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Chance constraint optimization

Different approximation of the chance constraint
and a case study on fuel cell buses.

Sten Elling Tingstad Jacobsen

Department of Electrical Engineering

Chalmers University of Technology

Abstract

Data-driven optimization methods have become increasingly popular due to more
powerful and affordable computers and sensors. Therefore a shift in optimization
from more traditional methods to data-driven methods has occurred. Traditional
methods often assume a perfect model of the system, which is rarely known. These
methods are therefore more sensitive to perturbation and uncertainty.

In this thesis, the use of chance constraint optimization to solve problems with
uncertainty is investigated. Chance constraint optimization gives guarantees on the
probability of a random variable being above a certain value. Different relaxations of
chance constraint optimization are derived. First, the exact mean and variance of a
random variable are assumed known. Theory from Chebyshev inequality and Gauss
inequality for univariate and multivariate random variables are used to approximate
probability bounds. Sum of squares optimization as well as the scenario approach
are also used to approximate probability bounds.

Secondly, the random variable is a data set and the mean and variance have to
be approximated. Theory from distributional robust optimization is used to give
an upper bound on the difference between the true and approximated mean and
variance.

These methods are then used to minimize the fuel consumption for a fuel cell bus
where the mass and speed are stochastic quantities.

This thesis project have been inspired by the master thesis 'Data-Driven Chance
Constrained Optimization’ by Bartolomeo Stellato, [1].

Keywords: Chance constraint optimization, Chebyshevs inequality, Gauss inequal-
ity, fuel cell bus, ambiguity set, unimodality, scenario approach, sum of square
optimization.
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Introduction

Recent developments in convex optimization, such as semidefinite programming [3],
as well as faster and cheaper computers, have made it possible to solve large op-
timization problems in finite time. Computational heavy methods, such as model
predictive control, can now be used on a system with fast dynamics. This in combi-
nation with the possibility to collect and store a large amount of data has led to a
shift in optimization from more traditional methods to data-driven methods. Tra-
ditional methods assume a perfectly known model which is rarely available. This
causes the optimal solution to be sensitive to perturbations in the model, [4]. A
traditional method is convex optimization which is described in e.g., [5], and can be
formulated as

minimize f(x)

subject to g;(x) <0 i=1,...m (1.1)
=0

where f(z), g;(z) are convex functions, h;(x) is an affine convex function and = € R™
is the decision variable. f(z) is called the objective function and the goal is to find
an optimal value of x that minimizes the objective function, [5],
Different methods have been developed to be able to solve convex optimization prob-
lems with uncertainty. Robust optimization is such a method and can be formulated
as:

minimize x

subject to g(z,£) <0 V€ €=

where ¢ is a random variable. Robust optimization considers all possible cases
which may lead to a conservative solution. This conservatism is often due to a few
extreme cases. If these extreme cases are discarded the solution often become less
conservative. Chance constraint optimization is an optimization method that does
not consider the worst cases. It only considers the uncertainty constraint to be valid
for a percentage of the random variable, £. This is achieved by giving a probability
guarantee to the constraint, P. The probability of the constraint, h(z,£) < 0, has
to be larger than some number, 1 — €, where € is close to 0. Which means that the
constraint has a large probability of being fulfilled. The chance constraint linear
program can be formulated as,

minimize c'x
zeX (13)
subject to P(h(z,£) <0)>1—¢
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In 1959 Charnes and Cooper first introduced chance constraint optimization (CCO)
in [6]. A. Nemirovski and A. Shapiro discuss in their paper,[7], that CCO programs
might be computationally intractable and L. G. Khachiyan shows that computing
the probability of uniformly distributed variables is an N P-hard problem. CCO
problems of the form (1.3) hence need to be approximated. Distributional robust
optimization is a method to reformulate the chance constraint in a tractable way.
By using information that is known about the distribution P, one would like to
minimize the set of possible distributions that P could be. This set is called the
ambiguity set & and is used in distributional robust optimization,

minimize c'z
reX (14)
subject to P(h(z,d) <0)>1—¢VP e P

If the first two moments of the distribution are known there exist methods to ap-
proximated the probability distribution. Chebyshev inequality is the most famous
and was presented in [8]:

Theorem 1 (Chebyshev inequality[8]) Let X € R be a random wvariable with
finite mean p and finite non-zero variance o*. Then for any real number k > 0,

Lo k>1
P(IX — p| > ko) < { ¥ . (1.5)
1 otherwise

The Chebyshev inequality guarantees that for different probability distributions no
more than # of the values can be more than k standard deviations away from the
mean, which gives a pessimistic bound. Chebyshev inequality considers all possible
distribution in the ambiguity set.

