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Learning Neural SDEs for Bayesian Filtering and Smoothing
A study of loss functions in adversarial training
Gustav Birath Blom and Isak Nilsson
Department of Mathematical Sciences
Chalmers University of Technology

Abstract
This thesis investigates neural stochastic differential equations (neural SDEs) trained
within a Wasserstein Generative Adversarial Network (WGAN) framework to ap-
proximate conditional probability distributions of trajectories, with applications in
radar-based tracking. The study focuses on how different loss functions impact model
performance for smoothing (estimating past states) and filtering (estimating current
state) from noisy observations. Experiments in one- and two-dimensions show that
neural SDEs effectively capture complex nonlinear dynamics and uncertainty relevant
to radar tracking. Future research directions include extending the state space with
additional physical quantities, incorporating Lévy jump processes, and refining loss
functions for better accuracy around observations. In general, the study demonstrates
the feasibility and versatility of WGAN-trained neural SDEs for Bayesian filtering
and smoothing.

Keywords: Neural SDEs, Wasserstein GAN, Adversarial Training, Bayesian Infer-
ence, Path Signatures, Particle Filtering, Doob’s h-Transform, Girsanov’s Theorem,
Filtering, Smoothing, Generative Models, Stochastic Processes.
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1
Introduction

Military air defense systems are designed to protect people and infrastructure by
constantly monitoring the airspace for potential threats. Central to these systems is
radar technology, which uses electromagnetic pulses to detect and track objects such
as missiles, drones, and aircraft. The signals re�ected from these objects generate
data that help estimate their trajectories, identify possible threats, and distinguish
between friendly and hostile targets. The ability to precisely track objects in real
time is vital to anticipate their behavior and e�ectively respond to emerging threats.

Modern air defense situations have become more challenging due to the increased
complexity and unpredictable movement of newer threats. Traditional radar tracking
methods often rely on simpli�ed mathematical models and use excessive random noise
to account for. Although these models are easy to compute, they may not capture the
complex, nonlinear behavior seen in real scenarios and can lead to reduced accuracy.

To address this, we investigate the use of neural stochastic di�erential equations
(neural SDEs) as a target model. Neural SDEs combine stochastic models, described
using di�erential equations that include randomness, with the �exibility of neural
networks to better capture complex behavior. This makes them especially interesting
for radar-based tracking of di�cult or unpredictable targets.

This thesis investigates how di�erent ways of representing the observed trajecto-
ries, in particular through the choice of loss functions, a�ect how well neural SDEs
can approximate the true conditional probability distribution of the path of the
target. Speci�cally, we study how well these models can learn the distribution
�

�
(X t )t � 0 j Z1:N

�
, whereX t represents the latent state of the system at timet � such

as position, velocity, or other relevant physical quantities � andZ1:N is a set of noisy
observations at timest i ; i = 1; : : : ; N along the trajectory.

We show that neural SDEs can e�ectively learn the true conditional distribution of
the trajectories. In particular, we found that multiple loss functions perform well,
and we were able to identify aspects of performance where one path representation
outperforms another. Each method has its own strengths, making them useful tools
in di�erent modeling contexts. Although our experiments have focused on simpli�ed
test cases compared to reality, the strong performance of multiple methods suggests
that neural SDEs could o�er a valid and �exible approach in more complex tracking
scenarios, such as those involving higher-dimensional systems or more realistic and
uncertain dynamics. Successful adaptation to those scenarios would further demon-
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1. Introduction

strate their potential for use within tracking systems.

To provide the theoretical background and methodological development underly-
ing these results, the thesis begins in Chapter 2 with the necessary mathematical
foundations, introducing SDEs, conditional SDEs, and particle �ltering. Chapter 3
presents the theory of path signatures, a method for capturing important structure
in trajectories. In Chapter 4, we describe the Wasserstein Generative Adversarial
Network (WGAN) framework used to train neural SDEs to generate trajectories
conditioned on observed data. Furthermore, Chapters 5 and 6 detail the implementa-
tion of neural SDEs for smoothing (estimating past states) and �ltering (estimating
current state). These chapters also examine how di�erent representations of paths
in�uence model training, especially with respect to learning stability and conver-
gence. Chapters 7 and 8 present the results for the smoothing and �ltering problems,
respectively, as applied to a set of test cases. Finally, Chapter 9 discusses these
results in a broader context, highlighting both their implications and limitations. It
also outlines several directions for future work, identifying opportunities to further
improve model performance and extend the applicability of the WGAN-based neural
SDE framework.

2



2
Stochastic Di�erential Equations

This chapter introduces the theory of stochastic di�erential equations (SDEs), which
forms the basis for the models used throughout this thesis. We begin by showing
when an SDE has a well-de�ned solution � speci�cally, when a strong unique solution
exists. We then describe key mathematical tools for analyzing the evolution of such
processes, including the Markov property, transition densities, and the in�nitesimal
generator.

Next, we show how conditioning SDEs on observations using Doob'sh-transform
results in a drift correction. Subsequently, we formulate an expression that the
optimal drift correction satis�es. Naturally, this guides us towards the notion of path
measures, which illustrates how the likelihood of di�erent paths is altered under a
particular drift adjustment, as explained by Girsanov's theorem.

These ideas enable the use of SDEs in particle �lters, which are Monte Carlo (MC)
methods that approximate distributions over trajectories with weighted particles.
The chapter ends with a short description of the Euler�Maruyama method, which
provides a simple numerical scheme to simulate solutions to SDEs.

2.1 De�nition and properties of SDEs

Assume that
�

 ; F ; (F t )t � 0; P

�
is a �ltered probability space and let W = ( Wt )t � 0

be ad dimensional Brownian motion adapted to(F t )t � 0. We start by de�ning an
SDE in Rd.

De�nition 1 (Stochastic Di�erential Equation) . An SDE in Rd is given by

dX t = � (X t ; t) dt + � (X t ; t) dWt ; t � 0; X 0 � Q; (2.1)

where the drift � : Rd � [0; 1 ) ! Rd and di�usion � : Rd � [0; 1 ) ! Rd� d are
measurable functions adapted to(F t )t � 0, and X 0 (with F0-measurability) is the
initial condition drawn from some distribution Q.

The standard way of writing an SDE in(2.1) is shorthand for the integral equation,

X t = X 0 +
Z t

0
� (X s; s) ds +

Z t

0
� (X s; s) dWs; t � 0:

where the second integral is de�ned in the Itô sense. Furthermore, a strong solution
is a processX = ( X t )t � 0 that is adapted to (F t )t � 0 and satis�es the integral equation
almost surely.

3



2. Stochastic Di�erential Equations

2.1.1 Conditions for strong solutions

To ensure that the above SDE(2.1) admits a unique strong solution, we must impose
some conditions on� and � , as well as on the initial conditionX 0. These assumptions
are presented in the following.

1. Lipschitz continuity. There is a constantK > 0 such that for all x; y 2 Rd

and t � 0,

k� (x; t ) � � (y; t)k + k� (x; t ) � � (y; t)kF � K kx � yk;

wherek � k is the euclidean norm andk � kF is the Frobenius norm.

2. Linear (or a�ne) growth. There is a constantC > 0 such that for all
x 2 Rd and t � 0,

k� (x; t )k + k� (x; t )kF � C
�
1 + kxk

�
:

3. Square-integrable initial condition. The random vectorX 0 is F0-measurable
with E

h
kX 0k2

i
< 1 .

Under these hypotheses, the following theorem (based on a standard Picard iteration
argument) asserts that there is exactly one strong solution to(2.1). We argue that
these are reasonable assumptions for the target models in this project, which are
physically derived SDEs.

Theorem 1 (Existence and Uniqueness of a Strong Solution). If � and � satisfy the
Lipschitz and linear growth conditions andX 0 is square integrable, then there exists
a unique strong solutionX to (2.1). In particular, there is a unique adapted process
that satis�es

X t = X 0 +
Z t

0
�

�
X s; s

�
ds +

Z t

0
�

�
X s; s

�
dWs; t � 0;

almost surely. For a detailed proof, see Theorem 5.2.1 in [1].

2.1.2 Markov property and transition densities

Having established the existence and uniqueness of solutions to SDEs, we now explore
a fundamental property of these processes: the Markov property.

De�nition 2 (Time-Inhomogeneous Markov Process). A stochastic processX taking
values inRd is said to be a time-inhomogeneous Markov process if

P
�
X t+ � 2 A j F t

�
= P

�
X t+ � 2 A j X t

�
;

for all �; t � 0 and all Borel setsA � Rd.

Intuitively, the Markov property states that the future evolution of X depends solely
on its present state and the current time, rather than on the entire past trajectory.
Furthermore, a concept that will be important in our setting is that of absolute
continuity between measures.

4



2. Stochastic Di�erential Equations

De�nition 3. Let (
 ; F ) be a measurable space, and letU and V be two measures
on (
 ; F ). We sayV is absolutely continuouswith respect to U if for all A 2 F the
property U(A) = 0 implies V(A) = 0 .

