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Abstract

The solar wind is a dynamic stream of collisionless plasma originating from the
Sun. When it reaches the Earth’s magnetosphere, it abruptly slows down from super-
Alfvénic to sub-Alfvénic speeds, creating a bow shock. This compresses and heats
the inflowing plasma. The solar wind consists primarily of electrons, protons and
alpha-particles, which interact differently with the shock. A relative drift between
protons and alpha particles develops, which can trigger a streaming instability, driv-
ing waves. Such waves have previously been identified in spacecraft observations.
The dependence of the instability on the particle species temperature, density, and
flow velocity has previously been investigated using the dispersion relation for an
unmagnetized plasma.

In this work, we investigate this proton-alpha streaming instability using two-
dimensional fully kinetic Particle-In-Cell simulations. This approach offers the flex-
ibility to freely choose the initial conditions while simulating the full non-linear
dynamics. We study the parametric dependence of the instability on the flow ve-
locity of the alpha particles, the density ratio of the ions as well as the influence
of a background magnetic field. In particular, we want to quantify the heating of
different particle species due to the instability. Additionally, we aim to test the
applicability of the simplified linear theory.

Our simulations show that the instability mediates a strong energy exchange
from the flow speed of the alphas into plasma heating of the ions. We attribute
this to a Landau resonance between the proton and the alpha distribution, which
produces large plateaus in velocity space. The electron dynamics do not change
significantly. The wave properties are consistent with the linear theory when the
external magnetic field is small. Generally, the angle between the wave and the drift
direction increases with the flow speed. The fraction of energy converted to plasma
heating reaches a maximum at a wave angle of 45 deg to the drift direction. Overall,
the existence of a background magnetic field slightly suppresses the instability, due
to the magnetization of electrons. We conclude that the proton-alpha streaming
instability can play an important role in heating protons and alpha particles across
collisionless shocks.

Keywords: Kinetic simulation, Ion-ion instability, Bow shock, Solar wind, Plasma
waves
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Nomenclature

Below is the nomenclature of indices, parameters, and variables that have been used
throughout this thesis.

Indices
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T,Y, 2 Cartesian spatial coordinates
Constants

7 Imaginary unit

kp Boltzmann constant

€0 Vacuum permittivity

q Charge

m Mass

AD Debye length

Wps Species plasma frequency

Vts Species thermal speed

W Landau resoance velocity

0 Growth rate

Uph Wave phase velocity

Ngim Number of pseudoparticles

Neenl Number of simulation cells

Ax Side length of cells (in z)

Ay Side length of cells (in y)

At Time between simulation

captures
Atgim Time between simulation

Electron particle species
Proton particle species
Alpha particle species

Particle species index
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Variables

Time

Position

Velocity

Momentum

Flow velocity

Wave vector

Wave frequency

Wave angle

Spcies distribution function
Temperature

Kinetic energy

Charge density

Number density

Electric potential

Electric field

Magnetic field

Electric field energy
Species energy

Species kinetic energy
Average of -

Gradient with respect to -
Divergence operator
Fourier transform

Plasma dispersion function
Dirac-Delta distribution
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1

Introduction

All planets in the solar system, including the Earth, are embedded in a dynamic
stream of plasma known as the solar wind (Owens, 2020). It flows away from the
Sun and fills the entire heliosphere. Generally, this stream is super-Alfvénic (Lalti
et al., 2022; Owens, 2020), which means that the bulk flow of the solar wind is faster
than the propagation speed of large scale magnetic perturbations. However, at some
distance from the Earth (usually around 12 Earth radii) (Merka et al., 2005), the
Earth’s magnetic field is strong enough to act as an obstacle and abruptly slow down
the solar wind (Balogh et al., 2013). Here, the bulk velocity of the plasma stream de-
creases from super-Alfvénic to sub-Alfvénic speeds and a bow shock forms. The bow
shock compresses the plasma, causing the temperature and density of the shocked
plasma to increase (Balogh et al., 2013; Merka et al., 2005). This phenomenon is
particularly interesting to study when a large quantity of high-velocity plasma is
emitted from the Sun during a coronal mass ejection (CME) (Webb et al., 2012).
During such events, we are able to explore the plasma dynamics in parameter regions
which deviate from the usual conditions in the Earth’s bow shock.

The solar wind consists primarily of electrons, protons, and alpha particles (Bame
et al., 1968) and is classified as a collisionless plasma (Coburn et al., 2022; Kennel et
al., 1985). This means that the mean free path is much larger than the spatial extent
of the system. In such a plasma, particle dynamics are dominated by electromagnetic
interactions via the Lorentz force. The governing equation of this system is given
by

dv
Eorentz:msa ZQS(E+U XB), (11)
where mg and ¢, are the mass and charge of the particle species. E and B are the
electric and magnetic fields, respectively. Equation (1.1) shows that the dynamics
depend on the charge-to-mass ratio ¢s/ms of the respective species. As a result,
the heating process, length scale and interaction with the shock generally may also
depend on the species (Fuselier et al., 1994).

The goal of this work is to investigate a part of the ion dynamics downstream
of the Earth’s bow shock. Previously, Graham et al., 2024 identified the forma-
tion of large-amplitude plasma waves in the observations from the Magnetospheric
Multiscale (MMS) mission (Burch et al., 2015). These waves form through a strong
interaction between protons and alpha particles due to their relative drift (Graham
et al., 2025). Over time, the high bulk velocity of the alpha particles decreases,
as the energy is converted to collisionless plasma heating. Generally, the discov-
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1. Introduction

ered phenomenon can be characterized as a streaming instability (Graham et al.,
2025; Swanson, 2003). Graham et al., 2025 developed a theoretical model which can
describe its initial, linear phase.

In this work, we aim to go beyond the linear phase and learn more about the
entire spatial and temporal evolution. We aim to address the following questions:
How much are the different particle species in the plasma heated? How do the
dynamics depend on the strength and direction of the background magnetic field?
How does this change for different bulk velocities of the alpha particles or when their
number density changes? Are the dynamics of the electrons affected as well?

These questions cannot be answered through linear plasma theory. The reso-
lution and quality of present observations are constrained by the spacecrafts’ in-
struments (Burch et al., 2015; Pollock et al., 2016). Additionally, observations are
intermittent and only available while the spacecrafts’ trajectories intersect the bow
shock region (Tooley et al., 2015). Finally, the rotational angular velocity and ori-
entation of each spacecraft constrains the measurable solid angles (Tooley et al.,
2015). To complement the available observations, we choose to simulate the plasma
dynamics using EPOCH, a fully kinetic Particle-In-Cell (PIC) code (Arber et al.,
2015). Here, plasma parameters like the temperatures and densities of individual
species or the background magnetic field can be freely varied (Arber et al., 2015;
Birdsall et al., 2018; Dijk et al., 2009). We can measure the full, time-resolved dis-
tribution functions, as well as electric and magnetic fields at high resolution. This
enormous flexibility entails a considerable computational cost required to reduce the
simulation noise and avoid numerical instabilities (Arber et al., 2015; Courant et al.,
1928; Engquist et al., 2012; Yee, 1966).

The structure of this work is as follows: Chapter 2 provides a fundamental
understanding of plasma waves, their properties, and behaviour. This is required to
explain the origin and theory behind the proton-alpha instability which is introduced
thereafter. Next, chapter 3 gives an overview of the PIC simulation method. The
gained insight into the PIC method also aims to emphasize the dependence of its
capabilities on the available computational resources. We will present and discuss
the captured simulation data in chapter 4 with the aim to answer the previously
posed questions. Finally, chapter 5 summarizes our conclusions based on the findings
in chapter 4 and poses new questions for future research.



2

Theoretical background

This chapter provides the theoretical background necessary to understand the physics
behind the proton-alpha instability. We start with a brief introduction to plasma
waves by examining the dispersion relation of the Langmuir plasma oscillation. Sub-
sequently, an explanation of Landau resonance and its associated theoretical pre-
dictions provides insight into the emergence of plasma instabilities. Finally, we go
into more detail about the proton-alpha instability, with a focus on its origin and
the linear theory. Numerical solutions of the dispersion relation show how the wave
properties change under different plasma parameters.

2.1 Plasma waves

Plasma waves arise as collective oscillations of charged particles interacting via elec-
tromagnetic fields. In this section, we introduce the most important concepts in
the kinetic theory of plasma waves. A more extensive study of the field of plasma
waves can, among other textbooks, be found in Swanson, 2003. In addition to the
Maxwell equations, we will use the Vlasov equation

afs qs .
G tv VE I (Bt xB)-V.f =0, (2.1)

Together, these equations provide a statistical description of the evolution of a col-
lisionless plasma under some assumptions (Swanson, 2003). Firstly, interactions be-
tween individual particles are neglected. Instead, the motion of each particle is inde-
pendently described by long-range interactions via the Lorentz force (cf. eq. (1.1)).
Secondly, all particles of a species s are modelled via their distribution function
fs(x,v,t). It determines the particle density in phase space (zy 2 v, v, v,) over time
t.

2.1.1 Dispersion relation

Plasmas with different temperatures, particle species, magnetization, etc. contain a
variety of plasma waves. In order to derive properties of these waves theoretically, we
make a plane wave ansatz. The fundamental assumption is that the total wave is a
sum of sinusoidal waves, which works well in a spatially homogeneous background!.

!Due to high discretization noise, this assumption is not always satisfied in our simulations.



2. Theoretical background

Sine waves are fully determined by their amplitude, angular wave vector k and
angular frequency w. The goal then becomes to find the dispersion relation, a
function that constrains the possible w for a given k.

Perhaps the most universal type of plasma wave is called the plasma oscillation
or Langmuir wave. It was discovered by Tonks et al., 1929. Here, we will use the
plasma oscillation in an unmagnetized plasma (B = 0) as an example to show the
ansatz used to obtain a linear dispersion relation from the Vlasov equation.

