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Abstract

Ocean observation is a powerful tool for ocean monitoring of sea surfaces. With
the help of SAR it becomes easier to monitor large wave �elds. The purpose of
this project is to provide a simulator which when given the wind speed and wind
direction, to generate the ocean wave �eld equivalent to those parameters, to simu-
late the SAR image, and �nally to provide the transform for the linear, quasilinear,
and nonlinear mapping. In the simulation, an analysis is performed on the validity
of the three transforms, where di�erent wind speeds, wind directions, and Slant
Range-Velocity ratios� are used. The results, show that the linear and quasilinear
transforms can be used when the value is� is low. On the other hand, the non-
linear transform can always be used, in many di�erent scenarios. Remaining work
to be done is an inversion algorithm to extract the ocean parameters from the SAR
spectrum, an analysis of the e�ect of the ocean currents and �nally the analysis of
nonlinear waves.
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1
Introduction

Knowledge of the ocean's conditions has been of high importance for millennia.
Such cases are for the safety of the coastal areas, ship navigation, marine energy
exploitation or weather prediction. Moreover, most of the momentum exchange
between the ocean and the atmosphere is done through locally wind-generated waves.
Water vapour and gases are impacted along them.

We can get to know of the ocean's conditions through ocean wave parameters which
provide us with mathematical values with which the ocean waves are represented.
These parameters are usually estimated through in-situ buoys and coastal radars
which provide us with measured samples. While these two methods provide us
with quite accurate local measurements, they are sparse. This means that it is not
possible for us to measure wide areas, since they are di�cult to move wherever
we want. One way for us to bypass this problem is using satellite born radars.
Particularly, in our case we are going to use synthetic aperture radars (SAR), which
enable us to measure wide area, and without cost since they are already in use.

Satellite oceanography has been complemented by synthetic aperture radars (SAR)
in the recent decades and has seen many studies. While they are helpful, it is not
often possible for researchers to completely interpret the images.

There have been multiple studies on describing and modeling sea waves. Pierson
and Moskowitz �rst tried to estimate the spectra of fully developed wind seas, but
concluded that more data needed to be collected for more re�nement of the accuracy
[1]. Much later the Joint North Sea Wave Project (JONSWAP) gave an even more
accurate description of the spectra, analyzing both long and short waves [2]. Finally,
the most accurate description of both the spectra and the spreading of the sea waves
came from T. Elfouhaily, B. Chapron, K. Katsaros, D. Vandemark [3].

Until the 1900s the two dimensional wave spectrum had been measured only with
wave buoys inside the ocean. Monte-Carlo mapping computations were �rst used
for nonlinear imaging of one-dimensional ocean wave �elds [4]. Despite the valuable
results of the simulations, many important properties of the two-dimensional ocean
wave �elds were missing. Two-dimensional Monte Carlo simulations had been used
to compare a buoy and SAR image spectra obtained over the North Sea [5]. This
change when Hasselmann provided us with complete formulas of mapping a sea
surface to a SAR wave spectrum and many studies are based on those formulas [6].
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1. Introduction

1.1 Purpose

The purpose of this thesis is to develop a complete simulator which given sea condi-
tion parameters like wind speed and wind direction, and radar platform con�gura-
tions like velocity and signal parameters to analyze in which conditions the linear,
quasi linear and non linear mapping is valid.

1.2 Limitations

In this project, we will not look into sea currents, and non linear waves.

1.3 Thesis Outline

In Chapter 2, all relevant background knowledge needed for understanding the thesis
is presented. Chapter 3, presents the methods used in the thesis and the way
the work was implemented. The results are shown in Chapter 4, and �nally the
conclusions are in Chapter 5. More results, which are not discussed are presented
in Appendix 1.
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2
Theory

In this chapter, necessary theory behind concepts used or discussed in the following
chapters are introduced.

2.1 Ocean Waves

2.1.1 Models

Ocean waves are created by winds. Longer and stronger winds, result in bigger
waves. There exist various models that take input the wind speed and the wind
direction and describe ocean waves. For this purpose, we are going to look into
omnidirectional spectra, and spreading functions, which when combined generate
an ocean wave �eld.

