converges to a finite constant as
t → ∞, if the moments at the starting point, E[pm0 ], are finite constants for all
m = 1, 2, . . . , n, and

∣∣∣∣∣∣
am +

bm/2c∑

k=1

(
m

2k

)
am−2kσ2k

X (2k − 1)!!

∣∣∣∣∣∣
< 1 for m = 1, 2, . . . , n, (A.3)
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where b·c denotes the floor function.
To prove this, we use the model equation, linearity of expectation and that pt, Xt

and Yt are independent of each other to find

E
[
pnt+1

]
= E[(pt (a+ σXXt) + Yt + b)n]

= E

[
n∑

k=0

(
n

k

)
(pt (a+ σXXt))

k (Yt + b)n−k
]

=

n∑

k=0

(
n

k

)
E

[
(a+ σXXt)

k
]
E

[
(Yt + b)n−k

]
E

[
pkt

]

=
n∑

k=0

cnkE
[
pkt

]
, (A.4)

where all the constants cnk can be calculated exactly since E
[
Xk
t

]
= E

[
Y k
t

]
is known

for all non-negative integers k.
Assuming that all the lower moments exist, i.e. that E

[
pkt
]

is finite and indepen-
dent of t for all k = 0, 1, . . . , (n− 1), the result (A.4) can be written as

E
[
pnt+1

]
= CnE[pnt ] +Dn, (A.5)

where Cn = cnn = E[(a+ σXXt)
n] and Dn =

∑n−1
k=0 cnkE

[
pkt
]
. It is easily verified

that Dn < ∞ if a, b and σX are finite. Applying Equation (A.5) iteratively, it is
seen that

E
[
pnt+N

]
= CNn E[pnt ] +Dn

N−1∑

ν=0

Cνn.

Clearly, when |Cn| ≥ 1, E
[
pnt+N

]
diverges as N →∞, but

lim
N→∞

E
[
pnt+N

]
= lim

N→∞
CNn E[pnt ] +Dn

1− CNn
1− Cn

= Dn
1

1− Cn
for |Cn| < 1.

In conclusion, the expectation E[pnt ] converges to a finite constant as t→∞ if
|Cn| < 1 and all E

[
pkt
]

are finite constants for k = 1, 2, . . . , (n− 1).
Make the assumption that the starting point p0 has exactly those moments, i.e.

E[pn0 ] = Dn/(1 − Cn) whenever |Ck| < 1 for k = 1, 2, . . . , n. Then, the moment
E[pnt ] is obviously constant for all integers t ≥ 1.

Beginning with n = 1, the expectation E[pt] can be taken a finite constant if
|C1| < 1. Then the expectation E

[
p2
t

]
can be taken a finite constant if |C2| < 1 and

|C1| < 1, and so on. Generally, E[pnt ] converges to a finite constant if

|Cm| < 1 for m = 1, 2, . . . , n. (A.6)

A.4 Derivation of autocorrelations of squared returns

The autocorrelation of squared returns, Cτ (r2
t ) is derived in two steps, just like the

autocorrelation of raw returns, Cτ (rt) is derived in Section 3.3.4.
First, the autocorrelation of squared returns at lag τ = 1 is computed using

the general method using the definition of autocorrelation and the general method
outlined in Section 3.3.
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Second, the autocorrelation at higher lags τ ≥ 2 is computed by deriving a general
formula for the quotient

φ(τ) =
Cτ+1(r2

t )

Cτ (r2
t )

=
Cov

(
r2
t+τ+1, r

2
t

)

Cov
(
r2
t+τ , r

2
t

)

for τ ≥ 1.
Expanding the expression for φ(τ) in terms of covariances yields an expression

containing moments E
[
pkt
]

for k = 1, 2, 3, 4, which are known since before. But the
expression also contains factors of the forms

E
[
pt+nr

2
t

]
and E

[
p2
t+nr

2
t

]
,

for general integers n ≥ 1. Given a closed-form expression for these expectations,
φ(τ) can also be expressed in closed form and the general autocorrelation Cτ (r2

t ) is
thus known.

To find an expression for E
[
pt+nr

2
t

]
, where n ≥ 1 note that

E
[
pt+nr

2
t

]
= E

[
(pt+n−1(a+ σXXt+n−1) + b+ Yt+n−1) r2

t

]

= aE
[
pt+n−1r

2
t

]
+ bE

[
r2
t

]
.