Next, with X being a Markov process, we de�ne the propagator, which is an operator
family (Tt+ �;t )t+ � � t � 0, operating on suitable test functionsf as

(Tt+ �;t f )(x) = E[f (X t+ � ) j X t = x]:

Choosingf (X t ) = I A (X t ) gives us the transition probability P(t + �; A j X t ; t) as

P(t + �; A j X t ; t) = ( Tt+ �;t I A )(X t )

= E[I A (X t+ � ) j X t ]

= P(X t+ � 2 A j X t ):

When this kernel is absolutely continuous with respect to the Lebesgue measure on
Rd, the transition density � (X t+ � ; t + � j X t ; t) is de�ned as

� (X t+ � = y; t + � j X t ; t) dy = P(X t+ � 2 dy j X t ; t):

The di�erence between the transition probability and the transition density is that
the transition probability gives the probability of moving from the state X t to a
Borel set A, while the transition density speci�es the probability of transitioning
from X t to a speci�c point X t+ � . However, they are closely related in the sense that
by integrating over the transition density one obtains the transition probability

P(t + �; A j X t ; t) =
Z

A
� (X t+ � = y; t + � j X t ; t) dy:

To study functions of Markov processes, we now introduce a fundamental result:
Itô's formula, which is the stochastic analogue of the chain rule.

Lemma 1 (Itô's formula) . Assume thatX is a Markov process and consider an arbi-
trary di�erentiable (scalar) function � (X t ; t) of the process. Then the Itô di�erential
of � , that is, the Itô SDE for � , is given as

d� (X t ; t) =
@�(X t ; t)

@t
dt + ( r � (X t ; t))> dX t +

1
2

D
r 2� (X t ; t); dX t dX >

t

E

F
;

whereh�; �i F is the Frobenius inner product.

Note that the gradient here is with respect toX t . If nothing else is stated, this will
always be the case in this report. Next, we introduce the in�nitesimal generator
using the propagator.

De�nition 4 (Generator). Let X be a Markov process taking values inRd. For any
scalar test function� 2 C1

K (R), the in�nitesimal generator A acts on� by

A � (x) = lim
� # 0

(Tt+ �;t )� (x) � � (x)
�

= lim
� # 0

E[� (X t+ � ) j X t = x] � � (x)
�

;

where the limit is with respect to the supremum-norm.

5



2. Stochastic Di�erential Equations

Furthermore, whenX is a solution to an SDE, the in�nitesimal generator can be
written in di�erential operator form.

Lemma 2. Consider a solution to the SDE

dX t = � (X t ; t) dt + � (X t ; t) dWt :

Let � be a scalar-valued function onRd. Then, the in�nitesimal generator A acts on
� as

A � (X t ) = h�; r � (X t )i +
1
2

D
�� > ; r 2� (X t )

E

F
:

A detailed proof is provided in Theorem 7.3.3 in [1], which is based on Itô's formula.
The lemma tells us that the generatorA completely encodes the instantaneous
dynamics of the SDE by dictating how test functions� (X t ) evolve on average over
an in�nitesimal increment of time. We can similarly show that for time dependent
test functions � (X t ; t) the (generalized) generator

A t � (X t ; t) = lim
� # 0

E[� (X t+ � ; t + � ) j X t ; ] � � (X t ; t)
�

;

takes the form

A t � (X t ; t) =
@�(X t ; t)

@t
+ h�; r � (X t ; t)i +

1
2

D
�� > ; r 2� (X t ; t)

E

F
= ( @t + A)� (X t ; t):

Note the extra partial derivative @t � (X t ; t) = @�(X t ; t)=@twhen using a time de-
pendent test function. With the foundational properties and operators of SDEs
established, we now consider conditioning these processes on observational data.

2.2 Conditioned SDEs

Consider the SDE

dX t = � (X t ; t) dt + � (X t ; t) dWt ; t � 0; X 0 = x0: (2.2)

Let
Zk = X tk + � k ; � k � N (0; � 2

Z ); k = 1; 2; :::; N;

be a discrete-time measurement process, wheretk denotes the time of thek-th
observation and� 2

Z is the variance of the independent Gaussian measurement noise
� k . We are interested in conditioning this SDE on observationsZ1:N . To do this, we
will introduce the Doob's h-transform which provides a way to modify the behavior of
a Markov process by reweighting its transition probabilities using a strictly positive
function h. This transformation leads to a new SDE with adjusted drift, whereh
can be chosen to re�ect the conditioning in which we are interested.
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2.2.1 Doob's h-transform

We begin by establishing some properties needed for the derivation of the Doob's
h-transform. Recall that � (X t+ � ; t + � j X t ; t) is the transition density of an SDE-
driven Markov processX . We assume the existence of a strictly positive function
h : Rd � [0; 1 ) ! (0; 1 ) satisfying the space-time regularity condition

h(t; X t ) =
Z

� (X t+ � = y; t + � j X t ; t) h(t + �; X t+ � = y) dy; (2.3)

for all t; � � 0 and x 2 Rd. This property establishes a strong link betweenh(t; X t )
and the future evolution ofX t . Using h, we de�ne a new transition density

� h(X t+ � ; t + � j X t ; t) = � (X t+ � ; t + � j X t ; t)
h(t + �; X t+ � )

h(t; X t )
: (2.4)

Intuitively, this transformation modi�es the probability of transitioning between
states by reweighting the original kernel using the ratioh(t + �; X t+ � )=h(t; X t ). We
show that this new transition density is indeed a probability density.

Proposition 1. If h satis�es (2.3), then � h(X t+ � ; t + � j X t ; t) is a valid probability
density, meaning Z

� h(X t+ � = y; t + � j X t ; t) dy = 1;

for all t; � � 0 and x 2 Rd.

Proof. By substituting (2.4) we get

Z
� h(X t+ � = y; t+ � j X t ; t) dy =

Z
� (X t+ � = y; t+ � j X t ; t)

h(t + �; X t+ � = y)
h(t; X t )

dy:

Rearranging, we obtain

1
h(t; X t )

Z
� (X t+ � = y; t + � j X t ; t) h(t + �; X t+ � = y) dy:

From (2.3), the integral simpli�es to h(t; X t ), leading to

h(t; X t )
h(t; X t )

= 1:

Thus, � h(X t+ � ; t + � j X t ; t) is a valid probability density.

This result con�rms that � h(� j X t ; t) de�nes a proper Markov transition density,
resulting in a new Markov process, denotedX h. To derive Doob'sh-transform, we
must �rst establish an additional property of h.

Proposition 2. In addition to (2.3), let A t be the in�nitesimal generator of the
original process. Thenh satis�es

A th(t; X t ) = 0 :

7
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Proof. Recall that for a time-inhomogeneous Markov process with transition density
� (� j X t ; t), the generator satis�es

A t � (X t ; t) = lim
� ! 0

E[� (X t+ � ; t + � ) j X t ] � � (X t ; t)
�

;

for a test function � . Substituting � = h and applying (2.3) we get

E[h(X t+ � ; t + � ) j X t ] =
Z

� (X t+ � = y; t + � j X t ; t)h(t + �; X t+ � = y) dy = h(t; X t ):

Thus, the numerator simpli�es to h(t; X t ) � h(t; X t ) = 0 , giving

A th(t; X t ) = lim
� ! 0

0
�

= 0:

To see how Doob'sh-transform a�ects the generator and in turn the drift term, we
compute the generatorA h of the newly constructed process with transition density
� h(X t+ � ; t + � j X t ; t). Using the de�nition of ph from (2.4) and applying the generator
A h � , we obtain

A h � := lim
� # 0

Eh
h
� (X t+ � )j X t ] � � (X t )

�

= lim
� # 0

E
h
� (X t+ � )h(t + �; X t+ � )j X t ] � � (X t )h(t; X t )

�h (t; X t )

=
1

h(t; X t )
A t f � (X t )h(t; X t )g:

The arguments will not be needed, so we suppresst and X t for the rest of the
calculation. We use the product rule and rearrange terms to get

A t f �h g = � � A th + h�; r � � hi +
D
�� > ; r � r h

E

F
+

1
2

D
�� > ; r 2� � h

E

F
:

SinceA th = 0, the �rst term vanishes. Hence,

A h � = h�; r � i +

*

�� > ; r �
r h
h

+

F

+
1
2

D
�� > ; r 2�

E

F
:

It follows (by identi�cation of terms) that the new, h-transformed SDE can be written
as

dX t =

"

� (X t ; t) + � (X t ; t) � > (X t ; t)
r h(t; X t )
h(t; X t )

#

dt + � (X t ; t) dWt

=

"

� (X t ; t) + � (X t ; t) � > (X t ; t) r logh(t; X t )

#

dt + � (X t ; t) dWt :

8
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2.2.2 Conditioning the SDE on observations

Incorporating the Doob'sh-transform into our problem formulation is quite natural.
Instead of considering the usual transition density� (X t+ � = y; t + � j X t ; t), we now
condition it on the sequence of observationsZ1:N , leading to

� h(X t+ � ; t + � j X t ; t) = p(X t+ � j X t ; Z1:N ):