2.1.1.1 Omnidirectional Spectra

Omnidirectional spectra give us the distribution of the wave energy over wave num-
bers. In other words, for each wave number, we can see what is the amplitude of
the wave for a speci�c wind speed. There exist two sea states: (i) Fully developed
sea, in which the waves are fully developed and will not increase anymore and (ii)
developing sea, in which the waves will continue to grow [7].
In this project we will look into the following spectra: Pierson-Moskowitz , JON-
SWAP and Elfouhaily.
The Pierson-Moskowitz spectrum is an empirical model for a fully developed sea
state and was done through measurements [1].

SP M (k) =
a

2k3
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� �
� g

k

� 2 1
V 4

19:5

#

(2.1)

wherea = 0:0081is a Phillips constant,� = 0:74, g is the gravitational acceleration,
and V19:5 is the wind speed at 19.5 m above the surface.

The Joint North Sea Wave Project (JONSWAP) spectrum describes a developing
sea state [2]
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2. Theory

Lastly, the Elfouhaily spectrum combines short and long waves [3]

SE (k) = k� 3(B l + Bh) (2.3)

where the long waves part is

B l =
1
2
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whereap is the Philips equilibrium range parameter for long waves,cp is the phase
speed of the dominant long wave,kp is the wavenumber of the spectral peak and

is the inverse wave age.

The short waves part is

Bh =
1
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cm

c
LP M Jp exp

2

4 �
1
4

 
k

km
� 1

! 2
3

5 (2.5)

wheream is the Philips equilibrium range parameter for long waves,cm is the phase
speed of the dominant short wave, andkm is the wavenumber of the short wave
peak.

LP M is the Pierson-Moskowitz shape spectrum andJp is the peak enhancement
factor [8].

In Figures 2.1, 2.2 and 2.3 there are di�erent elevations for di�erent wind speeds
for the three models. In the plots, we can see the elevation of the surface for each
wavenumber. Low wavenumbers are equivalent to high wavelengths. We can see
that long wave have bigger elevation that short wave for a speci�c wind speed.

Moreover, we can see the di�erence of the elevation for di�erent wind speeds. Higher
wind speeds not only have higher elevation for the same wavenumber, but also they
push the peak towards lower wavenumbers. For wavenumbers greater and equal than
one, the elevation remains the same for all values of wind speeds. The Elfouhaily
model is an exception, as for very high wavenumbers, the elevation di�ers.
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2. Theory

Figure 2.1: Pierson Moskowitz Spectrum

Figure 2.2: JONSWAP Spectrum
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2. Theory

Figure 2.3: Elfouhaily Spectrum

2.1.1.2 Spreading Functions

The frequency spectrumS(k) by itself is not enough to describe the propagation of
wave on the x-y plane. Thus, spreading functions are needed. In this project we
will look into the following models: Simple Cosine, Longuet Higgins and Elfouhaily.

The simple cosine model is

D(� ) =
2
�

cosn � (2.6)

This model has limitations and can not describe a real world propagation since it
does not depend on frequencies or wind speed.
The Longuet Higgins model is a model that is based on empirical measurements
with pitch-and-roll buoys[7].

D(� ) =
�( S + 1)

�( S + 0:5)2
p

�
cos2S

 
�
2

!

(2.7)

where �( �) is the Gamma function, and S controls the width of the function and
depends onk [7].

Finally, the Elfouhaily function is described by [3]
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wherea0 = ln 2
4 and am and ap are functions of the phase speeds and the wind speed.
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2. Theory

In Figures 2.4, 2.5 and 2.6 there are di�erent spreading functions presented in polar
coordinates.

The simple cosine model is dependent onn. High values ofn make the waves more
directive.

The Longuet Higgins model is dependent onS. With increasing values ofS the
angular range over which the model maintains high values increases. WhenS equals
one, the models creates a cardioid shape.

Finally, the Elfouhaily model, creates a double direction spreading. Fork = 0:1 the
angular range for the orthogonal directions is 0, but for other bands the range is
higher.

