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Non-parametric methods for quantifying the Allee effect among cancer cell popula-
tions

Anna Kallsgard

Department of Mathematical Sciences

Chalmers University of Technology

Abstract

The Allee effect is a phenomenon that has been extensively studied in ecology and is
characterized by the per-capita growth rate of a population being low, zero, or even
negative in small populations. Recent studies have shown the effect being present
within human cancer cell populations. This thesis formulates two non-parametric
methods to quantify the Allee effect among cancer cell populations. An agent-
based model for cell population dynamics was formulated and used to generate
simulated datasets, and microscopic images of cervical cancer cells constitute an in
vitro dataset. Promising results were achieved for large simulated datasets. The in
vitro dataset considered for this thesis was not of sufficient size for reliable inference,
implying the need for large, high-quality datasets for future studies.
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Notation

Below is the nomenclature of indices, sets, parameters, and variables that have been
used throughout this thesis.

Indices

Intervals

[tk tht1)

7, 7j41)

Parameters

Index for cells.
Index for images.

Index for bins.

Time interval between images.

Bin j in partition of density range [0, 1].

Scaling parameter for density kernel.
Equilibrium distance for Morse potential.
Well steepness for Morse potential.

Well depth for Morse potential.

Diffusion coefficent for cells.

Parameter for cell growth model.
Parameter for cell growth model.

Parameter for cell growth model.

X1



Variables

~+~

wultsw BELE VIS

xii

Time.

Local density.

Number of cell divisions.

Matrix containing all cell densities in all images.

Matrix containing the number of cell divsions of all cells in all im-
ages.






Xiv



Contents

List of Acronyms ix
Notation X
List of Figures xvii
List of Tables Xix
1 Introduction 1
1.1 Aim . .o 2

1.2 Limitations . . . . . . . . . 2

2 Theory 3
2.1 Previouswork . . . . . ... 3
2.2 Maximum Likelihood Estimation . . . ... ... ... ... ..... 4
2.3 Kernel Density Estimation . . . . . . ... ... ... ... ... ... )
231 Error . . . . . ..o )

2.3.2 Bandwidth selection . . . . . . .. ... .. ... ... .. 7

2.3.3 Confidence band and bias handling . . . . ... ... ... .. 8

2.4 Fieller’s theorem . . . . . . . . . . . . e 10

3 Materials and Methods 13
3.1 Experimental data . . . . . ... ... 13
3.2 Cell population dynamics model . . . . . . . . . ... ... ... ... 14
3.2.1 Calculation of local cell density . . . . . ... ... ... ... 14

3.2.2 Proliferationand death . . . . . . . ... ... ... .. .... 15

3.2.3 Migration and interaction . . . . ... ... ... ... ... 16

3.3 Generation of syntheticdata . . . . . . ... ... ... .. ... ... 19
3.4 Methods for inference . . . . . . . . ... 22
3.4.1 Maximum Likelihood Estimation Method . . . . . . . . . . .. 22

3411 Anexample . . . . . ... 24

3.4.2 Kernel Density Estimation Method . . . . . . ... .. .. .. 26

3.5 Evaluation . . . . . . . . . ... 28

4 Results 31
4.1 Syntheticdata . . . . . . .. ... o 31
4.1.1 Exponential growth model . . . . . . ... ... ... ... .. 31

XV



Contents

4.1.2 Logistic growth model . . . . . . .. ... ... ... ... 34

4.1.3  Allee effect growth model . . . . . .. ... ... ... .... 36

4.1.3.1  Weak Allee effect . . . . ... ... .. ... ... .. 36

4.1.3.2 Strong Allee effect . . . . . . . ... ... 39

4.2 Experimental data . . . ... ... 41

5 Discussion 45
5.1 Cell Population Dynamics Model . . . . . . . ... ... ... .... 45
5.2 Maximum Likelihood estimation method . . . . . . . ... ... ... 45
5.3 Kernel density estimation method . . . . . . . .. ... ... 46
5.4  Experimental and synthetic data . . . . . . .. ..o 46
5.5 Societal and ethical aspects . . . . . . ... ... .. ... ... 47

6 Conclusion 49
Bibliography 51
A Algorithm for generation of synthetic data |
B Complementary results 111
B.1 Exponential growth model . . . . . .. ... ... ... IV
B.2 Logistic growth model . . . . . .. ... ... ... ... A%
B.3 Weak Allee effect growth model . . . . . . . ... ... ... ... .. VI
B.4 Strong Allee effect growth model . . . . . . .. ... .. ... .... XIIT
B.5 Experimental data. . . . . . ... ... oL XX

Xvi



2.1

2.2

2.3

3.1

3.2

3.3

3.4

3.5
3.6

3.7

3.8

3.9

4.1

4.3
4.4
4.5

List of Figures

Kernel density estimation of the same dataset using different smooth-
ing bandwidth, showing oversmoothing (left), undersmoothing (mid-
dle) and correct amount of smoothing (right). . . . .. ... .. ...
Construction of an asymptotically valid confidence band of the den-
sity function. . . . ... oL
A schematic view of the mirroring process used in this project to
decrease boundary bias. . . . . ... ... oL

First and last images of the two experiments of the "Fluo-N2DL-
HeLa” dataset. . . . . . . . . . . . ... ... ...
One sixth of a completely full hexagonal grid with internal coordinate
system (left) and layout for computing the distance between cell at
place (0,0) and cell at place (n,m) (right). . . .. . ... ... .. ..
The growth rate as a function of local cell density for different growth
models. . . ..
A typical profile of the Morse potential with well depth D,, equilib-
rium distance ry and well steepness a, with attraction and repulsion
forces indicated by arrows. . . . . ... ... L
A snapshot of a synthetic dataset. . . . . . . . ... .. ... .....
A simple example of a simulation spanning over the two leftmost
images. Three regions representing different bins of local cells densi-
ties are indicated by dotted, dashed and no lines. Newborn cells are
indicated in gray. . . . . . .. ...
Histograms of the simple example presented in Figure 3.6 and a cor-
responding bar chart of the MLEs of their corresponding bins and
95% confidence interval. . . . . . . ... ... ...
Number densities and their ratio of the simple example presented in
Figure 3.6. . . . . . . . . .
Linear interpolation for missing estimates. . . . . . . . .. .. .. ..

SSE and ISE as functions of Ny, At and T for exponential growth
model. . . .o
SSE and ISE as functions of Ny, At and T for logistic growth model.
The best performing estimates of h(p) for the logistic growth model. .
SSE and ISE as a functions of Ny, At and T for weak Allee effect
growth model. . . . . . . . ...

27

Xvil



List of Figures

4.6  The best performing estimates of h(p) for the weak Allee effect growth
model. . . ..
4.7 SSE and ISE as a functions of Ny, At and T for strong Allee effect
growth model. . . . . . . . . ...
4.8 The best performing estimates of h(p) for the weak Allee effect growth
model. . . ..
4.9 Estimates of h(p) based on the first dataset. . . . .. ... ... ...
4.10 Estimates of h(p) based on second dataset. . . . . . . ... ... ...
4.11 Estimates of h(p) based on the first dataset using the MLE method
and bin width 0.02, 0.05and 0,1. . . . . . .. ... ... ... ....

B.1 The worst performing estimates of h(p) for the exponential growth
model. . . ..
B.2 The worst performing estimates of h(p) for the logistic growth model.
B.3 Estimates of h(p) for different values of Ny through the MLE method
for weak Allee effect growth model.. . . . . . . . .. ... .. ... ..
B.4 Estimates of h(p) for different values of Ny through the KDE method
for weak Allee effect growth model.. . . . . . . . . .. ... ... ...
B.5 Estimates of h(p) for different values of At through the MLE method
for weak Allee effect growth model.. . . . . . . . ... ... ... ...
B.6 Estimates of h(p) for different values of At through the KDE method
for weak Allee effect growth model.. . . . . . . . .. .. ... ... ..
B.7 Estimates of h(p) for different values of T" through the MLE method
for weak Allee effect growth model.. . . . . . . . ... ... ... ...
B.8 Estimates of h(p) for different values of 7" through the KDE method
for weak Allee effect growth model.. . . . . . . .. ... ... ... ..
B.9 Estimates of h(p) for different values of Ny through the MLE method
for strong Allee effect growth model.. . . . . . . ... ... ... ...
B.10 Estimates of h(p) for different values of Ny through the KDE method
for strong Allee effect growth model. . . . . . .. ... ... ... ..
B.11 Estimates of h(p) for different values of Deltat through the MLE
method for strong Allee effect growth model.. . . . . ... ... ...
B.12 Estimates of h(p) for different values of At through the KDE method
for strong Allee effect growth model. . . . . . . . .. ... ... ...
B.13 Estimates of h(p) for different values of 7" through the MLE method
for strong Allee effect growth model.. . . . . . . . .. ... ... ...
B.14 Estimates of h(p) for different values of T" through the KDE method
for strong Allee effect growth model. . . . . . . ... ... ... ...
B.15 Estimates of h(p) based on the second dataset using the MLE method
and bin width 0.02, 0.05 and 0,1. . . . . .. .. .. ... ...

xviii

v



2.1

3.1
3.2
3.3

3.4
3.5

List of Tables

Common kernel choices for KDE. . . . .. ... .. ... ....... 5
Cell division models considered. . . . . . . . . ... ... ... .... 16
Parameter values common for all synthetic data. . . . . . . .. .. .. 20
Parameter values for synthetic data of different growth models. All

values are per hour (h™'). . . .. .. ... L 20
Parameters with varying values for synthetic data. . . . . . . . . . .. 20
Variables and their explanations as notational aid for inference sections. 22

Xix



List of Tables

XX



1

Introduction

Cancer cell populations at low cell densities are commonly assumed to have an
exponential increase in cell number and first at higher densities experience a decrease
in growth rate as a response to limited resources, such as space and nutrients.
Deviations from the low-density exponential growth have, however, been observed
in cancer cell populations at limited densities both cultured in in vivo, within their
natural context, xenotransplanted cancer cells in mice and in vitro, outside of their
natural context. Taken together, this suggests an Allee effect [2, 3].