To proceed, we assume that the time index satis�estk < t < t + � � tk+1 and apply
the following steps

p(X t+ � j X t ; Z1:N ) =
p(X t+ � ; X t ; Z1:N )

p(X t ; Z1:N )

=
p(Zk+1: N j X t+ � ; X t ; Z1:k)p(X t+ � ; X t ; Z1:k)

p(Zk+1: N j X t ; Z1:k)p(X t ; Z1:k)

=
p(Zk+1: N j X t+ � )p(X t+ � j X t ; Z1:k)p(X t ; Z1:k)

p(Zk+1: N j X t ; Z1:k)p(X t ; Z1:k)

= p(X t+ � j X t )
p(Zk+1: N j X t+ � )
p(Zk+1: N j X t )

:

Next, we de�ne the function

h(t + �; X t+ � ) = p(Zk+1: N j X t+ � );

which allows us to express the reweighted transition density as

� h(X t+ � ; t + � j X t ; t) = � (X t+ � ; t + � j X t ; t)
h(t + �; X t+ � )

h(t; X t )
:

Thus, we can interpret the transformed process as one that follows a modi�ed SDE,
provided that h satis�es the condition required by(2.3). To verify this, we compute

Z
� (X t+ � = y; t + � j X t ; t)h(t + �; X t+ � = y) dy

Z
� (X t+ � = y; t + � j X t ; t)p(Zk+1: N j X t+ � = y) dy

=
Z

p(X t+ � = y j X t )p(Zk+1: N j X t+ � = y) dy

=
Z

p(Zk+1: N ; X t+ � = y j X t ) dy

= p(Zk+1: N j X t ) = h(t; X t ):

The derivation above has led us to theh-transformed SDE that governs the condi-
tioned process.

9
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Theorem 2 (Doob h-transformed SDE conditioned on observations). Given a set of
observationsZ1:N , the original SDE (2.2), when conditioned on these observations,
de�nes a new process whose evolution is governed by the modi�ed SDE

dX t =
h
� (X t ; t) + � (X t ; t) � > (X t ; t)r logp(Zk+1: N j X t )

i
dt + � (X t ; t) dWt ;

for t 2 [tk ; tk+1 ] and initial condition X 0 = x0.

It is important to note that the term r logp(Zk+1: N j X t ) generally does not admit
an analytical solution. Although closed-form expressions can be derived for certain
SDEs, such as linear ones, this is typically not possible for more complex processes.
This term contains signi�cant information that informs the modeling framework for
neural SDEs. In particular, it reveals that only future observations in�uence the
adjusted drift term. Moreover, the fact that this quantity represents the gradient
of the observation log-likelihood with respect to the stateX t provides additional
insight into the underlying process, even if it does not directly impact the formulation
of the neural SDE. Intuitively, it means that we steer the process so that future
observations have higher likelihood.

We have now established the necessary theory for the smoothing problem, that is,
estimating the distribution of past states given past, current, and future observations.
Speci�cally, we have shown that the conditioned SDE has a modi�ed drift term
that depends on the current state, time, and only future observations. In the next
sections, we build on this theory, leading up to how SDEs can be used within particle
�lters to solve the �ltering problem, that is, estimating the distribution of the current
state given observations up to the current time.

2.2.3 Optimal control perspective

As we saw in Section 2.2.2, Doob'sh-transform gives rise to an additional drift term
�� > r logh in the SDE. In our caseh(X t ; t; Z 1:N ) = p(Zk+1: N j X t ). In this section,
we consider a controlled SDE, which is the original SDE plus an additional drift term.
It turns out that the conditional SDE produced by Doob'sh-transform satis�es a cer-
tain optimal control problem. This is helpful because the optimal control perspective
is both instructive and gives access to other solution methods. Here, we only present
a rough sketch of the approach, and refer to [2] for the inspiration for this presentation.

In this context, we only consider the case of a single observation (N = 1). Assume
that the observation Z = Z1 is made in the end at timeT. Furthermore, we only
consider time-homogeneous SDEs, meaning� and � only depends onX t . We de�ne
the control function u : Rd � [0; T] � Rd ! Rd. A controlled SDE is an SDE on the
form

dX u;Z
t =

�

� (X u;Z
t ) + � (X u;Z

t )u(X u;Z
t ; t; Z )

�

dt + � (X u;Z
t ) dWt ;

whereX u;Z is a controlled process. To complete the control problem, a cost functional
needs to be speci�ed. It is possible to choose it such that the optimal control is given

10
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by Doob's h-trasform, see [3]. We then have the optimal control

u?(X t ; t; Z ) = � > (X t )r logp(Z j X t ):

We recall that h satis�es the equation

(@t + A)h = 0 (2.5)

with the terminal condition h(X T ; T; Z) = p(Z j X T ). De�ne the value function as
v(X t ; t; Z ) = � log[h(X t ; t; Z )]. Given that h satis�es (2.5), one can verify that the
value function v must satisfy

(@t + A)v =
1
2

k� > r vk2

with the terminal condition v(X T ; T; Z) = � log[p(Z j X T )]. Let X u;Z be a controlled
process, driven by the Brownian motionW and with a given control u, and de�ne
the processVt = v(X u;Z

t ; t; Z ). The generator of the controlled processX u;Z is then
given by

A u;t;Z � = A � + h�u; r � i :

Thus, applying the generalized generator to the value functionv yields

(@t + A u;t;Z )v =
1
2

k� > r vk2 + h�u; r vi =
1
2

k� > r vk2 +
D
u; � > r v

E
: (2.6)

Let Yt = � > (X u;Z
t )r v(X u;Z

t ; t; Z ). Applying Itô's formula on Vt and using (2.6)
results in

VT = Vs +
Z T

s

1
2

kYtk2 + hu; Yt i dt +
Z T

s
hYt ; dWt i ; (2.7)

with VT = � log[p(Z j X u;Z
T )]. Note here that W in the second integral is the same

Brownian motion that generatedX u;Z and that the pair of processes(Vt ; Yt ) is the
unique solution to (2.7). This system of equations constitutes a so called forward
backward stochastic di�erential equation (FBSDE) whereV is a backward SDE.
Crucially, the control problem is constructed such that if we solve the FBSDE, the
optimal control is obtained.

2.2.4 Change of measure and path likelihoods

In this section we will show how the likelihood of paths changes when we change the
SDE. In particular, we are interested in how the likelihood of a �xed path changes
as we go from the original SDE to the controlled SDE. To do this, we need the
Radon�Nikodym derivative. Using this, we introduce Girsanov's theorem, which will
tell us how the likelihood of paths changes from a change in measure.

We start by stating the Radon�Nikodym theorem, which de�nes the Radon�Nikodym
derivative.

11
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Theorem 3 (Radon�Nikodym theorem). Let (
 ; F ) be a measurable space and let
U and V be two measures on(
 ; F ). If V is absolutely continuous with respect to
U, then there exists anF -measurable functionf : 
 ! [0; 1 ) such that for any
measurable setA 2 F

V(A) =
Z

A
f dU:

The function f satisfying this property is unique in the sense that if another function
g also satis�es the property, thenf = g U-almost everywhere. We call the function
f the Radon�Nikodym derivative and denote it

dV
dU

= f:

We now introduce Girsanov's theorem, which describes how the dynamics of a
stochastic process changes when we switch to a new probability measure.

Theorem 4 (Girsanov's theorem). Let W be a standardd-dimensional Brownian
motion under the probability measureU. Let � : Rd � [0; T] ! Rd be an adapted
process such that the process

F (X t ; t) = exp
�

�
1
2

Z t

0
k� (X t ; t)k2 dt +

Z t

0
h� (X t ; t); dWt i

�

satis�es E[F (X t ; t)] = 1 . Then the process

~Wt = Wt �
Z t

0
� (X s; s) ds (2.8)

is a Brownian motion under the probability measureV de�ned by

dV
dU

= F (X t ; t):

In essence, Girsanov's theorem shows us how we can construct a new measure and
a new process such that the new process under the new measure is a Brownian
motion. To put Girsanov's theorem into our context, letP and Pu;Z be the probability
measures from the original and controlled SDE respectively. We can write(2.8) from
the theorem on di�erential form so that

dWt = d ~Wt + � (X t ; t) dt:

Substituting dWt in the original SDE gives

dX t = ( � (X t ) + � (X t )� (X t ; t)) dt + � (X t ) d ~Wt :

Choosing� (X t ; t) = u(X t ; Z ), we obtain the controlled SDE under the measurePu;Z .
Girsanov's theorem also tells us the Radon�Nikodym derivative

dPu;Z

dP
= exp

�

�
1
2

Z t

0
ku(X t ; t; Z )k2 dt +

Z t

0
hu(X t ; t; Z ); dWt i

�

: (2.9)

To gain some intuition, consider a path generated by the original SDE. According to
Girsanov's theorem, the probability that this path could have been generated by a
controlled SDE with a large value ofkuk is low. On the other hand, the probability
that the path was generated by a controlled SDE with a small value ofkuk is high.