Figure 2.4: Simple Cosine Spreading Function
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2. Theory

Figure 2.5: Longuet Higgins Spreading Function

Figure 2.6: Elfouhaily Spreading Function

2.1.2 Ocean Surface

Linear wave theory has been used for describing ocean waves for many years. In
this theory, water is assumed to have no resistance and be incompressible, with
nonrotational motion [7]. The elevation of a ocean wave �eld can be described as
the summation of many harmonic waves which propagate on the x-y plane with
a direction � j , amplitude A which is estimated from the omnidirectional spectrum
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2. Theory

and the spreading function, and a uniformly distributed random phase� 2 (0; 2� ) [7].

The �uid velocity potential is

� sea(x; y; z; t) = g
X

i

X

j

A ij

! i
ek i zsin [ki (x cos� j + y sin� j ) � ! i t + � ij ] (2.9)

From this equation the surface elevation formula can be derived

Zsea = �
1
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@� sea

@t

�
�
�
�
�
z=0

(2.10)

Zsea(x; y; z; t) =
X

i

X

j

A ij cos [ki (x cos� j + y sin� j ) � ! i t + � ij ] (2.11)

where! is the dispertion relation

! =
q

gk

and A is the amplitude
A =

q
2S(k)D(k; � )� k� � (2.12)

where� k is the wavenumber spacing and� � is the angle spacing.

2.1.3 Ocean Surface Orbital Velocity

During the SAR imaging, the simulation needs the orbital velocity of the surface.
That can be found with two ways.
The �rst method comes from the following analytic formula [9]

ur = uzcos� � sin� (uxsin� + uycos� ) (2.13)

where � is the angle between the wind direction and the radar �ight direction,� is
the radar incidence angle and the orbital velocity components are derived by [7]

ux =
@�( x; y; 0)

@x
(2.14)

uz =
@�( x; y; 0)

@y
(2.15)

uz =
@�( x; y; 0)

@z
(2.16)

2.2 SAR Imaging

The scattering of electromagnetic waves from a sea surface is a complex process,
and relies on the surface conditions, the radar platform, and the signal properties.
From these parameters, only the radar platform and the signal properties can be
con�gured [7].
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2. Theory

A picture of a setup with the satellite and some parameters are shown in Figure 2.7.

Figure 2.7: SAR Setup

In this project, we are looking into SAR imaging. Due to the movement of the radar
platform in the azimuth direction, we can achieve higher resolution.
There exists two types of scattering, which are the Bragg scattering and the non-
Bragg scattering [7]. In this project, we will look only into Bragg scattering, since
SAR mainly operates in wavelengths in the centimeters to decimeters range, and
incidence angles between20° � 70° [7].

2.2.1 Modulation Transfer Functions

Detection of capillary waves is possible through Bragg scattering, while the long
waves can be detected by the modulation of the capillary waves by the long waves
[10].

Real aperture radar (RAR) modulation is attributed to tilt modulation, hydrody-
namic modulation and range bunching modulation, while SAR modulation is at-
tributed to the previous with the addition of velocity bunching modulation.
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2. Theory

In the next sections, the modulation will be explained and their transfer functions
will be presented for a SAR looking in the range direction.

2.2.1.1 Tilt Modulation

The tilt modulation appears to be due to the e�ect of the long waves tilting the
capillary wave which a�ects the local incidence angle and shifts the wave by�2 deg
towards the radar[11].

The transfer function for the tilt modulation is

T tilt
k = �

4ik ycot�
1 + sin2 �

(2.17)

where� is the radar incidence angle.

2.2.1.2 Hydrodynamic Modulation

The interactions between the long waves and the capillary waves causes divergence
and convergence and results in modulation of the energy [11], and its transfer func-
tion is

Thydr
k = 4:5!

k2
y(! � i� )

jkj (! 2 + � 2)
(2.18)

where! is the dispertion relation and� is the hydrodynamic relaxation rate which
is 0:5 s� 1 [6].

2.2.1.3 Range Bunching

Surface slopes caused by long waves and short wave, result in an uneven surface. The
radar signal re�ected on an uneven surface results in a modulation of the backscatter.
This is called range bunching, which has the following transfer function [10]

T rb
k = � ik y

cos�
sin�

(2.19)

2.2.1.4 Orbital Velocity

The orbital velocity transfer function is de�ned by

Tu
k = � !

 
ky

k
sin� + icos�

!

