&) CHALMERS

UNIVERSITY OF TECHNOLOGY

Small-Scale Demand Forecasting:

Exploring the Potential of Machine Learn-
iIng and Hierarchical Reconciliation

Master’s thesis in Complex Adaptive Systems

Viking Zandhoff Westerlund

DEPARTMENT OF PHYSICS

CHALMERS UNIVERSITY OF TECHNOLOGY
Gothenburg, Sweden 2023
www.chalmers.se



www.chalmers.se




MASTER’S THESIS 2023

Small-Scale Demand Forecasting:
Exploring the Potential of Machine Learning and
Hierarchical Reconciliation

VIKING ZANDHOFF WESTERLUND

CHALMERS

UNIVERSITY OF TECHNOLOGY

Department of Physics
CHALMERS UNIVERSITY OF TECHNOLOGY
Gothenburg, Sweden 2023



Small-Scale Demand Forecasting:
Exploring the Potential of Machine Learning and Hierarchical Reconciliation

VIKING ZANDHOFF WESTERLUND

© VIKING ZANDHOFF WESTERLUND , 2023.

Examiner: Mats Granath, Department of Physics

Master’s Thesis 2023

Department of Physics

Chalmers University of Technology
SE-412 96 Gothenburg

Telephone +46 31 772 1000

Cover: Illustration of hierarchical time series forecasting. Designed with Python
and PowerPoint.

Typeset in BKTEX
Printed by Chalmers Reproservice

Gothenburg, Sweden 2023

v



Small-Scale Demand Forecasting: Exploring the Potential of Machine Learning and
Hierarchical Reconciliation

VIKING ZANDHOFF WESTERLUND
Department of Physics
Chalmers University of Technology

Abstract

Demand forecasting plays an important role in facilitating data-driven decision-
making for businesses, particularly in domains such as inventory planning and re-
source allocation. While traditional forecasting models such as exponential smooth-
ing and autoregressive models have long been prevalent in the time series forecasting
domain, recent research has been increasingly focused on more complex machine
learning-based models. These complex models offer great potential and flexibility,
but they require large amounts of data to achieve optimal performance. In this
thesis, I explored viable approaches for constructing accurate forecasting models for
a young company in the industrial production industry who wants to predict their
future demand, while facing the challenge of limited data availability. The analy-
sis in this thesis involved comparing the predictive performance of state-of-the-art
machine learning models, such as the Temporal Fusion Transformer (TFT) and the
Light GBM to an exponential smoothing state-space model. Furthermore, I investi-
gated whether the hierarchical structure of the time series data could be exploited
through forecast reconciliation to further increase forecasting accuracy. My findings
indicate that both the TFT and Light GBM demonstrate superior forecasting accu-
racy, improving the average forecast accuracy with 43.1 % and 33.2 % respectively,
compared to the exponential smoothing model. However, the TFT displayed incon-
sistent performance results, suggesting its unreliability. Moreover, the results show
that while hierarchical forecast reconciliation does not enhance forecast accuracy, it
corrects incoherency between forecasts without compromising accuracy, which is of
great value.

Keywords: Time series forecasting, Demand forecasting, Hierarchical time series,
Temporal Fusion Transformer, Light GBM, Minimum trace reconciliation
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1

Introduction

The ability to foresee the future would equate to an unparalleled competitive ad-
vantage for any business in any industry. Strategic decisions would always be well-
informed, resources could be allocated efficiently, and products and services could
proactively be adapted to shifting customer demand. Consequently, predicting the
future, also known as forecasting, has always been of central importance for busi-
nesses [1].

Some events are possible to anticipate quite precisely, such as the time of the sunrise
tomorrow. However, in most business applications the future remains uncertain,
as the past never really repeats itself [1]. Businesses operate within a complex
landscape that is influenced by external factors such as competition, technological
advancement, and the state of the global economy, making it virtually impossible
to precisely predict the future. The goal is then to build a forecasting model that is
as accurate as possible.

" All models are wrong, some are useful” - George E.P Box.

The availability of historical data is vital for any forecasting task. With the ever-
increasing amount of data that is being collected by businesses and organizations,
developing accurate time series forecasting models to support decision-making is
becoming crucial for companies in order to stay competitive [2].

1.1 Background

A time series is a sequence of observations of some quantity over a period of time. A
time series forecasting model is a mathematical model designed to identify patterns
in a time series and extrapolate those patterns to make predictions about the future.
Time series forecasting is of central importance in many domains, one prominent
example — which will also be the focus of this thesis — is demand forecasting [3], [4].

Two of the most common time series forecasting models are exponential smoothing
(ES) models and ARIMA models [5, ch. 9]. However, these traditional models have
been shown to be inferior to more advanced machine learning-based models in terms
of forecasting accuracy [6], [7]. In the recent M5 accuracy competition [4], all of the
top 50 forecasting models were based purely on machine learning. Furthermore,
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global tech giants such as Google [7] and Amazon WS [8] are replacing traditional
models with more advanced machine learning models for many practical forecasting
problems, and they claim to have seen significant improvements in forecast accuracy.

Models such as ETS and ARIMA are model-driven, meaning that they make as-
sumptions about the characteristics of the underlying data generating process of a
time series, such as trend and seasonality [9]. This makes model-driven forecasting
methods more limited, but they can be very efficient on small data sets. Conversely,
most (but not all) machine learning models are data-driven [9]. Data-driven models
make no assumptions regarding the data generating process, instead they learn pat-
terns directly from the historical data. Thus, data-driven methods are more flexible
than model-driven methods, but they require a large amount of data in order to
learn meaningful patterns and produce accurate forecasts without overfitting.

Consequently, large data sets are essential for companies and organizations that want
to leverage the advantages of machine learning-based forecasting models. However,
newly launched start-up companies or companies with recently introduced products
may not have the several years of time series data required to train data-driven
machine learning models effectively. To overcome this challenge, one approach is to
train the models across multiple time series simultaneously, a method referred to
as cross-learning [10]. With cross-learning, advanced machine learning models such
as neural networks can be successfully implemented without having very lengthy
time series data. Additionally, training models across multiple time series enables
the models to capture complex patterns and relationships between correlated time
series, which is not possible in series-to-series methods.

Although using cross-learning can facilitate the use of ML-based forecasting algo-
rithms on shorter time series data, it can be challenging to reap the potential benefits
if the time series are uncorrelated [4]. Fortunately, businesses in the industrial pro-
duction and manufacturing industry often have multiple correlated time series, such
as historical sales data for different products.

Time series of sales can often be structured by country, city, store and product
category. Time series that adhere to such a structure are referred to as hierarchical
times series [11]. Hierarchical time series forecasting is a special case of forecasting,
where the forecasts of the time series are required to be coherent. The coherency
constraint means that the sum of the forecasts of the disaggregated time series must
be equal to the forecast of the most aggregated time series. To ensure coherence,
reconciliation methods can be applied as a post-processing step to reconcile the
base forecasts. A thorough description of hierarchical time series and reconciliation
methods is provided in Section 3.

1.2 Problem Statement

The private data set that I will be using in this thesis contains historical demand
data for a relatively young company in the industrial production industry, that can
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be structured as hierarchical time series. Of special interest is forecasting the total
sales volume and the volume for each individual product. Due to confidentiality
agreements, the company will remain nameless throughout this thesis, and be re-
ferred to simply as The Company. Since The Company is young, the data set is
small in terms of number of observations. However, the company wants to leverage
demand forecasting to streamline its supply chain planning and resource allocation.
Thus, it is important to explore possible ways to build forecasting models that can
generate accurate predictions, despite having a limited amount of data.

The potential advantage of leveraging cross-learning for this task is two-fold. Firstly,
it enables the use of ML-based forecasting models on shorter time series by training
across multiple time series. Secondly, because the machine learning models train
on multiple time series simultaneously they can potentially capture correlations
between the time series, an especially important challenge in the field of hierarchical
forecasting [6].

At another end, reconciliation methods have proven to increase forecasting accuracy
for hierarchical time series by incorporating the correlation between time series [11].
However, in most papers on reconciliation methods the base forecasts are produced
with traditional forecasting models such as ES and ARIMA [3], [11]-[13], models
that are not capable of utilizing cross-learning.

This raises the question; to what extent can ML-based forecasting models, trained
across all time series simultaneously, and reconciliation methods be combined to
maximize forecasting accuracy on a small data set?

1.3 Purpose

The purpose of this thesis is to explore viable methods for implementing time series
forecasting models to predict future demand for a young company in the industrial
production industry, facing the inherent challenge of limited data availability.

To investigate this, the predictive performance of the machine learning-based fore-
casting models Temporal Fusion Transformer and Light Gradient Boosting Machine
will be compared to a traditional exponential smoothing model. Additionally, the
effect of applying hierarchical reconciliation methods will be examined.

1.4 Delimitations

In this thesis, the forecast accuracy of the three forecasting models (1) exponential
smoothing state-space model, (2) Light Gradient Boosting Machine (Light GBM), (3)
Temporal Fusion Transformer (TFT) will be compared. The underlying algorithms
of these models are different, and therefore the learning phase is different. The
differences in the resulting forecast accuracy between the models will be addressed,
however I will not perform any in-depth comparison of the models and their technical
details.
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The analysis conducted in this thesis is limited to the private data set provided by
The Company. Since different data sets have different characteristics, results ob-
tained and conclusions drawn in this thesis may not be generalizable. Furthermore,
per request of The Company, the forecasts in this thesis will be at a fixed length of 4
steps with weekly resolution. The predictive performance of the models on different
time scales might vary. For example, error accumulation in recursive models may
be more prominent for longer horizons.

1.5 Ethical Considerations

Time series forecasting is used in a wide range of applications. Thus, this section
will consider the societal, ecological and ethical aspects of forecasting as a practice,
rather than the aspects pertaining specifically to the domain of demand forecasting.

The purpose of forecasting demand is to facilitate efficient allocation of resources and
plan production output. If this is done accurately, it would mean that companies
can reduce waste by not over-producing. This could be especially impactful in fast
moving retail businesses such as clothing. As an example of what can happen if
the demand is misjudged, the fashion giant H&M had $4.3 billion worth of unsold
clothes [14] in 2018.

When using forecasting within organizations, issues of moral hazard may arise [15].
Such situations arise when the manager or decision-maker within the organization
have personal incentives to skew or affect the results of a forecast to serve his or her
purpose, rather than giving an unbiased prediction of the future. This is a special
case of the well-known principal /agent problem.

In a blog post called ” 'Blame the algorithm’ is the new 'Don’t blame me. I just work
here’ 7, the author illuminates the problem of treating an algorithm as a possible
scapegoat for organizational mistakes [16]. The author refers to a case where a
woman’s medical home-care was cut in half based on a decision made entirely by
an algorithm. The responsible organization was successfully sued for having an
"unconstitutional” algorithmic allocating system.

Whereas this instance does not pertain to forecasting, similar problems could arise
if practitioners do not assume responsibility for the forecasts produced by an algo-
rithm. Machine learning algorithms are not flawless, and unanticipated real-world
events may arise that causes forecasts to be completely wrong. In such scenarios, the
organization in question must take appropriate actions and/or be held responsible.
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Theory

This chapter contains the theoretical background and notations that are relevant
for becoming familiar with time series forecasting and understanding the forecasting
models. The first section covers notation and terminology pertaining to time series
forecasting. Sections 2.2 and 2.3 provide the background and research that led up to
the TFT and Light GBM, respectively. The last two sections cover model selection
and evaluation as well as some common accuracy metrics used for assessing the
predictive performance of the models.

2.1 Notation in Time Series Forecasting

Time series forecasting entails predicting the future value of some target variable
y, that is observable over time. The forecast horizon h determines how many time
steps from the forecast origin the forecast should reach. The simplest case is where
h = 1, which is called a one-step ahead forecast. Traditional forecasting models
such as ETS and ARIMA utilize past observations of the target variable to predict
future values. As such, the one-step ahead forecast with origin at time ¢ is defined
as

gt-‘rl = f(y17y2a "'7yt)’ (21)

where ;11 is the predicted value of y at time ¢ 4+ 1, f(-) is the forecasting model,
and {y1,ye,...,y:} are past observations of y. In many practical applications it
is more informative to produce multi-step ahead forecasts, such as predicting the
sales for each week over the next month. Forecasting multiple time steps is called
multi-horizon forecasting, indicating that forecast horizon h is greater than one step.
Given a forecast horizon h > 1, the multi-horizon forecast is defined by

?jt-w = f(yhy% '-'7yt)7 (22)

for 7 € {1, ..., h}, which produces the set {G+1, Jit2, .., Jr+n} of predicted values.
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2.1.1 Recursive vs. Direct Forecasting

There exists several methods for producing multi-horizon forecasts, two of which are
the recursive method [17], and the direct!, also called the multi-output method [18].
Recursive forecasting is done by iteratively creating one-step ahead forecasts

Igt-‘rl = f(ylayQa "'7yt)7

gt-‘-? - f(y17y27 "'7yt7gt+1>
(2.3)

Utvn = f(yh Y2, s Yt Yit1, Yeg2, ~~7?3t+h—1)7

where each preceding forecast is iteratively fed back to the model in order to produce
subsequent forecasts. Models used for recursive forecasting are therefore optimized
to produce one-step ahead forecasts. Despite this, recursive forecasting has been
successfully implemented in multi-horizon forecasting [17].