The Allee effect is a phenomenon that emerged in the field of ecology and is char-
acterized by the per-capita growth rate of a population being low, zero, or even
negative at small population sizes. Mechanisms suggested to contribute to the ef-
fect are cooperative behaviours such as the need for a cooperative food gathering,
defence against predators, cooperative breeding, and limited choice of a mating
partner. Usually, one differentiates between two subcategories of the Allee effect:
weak and strong. One observes a weak Allee effect when the per-capita growth
rate increases for low densities but remains positive, whereas one observes a strong
Allee effect when the per-capita growth rate is negative for sufficiently low densities.
Thus if the population density is below a certain critical value, it may lead to the
extinction of the population. [4]

A cooperative behaviour that could be a mechanism behind the Allee effects among
cancer cells is autocrine growth factor signalling, which is when cancer cells release
signalling molecules that bind to surface receptors of other cancer cells and, in turn,
increases the rate of cell division [5]. Autocrine signalling has recently been explored
and shown to give rise to Allee effects in an in vitro system of glioblastoma cells [6].

In a clinical setting, the lower limit of tumour detection is about 1 million cells [7],
which does not generally capture the low-density growth dynamics and implies that
it is currently impossible to directly measure the Allee effect in patients. However,
in modelling of post-resection recurrence of glioblastomas, a malignant form of brain
tumour, the post-resection growth of the tumour was better explained by assuming
a weak Allee effect rather than the typically assumed logistic growth [8].
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1.1 Aim

A better understanding of cancer cell population dynamics at low densities is impor-
tant for successful treatment and eradication of cancer in patients. If an Allee effect
is present and it could be exploited, it may be used to aid and improve treatment
and treatment possibilities.

One possible way to investigate low-density dynamics is by examining time-lapse
microscopic images of cancer cells. With advanced technology it is possible to ob-
tain clear images of cells, which, through segmentation and tracking of cells, their
positions and mitotic events, can be used to investigate any relation between local
density and cell division rate.

Another way to investigate low-density dynamics and the possible presence of Allee
effects is through in silico modelling, that is, via computer simulation. Here it is
possible to set up mechanistic rules and investigate how observable dynamics may
emerge from single-cell behaviour. In this vein, we will formulate a cell population
dynamics model through single-cell rules for cell migration, division, and death.
The model will be implemented and used to generate synthetic data where the cell
division rate has different types of dependencies on the local cell density, representing
the Allee effects.

This project aims to quantify the impact of local cell density on the rate of cell
division among cancer cell populations through two non-parametric approaches,
in order to investigate the presence of an Allee effect. The first method utilises
histograms together with maximum likelihood estimation to build an estimate of
the rate of cell division as a function of local cell density. The second method
utilises kernel density estimation, a continuous analogue to histograms, as its main
building block for the same purpose. Both approaches will be applied on synthetic
data for evaluation and thereafter they will be applied to experimental data in the
form of microscopic images and then evaluated.

1.2 Limitations

To have meaningful comparisons between real and simulated data, in relation to
the project’s aim, the dependencies used will be limited to those corresponding
to exponential growth, logistic growth, and the presence of weak and strong Allee
effects.

This project does not aim to explain any mechanism behind any potential Allee effect
that is observed. However, discussions about possible mechanisms and suggestions
for further explorations may be presented.

A limitation that stems from the origin of the data is that any results may be valid
for in wvitro conditions but not necessarily for in vivo conditions. The cells in the
microscopy data are placed in a well with a heterogeneous, nutritious liquid which
may not reflect the conditions in a more complex setting, such as within the human
body.
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Theory

This chapter contains the relevant theoretical background needed to formulate the
two inference approaches in this project. The first section presents a summary
of previous works related to the Allee effect among cancer cells, It is followed by a
section containing a brief recapitulation of maximum likelihood estimation, a section
with kernel density estimation theory and lastly a section describing a calculate
confidence intervals.

2.1 Previous work

People have been modelling tumours since the 1930s and since the millennia, math-
ematical modelling approaches in cancer research have steadily grown in both com-
plexity and number [9, 10]. They have been used to better understand cancer’s
driving mechanisms and processes, make predictions and systematically evaluate as-
sumptions through the quantitative descriptions of cancer mathematical modelling.
[11].

It is relatively recently that the Allee effect in a cancer setting gained traction. In
2017, Neufeld et al. presented a model at tissue scale, investigating how tumor
invasion fronts are delayed by resection [8]. This model did not show any of the
clinically observed delay of cancer remission after tumour resection. Following in
vitro experiments with glioblastoma cells seeded at low densities, that exhibited an
Allee effect, a modified growth model was proposed, which could accommodate for
the delay observed in patients.

In 2019, Johnson et al. used a stochastic modelling framework for describing cancer
cell population growth[2]. From the stochastic model they derive a master equation,
from which they compute the first two moments, the mean and variance, that are
subsequently used for parameter inference. The models were validated on simulated
data and applied to time-lapse cell proliferation data of cells from a type of breast
cancer, which was best described by using a model that considers the Allee effect
for small population sizes.

A recent contribution to the topic was presented by Gerlee et al. in 2022, where
they investigated the role of autocrine signalling factors in relation to the Allee
effect [6]. By combining an on-lattice agent-based model describing the cells as
discrete entities and a continuous field describing secreted growth factors, a mean-
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field ordinary differential equation model for the cell density was derived. Fitting
this model to in wvitro growth data of glioblastoma cell culture showed the presence
of an Allee effect. Further, the model showed that autocrine signalling suffices to
cause both weak and strong Allee effects, and whether it leads to the former or latter
depends directly on the ratio of cell death to proliferation and indirectly on cellular
dispersal.

2.2 Maximum Likelihood Estimation

Maximum likelihood estimation is a widely used method for estimating parameters
of an assumed probability distribution, given observed data [12]. The estimator is
obtained by formulating a likelihood function and then maximising it with respect
to the parameters.

Let x1,29,...,2, € R be a sample of independent, identically distributed random
variables from a population with probability density function f(x|f) with a single
parameter § € O, where © is the domain of the parameter, then the likelihood
function is defined by

n

L(O@) =L (0lay, ... x0) =[] f(z:l0)

i=1
and the maximum likelihood estimator is
), = L .
0, = arg max (0|x)
The maximum is usually found through looking at local extrema, where the first
derivative of the likelihood function is zero. In most cases it is easier to consider

the natural logarithm of the likelihood, the log-likelihood 1(0|x) = In L (f|x), which
share local extrema with the likelihood for 6 € (0, 00).

A confidence interval for the MLE 6,, of the true, but unknown, parameter 6, € ©
can be constructed using the Fisher information, which can be defined as

(;z(mX))Q] .

It can be shown, through asymptotic normality of the MLE, that

7,(0) =E

0, % N (0o, Tn(00)™)

where % denotes convergence in distribution. This allows us, for sufficiently large
n, not only to use the standard normal deviate z;_,/» to construct a confidence

interval of appropriate level but also to replace 6y with 6, in the Fisher information.
A 1 — a confidence level interval for 6 is then

A Rl1—a/2

h, + =
7(0,)

with the Fisher information as defined above.
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2.3 Kernel Density Estimation

Kernel density estimation (KDE) is a method of estimating a probability density
function given a sample from from said density. KDE does not require any as-
sumption about any parametric family to which the underlying density may belong,
rather it learns the shape of the data automatically by placing a kernel on every
data point and then averaging out the mass.

Consider a sample of independent, identically distributed random variables
X1, Xs,..., X, € R from a population with unknown distribution with density func-
tion p. Then the kernel density estimator for p is

() = nthn:K(x _hX> (2.1)

i=1

where K : R — R is a kernel function and A > 0 is the smoothing bandwidth.

Some common choices for K can be found in Table 2.1. The effect on the estimation
error by choice of kernel is a shift by a generally small constant, allowing a choice
of kernel with other properties in mind. [13]

Table 2.1: Common kernel choices for KDE.

3 1
Epanechnikov {4 <1 - 5952) V5 for |z] < /5 /\

0 otherwise

; 1 —(1/2)2?
Gaussian NoT

Rectangle {é for [x| <1

0 otherwise

Triangle 1 — |z| for |z <1
0 otherwise

2.3.1 Error

Two types of estimation errors will be helpful to consider: the uniform error and
the mean integrated square error (MISE). For this purpose, let p,(z) be the KDE
defined by (2.1) of the true density p(z).

The uniform error U is defined as the maximum difference between the KDE and
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the true density,

U =sup [Pn(z) — p(z)] (2.2)

= sup | E[pn()] — p(x) + pn(x) — E[pa(2)] |

Bias Stochastic variation

This error provides control over the error of the entire support and can be used to
construct confidence bands for py(z).