(2.20)

2.2.1.5 Velocity Bunching

Velocity bunching occurs due to the azimuthal displacements of the re�ected signal
due to the orbital velocity. The modulation transfer function is

Tvb
k = � i�k xTu

k (2.21)

whereTu
k is the orbital velocity modulation transfer function.
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2. Theory

2.2.1.6 Real Aperture Radar

As noted previously, the tilt, hydrodynamic and range bunching modulations result
in the RAR modulation with transfer function [6]

TR
k = T tilt

k + Thydr
k + T rb

k (2.22)

2.2.1.7 Synthetic Aperture Radar

The SAR modulation, is de�ned by the RAR modulation in addition to the velocity
bunching modulation [6]

TS
k = TR

k + Tvb
k (2.23)

2.2.2 RAR Image

To simulate the SAR image, the radar cross section which gives the RAR image is
needed [7]

� (x; y) = � 0

�

1 + 2
Z

TR
k � k expf ikx gdk

�

(2.24)

where TR
k is the RAR modulation transfer function, � k is the surface elevation in

the frequency domain and� 0 is the average normalized radar cross-section

� 0(x; y) = 8 �k 4
e cos4 �W (kBx ; kBy )jT(�)j2 (2.25)

where ke = 2�=� is the radar electromagnetic wavenumber,� is the signal wave-
length, W(�) is the spectrum of the Bragg Wavenumbers, andT(�) is the complex
scattering function [9].

2.2.3 SAR Image

The SAR image is a�ected by variables like azimuth resolution, the satellite height,
satellite velocity and orbital velocity. The formula is [7][11]

I (x i ; yi ) =
�T 2

0 � a

2

Z Z
� (yi � y)

� (x; y)
� 0

a
expf� � 2

"
x i � x � �u r (x; y)

� 0
a

#2

gdxdy (2.26)

whereT0 is the SAR integration time, � a is the azimuth resolution and� is the Dirac
function. � is de�ned by

� =
R
V

(2.27)

which R = H=cos� being the slant range of the satellite radar, H is the height of the
satellite, V is the velocity of the satellite and� 0

a is the degraded azimuth resolution

� 0
a = � a

vu
u
t 1 +

T2
0

� 2
s

(2.28)

where� s is the coherence time [12]

� s = 3
�

V19:5
erf � 1=2

 

2:7
� a

V 2
19:5

!

(2.29)
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2. Theory

where the integration timeT0 is

T0 =
��
2� a

(2.30)

In Figure 2.8 Coherence time for di�erent wind speeds and frequencies is shown.
We can see that with higher wind speeds, the coherence time decreases. When the
wind speed is higher than 10m=s, the coherence time remains constant. Moreover,
the radar signal frequency a�ects the coherence time. Higher frequencies results in
smaller coherence time.

Figure 2.8: Coherence time for di�erent wind speeds and frequencies

2.3 SAR Image Mapping

In the same way that the wave spectrum describes a wave �eld, the spectrum of
a SAR image should describe the SAR image of the wave �eld. This is done with
the help of the modulation transfer functions that were described in the previous
sections. There are three cases of SAR image mapping: linear, quasi linear and non-
linear [6], and the optimal choice depends on the condition of both the sea surface
and the radar platform.

2.3.1 Covariance Functions

Before de�ning the mapping functions, the covariance functions need to be ex-
plained. They explain how the spectrum can change according to the orbital veloc-
ities and the RAR intensity.
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2. Theory

The orbital velocity auto-covariance function is [6]

f u(r ) =
Z

Fk jTu
k j2 expf ikr gdk (2.31)

the RAR image auto-covariance function is [6]

f R(r ) = 0 :5
Z

f Fk jTR
k j2 + F� k jTR

� k j2gexpf ikr gdk (2.32)

and the RAR image and orbital velocity auto-covariance function is [6]

f uR (r ) = 0 :5
Z

f FkTR
k (Tu

k )� + F� k(TR
� k)� Tu

� kgexpf ikr gdk (2.33)

2.3.2 Linear Mapping of SAR Image

The linear mapping, while e�ective under calm sea conditions and low values of� ,
is the least accurate for harsh sea conditions and high values of� [6].

