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Abstract

The Similarity Renormalization Group (SRG) flow equation is explored for sys-
tems of two and three spinless bosons in a momentum-space partial-wave basis. The
two- and three-body binding energies as well as the phaseshifts are used to gauge
that the transformation is unitary and to study how well the SRG decouples high-
and low-energy physics. I consider four different potentials with different charac-
teristics: Two simplified nucleon potentials and two inter-atomic helium potentials
(a soft-core potential and the state-of-the-art LM2M2 potential that is fitted to a
wealth of experimental data). An initial three-body force is included for two of these
potentials. Even with only two-body terms in the initial hamiltonian, SRG induced
many-body forces are shown to arise during the transformation. These induced
forces are computed for the three-body system and their evolution is studied as a
function of the flow parameter. In all cases the SRG transformed potentials display
greatly improved decoupling. This is achieved with a three-body binding-energy
deviation of less than 0.1% in all cases except for the soft-core helium potential.

Sammanfattning

Egenskaperna {or flodesekvationen Similarity Renormalization Group (SRG) un-
dersoks for tva och tre partiklar i en partiell-vag-bas i momentrummet. Bindningse-
nergin for tva och tre partiklar samt fasskiften att bekréifta att transformationen &r
unitér och for att undersoka i vilken utstrickning SRG-transformationen separerar
hog- och lag-energifysik. Jag betraktar fyra olika potentialer med olika egenskaper:
Tva forenklade nukleonpotentialer och tva interatoméra heliumpotentialer (en svag,
fenomenologisk potential och LM2M2-potentialen som reproducerar en méngd expe-
rimentell data). En initial trekropparskraft dr inkluderad i tva av potentialerna. Jag
visar att 4ven med bara tvakropparstermer i den initiala hamiltonianen sa induce-
ras flerkropparskrafter av SRG-transformationen. Dessa inducerade krafter beréiknas
for trekropparssystem och deras evolution studeras som funktion av flédesparame-
tern. For varje potential jag har arbetat med separeras lag- och hogenergifysik i
stor utstrickning. Detta uppnas under forutséttningen att bindningsenergin for tre
partiklar inte forindras mer én 0.1% férutom fér den svaga, fenomenologiska heli-
umpotentialen.
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1 INTRODUCTION

1 Introduction

Strongly interacting few- and many-body systems are difficult to study since the strong
interaction induces couplings between states in a wide energy range. There exists meth-
ods to decrease this coupling between energy scales, such as renormalization group tech-
niques [1].

One such method is the Similarity Renormalization Group (SRG) [2,3,/4]. It achieves
this separation of energy scales — decoupling — through a continuous unitary transfor-
mation of the hamiltonian,

H(s) =U(s)H(0)UT(s), (1.1)

where s is the flow parameter of the transformation and U a unitary operator.

In this thesis, I have made a detailed study of the SRG transformation in a momentum-
space partial-wave basis for two and three identical spinless bosons. The decoupling will
cause low-energy observables to only depend on low momentum states, which will re-
duce the size of the matrix-representation of the hamiltonian needed in order to get
converged few-body results. This becomes increasingly important when working with
more particles.

The SRG transformation and its properties in a momentum-space partial-wave basis
has so far not got much attention. The cases of three identical, spinleses bosons in one
dimension [5] and three identical fermions [6] have both been studied with demonstrated
good decoupling properties. It has also been studied using the harmonic oscillator basis
in the no-core shell-model (NCSM) [7, §]. Therefore it is of interest to see how well it
will perform in the present case of identical, spinless bosons in three dimensions using a
momentum-space partial-wave basis.

I will show results of applying the SRG transformation to several different potentials,
including both nuclear potentials and helium potentials.

The helium potentials studied are a simple gaussian potential and the LM2M2 po-
tential [9]. The gaussian potential is constructed to reproduce the binding energy of the
helium dimer and low-energy scattering parameters. For these calculations temperatures
less than 2mK are used. The LM2M?2 potential was designed to reproduce various exper-
imental data for the second virial coefficient, the viscocity and the thermal conductivity
for several temperatures ranging from 1.47K to 2500K [9]. To fit high-energy data,
a more detailed resolution of the potential at short distances is needed, which results
in the need of a strongly repulsive core, a characteristic not present in the everywhere
attractive gaussian potential. One of the goals of this thesis is to see how this difference
between the construction of the gaussian and LM2M2 potential affects the decoupling
behaviour of the SRG transformation.

The low-energy observables I study in this thesis are the two-body and three-body
binding energy, the scattering length and the effective range. As for the SRG equation
I present detailed theoretical derivations of the equations needed to calculate these ob-
servables and describe how I implement and solve them. For the three-body binding
energy I use the Faddeev equation, and for the calculation of the scattering parameters
I use the transition operator.
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1.1 Specific aim

The main task is to implement and apply the SRG flow equation in a momentum-
space partial-wave basis to a set of potentials. The goal with this is to demonstrate
decoupling, meaning that the high-energy parts of the potential can be ignored when
doing low-energy calculations.

Due to the difficulty of evaluating some of the potentials in a momentum-space
partial-wave basis, another goal has been to be able to do this in a fast and accurate
manner.

1.2 Method

The SRG flow equation is an ordinary differential equation. To solve this I need an
ODE solver. I have choosen to use the general-purpose explicit embedded Runge-Kutta-
Fehlberg method, since the problem is not stiff.

To verify the unitarity of the SRG transformation, I need to calculate some low-
energy two- and three-body observables and make sure the values of these observables
do not depend on the value of the SRG flow parameter. I have choosen to calculate the
two- and three-body binding energy and also the scattering length and effective range
which are two-body observables.

The three-body binding energy is calculated using the Faddeev equation, which is
obtained by rewriting the time-independent Schrodinger equation.

To obtain the scattering parameters scattering length and effective range, I need the
on-shell transition operator for low energies. These values are not trivial to calculate
due to the behaviour of the transition operator for positive energies.

I implement all this in the programming language C, since it is a language for fast
computing with many good available libraries. Particularily, I will use the open-source
library GNU Scientific Library [10].

1.3 Reading guide

Throughout the report, I have used natural units for which A = ¢ = 1. This will make
the units for time and length equal. Since energy can be written as hw, where the unit
of w is inverse time, I can use inverse length as a unit of energy. From the relations
E? = m2c* + p?c? T get that energy, mass and momentum all have the same unit. This
means that inverse length will be used as unit for all of these physical quantities.

The report is divided into four parts:

e The first part is the theory, where all the mathematical formulas and relations are
shown and derived.

e The second part is about the implementation and how the equations derived in
the theory part are realised as algorithms in the computer.

e In the third part I present the results for some potentials.
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e The fourth part contains an analysis of the results, a conclusion and an outlook.

1.3.1 Notation

e Quantum operators are written with a hat, A

— Two-body potentials are denoted 1%
— Three-body potentials are denoted U

e Vectors are written in boldface, x

e Unit vectors are written in boldface with a hat, X

e Matrices are written with an inverted hat, A

e Ordinary matrix multiplication is written without an extra symbol, AB

e When one of the matrices is diagonal, it is written with a star inbetween, AxB

e When one of the matrices is block diagonal, it is written with a star and a letter,
AiB, where x is the non diagonal variable. This will be made clearer in the
implementation part.

< —
e The diagonal of matrix A is written with an arrow above, A



2 QUANTUM FEW-BODY STATES

Part I
Theory

2 Quantum few-body states

A spinless boson has no internal degrees of freedom, so a complete set of states for one
such particle is given by the position eigenstates |x1) or the momentum eigenstates |p1).
A complete set of states for several such particles is simply the tensor product of the one
particle basis states. For example, for two particles, the states |x1) ® [x2) could be used
as a basis.

2.1 Jacobi coordinates

Jacobi coordinates are a set of coordinates where, instead of using absolute position
vectors for all particles, one uses a center of mass vector and relative coordinates between
the particles. Since there will be no external forces acting upon the collection of particles,
I will have translational invariance, which means that the center of mass location will
be irrelevant. That is why Jacobi coordinates are well suited for this problem — I will
get one vector less. Since each vector is three degrees of freedom, this will reduce the
number of variables by three.

In this report, the Jacobi coordinates in position space for IV particles are defined as
follows: The last coordinate vector points to the center of mass of the system, relative
to some origin. For the rest, the n:th coordinate vector points from the center of mass
of the first n particles to the position of the (n + 1):th particle.

For two identical particles with mass m, there will be one relative coordinate vector
r and a center of mass coordinate vector R, and from the definition it can be seen that
they are related to the absolute positions x; and x5 of the particles by

r=X9—Xq 1
R X1=R—§I'
= =+ =
o (mxiemx) = T (2.1)
1 x9=R+-r
=§(X1 +X2) 2

The momentum coordinates p and P corresponding to r and R respectively, can now
be obtained using the quantum mechanical representation of momentum in the position
space, p = —i% [11l p. 54]:

.(8x1 0 0xg 0 )

P=—it—=-1

+
or Or 0x; Or 0xy I
oxy O0%o 1 p1= 2P p 99
=——pP1+—_P2=(P2-P1) = 1 ' (2:2)
or or 2 p2 = P +p
ox o 0% 2
IR Pp1 oR P2 =P1 +Pp2
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where p; and ps are the conjugate momenta corresponding to x; and xo respectively.

The same can be done for three particles, in which case the Jacobi coordinates will
consist of two relative coordinates, r and s, and the center of mass coordinate R. They
are related to the absolute positions x; to x3 by

r=X9—X1

1 1
1 x1=R--r—--s
S=X3— (mx1 +mxz) = 2 3
m+m 1 1
1 <~ x9=R+-r--s (2.3)
=X3——(X1 +X2) 2 3
2 2
1 x3=R+—=s
Rzg(xl + X9 + X3) 3

The momentum variables p, q and P corresponding to r, s and R respectively are
obtained in the same way as for two particles, and the result is

1 1
1 e — [E—
P=§(pz—p1) pi1=;P-p-q
1 1
1 1 1
q=§(2p3—p2—p1) = P2=3P+p-3q (2.4)
1
P =p; +p2 + ps. p3=§P+q

where p1 to p3 are the absolute momenta.
This way to define r, s, p and q corresponds to the configuration in figure Con-
figuration 1 and 2 can be related to the third:

1 1 1 13
pt) =—(p3—p2)=—(q—p+—q)=——p+—q

2 2 2 27 4 (2.50)
q =§(2p1—p3—p2)=—p—§q
1 1 3
p(2) = §(p1 —P3) = —EP - Zq
(2.5b)
q =§(2p2—p1—p3) =p-34

As stated earlier, I am not interested in the center of mass coordinate, R in position
space and P in momentum space. P will be constant and R will change linearly with
time, due to the abscence of external forces. This means that I can choose a frame of
reference with origin at the center of mass R and moving alongside it. So I set R =0
and P =0, and they can be excluded from calculations.

2.1.1 Normalization

The normalization of the states (rsR|r’'s’R’), is calculated by inserting a complete set
of stated]

i=fd3$1/d3x2f d3I3|X1X2X3><X1X2X3|, (26)

! Using the concept of completeness relation i1 p. 19]
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3 3 3

1 1 1
2 2 2 P

(a) Configuration 1 (b) Configuration 2 (c) Configuration 3

Figure 1: Hlustration of the three possible configurations for the Jacobi coordinates.
where 1 is the identity operator. The integrals are assumed to be over the entire space.
Doing this gives the result

(rsR|r's'R’) = B (r-r")5(s-s")*(R-R). (2.7)

Important to note is that no scale factor is needed, which makes this definition of the
Jacobi coordinates particularily easy to use.

2.1.2 Kinetic energy

The kinetic energy function T for N particles, I define from the expression

N
(p1p2.-..PNIT|PIP)---P) = T [16°(pi - p}) (2.8a)
i=1
N .2
Ty =S Pi, (2.8b)
i=12m

where p; are the absolute coordinates. For two and three particles described in a Ja-
cobi coordinate basis, 7} — the kinetic energy function in Jacobi coordinates — can be

calculated from egs. (2.2) and (2.4):

1 2 1 2
_P_ _P+ P2 2
Tj(p,P)=(2 p) , (Prp) P* p? (2.9)
2m 2m dm m
1 1.\2 1 1.\2 1 2
(3P-p-3q) (P+p-3a) (P+a) P° p’ 3¢’
Ti(p,q P) =~ 2 ¢ M e M = g T (210)

2.2 Partial-wave basis

To further reduce the number of variables, I use the partial-wave basis in momentum
space. The momentum state |p) can be decomposed as |p) ® |p), where p is the radial
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component and p is the direction of the vector. Since I will only use spherically symmetric
potentials this is a particularly useful decomposition, and will reduce the number of
variables further.

A basis for the directional part is the set of |L,M,) states, where L, and M, are the
quantum numbers associated with the operators for total angular momentum pr and
projected angular momentum IZZJ, respectively. This decomposition using the angular
momentum quantum numbers is what is refered to as the partial-wave basis. The angular
dependencies of these states are given by the spherical harmonics:

(061L,M,) = Y77 (6, 9) (2.11)
The normalization of the states is
(pLpMylp' Ly, M) = (s(p—;ﬂ)%pLﬁMpM; (2.12)
and the overlap with |p) is given by
(plpz, ) = 2RL2) e ) 213)

p

2.2.1 Symmetrical states

Since the particles under consideration are indistinguishable bosons, the two-body state
must be symmetric, that is, the wave function remains unchanged under the exchange
of two particles. A two-particle state |p), where p is the relative Jacobi coordinate, will
transform to |-p) when permuting the two particles. This is equivalent to applying the
parity operator [I1] p. 251] to the state.

When using the partial-wave basis, applying the permutation operator will trans-
form [pL,M,) to (-1)L» |pL,M,) [L1, p. 255]. For spinless particles, without additional
quantum numbers, only the states with even L, are allowed bosonic states, since they
are the only states that are symmetric.

2.2.2 Three particles

For three particles, the state of the system will depend on two coordinates, p and q.
Remember that the Jacobi momentum coordinate for the center of mass, P, is irrelevant.
I want to separate the angular dependence from the radial, so I write

Ip) ®la) =Ip) ®lq) ® |pa). (2.14)

One way to construct a basis for the angular part, is to decompose it further, to
|pa) = |p) ®|q). Then one could use the four quantum numbers Ly, M,, L, and M,. An
alternative way — the way I will do it — is to use the coupled basis with quantum numbers
L,, Ly, L and M, where L and M are the total angular momenta and the projection of
the total angular momenta respectively. The normalization can then be written

4 !
(pgLy L LM|p'q' L)L\ L' M) = 5(pp2p ) 5(qq2 a )5Lp 10,1, 01T A0 (2.15)
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and the ovelap with |pq) is

5ol =
(|p1|92 )(Iq; )prLq( a) (2.16)

{(palpqLyLyLM) =

where Y is the eigenfunction for L,, L,, L and M, which exists since the operators Lp,
Lq, L and L, all commute with each other. The relation between Y and the spherical
harmonics is [12]

Ly Lq

A A My, ~ Mg, A
prLq (p,q) = Z Z (LpMquMqlLM> YLPP(P)Yqu(Q) (2-17)
Mp=—Lp Mg=—Lgq

where the overlaps are the Clebsch-Gordan coefficients.
The angular momenta L, and L, must obey

|Lp — Lg| < L < Ly + Ly. (2.18)
I will only consider the case L = 0, which means that

L,=1L, (2.19)

2.2.3 Partially symmetric states for three particles

By requiring that L, is even, the three-particle states are symmetric in the first two
particles. The states are however not symmetric under exchange of the third particle
with any of the other two. For that reason, the states are called partially symmetric.