12
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2.3 Particle �lter

We have shown that the Radon�Nikodym derivative and Girsanov's theorem provide
the basis for changing probability measures. In particular, they make precise how
modifying the drift of an SDE corresponds to a speci�c change in measure, allowing
us to quantify how the likelihood of whole paths is a�ected. This is especially useful
in the context of particle �lters.

The particle �lter represents an approximate Bayesian �ltering method based on MC
simulation. This technique approximates the posterior distributionp(X 0:tk � 1 jZ1:k� 1)
through a set of weighted particle trajectoriesf X i

0:tk � 1
; � i

tk � 1
gI

i =1 , where I is the
number of particles, as

p(X 0:tk � 1 jZ1:k� 1) �
IX

i =1

� i
tk � 1

� (X 0:tk � 1 � X i
0:tk � 1

):

In this representation,X i
0:tk � 1

= f X t0 ; X t1 ; : : : X tk � 1 g signi�es the trajectory for the
i -th particle from time step 0 to time step tk� 1 and � (�) denotes the Dirac delta
function. Each particle trajectory has an associated normalized weight� i

tk � 1
. Note

that this formulation also implies that the PF performs smoothing, since we update
past states given new observations. In simple settings, such as those with a small
number of observations, low dimensionality, and high observation noise, this smoother
su�ces. On the contrary, in more complex scenarios, one should opt for a more
precise smoother, such as the forward�backward smoother [4].

If particles X i
0:tk � 1

are sampled from a chosen proposal densityq(X 0:tk � 1 jZ1:k� 1), then
the weights � i

tk � 1
are calculated according to

� i
tk � 1

/
p(X i

0:tk � 1
jZ1:k� 1)

q(X i
0:tk � 1

jZ1:k� 1)
: (2.10)

Given the particle setf X i
0:tk � 1

; � i
tk � 1

gI
i =1 at time tk� 1, upon arrival of a new obser-

vation Zk , an updated particle setf X i
0:tk

; � i
tk

gI
i =1 is generated to approximate the

posterior p(X 0:tk jZ1:k). To achieve this posterior, the proposal density is chosen to
factorize as

q(X 0:tk jZ1:k) = q(X tk jX 0:tk � 1 ; Z1:k)q(X 0:tk � 1 jZ1:k� 1): (2.11)

Thus, new particlesX i
0:tk

are obtained by augmenting previous particle trajectories
X i

0:tk � 1
� q(X 0:tk � 1 jZ1:k� 1) with newly generated particlesX i

tk
� q(X tk jX i

0:tk � 1
; Z1:k).

Using Bayes' theorem, it follows that

p(X 0:tk jZ1:k) / p(Zk jX tk )p(X tk jX tk � 1 )p(X 0:tk � 1 jZ1:k� 1): (2.12)

Substituting (2.11) and (2.12) into (2.10) the weight updates become

� i
tk

/ � i
tk � 1

p(Zk jX i
tk

)p(X i
tk

jX i
tk � 1

)

q(X i
tk

jX i
0:tk � 1

; Z1:k)
: (2.13)
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A resampling step is introduced to mitigate the problem of particle degeneracy, which
happens when most of the weight is increasingly concentrated in just a few particles.
Resampling involves generating a new set of particles by sampling with replacement
of existing particles according to their weights� i

tk
. This step removes particles with

low weights and duplicates those with higher weights, e�ectively resetting all weights
to be uniform � i

tk
= 1=I for all i . As a result, we get a better representation for the

next step, since we have more particles with contributing weights. Consequently,
after resampling, the weights in (2.13) updates as

� i
tk

/
p(Zk jX i

tk
)p(X i

tk
jX i

tk � 1
)

q(X i
tk

jX i
0:tk � 1

; Z1:k)
:

Until now, we assumed discrete transitions between states in the particle �lter. We
now extend this framework to incorporate continuous-time dynamics by modeling the
state evolution between observations with SDEs. This extension becomes essential
when observations are sparsely sampled in time, since the transition density becomes
intractable. In addition, we are interested in the paths between detection times. We
note that the ratio

p(X i
tk

j X tk � 1 )
q(X i

tk
j X i

0:tk � 1
; Z1:k)

is the Radon-Nikodym derivative of the transition measure with respect to the
proposal measure in the discrete case. Modeling transitions with SDEs means that
we instead use Girsanov's theorem (2.9). This yields the weights

� i
tk

=
dP

dPu;Z
p(Zk j X i

tk
) (2.14)

= exp

8
<

:
�

1
2

Z tk

tk � 1






 u(X i

t ; t � tk� 1; Zk)







2
dt

�
Z tk

tk � 1

D
u(X i

t ; t � tk� 1; Zk); dW i
t

E
9
=

;
p(Zk j X i

tk
)

which can be re-written using (2.7) as

exp
n
V i

tk
+ log p(Zk j X i

tk
) � V0(X tk � 1 ; Zk)

o
:

The results at the end of Section 2.2.3 imply that, if we have an optimal control, the
�rst two terms sum to 0 and we are left with

exp
n
� V0(X tk � 1 ; Zk)

o
:

In other words, the weights only depend on the initial positionX tk � 1 and more
preciously on how well it aligns with the next observation.

This result shows that any SDE with a drift correction can serve as a proposal in
the particle �lter. We now turn to why the choice of correction matters, speci�cally
how it a�ects the e�ciency and accuracy of the �ltering process.
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2.3.1 Locally optimal proposals

The choice of the proposal distributionq is critical to the e�ectiveness of the particle
�lter. A well-chosen proposal can signi�cantly reduce the number of particles required
to accurately approximate the posterior distribution. To illustrate this, we consider
the simplest form of particle �lter, known as the Bootstrap Particle Filter (BPF),
which employs an unconditional proposal distribution given by the original SDE.
Under this choice, the weight update (2.14) simpli�es to

� i
tk

/ p(Zk jX i
tk

):

The BPF can lead to a poor approximation of the posterior distribution. This occurs
because only a small fraction of the proposed particles are likely under the obser-
vation model, particularly in cases of low observation noise or a high-dimensional
state space. This motivates the use of a proposal distribution that incorporates
information from the current observation, in order to improve sampling e�ciency and
reduce the computational burden associated with using an unconditional proposal.

The locally optimal proposal is the proposal that minimizes the variance of the weight
increments or, equivalently, minimizes the Kullback�Leibler divergence between
the proposed particlesp(X tk � 1 j Z1:k� 1)q(X tk j X 0:tk � 1 ; Z1:k) and the true conditional
distribution p(X tk jZ1:k) [5].

2.4 Euler�Maruyama scheme

When an analytical solution to the SDE

dX t = � (X t ; t) dt + � (X t ; t) dWt ; X 0 = x0;

is not available, a common approach to simulating its trajectories is the Euler�
Maruyama method. This method is the stochastic analogue of the classical Euler
method for ordinary di�erential equations.

Assume that we discretize the time interval[0; T] into H steps with the step size
� t = T=H. Denote the discrete times byt j = j � t for j = 0; 1; : : : ; H . Then the
Euler�Maruyama approximation for the processX is given by

X t j +1 = X t j + � (X t j ; t j ) � t + � (X t j ; t j ) � Wt j ;

where� Wt j � N (0; � t I ) is the Brownian increment over the interval[t j ; t j +1 ]. Thus,
the method approximates the continuous-time process by iteratively updating the
state, using the drift � and di�usion � evaluated in the current state and time. In
the strong sense, the mean square error of this approximation converges at a rate
proportional to

p
� t.
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3
Signature

Our goal is to train neural SDEs to generate sample paths that resemble those seen
in real data. To evaluate how similar the generated paths are to actual ones, we
need a way to represent paths that captures their essential structure in a manage-
able and informative form. The signature transform provides this by encoding a
path as a sequence of iterated integrals, capturing its geometric and temporal features.

We start by de�ning what it means for a path to have �nite p-variation.

De�nition 5. Let X : J ! Rd be a d-dimensional path in a compact interval
J = [0; T]. We say that X has �nite p-variation for p � 1 if

kX kp;J =

 

sup
P

X

l

kX t l � X t l � 1 kp

! 1=p

< 1 ;

where the supremum is taken over all �nite partitionsP on J .

Let Vp(J; Rd) be the set of pathsX : J ! Rd with �nite p-variation. To introduce
the reader to the signature, we will start by considering paths with a continuous
derivative. Later we will extend the idea to continuous paths of �nitep-variation.

Recall the concept of path (or line) integration. Given two pathsX 1; X 2 2 C1(J; R),
the path integral of X 1 against X 2 over J is de�ned as

Z T

0
X 1

t
_X 2
t dt;

where we denote _X 2
t = d X 2

t =dt.