The plasma oscillation (or Langmuir wave) is an electrostatic wave. This means
that charge imbalances are the only source of electric fields. We can thus limit our
system of equations to Gauss’s law (the first Maxwell equation) and the Vlasov
equation to obtain the following system of equations:

Ofs qs B
5 +'U-st+msE‘Vufs—0 (2.2)
V- -E = -V =p/e. (2.3)

Here, ¢ is the electrostatic potential and p the charge density of the plasma. Now, we
analyse what happens when the distribution function f; is slightly perturbed from a
spatially homogeneous equilibrium fy(v). In first order perturbation theory (linear
theory), the expansions fy(x,v,t) = feo(v)+ fo (2, v,t) and ¢ — o+ ¢ (x, t) yield
a simplified Vlasov equation (using Gauss’s law) for each species:

afsl
ot

+v-Vfa— %V% Vo fso=0. (2.4)

At this point, we utilize the plane wave approximation by applying the Fourier
transformation F to f, and ¢q:

F(fs(x,v,t)) = fa(k,v,w)

‘F(Cbl(w?t)) = ¢sl(k7w)‘

Equation (2.4) in terms of JE s1 and qu is rearranged for fslz

(—iw + ik - v) fo = %chlk Vo fso

o qsk'vvfso 7
— f51_ms(k'v—(ﬂ)¢1

Equation (2.3), the Poisson equation, relates the electric potential ¢; to the charge
density p = >, gs(nso + ns1) which is a linear superposition of the charge density of
every species. Here, nyy and ng are the background and perturbed number density,
respectively. For simplicity, we consider a plasma where p = gener, i.e. all species
except the electrons are stationary? with ny = 0 and the background is neutral with
S e gsnso = 03, This finally leads us to the unmagnetized plasma dispersion relation

2This assumption is also physically motivated: Due to their low mass, the electron mobility is
much higher than that of the ions.

31f one drops the assumption that the other species are stationary, this leads to a sum over all
species s in eq. (2.5).

4



2. Theoretical background

(for the electrons):

V2¢>1 = —P/€0
= (Zki)z(il = —%nel
€o
= k2é1 0 d3Ufe1
€0

- k-Vyfo -
5 K2y = & [ gy ST Tl Vol g,

€0

— 1=

£ [ gk Teto

k2meﬁo

(2.5)

In the cold plasma limit, we assume that the electron temperature T, goes to zero
T. — 0 which yields the equilibrium fo(v) = n.d(v) in terms of the electron number
density n.*. This allows us to solve the integral in eq. (2.5) to obtain the specific
dispersion relation of the electron plasma oscillation:

kzmeeo k vV —w
_ q>ne /d3kV5 v)
k2mee k-v—w
e
C Bmeey (w — k- v)?
[ Geme 1
Me€o W2
2 2 qane

=W =w, = —. (2.6)
Me€p

v=0

Here, we used the identity [ dz g(x)d'(x) = —¢'(0) to solve the integral. We call wpe
the electron plasma frequency. Notice that for the plasma oscillation, the dispersion
relation does not depend on k. All wave modes oscillate at the same frequency,
independent of the wavelength. In conclusion, plasma oscillations do not propagate.
Instead, the particles oscillate around their equilibrium position. Finally, as the
plasma oscillation also occurs for other species, the electron plasma frequency is
generalized to the plasma frequency wys of a given species s. In fact, the plasma
oscillation is so ubiquitous that the plasma frequency wps provides a fundamental
characteristic timescale of the plasma. It is complemented by the Debye length \p,
a length scale for the shielding of individual electrostatic charges in the plasma. In
this thesis, we will use the Debye length of an isothermal plasma

k T 1/2
Ap = ( €0 2) . (2.7)

25 Nsqs

For other velocity distribution functions (VDFs), the evaluation of eq. (2.5) is
more complicated. Let us consider fy to be the Maxwell-Boltzmann distribution

4The Dirac delta distribution §(x) is defined as §(0) = oo and zero elsewhere such that
Jé(x)dx =1.



2. Theoretical background

with a flow speed u.. Now, the dispersion relation takes the form (Gary, 1979;
Swanson, 2003)

. w2e ’ w—kn-ue
1= k;;geZ ( Fou ) (2.8)
dZ 1 foe —t?
with  Z'(¢) = cTC(C) = /_Oo dte(};p_( 52. (2.9)

Z is called the plasma dispersion function (Fried et al., 2015). The thermal speed

Ute = 1/ 2kBT. /m, is defined as the most probable speed. Equation (2.9) is a complex-
valued non-linear equation that depends on four real scalar variables: Firstly, k =
(ky, k1,0) determines the wave’s direction®. Secondly, w = w, + i consists of the
wave’s frequency w, and growth rate v > 0. Note that for v < 0, the Vlasov-Maxwell
equation has a stable steady state in which there is no oscillatory solution, and any
perturbations will exponentially decay. Periodic oscillations like the electron plasma
oscillation with marginal stability (neither growth nor decay) form at v = 0. For the
case v > 0, the amplitude of the waves grows exponentially from the initially small
perturbation until it enters a non-linear regime where the first order perturbation
theory no longer holds.

2.1.2 Landau resonance

Landau resonance is a resonance that appears because individual particles exchange
energy with a plasma wave, which can make it grow or decay (Landau, 1946). There-
fore, Landau resonance relies on a kinetic description of the plasma-like the system
of Vlasov-Maxwell equations. This is opposed to fluid descriptions: These do not
model individual particles and, thereby, cannot explain the Landau resonance phe-
nomenon.

We want to consider a one-dimensional model to obtain an intuition for the phe-
nomenon: Particles with velocity v that are slightly slower than the phase velocity
vpn of the wave (v < vp,) will on average be accelerated by the wave electric field.
As a result, the wave loses energy while the particle gains energy (wave damping).
The situation is inverted for slightly faster particles (v > vpy) which are on aver-
age decelerated and transfer energy to the wave (wave growth). The particles that
have velocities v ~ v, are effectively trapped and oscillate between two adjacent
wavefronts. Thus, this range of velocities is called the trapping range. Finally, the
interaction between the wave and particles with v < v, or v > vy is negligible.
Figure 2.1 uses the results from a simulation of the particle dynamics in an electro-
static wave to illustrate the phenomenon. The electric potential ¢ (upper subplot)
acts as a potential well which divides the phase space near v,;,. In the centre subplot
we can clearly distinguish trapped, elliptical, particle trajectories from those which
only experience minor perturbations due to the plasma wave.

Now, let us zoom out to the overall change in the VDF f;: We find that per-
turbations in f; will grow where the velocity gradient is positive (Landau growth

5In our case, the drift in the z-direction, so the standard Cartesian coordinate system is sufficient
to represent k via k| and k.
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Figure 2.1: An overview of the phase space in the presence of an elec-
trostatic wave with phase velocity v, = w/k. The spatial variation of the
electric field E (solid purple) and the electric potential ¢ (dotted orange)
of the wave are displayed in the upper subplot. The centre subplot shows
the full phase space, where darker colours indicate a higher phase space
density. The solid lines with arrows indicate representative particle tra-
jectories in the frame of reference where the wave is stationary (travelling
with vy, = w/k). Notice the thick solid line which separates trapped and
untrapped trajectories. The right subplot shows the velocity distribution
function (VDF) after the Landau resonance (filled blue) and the initial VDF
(dashed black). This figure is based on the work of Kunimune, 2023.

for f/ > 0), as this corresponds to there being more particles depositing energy
into the perturbations. Analogously, the perturbations decay where the gradient is
negative (Landau damping for f; < 0), as this corresponds to more particles ex-
tracting energy from the perturbations. Through the interaction of the wave with
the surrounding particles, the Landau resonance usually leads to a plateau around
the resonance frequency w, of the wave (Kennel et al., 1966). The plateau formation
is illustrated in the right subplot of fig. 2.1.

In this work, we choose to simply present the key results from linear theory
instead of going through a full mathematical derivation, which can be found in
kinetic plasma physics textbooks such as Swanson, 2003. The resonance condition
in the linear theory is determined via the wave’s frequency w, and wavenumber k.
It reads (Swanson, 2003):

k-v=uw,. (2.10)

7
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Furthermore, we can quantify the growth or decay of the wave via the growth rate
v. Calculating v analytically for the general case is difficult. The classic example is
the one mentioned in section 2.1.1, namely plasma oscillations in an unmagnetized
plasma. In that case (in the limit |y| < w,), 7 can be calculated as (Swanson, 2003)

2
TWye d

k2 %Feo(vph)a (211>

V= Wr

where F is the marginal electron distribution in the direction of wvp,. It is nor-
malized as [ dvjFy = 1. The key insight from this example is that v oc f;(vpn).
Finally, the (electron) trapping region is a velocity range that can be estimated via
the electric potential ¢:

2q.0

e

v =vpp £ (2.12)

Note that ¢ is a function of position and time, which means that the size of the
trapping region will change over time. We can also see that the trapping region for
a species s depends on the charge-to-mass ratio ¢s/ms of the particle species.

2.2 Proton-alpha instability

The solar wind is a dynamically changing plasma stream that is emitted by the
Sun (Neugebauer et al., 1966; Owens, 2020). It fills the entire heliosphere and
spreads throughout the solar system, dragging with it the Sun’s magnetic field
(Neugebauer et al., 1966; Parker, 1958). In this stream, the density varies sig-
nificantly over space and time (Lalti et al., 2022). On the other hand, all particle
species in the same region always travel with roughly the same velocity (Owens,
2020).

