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Camera Pose Estimation and Multiview 2D to 3D Reconstruction
Robust camera pose estimation using ArUco markers for novel view synthesis using
Neural Radiance Fields
Alfred Hazard, Filip Persson
Department of Mathematical Sciences Chalmers University of Technology

Abstract
Generating 3D representations of objects is of interest in a wide breadth of industries.
These representations are often created by hand through 3D modelling softwares
such as CAD - derivatives. This in itself can be a complex process in order to
capture desired detail and view dependent highlights. In this project, we investigate
how Neural Radiance Fields (NeRF) can be used to extract the structure of an object
within a bounded scene. NeRF encodes the structure of a scene in a Multi Layer
Perceptron using a postional encoding heuristic. The training input is a 5-tuple
consisting of a set of images and corresponding viewing directions of the cameras,
and the output is the expected volume density and RGB color.

This project is a continuation of a Masters thesis by Isak Ernstig and David Olofs-
son [1], which has shown that accurate camera pose estimations are crucial to allow
NeRF to render high fidelity views of a scene. In a feature poor environment tra-
ditional pose estimation pipelines using feature detection algorithms, such as the
commonly used COLMAP estimator, have been shown to yield inadequate esti-
mates. In this project, fiducial markers known as ArUco markers have been used
to deduce accurate 2D-3D correspondences through detection and error correction.
The detected markers allow for accurate usage of typical Computer Vision method-
ologies, such as Perspective-N-Point and Bundle Adjustment, allowing qualitative
camera poses to be estimated. We conclude that our approach enables training a
NeRF model, for 360 degree view datasets with symmetrical and uniform objects,
which may then subsequently render high fidelity novel views of real life objects.
We also show the importance of accurate camera calibration and correct sampling
intervals for rays when querying a trained NeRF model from a given viewpoint.

Keywords: CAD, Neural Radiance Field, Multi Layer Perceptron, positional encod-
ing, camera pose, COLMAP, ArUco, Perspective-N-Point, Bundle Adjustment
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List of Acronyms and
Abbreviations

Below is the list of acronyms and abbreviations that have been used throughout this
thesis listed in alphabetical order:

Adam Adaptive Moment Estimation
ANN Artifical Neural Network
ArUco Markers used for point detection in images
Blender Software that renders 2D images of 3D models
COLMAP Computer vision software able of deducing camera poses and 3D

point clouds from images
CPD Coherent Point Drift
DLT Direct Linear Transform
DNN Deep Neural Network
GPU Graphics Processing Unit
GUI Graphical User Interface
ICP Iterative Closeset Point
MVS Multi View Stereo
NeRF Neural Radience Fields
PSNR Peak Signal-to-Noise Ratio
RANSAC Random Sampling Consensus
ReLU Rectified Linear Unit
RGB Red Green Blue, a reference used for 2D images with the three color

channels
SfM Structure from Motion
SIFT Scale Invariant Feature Transform
SVD Singular Value Decomposition
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1
Introduction

In order to create a virtual 3D environment, a natural necessity is the ability to
render digital 3D objects. These could for example be a game map with trees and
mountains or a �lm set of a city skyline. Traditionally assets of this nature are
created using mesh based surfaces such as polygons and/or quads. However, the
main downsides to these methods are the complexity in creating them with accu-
rate specular highlights and material speci�c attributes since these features have to
be skillfully modeled by hand.

Given that the implementation of Deep learning models is becoming more preva-
lent within an ever increasing breadth of industries the world of computer graphics
has not been an exception, and recently there has been a massive surge in research
regarding alternative ways to represent 3D surfaces. Notably, by using neural render-
ing techniques, wherein Arti�cal Neural Networks (ANN) are trained using a sparse
set of images to generatenovel views, which are views never previously seen by the
network during training. One of the most promising and well researched approaches
uses what is known asNeural Radiance Fields(NeRF). NeRFs have been shown to
be able to render novel views with high �delity while also not compromising specular
features and view dependent highlights. [2].