Other probability inequalities are Cantelli inequality,[9], and Gauss inequality, [10].
Gauss inequality is similar to Chebyshev inequality but only unimodal distributions
are considered in the ambiguity set:

Theorem 2 (Gauss inequality[10]) Let X € R be a unimodal distributed random
variable with finite mean p and finite non-zero variance o®. Then for any real
number k > 0,

4

4 k> 2
P(|X —ul > ko) < {gk k X

1.6
-5 otherwise (16)

The Gauss inequality is hence less conservative compared to Chebyshev inequality,
the bound is g times less conservative.

1.1 Aim

The aim of this project was to learn about different relaxations of the probability
bound and then test these relaxations on a practical dynamical case. Therefore an
extensive literature study has been done which is presented in the theory section 2.
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1.2 Research questions

o Theoretical, what are the strengths and weaknesses of different types of relax-
ation of the probability bounds?

o How are the different methods ranked in terms of conservatism?

o What are the strengths and weaknesses of the different chance constraint op-
timization linear programs for optimization of fuel economy of a hydrogen fuel
cell vehicle?

1.3 Ethical and sustainability aspects

A motivation for this project from a sustainable and ethical point of view is that it
will contribute to a future with more environmentally friendly cars. Cars stand for
12 % of EU’s emission of carbon dioxide (CO2) and hence are the EU restrictions
on the emission of COy getting stricter for every year. For 2021 a maximum limit
for (CO) emission will be 95 g/km, which is a 40 % reduction compared to 2007,
[11]. This contributes to a shift in the car industry from combustion engines to fuel
cell and electric cars. This project will contribute to achieving United nations goal
13 on climate actions.
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Theory

The theory chapter describes how the Chebyshev and Gauss inequality can be re-
formulated to also be valid for multivariate random variables. This is done by
formulating semidefinite programs which find the optimal upper and lower bounds
for a probability distribution.

The number of distributions that are included in the ambiguity set are important
with respect to how conservative the bounds are. A method called a-unimodal
bound is presented in which the variable « regulates what distributions are included
in the ambiguity set.

Theory for two other ways of solving chance constraint programs are also presented.
The first method is called the scenario approach and gives probability guarantee
based on the number of samples of a random variable. The second is called sum of
squares optimization and find an optimal bound based on the first two moments.
Inspiration for this chapter have been taken from the master thesis 'Data-Driven
Chance Constrained Optimization’ by Bartolomeo Stellato, [1].

2.1 Chebyshevs inequality for multivariate ran-
dom variable.

L. Vandenberghe, S. Boyd and K. Comanor have developed a method [12] to find the
Chebyshev bound for multivariate random variables. Given an event set described
by quadratic constraints, an exact mean and variance, the Chebyshev bound can be
calculated by solving a semidefinite program. The results have been reformulated
in [13] which results are presented here. The event set for this case is described by
a polyhedron,

=={¢eR af¢<b¥i=1,.k}, (2.1)

where a; € R",a; # 0, b; € R and £ is the random variable. The ambiguity set,
P, S), is defined as,

P(1.5) = {Peru: [ Plig)=p [ &TPUY=5}, (22

where © € R", S € S™ and the ambiguity set, &, is the set of all distributions
on R™. The following theorem describes the SDP to find the generalized Chebyshev
bound,

Theorem 3 (Generalized Chebyshev bounds [12]) If = is a polytope of the
form (3), the worst-case probability problem (P) with ambiguity set & (u,S), where
i and S are the mean respectively the covariance, is equivalent to a tractable SDP:

5
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k
sup P(¢ ¢ 2) =max )\
i=1

PeZ(u,S) =
subject to z; € R", Z; e S" \, e R Vi=1,...k
T2 > i =1,...
a; z; > b\ Vi=1,..k (2.3)
zk: Z; % < S
— ZiT >\z - ,uT 1
[Zi Z"] >0 Vi=1,.. k.

Because of the exact SDP formulation the optimization problem, (2.3), is solvable
in finite time using interior point methods,[14]. The SDP can be integrated into
distributional robust programs and is therefore very useful. However, the Cheby-
shev bound is very conservative and therefore it might not be optimal for practical
problems as Vandenberghe write in the paper [12]: ’In practical applications, the
worst-case distribution will often be unrealistic, and the corresponding bound overly
conservative. Improved bounds can be computed by further restricting the allow-
able distributions. Therefore the number of possible distributions have to be smaller.
Gauss inequality only considers unimodal distributions, which most common distri-
butions are, such as normal distributions. The ambiguity set is smaller compared
to the Chebyshev bound and therefore the bounds are less pessimistic.

2.2 Gauss inequality for multivariate random vari-
able.

The ambiguity set for Gauss inequality only includes unimodal distribution which
is defined as [15]:

Definition 1 (Univariate unimodality [15]) A univariate distribution P is called
unimodal with mode 0 if the mapping t — P(§ < t) is convex for t < 0 and concave
fort > 0.