Example 1. Consider the 3-dimensional pathX = ( X 1; X 2; X 3) = (1 ; t; t 2) for
t 2 [0; 1]. We get the path integral ofX 1 against X 2 as

Z 1

0
X 1

t
_X 2
t dt =

Z 1

0
dt = 1:

Similarly, the path integral of X 2 against X 3 is computed as

Z 1

0
X 2

t
_X 3
t dt =

Z 1

0
t � 2t dt =

2
3

:
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Now, for any d-dimensional path X = ( X 1; : : : ; X d) with component functions
X i : J ! R for all i 2 f 1; : : : ; dg, we let dX i

s = _X i
s ds. We can then de�ne the

quantity

S(X ) i
0;t =

Z t

0
dX i

s =
Z t

0

_X i
s ds:

Note that S(X ) i
0;� : J ! R itself is a path. We can thus integrate it against another

path, and so de�ne the following transformation for alli; j 2 f 1; : : : ; dg:

S(X ) i;j
0;t =

Z t

0
S(X ) i

0;s dX j
s :

SinceS(X ) i
0;s itself can be seen as an integral, an equivalent way to de�neS(X ) i;j

0;t

would be as two nested integrals,

S(X ) i;j
0;t =

Z t

0

Z s

0
dX i

r dX j
s :

Once again,S(X ) i;j
0;� is just another path. To really generalize this iteration of

integrals, for i 1; : : : ; ik 2 f 1; : : : ; dg we de�ne

S(X ) i 1 ;:::;i k
0;t =

Z t

0
S(X ) i 1 ;:::;i k � 1

0;s dX i k
s

or equivalently,

S(X ) i 1 ;:::;i k
0;t =

Z t

0

Z tk

0
� � �

Z t2

0
dX i 1

t1
: : : dX i k � 1

tk � 1
dX i k

tk
:

We now extend the idea to paths of �nitep-variation. Let

P = f 0 = x0 < x 1 < � � � < x n = Tg

be a �nite partition on J . We de�ne the norm of the partition P as

kPk = max
1� k� n

xk � xk� 1:

De�nition 6. Let f; g 2 V p(J; R). The Riemann�Stieltjes integral of f over J with
respect tog is de�ned as

Z T

0
f dg := lim

kPk! 0

X

P

f (� k)(g(xk) � g(xk� 1)) ;

where� k 2 [xk� 1; xk ]; k = 1; : : : ; n.

This de�nition includes a choice of the point� k 2 [xk� 1; xk ] for all k. However, this
choice is proved in [6] to be irrelevant as long asf is bounded onJ and both f; g
are continuous onJ .

Since we will typically deal with paths without continuous derivative, we extend the
iterated integrals to pathsX 2 V p(J; Rd) by viewing them in the Riemann�Stieltjes
sense. With all these combinations of iterated integrals, we are now ready to de�ne
the signature.
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De�nition 7. The signature of a d-dimensional path X : J ! Rd, denoted by
S(X )0;T , is the in�nite collection of all iterated integrals

S(X )0;T = (1 ; S(X )1
0;T ; : : : ; S(X )d

0;T ; S(X )1;1
0;T ; S(X )1;2

0;T ; : : : )

with indices i 1; : : : ; ik 2 f 1; : : : ; dg; k 2 N and whereS?
0;T = 1 by convention. In

addition, we de�ne truncated signature Sm (X )0;T of order m � 1 as the �nite
collection of iterated integrals with indicesi 1; : : : ; ik 2 f 1; : : : ; dg; k 2 f 0; : : : ; mg.

We always use the integration interval[0; T]. Therefore, we drop the subscript and
simply denote the signature of a pathX as S(X ), or Sm (X ) for the truncated
signature.

One may wonder whether it is possible to identify a path only by its signature. This
turns out to be true under some conditions [7].

Theorem 5. Let X 2 V 1(J; Rd) be a path with a �xed starting point and let at least
one of its component functions be a monotone function. Then the signatureS(X )
uniquely determinesX .

The expected signature also tells us something about the distribution of paths [8].

Theorem 6. Let X; Y 2 V p(J; Rd) for p � 1 be paths sampled from the distributions
� and � , respectively. If E[S(X )] = E[S(Y)] < 1 and E[S(X )] have an in�nite
convergence radius, then� = � .

For Theorem 5 to apply, we need to assume that our pathsX have �nite 1-variation.
This is the case in practice, since we work with discretized paths. Of course, we only
ever obtain the �nite dimensional truncated signature. However, in [7] the authors
argue that it is the �rst signature dimensions that carry most of the information of
the path. Thus, we will use the truncated signature and assume it su�ces for our
task.
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4
Wasserstein Generative Adversarial

Network

Our aim is to train neural stochastic di�erential equations (neural SDEs) to generate
sample paths that resemble those drawn from the true conditional distribution of
a system given noisy observations. A central challenge in this setting is how to
compare two distributions over paths in a way that is both meaningful and tractable.
The Wasserstein distance, which measures the minimal cost of transforming one
distribution into another, o�ers a principled solution to this problem. Wasserstein
Generative Adversarial Networks (WGANs) leverage this distance to train generative
models more reliably than standard GANs, avoiding issues like vanishing gradients and
mode collapse [9]. This chapter introduces the WGAN framework in its unconditional
form and then extends it to the conditional setting, where the generated output is
conditioned on observed data.

4.1 Unconditional WGAN

The 1-Wasserstein distanceW1(�; � ) between two probability measures� and � on a
metric space(E; c) is de�ned as

W1(�; � ) = inf

 2 �( �;� )

Z

E � E
c(x; y) d
 (x; y);

where �( �; � ) is the set of couplings, i.e., probability measures onE � E whose
marginals are� and � . The Wasserstein metric represents the minimal cost of
transporting mass between the two distributions, withc(x; y) measuring the trans-
portation cost between pointsx and y. The cost function c can be selected suitably
based on the speci�c requirements of the problem.

Solving the primal form directly can be computationally challenging. To address this
di�culty, the Kantorovich�Rubinstein duality provides an alternative formulation.
Let Lip 1(E) denote the set of all 1-Lipschitz functions fromE to R, de�ned as

Lip1(E) =
�

' : E ! R
�
�
�
� j' (x) � ' (y)j � c(x; y) for all x; y 2 E

�

:

The Kantorovich�Rubinstein duality shows that the 1-Wasserstein distance can be
written in the form

W1(�; � ) = sup
' 2 Lip 1 (E )

Z

E
' (x) d� (x) �

Z

E
' (x) d� (x):
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4. Wasserstein Generative Adversarial Network

Since� and � are probability measures, the dual form can be viewed as the di�erence
of expectations

W1(�; � ) = sup
' 2 Lip 1 (E )

Ex� � [' (x)] � Ex� � [' (x)]:

The dual form is more computationally tractable because it converts the problem
into an optimization over functions rather than couplings.

The idea behind WGANs is to have two models: a generator that produces fake data
and a critic ' that tries to distinguish between real and fake data. However, the
critic is limited to the space of 1-Lipschitz functions onE with respect to the metric
c. These models are trained iterativelyagainst each other. Once the generator has
generated data, the critic is trained to give large values to the real data and small
values to the generated data. The generator is then trained in such a way that the
data from the generator gets a maximized critic score. By this iterative training,
as the generator gets better at mimicking the real data distribution, the critic gets
better at distinguishing realistic fake data from real data. The ultimate goal is to
obtain � � , a generated distribution with minimized 1-Wasserstein distance to the
real data distribution � . The objective is then formulated as

� � = arg min
�

W1(�; � ) = arg min
�

sup
' 2 Lip 1 (E )

Ex� � [' (x)] � Ex� � [' (x)]:

4.2 Conditional WGAN

Now, suppose that the setE consists of pairsx = ( x; y) and that we are interested
in minimizing the 1-Wasserstein distance between a real data distribution� x and a
generated distribution � x , i.e. we have the problem

� �
x = arg min

� x

W1(� x ; � x ) = arg min
� x

sup
' 2 Lip 1 (E )

Ex 0� � x [' (x0)] � Ex 0� � x [' (x0)]: (4.1)

The true joint distribution can be factorized as� x = � y � xjy . In order to respect the
true marginal distribution of the conditioned variabley, we let � x = � y � xjy. Using
the notation x0 = ( x0; y0) we can now rearrange the expectations in (4.1) to obtain

arg min
� x

sup
' 2 Lip 1 (E )

Ey0� � y

�

Ex0� � x j y 0[' (x0)] � Ex0� � x j y 0[' (x0)]
�

: (4.2)

The goal is now to generate a distribution� xjy such that the 1-Wasserstein distance
between� xjy and the conditioned data distribution � xjy is minimized.
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5
Neural SDEs for Smoothing

This chapter focuses on a practical model framework to solve the smoothing problem.
We begin by describing the model setup and the data simulation process. Next,
we describe the neural SDE training process using the WGAN framework. We
then propose two critic architectures. A signi�cant challenge we address is that
minimization of the Wasserstein loss should lead to convergence of path distributions,
which is greatly impacted by the selected critic architecture. Finally, we describe
techniques for estimating the conditional expectations needed for the WGAN objective
and summarize the derived algorithm con�gurations.

5.1 Modeling setup

To begin, we highlight the practical construction of our modeling framework, which
includes parameterizing an SDE using neural networks, generating synthetic training
data, and incorporating the neural SDE derived within the WGAN architecture.