A company located in central Gothenburg, named Wiretronic, aims to develop a
robust pipeline that generates high �delity 3D models of objects used within the
company using images of those objects. Previous work on this pipeline has been done
through another thesis project at Chalmers, where the pipeline consists of a turntable
with a statically mounted camera that captures images by letting the object rotate
with the turntable to get multiple viewpoints of a chosen object. The project uses
the software COLMAP to estimate camera poses using the Scale-Invariant Feature
Transform (SIFT) algorithm. The information from the pipeline is used to train
Neural Radiance Fields (NeRF), which in turn may generate novel views of a scene
which in conjunction with volumetric rendering techniques can generate a 3D model.
Currently implementations of NeRFs are often trained using synthetic data with
access to perfect camera poses, or the scenes that are to be rendered are by nature
rich in features that jointly allow COLMAP to accurately estimate the camera poses.
However, a problem may arise when the environment is lacking in features or an
object is symmetrical. This can lead feature based algorithms, such as COLMAP,
to generate inadequate camera pose estimations. Consequently, the input data to a
NeRF is �awed which leads to poor results [1].

In this project we investigate two methods to accurately estimate camera poses of

1



1. Introduction

the images taken by using ArUco �ducial markers as opposed to the very commonly
used COLMAP estimator. Both methods use the open-source library OpenCV [3],
where the �rst one uses a single ArUco marker and the second one uses �ve ArUco
markers. The methods are similar, where the largest di�erence is simply the amount
of points from detected markers. With the methods, our own Structure from Motion
(SfM) pipeline is implemented in which the typical feature matching step is skipped
by simply using the detected corners of the ArUco markers between each of the
images instead. The estimated poses from each of the two methods are then used
to train a NeRF model, where we then investigate whether these may enable NeRF
to generate high �delity novel views.

1.1 Related work

The idea of using certain sets of points in images and matching these points against
images with similar points has been around since 1981 [4]. The early ideas consisted
of �nding corners and edges in images, which in short meant looking at areas with
large gradients. The complexity of these ideas where later increased by introducing a
correlation area at found corners, such that images could be matched that had close
resemblance in correlation areas. Additions to these methods came in the form of
matching using a descriptor of local image areas that was invariant to rotation, hence
matching images with di�erent orientations was possible. These earlier methods
were improved by making the matching invariant to scale di�erences in images, which
is a method called Scale-Invariant Feature Transform (SIFT) created by David G.
Lowe [4]. The SIFT method is capable of discerning distinctive features in images
and matching them against images that are di�erent in scale, rotation, clutter and
a�ne transformation.

A number of general purpose Structure-from-motion algorithms have been developed
recently, where one of the newer and most prevalent is the COLMAP software by
Johannes L. Schönberger et. al [5] [6]. From images of the same scene, this software
is able to deduce 3D point clouds and camera poses for the images. The method
relies on features found in the images, speci�cally using the SIFT method. Because
this software is meant to be used for general purpose SfM, the disadvantages of
the COLMAP software stand out with datasets consisting of images of uniformly
coloured and textured objects.

Another method of estimating camera poses, valuable for �elds as robotics and
augmented reality, is using recognizable markers in the applicable environment. The
usage of markers comes from the fact that they can be simple to localize, yield
good precision and are fast to detect. There are a number of di�erent markers and
coherent detection algorithms that have been developed. Some of these methods use
markers that are circular, where markers distinguish from each other with circular
patterns in the markers. These markers come with a �aw, namely that a marker only
yield one central point of detection, therefore creating the need of having several
circular markers in order to estimate a coherent camera pose [7]. Other methods
use markers that are outlined as a square, using the inner part of the marker for

2



1. Introduction

identi�cation and error correction. This sort makes it possible to estimate a camera
pose from a detection of one marker, as the marker provides four points as the corners
of the outer square. Some of these markers su�er from problems as being sensitive
to di�erent lightning in a scene, not being able to use the inner identi�cation part
of the marker for error correction and having a predetermined set of markers. The
lastly mentioned issue gives that the method can not be generalized to applications
needing many di�erent sets of identi�cation. The mentioned ArUco markers are
one of the recent methods of dealing with marker detection in images. This method
lets the user de�ne their own con�guration of marker sets, in terms of amounts of
bits that make up the inner identi�cation matrix and size of the whole marker. The
marker and detection algorithm also deals with error correction, allowing alteration
of found points to be as accurate as possible. The ArUco marker method also deals
with varying lighting conditions by �rstly segmenting images through �nding the
contours of markers, using a local adaptive threshold [7].