For multivarite distributions, unimodality is describe using star-shaped set [13]:
Definition 2 (Star-shaped sets [13]) A set B C R" is said to be star-shaped with
center 0 if for every & € B the line segment [0,&] is a subset of B

Definition 3 (Star-unimodality [13]) A distribution P € . is called star-
unimodal with mode 0 if it belongs to the weak closure of the convex hull of all
uniform distributions on star-shaped sets with center 0. The set of all star-unimodal
distribution with mode 0 is denoted as 2,

In the case when the ambiguity set has a continuous probability density function
g(&) it can be proved that the probability set, P € P, is star-unimodal iff g(§) is
non-increasing in t€ (0, 00) V& # 0. Therefore the distribution P is star-unimodal if
g(&) is non-increasing along any ray emanating from the orgin [15]. Definition 3 is
also valid for distributions that do not have a density function.

Bart P.G. Van Prays et al. developed an SDP, given an star-unimodal ambiguity set
and the two first moments of a distribution, that finds the maximal Gauss bound
for multivariate random variables.
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Theorem 4 (Generalized Gauss bounds [13]) If = is a polytope of the form in
definition 3 with 0 € Z, the worst-case probability problem (P) with ambiguity set
P (1, S) is equivalent to a tractable SDP:

k
sup  P((¢E)=maxd N -7
=1

PeZ.(u,S) =
subject to 2z €R™ Z; € S, \; e R,7; e R Vi=1,.. k
a2 > b\ Vi=1,.. k
7i(a) z)" > Artpr Vi=1,..,k (2.4)
k 7 nt2g  ntl,
2 L B ["ZW L ]
Z Zi .
[ A Vi=1,.. k.
where n is the dimension of the distribution and | = [logan]. For proof of the

theorem see [13].

The optimization formulation is a semidefinite program similar to theorem 3 and
can easily be applied to an optimization problem. This theorem is less conservative
compared to theorem 3 and can therefore be applied to practical examples with
better results.

2.3 Conservatism of the bound approximations

To check the conservatism of Chebyshev inequality and Gauss inequality they can be
compared to a normal distribution. Consider a normal distribution over the speed
for a vehicle with mean 70 km/h and a standard deviation of 7 km/h, see Figure
2.1. The probability of the speed being between 60 km/h and 80 km/h is 0.8468
for a normal distribution, 0.5100 for Chebyshev inequality and 0.7823 using Gauss
inequality.
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Speed distribution
T

0.06 1
Probability density function

I P(|v-.))>10)

0.05

0.04 -

0.03 -

Probability density

0.02 -

0.01 -

O |
40 50 60 70 80 90 100
Speed v [Km/h]

Figure 2.1: Normal distribution of speed with mean 70 km/h and a standard de-
viation of 7 km/h. The blue area is the probability of the speed, v, being larger
than 80 km/h and smaller than 60 km/h, i.e. P(|v — p| > 10km/h). The proba-
bility of being outside the blue area is 0.8468 for a normal distribution, 0.5100 for
Chebyshevs inequality and 0.7823 using Gauss inequality.

The probability bound for Chebyshev inequality 2 and Gauss inequality 2 presented
in the introduction are dependent on k. In Figure 2.2 these probability bounds are
compared with the cumulative probability distribution for a normal distribution.

8
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—— CDF for P(|X-u|> k), where P is a normal distribution
Chebyshev inequality
Gauss inequality

Probability bound
o o
D oo

o
o~
T

0.2
0 1 1 1 T - —
0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

k

Figure 2.2: Chebyshevs inequality, Gauss inequality and cumulative distribution
function of a normal distribution for P(|X — u| > k) for varying k.

Gauss inequality is less conservative then the Chebyshev bound. To be precise
Gauss inequality is g times less conservative. The only difference between the two
methods is the number of distributions that are considered in the ambiguity set. It
seems like fewer distributions in the ambiguity set gives less conservative probability
bounds. To be able to find a connection between Chebyshev and Gauss-inequality
Van Parys et al. introduced a-Unimodal bound, which gives a variable, «, that
tunes the number of distributions that are considered in the ambiguity set. This
theorem is presented in Theorem 6 below.

2.4 «a-Unimodal bound

The a-Unimodal bound was presented in the same paper as the Gauss inequality
for multivariable random variables, [13]. The a-unimodality gives more freedom
to specifying unimodality of distributions that are included in the ambiguity set.
Before the a-unimodality is presented some definitions have to be explained.

2.4.1 Choquet representation

Choquet theory is way of representing a distributions within a set of distribution.
This distribution is represented by extreme distributions,
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Definition 4 (Extreme distributions [13]) A distribution P € P, is said to be
an extreme point of an ambiguity set &P C P if it is not representable as a strict
convex combination of two distinct distributions in &2. The set of all extreme points
of & is denoted as ex .

Definition 5 (Choquet representation) A weakly closed and convex ambiguity
set P C P is said to admit a Choquet representation if for every &2 C P, there
exists a Borel probability measure m on exZ? with

P() = /exye(-)m(de). (2.5)

According to the Choquet representation a distribution P € &2, can be represented
of the extreme points, e(-), of P, where the extreme points are weighted. These
weights are the so called mixtures, m.