Conversely, the direct forecasting method consists of directly forecasting the entire
horizon.

ﬁt+1:t+h = f(yb Y2, .-y yt)u (24)

where 1000 = {941, Jit2, -, Gran ). Theoretically, direct forecasting is better at
modeling temporal dependencies between forecasted values [17]. Furthermore, the
direct forecasting method does not suffer from the accumulation of errors that may
arise when using the recursive approach.

2.1.2 Incorporating Multiple Sources of Data

Several machine learning-based forecasting models can incorporate data from sources
other than past observations of the target variable [18]. Furthermore, utilizing cross-
learning facilitates training ML-based models across multiple time series.

To define this mathematically, let I be a collection of entities, such as products of
a store. Each individual product ¢ is associated with a time-varying scalar target
i, static data s;, time-varying observable exogenous inputs z;;, and time-varying
inputs u,;; that are known in advance. Let @;; = (2;+, 4, 8;) denote the collection
of all predictor inputs for entity ¢ at time ¢. Given these heterogeneous sources of
data, the 7-step ahead forecast takes the form

gi,tJrT = f(yi,l:t, Zi1:t) Wilit+rs Siy T)» (2-5)

where y; 1.+ = {¥i1, ..., Yt} is the set past observations of the target variable of entity
i, zi1t = {Zi1,...,zit} is the set of past observations of exogenous explanatory
variables, w;144, = {W@i1,..., i1+, } are time-varying inputs that are known for

IThe term direct forecasting has historically been used to describe the process of fitting h
different models, one for each time step 7 € {1,...,h}. However, following the terminology in [18]
I will consider direct forecasting as fitting a single model that produces forecasts for all time steps
Te{l,....h}.

6
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the entire forecast horizon, and s; are the static variables related to the target
variable?. Note that in Equation 2.5, 7 = 1 equates to the one-step ahead forecast,
and 7 € {1, ..., h} would comprise a multi-horizon forecast.

To provide a relevant example, assume that y is the total daily sales of the prod-
uct SKUO1, and the task is to forecast the total sales for the upcoming 5 days
{Yt+1, -, Yte5}. Then the forecast horizon h = 5, y;,; are the historical total daily
sales, z1; could be the target y;.;, with some applied transformation, or it could be
historical daily sales of a different product SKU02, or some exogenous variable such
as the inflation. Furthermore, .., could be the specific weekdays in the forecast
horizon h which are known beforehand, and s could be the product category of
SKUO1.

2.2 Deep Learning for Modeling Time Series Data

This section will give a brief description of the evolution of sequential data modeling
that laid the foundations for the Temporal Fusion Transformer (TFT) [19]. The TFT
will be described in more detail in Section 4.2.

An artificial neural network (ANN) is a machine learning algorithm that is widely
adopted for a range of different tasks such as classification, regression, natural lan-
guage processing, as well as forecasting. The ANN algorithm is inspired by the
human brain, building on computational units called neurons 20, ch. 1].

When dealing with sequential data such as text sentences or time series, the most
prevalent ANN architectures are based on the idea of recurrent neural networks
(RNN) [21]. Figure 2.1 shows a schematic view of an "unfolded” RNN with a single
hidden neuron. The fundamental principle of recurrent neural networks is that there
are recurrent connections in the network architecture. These connections allow out-
puts from previous states to be re-used, such that the output of the network at time
t takes into account both the input @x;, as well as the preceding hidden state h;_1 of
the network®. Through this recurrent mechanism, the network retains information
from past time steps, facilitating the learning of sequential dependencies. Hence,
RNNs are able to capture temporal dependencies in time series data.

Although recurrent neural networks are suitable for modeling sequential data, they
suffer from a drawback known as the vanishing/exploding gradient problem which
makes RNNs infeasible for long sequences. To handle this problem, the Long Short-
Term Memory (LSTM) architecture was developed [22].

The LSTM network is based on the same fundamental idea that the hidden state of
the network should be propagated recurrently through time to memorize information
from past time steps. The difference between an RNN and an LSTM network is
that the computational unit is no longer a neuron, but an LSTM cell. Figure 2.2

2To simplify notation, the subscript ¢ will be omitted throughout the report unless necessary.
3The first hidden state hg must be initialized manually, e.g by zero or random initialization.
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Ol 02 On
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Figure 2.1: Schematic view of an unfolded recurrent neural network with one hidden neuron.
Arrows indicate flow of information.

illustrates the high level structure of an LSTM cell, and how information flows
through it.
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Figure 2.2: Schematic view of an LSTM cell. Arrows indicate flow of information.

The LSTM cell recurrently propagates two states to subsequent time steps, the
hidden state h; which is referred to as the short-term memory, and the cell state C;.
The cause of the vanishing/exploding gradient problem in RNNs is that the gradients
become exponentially dependent on the weights of the recurrent connections during
backpropagation through time [22]. As depicted in Figure 2.2, the cell state C; is
not affected by any weights, effectively mitigating the vanishing/exploding gradient
problem. Hence, the cell state serves as the long-term memory of the network.

Fundamentally, the previous hidden state h;_; and the input x; are fed to the
"Forget Gate” The forget gate then computes what fraction of the previous cell
state C;_; that should be kept. The hidden state h;_; and the input «; are then
fed to the "Input Gate” that computes a new contribution that is added to C;_;
to form C;. Finally, the new cell state C}, the previous hidden state h; ; and the
input x; are fed to the "Output Gate” where the new hidden state h; is computed.
The new hidden state h; is also the output value of the LSTM cell.

When handling sequential data, there are different forms of input/output mappings
such as one-to-one and many-to-one. Another common mapping is many-to-many,

8



2. Theory

where a model takes a sequence of input values and produces a sequence of output
values, also referred to as sequence-to-sequence problems [23]. Two prominent ex-
amples of sequence-to-sequence problems are natural language processing and time
series forecasting.

Sequence-to-sequence problems can efficiently be solved with Encoder-Decoder mod-
els [23]. An encoder-decoder model consists of an encoder that encodes information
from an input sequence into a fixed-size context vector v, and a decoder that uses
the information in v to produce an output sequence. Encoder-decoder models are
frequently based on LSTMs due to the effectiveness of LSTMs in handling sequen-
tial data. Although encoder-decoder models were originally developed for natural
language processing, the use of LSTM-based encoder-decoder models has become
widely adopted for time series forecasting [18], [19], [21], [24].

A conceptual image of an LSTM-based encoder-decoder model is shown in Figure
2.3. In a time series context, the encoder is given a sequence of historical observations
of predictors {z; g, ..., 2;}, past known inputs {u; y, ..., u;}, static features s, and
historical observations of the targets {y;_x, ..., y:} for a pre-specified fixed look-back
window of k time steps [18]. The encoder summarizes the input data in the context
vector v; that is passed to the decoder. The decoder combines the summarized
information in v, with the future known inputs {w; 1,...,usrp} and produces a
sequence of forecasted values {11, ..., ien} for a pre-specified forecast horizon h.
The forecasts take the form

Uis1:t4n = f(yt—k:t> Zt—kity; Wt—k:t+h, Si), (2-6)

where Gi11.44n = {Jt+1, -, Jeen} and f(-) is the encoder-decoder prediction model.
Thus, such sequence-to-sequence models are direct forecasting models.

@t+1 @t+2 ﬁtJrh,

"ﬂ*h

([
o

i1 H hyia

Yi—k Yt—kt1 Yi U1 Ugi2 Uith
Z—); Zi—f+1 Zy
Wk Wy ft1 uy

s s 5

Figure 2.3: Schematic view of an encoder-decoder model.

Although the vanishing gradient problem is alleviated by using LSTM based archi-
tectures, it remains difficult to capture very long-term temporal dependencies in the
data, since the cell state of the LSTM network is continuously updated with every
iteration [21]. To enhance the ability of the models to capture long term depen-

dencies, the encoder-decoder models can be augmented by incorporating attention
mechanisms [21], [25].
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2.3 Gradient Boosted Decision Trees

Gradient boosting is a powerful machine learning technique commonly used for
classification and regression, originally introduced by Friedman [26]. The gradient
boosting technique combines multiple weak learners using an ensemble method to
create a strong model. The algorithm described in this section comprises the funda-
mental details of the Light GBM [27]. The Light GBM, which is an advanced version
of a gradient boosted decision tree, will be described in Section 4.3.

Given a set of data points {x;,y;}~ , where x are the predictor variables and y is the
target variable, and a differentiable loss function £, the gradient boosting algorithm
consists of finding an estimation of the function F* : £ — y that minimizes £, by
iteratively adding so called weak learners, or base learners to the function estimate
F'. The aim of an individual weak learner is not to capture all of the dynamics in the
data, but rather to capture some of the dynamics. The ensemble of weak learners
is then used to make strong predictions. The function estimate at iteration m can
be expressed on the form

Fm(w) = mel(w) +fm($)’ (27)

where F,,, () is the function estimate from the previous iteration, and f,,(x) is
the function estimation increment, also called "boost”. In gradient boosting, each
boost f,,(a) is fit to minimize the negative pseudo-residuals

0Ly, Fl=)

9Ll F() _ 2.8
Yi, OF (z;) ‘F(w):mel(fU) (28)

The weak learners can have different functional forms, one common implementation
is to use decision trees. When decision trees are used as weak learners, the ensemble
model is referred to as gradient boosted decision trees (GBDT) [28].

In a GBDT, the weak learners are decision trees with a limited number L of terminal
regions, also called leaves. The weak learner decision tree function is defined as
h(z; { Ry m}Y), where Ry, is the [-th terminal region of the decision tree at iteration
m. The decision tree is fit to the negative pseudo-residuals g; ,,, from Equation 2.8
using a least squares criterion [28]. Once all pseudo-residuals have been partitioned
into terminal regions, the optimal output value of the weak learner for each terminal
region is computed by finding the value 7, ,,, that minimizes the loss in that region,
where

Vim = arg rnvin S Lyi, Foi (i) +7), (2.9)

wiERlym

taking the previous predictions F,, ;(x;) into account. Equation 2.9 clarifies the
fundamental principle of gradient boosting, that the new weak learner is fit to min-
imize the errors of the current function estimate F,,_;. The function increment of
iteration m is separately defined for each terminal region

Jm(®) =1 vmI(T; € Rim), (2.10)

10



2. Theory

where 7 is the learning rate that controls the size of the contribution of each weak
learner, and I(-) is the indicator function. Finally, the function estimate F,,(x) is
updated as described in Equation 2.7.

The initial function estimate for each terminal region is computed by

Fo(w):argmﬂlin > Ly, ). (2.11)

$Z’GR1’0

The procedure of fitting a decision tree to the negative pseudo-residuals requires
iterating over the entire data set to find the optimal split points, which is a com-
putationally expensive process. To alleviate the computational cost of fitting the
weak learners, Friedman modified his original boosting algorithm using "bagging”.
Bagging is an acronym for "bootstrap aggregation”, a technique that was introduced
by Breiman [29].

Bagging entails randomly subsampling the training data and fitting the weak learner
on the subset, rather than the entire data set. In the GBDT algorithm the sampling
is done without replacement. Bagging speeds up the training process, and according
to Breiman [29], the randomness that is introduced in the subsampling procedure
can improve the generalizability of the predictor model.

2.4 Model Selection and Evaluation

Two main concerns in any supervised learning task are to select the best model
possible, and assess the generalization ability of that model [30]. The problem of
selecting the best model is two-fold. The first dimension involves finding the best
hyperparameters for a particular type of model, and the second dimension involves
comparing different models and choosing the one best-suited for the specific task.