PS
1 = 0:5(jTS

k j2Fk + jTS
� k j2F� k) (2.34)

2.3.3 Quasi-Linear Mapping of SAR Image

This is a bit more complex form of SAR image mapping. In addition to the linear
form, it include the factor � which depends on the satellite velocity. [6]

PS
ql = exp[� k2

x � 2f u(0)]PS
1 (2.35)

2.3.4 Non-Linear Mapping of SAR Image

The non linear form comes from a series expansion and the degree of the non linearity
can be selected manually [6]

PS = exp[� k2
x � 2f u(0)](PS

1 + PS
2 + ::: + PS

n� 1 + PS
n ) (2.36)

Where P1; P2; :::; Pn are the nonlinear terms and n indicates the nonlinearity order
and

PS
n = PS

n;2n + PS
n;2n� 1 + PS

n;2n� 2 (2.37)

where

Pn;2n = 
 n f
f u(r )n

n!
g (2.38)

Pn;2n� 1 = 
 n f
i [f uR (r ) � f uR (� r )]f u(r )n� 1

(n � 1)!
g (2.39)

Pn;2n� 2 = 
 n f
1

(n � 1)!
f R(r )f uR (r )n� 1+

1
(n � 2)!

[f uR (r ) � f uR (0)][f uR (� r ) � f uR (0)]f R(r )n� 2g
(2.40)

where
 n is the Fourier Transform


 n = (2 � )� 2
Z

dr exp (� ikr ) (2.41)
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3
Methods

This chapter describes the main parts of the implementation of the simulator.

3.1 Parameters

This projects does not use any data, but produces everything by itself. Thus, the
parameters need to be speci�ed.

Parameter Description
spectrum P ierson_ Moskowitz j JONSWAP j Elfouhaily
spreading Simple_ Cosine j Longuet_ Higgins jElfouhaily
n Simple Cosine Power
S Longuet_Higgins width
length_x Wave �eld azimuth length
length_y Wave �eld range length
N_x Number of azimuth points
N_y Number of range points
wind_speed Wind Speed
wind_direction Direction of wind relative to radar platform �ight direction
fetch Ocean fetch

Table 3.1: Ocean surface parameters

Moreover, the parameters of the radar platform need to also be speci�ed

Parameter Description
polarization Radar signal polarization
frequency Radar signal frequency
incidence_angle Incidence angle of the signal
range_resolution Range resolution
azimuth_resolution Azimuth resolution
H Radar platform height
V Radar platform velocity
� Sland Range to Velocity Ratio (optional)

Table 3.2: Radar platform parameters
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3. Methods

In Table 3.2 the parameter� is optional. Meaning that if the value is equal to zero,
then the real � will be used.

3.2 Wave Sield Simulation using The Fast Fourier
Transform

3.2.1 Ocean Surface with FFT

While the previous method discussed in Chapter 2 for generating an ocean wave �eld
has been used for many years, the complexity of the formula is high, which makes
it extremely slow for simulation of big �elds. In recent years, there has been an in-
creased need for simulating ocean �elds in movies and computer games. Movies and
computer games require not only one instance of the wave �eld but many, as they
need to generate a continuous representation of the ocean surface. Consequently,
the computational demands for generating such simulations have become even more
challenging, requiring algorithms that can e�ciently handle large-scale wave simu-
lations while maintaining real-time performance.

Jerry Tessendord presents a method that uses the FFT to generate an ocean �eld
[13].

Zsea(x; t ) =
X

k

~h(k; t) exp (ik � x) (3.1)

where t is the time and k is a two dimensional vector with componentsk = ( kx ; ky),
kx = 2�n

L x
, ky = 2�m

L y
and n and m are integers with bounds� N

2 � n < N
2 and

� M
2 � m < M

2 . The parameters N and M are integers that de�ne resolution of the
surface on each axis.~h(k; t) is the height amplitude Fourier component

~h(k; t) = ~h0(k) expf i! (k)tg + ~h�
0(� k) expf� i! (k)tg (3.2)

and
~h0(k) =

1
p

2
(� r + i� i ) A (3.3)

where A is the amplitude as equation 2.12,� r and � i are random numbers drawn
from a Gaussian distribution with mean 0 and standard deviation 1.