The mean integrated squared error is defined as

MISE (1) = E [ (p(2) ~ p(2))*da.

The integrand is positive, and thus one can change the order of integration and
expectation, making the integrand the mean squared error (MSE), which in turn,
by properties of mean and variance, can be rewritten as the sum of the squared bias
and variance of py(z)

The MISE is then the sum of the integrated squared bias and the integrated variance
of the estimator. This error is used for obtaining an optimal smoothing bandwidth,
which adjust this common bias-variance trade-off. [13]

Substituting expressions for the bias and variance of the KDE to obtain exact expres-
sions for the error appears straightforward, but more often than not the calculations
are intractable. Under suitable conditions on the kernel and the density to be es-
timated, approximate expressions for bias and variance can replace the exact ones.
Let us now consider such conditions. In the following, assume that the kernel K is
symmetric and

/K(x)dx =1, /J:K(x)dx =0, /x2K(:U)d:U =k #0 < 0.

Further assume that the unknown density p has continuous derivatives of at least
order two. With these assumptions, the bias can be shown to equal

Elp(r)] — ple) = o by p(x) + O()

and the variance can be shown to be

Varlpu(o)] = - ke (o) +0 ()

where ky = [ K?(t)dt. Note that the bias does not depend on the sample size n.

6
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With the above calculations the uniform error can be bounded

U = sup [P () — p(z)]
log(n)
= O(h?
O(h*)+ 0O ( - )
where log(n) arises from empirical process theory [14]. The MISE can be written
MISE (py () = / (Blpn(x)] — p(x))* dz + [ Var[pu(x

—k2/| ()Pl + 22 +O(h4)+0< h) (2.3)

where the dominating terms are called the asymptotic mean integrated squared error
(AMISE) and retain the bias-variance trade-off. A small value for bandwidth A is
desirable to keep the bias, the first term, low, increasing the variance in the second
term. The choice of bandwidth is then an important task to consider, which will be
done in the following section.

2.3.2 Bandwidth selection

The choice of smoothing bandwidth A is critical. If it is too small, the estimation
will be raggedy, and if it is too large, it might miss essential features. This balance
is illustrated in Figure 2.1, where examples of oversmoothing, undersmoothing and
correct amount of smoothing are shown. There are several approaches to choos-
ing a reasonable smoothing bandwidth, such as the rule of thumb, cross-validation
approaches, plug-in methods and even "by eye”. [13, 14]

/HJH\J Ll

Figure 2.1: Kernel density estimation of the same dataset using different smooth-
ing bandwidth, showing oversmoothing (left), undersmoothing (middle) and correct
amount of smoothing (right).

The main idea of most approaches is to choose a bandwidth such that the AMISE is
minimised, wherein the difference of the approaches lies in the choice of the estimator
to the AMISE (see (2.3)) [13]. If hop denotes the optimal bandwidth, that is, it
minimises b
2 //
k; / (@) da +
then it can be shown through calculus that

hope = ks * { [ (@)da =+ (2.4)
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As the estimated density is unknown, the question is what to replace the term
[p"(x)*dx with. A possible approach is to make a subjective choice regarding the
term such that it makes the estimate agree with one’s prior beliefs about the density.
Another approach is to use a standard family of distributions to assign a value to
the unknown term, an approach in which the "rule of thumb” originated. Using a
normal distribution with variance o the unknown term becomes

1

3
/p”(x)2dx = gﬂ’ia’f’ ~ 0.21207°.

One can estimate o2 from the data and then use the above value. When the underly-
ing distribution is unimodal, this method works well but tends to oversmooth when
the underlying distribution is multimodal, as the estimated variance will be higher.
If we let the kernel be Gaussian, as defined in Table 2.1, the optmial bandwidth
becomes

hope = 1.060m7 3 (2.5)

with o estimated by the sample standard deviation or a more robust estimate of o.
[14]

2.3.3 Confidence band and bias handling

A confidence band of a density function is a random interval C'_,, such that it covers
the true value of the density p(z) with probability 1 — «. That is, it satisfies

P(p(z) € Ci_y(z) Vz € K) > 1 — o

for the domain K of the density. A confidence band is called asymptotically valid if
it has coverage 1 — a4 o(1). In the following, we wish to find such an interval and
we also want to correct for the bias of the KDE. These two quests nicely coincide in
a single solution presented in the end of this section.

Recall the uniform error defined in (2.2) and let G(t) be its cumulative distribution
function, i.e.

G(t) = P (sup [pn(x) — plo)] <)
and let ¢;_, = G}(1 — ) be the 1 — a quantile. Then,

C(z) = [pn(7) — c1—a, Pu(T) + c1-d]

can be shown to be an asymptotically valid confidence band for p,(z). But, as it has
been shown, the error contains a bias part that needs to be attended to, and there are
various approaches to bias handling. When possible, focusing on the expected value
of the estimator and ignoring the bias is an option. Otherwise, undersmoothing,
i.e. choosing h such that the bias converges faster than the stochastic variation and
thus making the latter dominate the errors, is a common approach in KDE. Another
approach is explicitly correcting the bias and then constructing a confidence region
with the bias-corrected KDE.

A combination of the two approaches was presented in [15], resulting in an technique
that has the advantage of needing to select a single bandwidth through one of the

8
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conventional selection approaches and still have a asymptotically valid confidence
band. To explicitly correct the bias, the second derivative p”(z) in the asymptotic
bias (see (2.3)) is estimated with the second derivate of a KDE py(x) using bandwidth
b with 7 = 2 for a fixed 7 € (0,00). The bias-corrected KDE is then

R . h? X
Dranle) = pu(@) = 5 -y (@) (2.6)
1 & z— X, h? 1 Xz z— X,
- YK iy _ o K(2>( >
nh - ( h ) 2 nb3¥ b

:nh.ZMT( h )

where

M. (2) = K(z) — ; ey KO (7 )

is called the bias-corrected kernel and K®(z) is the second derivative of the kernel
function. When choosing the optimal bandwidth in (2.5), the estimator p3(x) for
p”(x) may not be consistent but it is unbiased in the limit. It can also be shown that
this choice turns out to result in undersmoothing for the bias-corrected KDE, as the
bias of the debiased kernel is on a higher order than the regular KDE while stochastic
variation is of the same order as in the regular KDE. A summary of the technique
presented can be found in Figure 2.2. Further, it can be shown that approximating
the quantile through this bootstraping procedure will retain the asymptotic validity.

Confidence Band of Density Function

(1) Choose an optimal smoothing bandwidth Ay by a standard approach.

(2) Compute the bias-corrected KDE p. p, . (v) with a fixed value 7 (generally
T=1).

(3) Bootstrap the original sample m times and compute the bias-corrected

KDE
Ax(1 Ax(M
o ()5 70 (1)
(4) Compute the quantile
— - A 1 & Ax(J A
o= Gl 1= a), G =S T (sup 12, (2) = Pr ()] < ).
=1 N

(5) Output the confidence band

él—a(x) - [ﬁ’r,hop; (.T) - 61_a7ﬁ7—,hopt (.Z') + él—oz:| .

Figure 2.2: Construction of an asymptotically valid confidence band of the density
function as presented by [15].



2. Theory

One also has to consider boundary bias at the edge of the support. Boundary bias
can be reduced through a mirroring approach, which can be viewed as moving the
mass of the KDE that falls outside the boundary back into the support by reflection
at the boundary. Kernel density with the mirroring approach will have consistent
boundaries, but the bias there is of order O(h). A schematic view of the process can
be found in Figure 2.3. Other approaches with boundary kernels, such as generalised
jack-knifing, can be constructed to have bias of order O(h?), but requires more effort
to be implemented. [16]
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Figure 2.3: A schematic view of the mirroring process used in this project to
decrease boundary bias.

2.4 Fieller’s theorem

This section will present some theory for calculation of a confidence interval when
the variable of interest is a ratio of two means. We will need this result when
constructing confidence intervals for the estimate in one of our estimation methods
later in this thesis. The following is a special case of Fieller’s theorem [17] as
presented in [18].

Let A and B be the mean of two samples from normal distributions with expectations
pa and ppg, respectively, and variances 02 and 0%, respectively. Further, assume that
we are interested in the quotient ) = % and a corresponding confidence interval. Let
S? and S% be unbiased estimators of 04 and 0%. Then, calculate an intermediate

variable g
2
g = (tr,a : %) (27>

where ¢, is the a level deviate from the Student’s t-distribution with r degrees of
freedom. In this setting r is the total number of observations used in calculating
both means minus two. Under the assumption that A and B are not paired, an
1 — a confidence level interval for () can be constructed as

S3 5%
(1— g)A—g‘ + B—’g. (2.8)

Q ,, . Q.
1—g T l—yg

Two pitfalls must be addressed when using this formula. The first one occurs g > 1,
which is the case when Sp is very large in relation to B. The factor that the mean

10
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quotient () and its standard deviation are multiplied with then becomes negative
and the confidence interval cannot be calculated. The second one occurs when the
expression within the square root becomes negative, which is the case when

Again, when this is the case, the confidence interval cannot be calculated as the
standard deviation for the mean quotient has become complex.

11
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Materials and Methods

In this chapter the material, methods and data used in this project will be presented.
First, we give a brief description of the experimental data, followed by a presentation
of the mathematical model for cell dynamics and how the model is applied to produce
synthetic data. In the last section we describe the two methods for inference in this
project.