A straightforward approach to selecting and evaluating models is to split the avail-
able data into three distinct subsets called the training, validation and test set. The
models are fit to the training data, using the validation error to find the optimal
hyperparameters. Then, the predictive performance of the models are evaluated and
compared on the unseen test data. This approach is referred to as the three-way
holdout method [30].

The three-way holdout method has a major downside when working with small data
sets [30]. Since the validation error used during hyperparameter tuning and training
is computed for a specific split, the computed validation error is just a point estimate
of the true generalization error of the model. In other words, it is possible that a
selected model is optimized for on a validation fold that is not representative of
the true data distribution. Thus, the predictive performance of a model may be
sensitive to the particular data split. As a visualized example, in Figure 2.4, the
data in the validation set is not representative of the entire distribution, and this
split will benefit models that are prone to pessimistic forecasts.

11
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Figure 2.4: Time series data split using a training and validation set.

To reduce the effect of the randomness associated with the particular data split, in
classification and regression tasks it is common to use a more robust method called
k-fold cross-validation [30]. This method involves splitting the data into k disjoint
folds, training the model on k£ — 1 folds and using the last fold as a validation set.
The validation set is then rotated, and the validation accuracy is summed across all
folds. Figure 2.5 depicts a 5-fold cross validation split. Note that an additional test
set is used for out-of-sample predictions.

Fold 1: Validation Train Train Train Train
Fold 2: Train Validation Train Train Train
Fold 3: Train Train Validation Train Train
Fold 4: Train Train Train Validation Train
Fold 5: Train Train Train Train Validation

Figure 2.5: 5-fold cross-validation.

From a statistical perspective, this method computes the average of k£ point estima-
tors of the generalization error, rather than relying on one point estimate.

The k-fold cross-validation method relies on the assumption that all data points are
independent. However, in time series forecasting all data points have a temporal
relationship. Thus, traditional k-fold cross validation is not a viable option for time
series forecasting [31]. The simplest approach to tackle this problem is the time
series split [31], depicted in Figure 2.6. Note that the fourth fold would correspond
to the situation shown in Figure 2.4, where the amount of training data is maximized.

12
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Fold 1: Train Validation

Fold 2: Train Train Validation

Fold 3: Train Train Train Validation

Fold 4: Train Train Train Train Validation

Figure 2.6: Time series split cross validation.

The time series split cross-validation method has its drawbacks. Since each fold
contains different amounts of data, hyperparameters optimized for one fold may not
be optimal for another [31]. Furthermore, the earliest data points, which may also
be the least important, are used several times whereas the most recent data is only
used once. However, it is a more robust cross-validation method than the three-way
holdout method.

Once the hyperparameters of the model are chosen, the problem of comparing the
generalization ability of different models still remains. Using a single hold-out test
set would induce the data split randomness discussed for the validation set. However,
if the objective is to establish a ranking order between different models, it suffices
to evaluate their relative performance [30]. Thus, as long as the bias induced by the
data split randomness affects all models similarly, the comparison is not affected.

Conversely, if the objective is to assess the generalization ability of any particular
forecasting model, having a representative test set is of central importance.

2.5 Forecast Accuracy Metric

When evaluating the predictive performance of different forecasting models, there
are several ways to measure accuracy. Some common metrics are the Mean Ab-
solute Error (MAE), the Root Mean Squared Error (RMSE), the Mean Absolute
Percentage ERROR (MAPE) [32]. However, no metric is perfect, and these metrics
have undesired properties that make them inappropriate for evaluating forecasting
accuracy. The MAE is defined by

1& R
MAE = *Z|?/t—yt|a (2-12)
N3z

where g, is the true value and ; is the predicted value at time ¢. The MAE, and
the similarly defined RMSE are scale-dependent, which means that they cannot be
used to compare forecast accuracy across time series of different scale. Continuing,
the MAPE is defined by

n

MAPE= -3

ni4

Y — U
Yt

100

: (2.13)
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which is closely related to the MAE, but it is scaled by the true value y;. Thus,
it alleviates the problem of scale dependency, but it becomes undefined if a single
value y,; is zero. To avoid these unwanted properties, Hyndman and Koehler [33]
propose a metric called the Mean Absolute Scaled Error (MASE) defined by

2 e — Gl
ﬁ Siea |Ye — Z/tfl"

MASE = (2.14)

where the numerator is the MAE computed for each step in the forecast horizon h,
and the denominator is the mean absolute lag-1 difference of the in-sample data.

The MASE is indifferent to the scale of the time series data, which means that results
are comparable between time series of different magnitudes, and it can handle zero-
values [33]. The M5 competition used a variety of the MASE called the Root Mean
Squared Scaled Error (RMSSE), which is similarly defined [4].

While the MASE has the desired properties, its interpretation is not as straight
forward as the MAE, RMSE or MAPE [32]. To best understand it, the denominator
in Equation 2.14 can be interpreted as the mean absolute error (MAE) of the naive
one-step ahead in-sample forecast [33]. Thus, the MASE can be interpreted as the
relative forecast accuracy compared to the average naive one-step in-sample forecast
error. If the MASE is smaller than 1, then the forecasts are better, otherwise they
are worse. In simple terms, a lower MASE indicates a higher accuracy.
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3

An Introduction to Hierarchical
Time Series

This chapter will serve as an introduction to hierarchical time series. The first section
will provide an explanation of what hierarchical time series are, and give examples
on where they might appear. The second section will give a review of reconciliation
methods, what they are and why they are used. In Section 3.3, I define an accuracy
metric that captures certain aspects of the forecasting performance that are relevant
for the hierarchical forecasting in this thesis.

3.1 Hierarchical Time Series

Hierarchical time series are a special type of multivariate time series where the
individual time series are related in a hierarchical structure [11]. An example of such
a structure is shown in Figure 3.1a. The top node represents some total quantity.
The children of the top node represent the total quantity split by some parameter,
which for example could be geographical location, product category or store-id.
The children are further split in a similar way, until the bottom level time series
are reached. The hierarchy in Figure 3.1a has two levels, but in general hierarchical
time series can have any number of levels. All levels must adhere to the constraint
that the sum of the children nodes must be equal to the parent node. That is, A =
AA+ AB, B = BA + BB and Total = A + B. Figure 3.1b shows an example of
a time series representation of this hierarchy.

Hierarchical time series appear in many different domains, such as tourism flow [12],
electricity consumption [13], and sales in the retail industry [11]. As an example,
in Figure 3.1 the top level time series, Total, could represent the total sales of a
company, with intermediate level time series A and B being the total sales in country
A and B respectively. Finally, the bottom level time series AA, AB, BA and BB
could represent total sales from two different stores in each of the countries.

Specifically, following the notation in [11], consider a set of N time series of length
T that adhere to a hierarchical structure. Let y, € RY be a vector containing the
observation of each individual time series at time step t, and let b, € R be a
vector containing the observations of the M bottom-level time series at time t. The
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AA A || Ba | | BB |

(a) A two-level hierarchical time series represented as a
tree diagram.

(b) Mlustration of hierarchical time series. Image is for
visual purposes and is not made to scale.

Figure 3.1: Tree-diagram and line graph visualizations of hierarchical time series.

hierarchical structure can then be represented in matrix form as

Yy, = Sby, (3.1)

where § € R¥*M is the summing-matrix that aggregates the bottom-level time
series to the upper levels. In the example presented in Figure 3.1 we have y;, =

T _ T
[YTotal,ts YA L, YB.ts YAAL YAB1 YBAL YBB.L » b = [Yaas, YaBs, YBas Yss.) . and the
summing-matrix

S —

e R g,
O = =
— O
— O

I,
where I, € R** is the identity matrix.
Strictly defined, a collection of time series that are structured in a natural hierarchy
and disaggregates in a unique manner, such as a geographical hierarchy, is referred

to as hierarchical time series [11]. However, a collection of time series that can be
aggregated by shared attributes, but does not disaggregate in a unique manner is
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called grouped time series. An example of grouped time series is when total sales
can be disaggregated by product category and geographical region. In this case
there would be no difference in disaggregating the time series by region and then
by product category, or vice versa. It is also possible to disaggregate total sales
by category and region in parallel, in which case the aggregation structure is no
longer hierarchical. However, the same principles apply. Throughout this paper I
will use the term hierarchical time series to refer to both hierarchical and grouped
time series, but highlight important differences when they arise.

3.2 Forecast Reconciliation Methods

As discussed in the previous section, hierarchical time series must adhere to the
constraint that the sum of the children nodes is equal to the parent node. The
same must be true for the forecasts of the time series. If the forecasts adhere to this
constraint, the forecasts are coherent [11]. Generally, base forecasts of the time series
will not be coherent, which means that some additional method is required to ensure
coherence. Such methods are commonly referred to as reconciliation methods.

The most common reconciliation methods are linear operations [11]. To define a
linear reconciliation, let ¢;., be the h-step multi-horizon base forecasts of all time
series in the hierarchy, and S be the summing-matrix. Every linear reconciliation
can be written as

Yirn = SPYiin, (3.2)

RMXN

for an appropriate choice of the mapping matrix P € , where ;.5 is the set

of reconciled forecasts.

3.2.1 Top-Down and Bottom-Up Reconciliation

Two simple reconciliation methods are the Bottom-Up (BU) and Top-Down (TD)
[11]. The BU approach is to create base forecasts for all time series in the bottom
level, and then aggregate them to the higher levels. For example, The Company
is interested in forecasting sales per product as well as total sales. Using the BU
approach, one would produce base forecasts for all individual products and aggregate
the predicted volume to produce a forecast for the total volume.

In the BU approach, the mapping matrix P = [Oarx(nv—ar) | L] Where Opry(v—nr) is
the M x (N — M) null-matrix and I, is the M x M identity matrix. The downside
of this approach is that time series at the lowest levels often have low signal-to-noise
ratio which makes forecasting difficult.

The TD approach is to forecast the top level time series and disaggregate to the
lower levels in the hierarchy. In this approach, the matrix P = [p | Orx(nv—1)),
where p = [p1,p2, ..., pu]? is the set of proportions used to disaggregate the top
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level forecast. The downside of the TD approach is that it is difficult to estimate an
accurate set of proportion factors.

3.2.2 Minimum Trace (MinT) Reconciliation

Both the BU and TD reconciliation methods suffer from information loss because
the forecasts of the entire hierarchy are based only on forecasting the bottom level
or top level. To exploit information from all levels in the hierarchy, Wickramasuriya
et al. [11] suggested an approach where an optimal mapping matrix P is derived by
minimizing the trace of the covariance matrix of the reconciled forecast errors.

Let

éi(h) = Yern — Yern (3.3)
be the base forecast errors. Assuming that the base forecasts are unbiased, then
E[é,(h)] = 0 which implies E[y;4n] = E[gisn]. Let by be the bottom level base
forecasts with E[5t+h] = Birn. The relation in Equation 3.1 gives E[g,1n] = SBiin.
Given the unbiasedness assumption, this implies that E[y,,,] = SBi14. Thus, the
set Yy, of reconciled forecasts is unbiased if and only if

E[Gi+n] = Elyi41]
E[Spgt+h] = S/Bt+h
SPS,Bt+h = SBtJrh

3.4
SPS =S (3:4)
S'SPS =S'S

PS = Iy,

where Iy € RY*N ig the identity matrix. Furthermore, let the h-step reconciled
forecast errors be defined as

ét(h) = Yirh — Yith- (3-5)

Wickramasuriya et al. [11] proved that for any P such that P.S = Iy, the covariance
matrix of ér(h) is given by

Var[é,(h)] = SPW, P'S’, (3.6)

where W), € RV*¥ ig the covariance matrix of the h-step multi-horizon base forecast
errors. The goal of the minimum trace reconciliation method is to find the mapping
matrix P that satisfies PS = Iy, that minimizes the trace of the matrix in Equation
3.6. Minimizing the trace of the covariance matrix is equivalent to minimizing the
sum of the variances of the reconciled forecast errors. This problem has the closed
form solution

P=(SW,'S)'\SW; . (3.7)

Since the base forecast errors of the h-step multi-horizon base forecasts cannot be
computed beforehand, the matrix W), must be estimated. Some methods for esti-
mating W), suggested in [11] are listed below.
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1. OLS: Set W), = Iy. This method is equivalent to the ordinary-least-squares
estimator suggested in [12]. Using this method, the mapping matrix becomes

P=(SI1,'S)"'S'I

3.8
— §'S7'8’ (3.8)

which means that the optimal mapping matrix is independent of the data.