The solar wind plasma at a distance of 1 AU (from the sun) mostly travels with
super-Alvénic speeds which also makes it supersonic (Merka et al., 2005). However,
near the Earth it comes in contact with the planet’s magnetic field, which acts as
an obstacle (Merka et al., 2005). Now, there is a critical boundary where the bulk
speed abruptly drops from super-Alvénic to sub-Alvénic speeds and shock waves
develop (Merka et al., 2005). This region is known as the bow shock. A sketch of
its flow geometry is displayed in fig. 2.2. At the bow shock, a fraction of the solar
wind particles is reflected while the remaining particles travel further downstream
into the magnetosheath (Cohen et al., 2019). It is important to remember that the
geometry of the bow shock and magnetosheath depend strongly on the properties
of the incoming solar wind. Consequently, they change dynamically over time.

The proton-alpha instability is a streaming instability that was observed just
downstream of the Earth’s bow shock (Graham et al., 2024). The goal of this section
is to understand why and under which conditions it forms. Furthermore, we want
to understand how its dynamics change with the plasma parameters by using a
simplified theoretical approach.

8
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Figure 2.2: Illustration of the path of solar wind around the earth. The
bow shock (dashed line), the magnetosheath (dark gray), and the magne-
topause (border between light grey and white region) are distinguished by
the behaviour of the flowing plasma.

2.2.1 Origin of the phenomenon

To understand the origin of the proton-alpha instability, we want to focus on the
region near the bow shock. The deceleration across the bow shock depends on the
charge-to-mass ratio ¢s/ms of the particle species. The larger gyro radius of the
ions compared to electrons entails that incoming solar wind ions penetrate deeper
into the magnetosheath than the electrons during their gyration. This causes a
charge separation which yields an electrostatic cross-shock potential ¢. The result-
ing force will act to restore the charge neutrality, by repelling ions and attracting
electrons (Cohen et al., 2019).

As an approximation, we consider the shock ramp to be a step function. In this
case, the difference between the upstream and downstream velocities u,, and usq
due to ¢, is given by (Graham et al., 2025):

Uy, — Usg . (2.13)

It is clear that, in this simplified scenario, alpha particles will decelerate less than
protons. This is in agreement with observations analysed by Graham et al., 2024.
For a cross-shock potential of ¢ ~ 1200V, the flow velocity Augq between alpha
particles and protons downstream of the shock reaches approximately 100km /s —
200 km/s (Graham et al., 2025). Some fraction of the particle species, depending on
the parameters of the shock, will be reflected (Kennel et al., 2013; Paschmann et al.,
1980).
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Particle species | n, (1/cm?) | Ty (V) | us (km/s)
Electrons 12 100 0
Protons 10 12 0
Alphas 1 3 100

Table 2.1: The nominal plasma conditions used for this work are identical
to those of Graham et al., 2025. The background magnetic field is zero.

2.2.2 Linear theory

This section outlines the derivation of the linear theory presented by Graham et al.,
2025. The fundamental idea is to use the electrostatic dispersion relation of an
unmagnetized, homogeneous plasma and was first presented by Gary, 1979. This
linear dispersion relation can be derived in two steps. First, the distribution function
fs(x,v,t) is expanded to first order around a spatial homogeneous steady state.
The velocity distribution is assumed to follow a Maxwell-Boltzmann distribution
fO(v) with flow speed u,. Secondly, the Vlasov equation in combination with the
Poisson equation are solved for this linear ansatz (Gary, 1979). Finally, we make
the assumption of a vanishing background magnetic field B = 0. We will later test
the validity of this assumption in section 4.5. Now, the dispersion relation can be
written as (Gary, 1979):

o wge , w wf,p , w wfm ;[ W — /{IHUQ
0=1 kzvgez (k‘vte> k%gpz <kvtp> k%faz < kv > (2.14)
Here, kj is the wavenumber parallel to the flow speed u,. When the growth rate
Im(w) = = is positive, the Maxwellian equilibrium is an unstable fixed point. Here,
waves can exponentially grow under Landau resonance (cf. section 2.1.2). Graham
et al., 2025 numerically explores the parameter dependencies of this instability. As
our baseline, we choose the same nominal plasma conditions as Graham et al.,

2025 which are given in table 2.1. The flow speed of the alpha particles is in the
x-direction, i.e. U, - €, = Uq,.

In this work, we want to focus on the dependence of the wave properties (incl.
growth rate) on the density ratio n,/n, and the flow speed u, at the maximum
growth rate 7 — “max. This additional constraint on eq. (2.14) yields a unique
solution for fixed plasma parameters. We denote the wave properties of the fastest
growing wave, i.e. the wave with Y., = max(y), using the subscript “max”. For
example, the wavenumber of the fastest growing wave is kpa.x 7 max(k). Figure 2.3
displays the wave’s properties under otherwise nominal conditions. A variation of
the density ratio in fig. 2.3 (a) shows that instability occurs when n,/n, > 1073
The growth rate Yimay increases until it reaches a maximum at n, /n, = 0.5 where the
charge density of protons and alphas is equal. Above n,/n, ~ 2.5 - 1072, Wyax/Wpp
increases as the fraction of alpha particles increases. The normalized wavenumber
EmaxAp shows a local maximum at n,/n, ~ 0.3. Both wyax/wpp and kmaxAp change
gradually with the density ratio. The phase speed v, monotonically decreases as
Na/Nyp increases.

Figure 2.3 (b) displays the wave properties under a changing flow speed u,. We

10
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Figure 2.3: The predictions from the linear theory for growth rate vyax,
frequency wpax, wavenumber k.., and wave angle 0,,,,, to the drift direction
are under otherwise nominal conditions, based on the work of Graham et al.,
2025. Fig. (a) varies the density ratio between protons and alpha particles
such that n, = 12/cm?® = n, + 2n,. Fig. (b) varies the alpha flow speed.
The wave angle 6 is in radians. For reference, the maximum angle is at
Omax =~ 60°. Additionally, we show #5°°™ which is calculated from eq. (2.15).

max

can see that the growth rate yy,.x, wavenumber k., and frequency wy,., only change
for flow velocities below u, ~ 98km/s. The growth rate decreases monotonically
until it approaches zero at u, ~ 60km/s. Figure 2.3 (b) also shows how the wave
angle—i.e., the angle between v, and u,, denoted by 0,,.—changes with the flow
speed u,. This is the most interesting aspect and helps us understand the geometry
of the instability in velocity or momentum space.

We can reason about the angular dependence 0pax (U, Kmax, Wmax) Using the ge-
ometric considerations illustrated in fig. 2.4. Firstly, the developing wave has char-
acteristic phase velocity vpn. This means that the interaction lies tangential to a
circle around the origin with a radius vy, (black, dotted in fig. 2.4). Additionally,
from Landau resonance theory, we assume that the growth rate of a Landau reso-
nant wave depends on the gradients V, fs (Swanson, 2003). Then, for a Maxwellian
VDF, the fastest growing wave is located on some circle in velocity space with ra-
dius v, around the mean u, (blue, dash-dotted in fig. 2.4). There, it should be
maximal in the direction of vp,. Both circles together fully constrain the location of
the interaction to the dashed lines shown in fig. 2.4. The geometrical prediction of

the angle 02°°™ = 6,,,, is now given by

Uph+VUra

peom _ {arccos (?) Uq > Uph T Vra

- . (2.15)
0 U S Uph + Vra

In the numerical scheme which solves eq. (2.14), we can search for 7., over all

11
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possible k, w, and 0. Subsequently, we use Emax, Wmax to calculate vy, for a given
Uq. Finally, we determine v,, ~ 1.3vy, = 30km/s via a fit to O.c. Figure 2.3
(b) shows a direct comparison of eq. (2.15) (denoted #&°%™) with the solution of
the dispersion relation (denoted O.x). We find an exact match (689" = 0,..) up
to the resolution limit of the numerical scheme. This confirms the validity of our
geometrical interpretation. Figure 2.4 also gives an intuition about the change in
Emax and wmax in regime where u, < vpn + vrq. This is because there are no internal
bitangent lines when the phase speed vpn = Wimax/kmax and vy, stay constant. Now,
Ve does not depend on u, and the radius of the circle around u, cannot change.
Instead, a decrease of vpp 10 Vph = Wiax/Fmax < Ua — Ure 1S Necessary. Finally, wave

growth is no longer possible when v, ~ 60 km/s.

Notably, the linear Landau resonance theory of plasma oscillations suggests that
the fastest growing waves should be located at the maximum gradient:

max([|V, fal[) = Vi /V2 & 17Tkm/s.

However, this is in disagreement with the result from the linear dispersion relation
Ura &~ 30km/s, where waves preferably grow at more shallow gradients of f,. One
possible reason for this difference is that, unlike the plasma oscillation, the instability
considered here interacts with multiple species simultaneously.

12
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Figure 2.4: Illustration of the dynamics and geometry in velocity space
depending on the alpha flow velocity. The mirror symmetry around v, = 0
reflects the rotational symmetry of the phase space around the z-axis. The
width of the trapping range (dark orange bands) changes over time and
is chosen only for illustration purposes. The arrows in the trapping range
indicate the direction of particle displacement by the wave. Fig. (a) shows
Uy = Uph + Ury With wave angle fyax = 0. Fig. (b) shows uy > vpn + v

with wave angle 0., > 0.
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3

The Particle-In-Cell plasma
simulation method

In the following, we briefly describe the numerical methods used to solve the plasma
dynamics. Self-consistent plasma modelling is generally done either via fluid, kinetic,
or hybrid descriptions (Dijk et al., 2009).