Several of the newly developed NeRF implementations are used with synthetic and
real life datasets paired with camera poses deduced using COLMAP. In the work
done by Ben Mildenhall et al. [2] and Alex Yu et al. [8] the implementations are
tested with images from real life scenes, coupled with camera poses from COLMAP.
There are implementations done with NeRF without having the camera poses pre-
calculated using either synthetic data or COLMAP, which is done in the work by
Yoonwoo Jeong et al. [9]. The optimization in their work consists of both learning
Neural Radiance Fields and camera models jointly. Experimentation shows that
the implementation can produce results that are similar to the original NeRF [2]
without poses from COLMAP and results that are slightly better with camera poses
initialized and optimized with COLMAP results [9]. The used datasets are the same
ones used as in the work by Ben Mildenhall et al.

1.2 Objective

This project aims to further develop the mentioned pipeline and the novel view gen-
eration using synthetic images and images from real life scenes. As such this project
aims to achieve the following goals:

1. Accurately estimate the pose of cameras from 2D images of an object, even in
cases where the SIFT algorithm would otherwise struggle to detect keypoints
consequently leading COLMAP to generate inadequate camera poses.

2. Using the camera pose estimates, create a structure of a speci�ed object using
a NeRF implementation.

3. Combine 1 and 2 into a clear and usable pipeline to generate visualizations of
objects in the real world.

In order to evaluate the chosen methods and results during the project, it is relevant
to propose research questions that can highlight how certain aspects of the project
are developing. Therefore, a number of research questions are proposed:

3
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ˆ What are qualitative alternatives as compared to methods based on keypoint
detection using the SIFT algorithm for pose estimation? How does using
ArUco markers as a method of estimating poses compare to using the tradi-
tional feature-based methods?

ˆ How close can a rendered novel 2D scene using real data and NeRF resemble
a result with synthetic data and NeRF, where the comparison is done using
PSNR [10] and other qualitative measurements?

ˆ What are possible and meaningful ways of visualizing the captured scene by
a NeRF and how can the quality of these representations be measured? How
can these visualizations be generalized and are they accurate enough such that
measurements from a scene can be used?

1.3 Scope

It is reasonable to narrow down the scope of this work because the project is time
constrained and the scienti�c areas that are studied are broad. This also serves as
a means to clarify the project, such as explaining what sort of data will not be used
in the project. Hence, a few limitations are introduced:

ˆ The datasets used in this project will be bounded, i.e the scenes that are used
will contain a single object where novel views of the object is essentially what
the NeRF algorithm should generate.

ˆ The proposed pipeline from this project will not be scaleable in terms of intro-
ducing much smaller or larger objects than the ones used in the project. The
objects will be of roughly the same size.

ˆ Part of the project will contain gathering real-life data of objects where a
environment will be chosen that �ts with the setup of the pipeline. This
means that speci�c environments, such as a black or white background, might
be needed when collecting the data using the turntable.

4



1. Introduction

5



2
Theory

This chapter aims to give the reader further insight regarding the areas involved in
this project. The two main areas covered are Computer Vision and Deep Machine
Learning, which are divided into separate important subsections.

2.1 Computer Vision

The human eye is an extremely comprehensive tool that is able to extract visual
information from surroundings, while the human brain at the same time can decom-
pose and perceive details at an impressive rate. The translated information could,
as an example, be how many persons are visible in the surroundings, depth per-
ception to certain objects and geometric understanding based on shadows cast on
the ground. Computer Vision is an area that tries to encapsulate the way humans
perceive scenes by researching mathematical techniques that allow a computer to
understand and extract information from the scenes. The �eld has grown fast and
modern algorithms in the area can produce information that are useful in several
ways [11]. Cameras have a natural role in the �eld of Computer Vision and their
properties related to mathematics are important to understand in order to correctly
interpret information from relevant surroundings.

2.1.1 Camera models and projective geometry

2.1.1.1 The Pinhole Camera Model and Homogenous Coordinates

The most widely used representation of a camera is the pinhole camera model, which
is visualized in Figure 2.1.

Figure 2.1: The pinhole camera model

6



2. Theory

This is an ideal model and as such an approximation of cameras in the real world.
The di�erent parts of the model can be explained as follows:

ˆ principal axis : Viewing direction of the camera.
ˆ C: Camera center, convergence point of rays going from points in 3D space

through the image plane.
ˆ x: An arbitrary point on the 2D image plane.
ˆ X : An arbitrary point in the 3D world
ˆ p: Principal point, the point which marks the intersection of the principal axis

with the 2D image plane
ˆ f : Focal length, distance between the camera center and the 2D image plane

2.1.1.2 Camera calibration (intrinsics)

Cameras have di�erent properties compared to each other, hence these di�erences
have to be taken into account when using standardized Computer Vision algorithms.
A common way of referring to a certain cameras calibration settings is writing it
as a matrix K , just like in equation (2.1). These settings are commonly known as
camera intrinsics [11].

