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Abstract
Due to the importance of airspace defence for national security, the pursuit of effi-
cient and accurate methods for tracking airborne targets is of great interest. An es-
sential part of target tracking is to estimate the state of a target given (noisy) obser-
vations from a radar. This involves calculating conditional probability distributions
given measurements (e.g. smoothing), which is associated with large computational
costs for high-dimensional and/or nonlinear target models. This thesis investigates
the possibility of alleviating such bottlenecks by employing neural stochastic differ-
ential equations (neural SDEs) as generative models for the smoothing problem -
possibly allowing the use of more complex models in real-time applications. As part
of this work, it is first shown that SDE models can be used as generative models
for conditional distributions of target states given noisy measurements obtained at
discrete points of time. Secondly, this thesis presents a detailed description of how
the neural SDE is utilized as the generator of a so called Wasserstein Generative Ad-
versarial Network (WGAN) in signature space, meaning it can be trained to approx-
imate conditional probability distributions for the smoothing problem. Thirdly, the
SDE-model is evaluated with respect to a series of test-problems. Findings indicate
that the neural SDE can reproduce qualitative features for conditional distributions
for nonlinear problems, while further developments of the method and paradigms
for training are needed to achieve trained SDE-models which are perceived to (in
distribution) closely resemble their theoretically exact counterparts.

Keywords: smoothing, filtering, target identification, nonlinear, neural networks,
generative AI, neural SDE, particle filter, signature, Wasserstein, GAN, generative
adversarial network.
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1
Introduction

1.1 Background

Military air defence systems play an essential role in keeping people safe. A vital
part of the air defence is to have a good air situational awareness, which relies on
radar sensor systems. These systems emit electromagnetic pulses that reflect off
targets, where a small fraction of the reflected radiation is received and recorded by
the radar. This data allow for locating targets, estimating where they are heading,
identifying what threats they pose and distinguishing between friend and foe. The
air situational picture has in recent years grown increasingly complex, featuring a
diverse array of targets such as missiles, UAVs, drones, birds and various ground-
based targets.

Multi-Target-Tracking (MTT) is the radar function that associates observations of
targets over time, which gives rise to tracks. These tracks are crucial to form an ac-
curate air situational picture. Since military does not allow for engagements against
unidentified objects, early tracking, track continuity, classification and identification
are key capabilities needed for fast and qualified decision making. The previously
mentioned increased air situational complexity has introduced challenges, particu-
larly in terms of increased computational costs which leads to approximations that
may compromise with performance.

One approximation in MTT, and especially in the problem of estimating the state
of a target, is the use of simplified state estimation models combined with models
for uncertainty. While these models enable real-time operation, they also lead to
non-optimal performance. One source of uncertainty comes from the simpler models
themselves, since they may not accurately describe the true underlying dynamics.
Incorporating noise with the state estimation models makes tracking possible by
compensating for the model mismatch. These models have a low degree of predic-
tive ability if targets follow nonlinear dynamics, which is often the case for real-life
targets.

An optimal model for state estimation is a model with high degree of predictive
ability, i.e., with the smallest possible amount of noise. Some form of uncertainty
will however always be needed to model uncertainties such as measurement noise
and lack of knowledge of steering signals. An accurate model comes at the price
that different types of targets need different state estimation models and the type

1



1. Introduction

of target may not a-priori be known. This has become an even larger problem due
to the increased complexity of the air situational picture. Additionally, contempo-
rary accurate models, even when assuming the true underlying dynamics are known,
come with a large computational cost meaning they are not feasible for real-time
applications.

In summary, different state estimation models are needed for different types of tar-
gets to increase their predictive ability, while they also must balance efficiency and
accuracy. Achieving a good trade-off is challenging, prompting the investigation
of using neural stochastic differential equations (neural SDEs) to solve the state
estimation problem. SDEs incorporate uncertainties with a stochastic component
and are almost instantaneous to sample from, while neural networks have shown
great success in handling a great amount of data and can approximate almost any
function, even nonlinear ones. Therefore, it could be both an efficient and accurate
choice of model. The neural SDE could also simultaneously solve the target identi-
fication problem by being trained against a wide range of different targets, meaning
that the neural SDE could be directly applied to any type of target to solve the
state estimation problem.