These partially symmetric states are used in favor of totally symmetric states since
the former are easy to work with and allows for an easy representation of the two-body
potential.

2.2.4 The Wigner-Eckart theorem

The number of variables is the same for the Jacobi-coordinate basis as for the corre-
sponding partal-wave basis — three for two particles and six for three particles. However,
when evaluating matrix elements of tensor operators in the partial-wave basis one can
employ the Wigner-Eckart theorem. This will reduce the number of integration variables.
The theorem in the two-particle case states that, for spherically symmetric operators,
the values (prMp|fl|p' L]’DM;) will be independent of M), and M, and diagonal in L.
More specifically, it says that

Ly| Alp'Ly,)
L,My|Al|p'L) M) =61,1,6 ,@p—p,
{p ol ‘P ) Lp L1, OMp M), AT 11 T+l

where the double bar is a reduced matrix element. Since the right hand side is inde-
pendent of M, and Mlg, the left hand side must be too. For this reason, the quantum
number M, will be omitted in most cases.

(2.20)
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For a three-particle system the theorem says that the states
(pqLpL LM|A|p'q'L,L,L'M') (2.21)

will be independent of M and M’ and diagonal in the quantum number L.
In the two-body case, setting L, = L]’D and M, = M; and summing over M, I get

Ly, R R
Z (pLpMp| A ‘p/Lanp) =(2Lp + 1) (pLp M| A ‘P/LpMp) ) (2.22)
Mp=—L,

which will be used later in section
Since the potentials will be spherically symmetric, this means that for two particles,
there will only be one non-diagonal variable. For three particles there will be three

non-diagonal variables, since i only consider the case when L = 0 which means that
L,=L,.

2.3 Harmonic-oscillator basis

I will mainly use the momentum-space partial-wave basis, but some two-body potentials
will also be evaluated in a harmonic-oscillator (HO) basis for comparison.

The HO-basis states are the eigenvectors of the hamiltonian with an isotropic har-
monic oscillator potential:

g _ P 2.2 F2 2
H =4 omu’t* = Jw (& +&) (2.23a)
. B . Ip
& = il p = Ip| (2.23b)
7o Po
1 1
ro = e Po=vVvmw=—. (2.23C)
mw o
ro is usually called the oscillator length.
The eigenvalues and eigenvectors are
H|nLMp) = Ey[nLM;) (2.24a)
Ex=w (N , g) (2.24D)
N=2n+L (2.24¢)
(rgInLM) = Hp,(&n)Y, "™ (6,6) (2.24)
(rLMrInL'Mp) = HL(&m)610 600, 011 (2.24e)
1
Hp(&n) = Crrle 38 L2 (2) (2.24f)
- L)!n!
CL = zér(r,n,L)2n+L+1 (7’L+ 294
L=e 3 /m(2n + 2L + 1)) (224¢)
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where 6,(r,n,L) € R is a phase factor, which I choose to be 0. LF(z) are the associated
Laguerre polynomials. YLM L(0, ) are the spherical harmonics. The difference between
the harmonic-oscillator basis and the momentum-space partial-wave basis is that p is
replaced by n, but the angular quantum numbers are the same.

In order to evaluate the kinetic energy operator in the harmonic-oscillator basis, I
will need to calculate the overlaps (pf¢p|nLMy). To find these, I begin by noting that
the a differential equation can be obtained from eq. ,

(x| B [) = -imﬁr(r) " %mw2r2wr(r) - B (r). (2.25)

If T instead of applying (r|, applies (p|, and use that (p|t|¢) = ia% (p|Y), T get

(1 7110) = 5 —12y() = 5712 8y (B) = iy (). (226)

Defining @ = 1/(wm?) and E = E/(w?*m?) the equation becomes

(bl 11) = 5 Aty (b) + 5D, (p) = By (D). (227)

This is the same differential equation and I will therefore get the same solution, by
replacing w with @ and E with E. So I will get the overlaps (pf¢[nLMy) by letting
ro = po, & = & and §, — J, in eq. (2.24d)). Note that eq. (2.24b) remains unchanged,
since E/& = EJw. The phase factor, exp(id,), I set to (~1)", since this will make the
kinetic energy operator non-negative.

The kinetic energy operator T is not diagonal in the harmonic-oscillator basis, but
it can be calculated analytically. I start by inserting a complete set of states:

nLML|T|nLML) ZZZZ/ P dp/ p?dp’
LII MII LIII MIII (2.28)
x (nLMLlpL//Mg) (p L///M///) ( L///M//ll /L/Mi) .
From eq. (2.24¢), with p instead of r, I see that the angular parts will only be delta-
functions, and the kinetic energy operator is also diagonal in the angular part. This

means that the overlap is zero unless L = L' and M, = M; and the expression in this
case is

oo 2
(LM T’ LMy) = Ty (nn') = [ P2 dpH (6pn) 2 Hy (€)0") =
0 m (2.29)

2 oo
- fo P2 dpH (&, )2 Hy (5,0).

To simplify this, I use the following recurrence relation for the generalized Laguerre
polynomials [13, eq. 22.7.(29, 31)],

R O R

(2.30)
; (2n iL+ g) LE2(5) = (n+ 1) LI ().

n+1

10



4 BASIS TRANSFORMATIONS

This yields the relation

HL(fp,n)fi =7 (TL +L+ %) CnL HL(EP?” - 1)+
e c (2.31)
+(2n+L+—)HL(§p,n)—(n+1) "L g (6 + 1),
2 n+1,L

Inserting this, and using the orthonormality of the [nLMp) states the final expression
for the kinetic energy matrix elements is

2
1y C
To(nan') = (_ (” vh _) C nfLa”‘l’”'+
n-1,

+ (2n + L+ ;) Oy — (n + 1)£6n+1,n’) =

n+1,l

) - ; (2.32)
=20 n' (n’+L+5)6n_17n1+(2n’+L+5)5m:+

m
- .
+\/(n’ +1) (n’ + L+ 5)5%17”:)

3 Types of potentials

An expression for a potential between two particles can be constructed in different ways.
Most of the time approximations need to be done. For example, when solving the equa-
tions of motion for a planet with a moon orbiting a sun, the bodies could be approximated
as point particles with different masses. Another way to construct the potential would
be to do it phenomenologically, that is, make up a potential that works for the specific
case, but not neccessarily for any other cases.

The problem is that maybe not all the physics will be captured by the model. In
the example, the moon will cause tidal effects reshaping the planet, which will affect the
gravitational field. This effecte is not present using point particles. A way to get around
this, is to include in the calculations a three body force.

A three body force is a simultaneous interaction between three bodies that is not
present when only two bodies exist, such as the gravitational effect on the sun of the
tidal effect caused by the moon. The importance of such three-body forces depends on
the model.

In this report, I will consider both two-body and three-body forces.

4 Basis transformations

Frequently the matrix elements of an operator, for example of a potential-energy oper-
ator, need to be converted from one basis to another. In the following subsections I will
show the details for some particular cases that will come in use later.

11



4.1 Partial-wave projection for two particles
4 BASIS TRANSFORMATIONS

4.1 Partial-wave projection for two particles

Assuming that I know the expression for a spherically symmetrical two body potential
in Jacobi momentum coordintes, (p|V |p’) and I want to calculate (pL,|V |p’L,). Note
that I have omitted the quantum number M, here since it will be independent of M,,.
In the intermediate calculations, I will need to use the M, quantum number, so I will
temporary include it below. Using eq. (2.22), I can write
LS )
p P P p P P =

(pLp M|V |p' LpM,) =

1 Ly A
T 2L, +1 MZ fRs ’q fRd &°q’ (pLyM;la) (al V |o') {d'lp' Ly My) =
p r=—

p s
1 f d(b/ sin( d0/ d¢’ j sin(6") d¢’
2L +1 MI—L

x ijf'?*(w) (pa,p'a)Y; (9'@)

where q = (sin() cos(¢),sin(#) sin(¢), cos(h)).
To simplify this, the addition theorem for spherical harmonics is used [14, eq. 5.83]:

(4.1)

1
2L, +1M,

Z v, (0.0)Y; (9’,¢>>-—PLF(q q), (4.2)

where P,(x) are the Legendre polynomials. I will also assume that the potential only
depends on the magnitudes p and p’ and the angle between the vectors. This is a safe
assumption since V is assumed to be spherically symmetric.

Since there is no preferred direction, q’ can be fixed in the direction 6" = 0 and ¢ =
yielding a factor 47 from the integration. Furthermore, a rotation around the fixed g’
vector will not affect the angle between the vectors or the magnitudes, so the ¢ integral
will just give a factor of 2wr. With the substitution = = cos(#) and again omitting the
M, quantum number, the expression becomes

WLV Ly} =27 [ depr @)V (VT 2.0p0),(0.00)). (43

I will only encounter the case where the potential only depends on |p — p’|, so I can
write V =V (|p - p’|), and the above expression becomes

. 1
(pLy|V |p'Ly) =2 [1 dzPr, (z)V (\/p2 +p? - 2pp’m) . (4.4)

4.2 From position space to partial-wave basis in momentum space for
two particles
In the last section I converted from momentum space to a partial-wave basis in momen-

tum space. If I instead have the potential in position space, (r| 1% |r’), T need to do an

12



4.3 Partial-wave projection for three particles

4 BASIS TRANSFORMATIONS

extra step where I first convert to momentum space via a Fourier transform. Then I can
use the same expression as in the last section to do the last part to partial-wave basis in
momentum space. I will assume that the potential is diagonal in the position basis and
only depends on the magnitude of r, so (r|V [r') = V(|r|)6°(r - r').

Converting to momentum space is done as follows,

(P“ﬂp’) = A@ d3r ‘[]1%3 d®r’ (p|r) (r|V|r') (r'|p’) =

= [RS d%(ﬁ exp (—ir-p)) f/(|r|) ((273)3/2 exp (ir-p')) =

=q
——

_ 1 * 2 T 2m . p .
= (277)3/(; r dr/o sm(@)d@/o dgexp|ir|p-p’lcos(0) |V (r) =

e [ racos(d)V
= redr sin(#) df exp(irqg cos(0))V (r) =
(2m)2 Jo 0 (4.5)
_ 1 /OOTZ a7 (r) exp(zrqcos(@)) _
(2m)2 Jo —irq 0
_ 1 /oo a7 (1) exp(irq) —-exp(—zrq) _
2m2q Jo 2i
1 o ~ T =qx
= — d 1 V = =
2qm2 /0 rsin(rg)rv(r) { dr = qd:c}
1 o .
=53 fo dzsin(¢*z)qzV (qz) =V (q) = V(P - p')).
Inserting this in eq. (4.4]), I get
(pL|V |[v'L )—ljldtP 0 [ do
p P p rl T Jo1 Lp 0 (46)

x sin(z(p? + ' = 2ppt) )/ p2 + p'2 = 2pp'tV (x/p? + p'2 - 2pp't).

4.3 Partial-wave projection for three particles

In this section I will do the same thing as in the last section, but for a three body
potential instead. Assuming I have the expression for (pq|U |p’q’) and I want to evaluate
the spherically symmetric potential U in partial-wave basis, then I can write

Sl r Ty _ 3 3 3.7 34’
(pququU\PquLq)-AgdP o U o 4P Jp, da (4.7)

x (pqLyLglpa) U(p,q.p’.a') (p'a'Ip'q'L;,L})

where I have written U to distinguish the function given in momentum space from the
function given in partial-wave basis. Using eq. (2.16) and using spherical coordinates for

13
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the four volume integrations, this becomes

U(paQ7Lpan7L7M)p,7q/aL;)7L;aL,7M/) =

21 T 27 T
- / e / sin(6:) A6, / A / sin(6s) dfs
0 0 0 0

2T ™ 2 g
x /0 dbs /0 sin(05) Ao /0 s /0 sin(04) dd (4.8)
x VI (B(61,601). a2, 02)) V1 1) (0 (03,03), 9 (64, 64))

X U(p(pv ¢17 91) Q(q, ¢27 02)>p/(p,7 ¢37 03)7 q,(ql7 947 ¢4))

As stated in section I will only consider the case L = 0. The two angular
momenta L, and L, will then be equal.

Assuming L = 0 allows for a simplification of eq. . Using eq. with L =M =
0 and eq. (the addition theorem) and the relations [13] eq. 27.9.1]

(Ly My Ly M,|LpLy00) = 61, 1. 0ar, _Mqﬂ (4.9)

and [I1], eq. 3.6.38]
v, M (p) = (-1) My (p) (4.10)

I get the expression
W0, (ab) = ()Y g (a0, @)

47

where P,(z) are the Legendre polynomials. Furthermore I do a change of variables in
the 6 variables, doing t; = cos(6;). So at this point I have

L \/(2Lp+1)(2L§)+1)
U(pa,Lp.p"sd' L) = 6.2

1 1 2 2
x f dt, f dts f Aoy [ deo
-1 -1 0 0

x Pp, (\/ (1= 13) (1 - £3) cos(¢1 — é2) + tat2) (4.12)

1 1 27 27
x f dt f dty f dos f doy
-1 -1 0 0

x Py (\/ (1 =13)(1 = t3) cos(¢3 = ¢4) + tats)
X U(p(p7 ¢17t1)’Q(q7¢27t2),p,(p,7(/537153),‘31/((]/,t47¢4))-

Since L, must be even — see section — I omitted the term (-1)%»*p.
Just like in the two particle case, I can fix one of the vectors in the positive z direction.
I choose to fix the p vector. This gives a factor of 4w. The function U will also only

14
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depend on the magnitudes of the vectors and the angles between them, so I can instead
write U as

U= ﬁ(p7q7pl7q,7f) . I:;/7q . (ilvf) : (AlaI;, : ci/af) . Ci/aI;, . él) (413)

Introducing the definitions,

Sij =/ (L =17)(1 = 3) cos(¢s = ;) + tit; (4.14a)
Sij =/ (1= 2) (1~ 2) cos(¢s) + tit, (4.14D)
the expression is
U(p,q,Lp:p' 4", Ly) =
_ V2L, +i)(2L§7 +1) /1 dt2Py (12) [1 i, [1 ", o » s
s -1 -1 -1 0

2 2 -
x fo d¢s Pr; (Ss4) fo AU (p,q,p"q’ t3,524,t2,534,t4,523).

Thus, the ¢ variables only appear in S;;, and there only as the difference between two
different ¢ variables. So I can for example set ¢4 = 0 and multiply with 27 instead. In
the end I get the expression

U(p,a,Lp,p" 4"\ L) =

VL, +1)(2L, +1) 1 1 1 2
= 5 [1 dtQPLp(tQ)[l dis /_1 diy ; des (4.16)

~ 2T - - ~
X PL;(S34) [) d¢2U(paqap/aq,>t37524at27534at4>523)-

In the special case of a potential only depending on (p - p’)? and (q -q’)?, the
expression can be simplified further. In this case U only depends on the angle between
p and p’ and the angle between q and q’. This means that the dependencies of U are

U =U(p.q.p'q' t3,94)- (4.17)

Thus, U is independent of ¢3, and the only dependence of ¢3 is in one of the Legendre
polynomials. The integration can be performed analytically, and I am left with four
integrals:

(2L, + 1)(2L, +1) (1 1 1
U(paq’vap/aq,>L;2) = \/ - 2 . _/:1 dtZPLp (t2) [1 dt3 ll dt4

27 . . 27 ~
« [ 40l (paa i taSa) [ dduPuy (Saa).