K =

2

6
4

f x s cx

0 f y cy

0 0 1

3

7
5 (2.1)

The variables f x and f y represent focal length with respect to the sensor of the
camera for x and y dimensions. Variables denotes skew, i.e accounting for the
possibility that the camera sensor is not set perpendicular to the principal point.
Lastly, the variablescx and cy represent the image center in pixel coordinates, which
are often deduced as half of the height and width of the image. This calibration
matrix makes it possible to transform 3D points that are camera-centered, to 2D
points in correct pixel coordinates for a speci�c camera [11].
The intrinsics for a certain camera need to be estimated as these values are not
often provided by manufacturers and might di�er between camera units of the same
model. There are a number of possible ways to �nd the intrinsics of a camera, where
a common approach involves using objects of known measurements and mapping 3D
scene points to corresponding 2D image points of said object [11].

Another camera property that is important in Computer Vision is the fact that a lot
of camera lenses impose radial distortion in images. This means that straight lines
in a scene tend to become curved in the �nal image taken with the camera. These
distortions can be compensated for using estimated radial distortion parameters and
low-order polynomials such that pixel values are altered [11].

2.1.1.3 Camera pose (extrinsics) and 3D transformations

There are a several possible ways to perform 3D transformations. These transforma-
tions maintain certain properties for points and objects, for example, an important
property is preserving angles between lines and planes. A useful 3D transformation
is the Euclidean transformation, which preserves a lot of important properties when
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2. Theory

performing transformation. The Euclidean transformation only alters the rotation
and translation of points. It can be written as a3� 4 matrix, where a part R (3� 3)
describes rotation and the other partt (3 � 1) describes the translation [11]. Such
a 3D transformation can be seen in equation (2.2).

x̂ =
h
R t

i
�x (2.2)

The Euclidean transformation can be used to describe the extrinsics of a camera,
in other words how a certain camera is placed and rotated in a coordinate system.
So for instance, in equation (2.2), the variables�x and x̂ could respectively be the
3D point in a world coordinate frame and the transformed 3D point in the cameras
coordinate system.

2.1.1.4 Camera matrix

In order to map 3D points to correct 2D points in accordance with a speci�c camera,
it is needed to make use of a so called camera matrix (or projection matrix). This
is a 3 � 4 matrix, and if the camera is said to becalibrated (K is known), the
extrinsics are combined with the intrinsics to create the full camera matrix depicted
in equation (2.3).

P = K
h
R t

i
(2.3)

Multiplying a 3D point with a camera matrix therefore transforms and projects
a 3D point to a camera correct 2D pixel representation of the same point [11].
An important property, however, is depth. The pinhole camera model describes
the relationship between a point in 3D along a ray originating from the camera
center. This ray then intersects the corresponding 2D point on the image plane, and
therefore the depth variable� is introduced. From this, a fundamental Computer
Vision relationship of projecting 3D points to 2D points can be formed:

� x = PX (2.4)

2.1.1.5 Mapping points in 3D to image points in 2D

In projective geometry, points are often used in their so calledhomogenousreprese-
nation. A 2D point in the traditional setting described by two numbers2 R2

x =

"
x
y

#

can be extended to a homogeneous representation by introducing a third coordinate
�w

�x =

2

6
4

�x
�y
�w

3

7
5 2 P2

Here P2 signi�es a homogenous 2D point. The most commonly used form of pro-
jection is perspective projection. With this approach, a 2D coordinate is deduced by
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dividing through the coordinates by the last entry. As such, a coordinate given in a
homogeneous representation can be projected to 2D space by de-homogenizing it by
dividing all the coordinate values by the last entry. Hence a de-homogenized point
gets the coordinate values in (2.5).

x =
1
�w

2

6
4

�x
�y
1

3

7
5 (2.5)

All the same principles apply to 3D points. Homogeneous coordinates are used
heavily since they allow representing rotations and translations as matrix operations.
These two operations in particular are very important in Computer Vision as they
describe the relation between a point in the 3D world and the 2D point of an image.
With this in mind, transforming a point in the 3D world to a pixel on an image
involves 3 main steps where we make use of the camera matrix in (2.3):