3.1 Experimental data

The experimental data used in this project is provided by Cell Tracking Challenge
(CTC), an initiative with focus on objective comparison of cell segmentation and
tracking algorithms. The challenge was initially hosted under the auspices of the
IEEE International Symposium on Biomedical Imaging but remains open for online
submission. The CTC provides a host of 2D and 3D time-lapse video sequences
from various microscopy modalities along with reference annotations for the training
datasets. [19]

One such dataset is denoted "Fluo-N2DL-HelLa” and was provided to the CTC by
the Mitocheck Consortium. HeLa cells come from the oldest immortalised human
cell line which was obtained from a cervical cancer patient in the 1950s. Since
then they have had an enormous effect on biomedical research [20]. The dataset
contains two experiments, each consisting of a sequence of fluorescent microscopic
images of HeLa cells stably expressing H2B-GFP, an alteration to its genetic code
to produce green fluorescent protein. The cells are placed on a flat glass substrate
and images have been taken at 30-minute intervals for 45 hours. The top row of
Figure 3.1 shows the first and last image of the experiment which we will denote
the first experiment/dataset. In the bottom row we find the same for the second
experiment /dataset.

The reference annotation provided for the training dataset considered in this thesis
are obtained as a consensual or majority opinion of several human experts and will be
used as ground truth. By extracting the relevant information from the ground truth
and thereafter apply a normalisation procedure, to make the cells have a diameter
of approximately one, the reference annotations will be used as experimental data.

1]
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3. Materials and Methods

Figure 3.1: First and last images of the two experiments of the "Fluo-N2DL-HeLa”
dataset. Top row: the first experiment. Bottom row: the second experiment.

3.2 Cell population dynamics model

In the following sections the various aspects of the mathematical model for cell dy-
namics will be presented. Some decisions are made with respect to the experimental
data and some are made for mathematical convenience. An initial choice is to use an
off-lattice model rather than an on-lattice. As the resolution of the spatial evolution
of the cells is high, continuous spatial movement seems appropriate.

3.2.1 Calculation of local cell density

To calculate the local density for a cell, some assumptions and decisions must be
made. For convenience, the cells are assumed to be circular and have a diameter of
unit length.

Let x;(t) € R? denote the position of cell i at time ¢. If all cell positions are known
at time ¢, the distribution of cell locations can be defined as the empirical measure

N
- Z 5X1:(t) (X)
=1

where dy, ) (x) is the Dirac measure and N, is the number of cells at time ¢. Local
density can then be defined through convolution with a density kernel, which should
be a rapidly decreasing function describing the influence of neighbouring cells on cell
i. Thus, let the local cell density of cell 7 at time t be defined as

pe (1) = [ wlly ==l du™ () = X w () =01 (3.

J#

where w(x) is a density kernel. Let the density kernel be defined as

w(x) = el (3.2)
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where o > 0 is a scaling constant such that the local density ranges between zero
and one with zero i.e.

0 < pi (1)) < 1.
Here 0 indicates that the cell is alone and 1 indicates a complete hexagonal grid of
neighbouring cells as far as their non-existing eyes can reach. It should be noted

that the local density may temporarily exceed one, for instance at the moment
immediately after cell division.

To determine an appropriate value for the scaling parameter « in the density kernel
one can look to the steady-state distribution of an infinite number of cells on a
hexagonal grid, which should correspond to a local density of 1 for a particular cell.
An expression for the distance between any two cells in the grid aids in this quest.
Consider a coordinate system as in Figure 3.2 and the distance between the center
points of the cell at the origin and a cell at the place (n, m) in the coordinate system.
Using the law of cosines, the distance between them is dv/n? +m?2 + nm, where d
is the cell diameter. The calculation is also illustrated in Figure 3.2. With this neat
expression, the equation for maximum local density becomes

pan =63 3 el-od/ ) _ .

n=1m=0

Through an iterative procedure and using d = 1 to solve the equation, the scaling
parameter becomes a ~ 2.1402.

Figure 3.2: One sixth of a completely full hexagonal grid with internal coordinate
system (left) and layout for computing the distance between cell at place (0,0) and
cell at place (n,m) (right).

3.2.2 Proliferation and death

For modelling cell proliferation and death we turn to reliability theory, which is a
branch of statistics that concerns itself with life length phenomena. Its focus on
the duration until a certain event occurs, usually denoted death or failure, provides

15
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a framework where the dependency on local cell density for cell division can be
incorporated.

For cell division, consider the survival equation

hi(t) = Bi(0)

= BO)=0 (3.3)

where B;(t) denotes the probability that cell ¢ has divided at time ¢ after either its
birth or last division and h;(t) is the instantaneous cell division rate for cell i [21].
With h;(t) = Ao a constant the growth will be exponential and is not affected by
local cell density. With h;(p) = Ao max{0,1 — p}, the cell division rate is inhibited
as the local density around cell ¢ increases, and this is known as logistic growth (the
max function is to ensure non-negativity, as p temporarily may exceed one). With
hi(p) = (Ao + A1p) max{0,1 — p} for low values of p the instantaneous cell division
rate is increasing, yet still positive, which is known as a weak Allee effect.

For cell death, again consider the survival equation

Di(t)

YT 1Dy

D;(0)=0 (3.4)
where D;(t) denotes the probability that cell ¢ has died at time ¢ after either its
birth and w is a positive constant. This is equivalent to the cell’s life length being
modelled by an exponentially distributed random variable with rate w [21]. Note
that the event of a cell dying is independent of the event of a cell dividing. Together
with cell division rate representing Allee effect, the death rate can lower the net
proliferation to being zero or even negative for low values of p, which is known as a
strong Allee effect.

The different models of cell division and death rates considered in this thesis is found
in Table 3.1 and illustrated in Figure 3.3.

Table 3.1: Cell division models considered.

Name h(p) w

Exponential | Ay >0
Logistic Ao max{0,1 — p} >0
Allee effects | (Mg + A\1p) max{0,1—p} >0

3.2.3 Migration and interaction

Vast simplifications and assumptions can be made for cell migration and interaction
due to both homogeneity of the environment and due to the fact that cell division in
this model not being directly dependent on the manner of movement. Even though
in some experimental data cells appear to be more motile than others, the cells are
assumed to be of same motility and thus have the same diffusion coefficient. When
a cell is alone we assume Brownian motion, whereas in a group of cells we want

16
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Figure 3.3: The growth rate as a function of local cell density. Exponential (top
left), logistic (top right), weak Allee effect (bottom left) and strong Allee effect
(bottom right). Values of \g, A\; and w are as indicated above the graphs.

to assume some attraction-repulsion force between them. Cells in the experimental
data appear to pull at each other once close and then to "stick to each other”
somewhat.

With this in regard, cell movement and interaction will be modelled by a set of
interacting stochastic differential equations with isotropic diffusion. At a given time
t, the system evolves according to

dx; = —VV(x;,t) + odW; (t) (3.5)
V (@.t) = zflwum—wjm

U(r) = D, (1 — e_a(T_”O))2

where o is the diffusion coefficient for the cells, W (t) is the Wiener process and
U(r) the Morse potential. Here r is the distance between the midpoints of two cells
and rg is the equilibrium bond distance which will be set to the cell diameter. Cells
whose midpoints are closer than one cell diameter, under the assumption that cells
have the ability to deform somewhat, will experience a repulsive force, the size of
which depends on the well steepness a. Cells whose midpoints are at distance just
above the cell diameter will experience a small attraction to each other, effectively

17
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sticking to each other at various levels largely decided by the well depth D.. A
typical profile of the Morse potential can be seen in Figure 3.4 with the attraction
and repulsion forces indicated with arrows.

Figure 3.4: A typical profile of the Morse potential with well depth D,, equilibrium
distance ry and well steepness a, with attraction and repulsion forces indicated by
arrows.

18



3. Materials and Methods

3.3 Generation of synthetic data

This section will describe how the model presented in Section 3.2 is implemented to
produce synthetic data. It will be explained in the setting of a single "experiment”
which is repeated L times.

In an experiment, the in silico time resolution is one second, i.e. 6t = 1, and will
progress until some time 7', usually corresponding to several days. During regular
intervals At, typically ranging from 10 minutes up to one hour, a record of cell
locations will be made.

An initial number of cells Ny will be placed uniformly on a circular disc representing
the well. With all cell positions known, the local density can be calculated. Recall
Equation (3.1) and the density kernel (3.2), yielding local density for cell i at time ¢

pi(t) = Z e~ llzit)—z; ()| (3.6)
JFi

Thereafter the cells will evolve spatially according system (3.5), which is simulated
using an FKuler-Maruyama scheme,

x;(t 4 0t) = x;(t) — VV (2;(t), 1) - 6t + oot - Z; (3.7)
where Z; ~ N(0,1).

Simultaneously cell division and death for each cell will be simulated. Recall the
equations (3.3) and (3.4), which both are ordinary differential equations and can be
solved using en Euler scheme

&u+m=B@+&hﬁm_Bﬁw (3.8)
a@+szw+&@u—&@ﬂ

Two thresholds b; and d;, standard uniformly distributed, accompany each cell.
When B;(t) > b;, a division is triggered. B;(t) returns to zero and a new b; is
generated. When D;(t) > d;, a death is triggered and the cell is removed.

Parameter values common for all synthetic data are found in Table 3.2 and parameter
values related to different growth models are found in Table 3.3. The parameters
mentioned in Table 3.4 were varied, one at the time, assuming the values presented.
When a parameter was not varied, it assumed the value given in boldface in the table.
For the exponential and logistic growth models, there are no datasets corresponding
to the value Ny = 2000 as it is computationally heavy and not the focus of this
thesis.