3.2.2 Ocean Surface Orbital Velocity with FFT

Besides the approach discussed in Subsection 2.1.3, a FFT approach exists [11]

ur (x; t) = 2 < (
X

k

Tu
k � k exp(� i (kx � !t ))) (3.4)

where� k is the surface elevation in the frequency domain,Tu
k is the orbital velocity

transfer function and < refers to the real part of the component.
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3. Methods

3.3 Veri�cation of the ocean wave �eld generation

To verify that the previous methods have been correctly implemented, the following
formulas need to be true

� 2
surface =

ZZ
	( k; � ) dk d� (3.5)

and
� 2

slopex
+ � 2

slopey
=

ZZ
k2	( k; � ) dk d� (3.6)

where
	( k; � ) = S(k)D(k; � ) (3.7)

and � 2
surface is the variance of the ocean surface,� 2

slopex
is the variance of the azimuth

slopes of the surface, and� 2
slopey

is the variance of the range slopes of the surface.

3.4 Speckle Noise

Speckle noise is an interference that inherently a�ects SAR images, particularly in
oceanographic applications. This type of noise arises due to the coherent nature of
SAR imaging, where multiple scatterers within a single resolution cell interfere with
each other, causing random �uctuations in the returned signal intensity. Since in
the real world it is impossible to get a crystal clear image from a satellite, speckle
noise needs to be added manually [7].

I n (x i ; yi ) = I (x i ; yi )N (x i ; yi ) (3.8)

In this case the noise follows an exponential distribution with PDFP(N ) = exp(� N ).

3.5 Simulator

3.5.1 Environment

In this project the Python programming language was used. Thenumpy library
was extensively used for fast matrix calculations and theFFT and IFFT functions
were used for fast transformations between the time and frequency domains. In
addition the special module from scipy was also used for theerf function. Finally,
the matplotlib library was used for plotting.

3.5.2 Algorithm

In this section, a high level description of the algorithms is presented. Algorithm 1
is for the surface generation, Algorithm 2 is for the SAR imaging, and Algorithm 3
is for the SAR mapping.
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3. Methods

Algorithm 1 Ocean Surface Generation Algorithm

1: procedure Ocean (params)
2: n  � N

2 ; :::; N
2

3: m  � M
2 ; :::; M

2
4: kx  2�n

L x

5: ky  2�m
L y

6: k  
q

k2
x + k2

y

7: S(k)  Omnidirectional_Spectrum(params)
8: D(k; � )  Spreading_Function(params)
9: ! =

p
g � k . g is the Gravitational acceleration

10: 	  S(k)D(k; � )
11: A =

q
2	( k; � )� k� �

12: random 1p
2
(normal_dist (N; M ) + 1 j � normal_dist (N; M ))

13: coefficients = N � M � A � random� exp(� 1j!t )
14: surface  IFFT2f coefficients g

Algorithm 2 SAR Imaging Algorithm

1: procedure SAR Imaging (params,surface )
2: rar_mtf  tilt_mtf + hydrodynamic_mtf + range_bunching_mtf
3: �  � 0 � (1 + 2 � IFFT2f rar _ mtf � FFT2f surfacegg)
4: ur  2 � IFFT2f orbital_velocity_mtf � FFT2f surfacegg
5: for i  0 to N do
6: for j  0 to M do

7: img[i,j]  �T 2
0 � a

2 � trapz
�

� [i; :]
� 0

a
expf�

�
� 2

� 02
a

� 2
(x[i; j ] � x[i; :] � � � ur [i; :])g

�

8: speckle  exponential_dist()
9: img_noise  img � speckle

Algorithm 3 SAR Mapping Algorithm

1: procedure SAR Mapping (params,surface )
2: sar_mtf  rar_mtf + velocity_bunching_mtf
3: Fk  	( k; � ) � 2�

dx
� 2�

dy

4: linear_mapping  abs(sar_mtf) 2 � Fk

5: quasilinear_mapping  expf� kx2 � � 2 � f v[0; 0]g � linear_mapping
6: for i  1 to nonlinear _ order do
7: nonlinear _ terms+ =  (2� )� 2 � FFT2f 1

(i � 1)! � f r � f (
v i � 1)+ 1

(i � 2)! � (f rv �

f rv [0; 0]) � (rot180(f rv ) � f rv [0; 0]) � f (i � 2)
r g

8: nonlinear_mapping
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