Fluid codes assume that each particle species forms a continuous medium. The
individual particles are not simulated, and the dynamics are reduced from the full
distribution function of the system to its first few (velocity integral) moments (Davidson,
2001; Dijk et al., 2009). For example, the simplest form of magnetohydrodynamics
models the plasma only via a single centre-of-mass velocity and current density that
combines the bulk velocities us;, number densities ng, charges gs, and masses mg
of all species. The system of equations is then closed by evolving the temperature
Ts by a chosen equation of state (Davidson, 2001). These simplifications can only
be rigorously justified for a sufficiently collisional plasma, which is often not a sat-
isfactory model for essentially collisionless space plasmas environments (Freidberg,
2014). Thus, many physical effects and phenomena cannot be explained using such
fluid models (Birdsall et al., 2018; Davidson, 2001; Dijk et al., 2009).

In this work, the fully kinetic Particle-In-Cell (PIC) code called EPOCH is used
(Arber et al., 2015). Here, the full distribution function of the Vlasov-Maxwell
equations are solved indirectly through a Lagrangian approach (Arber et al., 2015;
Birdsall et al., 2018). This means that EPOCH simulates particle trajectories. At
the same time, the electric and magnetic fields are calculated on a discrete spatial
grid through interpolation (Arber et al., 2015; Birdsall et al., 2018). In contrast to
the fluid modelling approach, PIC simulations only neglect direct particle-particle
interactions and estimate the full distribution functions!. For our setup, this is well
justified because the mean free path [ is roughly [ = 4 - 10°km in the solar wind
(Coburn et al., 2022). To illustrate, roughly one out of 10° particles is expected to
collide once over the course of the entire simulation.

An overview of the calculations for particle motion and electromagnetic fields
follows to obtain an intuition of the algorithm, which is implemented in the EPOCH
code. We present the reasoning behind the choice for grid resolution and domain
size. Finally, we discuss the numerical stability of the algorithms.

In principle, EPOCH is able to simulate effects due to collisions, partial ionization, and other
phenomena (Arber et al., 2015). These are not relevant for our simulation case.
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3. The Particle-In-Cell plasma simulation method

3.1 Evolution of the plasma dynamics

EPOCH is a kinetic plasma code. This means that individual particles are sim-
ulated, as illustrated by the gray dots in fig. 3.1. However, it is computationally
intractable to simulate all particles (Arber et al., 2015; Birdsall et al., 2018). In-
stead, pseudoparticles (or “macroparticles”) representing many real particles have
to be introduced. In this work, the ratio between real particles and pseudoparti-
cles is on the order of 10°. This description via pseudoparticles is convenient in a
collisionless plasma, where the binary Coulomb interactions can be neglected. The
particle dynamics are then determined by the Lorentz force, which only depends on
the charge-to-mass ratio g5 / ms of the particle (cf. eq. (1.1)). This ratio is the same
for real particles and pseudoparticles. The position & and momentum p of each
pseudoparticle are evolved (Arber et al., 2015; Birdsall et al., 2018). The velocity
v of the particle is then calculated via the Lorentz factor from the momentum p.
This enables a fully relativistic description (Arber et al., 2015). A modified version
of the leapfrog integration method is used as the numerical algorithm (Arber et al.,
2015).

The particle update via the Lorentz force (cf. eq. (1.1)) also requires the electric
field E and magnetic field B at each particle position @. Therefore, it is essential
to correctly and efficiently solve Maxwell’s equations. This is implemented using
the Finite-difference time-domain method (Arber et al., 2015; Birdsall et al., 2018).
Figure 3.1 illustrates this procedure. The electric field E, magnetic field B and
current J are calculated at discrete locations on a regular, spatial, Cartesian grid.

Enl BnIJn mmm
[

- _ - - - |
E | i - - - s - |
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\xn
B - . ) - - |
3
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Figure 3.1: At timestep n, each particle has a position x, and velocity
v,. Currents J,, electric fields E,, and magnetic fields B, are calculated
at discrete points on a regular Cartesian grid. Note that this illustration is
a simplification from the actual calculations of Yee’s method (Yee, 1966).
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Their values are computed from the state of the nearby pseudoparticles, weighted by
their distance (Arber et al., 2015; Birdsall et al., 2018; Yee, 1966). For example, the
electric field EU®) at time step n and grid point with index (4, k) is determined via
the charge density p. This charge density can be estimated by summing over the in-
dividual pseudoparticle charges. Each charge is weighted by a chosen shape function
that depends on the distance of the particle to the grid point (j,k). Afterwards,
the acting force from EU* is interpolated back onto each nearby particle. This
procedure produces a self-consistent solution to Maxwell’s equations for a given grid
size (Birdsall et al., 2018; Yee, 1966). Information on the fundamental principles of
PIC simulations is available in Birdsall et al., 2018. Arber et al., 2015 discusses the
concrete implementation in the EPOCH code.

3.2 Modelling constraints

It is important to understand that both the number of pseudoparticles and the grid
resolution offer a trade-off between simulation quality and computational cost (Birdsall
et al., 2018). Neither the total number of pseudoparticles Ny, nor the number of
grid cells N can be used as a measure of quality alone. Instead, we consider the
number of pseudoparticles per cell Ny, /Neen. This is because electromagnetic fields
are calculated locally from the particle state in each cell (Birdsall et al., 2018; Yee,
1966). Additionally, the ratio Ny /Neen also limits the smoothness of the distribu-
tion function fy(r,v,t) which, in turn, determines the accuracy of derived quantities
like the bulk velocity w, or the temperature 7T,. Thus, the primary limitation be-
comes the grid resolution.

The simulation grid must be set up such that it resolves both the smallest and
the largest spatial structures of interest (Birdsall et al., 2018). In our setup, we
do not know these wavelengths beforehand. Thus, we must measure them. In our
simulations, the boundary is period in all spatial directions. Thus, the k-space
resolution Ak = 27/(Ax Neenx) places a strict constraint on the precision of our
measurements. It depends only on the cell side length Az and the number of cells
Neenx in the z-direction. In particular, the periodicity of our simulation domain
only allows the formation of waves with wavelength A = 2L/j where j € N and L
is the box’s side length (Swanson, 2003). This effectively means that many wave
lengths are forbidden unless we choose a large box size L > \.

3.3 Numerical stability

The finite-difference time-domain (FDTD) scheme used by EPOCH is second-order
accurate (Arber et al., 2015). This means that the error e scales quadratically with
the grid sizes Ax and Ay. In other words, for Ax = Ay the error follows €
Ax?. Additionally, the leapfrog integration method is time-reversible, meaning that
one arrives back at the starting values when integrating forward and backward the
same number of steps®?. Finally, leapfrog integration conserves the energy of any

2This statement discards errors due to limited precision with floating-point numbers.
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3. The Particle-In-Cell plasma simulation method

Hamiltonian system like our setup.

While the symplectic nature of the leapfrog method provides conservation of
energy to the numerical scheme, this alone is not sufficient. The time step size is
bounded by the Courant-Friedrichs-Lewy (CFL) condition (Courant et al., 1928):

D=

c? c? 2\
Aty < <M2 taat Az2> . (3.1)

An intuitive way to understand the CFL condition is that all information is con-
strained to move less than one grid cell per time step.

18



4

Results

In this chapter, we present and discuss our results obtained from PIC simulations
of the proton-alpha instability. Section 4.1 covers the non-linear evolution of the
instability. Additionally, it introduces different representations and metrics to char-
acterize the plasma dynamics through the simulation data. Afterwards, the majority
of this chapter deals with parameter variations over the density ratio n,/n,, alpha
flow speed u,, as well as the direction and strength of the background magnetic field
By. Here, we aim to understand how the plasma heating and the wave properties
change at different plasma parameters.

As discussed in section 3.2, the correct choice of simulation parameters is crucial
to ensure accurate results. From the linear theory in section 2.2.2, it is clear that
kAp =~ 1 for most cases. Therefore, we choose Ax = Ay = Ap/2 for all simulations.
For the variations over u, and By, we perform two-dimensional simulations with
128 grid cells in the z-direction (aligned with the drift), and at least 64 grid cells
in the y-direction, depending on the wave angle. For the variation of n,/n,, we
perform the one-dimensional simulations with twice the domain size at the same
resolution (256 grid cells). In section 4.2, we vary the number of pseudoparticles per
cell Ngm/Neen and find that Ny, /Neey = 219 are sufficient for accurate simulation
at a reasonable computational cost. Across all simulations, the domain has periodic
spatial boundary conditions.

4.1 Evolution of the instability

The instability and its evolution can in large parts be characterized through the
electrostatic waves which develop. Figure 4.1 shows the electric field E, and its
mean electric field energy (Wg), over time through a one-dimensional simulation.
Here, we use this representation primarily to explain the different phases of the
temporal evolution.

Initially, up to tw,, ~ 20, the electric field energy (solid black) in fig. 4.1
(b) fluctuates around (Wg), ~ 3 -10% This reflects the fundamental discretiza-
tion noise in the simulation due to the finite number of particles, and we expect
limp,, oo WE = 0. Note however that this limit does not correspond to reality,
where we also have a finite number of particles’. In fact, a certain level of initial

!This limit is comparable to a continuum simulation. It can represent the initial Maxwell-
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noise is needed. These non-uniform particle movements correspond to a perturba-
tion of the charge density and therefore also of the electric field. Now, a range
of modes within this random perturbation grow exponentially, as predicted by the
Landau theory (cf. section 2.1.2). However, it only surpasses the noise level after
t wpp ~ 20 where it becomes visible in fig. 4.1.