1. Transforming from world coordinates to camera coordinates

�X = RX + t ; X 2 P3; �X 2 R3 (2.6)

2. Transforming from camera coordinates to image coordinates using perspective
projection

�x =
1
�X 3

2

6
4

�X 1
�X 2
�X 3

3

7
5 =

2

6
4

�X 1= �X 3
�X 2= �X 3

1

3

7
5 ; �x 2 P2 (2.7)

3. If the camera is calibrated (K is known), image coordinates can now be trans-
formed to sensor coordinates (pixel values)

x = K�x ; x 2 R2 (2.8)

2.1.2 Structure From Motion

Structure from Motion (SfM) is the concept of using 2D point correspondences
between several images to simultaneously estimate both the location of the 3D world
points and the location of the cameras in relation to those 3D points [11]. SfM is
a powerful tool to gain knowledge of given scene and has for example been used to
construct sparse 3D pointclouds of entire cities. In this chapter, the main steps used
in SfM will be explained.

2.1.2.1 Key Point Detection and Descriptors

In order to establish connections between images, points of interest most often re-
ferred to as keypoints must be found in the images. These are generally speaking
points that are easily discernable in the scene due to for example the high contrast
of a black spot on a white background. After the keypoints have been found, de-
scriptors which describe the points themselves are created such that 2D-2D point
correspondences between images can be established. However the task of extracting
keypoints is somewhat non-trivial, since information in an image changes if it un-
dergoes a change in scale or rotation. This could lead to di�erent keypoints being

9



2. Theory

detected for the same object, with di�erent images of the scene. One of the most well
known and used algorithms to counteract the in�uence of scale and rotation in both
the keypoint detection step and the descriptor generation step is the Scale-Invariant
Feature Transform [4].

2.1.2.2 Scale-Invariant Feature Transform (SIFT)

SIFT is a method that can deduce distinctive features from camera images, which
can be further used to match di�erent views of a scene to each other. The feature
detection is done in a number of stages. Firstly, a computation is done for the whole
image with a "di�erence-of-Gaussian" function to �nd interest points invariant to
scale and rotation. For these possible interest points a model is �t and keypoints
are chosen based on stability computations of keypoints. Then orientations are
paired with the keypoints deduced from local gradient directions. Lastly these lo-
cal gradient directions for the keypoints are transformed to a new representation,
invariant to shape distortion and changes in illumination [4].

A �normal� image of, say, a landscape, a brick wall or something else, of resolution
500� 500pixel sized image yields about 2000 features. These features can be used
to match against images from the same scene, with the same features. The matching
is done by comparing features individually and a match of features is deduced based
on the Euclidean distance for the features vectors [4]. SIFT �nds features that are
distinct, meaning that they somehow stand out and are relatively easy to discern
between images. In most scenarios, SIFT is able to deduce distinct features between
images - since the subject is most often not simply a blank wall and is not completely
symmetrical. Images where there are a lot of the same features, for example images
of an all white co�ee mug, yields false matches that need to be �ltered out.

2.1.2.3 ArUco markers

A way to bypass the issue of having to �nd keypoints between images is by intro-
ducing �ducial markers to the scene. There are several types of �ducial markers,
one of them is the ArUco code that consists of a black border and an inner binary
matrix that allows speci�c identi�cation of ArUco code instances [12]. ArUco mark-
ers have di�erent bitsizes ranging from4� 4 to 7� 7 bits to di�erentiate the binary
matrix patterns. The border of the marker yields fast detection possibilities while
the inner binary matrix makes it possible to utilize correction methods and error
detection. With calibrated cameras, it is possible to deduce the camera pose by
going from the marker coordinate system to the camera coordinate system by using
a 3D transformation. An example of this is shown in Figure 2.2.

10
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Figure 2.2: Detection of ArUco markers and their coherent poses visualized as
green, red and blue vectors from which the camera pose can be deduced.

An important property with the usage of ArUco markers is the fact that the detec-
tion of the markers yield a known amount of points, which is the four corners of
each marker. This means that no outlier methodology needs to be paired with the
detection of ArUco markers, as the points are identi�ed with the markers' di�erent
binary matrices and the amount of markers are known. With this in mind, it is also
possible that the markers are not detected by the mentioned algorithms. Therefore
it is important that images of ArUco markers are taken with a clear view of the
marker.