5.1.1 Setup of the generator

As shown in Section 2.2, an SDE conditioned on observationsZ1:N takes the form

dX t =
h
� (X t ; t) + � (X t ; t) � > (X t ; t)r X t logp(Zk+1: N j X t )

i
dt + � (X t ; t) dWt ;

wheret 2 [tk ; tk+1 ] and X 0 = x0. To model this, we de�ne a neural SDE of the form

d ~X t = ~� ( ~X t ; t; Z 1:N ) dt + ~� ( ~X t ; t; Z 1:N ) dWt ; t 2 [0; T]; X 0 = x0;

where position, time, and observations serve as inputs. The functions~� and ~� are
neural networks that represent the drift and di�usion terms, respectively, conditioned
on observationsZ1:N . Note that one does not need the dependency on observations
Z1:N for the di�usion network ~� , as the true di�usion is independent of them. The
parameters of both networks are collected in the parameter vector
 . Both ~� and
~� have �ve fully connected hidden layers of width 128. We show a more detailed
description of our networks in Appendix F. Since we use a WGAN, we sometimes
refer to the neural SDE as the generator.

5.1.2 Generating data

To train our neural SDE model, we require a synthetic data set consisting of sample
paths from an SDE and corresponding noisy observations. To achieve this, we
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5. Neural SDEs for Smoothing

discretize the time interval [0; T] into H steps of size� t = T=H. Let t j = j � t,
j = 0; 1; : : : ; H be the discrete-time instances. The data consists of a path vector
(X t j )

H
j =0 of the position of the trajectory at time t j , j = 0; 1; : : : ; H , sampled from

an SDE
dX t = � (X t ; t) dt + � (X t ; t) dWt ; t 2 [0; T]; X 0 = x0:

using the Euler�Maruyama method. We also include the time vector(t j )H
j =0 . Let Pt

be a partition of [0; t]. We augment the data with quadratic variation, de�ned as

[X ]t := lim
kP t k! 0

X

l

(X t l � X t l � 1 )2:

SincedW 2
t = d t and dt2 gets negligible in the limit, our time discretization of the

quadratic variation is simply

[X ]t j =
jX

l=0

� 2(X t l ; t l ) � W 2
t :

Augmenting the data with quadratic variation has been shown to help with �nding
the minimum of the loss function [10]. In total, we have our augmented data
X = ( X t j ; t j ; [X ]t j )

H
j =0 . Once a path(X t j )

H
j =0 is sampled, observations

Zk = X tk + � k ; k = 1; : : : ; N;

with observation noise
� k � N (0; � 2

Z );

are realized with some constant measurement noise� 2
Z at predetermined time in-

stancestk , k = 1; : : : ; N , giving us the observation vectorZ1:N .

5.1.3 Implementation of WGAN

Our goal is to adapt the 1-Wasserstein distance(4.2) to our setting involving path
distributions conditioned on observations. Recall thatV1([0; T]; Rd) is the set of
paths X : [0; T] ! Rd with �nite 1-variation. Let X � V 1([0; T]; Rd) and Z � Rd� N

be the state and the observation space, respectively, in which case(4.2) translates to

arg min
� X;Z 1:N

W1(� X;Z 1:N ; � X;Z 1:N ) (5.1)

= arg min
� X;Z 1:N

sup
' 2 Lip 1 (X �Z )

EZ1:N � � Z 1:N

�

EX̂ � � X j Z 1:N
[' (X̂; Z 1:N )] � E ~X � � X j Z 1:N

[' ( ~X; Z 1:N )]
�

;

where the conditional distribution � X jZ1:N is the distribution of the paths induced by
the generatorG and � Z1:N and � X jZ1:N are the data distributions of observations and
paths conditioned on observations, respectively. Figure 5.1 illustrates the scheme
of the WGAN. In Section 5.3 we show how to obtain a samplêX from the true
conditional distribution given the unconditional SDE and a set of observationsZ1:N .
Since the generator only a�ects the second term � the expectation over its own
samples � its parameters are optimized to minimize this component of the loss,

L G(
 ) = � EZ1:N � � Z 1:N

h
E ~X � � X j Z 1:N

[' ( ~X; Z 1:N )]
i
:

Ultimately, we wish to obtain a generator such that we minimize the 1-Wasserstein
distance between the data distribution and the distribution induced by the generator.
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5. Neural SDEs for Smoothing

Neural SDE
d ~X t = ~� ( ~X t ; t; Z 1:N ) dt + ~� ( ~X; t; Z 1:N ) dWt

~X � � X jZ1:N

Z1:N � � Z1:N

X̂ � � X jZ1:N

SDE
dX t = � (X t ; t) dt + � (X t ; t) dWt

Critic ' (X; Z 1:N ) E��� [E��� [' (� � � )] � E��� [' (� � � )]]

Update '

Update ~� and ~�

Figure 5.1: WGAN scheme

5.2 Critic approaches

Given that our data is composed of paths, we must consider how these paths should
be represented to the critic. We present two di�erent methodologies for building
the critic ' : the �rst acts within signature space, while the second works directly
within path space. The selection of the critic architecture substantially a�ects the
loss landscape, thus impacting the di�culty level of training neural SDEs. Notably,
obtaining a Wasserstein distance of zero between the generated and genuine data
distributions guarantees identical path distributions, regardless of which critic design
is utilized. However, simply achieving a low Wasserstein loss does not necessarily mean
that the actual path distributions are closely matched. This discrepancy represents
our main challenge: identifying an appropriate loss function that guarantees the
convergence of distributions in path space as the Wasserstein distance nears zero.

5.2.1 Signature critic

We de�ne the �rst critic as the composition

' S(X; Z 1:N ) = � S(Sm (X ); Z1:N ); (5.2)

whereSm is the truncated signature transform of orderm = 4, as introduced in Chap-
ter 3, and � S is a neural network with problem dependent architecture, described in
detail in Appendix F. The truncated signature o�ers a structured representation of
the path by capturing essential features and their interactions. This can simplify the
optimization landscape, as it is often easier to learn a function of the signature than
of the original path [11].

In Figure 5.2, we visually illustrate how the signature critic works. In this illustra-
tion, we have trained the critic to separate the analytical paths conditioned on an
observationZ = 2 from those of an untrained generator. The underlying SDE is
linear, so Doob'sh-transform can be derived analytically. We begin by plotting the
paths from the generator and the analytical SDE. Then, we transform each path into
signature space and plot the distribution over the �rst two dimensions. Note how
well the signature transform separates the analytical paths from the generated ones.
The last step is to apply the critic that has been trained to separate the distributions.
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5. Neural SDEs for Smoothing

This yields two distributions of the critic score' S. The objective of the critic is to
separate the mean of these two distributions while the generator tries to push up its
mean to close the gap.

Sm (X )

� S

Figure 5.2: Overview of the signature transformation and critic evaluation.

5.2.2 Path critic

For the second critic, we de�ne

' P (X; Z 1:N ) =
Z T

0
� P (X t ; t; [X ]t ; Z1:N ) dt; (5.3)

where� P is also problem dependent, described in detail in Appendix F. Intuitively,
� P assigns a score to each point along the trajectoryX t , conditioned on observations
Z1:N , and the critic ' P accumulates these scores throughout the path. In contrast to
the signature-based critic, this direct path-based approach makes fewer structural
assumptions about the data, preserving all raw information. Although this �exibility
can be bene�cial for capturing intricate path dynamics, it may lead to a more complex
optimization landscape, potentially impacting training stability and convergence
speed.

In Figure 5.3, we visualize how the path critic works. We have the same paths
from the analytically derived Doob'sh-transform and untrained generator as in the
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5. Neural SDEs for Smoothing

signature critic example. The paths have again been generated conditioned on the
observationZ = 2. However, this time the neural network� P outputs a number
for each point in the state space. We see that for any given point, the output� P

increases with the number of analytical paths that pass through that point. In
contrast, the points through which the generated paths pass have small outputs.
Then the critic value of a speci�c pathX is determined by integrating� P along the
path X over t.

� P

RT
0 � P (X ; Z ) dt

Figure 5.3: Overview of the path transformation and critic evaluation.

5.2.3 Lipschitz constraint

Remember from Section 4.1 that the critic' must be 1-Lipschitz with respect to
a chosen metricc. Crucially, the choice of metric directly constrains the class of
admissible functions' , making it an essential modeling decision. To re�ect the
structure of our path data, we de�ne the metric as

c((X; Z 1:N ); (Y; Z1:N )) = kX � Yk1 = sup
t2 [0;T ]

kX t � Ytk2:

Hence,' 2 Lip1(X � Z ) if

j' (X; Z 1:N ) � ' (Y; Z1:N )j � sup
t2 [0;T ]

kX t � Ytk2; X; Y 2 X ; Z1:N 2 Z :
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This means that if two paths with the same observation are separated by a maximal
distanceM , the di�erence in the output of the critic between the paths is at mostM .
Neural networks are not guaranteed to be 1-Lipschitz so we introduce the following
Lipschitz penalty term to enforce this,

� P = �

2

4ReLU

 
j' (X; Z 1:N ) � ' (Y; Z1:N )j

kX � Yk1
� 1

! 2
3

5

where� > 0 is a penalty parameter. With this penalty, � P = 0 i� ' 2 Lip1(X � Z ).