2.4.2 «a-Unimodality

Definition 6 (a-Unimodality [15]) For any fized a > 0, a distribution P € P,
is called a-unimodal with mode 0 if t*(P(B/t)) is non-decreasing in t € (0,00) for
every Borel set B € B(R™). The set of all a-unimodal distributions with mode 0 is
denoted as P,

Given this theorem a distribution P € & is a-unimodal iff

o [ a(etPls) (26)

is non-decreasing in ¢t € (0,00). If the distributions are continuous the definition 6
means that the probability density function may increase along rays. However, the
rate of how fast the pdf can increase is dependent on «a. In fact the density function
cannot increase faster than [|£]|*~™¢, where n¢ is the dimension of the random vari-
able. To be able to use this and formulate an SDP for a-unimodal bounds, radial
a-unimodal distribution needs to be introduced.

Definition 7 (Radial a-unimodal distribution, [13]) For any o > 0 and = €
R™ we denote by (5["6733} the radial distribution supported on the line segment [0, x] C
R™with property that

0j0,1 ([0, tz]) = t* € [0, 1].

A radial distribution is the distribution between two points in space. If a = 1
then the radial distribution is constant. Now definition 5 can be used for radial
a-unimodal distribution,

Theorem 5 ([13], theorem 3) For every P € &, there exists a unique mizture
distribution m € &, with

P() = [ d.()m(dz) (27)

A distribution can hence be formulated as a mixture of radial distribution. What
is important is that the « radial distributions are extremal in &,. The following
lemma is important for the a-unimodal bound,

Lemma 1 (Lemma 1 in [13]) For any a > 0 and z€ R", the mean value and the
second-order moment matriz of the radial distribution 5[‘5790] are given by ~S7x and
T

—“_xx', respectively

a+2

10
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This results,i.e. lemma 1, is then used in combination with theorem 2.4 and gives
the following theorem:

2.4.3 «o-Unimodal bound SDP theorem

Theorem 6 (a-Unimodal bound [13]) If = is a polytope of the form (3) with 0
€ =, the worst-case probability problem (P) with ambiguity set P (u, S) is equivalent
to:

k
sup P¢ =)= maxz/\i — T

PeZ,(u,S) i=1
subject to 2z €R™, Z; € S", \; eR,7; e R Vi=1,.. k
a2z >0,7,>0 Vi=1,..,k
Ti(a] 2)® > N Vi=1,..k (2.8)
at2 g L‘HM
> L - [“flﬁ 1 1
[ZZ i >0 Vi=1,..k

Now there is a variable a that determines what distributions are included in the
ambiguity set. When o — oo theorem 2.8 is the same as the Chebyshev inequality
and a = ng theorem 2.8 is the same as Gauss inequality.

Unfortunately, there is no method on how to find an optimal a but it seems like
a = ng, i.e. Gauss inequality, is optimal.

2.5 Minimum Volume Ellipsoid Approximation

The minimum volume ellipsoid approximation (MVEA) was formulated in [1] and is
a reformulation of 2.8 to a chance constrained linear program where the mean and
variance are estimated. First, the theorem for bounds on the moment uncertainty
is formulated and then the linear program is described.

2.5.1 Moment Uncertainty

In most practical problems the mean and the variance is estimated from data:
N i aN(ei T
=y Z — 2§ =mE R (2.9)

where N is the number of data, i is the estimated mean and S is the estimated
covariance. If these estimated means and covariance would be used for the previous
describe theorems, (2.3) (2.4) (2.8), the probability bounds would not be correct.
Van Parys et al. discuss this problem in the paper [13]. The authors write that the
first and second-order moments can be assumed to belong to an SDP-representable

11
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confidence set ., [13],

R €. C St (2.10)

P Iz

This condition can then be added to theorem 6 and the ambiguity would handle
uncertainty in both the mean and the covariance matrix. This results will however
not be used in this thesis and instead we use another result that bound the norm of
the difference between the true mean and the estimated mean respectively the true
covariance and the estimated covariance [16],

Corollary 1 ([16]) Let S be an N sample generated independently at random ac-
cording to a distribution P. Then with probability at least 1 — [ over the choice of

S, we have:
. R [ 1

Corollary 2 ([16]) Let S be an N sample generated independently at random ac-
cording to a distribution P. Then with probability at least 1 — [ over the choice of

S, we have:
A IR? 2
15— S < \/N(H 21nﬂ) - (2.12)

where R is the radius of the ball in feature space containing the support set of the
distribution where the data is centered around 0 and that,

N > <2+m>2

2.5.2 Distributional Robust Optimization

Distributional robust optimization is a way of reformulating chance constraint op-
timization. It considers all possible distributions in an ambiguity set with a given
mean and covariance,

minimize c¢'x
rzeX (213)
subject to P(g(z,£) <0)>1—¢ VP € Zy(u,%)

The ambiguity set here is the one described in (2.4). Assume that the uncertainty
is linearly in a(¢) and b(&) as,