2. WLS;: Set W), = A, where A is a diagonal matrix whose diagonal elements
are given by S1, where S is the summing matrix and 1 € RM*! is the unit
vector. This method constructs the mapping matrix P in a way such that
the weights of P correspond to how many bottom-level time series that are
aggregated to obtain a given time series. For example, the weight of the top-
level time series will be M and for all bottom-level time series the weights
will be 1. Thus, it is referred to as WLSg (weighted-least-squares applying
structural scaling).

3. WLSy: Set W), = diag(Wl), where
~ 1L
Wi ==> ee (3.9)
=

and e; is a vector of the one-step ahead base forecast residuals for each time
series at time ¢. Using this method, the mapping matrix P consists of weights
based on the variance of the forecast residuals and is therefore referred to as
WLSy (weighted-least-squares using variance scaling).

4. Shrink: Set W), = Wy, defined by
W7 = Apdiag(W) + (1 — Ap) W7, (3.10)

where Ap is a shrinkage parameter. The idea of the MinT Shrink method is
that off-diagonal elements of W; are shrunk toward zero whereas the diagonal
elements remain unchanged.

A problem with the MinT reconciliation methods is that it does not guarantee non-
negative reconciled forecasts. This poses a problem for applications where the target
variable is sales volume. To overcome this using a non-negativity, instead of having a
closed form solution as in Equation 3.7 the non-negative reconciliation is formulated
as a quadratic programming problem, imposing non-negative constraints [34].

Note that these reconciliation methods are implemented as a post-processing step,
and they put no constraint on the methods used to produce the base forecasts [3].

3.3 Metric for Evaluating Forecast Coherency
For comparing the total predicted volume at each hierarchical level accumulated
across the entire forecast horizon, I define the metric Percentage Sum of Errors per

Level (PSEL) as

19



3. An Introduction to Hierarchical Time Series

PSEL; = Z D1 it — Yig

! , (3.11)
i€d(5) Zt:l yi,t

where ®(j) is the set of time series in hierarchical level j, ¢+ is the forecasted value
of entity ¢ at time ¢, and y; ; is the true value of entity ¢ at time ¢. Naturally, values
closer to zero are better.

The motivation behind the PSEL metric is two-fold. Firstly, none of the commonly
used accuracy metrics captures forecast incoherency across aggregation levels. The
products sold by The Company are to some extent homogeneous. Thus, it is in the
company’s interest that the sum of the forecasted sales volume for each product is
equal to the total forecasted sales volume. By incorporating the PSEL, the com-
prehensiveness of the results will be enhanced since it will give insights about the
coherency of the forecasts.

Secondly, it is valuable that the forecasted sales volume accumulated over all time
steps in the forecast horizon is close to the true accumulated sales volume. Thus,
the residuals in the nominator of Equation 3.11 are neither absolute or squared.

To clarify why the details captured by the PSEL metric are of importance, consider a
one-step ahead forecast of total sales volume with monthly granularity that supports
resource allocation done on a monthly basis, and a 4-step multi-horizon forecast of
total sales with weekly granularity that supports week-by-week staff scheduling. It
would be desired that the total forecasted sales volume for the weekly forecasts
across the entire horizon is equal to the monthly forecasted volume. Such tempo-
ral coherency is discussed in [35]. In summary, the PSEL captures details about
both spatial and temporal coherency in the forecasts which may be overlooked if
evaluating forecasting models simply by e.g MAPE or MASE.
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The Forecasting Models

The two forecasting models that will be used in this thesis are the Temporal Fusion
Transformer (TFT) [19] and the Light GBM [27]. The motivation for choosing the
TFT is that studies have shown that the TFT outperforms other common deep
learning-based forecasting models [36]. The Light GBM was chosen because it was
the go-to model in the M) accuracy competition, where the top 50 submissions were
based on LightGBM, which demonstrated its usefulness in the domain of hierar-
chical forecasting [4]. Furthermore, a Naive forecasting model and an exponential
smoothing (ES) state-space model [37] will be implemented as benchmarks.

Both the Light GBM and TFT can be trained across multiple time series simultane-
ously, leveraging the potential benefits of cross-learning. Conversely, the ES models
are fit series-by-series, meaning that there are as many ES models as there are time
series.

4.1 Benchmarks

In order to assess the actual gain from implementing advanced machine learning
models with high complexity, it is common practice to use simpler models as bench-
marks and compare their performance. The benchmarks used in this thesis are an
exponential smoothing (ES) model based on the state-space framework suggested in
[37], as well as the Naive forecast method.

Fitting exponential smoothing models involves decomposing time series into a trend
component, a seasonal component and an error component [37]. Different combi-
nations of these components result in a taxonomy of 24 different ES models. The
framework in [37] suggests an automatic model selection approach based on maxi-
mizing the likelihood for each ES model, and selecting the model that results in the
lowest Akaike’s Information Criterion (AIC). The authors state that it is advanta-
geous to use the AIC for model selection because it punishes models with too many
parameters, thus handling the trade-off between accuracy and model complexity.

The ES state-space model selection framework was used in combination with the
Bottom-Up reconciliation method as a benchmark (therein called ES_bu, herein
called ES/BU) in the M5 forecasting competition [4]. ES_bu was the top performing
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benchmark out of 50 different benchmarks, and only 415 out of 5507 (7.5 %) of the
teams in the competition were able to beat it. Thus, it will serve as a competitive
benchmark for the machine learning-based forecasting models in this thesis.

The Naive forecasting method involves copying the last observed value to predict
future values. The h-step multi-horizon Naive forecast takes the form

gt-ﬁ-T =Y, T c {1, ceey h} (41)

The Naive method autonomously produces coherent forecasts as long as the last
observation of each time series is coherent.

4.2 'Temporal Fusion Transformer

The Temporal Fusion Transformer (TFT) is an attention-based deep neural net-
work model designed for multi-horizon forecasting [19]. The TFT was introduced
by Google in 2019, implementing several novelties to enhance forecasting accuracy
as well as explainability. The TFT combines the power of LSTM-based encoder-
decoder models for local temporal processing, and a self-attention mechanism for
long-term temporal processing. This allows the TF'T to learn both short and long-
term temporal dependencies in the data. A schematic view of the architecture of the
Temporal Fusion Transformer is shown in Figure 4.1. We can see that the LSTM
encoder-decoder described in Section 2.2 is integrated in the TFT architecture, rep-
resented by the green and blue rounded boxes. We can also see that and the flow of
information in the TFT is similar to the encoder-decoder model.

4.2.1 Direct Forecasting with the TFT

The TFT is a direct forecasting model [18]. Given a pre-specified look back win-
dow k and a forecast horizon h, the TFT takes an input sequence consisting of
past observations of the target variable y; s = {yi—k, .-, Y}, past observations of
predictor variables z;_x.; = {Z;_k...2:}, past and future known variables w;_j.11p, =
{Wi—p, ..., U1}, as well as static information s, and produces an output sequence
Otv1:44n = {Uts s Yren}- The forecasts take the form

Ueg1:t4n = f(?/t—k:n Zt—kity; Wi—k:t+h, 3)- (4-2)

Note that the forecast expression in Equation 4.2 is similar to that in Equation 2.6,
however the functional form of f(-) is different.

The advantage of direct forecasting models is that they can model dependencies
between consecutive predicted values §;; and ¢;,4+1 since it outputs a sequence of
values {Jit, ..., Gir+n} [17]. Furthermore, points of significance in time series data
are usually identified in relation to adjacent values [19]. The sequence-to-sequence
nature of the TFT allows the TFT to capture such points of significance.
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Figure 4.1: High level architecture of the Temporal Fusion Transformer. Arrows represent
flow of information, dashed arrows represent residual connections. All blocks that share the same
color share weights. Red circles indicate layers where drop-out regularization is used during
training.

4.2.2 Model Architecture

Figure 4.1 shows the high level architecture of the Temporal Fusion Transformer.
Blocks that share the same color also share the same weights, reducing the number
of trainable parameters. The TFT essentially consists of five components, (1) Static
Covariate Encoders,(2) Gated Residual Networks, (3) Variable Selection Networks,
(4) LSTM Encoder-Decoder, (5) Temporal Fusion Decoder.

Static Covariate Encoders allow the TF'T to integrate static metadata by pro-
ducing context vectors that are used at various steps throughout the network. The
static covariate encoders produce four different context vectors, ¢ is used in the
variable selection of temporal features that are fed into the LSTM encoder-decoder,
c. and ¢;, are used to initialize the hidden and cell states of the LSTM encoder-
decoder. Finally, the context vector ¢, is used in the temporal fusion decoder. The
flow of these context vectors are displayed as orange arrows in Figure 4.1.

Gated Residual Networks (GRN) are used to give the TFT adaptable depth by
allowing the information flow to skip parts of the network that are unnecessary. For
example if the input data is noisy, non-linear processing steps can impair the pre-
dictive performance [19]. During training, the gating mechanisms give the TFT the
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flexibility to skip non-linear processing steps, adapting its complexity for different
tasks.

The gating mechanisms are designed as Gated Residual Networks (GRNs), shown in
Figure 4.2. The GRN takes as inputs the primary input a (which differs depending
on where in the network the GRN is located) as well as a context vector ¢ computed
by the static covariate encoder. The mathematical formulation of the GRN is

GRN,(a, ¢) = LayerNorm(a + GLU, (1)),
m = Wiuna + bi, (4.3)
2 = ELU(WZM(I + Wg,wc + b2,w)7
where LayerNorm is the layer normalization proposed by [38], GLU and ELU denotes

the Gated and Exponential Linear Units, respectively [39], [40]. The vectors n; and
1, are the intermediate layers of the GRN. The proposed advantage of using the
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Figure 4.2: High level architecture of the Gated Residual Network.

GRN as a building block in the TFT is that the network can learn whether the
nonlinear processing of the GLU,(n;) term is necessary. If not, it remains close to
zero, which means that the primary input a essentially skips the layer entirely.

Variable Selection Networks (VSN) are used to determine the relative impor-
tance of all available inputs. In time series forecasting, there are usually several
input features whose relation to the target variable is unknown in advance. Thus,
some input features may have very low predictive value, and including such features
may impair the predictive performance of the model [19]. The VSN allow the TFT
to filter out unnecessary inputs. The TFT uses a separate VSN for each of the
different input types s, past inputs g, Zi—kt, Ui_ge, and future known inputs
Uy 1.4k, distinguished by color in Figure 4.1.

The architecture of the VSN is shown in Figure 4.3. Similar to the GRN, the
VSN takes a context vector ¢ as input, which can increase or decrease the variable
selection weights vg) for each feature. Assume that there are m different time-
varying input features fed to the VSN. Each input feature j at time ¢ is transformed
into a (dmoder)-dimensional vector S,ﬁj ) € Rémodel - using linear transformations for
continuous variables and entity embeddings for categorical variables. The vector
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4. The Forecasting Models

T
= = [gt(l)T, o §tm)T] denotes the collection of encoded features at time ¢, which

is used as input together with the context vector ¢ to determine the variable se-
lection weights v,. As shown in Figure 4.3, each transformed input 5? ) is further

transformed into é] ) by a GRN before being multiplied with their corresponding
selection weight. Finally, a weighted feature representation

ét = ng)éj) (4.4)
j=1

is computed for each time step, which is then passed as input to the LSTM encoder-
decoder.

R 00
&= Z’U,xjt &
=1

Variable

é} Selection
‘ Weights
(1

Vx,

B g
d” faas £§m,y] g, c

Transformed Inputs Flattened External
(Linear’Embedding) Input Context

Variable Selection Network

Figure 4.3: High level architecture of the Variable Selection Network.

Besides filtering out noisy input data, the VSN facilitates explainability by compar-
ing the relative sizes of the variable selection weights for different features.

The LSTM Encoder-Decoder is a sequence-to-sequence layer that processes short-
term temporal relations in the data, allowing the TFT to learn local patterns. As
shown in Figure 4.1, a sequence of past inputs y;_r.¢t, 21—k, Us_p.¢ are passed to the
encoder through the variable selection networks where the input is transformed into
weighted feature representations &_j;. The sequence is then processed by the en-
coder, whose final hidden state is then passed to the decoder. Future known inputs
U104 pass through another set of VSNs, and the transformed values €t+1:t+k are
then passed to the decoder, where they are merged with the past transformed inputs

st—k:t-

The cell state and hidden state of the first LSTM layer in the encoder is initialized
using the context vectors ¢. and ¢;, produced by the static covariate encoder, which
enables the incorporation of static information for local processing in the encoder-
decoder. The LSTM encoder-decoder generates a sequence of temporal features
o(t,n) € {p(t,—k),...,(t,h)} that is fed to the temporal fusion decoder with an
additional skip connection such that

¢(t,n) = LayerNorm <£t+n + GLU;(o(t, n))), (4.5)
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4. The Forecasting Models

where n € [—k, h] serves as a positional index.