A summary of the procedure, in the form of pseudocode, can be found in Algorithm
1 in Appendix A and a snapshot of a realisation of the algorithm can be seen in
Figure 3.5.

19



3. Materials and Methods

Table 3.2: Parameter values common for all synthetic data.

Parameter  Value Explanation

o 2.1402  Scaling parameter for density kernel

To 1 Equilibrium distance for Morse potential
a 3 Well steepness for Morse potential

D, 5-107° Well depth for Morse potential

o 1-1072 Diffusion coefficient for cells

Table 3.3: Parameter values for synthetic data of different growth models.

values are per hour (h™1).

Parameter Exponential Logistic Weak Allee Strong Allee

w 0.03 0.03 0.03 0.12
Ao 0.05 0.05 0.05 0.05
A1 - - 0.20 0.50

Table 3.4: Parameters with varying values for synthetic data.

Parameter Values
Ny 63, 125, 250, 500, 1000, 2000
T (h) 12, 24, 36, 48, 60, 72
At (min) 10, 20, 30, 40

20
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Figure 3.5: A snapshot of a synthetic dataset generated by Algorithm 1.
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3.4 Methods for inference

This section will provide a guide through the two manners this project goes about
to estimate the cell division rate as a function of local cell density. First, we present
some common notation and assumptions, which will be followed by two sections in
which the two approaches of estimating cell division intensity will be explained and
thereafter a section that explains the approach based in kernel density estimation.

Let us now consider some of the notation and assumptions common to both methods.
First, the K denote the number of images taken during the experiment and denote
the time at image k& by t;. Then consider the interval between two consecutive
images [tg,tr41). First, note that At = tyq — t for any appropriate k. Then, in
accordance with Ito calculus, we replace the empirical process in every such interval
with its leftmost value, that is

pi(™ (1)) = pi(u™*x (th)) = par for t € [ty, tryr)

Let the number of cell divisions for cell i during the time interval [tg, tx41) be denoted
by B;,. Further, we let R be the matrix containing the local densities of every cell
at every time. That is, the element at row ¢ and column k is p;; as defined above.
Finally, let the matrix B contain the number of cell divisions observed for every cell
at every image. That is, the element at row ¢ and column k is 3;; as defined above.
Note that the entries of B rarely exceed one, as the intensity for the time intervals
we consider is low. For ease of reading, a list of the notations with explanations is
provided in Table 3.5.

Table 3.5: Variables and their explanations as notational aid for inference sections.

Notation Explanation

tk Time in image k.

Dik Local density for cell i during [ty, tx11)-

Bik Number of cell divisions for cell i during [tg, tx11)-

R Matrix containing all cell densities in all images.

B Matrix containing the number of cell divisions of all cells in all images.

[7;,7j41) Bin j in partition of density range [0, 1].
B Number of cell division in bin j.

pn(x)  Kernel density estimate with bandwidth h.

Pn(x)  Number density made from py(x).

3.4.1 Maximum Likelihood Estimation Method

A natural assumption to make is that the number of cell divisions in a given time
interval, for a given local density is Poisson distributed and that all 3;;, are indepen-
dent of each other.

Bir ~ Poisson(h(p;)At). (3.9)
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In this setting it is reasonable to consider, ideally small, ranges of values for the
densities and consider cells with local density within that range together. Thus, we
partition the total range of local densities into N equal subintervals of width %

O=ro<m<...<ry=1

and denote the interval [r;,7;41) for j € {0,1,..., N =2} and [rj,7j41] for j = N —1
the 7' bin. The j* interval and the j* bin refer to the same interval and can be
used interchangeably. A cell i, for any time interval, is said to belong to the j*™
bin when p;; € [rj,7j4+1) (and the closed interval for j = N — 1). Since the sum of
several Poisson distributed random variables is itself a Poisson distributed random
variable, we can reformulate (3.9). Let the number of cell divisions 3; in the j® bin
during any given time interval be

B; ~ Poisson(h(p;)At) (3.10)

where p; is the local density in the bin. For simplicity and as the bins are ideally
small, we choose p; to be the midpoint of the interval. Now with maximum likelihood
estimation we can obtain an estimate for h(p;)At.

To refresh our recollection, recall the theory in Section 2.2 and consider the case
when x4, x9, ..., z, are independent and identically Poisson(A) distributed random
variables. The log-likelihood and its first derivative are then

n

[(Az) => (z;In(A) = A —1In(z;!))

i=1
0 1
5[()\|w) = szl —n

i=1

which, by setting to zero and solving for A, gives the MLE

o 12
A= - ; X
and the Fisher information
1 & 2 n
Z,(N)=E (A;xi—n> ] =
An 1 — « confidence level for ) is then found in
A 4 Sloos?

j

where z;_, /2 is the standard normal deviate.

Let us return to our bins and introduce some more notation. Denote n; the total
number of cells belonging to bin j and b; the total number of cell division occurring
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in bin 7. That is,
K Nt
nj=>_> L (pu)
ki

K Ntk

bi =>.> Bie - L (par) ,
P

where I; (z) is the indicator function for the j™ bin. The MLE S\j for the rate in
(3.10) and corresponding 95% confidence interval for h(p;)At of bin j are then given
by

j —~ -
\/’I’Lj/)\
Naturally, if n; = 0 we cannot estimate ):j. After division with At value, the

estimates for all bins make up a discretised estimation of the cell division intensity
as a function of the local cell density.

Note that the Poisson assumption and using MLE lets us consider the amount of
cell divisions at a certain local density given the amount of opportunities at that
density. This is something we need to consider in the coming approach.

3.4.1.1 An example

Consider the simple example in Figure 3.6, which spans over the two leftmost images.
In all images, notice that the cells are grouped by a dotted box, a dashed box and
free cells outside of these boxes. The three boxes groups cells with local density in
the same range, with the dotted box having highest range, the free cells have lowest
range and the dashed box have range in between. Going from one image to the next,
we notice that some cells have divided and given rise to newborn cells, indicated in

gray.

Counting the total number of cell divisions within the different regions, that is,
counting the number of gray cells within each region, we see that that there is 1 in
the dotted region, 3 in the dashed region and 5 in the remaining region. Counting
the total number of cells within each region, we consider only the two leftmost
images, as the third image serves only to show newborn cells. We then obtain the
respective MLE and 95% confidence levels

1.96

Dotted: 1 + —
6 6

1.96 - /3
7

5  1.96-v5
Remaining: 1 + 14\/_

Dashed: Z; +

24



3. Materials and Methods

O
O
o 0 e O © ©
&) (@) (@) @)
© & 38
@ (¢}
,,,,,,,,,,,,,,, ¢ - @) O
e 00 O o
o o0 o cO oo
"""""""" O
O [© 2ttt
(o) O

Figure 3.6: A simple example of a simulation spanning over the two leftmost
images. Three regions representing different bins of local cells densities are indicated
by dotted, dashed and no lines. Newborn cells are indicated in gray.

Of course, there are too few observations for asymptotic normality of the MLE to
kick in, but it is a simple example that is easy to parse. Another way of viewing
the inference problem is shown in Figure 3.7, which shows two set of histograms,
one of R and one the elements of R, for which the corresponding elements in B are
non-zero. Division of the counts of the latter by the counts of the former yields the
MLE, which can be visualised in a bar graph, see the rightmost graph in Figure 3.7.
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Figure 3.7: Histograms of the simple example presented in Figure 3.6 and a cor-
responding bar chart of the MLEs of their corresponding bins and 95% confidence
interval.
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3.4.2 Kernel Density Estimation Method

Kernel density estimation is mainly used for, as the name implies, to estimate den-
sities. This is, as shown in Section 2.3, done through placing a kernel on each data
point and then average over all kernels. If one did not average, one would obtain
a number density, a quantity that describes the concentration of countable objects
per unit of measure. Using number densities, we may look at the situation through
the same divisions-per-opportunity ratio glasses as in the previous approach through
a ratio of number densities. A matter that needs attending to is how to measure
the certainty for said ratio. Let us first formalise the number densities and their
confidence bands and thereafter return to this matter.

Recall matrices R and B and their elements, p;; and (;, respectively, as defined
in Section 3.4. Using the debiased kernel M. (z) defined in (2.6) with 7 = 1 and
Gaussian underlying kernel as defined in Table 2.1, consider the following KDEs

b, fi%ﬁM ( p”“)

Pklzl P

and

Ntk
— pi
Phg (v thZZM < h k) Bik

k=11i=1

where h, and hg are the respective bandwidths, chosen according to (2.5), and

K
:ZNtk
k

K Ny,
=33 Ay
k=1 i=1
Now define the following
P, (x) =n - pp, () (3.11)
Ph, () = b Py (). (3.12)

We can interpret (3.11) as the number density of all local densities and (3.12) as the
number density of local densities at cell divisions.

To obtain a confidence band for the number densities, we turn to the process pre-
sented in Figure 2.2. In this process, exchange the debiased KDE with number
densities (3.11) and (3.12). That is, compute p, (z) and p, (z), bootstrap the
original sample m times and compute

_*(1 _x(m
(@), .., ()

7*1 *x(m
ph(ﬁ)(x>7 to 7ph(ﬁ )( )

from which we compute 95% confidence level bands as described. In this project we
let m = 50.
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Returning to the ratio we are interested in, which can now be defined as

i~
=
)
=

(3.13)

for all = € [0, 1] where the denominator is not zero, where, again, the ratio cannot
be estimated. With the Gaussian kernel it ideally never is, but using the debiased
kernel there is a slight possibility. After division with At, this quotient makes up
a continuous estimation of the cell division intensity as a function of the local cell
density.