W) = ap + 3 sty = o + At (214)

J=1

’ng R
b(€) =bo+ Y bi& = bo + BE

J=1

12
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From this the probability constraint in equation 2.13 can be formulated as,
b(x) — a(z)" > pl| S %a(@)l2 (2.15)
where p = (25)"/*(£)1/2. If we use robust theory and Corollary 1 and 2 we get
p=p+ddeR":|dl<nr (2.16)
and X
Y=Y+A AR |A|p <1y (2.17)
From this the distributional robust program can be written as,

minimize c¢'x
rzeX

subject to  b(z) — a(x) i —ril|lai()|2 > pll(Z + D) Y2a(x)||a, i=1,...,n,
(2.18)

2.6 Multivariate Chebyshev Inequality with Esti-
mated Mean and Variance

In the paper 'Multivariate Chebyshev Inequality with Estimated Mean and Vari-
ance’, [17], a method to find the Chebyshev bound for approximated mean and
variance, as in equation 2.9, is presented,
Theorem 7 ([17]) Let § € E" be a random variable and let N € Z>,.. Given
N+1 i.i.d. samples E(l), ...,S(N),ﬁ(NH) € R™ if we assume that X is nonsigular,
then for all X € R<g it holds that:

ng(NQ — 1+N>\2)

pN+1 ((£N+1 — ) TSRHE — ) > )\2) < min <1, DY > (2.19)

In the master thesis, 'Data-driven chance constraint optimization’ [1], the author
describes the uncertainty by formulating a ellipsoid ® that is dependent on the first
N samples,

PV (Ve (e, eM)) > 1 (2.20)
The ellipsoid is then defined using equation 2.19 as
1 N o

(W, M) = (- 5 E-p <1 (2.21)

where fi and 3 are the estimated mean and covariance from a dataset of N samples
and A is a changeable variable that determines the probability in 2.20. Now we
would like A to be dependent on € and hence we use equation 2.19,
ne(N? — 1+ N)?)
N2)\2

which gives the following equation for A

A=, m (2.23)
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This equation is valid as long as N > % and the following SOCP can be formulated:

minimize f(z)
reX X (2.24)
subject to  b;(z) — a(z) T > A2 a;(2)|2

2.7 Scenario approach

The scenario approach is a different way of reformulating chance constraints. It
was first introduced in [18] and has been further developed in [19]. The scanario
approach gives probability guarantees based on a random program with N i.i.d.
samples &1, ..., &N € 2 C R,

RP y : minimize x
N rex fiz) , (2.25)
subject to gz, M) <0 Vi=1,..,N.
Before the theorem can be formulated some assumptions and definitions have to be
presented first. For the optimization formulation in 2.25, the set X has to be convex
and the function g has to be convex in . The random program, 2.25, has to admit
a unique solution with probability one. Now the definitions for violation probability,
support constraint and Helly’s dimension will be presented.
Definition 8 (Violation probability[19]) The violation of an element x € R" is
the probability that there exists an element § € A for which the constraints are not
satisfied.
V(z) =P eR"™ :g(x,&) > 0) (2.26)

Definition 9 (Support constraint [19] ) A constraint €™ withr € {1,..., N} is
a support constraint for RPy if its removal changes the solution of RPy
Definition 10 (Helly’s dimension [19]) Helly’s dimension of RPy is the least
integer 6 such that ess sup ||[Sc(RPy)||ccz < 0 holds for any finite N> 1

The theorem is,

Theorem 8 ([19], Theorem 3.1) Consider problem 2.25, then either the problem
1s unfeasible or it is feasible and the following holds for its optimal solution x*

pN+ (gl, LEN €2 P(V () > e) < Z_: (JD (1 —e)N I (2.27)

j=1
This means that given a number of i.i.d. samples, there is a guarantee on the lower
probability bound. Equation 2.27 can be reformulated,

e 1
N > (c—1)e <9 —1+1In ﬁ) (2.28)

0= ng(ng -+ 1)

So the number of samples depends on ! and on the In 37!, where /3 is the confidence
level. So we can choose a high confidence level and not increasing N too much, but
if we choose ¢ we would need many samples. For example if ¢ = 0.01 and 5 = 0.01
then we would need 886 samples.
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2.8 Sum of Squares optimization

A sum of squares program is a linear program with constraints that are sum of
squares, (SOS), polynomials. A multivariate polynomial, p(zi,...,x,), of degree
2n is a sum of square polynomial if it can be expressed as sum of polynomials,

fi(x), fo(2), ..., fi(x) with degree n as:
p(z) =) fi(x)* (2.29)

This implies that every sum of square polynomial is positive polynomial. The poly-
nomial 2.29 can also be expressed with the positive semidefinite matrix Q as,

ple) = 27 (2)QZ () (2.30)

where Z(x) is a vector of monomials. This method is also referred to as the Gram
matrix method. SOS programs for finding the polynomials f;(z) are based on the
Positivstellensatz. The constraint in the SOS program will be:
N
ao(z) + > ai(z) fi(z) =0 (2.31)

i=1

where a; are constants. The optimization can be formulated as:

Find polynomials fi(z)
N
subject to ao(z) + ZZ:lczz(x)ﬁ(x) =0 (2.32)
i fZ<I>2 >0
i=1

The optimization 2.33 can also be formulated to minimize a linear cost ¢’ w where
w is a weight vector and ¢ the unknown coefficients of the polynomials f;(z).