The Temporal Fusion Decoder is responsible for capturing long term temporal
dependencies in the data. It uses a layer of GRNs to combine static information with
the temporal features from the LSTM encoder-decoder to compute static-enriched
temporal features

0(t,n) = GRNy((t,n), c. ), (4.6)

where ¢, is a static context vector produced by the static covariate encoder. The
enriched temporal features are then grouped into a single matrix

O(t) = [0(t,—k), ..., 0(t, h)]" (4.7)

that is passed to the Interpretable Multi-Head Attention block. The Multi-Head
Attention uses a modified version of the Query, Key, Value structure used in reg-
ular transformers to capture long term dependencies that are difficult for RNN
based architectures to learn [19]. The output from this block is a matrix B(t) =
[B(t,—k), ..., B(t,h)] that is passed through a skip connection layer

8(t,n) = LayerNorm((t,n) + GLUs(B(t, h))), (4.8)

allowing the network to decide the contribution of the Multi-Head Attention pro-
cessing. The sequence {6(t, —k), ..., (¢, h)} is then passed to a new set of GRNs to
produce the final forecasts {9y, ..., Jr+n}-

4.3 LightGBM

The Light GBM is an augmented implementation of a gradient boosting decision tree
(GBDT), developed by researchers at Microsoft in 2017 [27]. While Light GBM is
based on the fundamental principles of gradient boosted decision trees described in
Section 2.3, it incorporates two novel techniques designed to enhance its efficiency
and scalability. Furthermore, the Light GBM implementation incorporates L1 and
L2 regularization by adding penalty terms to the loss function £ that is minimized
during training, which helps to prevent overfitting.

The novel ideas introduced in the Light GBM implementation were Gradient-based
One-Sided Sampling (GOSS) which allows the model to down-sample inputs that
are accurately predicted, whilst retaining the prediction accuracy. The second novel
idea was Fzclusive Feature Bundling (EFB) which allowed the model to bundle
features together, which further reduces the computational complexity.

4.3.1 Recursive Forecasting with the Light GBM

The LightGBM is a recursive model, which means that it is optimized to gener-
ate one-step ahead forecasts. To create an h-step multi-horizon forecast using the
Light GBM, the one-step forecasts are iteratively fed back into the model so that
subsequent forecasts can use the information from preceding steps.
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4. The Forecasting Models

At time t, the Light GBM generates the one-step ahead forecast

G = f(z1), (4.9)

where x; = (2, ut, s) is the set of input feature values available at time ¢. In order
to produce h-step multi-horizon forecasts the prediction function f(-) is applied
recursively, hence the name recursive forecasting.

At prediction time, the Light GBM reads the data in a tabular format such that a
single value of a given input feature j is used as input, rather than a sequence of
values for each feature as in the TF'T. Thus, the Light GBM is dependent on feature
engineering to capture temporal dependencies in the data. Common features are
lagged values and statistics computed on a rolling look-back window, such as the
mean or median [31].

Using a one-step lagged value and a k steps moving average as an example, the
feature vector x; in Equation 4.9 is defined by

Ty = [?/t» Mt—k:t], (4-10)

where p;_k; = %Zi:t_k y-. When producing multi-horizon forecasts, each predic-
tion must iteratively be fed back to the model in order to re-compute the input
features. Let T be the last forecast origin, then the one-step ahead forecast is
defined by

Jry1 = f(xr) = f(yr, pr—r1). (4.11)

In order to produce the two-step ahead forecast .o, the feature vector & must be
re-computed given 1. The new feature vector takes the form

LTr41 = [gT+17ﬂT—k+1:T+1]7 (4'12)
where
1 T
AT—ks1:741 = z Grei+ >, oy |- (4.13)
T=T—k+1

Looking at Equations 4.12 and 4.13, the potential drawback of error accumulation in
recursive forecasting methods becomes apparent. If g, is biased, then the features
computed in 7,1 will be biased, propagating the bias to each consecutive one-step
ahead forecast.

4.3.2 Training Procedure

The fundamental principle of gradient boosting is described in Section 2.3. Thus,
the focus of this section is the construction of the weak regression trees, as well as
describing the novelties introduced in the Light GBM.

When fitting a regression tree, the training data is split based on the most in-
formative feature in a top-down approach such that the feature split with highest
information gain constitutes the root of the tree. Additional splits are then made in
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a descending order of information gain. One way of measuring information gain is
by measuring the variance after splitting. Given a training data set O, the variance
gain of splitting the data at the point d of feature j is defined as

o 1 (ineO:xij <d gi)2 (ZIiEOZCEij >d gi)2
Viold) =32 ( ”{|O(d) " ni\o(d) 7

(4.14)

no

where np is the total number of training samples, n{|o(d) is the number of samples
[z; € Olz;; < d], i.e the number of samples x; whose value of the feature j is
smaller than or equal to the splitting point d, and ”}7~|o(d) is the number of samples
[iL'Z' € O‘QZ’Z’J > d]

To find the optimal split point d; of feature j, the algorithm must first evaluate
all possible split points, which is computationally expensive. The novel approach
proposed in the implementation of Light GBM uses GOSS to speed up this process
[27]. First, training instances are ranked by their corresponding gradients, or pseudo-
residuals, in descending order. The top a %, i.e the a % instances with the largest
pseudo-residuals form a subset A, and from the remaining instances A¢ a subset
B with size |B| = b x |A°| is randomly sampled. The data instances in the subset
AUB are then stored in discrete bins to reduce the number of possible split points, a
technique called the histogram-based algorithm [27]. A modified version of Equation
4.14 is then applied to the subset AU B to compute the estimated variance gain
V;(d).

In simple terms, instances in the training data with small gradients are already well
fit, thus they are paid less attention. The instances in subset A are those that
contribute the most to the loss are kept. The authors showed that GOSS reduces
computation cost greatly without losing much training accuracy [27]. Furthermore,
in order to speed up training the LightGBM uses EFB to reduce computational
cost by bundling mutually exclusive features such as one-hot encoded categorical
variables.
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This section describes the methods and procedures used during implementation of
the forecasting models, as well as a description of the data. The final section of this
chapter describes challenges that arose throughout the implementation phase. Full
training details are provided in Appendix A.

5.1 The Data

The data set used in this thesis contains time series of historical sales of different
products for The Company, that can be structured hierarchically. The most im-
portant aggregation levels are the top and bottom, representing the total sales and
sales per product, respectively. The intermediate aggregation levels are created by
aggregating sales of individual products on shared attributes, implying that the dis-
aggregation is not unique. Therefore, strictly speaking the time series are grouped,
not hierarchical. However, the same principles that apply to hierarchical time series
apply to grouped time series.

The data set contains 107 observations of historical sales on a weekly basis (approx-
imately two years of data) for a wide range of products. The set of individual time
series for each product comprises the bottom level of the hierarchy. The products
have shared attributes which are used to aggregate the data and create two interme-
diate levels in the hierarchy. The top level in the hierarchy is the aggregated sales
of all products. As such, the time series are structured in a 4-level hierarchy, where
aggregation level 1 corresponds to the total sales volume of The Company, and the
bottom level 4 corresponds to the sales volume of each individual product.

The total hierarchy comprises a single time series at aggregation level 1, four time
series at aggregation level 2, three time series at aggregation level 3, and 575 time
series at aggregation level 4, amounting to a cumulative total of 583 time series.

The bottom level in the data contains a lot of intermittent time series, characterized
by having several zero-valued observations. An example of an intermittent time
series is shown in Figure 5.1. Intermittent time series are difficult to forecast since
they do not display any observable patterns.
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Figure 5.1: A visual representation of an intermittent time series.

5.1.1 Preprocessing

Naturally, time series at different levels in the hierarchy will have different scales
due to aggregation. To ensure that all time series were of similar scale, the time
series were downscaled using what I called n-leaves rescaling. The n-leaves rescaling
involved dividing each aggregated time series by the number of leaves that connect
to it such that
(p)
(p) Yt

y?)
Q)]
(»)

where y;*’ is the value of the time series in node p, and Q(p) is the set of leaf nodes
of the sub-tree rooted at the node p and |Q(p)| is the cardinality of Q(p).

(5.1)

5.1.2 Feature Engineering

Both the Light GBM and TFT are able to incorporate data from different sources,
including temporal features. Given that the observations in the time series are of
weekly granularity, the following temporal features were extracted:

1. Week of the year,

2. Month of the year,

3. Quarter of the year,

4. Year.

The following statistical features were computed from the raw time series data:

1. {1, 2, 3, 4} steps lagged values,

2. {4, 13} steps rolling mean values,

3. {4, 13} steps rolling median values,

4. {4, 13} steps rolling count of zero-valued observations.
Initial tests showed that the statistical features did not contribute to fitting the
TFT. Figure 5.2 shows the variable selection weights v, extracted from the Variable
Selection Network responsible for time-varying unknown inputs. Thus, to reduce

the computational cost of training the TFT, the statistical features were only used
for fitting the Light GBM.
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Figure 5.2: Bar plot of feature importance from trained TFT. Last number in each feature
indicates the length of the rolling window on which the statistic was computed. This bar plot
indicates that statistics computed from the raw data are not of significant importance.

5.2 Cross-Validation

Hyperparameters were tuned using the time-series split cross-validation with three
disjoint validation folds and one test fold of size h = 4. The last horizon t €
(tmaz — Iy tmaz] Was used as a hold-out test set for comparing final accuracy of the
different forecasting models. Thus, the validation folds consisted of observations at
times t € (tmae — @+ hytimae — (1 — 1) - h], i = 2,3, 4. All available data preceding the
validation fold was used to train the models, indicating that more training data was
used for smaller values of 7. An illustrative depiction of the data splits is shown in
Figure 5.3

Fold 1: Training Val
Fold 2: Training Val
Fold 3: Training Val

| rest

Figure 5.3: Tllustrative depiction of the data splits used for cross-validation.

For the sake of brevity, the cross-validation procedure will be explained using only
TFT. However, the procedure was identical for the Light GBM. The hyperparameters
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of the TF'T were tuned once for each validation fold, such that TFT; was tuned on
fold 1 etc., resulting in the three models TFT,, TFT,, and TFT3 with different sets
of hyperparameters. Each model was then trained and validated on all three folds,
and the model with the lowest average MAE across all three folds, named TFT,,,
was selected for evaluation on the unseen test set. Furthermore, an ensemble model
TFT, was created by averaging the forecasts of the three suggested models such
that

1 3
fTFT#<') = 5 Z fTFTi(')v (5-2)
i=1
where frpr(+) is the prediction function of the TFT.

Altogether, four models are selected in the cross-validation procedure, TFT,,,
TFT,, Light GBM,,; and LightGBM,,.

5.3 Hardware / Software

The TFT and LightGBM were implemented in Python. For the TFT I used the
PyTorch_Forecasting library [41], which also provided an easy implementation for
the Naive forecast method. For the Light GBM I used the 1ightgbm library [42]. The
ES/BU model was implemented in R, using the forecast package to produce the
base forecasts [43]. For the reconciliation methods, I used the hierarchicalforecast
package in Python [44].

All models were trained on a laptop with an 11th Gen Intel(R) Core(TM) i7 @ 2.80
GHz processor with 4 cores and 16 GB RAM.

5.4 Hyperparameter Tuning

The hyperparameter tuning was done with the optuna library, using a Tree-structured
Parzen Estimator algorithm for exploring the hyperparameter space [45]. The
PyTorch_Forecasting has an integrated method optimize_hyperparameters()
for hyperparameter tuning with optuna.

To obtain stable results when tuning the hyperparameters of the Light GBM, the
learning rate was kept at a constant value n = 0.01. Furthermore, the bagging and
feature fractions were set to 1.0 to remove the randomness associated with bagging
and feature sampling, and the max_bins parameter was set to 10000 to reduce the
randomness when creating discrete bins in the histogram-based algorithm.