(4.18)
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5 FEW-BODY OBSERVABLES

4.4 From position space to harmonic-oscillator basis for two particles

Here I will consider the case of expressing a local, spherically symmetric potential given
in position space in a harmonic-oscillator basis. Local and spherically symmetric means
that

(x| V [} = V(|r])o*(r - r'). (4.19)

Using the results from section I get
(nL|V |n'L') = f dr (nLjr) V (Jrl) (xjn'L’) =
_Z/ r dT (nLlrL")V (r) {(rL"|n'L’) = (4.20)
LII
“ouw [t ArHL (&) V () Hy (&),

5 Few-body Observables

5.1 The transition operator for two particles

The transition operator ¢ is used in the context of elastic scattering, to describe the
behaviour of a particle with energy F when it scatters against a local potential. For
example, the matrix elements (p|fz|p’) determines the differential cross section. The
specific case I will assume here is that of two identical spinless bosons scattering from
each other. For more information about the transition operator, see chapter 7 in Modern
Quantum Mechanics by Sakurai [I1].

The transition operator fg, depending on the incident energy F = Pg/ m =T(po), is
defined through the relation

p=V+V((E+il-T) ip. (5.1)

The ie is introduced to avoid the singularity that otherwise would be present. It is only
neccessary for the case F >0 — which I will consider here — since otherwise there will not
be any singularity.

By using the partial-wave basis I can turn this into a matrix equation. Due to the
Wigner-Eckart theorem, I have

<prMp| EE |p,L;M;}) = tLpE(p,p')(stL;?éMpM;). (5,2)
The equation for t; g is then
-1
tr,e(p,p) =V, (p,p f P dp" Vi, (p,p )(T (po) - T(p") +ie) tr,e(®”,p"). (5.3)

To eliminate the ¢, I use the identity [14]

[d ) +ic /d i ‘”/dﬁ( )8 (g(x)), (5.4)
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where the P denotes that it is a principal value integral. In this case it will result in

A

"2 dp' Ve, (0, 0" )tr,e(®",p") B

T(po) -T(p") (5.5)
B

A

— i fp P D"V, (00" ), (0", p)(T(po) - T(p"))

tr,e(p,p") =V, (p.p') + P /p”p

The delta function in term B is evaluated using the formula [14]

0(x - xg
3(9(2)) = Ae-m), (56)
wolg(ao)-0y 9 (70)
There is one zero, p”’ = pg, so the term B is
. m
B =itpgVi, (p,po)tLpE(povpl)%- (5.7)

The term A is handled by adding and subtracting ngLp (p,p0)tr,E(po,p") to the numer-
ator,

C
Ao f " Vi, (0.p")tL, 50", )" = Vi, (0, po)tL, £ (po, p)DG N
p T(pO) _ T(pll) .
b (5.8)
dpll

+ PV, (p,po)tr, e (po, ') P o To0) =T

The first integral is no longer a principal value integral since the pole is canceled by
the numerator. That means that the term C' can be integrated numerically as it is, as
long as the point pg is not included in the quadrature. The integral D can be solved
analytically. To evaluate the integral C, I will use a quadrature over the interval [0, p,,],
where p,, > pg is called the cut off momenta. So when calculating D, I need to use the
same limits of integration. I will use the relation

xo+L
73/ v dr (5.9)

o-L I —X
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to remove the principal value prescription. Using that, I get

1
D= mP/p _d = p Op dp"( ! + ! )=

P2-p2  2pg po—-p"  po+p”
(———
m 2po dp" Pm dp/ / "' =pm
=— 77] —+ f [log(po +p )] = (5.10)
2po 0 po—p 2p0 po—p” '=0
m P'=pm m Pm * Do
- ([ touton =D, oo ) - o)) = 4o (22-222)
2po =2po 2po Pm — Do

Collecting all the terms, I have

tr,5(p,p") =V, (p.p) + A-B =
=V, (p.p") +C +ngLP (p,po)tr,E(po,p")D - B =

=V, (p,p")+
N dpuVL,,(P,p")tLpE(P" PP = Vi, (p,po)tL, e (po,p’)pg+ (5.11)
! T(po) _ T(p//)
m + .
* %VLP (p,po)tr,E(po,p") (log (M) - m’) .
Pm —Po

This constitutes an integral equation. The integral will be discretized, which will
result in a matrix equation that will be solved for £ L,e- The implementation of this is
presented in section

Since it is elastic scattering, the energy of the particle will be the same before and
after the scattering process. Therefore, I am only interested in the elements where p = p’.
Also, p should be equal to pg, since E is the energy for the particle that scatters.

5.2 The permutation operators

I define the permutation operator Pij as the operator that interchange the states of
particle ¢ and particle j. For example,

Pralip1) ® [tha) = [t2) ® [1h1) . (5.12)

An operator A® 1 acting on the first particle will then obey

Ph(Ael)Py =10 A. (5.13)

Note that PZ;1 = ]5”

Furthermore, since I have a system of identical bosons, the permutation of any two
particles will yield the same state, due to the symmetrization postulate.

An identity that will be needed later is

P12P12P23p12 = p13p23- (5'14)

18



5.2 The permutation operators
5 FEW-BODY OBSERVABLES

This can be seen by applying the permutation operators to a state |¢1113):

P12 Pi2Pa3 Pro [(11021)3) = PiaPio Pas [thotpr¢)3) =

= ProPr [hotpsin) = Pra [thsihaifn ) = (5.15a)
= [thath3)1)
Pi3Paz [1902003) = Pig [h1bsibe) = [athsin) . (5.15b)

5.2.1 Two-body potentials acting on three-body states

In a three-body system of distinguishable, each pair of particles can have a different
two-body potential. I work with identical particles so each two-body potential will be
the same. In the Jacobi basis for three particles, there are two relative coordinates, r
and s. I can number the particles, in the same way as in section so that r points
from particle one to particle two, and s points to particle three from the center of mass
of the first two particles. The third particle is called the odd one.

In the Jacobi basis, the two-body potential between the first two particles is easy to
express,

(rs|V3‘r's’) = V3(r,1r")8%(s - 8'). (5.16)

The index 3 is to indicate that the third particle is the odd one. I will also need
expressions for Vl and VQ

Given a state for the three particles, |1)11213), where |1);) is the state for particle i,
then V3 acting on the state [119)21p3) will be the same as Vs acting on the state |¢h213101),
since the state |¢)3) in both cases is the odd one. It appears to be two possibilities here
though: Vj could just as well act on the state |1)1131)2), and the state |ih3) would still
be in the odd position. For bosons it would indeed not matter, but when dealing with
fermions, this last case would give a minus sign since (1,3,2) is an odd permutation of
(1,2,3). So for generality, I choose the first case.

Using the permutation operators defined in section I can write

Vi [01ath3) = (Pag Pra) ™ Va Pas Pra [h1tbatbs) = PiaPasVa [ttty ) (5.17a)
Va [p1baths) = (Pag Pr3) ™ Va Pas Prs [th1thaths) = Pr3PasVs 1311 1ha) . (5.17b)

Note that the inverse permutations are needed in order to return the state to the same
configuration as before.

A symmetric wave function, |¥), remains the same after applying a permutation
operator to it, that is, Pij |¥) = |¥). By replacing [¢11213) in the above equation by the
symmetric state |U), T get

V1) = PraPysVi W) (5.18a)
V2 [U) = Pr3PysVs |0). (5.18b)
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This means that

(Vl + Vo + ‘73) |¥) = (15121523‘73 + Pi3PosVs + V3) |¥) =

L. LA oy Al A (5.19)
= (PraPy3 + PisPos + 1) V3 |¥) = (1 + P)V3|0),
where I defined the important P operator
]5 = plngg + plgpgg. (5.20)

From section I showed that permuting the first two particles in a partial-wave
basis will give the same state. This means that

PialpqLy) = |paLy) - (5.21)
Using the identity
Pr3Py3 = PiaPraPasPry (5.22)

The two terms in eq. (5.20)) are equal in the partial-wave basis, since

(paLy| PrsPos|p'a' L)) = (pqLy| PraPraPasPra [’ LL) = (paLy| ProPasp'd’' L)) . (5.23)

5.3 Binding energy

The binding energy E < 0 is calculated from the time-independent Schrédinger equation,

Hp)=(T+V) ) = E[y). (5.24)

In the computer implementation, operators will be matrices and the Schrédinger equation
can be seen as an eigenvalue problem for the matrix representations of the operators.
However, solving eq. directly is not always the best alternative. In this section I
will derive the different forms of the Schrédinger equation that I will use.

So the problem of finding the binding energy can be decomposed into two tasks.
First, one must choose a formulation of the Schrédinger equation and compute the
matrix that will appear in the corresponding matrix equation. The second task will be
to solve the eigenvalue equation using an appropriate algorithm. In the following I will
concentrate on the first task of finding a good formulation. The different algorithms I
use are described later in section [9.2

5.3.1 Two particles in a partial-wave basis

One problem, which exists when using the partial-wave basis, is that the kinetic energy
operator T" will be diagonal. This means that a Dirac delta will appear in the equation,
and that can not be discretized. To get around this, I do

V+_ T() W) = El¢) = VIy) = (E1-T)|¢) = (5.25)

(
= |[¢) = (E1-T)"'V |[¢) = Go(E)V [¢) = K1(E) [v))
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where Go(E) = (E1-T)7! is the free propagator of the system and K (E) is the kernel
operator. Here I assumed that I can take the inverse of the operator (F1 - T ). This is
not a problem for bound states since F < 0 and the kinetic energy is always positive.

In this form, it is not an issue that T is diagonal, since it will only appear under an
integral sign, which will cancel the Dirac delta. The problem is now to find F < 0 such
that the kernel operator K1(E) has eigenvalue 1.

5.3.2 Two particles in a harmonic-oscillator basis

In the harmonic-oscillator basis I do not have the difficulty with Dirac delta functions,
since I neither have a continuous basis, nor is 7 diagonal. This means that the hamilto-
nian H can be diagonalized directly. I can also use the same method as in the partial-wave
basis, solving K (F)|¢) = |¢). This means that the two methods can be compared.

One could argue that instead of finding E such that K (E) has eigenvalue 1, T could
define

kxE)s%4V+T) (5.26)

and find F such that K 2(F) has eigenvalue 1 instead. Theoretically it is just as good, but
as will be seen in the implementation part, this equation is not well suited for computer
implementation.

5.3.3 Three particles in a partial-wave basis

To calculate the binding energy of a three-particle bound state, I will use the Faddeev
equation, which I will derive here.
The general hamiltonian for three identical bosons is

3
H=T+YVi+0, (5.27)

where V; is the potential between the other two particles, so Vi is the two-body interaction
between particles two and three and U is the total three-body potential. The three-body
potential U is assumed to be totally symmetric. To make the hamiltonian look more
symmetric, I define U; = (1/3)U for i = 1,2,3. Then the hamiltonian will be

A~ ~

3
H=T+)) (Vi+U). (5.28)
=1

The time-independent Schrédinger equation is
H|U) = E|¥). (5.29)
Now I rewrite this equation like in eq. (5.25)), so that I have

|W) =G0(E)('3 (Vi+l7i))|\lf>. (5.30)
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I decompose the full wave function into three parts, by defining

3
W) = Zl i) (5.31a)
(i) = Go(E)(V; + U3) W) . (5.31b)

Notice that each operator Go(E)(V; + U;) is symmetric in the two other particles, that
is, particle 7 is the odd one, and I can use the results from section to write

|¢1) = PraPys|ifs) (5.32a)
|th2) = PisPas|t)s) . (5.32b)

This means that |[¥) = ¥, |1;) can be written like

W) = (1+ P) liss) (5.:33)
Inserting this in eq. (5.31b)) for i =3 I get
[s) = Go(E) (Va(1+P) +TU)vs). (5.34)

Since the other two equations will look the same, it is enough to solve this one. This
equation is called the Faddeev equation. I used that

U(1+P)=U,+Uy+Us=U. (5.35)

The equation as it is written now is not suitable for implementation though — for
the same reason that eq. was not appropriate for partial-wave basis — since Vs
is diagonal in the quantum numbers for the third particle, I get a Dirac delta from the
Go(E) Vs [1h3) term which I cannot implement. Removing the index 3, and moving this
term to the left hand side, I get

(I-Co(B)V) ) = Co(B) (VP + U ) [0) =

— )= (i-ColB)) Gu(B) (VP +0) ) =
- (i- (Ei—T)‘1V)_1(E1—T)_1(VP+U) ) = (5.36)
. ((Ei -1)(i- (pi —T)—lf/))_l(mﬁ + 0 |) =

This expression is well suited for implementation.

22



5.4 Low-energy scattering parameters

5 FEW-BODY OBSERVABLES

5.4 Low-energy scattering parameters

From the on-shell transition matrix two important observables can be calculated, namely
the scattering length ag and the effective range rg. See the book Modern Quantum
Mechanics by Sakurai for more details about these parameters [11, p. 413].

At low energies, only S-wave scattering is important, that is L, = 0. Therefore I will
omit the index L,, assuming it is zero.

According to Sakurai, the on-shell transition matrix is related to the partial-wave
amplitude f(pg) by

f(po) = -T2 (5.37a)
Po
2
p=1 (5.37b)
m

Here, g is the matrix element (E00|{g|E00). The relationship between fp and the
matrix element I calculate, tg = (po00| g |po00) is [T1, eq. (7.5.21a)]

T = (E00| £ | E00) = / P2y / " dp" (Elp') (00| i [p"'00) (p"|E) =
p’ p’l

2
2 2 1.7 pg p’2 2 (mp0)2
P ap's [P0 _P2Y) o2 (M) (5.38)
Empo(L'p b (m m Empo 2
_ o
E 9

The partial-wave amplitude determines the phase shift, & of the reflected wave,
through the relation

1+ 2ipg f(po) = exp(2i6) =
1 (5.39)
pocot(d) —ipo’
The parameters ag and ry are then defined through a Taylor expansion of pgcot(d)
around pg = 0,

= f(po) =

1 1
pocot(d) = Ta0 + 57“017(2) +0(py) =

5.40)
iVmEltp|® - 2t} 11 (
mivmEltg] E - — 4+ ZrgmE + O(F?).
m7r|tE|2 ag 2
Writing tg =tg + trt, I get
-2t 1 1
— = — 4 CrymE + O(E?) (5.41a)
mm (ts, +17) ap 2
2t
1+ ——-1 - 0O(F?). (5.41b)

m(t% +17)
The last of these two equations is good for checking that the calculations have been done

correctly, since it should tend to zero.
The parameter ag determines the cross section at low momenta, which is 4mwa? [I1].
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6 The SRG flow equation

The main goal of this project is to transform a given potential V to another potential
‘:/ in such a way that the values of observables stay the same, and with the intent that

V will have decoupled the low and high-energy physics. This means that only a small
number of matrix elements will be needed when doing low-energy calculations.