Around twp, = 40, the electric field energy caused by the growing wave far
exceeds the energy of the noise such that (Wg), > (WE°),. From this point, the
total electric field energy grows exponentially up to t w,, ~ 50 in fig. 4.1 (b). Due to
the logarithmic scaling In((Wg),) o t on the axis, this appears as the linear regime
(thick orange), with an average slope of 2 (dashed blue). Meanwhile, fig. 4.1 (a)
also spatially resolves the phenomenon. It becomes clear that waves grow from small
perturbations in the electric field. These emerge because of the inhomogenous way in
which the pseudoparticles move throughout the simulation domain. Consequently,
against the assumption in the Landau resonance theory of section 2.1.2, the wave
onset is also spatially inhomogeneous. The angle of the blue and red bands in this
regime of fig. 4.1 (a) represents the collective movement of all crests and troughs of
the wave with its dominant phase velocity vpy.

Beyond twy, ~ 50, we observe how multiple wave crests combine into one: The
wavelength changes, and non-linear effects begin to influence the dynamics of the
plasma. At the same time, the wave energy begins to deviate from its exponential
scaling in fig. 4.1 (b). From this point onwards, the linear theory is no longer able
to predict the dynamics as higher order effects become relevant. Finally, around
t wpp = 60, the mean electric field energy (W), reaches its maximum and starts to
slowly decrease over time. The clear separation into crests and troughs of a typical
sinusoidal wave is replaced by more complex structures in fig. 4.1 (a).

Generally, the regime where the total electric field energy grows linearly is hard
to define precisely. Here, in order to avoid data dredging, we implement the auto-
mated procedure illustrated in fig. 4.1 (b). First, we compute (Wg),. over the entire
simulation time. Secondly, we fit a seventh order polynomial to that time series.
The inflection point after (in time) the lowest extremum in the data range is used
as the start of the linear regime. Finally, the linear regime ends when the slope of
the polynomial deviates by more than 20 % from its value at the inflection point.
While the technical details of this procedure are mostly arbitrary, we find that the
result agrees with the visual intuition of most simulations in this work. The growth
rate ymax can be estimated from the slope over the linear regime, as illustrated in
fig. 4.1 (b). We can also use the spatio-temporally resolved electric field to estimate
kmax and wpay. For the one-dimensional case, they are computed as:

kmax = argmax,, ((F.(EF)):) (4.1)
Wmax = argmax,, ((F:(E)).), (4.2)

where (-),; denotes averaging over the subscript parameter and argmax, ;(-) denotes
the taking the value of the subscript parameter where - is maximal. Note that we

Boltzmann distribution exactly and replaces the discrete particles by a continuum.
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Figure 4.1: The spatio-temporal evolution of the instability in terms of
(a) the electric field E,(z,t) and (b) its mean energy (Wg(zx,t)), are shown
here. Additionally, the method of identifying the linear growth phase and
fitting the growth rate is illustrated in (b). The data was captured in a
one-dimensional simulation with Ngy, / Neen = 213 under nominal plasma
conditions (cf. table 2.1).

only consider the time from the start of the simulation until the end of the linear
regime, and that the discrete Fourier transform is used for F.

The electron, proton, and alpha particle distribution functions in the simulations
can be directly inferred from the pseudoparticles. They allow us to understand the
particle dynamics of the different particle species. Additionally, we can compute
the bulk velocities, temperatures, and higher-order moments of these distributions.
Figure 4.2 covers the temporal evolution of the spatially averaged distribution func-
tions, i.e. (fs(z,v,t)),. Note that due to the normalization, the apparent size of
fs is comparable across particle species. However, in absolute units, the distribu-
tions vary by orders of magnitude because of the differences in species densities (cf.
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The temporal evolution of the distribution function

(fs(x,v,,1)), for electrons, protons, and alpha particles going from left to
right. All distributions are normalized such that their maximum at ¢ = 0
is at unity. Subplots (a), (b), and (c) show the distribution functions at
initial conditions and final simulation state, while subplots (d), (e), and
(f) show the full evolution. The data was captured in a one-dimensional
simulation with Ny, / Neen = 2'% under nominal plasma conditions (cf. ta-
ble 2.1).
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table 2.1) and ve > vip R Vta.

First and foremost, it is clear that the electron dynamics does not play an active
role in the instability. Figure 4.2 (a) and (d) illustrate that the electron distribution
functions remain Maxwellian throughout the entire simulation. This is because the
electron thermal velocity vy, is much larger than the phase velocity vy, ~ 0.01v¢
of the growing waves. Thus, the Landau resonance takes place primarily in the
centre of the distribution vy, £ Vtrape =~ (0.01 £ 0.5)vi. Here, the gradient f! is
shallow, which means that f, is already rather flat. The electron temperature T,
which characterizes the width of f, increases only slightly by AT, ~ 0.4eV< T/=0 ~
98.8 V. This heating takes place almost exclusively in the drift direction such that
AT, , =~ 1.2eVx 3AT,.

On the other hand, the proton, and alpha particle distribution functions f,, and f,
significantly broaden over the simulation time. The largest visual changes in fig. 4.2
(e) and (f) happen around the linear growth phase from twp, ~ 30 to tw,, ~ 60.
We can see that f, obtains an increasing number of high velocity particles in the
drift direction (v, > v;f; 9). Meanwhile, the alpha particles are slowing down to
Vo < uf? & 40} This reflects changes in the bulk velocities of Au, ~ 0.4v{;°
and Au, ~ —v{=°. Overall, this reflects the fact that both species approach their
common flow velocity of approximately 2uf=°/7 (for the density ratios in table 2.1).
At the same time, we observe significant broadening of f, and f,. This entails
an increase in temperatures by AT, , ~ 11eV and AT,, ~ 42eV compared to
T!=" ~ 3eV and T/~ ~ 12¢eV. In summary, we can say that the alpha particles lose
approximately 40 % of their directed kinetic energy (AK, ~ 0.4K'=%). This energy
is primarily converted into plasma heating (0.95AK,) which is split between alpha
heating (50 %), proton heating (34%), and electron heating (16%). The remaining
energy (0.05AK,) is converted primarily into kinetic energy of the protons along
the drift direction (> 99%).

Figure 4.2 (c) shows that f, develops a wide, flat centre as its average flow
velocity decreases. The final width and centre of the flattop at tw,, = 150 is
comparable to the trapping range 2.9v,, & 2v¢, predicted from linear Landau theory
(cf. section 2.1.2). The proton distribution f;, is also vastly affected (cf. fig. 4.2 (b)).
The trapping range is located at approximately 2.9vy, &+ 2.7vy,. The key difference
here is that the entire alpha particle distribution is captured and flattened by the
Landau resonance, whereas for the protons, the interaction range does not reach the
centre of the distribution at u, = 0 and is instead shifted towards higher velocities.

Figure 4.3 complements fig. 4.2 by the explicit temporal evolution of the (three-
dimensional) temperature T and T, the temperature in the drift direction. The
measurement of the three-dimensional temperature is possible because EPOCH al-
ways simulates particle velocities in three dimensions, even when the spatial di-
mensionality is reduced (cf. section 3.1). In particular, fig. 4.3 highlights that the
majority of the plasma heating for all particle species takes place during the linear
growth phase. Additionally, we observe that the heating of all particle species is
dominated by heating in the z-direction (AT, ~ 3ATy).

Finally, we want to gain an understanding of the full position-velocity phase
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Figure 4.3: This figure shows the temporal evolution of the mean temper-
atures (Ty(x,t)), for all species. The solid lines represent three-dimensional
temperatures, while dotted lines indicate temperatures in the x-direction.
The data was captured in a one-dimensional simulation with Ny, / Neen =
2'3 under nominal plasma conditions (cf. table 2.1).

space of the particle distribution functions. Figure 4.4 displays three snapshots at
initial conditions twy, = 0, after the linear growth phase at tw,, = 60, and after
the full simulation period at tw,, = 150 for the protons and alpha particles. The
spatial component of the electrons is omitted, as it does not undergo any visible
changes over the time span of the simulation.

Initially, both f, and f, follow a Maxwell-Boltzmann distribution and are spa-
tially homogeneous up to the discretization noise of the pseudoparticles. This noise
represents the perturbation necessary for the waves of the instability to grow. As
the amplitude of electrostatic waves grows, phase space holes form due to the pe-
riodic potential landscape in z. These holes we observe in fig. 4.4 (a) and (b) are
very comparable to those in fig. 2.1. However, the magnitude of the electric field
in our simulations is much larger than that of fig. 2.1. Consequently, the separatrix
of the wave is no longer surrounded by particles on both sides, and we observe the
formation of these asymmetric arm-like structures where particles are accelerated
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Figure 4.4: This figure shows the spatial structure of the distribution
function fs(x,v,,t) for the initial state, the state after the linear growth
phase, and the final simulation state. Subplots (a) and (b) show distri-
bution functions for protons and alpha particles normalized to a maximum
at unity. The data was captured in a one-dimensional simulation with
Niim / Neen = 22 under nominal plasma conditions (cf. table 2.1).
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to high or decelerated to low velocities, respectively. The first non-linear effects are
visible around the two phase space holes near x/Ap = 85 and x/Ap = 100, where
the structures split into multiple bands. Finally, at the end of the simulation time at
twpp = 150, the phase space becomes highly irregular. The initially distinct phase
holes smear out as the distribution functions of protons and alpha particles coalesce
and share the phase space. The lower fraction of the proton population in velocity
space prevails, unlike the alpha population, which is fully captured by the complex
particle dynamics in the trapping range.

4.2 Simulation convergence

Here, we run simulations of the same nominal plasma conditions while varying the
number of pseudoparticles Ng,,. The goal is to figure out how many pseudoparticles
we need at minimum to accurately represent the real plasma dynamics. The wave
properties predicted by the linear theory based on the dispersion relation in sec-
tion 2.2.2 serve as a reference which should be exact in the linear regime. Thus, we
take them as the ground truth. Deviations from the theoretical predictions indicate
that the simulations have not converged fully at a given resolution.