5.3 Estimating the true conditional expectation

With the min-max problem at hand, another challenge emerges. How do we obtain
the conditional expectationEX̂ � � X j Z 1:N

[' (X̂; Z 1:N )] of the true distribution in (5.1)?
Sampling from this distribution is generally computationally burdensome. We will
cover a method to approximate this expectation and one way to eliminate this
problem entirely.

The �rst method is the Metropolis�Hastings (MH) algorithm which is described in
Appendix A. As discussed there, MH scales poorly with increasing dimensionality
and decreasing observation noise. Nevertheless, in lower-dimensional settings, it
remains a valuable tool for evaluating the performance of our critic architectures.

For the second method, we simply rearrange the expectations in (5.1) to obtain

arg min
� X;Z 1:N

W1(� X;Z 1:N ; � X;Z 1:N )

= arg min
� X;Z 1:N

sup
' 2 Lip 1 (X �Z )

EX̂;Z 1:N � � X;Z 1:N
[' (X̂; Z 1:N )] � E ~X;Z 1:N � � X;Z 1:N

[' ( ~X; Z 1:N )]:

This reformulation shifts the focus from explicitly computing conditional expectations
to working with the joint distribution of paths and observations. By doing so, we
bypass the need to sample from the true conditional distribution directly. Figure 5.4
illustrates the WGAN scheme using the joint distribution.

Neural SDE
d ~X t = ~� ( ~X t ; t; Z 1:N ) dt + ~� ( ~X; t; Z 1:N ) dWt

~X � � X jZ1:N

SDE
dX t = � (X t ; t) dt + � (X t ; t) dWt

X̂; Z 1:N � � X;Z 1:N

Critic ' (X; Z 1:N ) E��� [' (� � � )] � E��� [' (� � � )]

Update '

Update ~� and ~�

Z1:N

Figure 5.4: WGAN scheme with joint distribution.
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5.4 Summary of algorithms

Finally, we summarize the 4 di�erent algorithms resulting from various combinations
of critic architectures and true distribution estimation methods. Table 5.1 lists the
combinations and their corresponding short-hand algorithm names used throughout
the rest of the thesis.

Critic Architecture Expectation Estimation Short Name

Signature Metropolis�Hastings SMH
Signature Joint Distribution SJ
Path Metropolis�Hastings PMH
Path Joint Distribution PJ

Table 5.1: Algorithm con�gurations by critic architecture and expectation estima-
tion method.

5.4.1 Signature critic with Metropolis�Hastings

The �rst algorithm, which we will refer to as SMH, combines the signature critic' S

given by (5.2) and the MH algorithm explained in Appendix A. In this setting, the
parameters� of the critic are updated by minimizing

L ' S (� ) = � EZ1:N � � Z 1:N

h
EX̂ � � X j Z 1:N

[' S(X̂; Z 1:N )] � E ~X � � X j Z 1:N
[' S( ~X; Z 1:N )]

i
+ � P;

where

� P = � EZ1:N � � Z 1:N ; X̂ � � X j Z 1:N
; ~X � � X j Z 1:N

2

4ReLU

 
j' S(X̂; Z 1:N ) � ' S( ~X; Z 1:N )j

kX̂ � ~X k1

� 1

! 2
3

5 :

Once samples(Z k
1:N )K

k=1 with paths (X k;j
� )J

j =1 and (X k;j
� )J

j =1 have been obtained from
� X jZ k

1:N
and � X jZ k

1:N
respectively, we calculate the loss using the MC estimates

L̂ ' S (� ) = K � 1J � 1
KX

k=1

JX

j =1

� ' S(X k;j
� ; Z k

1:N ) + ' S(X k;j
� ; Z k

1:N ) + �̂ P;

�̂ P = K � 1J � 1
KX

k=1

JX

j =1

ReLU

 
j' S(X k;j

� ; Z k
1:N ) � ' S(X k;j

� ; Z k
1:N )j

kX k;j
� � X k;j

� k1
� 1

! 2

:

5.4.2 Signature critic with joint distribution

The second algorithm, named SJ, integrates the signature critic' S from (5.2) with
the joint distribution introduced in Section 5.3. In this setting, the parameters� of
the critic are updated by minimizing

L ' S (� ) = � EX̂;Z 1:N � � X;Z 1:N
[' S(X̂; Z 1:N )] + E ~X;Z 1:N � � X;Z 1:N

[' S( ~X; Z 1:N )] + � P
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with

� P = EX̂;Z 1:N � � X;Z 1:N ; ~X � � X j Z 1:N

2

4ReLU

 
j' S(X̂; Z 1:N ) � ' S( ~X; Z 1:N )j

kX̂ � ~X k1

� 1

! 2
3

5 ;

which we approximate with the MC estimates

L̂ ' S (� ) = K � 1
KX

k=1

� ' S(X k
� ; Z k

1:N ) + ' S(X k
� ; Z k

1:N ) + �̂ P;

�̂ P = K � 1
KX

k=1

ReLU

 
j' S(X k

� ; Z k
1:N ) � ' S(X k

� ; Z k
1:N )j

kX k
� � X k

� k1
� 1

! 2

:

5.4.3 Path critic with Metropolis�Hastings

The third algorithm, labeled PMH, combines the path critic' P from (5.3) with the
MH algorithm outlined in Section 5.3. In this setting, similarly to using a signature
critic, the parameters� of the critic are updated by minimizing

L ' P (� ) = � EZ1:N � � Z 1:N

h
EX̂ � � X j Z 1:N

[' P (X̂; Z 1:N )] � E ~X � � X j Z 1:N
[' P ( ~X; Z 1:N )]

i
+ � P;

where

� P = � EZ1:N � � Z 1:N ; X̂ � � X j Z 1:N
; ~X � � X j Z 1:N

2

4ReLU

 
j' P (X̂; Z 1:N ) � ' P ( ~X; Z 1:N )j

kX̂ � ~X k1

� 1

! 2
3

5 :

Once samples(Z k
1:N )K

k=1 with paths (X k;j
� )J

j =1 and (X k;j
� )J

j =1 has been obtained from
� X jZ k

1:N
and � X jZ k

1:N
respectively, we calculate the loss using the MC estimates

L̂ ' P (� ) = K � 1J � 1
KX

k=1

JX

j =1

� ' P (X k;j
� ; Z k

1:N ) + ' P (X k;j
� ; Z k

1:N ) + �̂ P;

�̂ P = K � 1J � 1
KX

k=1

JX

j =1

ReLU

 
j' P (X k;j

� ; Z k
1:N ) � ' P (X k;j

� ; Z k
1:N )j

kX k;j
� � X k;j

� k1
� 1

! 2

:

5.4.4 Path critic with joint distribution

The fourth and last algorithm, labeled PJ, uses the path critic' P (5.3) with the joint
distribution presented in Section 5.3. In this setting, similarly to using a signature
critic, the parameters� of the critic are updated by minimizing

L ' P (� ) = � EX̂;Z 1:N � � X;Z 1:N
[' P (X̂; Z 1:N )] + E ~X;Z 1:N � � X;Z 1:N

[' P ( ~X; Z 1:N )] + � P

with

� P = EX̂;Z 1:N � � X;Z 1:N ; ~X � � X j Z 1:N

2

4ReLU

 
j' P (X̂; Z 1:N ) � ' P ( ~X; Z 1:N )j

kX̂ � ~X k1

� 1

! 2
3

5 ;
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which we approximate with the MC estimates

L̂ ' P (� ) = K � 1
KX

k=1

� ' P (X k
� ; Z k

1:N ) + ' P (X k
� ; Z k

1:N ) + �̂ P;

�̂ P = K � 1
KX

k=1

ReLU

 
j' P (X k

� ; Z k
1:N ) � ' P (X k

� ; Z k
1:N )j

kX k
� � X k

� k1
� 1

! 2

:

The performance of these algorithm con�gurations is assessed in Chapter 7 through
a series of benchmark problems designed to evaluate their accuracy in learning
conditional path distributions.
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6
Neural SDEs for Filtering

In this chapter, we apply neural SDEs to the �ltering problem by modifying the
parameterization to isolate the control term. This allows for neural SDEs to be
used as proposals in particle �lters where we can compare the performance to other
strong methods within this setting. We end the chapter by brie�y explaining how
the controlled SDE is integrated into the particle �lter framework.

6.1 Modi�cation of generator

Recall from Section 2.2.3 that the conditioned process can be written as

dX t = [ � (X t ) + � (X t )u(X t ; t; Z )] dt + � (X t ) dWt ; X 0 = x0; t 2 [0; T];

where we have constrained the problem to one observationZ at �nal time T. Instead
of parameterizing the whole drift term, we now only parameterize the control term
u(X t ; Z ) = � > (X t ; t)r logh(X t ; t; Z ) yielding

d ~X t =
h
� ( ~X t ) + � ( ~X t )~u( ~X t ; t; Z )

i
dt + � ( ~X t ) dWt ; X 0 = x0; t 2 [0; T]; (6.1)

where ~u is a neural network.