This is achieved with the SRG transformation. It is a continuous, unitary transfor-
mation. The unitarity ensures that the values of observables stay the same.

I will now derive the SRG flow equation. I start by defining the transformed hamil-

tonian ISI from the unevolved hamiltonian H.
H=UHU (6.1a)
Ut =1 (6.1b)

In order to find a good U with the desired property that the off diagonal elements of 1%
becomes less significant, a flow parameter s is introduced, so that

H=H,=UHU, (6.2a)
Ulu, =1. (6.2b)

These equations can now de differentiated with respect to s:

~ d .~ NITEN A
51 =0= E(USTUS) Ul U, +UIU! =1y + )] (6.3a)

Now I need an operator 7 which obeys the relation 7 = —/!. Given a hermitian
operator Gg, I can use 75 = [Gs, Hs], so the equation looks like

A =[G, ], 1) (6.4)

G, is called the propagator.
I am interested in the potential, and H =T+ V. I am not interested in a transformed
kinetic energy operator, so I define

V.= H,-T. (6.5)

H =V!=[[Cs, T +V,], T +V,]. (6.6)
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6 THE SRG FLOW EQUATION

In this report I will only consider the propagator G, =T. To motivate this, I write
the equation in the partial-wave basis in momentum space for two particles:

(p2 _p/2 2
Vi, s(®:p') = —VLp,s(I%p')T)Jf
= 1 1 /) p2 +p’2_2p”2 (6.7)
+f p" A"V, s(p0" )V, s (0" ) ———.
0 m

The first term will quickly drive off-diagonal terms towards zero since the factor (p*-p'?)?
is large for the off-diagonal elements. Furthermore, if one considers only the first term,
the evolution would directly be given by

—(pz_pa)?). (6.8)

Viys(pp') = Vi, 0(pp") exp | -s-——
m

This suppresses off-diagonal elements, since p? —p'? is large for those elements. This will
decouple the high- and low-energy states. For this reason, another flow parameter A is
often used, which relates to s through

N

-5 (6.9)

This means that the unit for A is the same as that for p and A will be a measure on how
close to band diagonal the potential is. A = oo corresponds to the unevolved potential.
Using the linearity of the commutator, eq. (6.4) becomes

+[T,V,], T +V,] = (6.10)

Defining
S(A)=A+ A" (6.11)
the equation can be written as
V= ST, V(T + V7)) (6.12)

since the potential is assumed to be real valued.
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7 DISCRETIZATION OF SPACE

Part 11
Implementation

In this part I will show how the major algorithms and equations are implemented. The
most important task is to construct a discretized representation of the operators. For
this, both how to store the operators as matrices and how the discretization will be
handled are important aspects.

Since the amount of data that needs to be handled is often very large, care must be
taken that the implementation can be done with relatively low memory usage. But the
main goal is of course a fast, stable algorithm, which will allow more accurate calcula-
tions.

Details about the actual software and programming environment I have used in order
to implement the calculations, can be seen in appendix [D| When I have used algorithms
that are part of a software library, that will be stated in the text.

7 Discretization of space

7.1 Discretized representation

Non-diagonal operators will be stored as matrices. The bases I work with are either con-
tinuous and ranging from zero to infinity — as in the case of the position and momentum
variables — or discrete, as in the case of the angular momentums. In both cases a cut
off must be choosen, so that only states below this limit are included in the discretized
basis.

In the continuous case, a finite number of states — grid points — between zero and
the cut off limit must be choosen too. Since the operators often must be integrated, a
natural choice is to choose grid points according to some quadrature rule, which will be
discussed more in detail in section [7.2l

For an operator A depending on one variable x — discrete or continuous — with a
choosen grid {z;}}", the matrix representation A with elements A;; will be defined as

In the general case, the matrix entries could be complex numbers. In most cases
though, the operators I work with allow for a pure real representation, so unless otherwise
stated, the matrices will be real. Many of the operators are also hermitian. This means
that the matrix representation also will be hermitian, which in the real case is the same
as the matrix being symmetric, A = AT. In this case, only the upper or lower triangle
need to be stored and calculated. This means that at most n? elements need to be
stored, and only n(n + 1)/2 elements if the operator is hermitian.

When an operator B depends on two variables z and y, with grids {xi}ir, and {y; }j”zl,
the discretized representation will still be a matrix. A combined grid is constructed,
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{z}70%, with grid point im + j corresponding to the state |z;) ® |y;), so the matrix
elements will be

Bim+j,’i’m+j’ = (l‘z'yj| B |5L”;y;) . (7.2)

Note that if B is hermitian, only nm(nm+1)/2 elements need to be stored and computed.
For more than two variables, I do in the same fashion. For diagonal operators, D with

~ —
matrix representation D, only the diagonal is stored, in the form of a vector, D. For a
diagonal operator D depending on a single variable z with a choosen grid {z;}",, the
operator looks like

The delta function should be interpreted as either a Dirac delta of the correct dimension
— —
or a Kronecker delta. The vector D with elements D; will then be defined as

D, = D(i). (7.4)

An operator A depending on two variables, x and y, can be diagonal in one of the
variables, y. In this case, the discretized representation will be a vector of matrices,
where element j of the vector will be the matrix A; with elements

Aj;ii’ = Ay]. (xl,x;) (75&)
(wiy;] A ‘x;yg) = Ay, (ziyx})o(y; — yg) (7.5b)

I call this that the operator A is decomposed in y.

7.2 Discretized integration

In order to evaluate the product of two operators, («| AB |}, where « represents all the
quantum numbers, a complete set of states, ¥ , wr(a”)|o’) (@] is inserted between the
operators:

B

(0| AB |o/) = i (o] A ‘o/’) wr(a’) (o/’ O/) : (7.6)

Oé”

The ¥ symbol indicates that it can either be a discrete sum over a discrete quantum
number, or an integral over a continuous variable. The w;(a”) term is the integration
weight, if any. For example, when integrating the p or ¢ variable in the partial-wave
basis, wr(p) = p? and wr(q) = ¢?, since it is three dimensions. In the case of a discrete
variable, it is an ordinary matrix multiplication between the two matrix representations
of the operators. When dealing with continuous operators however, the integral need to
be discretized. For this, a quadrature rule is used.

A quadrature is defined over some interval [a, b], or possibly over an infinite interval.
It also has a set of discrete points contained in the interval, {xi}f\il, where N is the order
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8 THE PERMUTATION OPERATOR

of the quadrature and a set of weights {wq,i}f\zfl. This is used to create an approximation
of the integral:

b N
L def(z) » ;wq,if(a;i). (7.7)

Using this, and defining w(a’) = wg(a”)wr(a’”), eq. (7.6) can be discretized as
(o] AB lo') - AW, B, (7.8)

where W, is a diagonal matrix with diagonal entries W = w(a’’). Only the diagonal

of W, will be stored, as a vector W_)/a. The star between A and W, signify that no real
matrix multiplication need to be done, since Wy, is diagonal.

For operators A=1¢ fly and B depending on two variables, z and y, where A is
decomposed in z, the matrix multiplication will simplify due to the delta function,

_ ! ~ ~
(xy|AB x/y/) _ i (M ® (ylAy ‘y//)) w[(:L‘",y") (z"y" B

wr(x") oV}
) ) (7.9)
- ¥ Wl ") wr (") a9 Bl

yll

To explicitly show when the matrix multiplications are done only over some variables, I
write the discretization as

(zy| AB 2"y} > A*WygB, (7.10)

where the y over the star means that there is only a matrix multiplication in the y
variable.

The different quadratures I use are described in appendix [A]

Matrix multiplications are the main time consumers in the algorithms, so minimizing
the number of such multiplications is always important to make the algorithms go faster.
The BLAS routine dgemm is used to do matrix multiplications.

8 The permutation operator
The permutation operator that I need to discretize is
p = ]512P23 + plgpgg. (81)

As will be seen, this can be done in a few different ways.
I will not show the derivation of the discretized expressions, for these I refer to the
book “The quantum mechanical few-body problem” by W. Glockle [15].
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8 THE PERMUTATION OPERATOR

In a three-particle system using the parital-wave basis in momentum space [15], eq.
3.349],

(paLa Ll Plp'q' Ly L) =
jld 0(p - mp(a,q',2)) 8(p" - mp (0.4 @)

xr 7
1 mh(gd )t n2(q.q ) et

:/1 d S(p-m} (0,4 x)) 0(q -7} (') (8.2)

Gp(q.q',La,L,,L) =

G I’ ,7L 7-[/I 7L _
L TR ) 1 (g ) a2 (¢, La,L,,L)

:fldx5(p’—ﬂ%(pqx))5(Q’—7T}13(pq9:))
L ()T g (pag)tet?

GR(pa%LavL:)mL)'

L, stands for both L, and L,. The difference between the three expressions is which two
momentum variables are singled out in the delta functions and this also affects the factor
G. The expressions for G, G, and Gr are in appendix@ When the two p variables are
singled out, I call it “acting on the p variables”, and when p and ¢ are removed, I call it
“acting to the left”, which also should explain the L (left) and R (right) notation for the
7 functions. I have not included the case when it acts on the ¢ variables, since I will not
need it.

Which expression that is most suitable depends on the equation where the permu-
tation operator appears, since each delta function must be canceled by an integration.
For example, consider the following equation,

) = Pl (8.3)

In the partial-wave basis this becomes

1
¢, Loy L) = 2dp | ¢%dq | da
¥(p,q )= [ pPdp’ | ¢*dqg
I o’ q’ -1

X5(p’—7fﬁ(pq, ) 6(q" — 7k (p,g,x))

mh(p.gx) e wh(p,gx)tat? (8.4)
X GR(p q La,L LYb(p',q', L, L) =
f P Lo, L}, L)Y(h(p.q.x), 7k (p,q.x), L, L)
mh(p.q,@) ol (p.g.a) e '

In this case, the permutation operator has to act to the right, since the variables p and
q are not integration variables.

In most cases, the values of the m-functions will not correspond to a choosen grid
point. This means that either interpolation or extrapolation will be neccessary. To see
when it is enough with interpolation, I need the explicit expressions for the m-functions.
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8 THE PERMUTATION OPERATOR

They are given by

Wzl)(q,q',x) = \/iQZ +q2+xqq (8.5a)
m2(q,q' ) = 7y (¢ ) (8.5b)
T (0’4 \x) = \/ip’2 + %Q’Q - zxp’q’ (8.5¢)
i (' ) = \/p’2 + }lq’Q +ap'q (8.5d)
0 (p,q,x) =7 (p.g, — x) (8.5¢)
Tr(p:a:) =77 (pg, - ). (8.5f)

For the case when the permutation operator acts on the p variables the extreme values
of 7r[1) and 7r12, will be when = = £1. This gives the values

1 1 2 11
Z02+02 & I=\/(_ + /) =|_ +q
\/4q q"” £qq 54%4 54%4

Of course I have that 0 > wg(q,q' ,2), but since not all quadrature rules include the zero
in the quadrature, it could happen that the lowest off-grid value is lower than the lowest
quadrature point. To avoid this, I use a quadrature rule which includes the endpoints of
integration. For a given momentum cutoff g,,, the largest p momentum value that will
be needed is 1.5¢,,. This means that extrapolation can be avoided by letting p,, > 1.5¢y,.

Now for the case when the permutation operator acts to just one side. For a given
Pm and g, the maximum values that 7TIL) and 7'(‘% can attain are

. (8.6)

1 9 3 1 3
P 7 - 2 4+ — 2 + — = — + — 8.7
;}71??; TI'L(p ,q ,.CU) \/4pm 16qm 4mem 2pm 4Qm ( a)
q T 2 1 2 1
max 7TL(Z? Nk 7x) = Pmt =495 t PmQm = Pm t Zqm. (87b)
.z 4 2

Now I would like to find p,, and g,, such that

1 3
§pm + qu < Pm (8.8a)
1
Pm + Zqm < Qm, (88b>

2

but the problem is that it reduces to the inequalities p,, > 1.5¢,, and p,, < 0.5¢,,. So
extrapolation is unavoidable in this case. Since the first of these inequalities is the same
as in the case when it acts on only p variables, I always use p,, = 1.5¢,,, which will avoid
extrapolation entirely when I do not need to act to the right or left, and it will as good
as possible comply with the other inequality.
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8.1 Interpolation and extrapolation

As stated in the previous section, I will need to interpolate and extrapolate in order to
evaluate the permutation operators. Here I describe how this is done in general terms.

Given a set of grid points {g;})¥, and their values {v;}¥, the values {y; }%1 at the
off-grid points {x; };V:[l is evaluated with the formula

M=

y] N S(.fl:j;gl,QQ,...,gN)Ui. (89)

i=1
This can be written as a matrix-vector multiplication,
y ~ Sv. (8.10)

In appendix I describe the different interpolation and extrapolation methods I
have used.

8.2 Matrix representations of the permutation operator

By using the interpolation matrices defined in section an explicit matrix represen-
tation can be created for the permutation operator. As an example, I will here consider
the case of the permutation matrix acting on the p variables. In this case, the p variables
need to be integration variables. In the partial-wave basis in momentum space I have

fo p*dp fo p?dp’ IpaLa) {paLa| Pp'd' LL) (p'd L, =

! Gp(q,9'x,La, Ly, L) (8.11)
1 / P\TYH oo 2 / rrr
. (q,q ,x)qL / {7 (q,q¢",x)q' L,|.
75 (4,¢"x)q L) B (') g(q,q',x)LP( (.4 %)q L

Discretizing the x integration and using the interpolation scheme from section the
above expression is

> Z lpgLa)

=pP(p7Q7[f¢§p’q’L:x) (812)
Gp(QJQIrraLa)LéwL)

(9,9 x) e r2(q.q' 2)

x Y |we(z)s(m)(q,¢' ) p) 7 s(my (0.0 ); p)] (r'd'Ly
T

Similar calculations can be done for the case when the permutation operator acts to
one side.

In this way, matrix representations of the permutation operators are possible, allow-
ing for fast calculations. The downside is that everything the permutation operators
act on will be interpolated. When the permutation operator acts on the kinetic energy
operator or on another permutation operator, it would not be neccessary to interpolate
since the exact expressions could be used instead.
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9 CALCULATION OF THE BINDING ENERGY

9 Calculation of the binding energy

In the theory part, I reduced the problem of finding the binding energy to one of two
cases. Either I diagonalize the hamiltonian directly, or find F so that the operator K;
has eigenvalue 1. In this section I will describe how these equations are solved in the
implementation.

9.1 Diagonalization in the harmonic-oscillator basis

The diagonalization is only done in the harmonic-oscillator basis. The only variable is
n, which is discrete. This means that no integration weights should be added. The
hamiltonian matrix H will then have elements H;; = (i| (V +T)|j). This will be a real,
symmetric matrix. Due to the spectral theorem for finite matrices, this means that the
eigenvalues will all be real.

To diagonalize the matrix, I use the GSL function gsl_eigen_symm, which in turn
uses a method from section 8.3 of the book Matrix Computations by Golub and van
Loan [16].

This immediately gives all the eigenvalues, and the eigenvalues that are negative
corresponds to bound states.