Figure 4.5 shows the simulation estimates alongside the results from the disper-
sion relation. Note that the theoretical results do have very small errors € ~ 1074
which are not displayed and deemed negligible. Simulations with Ny /Neey = 2°
and Ngm/Neen = 2° did not give reproducible results. In this regime, the noise levels
of the electric field energy are on the order (Wg), ~ 10MeV. This is above the
maximum electric field energy measured in all simulations with higher pseudopar-
ticle numbers (cf. fig. 4.1). Consequently, we cannot determine a linear regime or
measure wave properties. In conclusion, the results for such low particle numbers
are inconsistent and will be discarded. Consistent wave growth is measured across
all four runs for Ny /Neen > 27.

The normalized wave frequency wmax/wpp is displayed in fig. 4.5a. It converges
to the theoretical results for N, /Neen > 28 The error is limited by the tempo-
ral resolution of Atwy, = 0.2 which means that we can meaningfully improve the
accuracy of our measurements. Consequently, we will use a temporal resolution of
at least Atw,, = 0.1 at which we capture our simulations. Note that the actual
timescales of the simulation are much smaller Atg,wpe < 1.

Figure 4.5b shows the normalized wavenumber k... Ap. In principle, we can only
measure Kmaxz = Kmax COS Onmax in these one-dimensional simulations. However, due
to the shallow angle 0,,.x ~ 7°, we approximate Kkpax» ~ Kkmax. Furthermore, the
Debye length Ap technically changes as the electron temperature changes. Even so,
the changes are limited to below 1% (T/=" ~ 100AT,). For an accurate comparison
to the linear theory, we always calculate Ap based on the initial temperatures. Sim-
ulation estimates of the wavenumber converge for Ngm/Neen 2 29, Here, run-to-run
variance is the primary error source, while the systematic error due to the resolution
limit of AkAp = 0.5 can be relevant in some cases. Nevertheless, we decide against
increasing the spatial resolution as the systematic error of e ~ 0.05 is smaller
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Figure 4.5: Dependence of the dominant (a) wave frequency, (b)
wavenumber and (c) growth rate on the number of pseudoparticles per sim-
ulation cell Ny, / Neen- Round markers signify four independent simulation
runs at nominal conditions with different random seeds (cf. table 2.1). For
the highest number of pseudoparticles only a single run is available (pen-
tagon). The error bars indicate the sum of the systematic error due to
the data resolution, and the statistical run-to-run error. For Ng, / Neen,
Wmax/Wpp A~ 8 which is not shown in (a).

than the estimated run-to-run error €., = 0.1 for a single run. The magnitude of
the run-to-run error implies that our decision avoids large computational costs for
limited accuracy improvements.

Finally, the linear dispersion relation also predicts the growth rate 7., of the
wave. While it is possible to measure 7.y in the simulation (via the amplitude of
the strongest growing mode), this measurement is quite noisy. Thus, we decide to
measure the total growth rate via the electric field. This leads to an overestimate
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of the growth rate in the simulation due to the approximation that a single mode
with 7 = Ymax dominates the spectrum (3;V,2; exp(7;) > exp(y:)):

D> exp(27it) = exp(2Yimaxt). (4.3)

Despite this overestimation, the comparison in fig. 4.5¢ reveals that growth rates
in the simulation do not reach the predicted Yuax. One reason for the significant
underestimation in our simulations could be related to the principle on which we
base our calculations of . Namely, we assume that the slope of the region in
which the mean electric field energy (Wg), grows linearly is representative for the
growth rate. However, it is possible that even in this regime, non-linear effects
meaningfully impact the plasma dynamics. These can dampen the wave growth
compared to the instantaneous growth rate in the theory. While it is possible that
such deviations from linear theory depend on the plasma parameters, any physically
accurate simulation can never depend on Ny /Nen. Unfortunately, even up to
Niim/Neen = 213, it remains unclear whether our growth rate estimates converge to
a different limit value near v = 0.09. Thus, simulations with even higher Ny /Neen
are necessary to determine when convergence occurs. Due to the large computational
cost of those simulations, we decide to abort our exploration at Ny, /Neen = 22 and
accept that we may not achieve convergence for ~ specifically.

While the theoretical predictions are limited to the linear regime, we can also
easily check the convergence of the plasma heating. Figure 4.6¢ displays the heating
in the drift direction against Ng,/Neen. We observe that the heating for all particle
species converges for Ny, /Neen > 27 with some variations due to run-to-run variance.
This indicates that the long-term evolution of the instability converges even when
the specific dynamics during the growth phase are not yet settled.

Let us summarize: In the simulation, wmax/wWpp and kmaxAp converge toward
theoretical predictions for Ny /Neen = 2°. However, even up to Nym/Neen = 212,
the simulation growth rate is significantly lower than expected from linear theory
and steadily increases as N /Neen. Therefore, we will not focus on v for most results
in this work. The plasma heating of the simulations plateaus at Ngy,/Neen = 29,
All in all, we decide to run our simulations with Ny, /Neen = 29, Atw,, = 0.1 and
AkAp = 0.5.

4.3 Number density

Here, we present the results of a parameter sweep over the density ratio between
protons and alpha particles n,/n,. We do this such that the plasma remains charge
neutral 2n, + n, = n. and the electron density n, = 12 cm ™3 as well as other
parameters remain at nominal plasma conditions (cf. table 2.1). The theoretical
results in fig. 2.3 (a) are displayed from n,/n, = 1073 to n,/n, = 10'. In the
simulations, we find that the time to reach the linear regime depends strongly on
the chosen density ratio. Figure 4.7a shows that for small density ratios n,/n, < 1,
the simulations remain close to the noise floor for a long time. Additionally, the low
alpha particle density n, also implies that the energy of the alpha distribution W,
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Figure 4.6: Dependence of the temperature increase in the x-direction
AT , of the particle species on the number of pseudoparticles per simulation
cell Ngim / Neen- For the highest number of pseudoparticles only a single run
is available (pentagon). Round markers signify four independent simulation
runs at nominal conditions with different random seeds (cf. table 2.1). The
errors are based on run-to-run variance, as statistical errors are negligible.

is small. Consequently, the available energy for the wave growth is limited. This
effectively decreases the signal-to-noise ratio in the simulation, which forces us to
simulate with higher N /Nen. Here, we choose Nym/Neen = 2% and limit the
parameter scan from n,/n, = 1077 which allows us to keep the simulation time
at twp, = 150. On the other end, simulations up to n,/n, = 1072 enable us to
explore the plasma evolution at the highest growth rates.

In principle, we want to compare our simulations against theoretical predictions
for the wave properties. However, for most density ratios, we fail to estimate both
the wavenumber and the wave frequency with our technique (cf. section 4.1). The
evolution of the electric field in fig. 4.8 illustrates the problem: The discretization
noise in the simulation leads to spatial inhomogeneities in our domain. On the other
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hand, we use the plane wave ansatz which assumes spatial homogeneity in the linear
theory. When the plane wave approximation is no longer applicable, modes can
grow with varying strength depending on the local perturbations. For example, in
fig. 4.8 the first visible crests and troughs appear at z/Ap ~ 50 and tw,, ~ 15.
However, around z/A\p ~ 32 the first features appear at tw,, ~ 30 when a large
part of the domain is already similar to the non-linear regime in fig. 4.1. We come
to the conclusion that the domain is never globally in the linear regime required to
measure the wave properties.

The mean electric field energy still contains a regime where it grows exponentially.
Figure 4.7b shows that the growth rates v measured in the simulation follow a similar
trend as their theoretical predictions. While interesting, this result should be treated
with caution because the numerical experiments in fig. 4.5c suggest that the growth
rate has not converged. There is no confirmation that our simulations underestimate
the theoretical prediction systematically across plasma parameters.

Figures 4.9a, 4.9b and 4.9c show the heating of the particle species. In section 4.1,
we show that the vast majority of the plasma heating takes place during the lin-
ear growth phase. However, temperatures continue to increase into the non-linear
regime. This trend continues across different density ratios. Thus, we measure the
initial temperature and the temperature after a fixed delay of twy, = 44 after the
linear regime. This avoids a bias in the comparison of temperature differences, as
the onset times vary for different density ratios (cf. fig. 4.7a). We can see that the
heating increases together with the density ratio n,/n, up to n,/n, ~ 107%5. At
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Figure 4.7: Subplot (a) shows the length of the time range classified as
the linear regime against the density ratio n,/n,. Subplot (b) shows the
fitted growth rate in the simulation against the theoretical predictions in
fig. 2.3 (a) via the dispersion relation (cf. eq. (2.14)). All simulations are
one-dimensional under otherwise nominal plasma conditions (cf. table 2.1)
with Nsim/Ncell = 213.
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Figure 4.8: The spatio-temporal evolution of the electric field E,(z,t) for a
density ratio of n,/n, = 107%2° under otherwise nominal plasma conditions
(cf. table 2.1) in a one-dimensional simulation.

na/np & 107%% the proton and alpha particle heating levels off while the electron
temperatures continue to increase. Overall, the heating follows a similar trend as
the growth rates.

Finally, we can understand the transfer of energy away from the alpha particles
due to the instability. We observe that the alpha particles lose the largest fraction of
their energy AW, /W=~ 0.26 at n,/n, ~ 107%7 (not shown). Figure 4.9d shows
how this energy is distributed throughout the system depending on the density
ratio n,/n, after the linear growth phase. Note that much longer simulations are
required to judge the long-term energy distribution (Wg/Wista < 1). At low n,/nyp,
most of the energy remains in the electric field even until the end of the simulation
period. As n,/n, increases, a larger fraction of energy is transferred to the protons.
The electrons also receive an increasing fraction of the energy. However, it remains
significantly less compared to the protons (AW, < AW,) for all density ratios.
Overall, fig. 4.9d suggests that the timescale of instability critically depends on the
density ratio.