Since E
[
r2
t

]
is a constant, this is a difference equation which can be iterated n times

to find

E
[
pt+nr

2
t

]
= anE

[
ptr

2
t

]
+ b

1− an

1− a
e[r2

t ],

which in turn is straightforward to evaluate using the techniques established in
Section 3.3.

Similarly, E
[
p2
t+nr

2
t

]
, where n ≥ 1 can be expressed as

E
[
p2
t+nr

2
t

]
= · · · = (1 + b2)E

[
r2
t

]
+ 2abE

[
pt+n−1r

2
t

]
+ (a2 + σ2

X)E
[
p2
t+n−1r

2
t

]
,

which can be solved in a similar manner since E
[
pt+n−1r

2
t

]
is now known.

The final result is listed in Appendix A.5.

A.5 Key results

In this section, we list some of the key results obtained using the techniques explained
in Section 3.3.

A.5.1 First moment of returns

Exists if |a| < 1.

E[rt] = 0

A.5.2 Second moment of returns

Exists if a2 + σ2
X < 1.

E
[
r2
t

]
=

2
(
(a− 1)2 + b2σ2

X

)

(a− 1)
(
a2 + σ2

X − 1
)
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A.5.3 Third moment of returns

Exists if
∣∣a3 + 3σ2

Xa
∣∣ < 1 and a2 + σ2

X < 1.

E
[
r3
t

]
=

6(2a+ 1)bσ2
X

(
(a− 1)2 + b2σ2

X

)

(a− 1)
(
a2 + σ2

X − 1
) (
a3 + 3aσ2

X − 1
)

skewness
E
[
r3
t

]

E
[
r2
t

]3/2 =
3(2a+ 1)bσ2

X

√
2
(
a3 + 3aσ2

X − 1
)√ (a−1)2+b2σ2

X

(a−1)(a2+σ2
X−1)

A.5.4 Fourth moment of returns

Exists if a4 + 6σ2
Xa

2 + 3σ4
X < 1 and

∣∣a3 + 3σ2
Xa
∣∣ < 1.

E
[
r4
t

]
=

k1 (k2 + k3 + k4 + k5)

(a− 1)
(
a2 + σ2

X − 1
) (
a3 + 3aσ2

X − 1
) (
a4 + 6a2σ2

X + 3σ4
X − 1

) ,

and the kurtosis is

κ =
E
[
r4
t

]

E
[
r2
t

]2 =
3(a− 1) (k2 + k3 + k4 + k5)

(
a2 + σ2

X − 1
)

(
a3 + 3aσ2

X − 1
) (
a4 + 6a2σ2

X + 3σ4
X − 1

) (
(a− 1)2 + b2σ2

X

) ,

where

k1 = 12
(
(a− 1)2 + b2σ2

X

)
,

k2 = (a− 1)2
(
a2 + 1

) (
a2 + a+ 1

)
,

k3 =
(
2a5 + 5a4 − 5a3 +

(
a2 + 1

) (
a2 + a+ 1

)
b2 + a2 − 5a+ 2

)
σ2
X ,

k4 =
(
6a
(
a2 + a− 1

)
+ (a(a(10a+ 9) + 7) + 4)b2

)
σ4
X ,

k5 = 6(a+ 1)b2σ6
X .

In the case b = 0, kurtosis simplifies significantly to

κ =
E
[
r4
t

]

E
[
r2
t

]2 =
3
(
a2 + σ2

X − 1
) (

2
(
a2 + a− 1

)
σ2
X + (a− 1)

(
a2 + 1

))

(a− 1)
(
a4 + 6a2σ2

X + 3σ4
X − 1

) , if b = 0.

A.5.5 Autocorrelation of returns

Exists if a2 + σ2
X < 1.

Cτ (rt) = −aτ−1 1− a
2

.

A.5.6 Autocorrelation of squared returns

Exists if a4 + 6σ2
Xa

2 + 3σ4
X < 1 and

∣∣a3 + 3σ2
Xa
∣∣ < 1.

In the case b = 0, the decay is exponential. For τ ≥ 2,

Cτ (r2
t ) =

(
a2 + σ2

X

)τ−1
C1(r2

t ), if b = 0.