9.2 Solving the kernel equation
I need to find E such that the equation

K(E) ) =v), (9.1)

has a non trivial solution. With non trivial I mean that |¢)) should not be zero. To do
this, a matrix representation of K (FE) is needed. This can be obtained by multiplying
with (a| from the left and inserting a complete set of states,

1= i wr(e) o) (o], (9.2)

between K (E) and |¢)). « represents all the quantum numbers for the given problem.
This gives the equation

¥ wr@) (al K(B)[o') (1) = (o) (9.3)

With a choosen grid for a, {a;}Y,, the matrix equation is
K(B)o =0, (9.4

Solving eq. (9.4) will be an iterative process, where different values of E needs to be
tested. In order to do this, I need a piecewise continuous real valued function, f:R - R,
taking an energy value as argument and returning zero if and only if the equation has
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a solution. If I have such a function, I can apply a root finding algorithm to it to find
the binding energies. In the following sub sections I will describe some different such
functions that I have used.

I have used a bracketing algorithm to find the root. Such an algorithm starts with
two energy values Fy and Fo for which the function f has different signs and Fy < Fs.
If f is continuous in the interval [FEy, E2], then a root exists in that interval. It is
found by calculating f at some point E;, Ey < E1 < F5 and then continuing the process
recursively with either the interval [Ey, E1] or [E, E2] depending on the sign of f at
the three points.

Since f is only assumed to be piecewise continuous, I can get false roots with the
bracketing algorithm if f has a discontinuity where the value at one side of the discon-
tinuity has different sign than on the other. This is easily seen to be a false root since
the function value does not approach zero.

I have used the Brent-Dekker bracketing algorithm, implemented in the GSL library
as the algorithm gsl_root_fsolver_brent.

9.2.1 Determinant method

With this method, the function f described above is
f(E) =det(K(E) -1). (9.5)
This will return zero if and only if the equation
(K(BE)-1)y=0 (9.6)

has a non trivial solution, which is exactly what I want. This function f will also be
continuous.
To calculate the determinant, I calculate the LU decomposition of the matrix K (FE) -

I,
P(K(E)-1)=LU, (9.7)

where P is a permutation matrix. The determinant is then just the product of the diago-
nal elements of U times the sign of the permutation matrix P. The LU decomposition is
done using the function gsl_linalg LU_decomp, which in turn uses the algorithm 3.4.1
from the book Matrix Computations by Golub and Van Loan [16].

For large matrices, the determinant takes a long time to calculate, which makes it
useful mostly for rather small matrices, with N £ 2000 or when no other method works.

Another problem is that the value of the determinant could be too large or too small
for the computer to represent the number. This can be avoided by, instead of calculating
the value of the determinant from the LU decomposition, just calculate the sign. This
will, however, make it harder for the bracketing algorithm, since it can not estimate in
a good way where the zero is.

One of the advantages of the kernel K7 over K, is that the value of the determinant
stays relatively close to zero regardless of the matrix size.
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9.2.2 Power iteration

A method to find the eigenvalue with the largest absolute value, is the power iteration
method. The idea is simply to start with any vector xg of norm 1, then repeatedly do

Xp = KXpo1. (9.8)
The goal is that the ratio
|%n|
9.9
o] (9.9)

should converge to the value of the eigenvalue with largest absolute value. This can be
seen by expanding xg and x,, in the eigenbase of K:

xn = K" Y Cik; = Y Ci\Tk;, (9.10Db)

where k; are the eigevectors of K and ); are the eigenvalues. Assuming \g is an eigenvalue
with largest absolute value, then by dividing by Ay, I get

1 PV
—x,=» C;— k;. 9.11
ASX le Ao (5-11)

This means that the components ¢ with \; < Ay tend to zero.

This can only solve the kernel equation if 1 is the largest eigenvalue. For systems
with only one bound state, this has been observed to be the case for kernels Ky and K3,
which is an additional advantage of K1 over Ks.

When there are more than one bound state, lower eigenvalues need to be found. This
can be done by first finding the highest eigenvalue, then start again, with a new xg and
in each step make the obtained vector orthogonal to the eigenvector kg. In this way, the
next largest eigenvalue is found.

9.2.3 Arnoldi iteration

Another way to find eigenvalues other than the one with largest absolute value, is to use
Arnoldi iteration. It is similar to the technique used in power iteration. But instead of
converging each eigenvector at a time, all the obtained vectors x; are orthogonalized to
each other and normalized. Then the matrix H is formed, with matrix elements

Hz'j =X1TKXJ‘. (912)

If K had been symmetric, then the eigenvalues of H will converge to the largest eigen-
values of K. In this case it is called Lanczos algorithm. For non symmetric matrices,
the theory is not as well developed, but it has been observed in practice that the same
holds in the non symmetric case.
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The eigenvalues of H can easily be determined in a fast way, since the size of this
matrix will be very small, usually between ten and twenty.

This method is usually faster than the power iteration method, since fewer iterations
are needed for convergence, usually between 10 and 20.

9.3 The Kernels
9.3.1 Two-particle kernels

The two kernels for two particles are K(E) and Ky(E), see section Discretizing
is done according to the rule in section that is by inserting complete set of states
between all operators and states:

(ol Ku(E) [0) = {alo) = ¥ I (el (B1-T) o) (| V]a") o1} (9.13)

In the harmonic oscillator, there are no integrations, and the discretized version of the
kenrel is

Ki(E)=(FE1-T)"'V. (9.14)

In the partial-wave basis, the operator T is diagonal, so the operator (Ei - T)_l will
also be diagonal. This means that the Dirac delta function will remove the integration
over . Using that a = p, the relative momentum, I can write eq. (9.13) as

[ (E-Te.B) V(0.0 (1) = (bl0). (9.15)
The discretized kernel is then
Ki(E) = (BI -T) ™ +V+W, (9.16)

The kernel KQ(E) can only be used in the harmonic oscillator basis, and the dis-
cretized version is just

(V+1). (9.17)

9.3.2 Three-particle kernels
The only kernel is K3(F). The expression for the kernel is

A~ ~ ~

Ky(E)=(El-T-V)'(VP+U) = K\)(B)K? (9.18)

where Kél) = (E1-T-V)~'. This is the only part that depends on E, which means that
the other part only needs to be calculated once. Discretizing the equation K3(E)[¢) = [1))
in the usual way, I get

K3(E) = (EI =T = V+W,) (VW PxW,q + UxWW,,). (9.19)
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I need to choose which variables the permutation operator should act on. It can not
act to the left, since V s diagonal in the ¢ variable. I can either let it act on the two
p variables or just to the right. If it acts on the p variables, the Wp matrices will be
removed due to the delta functions, and if I choose it to act to the right, the qu to the
right of P will be removed. To simplify, I define the matrix P, as

w =

(9.20)

P - Pp*Wq, if Pacts on pvariables
WP*PR, if Pacts to the right

Using this, the discretized equation will look the same in both cases, and the expression
will be

K3(E) = (EI =T = V+W,) (VP + UxW,,). (9.21)
Note that T depends on ¢ and V depends on Ly, so there will be one N, x N, matrix
to invert for each g and each L.
10 Calculation of low-energy scattering observables

To calculate the low energy scattering parameters ag and 7o I first need to discretize
eq. (5.11), which for L, =0 looks like

(p, ") te(@”,p")p"* =V (p,po)tE(po,p' )P} .
T(po) - T(p") (10‘1)

m + .
+ %V(p,po)tfa(po,p') (log (M) - M) -
Pm — Po

14
te(p,p") =V(p,p') + fp dp”

Since the momentum py will be off grid, that is not one of the quadrature points, the
matrices must be interpolated to get the value at the desired momentum. This can be
achieved using an interpolation vector s, such that if x is a vector with values at the
grid points, x -s will be the value at the desired point. This means that the terms
V(p,po)te(po,p’) when discretized will look like

V(p,po)te(po,p’) - Vss'ip (10.2)

Using this, the discretized version will be

ip =V+V(Wp*7'+assT)fE (10.3a)

T=(T(po)[-T)" (10.3b)

o= TP (1og(pm+p0) —m) -WIT. (10.3¢)
2 Pm — Do

Solving for £z, this becomes

fp=([-V(WyT +ass")) " V=K'V (10.4)

36



11 THE SRG FLOW EQUATION

Since I am only interesting in the on shell value tg, I want to calculate
tp=slips=sT K1Vs. (10.5)

Defining x from the relation Kx = Vs =y, which is easily solved using for example LU
factorization, the value for tg will be

tp=s'x (10.6)

So the only time consuming part will be solving Kx = y. Note that K is a complex
valued matrix.

This process then has to be repeated for several different values of E, then the
parameters ag and rg can be calculated from a linear fit to eq. . Since ag is
determined from the value at very low E, an accurate value can be obtained simply by
decreasing F sufficiently. This is not the case for rg, since the slope of the line must be
resolved. When using too low values of E, numerical errors will dominate and the data
points will not look like a straight line. For too large E, the taylor expansion will not
hold, so care must be taken when choosing the values for E.

11 The SRG flow equation

11.1 In two-particle space

For a two-particle system, the total hamiltonian is just

H=T+V. (11.1)
Using eq. (6.12), I get the derivative
oV Lo
s

The evolution will be done in the partial-wave basis, so integration weights will only
be needed between two V' terms, since T is diagonal. This means that the discretized
version can be written as
oV oV o
— > — =S((T+V = V*T)(T + WpxV). (11.3)
ds 0s
This means that only one matrix multiplication is neccesary.
The only approximation that has been done is the discretized integration. Apart
from that eq. (11.3)) will cause V' to evolve unitarily. The discretized integration is not
exepcted to cause any significant deviations from unitarity.

37



11.2 In three-particle space
11 THE SRG FLOW EQUATION

11.2 In three-particle space
For three particles, the potential is }*; Vi+U , and the SRG equation is

3 ! 3 3
(zmm) =s( T,zxz+0](f+zv;+0)). (11.4)
=1 =1 =1

Here the derivation sign is implicitly assumed to be with respect to the flow parameter
s. The expression for the V3 term is already known from the two particle case, and from

egs. (5.17a) and (5.17b)) I can relate Vl’ and VQ’ to V3’,

Vll = (]523]312)‘1‘751523]512 = pl_lf/é]al (11.5&)
‘A/Q’ = (P23P13)_1‘7?:P23P13 = p2_1‘73’P2 (115b)

It is expected that the differential equations for Vi and Vs are the same as for Vi.
This is indeed the case:

Vi = PUS([T, V) (T + Va) ) Py = S(PT [T, Vel PLPT (T + V) P ) = -

11.6

= S(17, PTM R P (T P P+ PR PY) ) = S([0,Vi)(T + Th),

where I used that ]51 is hermitian and that it commutes with 7.
I want to evaluate the differential equation in the partial-wave basis. As was shown

in section
~ ~ 1 o
(paLp| P |p'qd' L;,) = (paLy| P2 |p'q' L) = 5 (paly| P lp'd'L,), (11.7)

where the last inequality holds since P=P+P,. Furthermore, I will use the identities

Pil=P, (11.8a)
PPyl=p (11.8b)

so that
ViVo = Py P P WWa Py = PV Py Vs Py (11.9)

Moving the Y3; V; sum to the right hand side of eq. (11.4), dropping the index 3 on
the two-body potential and using the expressions valid only in the partial-wave basis 1
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~ A 1 ~An 4~ ~ 1 ~n
~[T,VI(T+V)-2 ,ZPVP](T+ZPVP)):
NN N 2 N
=S([T,U]T+[T,V] 5PVP+U)+
1 ) 1 (11.10)
[ M (g ) _
=S([T,(7]T+[T,V](-PVP+U .
L 2T e Llaa - Lanas
+ [T, 5PVP] (V +5VP+ U) +(7,U] (V +5PVP+ U) )
The discretized version, valid only in the partial-wave basis, is
. .. . S 1. -»p. . .
U -U'= S( [T.U]+T + T, V]i(iPpVQPL + Wp*U) +
O ~ 1.p- v .
+ I:T,§ RV*Pp:I (V+§V* L+Wq*U)+ (1111)

. . . 1.. . D . .
+[T,0] (Wp*v + 5VunJpVﬁPL + qu*U) )

The first term in all the brackets is 7', which means that the brackets can be calculated
without using any matrix multiplications. Calculation of the term PPVQPL requires one

matrix multiplication, and using the fact that PRVQPP = (PPVQPL)T I need no extra
matrix multiplication for that term. Two of the multiplications between bracket and
parenthesis need a full matrix multiplication. This gives in total 3 matrix multiplications.
In eq. (11.11), deviations from a truly unitary transformation arises from the dis-
cretized integration, the cutoff in angular momentum values and the permutation matri-
ces. The first two should both tend to zero as the cutoff values and density of grid points
goes to infinity. The error from the permutation matrices is due to the interpolation and
extrapolation, and this error should also decrease with the number of grid points.
Although T and P commute, the discretized matrices will not neccessarily commute
due to the interpolations and extrapolations in the permutation matrices. This means
that by rewriting the SRG flow equation a better or worse expression could be obtained.
For comparison, I have also tried the following expression, which is a reordering of the

terms in eq. ((11.10)):

39



11.2 In three-particle space
11 THE SRG FLOW EQUATION

Discretizing this equation, I get

0 T = S([T U]*T+( Lis 8PR)f(v’;pp,v€pL)+
(U W oy V*PL + qu*U + Wp*f/)) (11.13)
f(A,B) =T+AB + AB+T - 2A+TB.

This discretized version requires a total of 6 full matrix multiplications. Each f
function requires two multiplications and then there are two more needed. This means
that this implementation will take about twice as long to evaluate.
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12 INTRODUCTION

Part 111
Results

12 Introduction

In this part of the report I present the results I have obtained by using some different
potentials for systems of nucleons and helium atoms. When using the algorithms for a
specific potential, there are a few things that need to be defined first. These choices will
be discussed in the following sub sections.

12.1 Choice of units

First off, the units need to be specified. As stated in the beginning of the report, I always
set A = ¢ =1 and express all quantities in either length or inverse length. However, to
show results I want to show energies in the unit of energy. For the nucleon potentials I
will use MeV and fm. The relation between the units is

1 =hc=197.327TMeV - fm. (12.1)

During the calculations, I store all quantities in units of fm. This implies that energies
are given in fm™! and to obtain, for example, the binding energy in MeV, I just multiply
with 197.327.

For the helium potentials I use the units Kelvin (K) and atomic length units (au).
Note that Kelvin is used as a unit of energy by also setting kg = 1. This means that the
relation between the units is

1= Z—C = 4.327249141 - 10'K - au. (12.2)

B

12.2 Choice of grid

Since the momentum variables are continuous suitable grids need to be chosen. By grid
I mean a number of discrete momentum values that will be used by the quadrature when
integrating. This means that the grid points will always be dictated by the quadrature
rule that is used. For the momentum variables I always use finite-interval quadratures.
I define the grid through a set of limiting momentum values [p1, po,...,pn] and a set of
integer values [n1,ng,...,ny]. Then, for the interval [0,p1], I use a quadrature with n
points, and for [p1,p2] T use ns points, and so on. N is the number of intervals.