With R and B approximately representing the simple example presented in Figure
3.6 and using optimal bandwidth, the number densities and their resulting ratio can
be seen in Figure 3.8. It is a basic example, and as with the histogram, asymptotics
has not kicked in.

Number densities Number densities Estimated intensity
All densities Division densities

Figure 3.8: Number densities and their ratio of the simple example presented in
Figure 3.6.

Now consider how to obtain a measure of certainty for the quotient. Through the
bootstrapping procedure we obtain a sample of size m of p, (,) and pj, 5(@) for each
point x considered. In this project, we assume that p, (,y and Py, are normally
distributed as visual inspection does not immediately dismiss that. However, we
will not provide a proof of normality, or the potential error introduced. Considering
the mean of each sample then, one can invoke the theory presented in Section 2.4,
and obtain a pointwise confidence interval. Let A, and B, denote sample means
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and S3 and S3_denote sample variances at z. That is,
A== 50w
fomEmm

L &N i)
B, = —
m ;php (x)

1 &

2 __x(4) 2
S = g 20 ) - 4)
$5 =L SO - B

T om—1* he

The 95% confidence level interval for Q, = A, /B, is then computed as in (2.8). As
a rule of thumb, when the degrees of freedom is more than 30, one can exchange the
Student’s t statistic with the same from the standard normal distribution. In this
case, the degrees of freedom is 2m — 2 with m = 50 and thus the standard normal
deviate will be used in (2.8).

3.5 Evaluation

This section presents the metric with which the approaches are evaluated. Let h(p)
denote the true intensity and h(p) denote the estimated intensity obtained by each
model.

For the approach presented in Section 3.4.1 we would like to use the sum of squared
error

SSE =3 (hp) = h(p) (3.14)

where p; denote the midpoint of each interval in the partition of the interval [0, 1].
This presents, however, a problem when it comes to bins for which there is no
estimate. We will therefore give a replacement value for such a bin with the value of
a linear interpolation between the midpoints of the nearest two bins with estimates,
evaluated at the midpoint of the bin with no estimate. If the bin without estimate
is one or more of the rightmost bins the interpolation will be between the midpoint
of the first bin with estimate to the left and the value zero at local density p = 1,
which it necessarily must be in this model. If the bin without estimate is one or
more of the leftmost bins, we extend the linear interpolation between the first two
bins with estimate until it meets the y-axis. A figure illustrating these amendments
can be seen in Figure 3.9.

For the approach presented in Section 3.4.2 we will use the integrated squared error
L. 2
ISE = /0 (o) — (o))" dp. (3.15)

Each experiment has been repeated L = 3 times and so the error will be averaged
over the experiments.
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>

Figure 3.9: Linear interpolation for missing estimates.
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4

Results

In the following we present the results from applying the two described methods to
synthetic and experimental data. The section pertaining to the synthetic data is
structured around the different growth models and the experimental data consist of
two datasets, which is the focus the last section.

4.1 Synthetic data

This section contains results from applying the estimation methods to the synthetic
data. We present the estimation errors and the best performing estimates from both
methods for each growth model.

4.1.1 Exponential growth model

Recall that for exponential growth, the per capita growth rate is a constant. That
is, the theoretical cell division intensity is

h(p) = 0.05

for p € [0, 1].

In Figure 4.1, we find figures with plots of the estimation errors as functions of Ny,
At, and T, respectively. Looking at top left and bottom figures, it shows that as
Ny and T are increasing, the errors decrease for both methods. There is a slight
increase, however, in error as we go from Ny = 500 to Ny = 1000. With increasing
At, the error for the MLE method remains roughly constant, whereas the KDE
method decreases, in stark contrast to the expected behaviour. Following, in Figure
4.2, we present the best performing estimate for both methods and leave the worst
performing estimates in Appendix B.
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Figure 4.1: SSE (blue) as defined in (3.14) and ISE (red) as defined in (3.15), as
functions of Ny, At and T for exponential growth model.
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4.1.2 Logistic growth model

Recall that logistic growth is a function of local density such that when the popula-
tion reaches its carrying capacity, the growth rate decreases to zero. In this thesis,
for the logistical growth, the theoretical cell division intensity is

for p € [0, 1].

h(p) = 0.05- (1 = p)

Figure 4.3 contain the estimation errors as functions of Ny, At and T, respectively.
A new oddity is found in the bottom figure, where both methods perform better at
T = 12 rather than T" = 24. Once again, we present the best performing estimates
for both methods in Figure 4.4 and leave the worst performing estimates in Appendix

B.
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Figure 4.3: SSE (blue) as defined in (3.14) and ISE (red) as defined in (3.15), as
functions of Ny, At and T for logistic growth model.
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4.1.3 Allee effect growth model

Recall that for a population exhibiting an Allee effect, the growth rate for low
densities is increasing and as the density increases, the growth rate eventually reaches
a peak and then decreases. For both categories of Allee effects, the theoretical cell
division intensity given by

h(p) = (Ao + Aip) - (1 —p)

for p € [0, 1] with values for either category being chosen from Table 3.3.

The following two sections will first present the estimation errors for both meth-
ods and thereafter one of the best estimates from each method. A more complete
presentation of estimates can be found in Appendix B.

4.1.3.1 Weak Allee effect

The estimation errors of both methods are found in Figure 4.5. In the top left figure,
note that the error for the KDE method, as a functions of Ny, behave similarly as
in the exponential and logistic case whereas the MLE method has had some kind of
hiccup at Ny = 500. With increasing At, see the top right figure, the error for the
MLE method decreases until At = 30 to then increase a little whereas the error for
the KDE method increases. The bottom figure shows that the error decreases for
both methods as 7' increases, which is the expected behaviour.

Figure 4.6 presents one of the best performing estimates for each estimation method,
both of which are obtained from experiments with a high number cells initially. Note
the high concentration of cells with local density near 1, indicating a crowded situa-
tion for many cells. That is, cells with many other cells in its vicinity. The estimate
are more accurate for values of p with more data, in both cases for p > 0.5 approxi-
mately. For the KDE method, observe the two "horns” near the boundaries. These
are present when the concentration of cells near the boundaries are considerably
higher or lower than the concentration levels inside.
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Figure 4.5: SSE (blue) and ISE (red) as a functions of Ny, At and T for weak
Allee effect growth model.
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Figure 4.6: The best performing estimates of h(p) for the weak Allee effect growth
model.

38



4. Results

4.1.3.2 Strong Allee effect

The estimation errors for the KDE method are found in Figure 4.7. In the top left
figure, note the general decrease in error and then note the temporary increase in
KDE method error from Ny = 63 and Ny = 125 and that those errors are larger than
the MLE method error for the same Ny. For the case when Ny = 63, the population
in one out of the three experiments went extinct and for the case when Ny = 125,
the population in two out of the three experiments went extinct. With increasing
At, see the top right figure, the errors are slightly increasing. The bottom figure
shows that the error decreases for both methods as T' increases.

Figure 4.8 presents one of the best performing estimates for each estimation method,
both obtained from experiments with a high number cells initially. Here there is a
relatively high concentration of cells with local density near 0, indicating a situation
with few and far neighbours to those cells. The estimates are more accurate for
values of p with more data, in both cases for p < 0.5 approximately. For the KDE
method, again observe the two "horns” near the boundaries.

-10 -

Log error
Log error

=20 +

-20
22 L

5
63125 250 500 1000 2000 10 20 30 40
N At (min)

Log error

Eyy . . . . .
12 24 36 48 60 72
T (h)

Figure 4.7: SSE (blue) and ISE (red) as a functions of Ny, At and T for strong
Allee effect growth model.
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Figure 4.8: The best performing estimates of h(p) for the weak Allee effect growth
model.
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4.2 Experimental data

Both experiments lasted 45 hours and images were taken at 30-minute intervals.
The first experiment was initiated with 43 cells whereas the second experiment was
initiated with 125 cells according to the reference annotation.

In Figure 4.9 the estimates from each method based on the first experiment are
presented. Inspecting the histograms and number densities, there is a slight increase
in concentration of cell with local density near 1 but the main body of the data is
in the inner part and has a peak at about p = 0.2.
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Figure 4.9: Estimates of h(p) based on the first dataset.

In the second experiment, presented in Figure 4.10, the majority of of cells are have
a local density near 1. Considering the KDE method estimate this causes the horn
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at the right, with its peak at 0.4187 falling outside of the figure. As the scale of the
figures do not allow it to be shown, the relative steep turn towards the origin gives

the little horn to the left.
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Figure 4.10: Estimates of h(p) based on second dataset.
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The choice of bin width for the MLE method was in this thesis set to 0.01, based
in a required resolution and then remained so. When a histogram has the look of a
comb with broken teeth, as seen in Figure 4.9, it is usually a sign of too small bin

width. Therefore we also present some estimates from the MLE method with larger
bin width in Figures 4.11.
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Discussion

This section will contain discussions of the material, methods and results. Various
advantages and disadvantages of the data the two methods will be discussed and
suggestions for improvement will be suggested.