4.4 Alpha particle flow velocity

This section concerns the dependence of the instability characteristics on the alpha
flow velocity u,. For simplicity and due to the inherent symmetries of the system?,
we limit ourselves to a variation over u, = g .

)

Initially, we discuss the wave properties, which we can once again compare with
the linear theory from the dispersion relation (cf. fig. 2.3). Figure 4.10a shows that

2The drift velocity of the alphas is the only parameter that breaks isotropy in the unmagnetized
case.
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Figure 4.9: Heating of (a) electrons, (b) protons, and (c) alpha particles
for different density ratios n,/n, at otherwise nominal plasma conditions
(cf. table 2.1). Subplot (d) shows the partition of the lost alpha particle
energy in the frame of the initial proton flow. In both cases, the temporal
difference is measured between the start of the simulation and tw,, = 44
after the end of the linear regime, as for n,/n, = 10717 we reach the end
of the simulation period.

the wave frequency is overall similar to the theoretical predictions for low and high
drift velocities. While this is within one standard deviation, the simulation values
seem to slightly overestimate frequencies compared to linear theory. Furthermore,
we observe that the estimation is independent of the component of the electric field,
i.e. we obtain the same wp,,x When using F, and E,. This is expected and underpins
the physical adequacy of our method. A major deviation from theoretical predic-
tions is visible around u, ~ 150km/s. Here, the frequency is significantly reduced.
We currently do not have a satisfying answer as to why this occurs. One possible
reason is a strong spatial perturbation similar to those discussed in section 4.3. In
that case, another mode at w # wyax can dominate the system if it starts with an
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initially much higher amplitude. However, the power spectral densities (in simula-
tion and dispersion relation) at u, = 150km/s and u, = 160km/s do not show any
strong secondary modes. Furthermore, such a specific spatial perturbation is statis-
tically extremely unlikely. Note, however, that this type of anomaly would directly
affect the phase velocity. Since we do not observe any corresponding changes in the
evolution of the distribution functions, this points to an issue with our estimation
scheme for w.

The normalized wavenumber is shown in fig. 4.10b. Again, the simulation results
agree well with the predictions from the dispersion relation. Similar to the results
of the wave frequency, the simulations tend to produce slightly higher estimates
compared to their theoretical counterpart. Here, no anomaly is visible around u, =
140km/s or u, = 150km/s and results based on E, and E, are very similar.

The results for the growth rate v have to be treated with caution, as we did
not reach convergence in section 4.2. Nevertheless, we can note that the growth
rates remain constant for changing flow velocities with fluctuations below 10 %.
Their mean remains at v/w,, ~ 0.08 which is significantly below the theoretical
prediction of Yax/wpp = 0.11 which is somewhat expected from fig. 4.5c¢.

Overall, the deviations from linear theory for k.. and wpa, are likely due to
the temporal and spatial resolution being limited. Additionally, the discretization
noise in the simulation can lead to slightly asymmetric growth of nearby modes.
Figure 4.11 shows a snapshot of the electric field towards the end of the linear regime.
While less severe than in fig. 4.8, these intricate curved and asymmetric transitions
between crests and troughs suggest significant non-linear effects which put the plane
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Figure 4.10: Estimates of frequency and wavenumber are compared with
linear theory for different flow velocities u,. The theoretical results are iden-
tical to fig. 2.3 (b) via the dispersion relation in eq. (2.14). The simulation
estimates are obtained from two-dimensional simulations under otherwise
nominal plasma conditions (cf. table 2.1).
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Figure 4.11: Snapshot of the spatially resolved electric field E, during the
linear regime at twy, for a two-dimensional simulation at nominal plasma
conditions (cf. table 2.1). The electric field E, is weaker but has a similar
structure and is not shown here.

wave approximation into question. It is expected that simulations at much higher
particle numbers Ny, /Neen would reduce these effects, since the corresponding lower
initial noise level would allow a longer linear growth phase. This in turn leads to a
clearer separation of linear modes growing with similar growth rates.

Since the simulations over the flow velocity u, are two-dimensional, we can mea-
sure the angle between the propagation direction of the wave and the drift direction
Omax- Figure 4.12 shows the theoretical predictions together with simulation esti-
mates via both k and FE directly. Here, we calculate k.« as outlined in section 4.1
via the discrete Fourier transform of E,. Subsequently, we compute #,,., based on
geometrical considerations:

kmax
Omax = arctan <y> . (4.4)

max,x

In addition, we may also use Eips, and Eyps, in eq. (4.4) instead of kmax e and kmax,y,
respectively. This calculation is justified through Faraday’s law for electrostatic
waves, which implies k x E = 0. Figure 4.12 shows that both estimates agree
well with the predictions from the linear theory in fig. 2.3 (b). Most likely, the
estimates via E deviate from the theory again because of the non-linear effects.
These increase the electric field strength perpendicular to the phase velocity of
the wave (cf. fig. 4.11) which results in a systematic bias. This bias is strong for
small wave angles, where £, is expected to be close to zero in the plane wave
approximation. On the other hand, the estimate via k would be strongly affected
only if these non-linearities are particularly effective around a specific wavenumber.
Thus, we believe that the estimate via k is generally more robust than via E but it is
fundamentally limited by the k-space resolution which results in larger uncertainties
for small wave angles 6.
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Figure 4.12: Wave angle estimates are compared with linear theory for
different flow velocities u,. The theoretical results of 0,,,, are those from
fig. 2.3 (b) via the dispersion relation in eq. (2.14). The simulation estimates
are obtained from two-dimensional simulations under otherwise nominal
plasma conditions (cf. table 2.1).

We combine the wave angle together with the trapping region of the Landau
resonance to understand the evolution of the distribution functions f, and f, in
velocity space. Figure 4.13 shows the proton and alpha VDFs at the end of the
linear regime and at the end of the simulation. Note that we do not show the initial
distributions because we already know that they will be approximately Maxwellian
with radial symmetry around their respective flow velocity. At the end of the linear
growth phase, both distributions have evolved significantly from their initial state.
However, their changes are highly structured. The trapping regions originate in
linear Landau theory (cf. section 2.1.2). It broadly reflects the part of the phase in
which the Landau resonance (at that time) influences particles of a given species.

This picture directly corresponds to fig. 4.13 (a) and (b): Outside the trapping
regions (transparent bands) the distributions remain almost identical to their initial
state. They are rotationally symmetric with increasing density towards the initial
flow velocity u!=" (white dot with black edge). On the other hand, inside the trap-
ping region, particles are redistributed across their band (indicated by the black
arrows). This leads to the formation of two wide branches away from the centre of
the distribution, which abruptly stop at the end of the trapping region. Further-
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Figure 4.13: The spatially averaged distribution functions of protons,
(a) and (c), alpha particles, (b) and (d), are shown in velocity space for
Uy = 140km/s and otherwise nominal conditions (cf. table 2.1). The white
dots indicate the centre of the distribution functions at twy, = 0. The semi-
transparent bands in (a) and (b) show the location a size of the trapping
region based on 6,,,, from the theory and the maximum electric potential
¢ in the simulation at tw,, = 55 (end of the linear regime). The black
arrows indicate the direction of particle transport in the velocity space of
the corresponding band.
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more, we observe a region in the shape of a rhombus, where the two bands overlap.
This region always occurs for non-zero wave angles 6., > 0 but its location and size
depends on 6., (or equivalently u,) and the species charge-to-mass ratio. Here,
particles are transported in both directions. For the alpha distribution in fig. 4.13
(a), the rhombus contains the centre of the distribution. Consequently, many parti-
cles are redistributed all throughout. For the protons, however, the overlap region
is located away from the centre and the density remains low up until the end of the
linear regime. The evolution of the VDFs displayed in fig. 4.13 (a) and (b) is gener-
ally representative for all simulations in the flow velocity variation. Nevertheless, a
change in the wave angle 6., also modifies the angle between the trapping regions
(it is /2 — Omax), and thus the location of the overlap region.

Figure 4.13 (c) and (d) show the VDFs at the end of the simulation period. Here,
the plasma dynamics are highly non-linear, and it is evident that the redistribution
of particles is no longer constrained to the trapping ranges shown in fig. 4.13 (a)
and (b). Nevertheless, both distributions remain mirror symmetric with respect to
the z-axis. The proton VDF in fig. 4.13 (c¢) develops a wide plateau that stretches
primarily towards high velocities in the beam direction (v, /vt > 0). This reflects
an increase in flow velocity u,, > 0. On the other hand, the alpha distribution
loses kinetic energy, i.e. its drift velocity decreases significantly (u, < uf=?). While
the alpha distribution appears completely flat (u/~° is no longer visible), the proton
distribution retains a visible maximum around utpzo.

Finally, fig. 4.14 displays the plasma heating for the different species. First and
foremost, it is clear that the temperatures increase for all species over all simulated
flow velocities u,. While protons and alpha particles heat up drastically, fig. 4.14
(a) shows that the electron temperature is barely affected (cf. section 4.1). Further-
more, we notice that the heating increases as the flow velocity of the alpha particles
increases. This is not surprising, as the flow velocity directly determines the kinetic
energy of the alphas, and thus the total available energy. Due to this overall trend,
it is more interesting to look at the normalized heating AT,/K " which is shown
in the right column of fig. 4.14. Here, we notice that the largest proton and alpha
heating occurs at u, where the wave angle is at O, &~ 45° (cf. fig. 4.12). Notably,
the electron heating in fig. 4.14 (b) does not appear to follow the same trend.