In all cases presented here, I use N = 2. For the lower region, [0,p1], I use a Gauss-
Radau quadrature including the value p = 0. For the upper region, [p1,p2], I also use
Gauss-Radau and include the upper value p = p2. The end points are included so that I
can do interpolation in the full range. To specify the grid used, I write it in the format
(P17P27n1,n2)-

For a two-particle system, I only need one momentum variable p. In a three-
particle system, both p and ¢ has the type of grid descibed above. For a given p grid
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(p1,p2,n1,n2), the ¢ grid is always (p1,2p2/3,n1,n2). The factor 2/3 is there to avoid
extrapolation as much as possible, as explained in section All values of the angular
momenta L, are used up to a cutoff L, max. Only even values of L, are used, as explained
in the theory part.

12.3 Error estimates

It is important to be able to give error bounds on the calculated values. This is achieved
by performing the calculations on different grids. The calculation of an observable A
— this could be the ground-state binding energy FEgy for example — will depend on the
cutoff values M used and on the density of grid points p for continuous quantum numbers.
When all the variables M and p tends to infinity, the calculated value A(M, p) is more
exact. There could still be other sources of errors, such as numerical errors, but the error
due to the limited size of the Hilbert space will tend to zero.

In order to get a good estimation of the finite-space error, the behaviour of A(M, p)
need to be studied in detail for each observable A and for each potential. Since this is
not the focus of this thesis, I will instead do a simpler error estimation. I will calculate
A(M, p) for two different values of each M; and each p; and use the least rounded value
which is a correctly rounded value for each calculation. Many significat digits in the
presented value is an indication of a low error.

12.4 SRG evolution

For the SRG evolution I have used the explicit embedded Runge-Kutta-Fehlberg method
to solve the ordinary differential equation. I have used the implementation in GSL, more
specifically the stepper gsl_odeiv2_step_rkf4b.

The method accepts a relative and an absolute error bound. For the two-body SRG
evolution, I have used a relative error bound of 107'° for all potentials and an absolute
error bound of zero for all potentials except the LM2M2 potential where I used an
absolute error bound of 107"4au™!. For the three-body evolution I have used a relative
error bound of 10™. For the nucleon potentials I have used 10~%fm™! as absolute error.
For the soft core helium potential I have used an absolute error bound of zero. For the
LM2M2 potential I have not done a three-body evolution.

Of the two implementations of the three-body SRG flow equation, seen in egs.
and , the second one produced better results so I have only used that version for
all the results presented in this thesis.

13 Nucleon potentials

I will not include the spin degree of freedom for the nucleons, which means I can treat
them as spinless bosons. I have looked at two different nucleon-nucleon potentials. The
first one is a sum of a short-range repulsive and an intermediate-range attractive Yukawa
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interaction. This two-body potential has the form

(r| V[t') = Viue1 (1) 0% (x - 1)

exXpl— T expl— r
Vatwes (1) = Vi P(THR ) v, P(TMA )

(13.1)

The parameter values used for this potential are the same that Elster et al. have
used in their article for the MT-V potential [17]. Since I work in the momentum basis,
I need to do a Fourier transform of this expression. In this case, the transform can be
done analytically. Using the results from section and more specifically eq. (4.5, a
general term of form Vjexp(-ur)/r is transformed as

(p| Vo exp(—pi)i™" [p') =

1 o N . .
=53 / drVp exp(—pur)(21) 1(exp(zrq) —exp(—zrq)) =
m2q Jo
0o 13.2
=47‘r/20iq/(; dr(exp(—r(u—iq))—exp(—r(u+z’q)))= (13.2)
W ( 11 ) V2 1 V1
CAn2ig\p—-iq  p+iq)  AnZigp + ¢ 2n2 p2 +¢2’

where ¢ = |[p—p’|. The values of the parameters Vg, Va, g and p4 are shown in table 1}
The second potential is a modification of the momentum-space expression of the first

one, with the expression

gk 1 ga 1

(2m)3 ¢% + m%FR(q) B (2)? mFA(Q) (13.3a)

(PIV|p") = Vauc2(p, P’)

A2 —m? )2

T

13.
o (13.3b)

Fy(q) = (
The parameter values are presented in table [1| and are the same as the ones used by Liu
et al. [I8].
The momentum-space expressions are used to obtain the potentials in a partial-wave
basis using eq. . The potentials for L, =0 and L, = 2 in the partial-wave basis are
shown in figure

13.1 Three-body potential

No three-body force is used together with the Yukawa potential. However the modified
Yukawa potential was used in combination with one of the three-body potentials pre-
sented in the paper by Liu et al. [I8]. Using the coordinates defined in eq. (2.4]), this
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L =0 L =2
P P
10
0 MeV
0 MeV
- -1
-2
) -3
ox 0
0 20 40 60 0 20 40 60
p [fm™] pfm™]

(a) Yukawa, L, =0 (b) Yukawa, L, =2

Lp:o L =2

0 MeV

p[fm™]
p'[fm™]

0 10
p [fm’"]
(¢) Modified Yukawa, L, =0

20 30

30 P
0 MeV 30
25
-10
20
-20 20 -1
-30
-2
10 40 10
-50 -3
0 -60

(=]

0 10 20 30
pfm]
(d) Modified Yukawa, L, = 2

Figure 2: Matrix representations of the two nucleon potentials for L, = 0 and L, = 2.
Note that I have used different momentum cutoff values for the two potentials. Each
potential was produced using a total of 400 grid points, resulting in 400? matrix elements
for each L,. The modified Yukawa potential tends to zero faster for large p than the
Yukawa potential due to the extra cutoff factor.
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Table 1: Parameter values used for the nucleon potentials, both the two-body forces and
the three-body force used with the modified Yukawa potential. The Yukawa potential
with its parameter values is the same as in the paper by Elster et al. [I7]. The modified
Yukawa potential is identical to the one presented in the paper by Liu et al. [I8]. The
expressions for the two-body potentials are egs. (13.1) and (13.3) and the three-body

potential is eq. (13.4al).

Modified Yukawa potential

Yukawa potential 2T Wz—body pa;a;x;i‘;ers rl;hrze—body par;réleters
Vi | 1438.4812MeV gal(4m) : 9o/ (4m) .
[ 311fm ma 330.2104 MeV M 305.8593 MeV
R .
Vi | =570.3316 MeV Aa 1500.0 MeV Aq 1000.0 MeV
2 2/(4 9.4086 173
LA 1.550 fm gr/(4m) - o .
mg 612.4801 MeV
AR 1500.0 MeV

three-body potential has the form

(pal Uy [p'd’) = Unuc2p(p.a.p’,d) = (13.4a)
BT Gt el @) -

Q =p—p’+%(q—(1’) (13.4c)
Q'=p-p'- %(q—q’) (13.4d)

C- (2;)6 gt (A - md)* (13.4¢)

O e i (1340

The function F' is defined in eq. ([13.3b)) and the parameter values are found in table
This is not the entire three-body potential, it is only one part of three, symmetric only

in the two first particles. Using egs. (2.5a) and (2.5b]) the entire three-body potential
can be written as

1 3 1
Unue-2(P, 4, P',q") = Unue-2,p (—§p t 1P éq) +

3

1
~q,p - —q) +UNue2,p(P,a, P’ d') = (13.5)

1
+ UNuC—Q,p (_§p - 4 9

o 1 1 1
i (G(Q“))G(Q(l)’) T GQMGQDY) T GQGQ) )
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Figure 3: Modified Yukawa three-body potential for ¢ = ¢'=0 and L, = L, = 0.

To simplify this, I note that

QW =~(p-p) +3(a-q) =-Q' =X (13.6a)
QW'=q-q'=-Q¥=Y (13.6b)
Q' =~(p-p) - 5(a-q)=-Q=Z (13.60)

Using these identities, the three-body force can be written as

!/ / 1 1 1
UNue2(P,q,P,q') =C (G(X)G(y) Tawa2) " G(Z)G(X)) )

G(X)+G(Y)+G(2)
G(X)G(Y)G(Z)

(13.7)

To transform this to the partial-wave basis, eq. is used. The problem is that it
is a five-dimensional integration which takes a long time. This means that I had to use
fix-point integration which means no error bounds on the calculated matrix elements.
The three-body potential for ¢ = ¢’ = 0 and L, = L; = 0 is shown in figure The
strength of the three-body force is lower than that of the two-body force, shown in

figure

13.2 Two-body results

For the two-body system, I have calculated the binding energy, the scattering length and
the effective range. In figures [4] and [5| it can be seen that the values of these observables
are well converged for large enough grids. The converged values are presented in table

Using too low values of the cutoff momenta will give poor results, since the important
aspects of the potential are cut away. However, large values of the cutoffs will require

46



13.2 Two-body results
13 NUCLEON POTENTIALS

122}
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(a) Two-body binding energy (b) Low-energy scattering parameters

Figure 4: Yukawa potential. Convergence of two-body observables with the number
of grid points and the momentum cutoffs. ag is the scattering length and ry is the
efefctive range. With many enough grid-points convergence is achieved in all cases. The
momentum cutoffs have only a small impact on the converged values in this case. The
grids have 2/3 of the grid points in the lower interval.

Table 2: Converged two-body observables for the nucleon potentials. Convergence can
be defined in several ways, see subsection for the used definition. To obtain the
values, the two grids displayed in figures [] and [5] with largest cutoff values were used,
with a total of 360 and 720 grid points.

Yukawa Reference Modified Yukawa Reference
Ep | 0.35000 MeV | 0.3500 MeV [17] || Eo | 0.283951055MeV | 0.284 MeV [18]
ag 12.1702 fm ag 13.310080 fm
70 2.304 fm 0 2.228 fm

more grid points to converge, because more points are needed to get a good resolution
of the potential over the large momentum range. Therefore, I choose to work with the
lowest cutoffs that still give good results.

13.2.1 Determination of the effective range

As mentioned in section care need to be taken when choosing an energy range for
the determination of rg. By testing different energy ranges, I got the best fit using the
range 0.5keV to 50keV.
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Figure 5: Modified Yukawa potential. Convergence of two-body observables with the
number of grid points and the momentum cutoffs. It is seen that with large enough
momentum cutoffs the same converged value is obtained. The grids have 2/3 of the grid
points in the lower interval.

13.2.2 Comparison with a harmonic-oscillator basis

I have compared the rate of convergence in the momentum-space partial-wave basis
with the harmonic-oscillator basis presented in section Of the nucleon potentials I
have only considered the Yukawa potential. The position space expression is used
together with eq. to get the potential in the harmonic-oscillator basis, Vi, (n,n').

A suitable value of rq, the oscillator length, need to be choosen to get good conver-
gence. The optimal rg depends on the value of the cutoff in n. After some investigation
I concluded that a good choice for rg is

70(Nmax) = 1.8 = 0.00087 a5 fm. (13.8)

The relative difference between the calculated two-body binding energy and the con-
verged value in table [2| for the two bases are shown in figure [6] The figure shows that
the momentum-space partial-wave basis converges much faster as a function of matrix
size.

13.3 Three-body results

I have done similar convergence calculations for the three-body binding energy as for
the two-body binding energy. In figures [7| and [8] are the results. An L, cutoff of 4 or 6
is enough to get converged results.
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Figure 6: Yukawa potential. Comparison between convergence rate when using the
harmonic-oscillator basis and the momentum-space partial-wave basis. The y-axis shows
the relative difference between the calculated value and the converged value in table

The y-axis uses a logarithmic scale. The matrix size is equal to the cutoff in n and the
number of grid points in p respectively. The oscillator length used is given by eq. (13.8)

and the grid used is (4.0, 60.0,2z/3,x/3).
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Figure 7: Yukawa potential. Convergence of the three-body binding energy with the
number of grid points, the momentum cutoffs and the L, cutoff. 2/3 of the grid points

are in the lower interval.
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Figure 8: Modified Yukawa potential with three-body force. Convergence of the three-
body binding energy with the number of grid points, the momentum cutoffs and the L,
cutoff. 2/3 of the grid points are in the lower interval. I have only used one grid here
since the calculations take too much time. That is why I do not have more than 72 grid
points. The three-body matrix elements were calculated using a fixed-point quadrature
without error checking, using a total of 8° points.

13.4 SRG evolution of the potentials
13.4.1 Two-body evolution

The two-body SRG evolution is governed by eq. (11.3). The result of applying the
transformation to the two potentials are shown in figures [9] and The potentials
display the expected behaviour of becoming band diagonal, and the width of the band
is approximately given by the value of the flow parameter A.

The two-body observables are expected to be independent of A. In figures [T and
it can be seen that the binding energy and the scattering length display no dependence
on the flow parameter. The small errors are negligble. The effective range display a small
dependence, but this is most likely due to the error in the calculation of the effective

range, see section [13.2.1

13.4.2 Three-body evolution

The three-body evolution is governed by equation As seen in figures [7] and
many grid points are needed in p and g to get converged results. For the SRG evolution
I have still used only 32 grid points in p and 32 grid points in ¢, in favour for using larger
L,, cutoffs.

When doing the SRG evolution, I have considered two different L, cutoffs. The first,
L, v is the cutoff in the potential, the second, L, 1 is the cutoff in the induced three-body
force. A large L, ; will reduce the deviation from unitarity in the SRG equation, while
a large L,y will give a more correct result.

In figure the evolution for some different values of L,y and L,; have been
plotted. Looking at the evolutions using L,y = 0 — figure — it can be seen that the A
dependency is indeed reduced with increasing values of L, ;. With L, = 4 the evolution
is very close to unitary. The remaining error should be due to the relatively low number
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A=26.72[fm™ '] A=13.36[fm |

“1"2%

A =8.907[fm ! A =2181[fm ]

p[fm’]

Figure 9: Yukawa potential. The potential depending on the SRG flow parameter A.
The width of the band diagonal structure is approximately equal to A. The grid used is
(4.0,60.0,80,40)

of momentum grid points and the interpolation and extrapolation in the permutation
matrices.

In figure [14 I show the evolution of the modified Yukawa potential. The behaviour
is much like that of the Yukawa potential.

13.5 Decoupling

The purpose with the SRG transformation is to decouple the potential. I measure the
degree of decoupling by cutting of the potential at different momentum values. All matrix
elements with larger momentum values are set to zero, and the matrix elements with
lower momentum values are unaffected. Good decoupling means that a large portion of
the high-energy part of the potential can be set to zero without affecting the low-energy
observables.