5.1 Cell Population Dynamics Model

The model formulated was designed to be general and the focus was on incorporat-
ing the growth models, which was the most relevant aspect to this thesis. Another
approach for modelling proliferation and death considered was through the Doob-
Gillespie algorithm, a Monte Carlo method often used to simulate biochemical sys-
tems of reaction. There was not, however, a reasonable method of incorporating the
different growth models.

Generating data was computationally heavy as one had to calculate the pairwise
distances between all alive cells at each in silico second. Depending on parameters
an experiment could take between some hours to some days. The majority of cells
are, however, so far apart from each other that they do not affect each other with
any forces. There is room for improvement by keeping some sort of neighbouring
list that can be updated with some interval and thus trade larger bookkeeping for
shorter run time.

5.2 Maximum Likelihood estimation method

Under certain conditions, the MLE method is able to generally capture the de-
pendency of local cell density on the rate of cell division. Such conditions can be
translated to conditions that allows for "much data to be generated”, such as more
cells being present and for longer time. When that is the case, the figures from the
synthetic data show that the estimate and its confidence interval, visually speak-
ing, can be rather accurate. With less data the estimate decreases in precision but
accuracy seems to remain.

A weakness of the density domain in this method is that, mainly in low data situ-
ations, there may be no estimate at all for portions density domain. This problem
was circumvented by interpolation of values based on our beliefs of the cell division
rate. Other possible solutions to this problem could have been to add a punishment
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term in the error or to use adaptive bin widths to insure estimates for the entire
domain of p.

The parameters of the experimental data, especially Ny and T', when compared with
the performance of the method on the synthetic data do not seem to be suitable
enough, and the estimate resembles the worst performing estimates of the synthetic
data. Initially, the same bin width as for the synthetic data was used, and then
larger widths was used due to the broken comb look of the first experiment. The
more increased width, the more the estimates transformed into something similar of
logistic growth.

This leads us to a second weakness of this approach, which is a weakness of his-
tograms in general. The choice of bin widths can alter the face of the distribution
in ways that are not necessarily descriptive of the underlying distribution. This was
illustrated in Figure 4.11, as we increased the bin with for the first experiment.

5.3 Kernel density estimation method

The KDE method, also under certain conditions, is able to generally capture the
dependency of local cell density. However, as seen in most estimates, it is sensitive
to changes in slopes in the number densities, especially as densities accumulate at
the boundaries of the domain of p. A possible explanation may be that the two
number densities use different optimal bandwidths, which is something that could
be further explored. Another possible explanations may be that it is an effect of
boundary bias, as it is of a lower order than the bias in the inner parts, yet this
seems unlikely. There are "horns” in the inner domain of p (see Figure B.8) and
there are boundaries without horns (see B.4). Adaptive bandwidth, that is, as a
function p can also be implemented for this method and may yield improvements.

There is no guarantee that one obtains a confidence interval for the KDE method
estimate through the Fieller theorem, a significant disadvantage. An investigation of
the normality should ideally be done for any further endeavours with this approach.
Further, one can observe some precise confidence intervals for the estimates, yet the
accuracy of the estimate may be very low. It is likely a consequence of the issue
discussed in the previous paragraph. The confidence intervals, for estimates of both
methods, are smaller in regions with much data, and perhaps suggests there is a
systematic error in the creation of the estimate.

5.4 Experimental and synthetic data

There are various differences between the experimental and synthetic data. As
mentioned earlier, the initial number of cells and duration of the experiment are
two parameters that may limit the "generation of data”. Another such difference is
the space in which the cell reside. Considering the last images shown in Figure 3.1,
especially the second experiment, the area is saturated with cells. In comparison
with Figure 3.5, the experimental data simply does not have the space to generate
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the same amount of data as in the synthetic case.

The two datasets considered are, as mentioned, perhaps not suitable enough for the
two methods presented in this thesis. There are, naturally, other datasets to use. In
fact, this thesis was initially intended to use microscopy images of cells derived from
patients with glioblastoma, an aggressive form of brain cancer, obtained from the
biobank Human Glioblastoma Cell Culture (HGCC) [22]. The synthetic data was
created to align with the experiments that generated the glioblastoma images. The
underlying reason as to the change of experimental data was that we were unable to
obtain satisfactory segmentation and tracking of the glioblastoma cells. The data
provided by the CTC is annotated by experts and as such it was simply a matter of
extracting the relevant data. If the segmentation and tracking issues are solved, it
would be of interest to apply both methods to datasets obtained by the HGCC.

An advantage with the chosen experimental data is that HelLa cells are, as seen, quite
round in their shape, matching the assumption in our cell based model, whereas the
glioblastoma cells are not as regular, presenting its own set of issues.

5.5 Societal and ethical aspects

There are two sources of data in this thesis: simulated and experimental. The former
is a commendable resource if done efficiently and accurately. A further commendable
aspect of the former source, although not entirely related to this thesis, is that with
ever increasing computational capabilities and improved models, in silico modelling
could become an alternative to animal testing, lowering the amount of suffering in
the name of science.

The second source, microscopic images of HeLa cells, has a sordid ethical history
which demands further inspection and reflection. The name "HeLa” originates from
the initial letters of Henrietta Lacks, the African American woman whose cervical
cancer is the source of all HeLa cells. She was a 31-year old mother of five and
passed away in 1951, merely a few months after diagnosis and treatment at the
John Hopkins hospital in Baltimore. As previously mentioned, HeLa cells are the
first immortalised cell line and has had immense biomedical consequences. They
have been instrumental for researchers to study cancer and genetics, and aided the
creation of the polio vaccine and drugs for herpes, leukaemia, influenza, haemophilia
and Parkinson’s disease among many more examples of scientific successes. Henri-
etta was neither informed, nor gave her consent for the collection and, thereafter,
use of her biological tissue. The rules in place at that time did not require consent,
as discarded biological tissue was the property of the treating doctor or medical in-
stitution. The cells were initially donated to the benefit of research, but were later
commercialised. The Lacks family was not informed about the existence of the cells
until almost 25 years after Henrietta’s death, when researchers needed their DNA
solve a major contamination issue. Not only was the fact that Henrietta’s cells were
still alive a shock to the family, but the reason for collecting their DNA was not
made clear to them, as researchers did not try to bridge the gap in education through
clear communication. Further grievance for the family was the fact that biological
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material stemming from Henrietta was bought and sold, yet no compensation was
given to the family, many members of which lived in poverty and had no medical
insurance. [20]

In 2010, Rebecca Skloot published "The immortal life of Henrietta Lacks” [20] af-
ter decades of research and contact with the Lacks family. It received widespread
attention and incited a public discussion on informed consent. Following that, in
2013, a German team of researchers published the complete genome sequence of a
strain of HeLa cells online (which is often required by funding sources) without any
contact with the Lacks family. This was not against any laws or rules, but as the
identity behind the acronym was widely known, it was highly criticised and launched
a further discussion on informed consent and privacy (due to genetic information be-
ing viewed as probabilistic medical information about living Lacks family members)
resulting in the publication being taken down. In relation with this, the National
Institutes of Health launched an access-controlled database, where NIH-funded re-
searchers are expected to place genomic sequence data obtained from HeLa cell, and
access to which is given on a case-by-case level by committee containing two Lacks
family members. [23]

The history of Henrietta Lacks culminates in two ethical aspects highly present in
biomedical research: informed consent and privacy. The practises regarding collect-
ing and using biological tissue during the last 70 years have changed, and should
be continuously evaluated as science progresses. The evaluation of this thesis de-
pends on the study that generated the data, which was published during 2010 and
investigated genes related to cell division [1]. The phenotypic profiling used a short
interfering RNA library designed to suppress the expression of genes, and thus affect-
ing various protein levels. Around 21,000 genes were targeted, after which images
of affected cells were taken and protein levels were estimated, generating a large set
of data. The dataset was, after its use in the study, published online to be of use
for other studies and is still available. As the data does not disclose any genomic
information, the study avoids the criticised misstep regarding privacy made by the
German research team. The widespread use of HeLa cells in research makes in-
formed consent highly impractical but not something to ignore. With the fact that
the study was performed before the two highly publicised discussions, any critique
directed at the study might be lessened. No rules or norms were transgressed, but
then again, so weren’t any back in 1951. Turning to Henrietta’s children, her son
Sonny told Skloot '[...] I'm proud of my mother and what she done for science. I
just hope Hopkins and some of the other folks who benefited off her cells will do
something to honor her and make right with the family' [20]. To honor Henrietta, we
continue to tell Henrietta’s story and to make right with the family we acknowledge
the historic wrongdoings and aim to continue the discussion on informed consent
and privacy.
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Conclusion

The aim of this thesis was to quantify the impact of local cell density on the rate
of cell division among cancer cell populations in order to investigate the presence
of an Allee effect. To this end, a cell based model for population dynamics was
formulated and implemented, using different growth models, to generate synthetic
data. Experimental data in the form of microscopic images with reference anno-
tations was obtained from the CTC. Two non-parametric estimation methods, the
MLE method and KDE method, were formulated and applied to both kinds of data.
The results from applying the methods to synthetic data show that, under condi-
tions that supports a high level of proliferation at various levels of local cell density,
the estimation errors decrease and one can visually discern the proliferation rate as
an Allee effect. The KDE method presents, however, some issues possibly related
to the choice of bandwidth, that affect the accuracy. Under less ideal conditions,
both methods present some issues. The MLE method can yield portions of local cell
density with no estimate for cell division rate and the KDE method may yield odd
peaks and portions with no confidence interval for the estimate. When applying the
methods to experimental data, all the aforementioned issues are present and there
is no visual, definitive conclusion about the growth model. As the synthetic data
was generated to relatively match the experiments that yielded other datasets, the
glioblastoma data from HGCC is of interest in further investigations.