2.8.1 Finding probability bound using SOS

In a paper by Bertsimas and Popescu, [20], a SOS program for finding the bound of a
univariate random program was described. The optimization program is formulated
as:

minimize amg + bmy + cmeo
subject to a +bx +cx? > 0Vr €R (2.33)
a+br + ca? > 1 Vo ¢ Event set

where mg = 1,m; = u and my = p? + 0. This is only valid for univariate variables
and will therefore not be used for optimization of the fuel cell bus.
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Applications

In this chapter different relaxations of the chance constraint are tested on a case.
The case consider minimizing the fuel consumption of an electric bus that is powered
by a battery and a fuel cell. A fuel cell has better efficiency, lower noise level and
lower emission, actually zero emission, compared to a combustion engine, [21] and
[22]. If the fuel cell is paired with a battery and if regenerative braking is used, the
efficiency may be improved even more.

In this case the speed and the mass of the bus are stochastically uncertain. The
speed is for example varying due to traffic and the mass is varying depending on the
number of passengers. The fuel consumption is minimized by controlling the use of
the fuel cell and the battery.

3.1 Fuel cell powertrain

In this thesis a series configuration for the fuel cell vehicle will be used, see Fig. 3.1.

Fuel

Motor & Trans-
Controller mission

Energy
Storage

Figure 3.1: Series powertrain configuration for fuel cell vehicle, taken from [2]. Pg
and Pg are power from fuel cells and the energy storage, i.e. the battery. Py, is
the power that is demanded by the electric motor.

The state equation for the battery is,

Ep(k+1) = Eg(k) — Pp(k)At
Withpdem:PF+PB

where Ep is the energy of the battery, called state of charge (SOC), Py, is the
demanded power from the electric motor, Pg is the power output from the battery

17
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and Pp is the power from the fuel cell. If Pz > 0 the energy in the battery is
decreasing and if Pg < 0, i.e. regeneration, the energy in the battery is increasing.
Since the eigenvalue for the system is A = 1 the system is marginally stable.

3.1.1 Longitudinal vehicle dynamics

The vehicle is modelled as a simple point mass moving in a hilly terrain. The velocity
v(t) and distance travelled s(t) starting from the beginning of the horizon are

5(t) = v(t) (3.1)
mi(t) = Fy(t) + Foc(t) — Fa(a) — Fa(v) (3.2)

where Fy, is wheel force delivered by the engine and Fj,; < 0 is the breaking force
at the wheels. The forces F,(«) and F,;;(v) are given as

F, (o) = mg(sin a(s) + ¢ cos a(s)) (3.3)
Fair(v) = Mdéfvz(t) (3.4)

where m is vehicle mass, ¢ = 9.81m/s? is gravitational acceleration, ¢, is rolling
friction coefficient between the road and wheels; p,, cq and A; are air density, aero-
dynamic drag and vehicle’s frontal area, respectively. The road slope a(s) is assumed
to be given. Similar mathematical models are considered in [23]. The relationship
between power and force is P = Fwv and therefore can the demanded power be
formulated as:

pacaAr3(t)

2
where the braking force is not included since full regeneration of braking is consid-
ered. Since the power demand is the only variable that is depended on the speed
and the mass of the bus, it can be consider stochstically uncertain.

Pier, = miv + + vmg(sin a(s) + ¢ cos a(s)) (3.5)

3.1.2 Fuel consumption and optimization formulation

The fuel consumption is described by the following equation,
F = ay+ a, Pr + ay P

where F is the fuel consumption, ag, a; and ay are constants. This formulation of the
fuel consumption was also used in [24]. The optimization problem, i.e. to minimize
the fuel consumption, can be formulated as:

t
minimize / ! Ct(ag + a1 Pr(t) + aaPr(t)?) — C.Ep(t)dt (3.6a)
Pp,Ep 0
subject to
EB(O) = EBO
Ep=-Pp

Piem = Pr+ Pp
EBmin S EB S EBmax
PBmz‘nSPB SPBmax

18
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where Cf is the cost of hydrogen in currency/kg, Cp is the electric power cost in
currency/kJ and t; is the time when the route is completed. Py, depends on the
velocity of the vehicle which is non-deterministic and the road topography. A distri-
bution for P, will be calculated from the bus line data and then different types of
chance constraint programs will be used and compared to solve this minimization.
For this case we simplify the fuel cost to a linear function,

FICL1PF

where a; = 17.75. Since ag is close to zero, because of low fuel consumption when
the vehicle is idling, this is ignored and will not affect the optimization.