In figures[15]and [I6]1 have compared the unevolved potentials with evolved potentials.
Since the three-body binding energy has a dependency on the SRG flow-parameter A, as
seen in section I have decided to measure the decoupling at a A-value which does
not give too large deviation in the three-body binding energy. I have choosen values of

o1



13.5 Decoupling
13 NUCLEON POTENTIALS

— 26.72[fm ! — 13.36[fm "
0 MeV
-10
-20
— 8.907[fm ! — 4.454[fm ™! — 2.181[fm "
-30
— -40
£ 10
Q { _50
’ -60

p[fm ]

Figure 10: Modified Yukawa potential. The potential depending on the SRG flow pa-
rameter A. The width of the band diagonal structure is approximately equal to A. The
grid used is (2.5,20.0,80, 40)

Relative difference compared to unevolved 2-body observable

14 -8 -4
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OW ] / -2
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A~ [im] A™" [fm] A~ [fm]
Binding Energy Scattering Length Effective Range

Figure 11: Yukawa potential. Two-body observables depending on the SRG flow-
parameter A. The binding energy and scattering length have a very small error. The
error in the effective range is probably due to the error in the calculation of the effective
range, see section The grid used is (2.5,40.0,21,11)

52



13.5 Decoupling

13 NUCLEON POTENTIALS

Relative difference compared to unevolved 2-body observable
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Figure 12: Modified Yukawa potential. Two-body observables depending on the SRG
flow-parameter A. The binding energy and scattering length have a very small error.
The error in the effective range is probably due to the error in the calculation of the
effective range, see section The grid used is (2.5,20.0,21,11)

3-body binding energy
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< Lp,V <0, Lp‘I <2

0.2 0.3 0.4
A" [fm]

(a) Using L, v = 0. Without an induced three-body
force there is a large A dependency. When an in-
duced three-body force is included, the dependency
decreases as the L, ; cutoff increases. The maxi-
mal deviations in the binding energy from the un-
evolved version is 2.3% without initial three-body
force. With an Ly 1 cutoff of 0, 2 and 4 the maximal
deviation is 1.5%, 0.30% and 0.060% respectively.

Some curves are not evolved as far as others due to

0 0.1

time constraints.

3-body binding energy

<
2gl |8 Lp,V <4, Lp,l none
e Lp,V <4, Lp,l <4

3 7.7t
=3
L

7.6t

1
7.5}
0 0.1 0.2 0.3 0.4
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(b) Using Lp,v = 4. Without an induced three-
body potential, the maximal deviation in the bind-
ing energy is 1.4%. This is reduced to 0.27% when
including the induced three-body potential.

Figure 13: Yukawa potential. Three-body binding energy depending on the SRG flow-
parameter A. The grid used is (2.5,40.0,21,11) for the p variable.
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3-body binding energy

<
g Lp,V <4, prl none

7.5¢ - Lp!v <4, prl <4noy M
7.4r
0 0.1 0.2 0.3 0.4
A™" [fm]
(a) Without initial three-body potential. Three-

body binding energy depending on the SRG flow-
parameter A. Without an induced three-body force
there is a large A dependency, but including the
induced forces the deviation in the binding energy
is 0.14%.

3-body binding energy

9_
< <
8.9 +Lp,V_4’ I_p,|_4 ]
>
[}
=3 8_3“‘“‘*“‘“““*“““‘“‘, *—%
L
8.7
0 0.1 0.2 0.3 0.4
A" [fm]

(b) With the initial three-body potential. Three-
body binding-energy depending on the SRG flow-
parameter A. With the initial three-body force the
behaviour is the same as without, seen in figure[14a

The maximal deviation is 0.13%.

Figure 14: Modified Yukawa potential. Three-body binding energy depending on the
SRG flow-parameter A. The grid used is (2.5,20.0,21, 11) for the p variable. The three-
body matrix elements were calculated using a fix-point quadrature using a total of 12°

points.

A where the deviation is about 0.1% from the unevolved value. In the figures I also show
the decoupling at the lowest A value I have evolved to.
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Figure 15: Yukawa potential. Two- and three-body observables depending on the cutoff
in the momentum variables. The dotted vertical lines corresponds to the A values. The
evolved potential has a greatly improved decoupling. Evolving from A = 4.0fm™ to
A =3.1fm™! increases decoupling slightly, but the three-body binding energy deviation
is increased from 0.1% to 0.27%. The grid used is (2.5,40.0,21,11) with L, <4.
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Figure 16: Modified Yukawa potential. Two- and three-body observables depending on
the cutoff in the momentum variables. The evolved potential has a greatly improved
decoupling, with an initial three-body binding-energy deviation of 0.13%. The dotted
vertical line corresponds to the A value used. The grid used is (2.5,20.0,21,11) with
L,<4.
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14 HELIUM POTENTIALS

14 Helium potentials

The soft core potential is simply a gaussian term, of the form

(x| V [t} = Vite sort (1)0%(r — 1) (14.1a)
7“2
VHe,soft(T) =Vpexp (_ﬁ) ) (14.1b)

and the mimic potential LM2M?2 looks like

(x| V|t') = Vite,nara (r)6% (r - 1) (14.2a)
_ * * * 2 CG C’8 CIO
Vite hard (1) = € | A" exp(—a™z + f727) - F(2) | 5 + —5 + —5 | + Vo() (14.2b)
0 2w
z=— (14.2¢)
T'm
D 2
-(=-1 <1
FK$)=={GXP( (Z-1) ) e (14.2d)
1 , x>1
Vi) = A, (sin (2#@—5) +1) , T1<x<a ' (14.20)
0 , otherwise

The values of the parameters are presented in table |3} The coordinate space representa-
tions of the potentials are plotted in figure where the strong repulsion of the LM2M?2
potential can be seen.

The soft-core two-body potential expressed in momentum-space is

i VoR? R? ,
Vip'y = —/——— .
(ol V|p) 8w3/2€xp( 14 (14.3)

I4
q=Ip-p
The LM2M2 potential can not be converted to momentum space analytically, instead
eq. (4.6)) is used. The double integral is not straight forward to evaluate, especially since

Table 3: Parameter values used for the helium potentials. The values for the soft core
potential are the same as one of the parameter sets used by Gattobigio et al. [I9]. The
values for the LM2M2 potential are the ones that Aziz et al. used [9].

LM2M2 potential

Soft core potential € 10.97K Cs 1.34687065
Vo -1.227K Tm 5.6115au Cs 0.41308398
R 10.03 au A* [ 1.89635353-10° | C1p | 0.17060159

Wo 1.4742K a® 10.70203539 A, | 0.0026000000
00 10.0 au B* -1.90740649 x1 | 1.0035359490

D 1.4088 xg | 1.4547903690
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Figure 17: Coordinate space represenations of the two helium potentials. Two different
energy scales are used to emphasize the strong repulsion of the LM2M2 potential at close
range.

the LM2M2 potential does not have an exponential decay for high values of . The sine
in eq. (4.6) will cause the integral to be very fluctuating for certain values of p, p’ and
t. I tried several different ways of integrating the function, and the method that worked
best is to first do the ¢ integration with an adaptive 31-point Gauss-Konrod rule, using
the function gsl_integration_gag. If the argument to the sine function is zero, the x
integration is done with the function gsl_integration_qgagiu for semi infinite intervals.
Otherwise, it is done with a Gauss-Konrod rule up to the first zero of the sine function,
then I use the specialized integrator gsl_integration_qgawf for Fourier integrals for the
rest of the interval.

Some of the terms in the LM2M2 potential can be calculated analytically. The 1/x"
terms for x > 1 can be calculated analytically. This did not improve the results however,
so the numerical integration was used.

In figure are the momentum space partial-wave representations. As seen in the
figure, the soft-core potential is everywhere negative and has very low absolute values,
compared to the LM2M2 potential which is positive with large values. The momentum
scale is also very different.

14.1 Three-body potential

Since the soft-core potential is constructed just to give accurate results for low-energy
two-body observables, it does not give accurate results when doing three-body calcula-
tions. For this reason, a three-body force is needed. The three-body potential expressed
in the absolute coordinates x; to x3 is [19]

{x1x2%3] Vs ‘Xixéxé) = (14.4a)
= UHe,soft(lxl - X2|7 |X2 - X3|7 |X3 - X1|)53(X1 - X/1)53(X2 - Xl2)53(X3 - Xg)

5 4
UHe,soft(rl% 23, 7“31) = Wo exp (—y(T%Q + 7"53 + 7“%1)) . (14.4b)
0

The values I use for the parameters are presented in table
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(a) Soft core, L, =0 (b) Soft core, L, =2
L =0 s
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(c) LM2M2, L, =0 (d) LM2M2, L, =2

Figure 18: Matrix representations of the two helium potentials for L, = 0 and L, = 2.
Each potential was produced using a total of 400 grid points, resulting in 400? matrix

elements, for each L,. Note the large difference in momentum scale and the magnitude
of the potentials.
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Expressed in Jacobi coordinates, ﬁHQVSOft is
UHe,soft(T7 S) = WO exp(—p62(27’2 + 852/3)) (14'5)

To express it in momentum coordinates, I need to do a Fourier transform of the expres-
sion. Since the potential is separable, I do the calculation for a general term exp(-ar?).

(plexp(-ar?)[p) = (1) [ drexp(i(p’ - p) 1) exp(-ar?) -
3
~(en)* [ aresp(i(v] - p)ra) exp(-ard)) -
(1 L -\ (14.6)
(e () -

I ]2
- (4a) 2 exp (1u) - £’ - pl).

4 o

Thus, the entire expression will be

=p =q
—_—— ——

(pal Wo exp(-pg2 (272 +852/3)) [p'd’) = Wo £(Ip’ - pl.205°) f(ld’ - al .8p52/3) =

6 2
_ 3Mexp(_@ (ﬁa . §~2))

91273 8 17

(14.7)

Eq. is used to get the expression in the momentum-space partial-wave basis.
Due to the simplicity of this three-body force however, the four-dimensional integral
can be turned into a two-dimensional integration. Using eq. and this three-body
potential, T get

WOP() 3(2L, + 1) 2L’ +1)
V(p.a,Lpp' " L) =3 Al T / dts Py, (t2) / dts
2

1 27 }
X /:1 dty ) de2 exp (_% (p2 +p’2 _ 2pp’t§ + 2 (q2 + q/2 _ 2qq’524))) (14.8)

2T ~
* dgsPr; (S34),

where

Sij =/ (1 =12) (1 = 13) cos(¢s) + Lt (14.9)

99



14.1 Three-body potential
14 HELIUM POTENTIALS

To simplify, I will use

3ng8\/3(2Lp+ 1)(2L;, +1)

C = o153 (14.10a)
I 3
X exp (—go (p2+p'2+1(q2+q'2))) (14.10b)
2
a= 2pp/§0 (14.10c)
2
s 2qq’§0 (14.10d)
V M 7L ) ,7 /7L,
(0, B, Ly, L) = (P ’Z}p L) (14.10¢)
Now I need to calculate f,
, 1 1
FenB. Ly L) = [ diaPy,(t2) [ dtexp(Bata)
=A
" 1-2)(1-¢2
—2)(1 -t
< [ donexn (5y/(1-B) (1~ ) cos() o
=B

A

=D

y /_11 dts exp(at%) /()277 dés PL;, (\/ (1- t%)(l - ti) cos(ps) + t3t4)

The factor A is just 27Io(8+/(1 - t3)(1 - %)), where Ip(x) is the regular modified cylin-
drical Bessel function of zeroth order, which I calculate with the GSL routine named
gsl_sf_bessel_I0. D is a polynomial in cos(¢3). The integral from 0 to 27 is easy to
compute analytically and an important property is that the integral will be zero for all
odd powers. This means that B will be a polynomial in ¢3 and the integral over t3 can
be calculated analytically.

Now I am left with only two integrals which can be calculated fast with an adaptive
integration procedure. The potential also has the property that

V(p.a,Lp,p'q L)
V(p.a,Lp.p'd L)

V(plaqaLp7paq’7L;) (1412&)
Vi(p,d'sLp:p',a,Ly,). (14.12b)

which means that it is enough to calculate the potential for p > p’, ¢ > ¢’ and L, > L;,
where the last inequality comes from that the potential is a hermitian operator.

In figure |19 is the three-body potential for ¢ = ¢’ =0 and L, = L;, = 0. Worth noting
is that the three-body force have larger values than the two-body force.
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Figure 19: Soft core three-body potential. The potential for ¢ = ¢’ =0 and L, = LI’7 =0.
The maximum value of the three-body force is larger than the maximum value of the

two-body force in figure
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(a) Two-body binding energy (b) Low-energy scattering parameters

Figure 20: Soft core potential. Convergence of two-body observables with the number
of grid points and the momentum cutoffs. It is seen that with large enough momentum
cutoffs the same converged value is obtained. 1/2 of the the grid points are in each
momentum interval.

14.2 Two-body results

In figures and are similar convergence plots as for the nucleon potentials. In-
teresting to note is that the LM2M2 potential needs considerably more grid points for
converged results.
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Figure 21: LM2M2 potential. Convergence of two-body observables with the number of
grid points and the momentum cutoffs. It is seen that with large enough momentum
cutoffs the same converged value is obtained. 2/3 of the grid points are in the lower
interval.

Table 4: Converged two-body observables for the helium potentials. To obtain the values,
the five grids used in figure 20| and [21| were used with a total of 360 and 720 grid points.
The digits that were the same for the two largest grid cutoffs and the two grid sizes are
displayed. The number of significant digits is thus an indication of how fast the value is
converging.

Soft core Reference LM2M?2 Reference
Ep | 1.29589113343035 mK | 1.296 mK [19] Ep | 1.3035mK | 1.302mK [19]
ao 189.947742 au 189.947au [19] || ap | 189.414au | 189.054 au [19]
70 13.848 au 13.846au [19] || ro 13.8au 13.843 au [19)]

14.2.1 Comparison with a harmonic-oscillator basis

Just like in the case of the Yukawa potential in section [13.2.2] I have compared the rate
of convergence in the momentum-space partial-wave basis with the harmonic-oscillator
basis presented in section [2.3] Of the helium potentials I have only considered the
soft-core potential.

The relationship between ry and nga.x I have used in this case is

70(Nmax) = 30 + 0.052n,.cau. (14.13)

The relative difference between the calculated two-body binding energy and the con-
verged value in table [4 for the two bases are shown in figure The figure shows that
the momentum-space partial-wave basis converges much faster as a function of matrix
size.
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Figure 22: Soft-core potential. Comparison between convergence rate when using the
harmonic-oscillator basis and the momentum-space partial-wave basis. The y-axis shows
the relative difference between the calculated value and the converged value in table
The matrix size is equal to the cutoff in n and the number of grid points in p respectively.
The oscillator length used is given by eq. and the grid used is (0.2,2.0,z/2, 2:/2).

14.3 Three-body results

A big difficulty in obtaining the three-body binding energy for the LM2M2 potential is
that the Arnoldi iteration method used to calculate the binding energy does not converge
for this potential. The reason is that the kernel has many eigenvalues tightly packed close
to one, which is the eigenvalue that need to be found. The other potentials have a simpler
spectra of eigenvalues with a single eigenvalue close to one.

In figures and are the same type of convergence graphs for the three-body
binding energy as for the nucleon potentials. In the case of the soft core potential a
angular momentum cutoff of 2 is enough for converged results, whereas for the LM2M2
potential the binding energy does not seem to be completely converged even for a cutoff
value of 6. More grid points in the momentum variables are also needed for the LM2M2
potential.

14.4 SRG evolution of the potentials
14.4.1 Two-body evolution

The result of applying the transformation to the two helium potentials are in figures
and Just as the nucleon potentials, the potentials display the expected behaviour of
becoming band diagonal. In the case of the LM2M2 potential there is an artifact left
on the diagonal at the high end of the spectra. This is an edge effect, which is a result
of the potential not being close enough to zero at the momentum cutoff. With a larger
momentum cutoff value this side effect is not present.