2.1.2.4 Epipolar Geometry and Pose Estimation

Once 2D-2D point correspondences have been established, the next step is to gen-
erate a link between the two images. If the cameras in question are calibrated we
may multiply their respective camera matrices with the inverse of their respective
instrinsics matrices,K i

� 1. Placing one of the cameras in the origin we therefore
get the two matrices[I 0] and [R t]. The link that ties these two cameras together
is represented by theEssential matrix E. 2-view epipolar geometry is based on the
principles in Figure 2.3.

Figure 2.3: 2-view epipolar geometry
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In this con�guration, several di�erent scene points (in green) all project to the same
2D point (in red) in the �rst camera C1. However, the same scene points project
onto the epipolar line, e2 in the second image taken by cameraC2. This information
is captured byE and satis�es theepipolar constraint in (2.9) [13].

Let x1 be an image point in camera 1 andx2 an image point in camera 2,
then the following relation is to be satis�ed.

xT
2 Ex 1 = 0 (2.9)

E T x2 is the epipolar line in camera 1 andEx 1 is the epipolar line in camera
2.

If x i = [ x i ; yi ; zi ] and �x i = [ �x i ; �yi ; �zi ] then we can expand (2.9)

�x i
T Ex i = E11 �x i x i + E12 �x i yi + E13 �x i zi

+ E11 �yi x i + E12 �yi yi + E13 �yi zi

+ E11 �zi x i + E12 �zi yi + E13 �zi zi

(2.10)

Doing this for all matching image points between two images then yields us the
matrix representation for (2.10) in (2.11).

2

6
6
6
6
4

�x1x1 �x1y1 �x1z1 : : : �z1z1

�x2x2 �x2y2 �x2z2 : : : �z2z2
...

...
...

. . .
...

�xnxn �xnyn �xnzn : : : �znzn

3

7
7
7
7
5

2

6
6
6
6
6
6
6
4

E11

E12

E13
...

E33

3

7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
4

0
0
0
...
0

3

7
7
7
7
7
7
7
5

(2.11)

Given that this may not have an exact solution, we solve it as a homogenous least
squares problem usingSingular Value Decomposition(SVD).

�E = USVT (2.12)

From this we are given an approximate essential matrix�E . However, an important
property for the true E is rank-de�ciency. Additionally it must have two non-zero
and equal singular values, such that a rotation and translation decomposition is
possible. The latter condition in conjuction with the fact that scale is arbitrary
allows us to enforceE to have two singular values equal to 1. As such we �nally get
the true E in (2.13) [13].

E = Udiag
�h

1 1 0
i�

V T (2.13)

From this matrix the camera extrinsics can be deduced by deconstructingE. Given
it's Singular Value Decompostion, we can decompose part of using a skew symmetric
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matrix and an orthogonal matrix.

Z =

2

6
4

0 � 1 0
1 0 0
0 0 0

3

7
5

| {z }
skew sym.

W =

2

6
4

0 1 0
� 1 0 0
0 0 0

3

7
5

| {z }
orthogonal.

(2.14)

E = U� V T = ZW = Z T W T (2.15)

From this we are given two solutions

E = U� V T = UZWVT = UZUT UWVT (2.16)

E = U� V T = UZT W T V T = UZT UT UWT V T (2.17)

These two solutions are jointly often referred to as a �twisted pair�. The decom-
position of E makes up the rotational part of the second camera, which leaves a
translational part. The �twisted pair� gives two options, t or � t, which in total
leaves 4 possible combinations. WithP1 = [ I j 0] we get:

P2 = [ UWVT j t]; P2 = [ UWVT j � t]

P2 = [ UWT V T j t]; P2 = [ UWT V T j � t]

Selecting any combination ofP1 and P2 allows scene points to betriangulated, by
minimizing the algebraic expression in (2.18).

2

6
6
6
6
6
4

...
P11 � x i P31 P12 � x i P32 P13 � x i P33 P14 � x i P34
P21 � yi P31 P22 � yi P32 P23 � yi P33 P24 � x i P34

...

3

7
7
7
7
7
5

2

6
6
6
4

X 1

X 2

X 3

X 4

3

7
7
7
5

= 0 (2.18)

This gives the four possible con�gurations in Figure 2.4 [13].