6.2 Learning the optimal control

We begin by noting that the WGAN is still trained using the procedure described
in Section 5, now applied to a modi�ed parameterization of the neural SDE where
only the control term is learned. This reparameterization also enables comparison
with alternative approaches, such as the computational Doob'sh-transform (CDT)
algorithm, which learns a control function based on the optimal control framework
described in Section 2.2.3. We will �rst describe how the CDT algorithm is imple-
mented, before reminding the reader how the resulting controlled SDE is incorporated
into the particle �lter framework.

6.2.1 CDT algorithm

For the CDT algorithm, proposed in [2], we consider the controlled processX u;Z ,
driven by the standard Brownian motionW, as introduced in Section 2.2.3. Addi-
tionally, for two functions G : Rd � [0; T] � Rd ! Rd and G0 : Rd � Rd ! Rd consider
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the value processV de�ned as

Vs = V0 +
Z s

0

1
2

kYtk2 + hu; Yt i dt +
Z s

0
hYt ; dWt i ;

whereV0 = G0(X 0; Z ) and Yt = G(X t ; t; Z ). Since we are assuming thatX 0 is �xed,
G0 is a function of only Z . Importantly, we remind the reader that X u;Z and V
are driven by the same Brownian motionW. The uniqueness result in Section 2.2.3
implies that, if the condition VT = � log[p(Z j X u;Z

T )] is satis�ed for any choice of
terminal observationZ 2 Z , then the following holds for all(X t ; t; Z ),

G0(X 0; Z ) = � log[p(Z j X 0)];

G(X t ; t; Z ) = � � > r log[p(Z j X t ; t)]:

In particular, the optimal control is given by u?(X t ; t; Z ) = � G(X t ; t; Z ). These
remarks suggest parameterizing the functionsG0 and G with two neural networks,
with parameters � 0 2 � 0 and � 2 � respectively. The goal is to minimize the
following loss function, that was �rst proposed in [12],

L (� 0; � ; u) = E
� �

VT + log
h
p(Z j X u;Z

T )
i� 2

�

: (6.2)

The expectation is taken with respect to the Brownian motionW and observationZ �
� Z sampled at timeT. In equation (6.2), we �x the dynamics of X u;Z

t and optimize
over the dynamics ofV. Note that any choice of controlu can be used. However
using an iterative scheme where we set the control as the current approximation of
� G(X t ; t; Z ) has been shown by the authors of [2] to yield better performance.

6.2.2 Integration in particle �lter

Having trained an optimal controller�using either the WGAN or the CDT algo-
rithm�we now implement it within a particle �lter. We will sample controlled
trajectories from (6.1) and then weigh them with Girsanov's theorem (2.9),

� i
T = exp

(

�
1
2

Z T

0






 ~u( ~X i

t ; t; Z k)







2
dt �

Z T

0

D
~u( ~X i

t ; t; Z k); dW i
t

E
)

p(Zk jX i
tk

);

yielding an estimation of the posterior distribution p(X 0:T jZ ). We restrict our
investigation to a single �ltering step of the particle �lter, under the assumption of
a known initial state X 0. This simpli�es the setup and allows us to focus on the
comparison between di�erent proposal strategies. In a multi-step setting, the �ltered
state after each step becomes a distribution, not a �xed point. Consequently, to
train the model over multiple steps, one would need to sample initial states from
a distribution rather than assume a known value. There is nothing inherent in our
algorithms that prevents this extension. However, for the purpose of this thesis,
a single �ltering step with a known initial condition is su�cient to evaluate and
compare the di�erent methods under consideration.
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7
Results for the Smoothing Problem

In this chapter we present the results for the smoothing problem. We remind the
reader that these results are associated with the framework discussed in Section 5. We
start with the most basic case of a single observation, �rst in one spatial dimension
and then moving up to two dimensions. We then tackle the more challenging
smoothing problem for �ve observations in one dimension.

7.1 One observation in one spatial dimension

We will examine two test dynamics: one that features bimodal behavior and another
that is time-dependent with multiple curves along its path. These dynamics are not
derived from a real-world scenario, but they still provide good test cases to assess
the performance of our algorithms. We will compare the result with that of a BPF.
In both test cases, the BPF is a good enough approximation to represent the true
solution to the smoothing problem.

7.1.1 Bimodal dynamics

To investigate whether our neural SDEs can e�ectively capture dynamics that yield
a bimodal distribution, we analyze the non-linear SDE

8
>><

>>:

dX t = ( � 4X 3
t + 6X t ) dt + 0:5 dWt ; t 2 [0; 1:5];

X 0 = 0;

Z1 = X 1:5 + N (0; � 2
Z ):

(7.1)

This SDE exhibits a bimodal distribution, as depicted in Figure 7.1. Note that solving
the corresponding ordinary di�erential equation without the di�usion term results
in two stable equilibria at �

q
3
2 and an unstable one at 0. A single measurement,

Z1, is observed att = 1:5, with measurement noise set to� Z = 2. A higher noise
level makes it more ambiguous which of the two modes the measurement comes from.
Consequently, the conditional distribution still exhibits two modes, but they are
weighted di�erently.

In Figure 7.2 we present the path distributions for our models and the BPF, condi-
tioned on the observationZ1 = � 0:8, which highlights the spread and structure of
the conditioned trajectories. Furthermore, we plot the marginal distribution of our
models at the �nal time step t = 1:5 for the same observation in Figure 7.3. Finally,
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Figure 7.1: Path distribution of the SDE in (7.1).

Figure 7.4 provides a quantitative evaluation of each algorithm by comparing its
marginal distributions at each time step to those of the BPF, using the Wasserstein
distance. These distances are averaged at each time step over a set of observations
Z1 sampled from the distribution � z.

There are several noteworthy observations to make from these results. First of all,
we see that we do not lose any notable performance by using a joint distribution
compared to using Metropolis�Hastings. That is greatly appreciated since employing
the Metropolis�Hastings algorithm becomes impractical computationally as the
problem's dimensionality increases, an issue that using the joint distribution does
not su�er from. Furthermore, we see that the performance between the signature
and path-based algorithms is similar with slightly better performance for the path-
based algorithms. In general, the four algorithms are able to closely mimic the true
conditional distribution.
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7. Results for the Smoothing Problem

(a) SMH (b) SJ

(c) PMH (d) PJ

(e) BPF

Figure 7.2: Path distribution of the neural SDEs for an observationZ1 = � 0:8.
The SDE is given by (7.1).
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(a) SMH (b) SJ

(c) PMH (d) PJ

Figure 7.3: Marginal distribution of the neural SDEs and BPF at �nal time T = 1:5
for observationZ1 = � 0:8. The SDE is given by (7.1).

Figure 7.4: Average Wasserstein distance between the marginal distributions at
each time step for the neural SDEs compared to BPF. The SDE is given by (7.1).
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7. Results for the Smoothing Problem

7.1.2 Time-dependent dynamics

In this section, we analyze the time-dependent SDE

8
>>>><

>>>>:

dX t =
�

1 + 5 sin(2�t ) �
X t

2 � t

�

dt + d Wt ; t 2 [0; 1:5];

X 0 = 10;

Z1 = X 1:5 + N (0; � 2
Z );

(7.2)

where the measurement noise is set to� Z = 0:2. Due to the time-dependent drift
term combined with the sinusoidal function, the system exhibits complex behavior
with numerous turns, as shown in Figure 7.5. Furthermore, a lower observation noise
means that the distribution will squeeze in towards the observation.

Figure 7.5: Path distribution of the SDE in (7.2).

In Figure 7.6 we present the path distribution for an observationZ1 = 3:8. Fur-
thermore, we plot the marginal distribution at the �nal time step t = 1:5 for the
same observation in Figure 7.7. Finally, in Figure 7.8 we quantitatively compare
the methods with the BPF by comparing the Wasserstein distance between the
distributions in each time instance.

We see that the path-based algorithms perform very well, whilst the signature-based
algorithms struggle a little bit with the shape in the end. Once again we do not see
any notable edge in performance using Metropolis�Hastings compared to the joint
expectation, so we will only consider the SJ and PJ frameworks from now on.
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7. Results for the Smoothing Problem

(a) SMH (b) SJ

(c) PMH (d) PJ

(e) BPF

Figure 7.6: Path distribution of the neural SDEs for an observationZ1 = 3:8. The
SDE is given by (7.2).
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7. Results for the Smoothing Problem

(a) SMH (b) SJ

(c) PMH (d) PJ

Figure 7.7: Marginal distribution of the neural SDE and BPF at �nal time T = 1:5
for observationZ1 = 3:8. The SDE is given by (7.2).

Figure 7.8: Average Wasserstein distance between the marginal distributions of the
neural SDEs and the BPF across all time instances. SDE given by (7.2).
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