As seen in figures and the two-body observables display the same kind of
behaviour as they did for the nucleon potentials. The binding energy and the scattering
length are independent of the flow parameter and the effective range display a small
dependence on A.
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Figure 23: Soft-core potential. Convergence of the three-body binding energy with the
number of grid points, the momentum cutoffs and the L, cutoff. 1/2 of the grid points

are in each momentum interval.
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Figure 24: LM2M2 potential. Convergence of the three-body binding energy with the
number of grid points, the momentum cutoffs and the L, cutoff. 2/3 of the grid points

are in the lower interval.
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Figure 25: Soft core potential. The potential depending on the SRG flow parameter A.
The width of the band diagonal structure is approximately equal to A. The grid used is
(0.1,1.0,60,60)

14.4.2 Three-body evolution

The behaviour of the two helium potentials are very different for the three-body evo-
lution. The three-body binding energy as a function of the flow parameter is seen in
figure As seen, the behaviour is identical for all values of the angular momentum
cutoff. However, even with induced three-body forces the binding energy has a large
dependency on A. This is probably due to the large three-body force, which amplifies
the errors in the SRG evolution caused by the discretization and the interpolation and
extrapolation in the permutation matrices.

The three-body binding energy of the LM2M?2 potential as a function of A is shown
in figure There is a large A dependency. I have not done a three-body SRG evolution
with this potential. A relatively large grid is neccessary to get reasonable good results
which makes it difficult to do an SRG transformation.
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Figure 26: LM2M2 potential. The potential depending on the SRG flow parameter
A. Due to the large differences in scale when evolving this potential, I have plotted
sgn(V)logo(|V]) for |V]|> 1. Values with |[V| <1 are set to zero. The width of the band
diagonal structure is approximately equal to A. The grid used is (1.0, 20.0,60,60)
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Figure 27: Soft core potential. Two-body observables depending on the SRG flow-
parameter A. The binding energy and scattering length have a very small error. The
error in the effective range is probably due to the error in the calculation of the effective
range, see section The grid used is (0.1,1.0, 16, 16)
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Figure 28: LM2M2 potential. Two-body observables depending on the SRG flow-
parameter A. The binding energy and scattering length have a very small error. The
error in the effective range is probably due to the error in the calculation of the effective

range, see section [13.2.1] The grid used is (0.9,6.0,21,11)
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Figure 29: Soft-core potential. Three-body binding energy depending on the SRG flow-
parameter A. The grid used is (0.1,1.0,16,16) for the p variable.
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Figure 30: LM2M2 potential. Three-body binding energy depending on the SRG flow-
parameter A. There is a large A dependency, with a maximal devitaion of 6.6%. However,
already at A™! ~ 1/3 there is a greatly improved decoupling, as seen in figure |32, The
grid used is (0.9,6.0,40,20) for the p variable.
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Figure 31: Soft core potential. Two- and three-body observables depending on the cutoff
in the momentum variables. The evolved potential has a greatly improved decoupling.
The grid used is (0.1, 1.0, 16, 16) with L, < 2.

14.5 Decoupling

In figure [31] I have compared the unevolved potential with an evolved potential of the
soft-core potential. The decoupling has been improved with the SRG transformation for
the two-body observables.

The decoupling for the LM2M2 potential is shown in figure[30] The LM2M2 potential
displays a greatly improved decoupling after the SRG transformation. Despite this,
higher momentum values are still needed for the LM2M2 potential than for the soft-core
potential.
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Figure 32: LM2M2 potential. Two- and three-body observables depending on the cutoff
in the momentum variables. The evolved potential has a greatly improved decoupling
for all observables. The grid used is (0.9,6.0,40,20) with L, <6.
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16 RESULTS

Part IV
Conclusions

15 Algorithms

15.1 Faddeev equation

Using the Faddeev equation proved to be an effective method to calculate the three-body
binding energy. The kernel matrix was fast to calculate since no full matrix multiplication
is needed. The property that the eigenvalue 1 is the largest eigenvalue is an important
property, which makes it easy to find the eigenvalue. It did not work so well for the
LM2M2 potential however. As explained in section the reason is that there are
many eigenvalues close to one.

15.2 SRG flow equation

The SRG flow equation with the kinetic energy as generator for a two-particle system in a
momentum space partial wave basis, implemented as in eq. , is fast and accurate.
All observables retained their values, with the exception of the small change in the
effective range, which likely comes from the way I calculated the effective range, and not
from errors in the SRG flow equation. In all cases the potential attained a more band
diagonal structure. The decoupling was increased compared to the unevolved potential
in all cases.

For a three-particle system the results are not as good. For the nucleon potentials
there were relatively small errors in the SRG evolution, but still significant. In the case of
the soft-core helium potential the situation is not as good, where the three-body binding
energy differed too much from the unevolved value. The reason for the large difference
could be due to the difference in importance of the three-body forces. The soft-core
helium potential has a very strong three-body force, while the nucleon potentials have
relatively weak three-body potentials.

From figure it is clear that increasing the maximum value of the angular momen-
tum will improve the behaviour of the SRG transformation. It was also observed that
different potentials need different high L, values.

16 Results

16.1 Nucleon potentials

Since very large two-body grids can be used, it was easy to obtain converged values for
the two-body observables. The effective range did however cause some problems, which
resulted in a larger error in the converged value, as seen in table[2l The converged values
agree with the reference values.
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Making the three-body binding energy converge is harder, especially for the modified
Yukawa potential due to the three-body potential. I had expected the three-body binding
energy for the Yukawa potential to be closer to the reference value. Fully converged values
are not the main focus however and I am not able to use the SRG transformation on the
large matrices needed to get fully converged values.

Figure [6] shows that at least for the two-body binding energy, the momentum-space
parial-wave basis is more suitable then the harmonic-oscillator basis.

The error in the SRG evolution could be controlled by increasing the L, cutoff, as
was expected.

16.2 Helium potentials

The two helium potentials — the soft-core potential and the LM2M2 potential — display
very different behaviour. The soft-core potential does not need many grid points to get
converged results and L, < 2 is enough. Futhermore, it is sufficient with a momentum
cutoff of 1.0 au to get good results. The LM2M2 potential, however, require a large state
space to get converged results, both in the number of grid points in the momentum vari-
ables and in the L, cutoff. This is not surprising, since the LM2M2 potential reproduces
a lot of high-energy observables that require a detailed description of the potential.

The converged values of the two-body observables, shown in table [4] do not always
agree with the reference values. Most notably is the scattering length ag for the LM2M?2
potential. Also the effective range rg is not very well converged. The values are, how-
ever, rather good and compared with the harmonic-oscillator basis, see figure the
convergence is much faster.

The three-body binding energy converged relatively fast for the soft-core potential.
The LM2M2 potential needed a high L, cutoff, and L, = 8 does not seem to be fully
converged. The problem with the LM2M2 potential was also that I could not use as
many grid points due to the problematic spectra of the Faddeev kernel, see section [14.3

The decoupling of the LM2M2 potential was improved significantly with a low error in
the observables without induced three-body forces. This was not the case with the soft-
core potential, which immediately displayed large errors. However, the momentum grid
for the soft-core potential was up to 1.0au™!, while the LM2M2 still needed up to about
3.0au™! without changing the three-body binding energy too much. For A = 0.25au™!
the LM2M2 potential for low momentum values have matrix elements on the same order
of magnitude as the soft-core potential.

17 Improvements

17.1 Momentum grids and angular momentum cutoff values

It is the size of the three-body state space that is the limiting factor. This suggests a
couple of improvements. First off, the size of the two-body state space, used for the
two-body potential for example, have only a small impact on the execution time of
the algorithms. This means that a larger two-body state space can be used, possibly
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improving convergence of the three-body binding energy and maybe also improving the
SRG flow equation.

Another improvement to the grid structure could be to use different grids for differ-
ent L, values. Both the cutoff values and the number of grid points could be varied.
Probably, larger cutoffs would be better for high L,, values, since the potentials for high
L,, are localized at higher momentum values, as seen in for example ﬁgure Also, fewer
grid points could be used for higher L, values, since the low L, values are of greatest
importance to the low-energy observables.

One could for example implement an algorithm that automatically chooses a suitable
grid for each L, value, by looking at the integration error using that grid. This, together
with using different grids for the two- and three-body states spaces could improve the
results without increasing the running time of the algorithms.

Using different grids for different L, values could potentially improve the SRG results
significantly, since the potentials for high L, would be more accurately represented.

17.2 SRG flow equation

To decrease the error in the SRG evolution, the most important improvement is most
likely to not precompute the permutation matrices so that interpolation and extrapola-
tion of the kinetic energy operator and other permutation matrices can be avoided. If
this would result in a too slow algorithm, a compromise could be to precompute permu-
tation matrices where the kinetic energy is already included, which would remove some
of the unneccesary interpolations and extrapolations.

In order to speed up the SRG flow equation, one possibility could be to take advantage
of the band diagonal structure that arise. By using sparse matrices and dynamically
remove elements that have become zero and also remove high momentum elements when
they no longer affect the low-energy observables the SRG tranformation should be faster
and require less memory.
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A QUADRATURES

Appendices

A Quadratures

As explained in section all quadrature rules are defined over a finite interval, [a,b],
or an infinite interval. The associated discrete points are called {z;}¥, and the weights
are called {w;}%,.

For the finite interval quadratures, the interval can be changed to any arbitrary, finite
interval by means of the variable substitution

§3=~b_x+l~)x_a—xb_a+ab_bazkx+m (A.1a)
b-a b-a b-a b-a
di=d 2220~ s (A.1b)
b-a
which gives the quadrature

b b N
/ A7 f(F) = f dakf (ke +m) & Y wikf(kz; +m) —> (A.2a)

@ @ i=1
ﬁ)i = k:w, (AQC)

The quadrature rules I have used are constructed in such a way that they will give
exact results (numerical errors aside) for as high degree of polynomials as possible, for
the given number of points N, times a weight function g(x).

To check that a generated quadrature rule produces correct results, one can test the
quadrature on functions that can be integrated analytically, and compare the numerical
and analytical result. For all the quadrature rules, I did this check using the functions

folr) = 1-9(x) (A.30)
fi(z) = zg(x) (A.3b)
fo(z) = J;Zg(a;). (A.3c)

These functions should in theory give no error, assuming N is large enough. The errors
will thus be an indication of the magnitude of the numerical errors.

A.1 Gauss-Legendre

This is the standard, finite interval quadrature. It has g(z) =1, a = -1, b = 1 and the
points for the N point rule are the roots of the Legendre polynomial of order N, Py (x).
The weights are given by

2
w; = .
b =) (Py(x:))?
The quadrature rule is exact for polynomials up to degree 2N — 1.
The calculation of the points and weights where done using the Gnu Scientific Library.

(A.4)
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A.2 Gauss-Lobatto
B INTERPOLATION AND EXTRAPOLATION

A.2 Gauss-Lobatto

Gauss-Lobatto quadrature is a variant of Gauss-Legendre, where the end points —1 and
1 are included. It is exact for polynomials up to degree 2N — 3. The points are 21 = -1,
zny = 1 and for the other, z; is root (i —1) of Py_,(x), that is the derivative of the
Legendre polynomial of degree N — 1. The weights are given by

2
N(N = 1)(Py-1(z:))?

w; = (A5)

The points z; are found by stepping — with small enough steps — over the interval
[-1,1], and calculating the value of Py_,(z) at each point. If there is a sign change, a
simple bracketing root finder is used to locate the zero down to machine precision. The
root finder calculates the value at the mid point and calls itself for the new sub interval
that contains the root, until the interval is as small as it can be made. Although it is not
an optimized algorithm, it runs in very short time, and it gives good results. It could
fail if the step size is too large, but then one can just decrease the step size.

The Legendre polynomials are calculated using the recurrence relation

Po(.%') =1

Pi(e) =2 (A.6)
P.(x)=x (2 - %) P,_i(z) - (1 - %) Py_o(z).

A.3 Gauss-Radau

Gauss-Radau is another variant of Gauss-Legendre, where only one of the end points is
included. It is exact for polynomials up to degree 2N — 2. For the variant where the
point z1 = —1 is included, the rest of the points are the roots of the polynomial

PN_l(x) + PN(x)
1+x

: (A.7)

The weights are given by the expression

1-x;
" 2 (Pyoi(m0))?
To get the variant where the point zy =1 is included, I can just let x; - —z;. The

calculation of the points and weights are done in the same way as for the Gauss-Lobatto
quadrature rule, see appendix

(A.8)

w;

B Interpolation and extrapolation

Two different interpolation schemes have been implemented and compared. Both are of
the form

M=

yj & ) si(5391,92, -, 9N) Vi, (B.1)

i=1
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C PERMUTATION OPERATORS

where y; is the value at the intermediate point, x; is the unknown point, v; are the values
at the grid points g;.

The first one is a linear interpolation, where for a point x; between the two grid
points go and g1 the value of the s; coefficients are

g1 —Zj

Sop=—"—
g1 — 9o

s =A% (B.2)
g1 — 9o

82=83=...=8N=0.

This method has the advantages of being fast and requiring only a small amount of
memory.

The other method is a global c-splines method, where each grid point is used to
estimate the value at x; [20].

The global c-splines method generally gives more accurate results, so I have used
that method, since the time and memory used by the interpolation matrices where very
low anyway.

Extrapolation is a tougher problem, since the behaviour need to be guessed. In
my case, | know beforehand what the maximum value to extrapolate will be. The
extrapolation was then done by assuming that there is another known point at the
highest possible extrapolation point, with the value zero. For the extrapolation region
linear interpolation was then used to get the value.

C Permutation operators

Here I present the factors GG, and G'r that appear in the permutation operators.

Gp(q?q,7maLaaL;;L) =
= wy (2L, +1)(2L}, +1)\/(2Lq+1)(2L;+1)

QL' Ly+Ly=Lp-L) 1L+t (1 Lo=Lo+ L

Z\J 2L’) " (2)
L, L,-L, L,\(L,-L, L, f

x2(2f+1){Lq I f}( 0o 0 0) (C.1)
XZ 2f +1){ - LL; ?}(LL Lo; Jg’)

fi L\ (k L, f'\(k L.-L f
sz:(%”){f’ L;—pE;, k}(O 0 0)(0 o " 0)
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D SOFTWARE

GR(p7Q7x>LOML(IX;L) =
= wy (2L, + 1) (2L} + 1)\/(2Ly +1)(2Lg + 1)

) Z (2L') (§)L;—i§>
2; ) \4

) Ly+Ly L1+l - L;—ig(l
2

y Z ( )L;—£;+[~/;
2L’
L' L f
2f +1 p g
g ? f+1) ( 0 0 0)
TI I 71 ’
TN = =
xZ(Qf +1) L, Ly-L; L
' f f L
L, f Ek|(L, f k\(Ly [k
el L (5 15 L ne
The 3j-symbols are written with parentesis and the 6j-symbols and 9j-symbols with
curly brackets. Py is the Legendre polynomial of degree k.
The summations over L, L; and L; runs from 0 up to the corresponding angular

momenta without the tilde. The other summation variables will be restricted by the 3j-,
6j- and 9j-symbols.

L~k . -L f
0 0 0

D Software

All implementations have been done in the programming language C. The implementa-
tion is heavily built around the open source library GSL — Gnu Scientific Library [10] —
version 1.15.

BLAS routines have been used in order to get fast matrix and vector operations. The
BLAS implementations used are ACML [21], MKL [22] and ATLAS [23] depending on
availability.

openMP [24] was used to parallelize the code, together with POSIX threads.
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