Figure 2.4: 3D reconstruction using triangulation, green dots are scene points,
arrows are the principal axis of the cameras

Mathematically all these con�gurations project the scene points to the same 2D
points. This is why during 3D reconstruction, theCheirality constraint is estab-
lished. This essentially means picking the two cameras where all scene points appear
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in front of both of them, which in Figure 2.4 would be the leftmost con�guration.
After this, using the two correct cameras, the scene points can be reprojected to esti-
mate the correctness of the cameras by comparing the reprojected 3D points to their
true pixel equivalents. In order to construct an entire scene captured by multiple
cameras, a new camera is added by establishing what 3D points that were triangu-
lated can be seen in that camera and matching those to 2D image points captured
by that camera. Then an essential matrix is created connecting the new camera
with one of the previous cameras and new 3D points are thereafter triangulated.
This procedure is then repeated until the entire scene has been constructed.

Once the entire scene has been created, or iteratively every time a new camera is
introduced, an optimization step known asBundle adjustmentis performed. Bundle
adjustment is a non-linear least squares problem that aims to optimize both the 3D
scene points and the relative motion of the cameras by minimizing the error based
on the criteria of minimal sum of reprojection errors [14]. The error in the most
common setting is the Euclidean distance between a predicted reprojected 3D point
and to where it was actually projected determined by the camera estimation. Given
an example scene such as in Figure 2.5

Figure 2.5: Scene showing cameras, 3D points, predicted reprojected 3D points
and actual reprojected 3D points

wherein camerasCi , 3D points X i , intended reprojected 3D pointsx ij (in blue) and
actual reprojected 3D pointsx �

ij (in orange) are available, the goal then becomes to
minimize the sum in equation (2.19).

min
nX

i

mX

j

(x ij � � (Ci ; X i ))2 (2.19)

Here, � (Ci ; X i ) is a non-linear operation.
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2.1.2.5 Camera Resectioning

In chapter 2.1.2.4, the termtriangulation was mentioned. Brie�y speaking, we
project 3D world coordinates into a scene, giving us a sense of depth, by leveraging
the essential matrixE and 2D-2D point correspondances - similar to how our eyes
are able to perceive depth by having two reference angles. However, sometimes, 3D
world coordinates and corresponding 2D image coordinates may already be known
but the task of determining the camera extrinsics (pose) remains. This is instead
known asCamera Resectioning. A very commonly used resectioning algorithm is
the Direct Linear Transform (DLT). By cross-multiplying (2.4), we get (2.20)[15].

x i � PX i = 0 (2.20)

This yields two equations shown in (2.21)

P11X i + P12Yi + P13Z i + P14 � x i (P31X i + P32Yi + P33Z i + P34) = 0

P21X i + P22Yi + P23Z i + P24 � yi (P31X i + P32Yi + P33Z i + P34) = 0
(2.21)

Doing this for all scene points and corresponding image points then yields the matrix
representation in (2.22)

2

6
6
6
6
6
6
6
4

X 1 Y1 Z1 1 0 0 0 0 � x1X 1 � x1Y1 � x1Z1 � x1

0 0 0 0 X 1 Y1 Z1 1 � y1X 1 � y1Y1 � y1Z1 � y1
...

X i Yi Z i 1 0 0 0 0 � x i X i � x i Yi � x i Z i � x i

0 0 0 0 X i Yi Z i 1 � yi X i � yi Yi � yi Z i � yi

3

7
7
7
7
7
7
7
5

| {z }
M

2

6
4

p1

p2

p3

3

7
5 = 0

(2.22)
This problem is handled as a homogenous least squares such as in (2.11), therefore
we can solve it by using eigenvalue computations. This is e�ciently done by using
Singular Value Decomposition.

M = USVT (2.23)

The most optimal solution is then found by reshaping the vector inV T that corre-
sponds to the smallest eigenvalue, which is the last vector. Therefore we �nally get
P in (2.24) [15].