3.2 Optimization formulation

The optimization formulation where P is decision variables and the integral, (3.6a),
have been discretized using first order Euler discretization, can be formulated as:

minimize C.PgTAt — C.Epy— a1CPpTAt

Pp
subject to Eg = —M - Pg - At + Epy
Emin < EB < EBmas
Ppin < PB < Pma
Pg > Pdem — Prmaz
Pg < max(Pgem, Pmin)

(3.7)

1 00 0
110 0
M=11 11 0
111 ... 1

where Eg,in and Epp.. are the lower and upper bound for the SOC of the battery,
Pgin and Ppg... are the lower and upper bound of the output power from the
battery, Prpq. is the maximal power from the fuel cell and At is the time interval
between each sample. If the data is sampled in space then At = v/As, where As
is the sample distance in space and v the speed in that sample interval. The only
variable that is stochastically uncertain is the P, and hence all constraints with
Py, becomes chance constraints.

3.3 Data from 20 runs on a specific bus route

The data used in this thesis is from bus line 17 in Gothenburg. The data was
gathered at 1 Hz and for 20 passes, [25]. The road topography of the route can be
seen in Figure 3.2, the data gathered of the velocity can be seen in Figure 3.3 and

the data of the varying mass, due to varying amount of passengers, can be seen in
Figure 3.4.
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Figure 3.2: The road altitude for the bus route.
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Figure 3.3: The speed data for the different bus driving test.
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Figure 3.4: The mass data for the different bus driving test.

The data is gathered every second and is, therefore, time-dependent. However, the
data is not comparable in time since the bus will be in different parts of the route
at the same time. This is due to varying speed because of traffic and different
bus drivers. Therefore the data is transformed to be distance dependent which
can be done since the distance travelled was also measured. The transformation
is calculated by first interpolating the data to get more data points and then all
measurements for every 10 meter is gathered, i.e the sampling interval is 10 meters.
The power demanded is calculated for each specific test. From these calculations, a
mean and a variance for the power demand are calculated. These are then used to
fit a normal distribution which i.i.d samples are drawn from.

The final data in this thesis is therefore artificial but is based on real data. There
are two reason why this is done. The first is that the real data set is to small and
gives a unrealistic high variance. The second reason is that the number of data
points can be changed which gives extra freedom for the methods described in the

theory section, 2. The mean and the standard deviation of the data can be seen in
Figure 3.5 and Figure 3.6.
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Figure 3.5: The mean of the power demand, Pj,,.
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Figure 3.6: The standard deviation of the power demand, Pj,,.

3.4 Results

In this section, the results for running the optimization methods from the theory
chapter will be presented. First, the MVEA will be compared with the scenario
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approach for a control input with no feedback, i.e open-loop. Then the optimization
is formulated as a model predictive control problem for the multivariate Chebyshev
inequality with estimated mean and variance, MCEMYV, and the scenario approach
with a horizon of 100 samples, i.e. 1 km. The number of samples for each method
is the same, ¢ = 0.1 and the confidence level is § = 0.01. Therefore these results are
the optimal solution for 90 % of the cases.

3.4.1 Open loop optimization

The results from the optimization are the power from the fuel cell and the battery,
see Figures 3.13, 3.9 and 3.11, as well as the SOC of the battery, see figures 3.14,
3.10 and 3.12. The total power use from the fuel cell for the methods are shown
in table 3.4.1. The scenario approach uses the least power from the fuel cell and
thereby is the most effective method for open loop. The MVEA does not perform
very well which might have to do with the fact that it depends on the dimension of
the uncertainty which grows with the horizon.

Used battery power and fuel cell power for a=1, Energy 5087.58kJ

[
Ml 7Pf
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M\J |

0 1 000 2000 3000 4000 5000 6000 7000 8000 9000
Distance [m]

Figure 3.7: The power from the battery and fuel cell delivered to the electric motor
over distance when using MVEA with a = ne = 1. The optimal is to use as much
of the battery power as possible.
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Figure 3.8: The state of charge of the battery. In the end of the driving cycle the
battery reaches is lowest value.

200 Used battery power and fuel cell power for a=Inf, Energy = 5194.5878kJ
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Figure 3.9: The power from the battery and fuel cell delivered to the electric motor
over distance when using MVEA with a = co. The optimal is to use as much of the
battery power as possible.
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Figure 3.10: The state of charge of the battery. In the end of the driving cycle
the battery reaches is lowest value.
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Figure 3.11: The power from the battery and fuel cell delivered to the electric
motor over distance when using SA. The optimal is to use as much of the battery
power as possible.
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Figure 3.12: The state of charge of the battery. In the end of the driving cycle
the battery reaches is lowest value.