For state estimation, there are three cases that could be considered: smoothing,
filtering, and prediction. Smoothing is the problem of estimating the state of a
target at previous time instances using all available information, filtering estimates
the current state and prediction estimates the future state. In military usage, fil-
tering and prediction are of particular interest. However, if using a neural SDE,
these problems are solved in a similar manner, requiring only minor adjustments to
transition from one task to another.

1.2 Problem description
Considering the given background, exploring the possibility of using neural SDEs in
this area has many aspects to consider. Due to this being a new area, we focus on
exploring the smoothing problem (and filtering in its special cases). First, assume
target data is generated by

dXt = µ(t, Xt) dt + σ(t, Xt) dWt, t ∈ [0, T ], X0 = x0

Zn = Xtn + Vn, n = 1, ..., N.
(1.1)

Here Xt is the hidden true state at time t and realizations of it, i.e., the sample path is
denoted as xt. Notice that the initial value, X0, is assumed to be known and is equal
to the constant x0. In this thesis, for the observations we use the notation Zn for
the random variable and zn as outcomes of Zn. The random variable Vn ∼ N (0, σ2

z)
corresponds to the measurement noise. Meanwhile, µ and σ are referred to as the
drift and diffusion coefficients, respectively. As previously mentioned, we will solve
the smoothing problem which is equivalent to estimating the distribution of X at
previous time instances given observations z1:N , and more specifically,

π((xt)t∈[0,tN ]|z1:N). (1.2)

2



1. Introduction

Here π stands for the unknown distribution that is to be replicated. This estimation
will be performed by simulating data from

dX̃t = µ̃γi
(t, X̃t, zi:N) dt + σ̃γi

(t, X̃t, zi:N) dWt, t ∈ (ti−1, ti], i = 1, 2, ..., N

X̃0 = x0.
(1.3)

Here µ̃γi
and σ̃γi

are neural networks with parameters γi and we refer to (1.3) as a
neural SDE. This is a Markov process and only the observations in the future have
an impact for simulating the next value. This is shown to be true in Section 2.3. In
that section we also analyse the dynamics of the conditional model. This is impor-
tant in order to understand needed structure for the neural network. By training
the neural networks, the drift and diffusion networks can hopefully represent (possi-
bly nonlinear) conditional drift and diffusion coefficients that are difficult to derive
analytically.

Notice that Xt and Zn in our problem formulation are one-dimensional which is
often not enough for applications. This simplification makes the analysis in the
thesis simpler to interpret. Further discussion about this, and other extensions to
make the neural SDE useful in real-life applications, can be seen in Section 6.3.

1.3 Similar work
This area is relatively new, and with our approach, to use the so called Signature
Wasserstein Loss for training, there are relatively few works to take inspiration from.
One text that uses this metric for conditional time series generation is [1]. However,
their focus is on applications in finance, which means they are more interested in
prediction rather than smoothing and filtering. More specifically, their approach is
to use a Wasserstein Generative Adversarial Networks (GAN) defined in the signa-
ture space, which is exactly the neural network structure used in this thesis, to do
stock predictions. The article provides a plausible introduction to signature theory
and the Wasserstein distance in the signature space.

The text that sparked the idea of applying neural SDEs to this problem is [2].
The author, Kidger, introduces several kinds of neural differential equations and
discusses them. One of the introduced neural differential equations is the neural
SDE. Kidger describes the neural SDE as a generator for GAN networks, which is
closely related to the concepts in [1]. Combining the concepts of using a neural SDE
as a generator together with a Wasserstein GAN in signature space, lead to the core
of this thesis. Thereby, much of the methodology is inspired by these articles.