P = v � = V T [:; � 1] 2 R12� 1 ! R3� 4 (2.24)

Due to the linear nature of the relations between the camera matrixP, the scene
points and the 2D image points, improvements may be attained by performing non-
linear optimization. Given that the optimization is tied to the camera pose, this
step is often referred to asPose Re�nement. An algorithm that is very often used
for Pose Re�nement is theLevenberg-Marquardtalgorithm. This is a way of solving
the non-linear least squares problem in (2.5), but in this case for one camera and
it's 3D-2D point correspondances, by introducing the usage of a combination of an
adaptive damping factor and an approximation of the 1st order Taylor series [11].
DLT and Pose Re�nement are both used in algorithms known asPerspective-n-Point
algorithms[3], which have been used in this project.
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2.2 Deep Machine Learning

2.2.1 Training and network architecture

To di�erentiate between machine learning algorithms, the two typical training regimes
for a network are separated assupervisedor unsupervised. The �rst method consists
of giving the learning network both the input and the wanted target output from the
network. This means that the network parameters are changed and optimized such
that the given input yields a result closely resembling the wanted target output.
Unsupervised learningonly uses sets of non-labeled input [11].

With machine learning, an important step is to categorize the available data for
training and testing. The goal with a trained deep neural network (DNN) is that it
should produce good results with input similar to the training data. After training,
a validation subset of all of the available data (di�erent from the training data) is
used to evaluate if the network can produce good results with input it has not been
exposed to before. If the output, using the validation data as input, is not closely
resembling the target validation data, there is a risk that the network needs to be
retrained with other parameters or other training data to generalize better to the
given task [11].

In order to understand how a DNN is trained to compute a wanted output, some of
the key components of a network need to be explained. A basic DNN architecture
can be seen in Figure 2.6.

Figure 2.6: A DNN with three fully connected layers.

As seen in the �gure, a network can be summed up into having an input, several
consecutive layers and an output. The input into a network,x i , is often a vector of
some data. This data is fed into the �rst layer, which yields a new output that is fed
into the following layer and so on. These di�erent connections between input, layers
and output are called nodes and are represented as circles in Figure 2.6. The layers
consist partly of a weighted sum of the input, which is calculated by multiplying the
input with a weight, wi , and by adding a bias,bi , shown in equation (2.25) [11].

si = wT
i x i + bi (2.25)
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The other part of a layer consists of an activation function, used to remap the newly
calculated weighted sum. There are a few di�erent activation functions used with
DNNs, but a commonly used one is the ReLU function. This function remaps all
negative valued data to zero and keeps positive valued data as is. ReLU is often
used forhidden layers, i.e layers before the last layer that produces the �nal output.
The activation function is often refered to ash(si ), seen in equation (2.26) taking
the weighted sum as an input and remapping the data to become the new input
to the next layer yi = x i +1 . As an example for classi�cation tasks, a commonly
used activation for the �nal layer is the softmax function, which remaps the data to
probabilities for classes de�ned within the network, meaning to output the likelihood
for a certain class based on the input data. A network could for example be trained
to classify cats or dogs from images, where the network classes would be cats and
dogs [11].

yi = x i +1 = h(si ) (2.26)

The network represented in Figure 2.6 usesfully connected layerswhich means that
the nodes in a layer is connected to all the inputs before that layer and that all the
outputs from the layer is in�uenced by all of the earlier layers nodes. This is not the
case with convolutional neural networks (CNNs), where just a portion of the input
is weighted and summed together to form feature maps that describes the input.
These sort of networks are useful to be able to describe images and their properties,
as portions of the images are propagated through the network to deduce feature
maps portraying information from the image [11].

2.2.2 Loss function and backpropagation

Another essential component of a neural network is the loss function,L, which en-
ables the network to evaluate and enhance the performance of its output. The func-
tion compares theN number of outputs from the network,y i , against theN number
of target outputs, ŷ i . There are several di�erent loss functions useful for di�erent
implementations, where an example of a simple loss function is the mean-squared
error depicted in equation (2.27). As data might be noisy and the network might
do faulty predictions there is a need to describe the optimization of the network as
minimizing an expected loss. In equation (2.27) the expected loss is described as
E(w), which is the term we want to minimize by altering weights and biases in the
network such that outputs of the network closer resemble the wanted target [11].

E(w) =
1
N

NX

i =1

L(y i ; f (x i ; w)) =
1
N

NX

i =1

L(y i ;ŷ i ); L(y i ;ŷ i ) = ( y i � ŷ i )2 (2.27)

The alteration of weights and biases is closely related to the loss function and involves
computing derivatives of the loss function with regards to the weights. Gradient de-
scent is used to repeatedly alter the weights during training, where the derivatives
throughout the network is calculated with the chain rule such that speci�c layer
derivatives starting from the output all the way to the input of the network is de-
rived. The method of calculating these derivatives is called backpropagation. Deriv-
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