200 Used battery power and fuel cell power for a=1, Energy = 4982.8035kJ
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Figure 3.13: The power from the battery and fuel cell delivered to the electric
motor over distance when using MVEA with o = ng = 1 and exact mean and
variance. The optimal is to use as much of the battery power as possible.
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Figure 3.14: The state of charge of the battery. In the end of the driving cycle
the battery reaches is lowest value.

Method MVEA, a =1 | MVEA, a =00 | SA | Mean | Exact
Consumption [kJ] | 5087 5194 4730 | 4500 | 4982

Table 3.1: The fuel consumption in kJ for the different methods in open loop. The
exact method is when the mean and variance are considered to be exactly known.
Clearly the scenario approach gives the lowest fuel consumption.

3.4.2 Closed loop optimization

Now the methods are compared in closed-loop. Since the closed loop contributes
to a change in the dynamics of the system it might be hard to compare the results
in this part. Also, what horizon is used might affect the solution differently for the
MCEMYV and the SA. The results for the closed-loop, therefore, have to be taken
with a pinch of salt. The results from the optimization are the power from the fuel
cell and the battery, see Figures 3.15 and 3.17, as well as the SOC of the battery,
see figures 3.16 and 3.18. Due to the length of the horizon, too much power from
the battery is used in the beginning and therefore more power from the fuel cell has
to be used at the end of the driving cycle. This is less optimal, more fuel is used,
then the solution for the open-loop optimization.
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250 Used battery power and fuel cell power, Energy = 5788.642kJ
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Figure 3.15: The power from the battery and fuel cell delivered to the electric
motor over distance when using MCEMYV. The optimal is to use as much of the
battery power as possible.
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Figure 3.16: The state of charge of the battery. In the end of the driving cycle
the battery reaches is lowest value.
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Used battery power and fuel cell power, Energy = 5274.3839kJ
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Figure 3.17: The power from the battery and fuel cell delivered to the electric
motor over distance when using SA. The optimal is to use as much of the battery

power as possible.
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Figure 3.18: The state of charge of the battery. In the end of the driving cycle

the battery reaches is lowest value.

Method

SA

MCEMV

Fuel consumption [kJ]

5274

5704

Table 3.2: The fuel consumption for the different methods in closed-loop.
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3.4.3 Discussion

The scenario approach is the best method for both the open-loop and closed-loop
cases. For the MVEA method o = 1, i.e. Gauss inequality, gives better results
compared to a = oo. This is expected since the Gauss inequality is less conservative
compared to the Chebyshev inequality. The difference in consumption between the
exact solution and MVEA is only 100-200 kJ which indicates that the estimation
of the mean and variance are not too conservative. Also, the difference between a
deterministic optimization, where the model is optimized with respect to the mean
of Py, is only 130-700 kJ better than the chance constraint methods. In general,
the chance constraint methods are not too conservative. The computation times
between the different methods are similar. One would expect that SA would be the
worst, computationally-wise, because it has one constraint for each data point. But
for this case only the maximal P, will be used as a constraint, i.e. the worst case,
and the other constraints will be neglected.

It is also important to point out that for SA the number of data points determines
what confidence is given to the chance constraint. When the number of data points
are increasing the higher confidence and when N — oo the scenario approach is
equal to a robust optimization. However, for MVEA and MCEMYV the confidence
is fixed and the bounds become less conservative when the number of data points
are increasing. Therefore would probably MVEA and MCEMYV performs better
compared to SA for a very high number of data points.
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Conclusion

In this thesis different methods for finding the probability bound was presented. The
methods are Chebyshev inequality, Gauss inequality, scenario approach and sum of
squares optimization. Theorems for how these methods can be used for multivariate
random variable as well as for estimated mean and variance was presented. These
methods were then used for minimizing the fuel consumption for a bus with a fuel
cell powertrain. The results show that the scenario approach gives the best results
for both open-loop and closed-loop configuration. The difference in consumption
between the exact solution and MVEA is only 100-200 kJ which indicates that the
estimation of the mean and variance are not too conservative. Also, the difference
between a deterministic optimization, where the model is optimized with respect to
the mean of Py, is only 130-700 kJ better than the chance constraint methods. In
general, the chance constraint methods are not too conservative. The computation
times between the different methods are similar. One would expect that SA would
be the worst, computationally-wise, because it has one constraint for each data
point. But for this case only the maximal P, will be used as a constraint, i.e. the
worst case, and the other constraints will be neglected.

4.1 Future work

Future work can be done on other methods to find the probability bounds. Such
as the sum of squares optimization and how to use that for multivariate random
variables. If information of higher order moments can be included in these methods
the bounds would probably be less conservative. There is no method that uses
higher order moments and this would then be an important contribution.

There are no methods for finding an optimal « for the a-unimodal bound. From
what can be concluded from this thesis it seems like v = n¢ is optimal but there are
no proofs for this.

It would also be interesting to apply these methods to a more complex case. What
if the route is unknown for the vehicle, which is the case for most cars. Different
types of configurations of the powertrain would be interesting to compare.
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