Table 5.1 contains the hyperparameters that were tuned for the Light GBM, as well as
the corresponding limits and distributions. The A L1 and A_ L2 parameters control
the L1 and L2 penalty terms of the objective function, num_ leaves control the max-
imum number of leaves allowed in a single weak learner, and the min_ child_samples
parameter controls the minimum number of data instances required in a node to split
the data further. The hyperparameter tuning for Light GBM took approximately 2.5
minutes.
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Parameter Distribution Limits
A L1 Log-Uniform 1078, 10]
A L2 Log-Uniform 07%,10]

num_ leaves
min_ child samples

]

[

[
Integer Uniform [2, 64

[5, 100]

Integer Uniform |5

Table 5.1: Hyperparameter tuning settings for Light GBM.

Table 5.2 show the hyperparameters and corresponding limits and distributions that
were tuned for the TFT. The number of attention heads in the TF'T was fixed at 1.
The gradient_ clip_val controls the maximum absolute value allowed for gradients,
i.e gradients are capped at this magnitude. The hidden_ size parameter controls the
size of the hidden states in the TFT, and the hidden continuous size controls the
size of the embeddings of the continuous input variables. The dropout parameter
controls the dropout fraction in the TF'T layers where dropout is applied. The
hyperparameter tuning for the TF'T was capped at 8 hours, and this constraint was
invoked every time.

Parameter Distribution Limits
gradient__clip_ val Log-Uniform 0.01, 1]
hidden_ size Integer Uniform [4, 32]

hidden continuous size
learning_rate
dropout

Uniform 0.001, 0.01]

[

[
Integer Uniform [4, 32]

[
Uniform [0.1, 0.3]

Table 5.2: Hyperparameter tuning settings for TFT.

The encoder length (look back window) of the TFT was set to k& = 52 and the
decoder length (forecast horizon) was set to h = 4.

5.5 Forecast Evaluation Metrics

In hierarchical forecasting, it is not desired that forecast errors on the top aggre-
gation level is given equal weight as the errors of a time series in the bottom level.
Thus, I will use a weighted MASE (WMASE), similar to the weighted RMSSE that
was used in the M5 competition [4]. The WMASE is defined by

N
Zwi X MASE“

i=1

WMASE = (5.3)

where each weight w; is computed by calculating the fraction that entity ¢ con-
tributed to the total sales over the last year of the training data. That means that
the most aggregated time series corresponding to total sales will have a weight of 1.0.
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Some products were not sold during the period for when the weights were computed,
thus given a zero weight. However, this had a negligible effect on the results.

Moreover, 1 will use the PSEL metric

n A, JR— .
PSEL, = 3 i=i¥it ~ Vi (5.4)
iG‘I)(j) Zt:l yi,t
defined in Section 3.3 to measure forecast incoherency and accumulated predicted
volume error across the forecast horizon.

5.6 Implementation

The hyperparameter tuning and training of the Light GBM and TFT models was
performed using the full hierarchy of the data simultaneously. Having selected the
optimal hyperparameters for TFT,,, TFT,, LightGBM,, and LightGBM,, each
model was trained and validated on fold 3 visualized in Figure 5.3, corresponding
to data in the range t € [1,t,4: — h]. Thereby, the models were trained on the
maximum amount of available data before producing the final forecasts.

The base forecasts of each model were then computed for the hold-out test set
containing observations from the final ~ = 4 time steps. The base forecasts were
then reconciled using the Bottom-Up (BU), Minimum Trace Ordinary Least Squares
(MinT OLS), and Minimum Trace Weighted Least Squares (MinT WLS) methods.
The ES/BU forecasts were produced by fitting an individual exponential smoothing
model for each time series in the bottom level in the range t € [1, t,,4: — h] using the
state-space framework, then reconciling the base forecasts using the BU method.
The Naive forecasts are coherent by design since the Naive method is to predict the
last observed value for each time step in the forecast horizon, and therefore does not
need to be reconciled.

In different applications of time series forecasting, it is possible that only a specific
level in the hierarchy is of interest. To investigate whether there is an advantage
in structuring the data as hierarchical time series and train a forecasting model on
the entire hierarchy rather than the single level of interest, the cross-validation and
hyperparameter search was repeated for each individual level, resulting in a set of
single-level optimized models

TFTopj, TFT,;, LightGBM,,, ;, LightGBM,, ., j € {1,...,4},

opt,j?
where j is the hierarchical level.

As a final step before evaluating the models, negative forecast were adjusted to 0
and the forecasts were rounded to the nearest integer value, since the sales volume
is a non-negative discrete target.
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5.7 Challenges

Given the limited availability of data, efficiently managing the trade-off between
data utilization during training and testing is a significant challenge, especially with
time series data considering that independency between observations can never be
assumed. The more data used for validation and testing, the less is available for
training the models. Initially, a three-way holdout cross-validation method was
considered, but initial findings revealed a high degree of instability concerning the
generalization ability of the trained models. To attain more consistent results with-
out compromising the training data, a time series split cross-validation approach
was adopted for model selection.

The way that the cross-validation method was designed, the models whose hyperpa-
rameters were optimized on the third fold (see Figure 5.3) had access to the data in
the first and second fold during hyperparameter tuning. A natural concern was that,
as a consequence, the TFT3 and Light GBM3 would exhibit superior performance
compared to the first and second models. However, no such pattern was observed.
Table 5.3 shows the specific models that were selected for each hierarchical level.

Aggregation Level ‘ Selected opt Model

Full Hierarchy TFT, LightGBM,
Level 1 TFT,; LightGBM;
Level 2 TEFT; LightGBM;
Level 3 TFTy LightGBM;
Level 4 TFT,; LightGBM;3

Table 5.3: Summary of which TFT and Light GBM models that were selected as opt models
for each aggregation level.

The fact that the TFT3 and Light GBM3 models did not consistently demonstrate su-
perior performance across all three folds indicates that although this cross-validation
method favored models with more data access, the advantage was not decisive.

Another challenge that emerged during the implementation phase was that the Mint
WLSy and Shrink methods proved inapplicable for the data used in this thesis.
The WLSy and Shrink methods involve using the in-sample base forecast errors to
estimate the covariance matrix of the out-of-sample base forecast errors. However,
in the original paper on minimum trace reconciliation the experiment was conducted
using an ARIMA model [11]. Conversely, when using machine learning-based models
it is infeasible to estimate out-of-sample forecasting errors with in-sample forecasting
errors, since a machine-learning model can learn to fit the training data perfectly.

Thus, the base forecast errors from the validation set were used as a less biased
estimator of the out-of-sample errors. However, several products exhibited zero
sales throughout the entire validation set, and the TFT and LightGBM models
accurately predicted zero. Thus, the base forecast variance over the validation set
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was zero in many instances. Since the covariance between any random variable and
a constant is zero, the base forecast covariance matrix had several zero-columns and
was therefore not invertible. Thus, only the Bottom-Up, OLS, and MinT WLS;
reconciliation methods were used in this thesis.

A final challenge that arose during the implementation was that since sales volume
is a discrete target, the final forecast had to be rounded to integer values. However,
simply rounding the forecasts defeated the purpose of reconciling the forecast since
several bottom level time series were rounded to zero, whereas the aggregated time
series had a rounding error of £1. Consequently, even after applying reconciliation,
the forecasts were not coherent. Thus, a more sophisticated integer optimization
step is warranted to keep the coherency intact.
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The resulting forecast accuracy in terms of WMASE is presented for each model,
with and without reconciliation, in Table 6.1. The accuracy for each model is pre-
sented at each aggregation level in the time series hierarchy, as well as the average
accuracy across all levels. The columns for each aggregation level contains the
summed WMASE for all time series in the particular level. The models are ranked
in descending order by average WMASE, such that the best performing model is at
the top. The rightmost column in Table 6.1 contains the percentage improvement in
average WMASE for each model compared to the ES/BU benchmark. The column-
wise minimum values are displayed with bold text. The bottom row of Table 6.1
shows the average WMASE across all forecasting models for each aggregation level.

Rank Model Aggregation Level Average Improvement (%)
1 2 3 4
1 TFT,/MinT WLS, 0.231 0.340 0.262 0.540 0.343 43.1
2 TFT, 0.254 0.312 0.424 0.544 0.383 36.4
3 TFT,/MinT OLS 0.238 0.359 0.368 0.630 0.399 33.9
4 Light GBM, 0.421 0.372 0.276 0.542 0.403 33.2
5 LightGBM,,;/MinT WLS, 0.313 0.394 0.357 0.552 0.404 33.0
6 LightGBM,,/MinT WLS, 0.314 0.407 0.386 0.530 0.409 32.1
7 LightGBM,, 0.337 0.441 0.324  0.540 0.410 31.9
8 LightGBM,,/MinT OLS 0.246  0.450 0.409 0.544 0.412 31.6
9 Light GBM,,,;/MinT OLS 0.321  0.384¢ 0.357 0.620 0.420 30.3
10 Naive 0.499 0.453 0.464 0.586 0.501 17.0
11 TFT,/BU 0.494 0.547 0.474 0.544 0.515 14.6
12 Light GBM,,:/BU 0.653 0.588 0.603 0.542 0.596 1.1
13 ES/BU 0.587 0.559 0.552 0.713 0.603 -
14 LightGBM,,/BU 0.709 0.632 0.656 0.540 0.634 -5.2
15 TFT,,:/BU 0.548 0.731 0.615 0.759 0.664 -10.1
16 TFT,p:/MinT WLS; 0.580 0.628 0.720 0.809 0.684 -13.5
17 TEFT,p 0.419 0.414 1.331 0.759 0.731 -21.2
18 TFT,p:/MinT OLS 0.682 0.786 0.920 0.818 0.801 -32.9
Average WMASE per Level: 0.436 0.489 0.528 0.617

Table 6.1: Performance of each model in terms of WMASE, smaller values are better. Results
presented are accumulated WMASE on each aggregation level, and on average. Improvement
column specifies percentage improvement in average WMASE compared to the ES/BU
benchmark. Column-wise minimum values are displayed in bold.
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The results in Table 6.1 show that the best performing model was the TFT,,/Mint
WLS; with an average WMASE of 0.343 and an improvement of 43.1 % over ES/BU.
The second and third place models are also based on TFT,,, indicating its superior
performance. Conversely, all models based on TFT,, performed worse than the
ES/BU benchmark. All models based on Light GBM expect those using Bottom-Up
reconciliation performed better than the benchmark, with similar accuracy scores.

Table 6.2 shows the Percentage Sum of Errors per Level (PSEL) of predicted vol-
ume for each model at each hierarchical level, computed over the entire forecast
horizon. The rank of the models follows the same order as in Table 6.1, hence there
is not necessarily a descending order of superiority in Table 6.2. Incoherent base
forecasts are highlighted in gray. The numbers presented in this table the results
prior to rounding forecasts to integer values, to clearly demonstrate the purpose of
reconciliation.

Rank Model Aggregation Level
1 2 3 4

1 TFT,/MinT WLS, +03 +03 +03 +0.3

2 TFT, +132 -16 4289 -395
3 TFT,/MinT OLS +14.7 +147 +147 4147
4 Light GBM,, +336 +12 +1.5 - 52.1
5 LightGBM,,;/MinT WLS, - 4.0 -4.0 -4.0 - 4.0

6 LightGBM,,/MinT WLS; - 8.1 - 8.1 - 8.1 - 8.1

7 LightGBM,, +26.8 462 -9.0 - 56.6
8 LightGBM,,/MinT OLS +16.0 +16.0 +16.0 +16.0

9 LightGBM,,:/MinT OLS ~ +21.7 +21.7 +21.7 4217
10 Naive -398 -398 -398 -398
11 TFT,/BU -395 -395 -395 - 395
12 LightGBM,,;/BU - 521 -521 -521 -521
13 ES/BU +46.8 +46.8 +46.8 +46.8
14 LightGBM,,/BU -96.6 -56.6 -956.6 - 56.6
15 TFT,,./BU +75 +75 +75 + 7.5

16 TET,,/MinT WLS; +45.5 +455 +455 4455
17 TEFT ot +334 +199 + 1047 + 7.5

18 TFT,,:/MinT OLS +544 4544 +544 4544

Table 6.2: PSEL for each model over the forecast horizon. Models are ordered by rank in
terms of average WMASE presented in Table 6.1. Gray rows indicate base forecasts that are not
coherent. Values closer to zero are better.

The results in Table 6.2 present a dimension of the forecasts that is not captured by
the WMASE, namely the accumulated volume error across the forecast horizon and
across aggregation levels. For example, looking at the Light GBM,,; (rank 4) and
Light GBM,,:/MinT WLS, (rank 5) in Table 6.1 the difference in average WMASE
is minimal, indicating that the models are equal in performance. However, look-
ing at the same two models in Table 6.2, we see that the PSEL of LightGBM,,,
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at aggregation level 1 is +33.6 % and -52.1 % at level 4, whereas the PSEL of
Light GBM,,:/MinT WLS; is -4 % at all levels. Similar results are observed for all
models after applying the MinT WLS; reconciliation, except for the TFT,,;.