If b 6= 0, the autocorrelation of squared returns for τ ≥ 2 is

Cτ (r2
t ) =

(
K1a

τ−1 +K2

(
a2 + σ2

X

)τ−1
)
C1(r2

t ),
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where

K1 = k23/(k23 + k24),

K1 = k24/(k23 + k24),

where

k23 = −
2
(
4a2 + a− 2

)
b2σ4

X

(
a2 + σ2

X − 1
)

(
(a− 1)a+ σ2

X

) (
a3 + 3aσ2

X − 1
) ,

k24 =
(
(a− 1)2 + σ2

X

)
(

2a
(
4a2 + a− 2

)
b2σ2

X

(
a2 + σ2

X − 1
)

(
(a− 1)a+ σ2

X

) (
a3 + 3aσ2

X − 1
)

+
(a− 1)k25

(
a2 + σ2

X − 1
)

(
a3 + 3aσ2

X − 1
) (
a4 + 6a2σ2

X + 3σ4
X − 1

)
)

−
(
a
(
b2 − 1

)
+ b2 + 1

) (
(a− 1)2 + σ2

X

)

,

k25 = a6 + a5b2 + 6a5σ2
X − 2a5 − 7a4b2σ2

X + 2a4b2 + 9a4σ2
X + a4 + 30a3b2σ4

X

− 9a3b2σ2
X + 3a3b2 + 18a3σ4

X − 9a3σ2
X − 3a3 + 21a2b2σ4

X − 6a2b2σ2
X

+ 3a2b2 + 18a2σ4
X − 3a2σ2

X + 2a2 + 18ab2σ6
X + 12ab2σ4

X − 6ab2σ2
X + 2ab2

− 9aσ4
X − 12aσ2

X − a+ 18b2σ6
X + 6b2σ4

X − 2b2σ2
X + b2 + 3σ2

X + 2.

The autocorrelation at the first lag τ = 1 takes a relatively simple form for b = 0,

C1(r2
t ) =

(k6 + k7 + k8 + k9)

6(2a− 1)σ2
X

(
a2 + σ2

X − 1
)

+ 4 (a2 + 1) (a− 1)2
, if b = 0,

where

k6 = (a− 1)4
(
a2 + 1

)
,

k7 = 2(a− 1)2
(
a
(
3a2 + a− 3

)
+ 1
)
σ2
X ,

k8 =
(
(12a− 11)a2 + 1

)
σ4
X ,

k9 = 6aσ6
X .

However, when b 6= 0, the expression is less convenient. For the lag τ = 1,

C1(r2
t ) =

18b2k12σ
10
X + k18σ

8
X + k17σ

6
X + k12k16σ

4
X + k13k

4
14k15σ

2
X + k10k11k13k

6
14

2
(
k22σ8

X + k21σ6
X + k20σ4

X + k19σ2
X + 2k10k11k13k4

14

) ,
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where

k10 = a2 + a+ 1,

k11 = a2 + 1,

k12 = a2 − 1,

k13 = a+ 1,

k14 = a− 1,

k15 = 6a5 + 11a4 − a3 + a2 − 7a+ b2k10k11 + 2,

k16 = 30a6b2 + 30a6 − 27a5b2 − 41a5

− 22a4b2 − 12a4 − 22a3b2 + 37a3 + 16a2b2 − 19a2 + 5ab2 + 6a− 4b2 − 1,

k17 = 78a6b2 − 49a5b2 − 104a4b2 + 42a4k13k14

− 9a3b2 − 33a3k13k14 + 45a2b2 − 8ab2 − 3ak13k14 + 11b2,

k18 = 66a4b2 − 21a3b2 − 72a2b2 + 18a2k12 + 3ab2 + 6b2,

k19 = 6a5k13k
2
14 + 9a4k13k

2
14 − 9a3k13k

2
14 − 9ak13k

2
14 + 2b2k10k11k13k

2
14 + 3k13k

2
14,

k20 = 30a4b2k12 − 9a3b2k12 + 24a3k12k14 − 6a2b2k12

+ 12a2k12k14 − 12ab2k12 − 6ak12k14 − 9b2k12 − 3k12k14,

k21 = 48a3b2k14 + 24a2b2k14 − 18a2b2 + 18a2k13k14 − 9ab2 − 9ak13k14 + 9b2,

k22 = 18a2b2 − 9ab2 − 18b2.
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