This thesis has demonstrated some potential for the two non-parametric methods to
estimate the cell division rate, yet further improvement is needed and some possible
issue-alleviating suggestions have been provided for this aim.
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A

Algorithm for generation of
synthetic data

Algorithm 1 An algorithm for generating synthetic data.

Require: N cells with placement «(0), 7" and At.
Require: w, \g, A; and h(t) according to one of the models in Table 3.3.
Require: «, rg, a, D., o according to Table 3.2.
Initialise b; and d; to be standard uniformly distributed.
Initialise B;(0) = D;(0) = 0.
for k=1,...,T do
Let A be the index set of alive cells.
for i € Ado
Calculate p;(k) according to (3.6).
Calculate B;(k) and D;(k) according to (3.8).
if B;(k) > b; then
Reset B; and generate new b;.
Add new cell index j to A .
Initialise b; and d; to be standard uniformly distributed.
Initialise B;(k+ 1) = Dj(k+1) =0.
Record division in a list.
end if
Remove ¢ from A
end if
Update z;(t) according to (3.7).
if k£ is multiple of At then
Record x(k)
end if
end for
end for
Return record of cell positions.
Return list of cell divisions.




A. Algorithm for generation of synthetic data
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B

Complementary results

In Sections B.1 and B.2 we present the worst estimates of the per capita cell division
rate for the exponential and logistic growth models. In Sections B.3 and B.4 we
present a more wholesome repertoire of per capita cell division rate estimates for
varying values of Ny, At and T'.
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B. Complementary results

B.1 Exponential growth model
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Figure B.1: The worst performing estimates of h(p) for the exponential growth
model.
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B.2 Logistic growth model
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Figure B.2: The worst performing estimates of h(p) for the logistic growth model.



B. Complementary results

B.3 Weak Allee effect growth model

Figures B.3 and B.4 present estimates of h(p) from the MLE method and KDE
method estimates, respectively, for various values of Ny. Turning our eyes to the
smaller figures, we notice that, from top to bottom, the cell densities go from knock-
ing on the door at p = 0, to knocking at both p = 0 and p = 1, to finally merely
knocking at p = 1. That is, the cells go from sparser to more and more crowded
situations. Further, compare with the corresponding areas for the estimates and
note that we seem to have an increase in performance at areas with high counts in
the histogram or high values in the number densities. This is expected, as more data
for each estimate should make it a better estimate. Inspecting the MLE method
estimate corresponding to Ny = 500 in Figure B.3, together with two estimate not
shown and the three estimates corresponding to Ny = 250, there is nothing odd
explaining the hiccup. The best performing estimate for the KDE method is not
found through the dataset with Ny = 2000, but rather Ny = 1000. Looking at the
middle group of figures in Figure B.4, the slopes in the rightmost number density
are more amplified where the leftmost number density is relatively low. In all, it
appears that the KDE method is more affected by changes in slope of the number
densities than the parallel in the MLE method. Note here that the KDE estimates
are clearly affected in this manner near the boundaries, forming little "horns” when
there are clear changes in slopes when cell densities accumulate there.

In Figures B.5 and B.6 one finds the MLE method and KDE method estimates,
respectively, for various values of At. Again, top to bottom indicate worst to best. In
the MLE method, the estimates are similar in visual representation, and seem not to
vary in any distinguishable way. With increasing At the error is expected to increase,
however, and with merely three experiments for each value of At, randomness can
certainly affect the result. The way we interpolate values for missing estimates does
not affect this result as there are no missing estimates in any of the experiments.
The KDE method estimates are also visually similar, but it is easier to interpret
a decrease in accuracy with increasing At. Note the little slope related horns are
present here as well.

Finally, Figures B.7 and B.8 present MLE method and KDE method estimates, re-
spectively, for various values of T'. Once again, consider the histograms and number
densities, in which we notice the same shift in mass from lower densities to higher
densities with increasing T, as noticed with increasing Ny. If the population size is
initially small and grows over time, making it more crowded, then an experiment
that runs for a longer time will likely cover larger ranges of cell densities. The slope
related horns remains in the KDE method estimates here as well.
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Figure B.3: Estimates of h(p) for different values of Ny through the MLE method
for weak Allee effect growth model. Top to bottom, worst to best.
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Figure B.5: Estimates of h(p) for different values of At through the MLE method
for weak Allee effect growth model. Top to bottom, worst to best.
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Figure B.6: Estimates of h(p) for different values of At through the KDE method
for weak Allee effect growth model. Top to bottom, worst to best.
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Figure B.7: Estimates of h(p) for different values of 7' through the MLE method
for weak Allee effect growth model. Top to bottom, worst to best.
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Figure B.8: Estimates of h(p) for different values of 1" through the KDE method
for weak Allee effect growth model. Top to bottom, worst to best.
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B.4 Strong Allee effect growth model

Figure B.9 and B.10 presents MLE method and KDE method estimates, respectively,
for different values of N,. Consider the groups of figures corresponding to the
Ny = 63 MLE method estimate and Ny = 125 KDE method estimate. It is evident
that the data is significantly different from all data we have seen so far. The current
two datasets are two of three in which the cell population went extinct, which
occurred once with Ny = 63 and twice for Ny = 125. This should be related to
the errors shown in 4.7. In the KDE method estimate that there is a spike which
continues past boundaries of the figure, giving its peak value about 10, giving rise to
quite large errors. The slope sensitivity seem to go to extremes with small datasets
which can directly be linked with the error observed in Figure 4.7.

The bottom two groups of figures in Figure B.9 are more familiar to us, and one
should compare it with the bottom two figures in Figure B.3 from the weak Allee
effect section, as they have the same values for Ny, A; and T. In a strong Allee
effect setting, the instantaneous division rate is lower and the instantaneous death
rate higher, yielding less data for us. We see this as the estimate in the middle
group of figures is not as precise as its parallel. This little more of a struggle for the
cells to create crowded situations for themselves is also visible when one compare
the histograms for the estimates corresponding to Ny = 2000.

Similarly, we recognise the bottom two groups of figures in Figure B.10. The slope
related horns are present in the middle group but surprisingly enough they are
incredibly mild in the bottommost group.

Figure B.11 and B.12 present the MLE method and KDE method estimates, re-
spectively, for different values of At. In the former, it is visually clear that with
increasing At the error increases whereas in the latter, in stark contrast, it is not
visually clear as both the worst and best estimates are obtained with At = 40.

Finally, Figures B.13 and B.14 presents MLE method and KDE method estimates,
respectively, for different values of T. Again, the estimates are clearly improving
with increased T, however not in the same amount as in the weak Allee effect
case. Comparing the smaller histograms and number densities with their parallels
in Figures B.7 and B.8, again shows that in the strong Allee effect growth model,
one obtains less data. The peak that passes borders of the figure in Figure B.14 has
peak value 0.015.
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Figure B.9: Estimates of h(p) for different values of Ny through the MLE method
for strong Allee effect growth model. Top to bottom, worst to best.
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Figure B.11: Estimates of h(p) for different values of At through the MLE method
for strong Allee effect growth model. Top to bottom, worst to best.
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Figure B.12:

Estimates of h(p) for different values of At through the KDE method

for strong Allee effect growth model. Top to bottom, worst to best.
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Figure B.13: Estimates of h(p) for different values of 7' through the MLE method
for strong Allee effect growth model. Top to bottom, worst to best.
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Figure B.14: Estimates of h(p) for different values of 7" through the KDE method
for strong Allee effect growth model. Top to bottom, worst to best.
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B.5 Experimental data.
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Figure B.15: Estimates of h(p) based on the second dataset using the MLE method
and bin width 0.02, 0.05 and 0,1.

XX



DEPARTMENT OF MATHEMATICAL SCIENCES

CHALMERS UNIVERSITY OF TECHNOLOGY
Gothenburg, Sweden
www.chalmers.se

CHALMERS

UNIVERSITY OF TECHNOLOGY


www.chalmers.se

	List of Acronyms
	Notation
	List of Figures
	List of Tables
	Introduction
	Aim
	Limitations

	Theory
	Previous work
	Maximum Likelihood Estimation
	Kernel Density Estimation
	Error
	Bandwidth selection
	Confidence band and bias handling

	Fieller's theorem

	Materials and Methods
	Experimental data
	Cell population dynamics model
	Calculation of local cell density
	Proliferation and death
	Migration and interaction

	Generation of synthetic data
	Methods for inference
	Maximum Likelihood Estimation Method
	An example

	Kernel Density Estimation Method

	Evaluation

	Results
	Synthetic data
	Exponential growth model
	Logistic growth model
	Allee effect growth model
	Weak Allee effect
	Strong Allee effect


	Experimental data

	Discussion
	Cell Population Dynamics Model
	Maximum Likelihood estimation method
	Kernel density estimation method
	Experimental and synthetic data
	Societal and ethical aspects

	Conclusion
	Bibliography
	Algorithm for generation of synthetic data
	Complementary results
	Exponential growth model
	Logistic growth model
	Weak Allee effect growth model
	Strong Allee effect growth model
	Experimental data.