6.1 Base-Model Forecasts

This section contains a sample of the forecasts produced with TFT,,;, Light GBM,,,
and the benchmark model ES/BU. For reasons of confidentiality, the volume on
the y-axis has been removed for all aggregated time series. However, the volume
is displayed for the level 4 bottom-level time series to demonstrate the randomness
of the sales patterns for individual products, as well as showing the scale difference
between products. In all figures, the forecast origin is marked with a black vertical
dashed line at time ¢ + 0, and a window of time from ¢t — 12 to t + 4 is displayed
for each time series. The target time series is dashed between the final observation
in the training data and the first observation in the test data to clarify that the
forecasting models did not have access to that information.

Figure 6.1 illustrates the time series for aggregation level 1, which is the total sales
volume of all products. The figure shows that the Light GBM,,; and TFT,,, forecasts
are similar in performance and that both models had lower WMASE than ES/BU.

Aggregation Level: 1 | WMASE: LightGBM: 0.421, TFT: 0.419, ES/BU: 0.587

—— Target
—— LightGBM
TFT

]

[}

|

|

|

1

i#

IP—/\ —— ES/BU
~ .

1] 2

Volume

Figure 6.1: Forecasts from TFT,,:, Light GBM,,: and ES/BU on the time series at
aggregation level 1. The dashed black vertical line marks the forecast origin. The dashed gray
line is the connection between the training data and test data.

Figure 6.2 shows one of the time series at aggregation level 2. The Light GBM,,, is
slightly better than the ES/BU, whereas the TFT,, has the highest error.

Aggregation Level: 2 | WMASE: LightGBM: 0.041, TFT: 0.060, ES/BU: 0.043

= Target

]

1

1

|

i —— LightGBM

i ; Se TFT
/"-\ —— ES/BU

1

0 2

Figure 6.2: Forecasts from TFT,,:, Light GBM,,; and ES/BU on one of the time series at
aggregation level 2. The dashed black vertical line marks the forecast origin. The dashed gray
line is the connection between the training data and test data.

Volume
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Figure 6.3 depicts a time series from the third aggregation level. The graph shows
that the TFT,, forecast has a large positive bias, with a WMASE score of 1.245
which is significantly larger than Light GBM at 0.210 and ES/BU at 0.410.

Aggregation Level: 3 | WMASE: LightGBM: 0.210, TFT: 1.245, ES/BU: 0.410

Volume
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—— Target
—— LightGBM
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Figure 6.3: Forecasts from TFT,pe, Light GBM,,,: and ES/BU on one of the time series at
aggregation level 3. The dashed black vertical line marks the forecast origin. The dashed gray
line is the connection between the training data and test data. TFT,,; demonstrates an

unreliable forecast.
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Figure 6.4: Forecasts from TFT,,:, Light GBM,,; and ES/BU on five bottom-level time
series. The dashed black vertical line marks the forecast origin. The dashed gray line is the
connection between the training data and test data.
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Figure 6.4 contains a set of five different time series at aggregation level 4, which are
sales of individual products. The figure illustrates that the patterns of the bottom-
level time series are random and that all models struggle to capture meaningful
temporal dependencies.

6.2 Averaged and Reconciled Forecasts

Table 6.1 shows that the performance of the TFT model was improved when us-
ing the averaged forecasts TFT, compared to the single forecast TFT,,, and that
the performance of TFT, was further improved by applying the Minimum trace
WLS; reconciliation. Figure 6.5 illustrates the same time series as Figure 6.3, where
the TFT,,; demonstrated inaccurate performance, with the TFT, and TFT,/Mint
WLS;, forecasts to visualize the possible effects of averaging and reconciling the base
forecasts.

The first graph in Figure 6.5 shows that using the averaged TEF'T,, model reduced the
forecast error from 1.245 to 0.374. The second graph shows that applying the MinT
WLS; reconciliation to the base TFT,,; forecasts had a similar effect, reducing the
forecast error to 0.647. The final graph in Figure 6.5 demonstrates the combined
effect of using the averaged TFT, model and applying MinT WLS, reconciliation,
reducing the forecast error from 1.245 to 0.208.

Aggregation Level: 3| WMASE: TFT avg: 0.374, TFT: 1.245

—— Target
—— TFT avg
TFT

Volume

\

Aggregation Level: 3 | WMASE: TFT/MinT WLSs: 0.647, TFT: 1.245
T

—— Target

|
|
— TFT/MinT WLSs
TFT

Aggregation Level: 3 | WMASE: TFT avg/MinT WLSs: 0.208, TFT: 1.245

Volume

—— Target
= TFT_avg/MinT_WLSs
TFT

Volume

Figure 6.5: Visualized effects of using the ensemble model and reconciliation for the TFT
forecast.

Figure 6.6 show the same time series and adaptions to the Light GBM as is shown
for the TFT in Figure 6.5. Using the averaged LightGBM, model resulted in an
increased error from 0.210 to 0.254, applying the MinT WLS; increased the error
from 0.210 to 0.270, and the combined model LightGBM,,/MinT WLS, had the
highest forecast error at 0.290.
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Aggregation Level: 3 | WMASE: LightGBM avg: 0.254, LightGBM: 0.210
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Figure 6.6: Visualized effects of using the ensemble model and reconciliation for the
Light GBM forecast.

6.3 Treating the Time Series as Hierarchical

In Table 6.3, the WMASE for TFT,,, and TFT, models trained on the entire hier-
archy are compared to TFT,,, and TEF'T, models trained level by level. The results
show that the TFT, outperformed both level-wise models on all aggregation lev-
els except level 3. However, the TFT,/MinT WLS, outperformed both level-wise
models on all aggregation levels. The level-wise TFT’s exhibit significantly poor
performance on aggregation level 1, where the amount of available data is the small-
est.

Model Aggregation Level Average
1 2 3 4
TFTM /MinT WLS;, 0.231 0.340 0.262 0.540 0.343
TFT, 0.254 0.312 0.424 0.544 0.383
TFT,, (Level-by-level) 0.870 0.351 0.358 0.636 0.554
TFT,p/MinT WLS, 0.580 0.628 0.720 0.809 0.684
TET 0.419 0.414 1.331 0.759 0.731
TFT, (Level-by-level) 1.516 0.345 0.401 0.675 0.734

Table 6.3: Comparison of WMASE for TFT models trained on the entire hierarchy and
models trained level-by-level. Column-wise best values are marked with bold text.

Table 6.4 shows the WMASE for the Light GBM models trained on the entire hi-
erarchy compared to those optimized level by level. The results show that both
level-wise Light GBM models outperformed the full-hierarchy models on aggregation
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levels 1 and 2, indicating that there is no gain in treating the data as hierarchi-
cal time series if the goal is to forecast the top levels of the hierarchy. However,
the level-wise Light GBM models exhibit the worst performance of all models on
aggregation level 3 and 4.

Model Aggregation Level Average
1 2 3 4
LightGBM,,, 0.421 0.372 0.276 0.542 0.403

LightGBM,,: (Level-by-level) 0.205 0.339 0.502 0.566 0.403
Light GBM,,:/MinT WLS, 0.313 0.394 0.357 0.552 0.404
LightGBM,,/MinT WLS; 0.314 0407 0.386 0.530 0.409
LightGBM,, 0.337 0.441 0.324 0.540 0.410
LightGBM,, (Level-by-level) 0.220 0.319 0.460 0.703 0.426

Table 6.4: Comparison of WMASE for Light GBM models trained on the entire hierarchy and
models trained level-by-level. Column-wise best values are marked with bold text.

Furthermore, Table 6.4 show that when combining the opt models for each level,
the average WMASE across all levels is similar to the average WMASE of the
LightGBM,,,; trained on the entire hierarchy.
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Discussion

The purpose of this thesis was to explore viable methods for demand forecasting,
facing the challenge of limited data availability. To fulfill this purpose, one objective
was to compare the predictive ability of the machine learning-based forecasting
models TFT and Light GBM against an exponential smoothing state-space model.
The results showed in Table 6.1 indicate that both the TFT and the LightGBM
have significant potential in forecasting demand, despite limited data availability.

All except two of the Light GBM models implemented were able to achieve a signif-
icantly higher forecasting accuracy than the ES/BU benchmark model, suggesting
that it is a reliable forecasting model. Conversely, the results for the TFT were not
as convincing. Although the TFT, demonstrated superior performance to all other
models, Light GBM included, the TFT,,, demonstrated inferior performance to all
other models, raising concerns regarding its stability on small data sets.

Looking at Table 6.2, we see that the models TF'T,,, Light GBM,,; and Light GBM,,
all overestimated the total volume over the forecast horizon when forecasting the
level 1 time series, but underestimated the total volume when aggregating the fore-
casts for all level 4 time series. A probable explanation for the latter observation is
the intermittent characteristic that describes many of the time series in the fourth
level.

For example, looking at the bottom time series in Figure 6.4, we see a time series of
a product that has not been sold for at least the last 12 weeks, but has one unit sold
in the test set. Such sudden spikes are extremely difficult to forecast. The models
can learn during training that more often than not, it is better to predict zero to
achieve higher accuracy on such intermittent time series.

The observed pattern of overestimating the total volume at the highest aggrega-
tion level and underestimating the total volume at the bottom level illuminates the
importance of coherency in hierarchical time series forecasting.

A second objective in this thesis was to investigate the effects of hierarchical rec-
onciliation. The results in Table 6.1 show that there is no unambiguous answer
to this question. Expanding on the observation that the TFT,, Light GBM,, and
Light GBM,, underestimated the total volume at the bottom level, we see that the
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Bottom-Up reconciled forecasts resulted in worse performance than the base fore-
casts in all three cases. Similarly, the MinT OLS resulted in lower accuracy than the
base forecasts in all instances, but the average accuracy was not as severely affected.
However, the results indicate that the MinT WLS, reconciliation method has the
potential to increase accuracy.

Although applying reconciliation methods did not show significant signs of improving
the base forecasts in terms of WMASE, the significance of reconciliation is demon-
strated in Table 6.2. The effect of applying MinT WLS; reconciliation improved the
PSEL for the bottom and top level for the TFT,, LightGBM,,; and LightGBM,,
without significantly compromising the PSEL on level 2 and 3. For the TFT,,
model, the MinT WLS, improved the average forecast accuracy, but the PSEL was
higher for the bottom and top level.

7.1 Limitations of the Results

One inherent limitation of the analysis conducted in this thesis is that all results
were derived from a test set comprising observations from only h = 4 time steps.
However, when calculating the WMASE across the entire hierarchy, there are 583
observations per time step which enhances the stability of the results, as it increases
the likelihood of identifying weaknesses in models with poor generalization ability.
For example, the TFT,,; displayed better forecasting accuracy on time series in level
1 and 2 compared to the ES/BU benchmark, but at the third level its accuracy was
significantly worse. An evident sign that the TF'T,, model had poor generalization
ability is displayed in Figure 6.3. Thus, fitting the models across all time series
simultaneously can be beneficial not only for training, but also evaluation.

The lack of test data is still a problem, since the specific data points included in
the test set may not be representative of the actual data distribution, resulting in a
biased performance evaluation. As mentioned in Section 2.4, biased evaluations are
accepted if the goal is to compare the relative accuracy between models, but not if
the goal is to evaluate the generalization ability of a particular forecasting model.
Thus, the WMASE scores shown in Table 6.1 are useful for comparing the forecasting
models, but they might not be reliable representations of the generalization ability
of the models. Consequently, I will exercise caution when addressing the results of
this thesis and their generalizability.

Furthermore, the WMASE of the Naive forecasting model indicates that the data
in the test set was less volatile than data in the training set. When using the Naive
forecasting method, the MASE is essentially the ratio of the h-step multi-horizon
naive forecast and the one-step in-sample naive forecast

%Z?;?.H |yt - fgt|

MASE = ,
ﬁ i [Vt — Ye1]

where §; = y, Vt € [n+1,n+ h]. A reported average WMASE of 0.501 implies that
the Naive method performed better on the test set than the training set, despite
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comparing an h-step multi-horizon forecast with a one-step forecast. This suggests
that the data in the test set was less turbulent, or volatile, than in the training
set. Consequently, it is likely that the reported WMASE for all other models are
optimistically biased.