The origin of this particular relationship between the plasma heating and the
flow velocity is difficult to determine exactly. However, we suspect that it is directly
related to the geometry and location of the trapping regions relative to the VDF of
the respective species (cf. fig. 4.13). As 6.5 or rather the flow velocity u,, increases,
the two bands in fig. 4.13 rotate into a more horizontal position. This simultaneously
covers a larger fraction of the proton distribution f, and moves their overlap region
into the centre of the alpha distribution. The increased spread in the distributions
increases their temperature. At the same time, however, the fraction of the proton
distribution which may be covered by these bands is limited geometrically by their
width, which ultimately restricts the possible temperature increases.
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Figure 4.14: Dependence of the plasma heating for individual particle
species on the flow velocity u, over the entire simulation period. Subplots
(a), (c), and (e) show the heating in physical units. Subplots (b), (d), and
(f) show the heating normalized by the initial kinetic energy of the alphas.

All values are obtained from two-dimensional simulations under otherwise

nominal plasma conditions (cf. table 2.1).
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Figure 4.15: Estimates of frequency and wavenumber for different mag-
netic field directions at B = 45nT. The values at alpha flow velocity
U, = 100km/s, and u, = 140km/s are offset relative to each other to
improve visibility. The horizontal lines represent the mean value between
all runs. The diagonal hatch patterns separate simulations with different
magnetic field directions. All simulations are two-dimensional and have
otherwise nominal plasma conditions (cf. table 2.1).

4.5 Background magnetic fields

The results from the dispersion relation and the description via linear theory in
section 2.2.2 are only valid in a purely electrostatic setting, where the background
magnetic field vanishes (By = 0). Here, we test the validity of that assumption
through our simulations for a background magnetic field with a field strength of
B = 45nT. This magnetic field strength is representative of the magnetic fields
measured by the MMS mission’s spacecrafts near the bow shock (Graham et al.,
2025).

Figure 4.15 shows the wave properties of simulations with different magnetic field
configurations, as well as without any magnetic field. Solely for u, = 100km/s, the
wave frequency for the case B = B, and the wavenumber for the case B = B,
differ slightly. However, both changes correspond to a shift of only AkAp = 0.5 or
Aw/wp, = 0.1, respectively, which represent the resolution limit of the simulation.
Chi-squared tests at each flow velocity have p-values of p > 0.6 for both the wave
frequency and wavenumber. This confirms that there is no statistical difference be-
tween the wave properties at different magnetic field settings for either flow velocity.
This result can be understood via the gyrofrequencies w., of the different species:

<| B
ey = %18 (4.5)

ms

At the current magnetic field strength, both the proton and the alpha gyrofrequen-
cies are extremely small. This means that their gyration periods are very large
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compared to the typical timescales of the instability. For B = 45nT, we can calcu-
late that the alpha particles will rotate by less than 30° and protons less than 60°
over the entire simulation period (twp,, = 150). Only the electron gyrofrequency
is similar to the timescale of the instability we ~ 2wp,. Since the linear growth
phase ends at twp, ~ 50 and the electrons are not strongly affected by the Landau
resonance, the influence of the magnetic field is minimal.

The limited impact of the magnetic field, as expected from the low ion gyro-
frequencies, is also seen in terms of the ion heating. Figure 4.16 shows how the
plasma heating of the different particle species changes relative to their heating in
the absence of a magnetic field. The electron heating, which is generally quite small,
increases by approximately a factor four when the magnetic field is perpendicular to
the drift direction of the alpha particles (B = B,). For the case B = B,, the increase
in plasma heating is minimal, while the case B, = B, lies somewhere in between.
At u, = 140km/s, the difference in heating between B = B,, B, = B, and B = B,
suggests that the heating increases proportionally to B,. The proton and alpha
particle heating is reduced only slightly to approximately 90% of the original value.
The decrease in temperature depends both on the magnetic field direction and the
flow velocity u,. Unfortunately, no clear trend can be inferred. All in all, we expect
the heating to be further suppressed at increasing magnetic field strength. This
can be intuitively understood as follows: For simplicity, let us consider a magnetic
field B = B,. In this case, the alpha VDF essentially is in a constant rotation in
the = — y-plane (cf. fig. 4.13 (b) and fig. 2.4b). This also continuously changes the
location and geometry of the trapping region(s) which hinders wave growth. Thus,
the instability is suppressed.
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Figure 4.16: Dependence of the plasma heating of the particle species
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rate simulations with different magnetic fields. All simulations are two-
dimensional and have otherwise nominal plasma conditions (cf. table 2.1).
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Conclusion

The Earth’s bow shock is a region in front of the Earth, where the solar wind is
abruptly slowed down due to its interaction with the planetary magnetic field. This
environment provides a unique opportunity to study and characterize a natural col-
lisionless plasma. The complex and dynamic environment of the Earth’s bow shock
supports a variety of plasma waves, representing an intensive field of study. Recently,
a streaming instability between protons and alpha particles has been observed just
downstream of the shock. It leads to the formation of large-amplitude ion-acoustic-
like waves, which heat the plasma. In this thesis, we study the non-linear evolution
of the proton-alpha instability and its dependencies on plasma parameters.

EPOCH, a fully kinetic Particle-In-Cell (PIC) code, solves the non-linear Vaslov-
Maxwell equations self-consistently via a Lagrangian approach. It allows us to
capture and investigate the spatial and temporal evolution of the plasma via the
distribution functions of the different particle species and the electromagnetic fields.
The number of simulated particles presents the primary constraint to the accuracy
of our simulation. In this work, we use at least 2! pseudoparticles per cell. For
the spatial and temporal resolution, we choose AkAp = 0.5 and Atw,, = 0.1 which
allow measurements of wavenumber and frequency at reasonable accuracy. Note
that the actual timescale of the simulations is limited by the CFL condition with
Atgmwpe < 1. A periodic domain of at least 128 (1D simulations) or 64 x 32 (2D
simulations) grid cells is chosen to reduce the influence of box modes.

In a first step, we used one-dimensional simulations to show that the dominant
frequency and wavenumber of the plasma waves converge to their predictions from
the linear dispersion relation in theory. The final simulation temperatures are found
to be independent of the number of pseudoparticles at our simulation parameters.
While we could not achieve convergence for the growth rate at bearable computa-
tional costs, we expect that the observed parametric dependencies on other plasma
properties hold.

Access to the full distribution functions enables important insights into the dy-
namics of electrons, protons, and alpha particles throughout the instability. We
find that electrons are only marginally affected with temperature increases on the
order of 1%. The change in protons and alpha particle distributions is consistent
with expectations on Landau growth from theory and literature. Both species expe-
rience significant plasma heating, which appears predominantly in the direction of
the phase velocity of the wave. The vast majority of that heating takes place during
the linear growth phase of the instability.

In one-dimensional simulations, we vary the density ratio between protons and
alpha particles n,/n,. Unfortunately, a comparison of the wave properties to theo-
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retical predictions turns out to be difficult. We attribute this to non-linear effects
enhanced by spatial inhomogeneities due to the discretization noise in our simula-
tions. In the future, higher fidelity simulations, or a different estimation method for
the wave properties may be used to check the consistency with linear theory. Despite
convergence issues with the wave’s growth rate, we find that theoretical predictions
and simulation estimates follow a similar trend. Overall, the plasma heating after
the linear growth phase increases significantly at higher growth rates. At the same
time, the distribution of the energies in the system changes with the density ratio.
For n,/n, < 1, most of the energy is stored in the electric field. On the other hand,
as ne/np, — 1, the kinetic energy of the alphas is immediately converted to plasma
heating. Overall, this indicates that the density ratio critically affects the timescale
of the proton-alpha instability. Future simulations could be used to determine the
energy composition over much longer timescales in the non-linear regime.

Even at non-zero flow velocities of the alpha particles u,, the system retains a
rotational symmetry around the drift direction (in the unmagnetized case). Con-
sequently, two-dimensional simulations are sufficient to investigate the parametric
dependence of the plasma on u,. We find that the wavenumber and wave angle, i.e.
the angle between the drift direction and the phase velocity, are consistent with lin-
ear theory. While the wave’s frequency mostly agrees with the theory, there are two
significant outliers whose origin remains unclear. At the same time, the distribution
functions in those simulations do not deviate from expectations via Landau theory.
This suggests that our estimation method is potentially insufficient to identify the
correct frequencies. An increase of the flow velocity u, directly corresponds to a
higher kinetic energy in the system. As such, the plasma heating across species rises
with u,. Notably, it does so in a non-linear fashion. Instead, the maximum heating
compared to the available energy occurs at a 45° wave angle. We suspect that this is
connected to the geometry of the instability in velocity space. The location of wave’s
trapping region changes for different flow velocities, which effectively constraints the
change in distribution functions and therefore the plasma heating.

Finally, we find that background magnetic fields with similar strength as in the
Earth’s bow shock have a minor influence on the instability. The heating of the ions
is slightly suppressed, but the wavenumber and frequency are not affected. Electron
heating increases but is limited to a few percent of the initial electron temperature.
Overall, the influence of the magnetic field is primarily due to an interaction with
the electrons: Only the electron cyclotron frequency is comparable to the proton
plasma frequency and thus the timescales of the instability. On the other hand, the
ion gyration timescales are orders of magnitude larger than proton plasma frequency.
Generally, the observed change in heating depends on the strength and the direction
of the background magnetic field.

In future research, it would be interesting to investigate the non-linear dynamics
over longer timescales, as this would significantly improve the understanding of
the long-term energy composition of the system. Furthermore, some theoretical
work can be done to unambiguously determine the relationship between the plasma
heating and the flow velocity u,,.
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Data availability

All simulations were performed with the openly available EPOCH code (Arber
et al., 2015). The data analysis and plots were made in Python 3. The corre-
sponding scripts or rather the source code is hosted at https://github.com/insalt-
glitch /proton-alpha-instability-simulations.
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