7.2 ML-based vs. Traditional Forecasting Models

Addressing the viability of ML-based forecasting models compared to traditional
ones in the scope of small-scale demand forecasting involves a three-way trade-off
between accuracy, stability, and complexity.

Achieving maximum accuracy is of central importance as it directly contributes to
reducing stock keeping or minimizing missed opportunities, thereby mitigating costs
for The Company. The results presented in Table 6.1 indicate that the ensemble
model TFT, produces the most accurate forecasts. However, the TFT,, model
produces the least accurate forecasts. Conversely, the Light GBM,, and Light GBM,,,;
demonstrated similar performance.

Stable forecasts are important for reliable and consistent decision-making. Looking
at the TFT results in Table 6.3, the standard deviation of the average WMASE is
orrr = 0.159, compared to the Light GBM results in Table 6.4 where the standard
deviation is origneaem = 0.008. This observation suggests that the Light GBM is a
more stable forecast model than the TFT, as it is less sensitive to implementation
specifics. Furthermore, the level-by-level optimized TFT models exhibited poor per-
formance on aggregation level 1 where data is most limited, whereas the Light GBM
exhibited superior performance on level 1, indicating that the Light GBM is more
stable than the TFT on very small amounts of data.

Moreover, several aspects pertaining to complexity must be considered. The most
prominent aspect being the complexity related to model selection. Stable and data
efficient model selection methods are especially important when the amount of avail-
able data is limited, due to the inherent trade-off of data utilization in training
versus testing. The three-way holdout cross-validation method that was initially
used proved infeasible due to unstable forecasting results. To improve stability, the
simple solution would have been to increase the size of the validation and test set.
However, given that the data set consists of observations from 107 time steps, using
a validation and test set consisting of 4 time steps each already allocates approxi-
mately 7.5 % of the data, that becomes unavailable for training. Increasing the size
of the validation and test set decreases the amount of data available for training,
which can introduce a pessimistic bias in the accuracy evaluation of the models.

The model selection part of this thesis was an iterative process that ultimately
warranted setting some hyperparameters to fixed values to attain more stable results.
The bagging fraction and feature fraction in the LightGBM had to be set to 1.0,
effectively disabling bagging and feature selection, to reduce randomness in the
model selection and evaluation process. Although bagging and feature selection
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are proven methods for reducing overfitting, initial experiments showed that the
accuracy of the Light GBM was too sensitive to the randomness attributed to bagging
and feature selection, most likely due to limited data availability. Furthermore, the
learning rate had to be kept at a low value for both the TFT and the Light GBM
for more stable convergence.

Conversely, the ES/BU forecast model based on the state-space framework is an
"off-the-shelf” solution. It does not require any scaling or feature engineering, and
it does not require any hyperparameter tuning, since model selection is integrated in
the framework. Moreover, the model selection in the state-space framework involves
selecting the model with the minimum Akaike’s Information Criterion (AIC) score,
punishing complex models that are more prone to overfitting.

A second aspect of complexity is the complexity pertaining to the forecasting models
themselves. The TFT and LightGBM are more complex than the ES state-space
model. The TFT is remarkably complex, it involves several layers of non-linear
processing, and if the hyperparameter search space is not restricted, the number
of trainable parameters can quickly grow out of proportion with regards to the
amount of available data. The Light GBM is a simpler model, and the fundamental
principle of gradient boosting is intuitively easier to understand than the deep-
learning algorithm underlying the TFT. Furthermore, the Light GBM and ES/BU
had significantly lower execution times than the TFT.

7.3 Hierarchical Time Series and Reconciliation

Two aspects of hierarchical forecasting were investigated in this thesis. Firstly, the
effects of applying hierarchical reconciliation methods were examined. The second
aspect relates to the investigation of whether the TFT and Light GBM can extract
additional information by structuring the time series hierarchically, and ultimately
produce more accurate forecasts.

Out of the three reconciliation methods used, the Bottom-Up method demonstrated
the worst performance. A common pattern among the well-performing forecasting
algorithms was that they underestimated the total sales volume when aggregated
across all bottom level time series. Thus, this pessimistic bias was propagated
through the hierarchy, as showed in Table 6.2, resulting in poor accuracy. It is
a known problem that the BU approach suffers from information loss, using only
the information from the bottom level time series. Furthermore, the bottom level
time series often have the lowest signal-to-noise ratio, making accurate forecasting
difficult. This observation aligns with the results obtained in this thesis. Looking at
the average WMASE per level displayed in Table 6.1, it was highest at aggregation
level 4, and lowest at aggregation level 1. The BU method did however improve
the average WMASE for the TFT,,; model, but that slight improvement can be
attributed to correcting the poor accuracy of the TFT,, on the third aggregation
level, as the accuracy of the TFT,,,/BU model was lower on levels 1 and 2.
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Conversely, The MinT WLS; reconciliation method demonstrated high potential.
Whereas applying the MinT WLS; did not have a significant effect on the average
WMASE for the Light GBM, it did positively affect the PSEL. Furthermore, it is
in The Company’s interest that levels 1 and 4 are coherent. The level 1 forecast is
important for The Company for deciding the capacity utilization in their factories,
and the level 4 forecasts are important for resource allocation. Correcting the inco-
herency without negatively affecting the average WMASE is therefore a significant
improvement of the quality of the forecasts.

It was expected that the MinT WLS; would give better results than the OLS ap-
proach. The time series hierarchy used in this thesis was flat, with 1, 4, 3, 575 time
series in levels 1 through 4. The MinT OLS method weighs the errors of all forecasts
equally, meaning that the cumulative weight of the bottom level time series is sig-
nificantly higher than the upper level time series. Given that the forecasting models
on average exhibited worse performance on the bottom level time series, it would be
better to increase the weight for the upper level time series which is exactly what
the The MinT WLS, does. The MinT WLS, puts a higher weight on correcting the
errors of the top level time series during reconciliation, to some extent anchoring
the forecasts of the bottom level time series to the upper ones.

The most notable affect of applying MinT WLS, is showed in Figure 6.5. The
base forecast of the TFT,, is way too optimistic, potentially due to overfitting.
Interestingly, that specific forecast was the only observed instance where the TFT,,;
model exhibited such poor performance. Thus, the MinT WLS; reconciliation was
able to correct this overestimation. The TFT ensemble forecast produced with the
TFT, model has a similar effect on the TFT,,, forecast, and the combined effect of
using the ensemble forecast and MinT WLS reconciliation demonstrated promising
results, reducing the WMASE from 1.245 to 0.208.

An interesting thought that arises from this observation is the potential in us-
ing hierarchical reconciliation for error correction in time series forecasting. The
MinT WLS; did not significantly affect the forecast accuracy of the Light GBM,,,, or
LightGBM,,, but no severe misprediction was observed for either of those models.
In contrast, the average WMASE of the TFT,, forecast was improved by 10.4 %,
with the most significant improvement observed at level 3 at 38.2 %, where there
was great room for improvement in the TFT,, forecast.

The hypothesis that laid ground for investigating the potential gain of structuring
time series hierarchically even though only a single hierarchical level is of interest,
was that it can serve as a form of data augmentation, as well as enabling the use of
reconciliation. The results for the TFT showed in Table 6.3 suggests that there could
be gain in structuring the time series hierarchically, as the TFT, and TFT,/MinT
WLS; outperformed the level-wise optimized TFT models on 3/4 respectively 4/4
aggregation levels. The Light GBM exhibited similar results for aggregation level 3
and 4. Thus, these results collectively suggests that the forecast accuracy on the
bottom level time series is enhanced by structuring the time series hierarchically,
with and without reconciliation.
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Conclusions

This thesis was an exploratory study, investigating ways to construct accurate fore-
casting algorithms for small-scale demand forecasting. Concerning the comparison
of the TFT and LightGBM forecasting models to the ES state-space model, the
findings of this thesis indicate that both models are capable of outperforming the
ES/BU benchmark. The main concern when stating a conclusion regarding this
comparison is the stability of the models.

Although the best performing model was based on the TFT, so was the worst per-
forming model. Conversely, the Light GBM exhibited more reliable results. More-
over, the gradient boosting framework is more intuitive than deep learning, and the
execution time of the Light GBM was significantly faster.

Conclusively, whereas both the TFT and Light GBM demonstrate great potential,
I would recommend that the LightGBM be considered a more viable choice for
The Company for forecasting the demand of their products. The amount of data
available seems insufficient for reliably training the TFT.

Regarding structuring the time series as hierarchical, and using reconciliation meth-
ods, the results of this thesis suggest that the Minimum Trace (MinT) WLS; method
is a viable choice for reconciling the forecasts. Correcting the incoherency between
aggregation levels 1 and 4 without compromising the overall forecasting accuracy is
highly valuable for The Company.

Furthermore, the results in this thesis show evidence that the forecasting accuracy
for the bottom level time series is enhanced when structuring the time series hier-
archically and training the models across the entire hierarchy, rather than level by
level. For the TF'T, this was true for all aggregation levels.

A peripheral yet important aspect illuminated in this thesis is that the WMASE
metric does not capture incoherency or accumulated volume error, two dimensions
that are of importance in demand forecasting. The Percentage Sum of Errors per
Level (PSEL) metric was suggested to account for those dimensions of the results.
However, the PSEL metric would not have made sense if the products had been
heterogeneous, since it would not make sense to accumulate the sales volume of
products that are completely different.
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8.1 Future work

Two interesting findings from the analysis performed in this thesis that warrant
further investigation are (1) the possibility to use reconciliation as a mechanism for
correcting severe mispredictions, and (2) creating a hierarchical /grouped structure
of time series as a form of data augmentation.

Another interesting subject for future research that would benefit the domain of
hierarchical forecasting would be to establish an accuracy metric that can punish
incoherence.
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A

Training Details

The TFT was trained using the ADAM optimizer. The weight initialization used
was the default implementation in the PyTorch_Forecasting library, using a mix of
Xavier uniform initialization, zero initialization, and Kaiming normal initialization.
The training was done on batches of size 32, with max encoder length (look back
window) of 52 and max prediction length (forecast horizon) of 4. In the training
phase, a validation loss patience of 5 epochs was used with a minimum decrease of
d = 1072 as an early stopping condition. A maximum of 50 epochs was set, but
never invoked. Training the TFT model took on average approximately 15 minutes.
Table A.1 contains a detailed description of the size of each layer in the TFT

No. | Name Type Params
0 loss MAE 0
1 | logging metrics ModuleList 0
2 | input__embeddings MultiEmbedding 877
3 | prescalers ModuleDict 128
4 static_ variable selection VariableSelectionNetwork 3.1 K
5 encoder variable selection VariableSelectionNetwork 34 K
6 decoder variable selection VariableSelectionNetwork 19K
7 static context variable selection GatedResidualNetwork 14 K
8 static_context_initial hidden Istm | GatedResidualNetwork 14 K
9 static _context initial cell lstm GatedResidualNetwork 14 K
10 | static context enrichment GatedResidualNetwork 14 K
11 | Istm encoder LSTM 27K
12 | Istm_ decoder LSTM 2.7 K
13 | post_lstm_ gate encoder GatedLinearUnit 684
14 | post_lstm_add_norm_ encoder AddNorm 36
15 | static_enrichment GatedResidualNetwork 1.7K
16 | multihead_ attn InterpretableMultiHead Attention 14 K
17 | post_attn_gate norm GateAddNorm 720
18 | pos_wise ff GatedResidualNetwork 14 K
19 | pre_output_ gate norm GateAddNorm 720
20 | output_ layer Linear 19
21 | Sum - 271 K

Table A.1: Number of trainable parameters at each layer in the TFT

The Light GBM models were trained using a maximum of 1000 iterations, with a val-




A. Training Details

idation loss patience of 100 iterations used as an early stopping. The early stopping
condition was invoked almost every time, indicating that convergence was reached
before 1000 iterations. Training the LightGBM models took on average approx-
imately 20 seconds. Since the LightGBM is based on gradient boosted decision
trees, its size is not easily described. Each training iteration involves fitting a new
weak learner, meaning that if 1000 iterations are used, the Light GBM consists of
1000 weak learners. However, the size of each weak learner can vary, and is decided
by the num_ leaves and min__child__samples parameters.

Both the TFT and Light GBM were optimized using the Mean Absolute Error (MAE)
as loss function.

The ES/BU model took 25 seconds to fit. The ES/BU model was initially fit to
the M5 data set to ensure that I arrived at the same results as was obtained in the
competition.
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