To analyse the true conditional SDE theoretically, inspiration has been taken from
[3]. It outlines the conditional SDE in several dimensions, in contrast to this the-
sis where it is done in one dimension. We use this concept to analyse the true
conditional SDE in a specific setting (in the case of Brownian motion).

3



1. Introduction

1.4 Contents of the report
In Chapter 2, necessary theory regarding stochastic differential equations is pre-
sented. Strong solutions to SDEs and the Markov property are defined, before
progressing towards conditional SDEs. To conclude the chapter, the conditional
SDE in the special case of a Brownian motion is derived explicitly.

Chapter 3 introduces the reader to signature theory, providing a necessary back-
ground before defining and interpreting the signature transformation. Furthermore,
expected signatures and the Wasserstein distance in the signature space are dis-
cussed. Finally, interpolation methods and process augmentations of practical use
connected to the signature are considered.

In Chapter 4, the concept of neural networks and how these are utilized are in-
troduced. Furthermore, the network structure of Generative Adversarial Networks
is discussed. The section is concluded by connecting the concepts of signature and
Generative Adversarial Networks.

In Chapter 5 the main procedure for developing the neural SDE is discussed. It
begins with a summary of the problem formulation, given the concepts presented in
previous chapters. Furthermore, different approaches for implementing the neural
SDE is discussed, both successful and unsuccessful ones. The chapter is then con-
cluded by choosing the final implementation of the neural SDE.

In Chapter 6, the performance of the neural SDE is compared to that of a par-
ticle filter. This is done for two cases of nonlinear SDEs. Furthermore, the results
are examined and proposals for future development are discussed. The chapter is
concluded with a conclusion regarding the outcome of the thesis.

4



2
Stochastic Calculus

The focus of this chapter is to present elements of stochastic analysis. We start this
chapter by, in Section 2.1, introducing stochastic differential equations. Stochastic
differential equations in this text are assumed to have strong solutions, which is
introduced in Section 2.1.1, and are as a consequence Markov processes. Therefore
we, in Section 2.1.3, introduce the Markov property. This is important since it is
a necessity when generating samples from stochastic differential equations, which
is introduced in Section 2.2. Furthermore, SDEs conditioned on observations are,
in Section 2.3, considered, and the special case of when the underlying SDE is a
Brownian motion is derived explicitly in Section 2.3.3. This special case is crucial
in the development of the neural SDE.

2.1 Stochastic differential equations
Consider the filtered probability space (Ω,F , {Ft}t≥0,P) equipped with a Brownian
motion. A stochastic differential equation (an SDE) is a differential equation
on the form

dXt = µ(Xt, t) dt + σ(Xt, t) dWt, t ∈ (0, T ], X0 ∼ P. (2.1)

Here µ : R2 → R is referred to as the drift coefficient and σ : R2 → R as the diffu-
sion coefficient. The initial value X0 is taken from some distribution, P , however, in
our thesis it is assumed to be known and more specifically a constant. Meanwhile,
W : Ω × [0, T ] → R is a Brownian motion. The initial value X0 is F0-measurable,
the processes µ(Xt, t) and σ(Xt, t) are Ft-adapted, as well as

∫ T
0 |µ(Xs, s)| ds < ∞

and
∫ T

0 σ2(Xs, s) ds <∞.

A solution to (2.1) is an adapted stochastic process satisfying supt∈[0,T ] E[|Xt|2] <∞
and for all t ∈ [0, T ] satisfy P-almost surely

Xt = X0 +
∫ t

0
µ(Xs, s) ds +

∫ t

0
σ(Xs, s) dWs. (2.2)

The second integral is the Itô integral.

2.1.1 Strong solutions
The Itô integral is defined for so called predictable square-integrable processes. This
means that solutions to stochastic differential equations, when they exist, are pro-
cesses of this kind. One setting which guarantees the existence and uniqueness of

5



2. Stochastic Calculus

strong solutions is when the following conditions are fulfilled:

• The SDE coefficients are globally Lipschitz in x with uniform constants, i.e.,
there is a constant K, such that for all x, y ∈ R and all 0 ≤ t ≤ T we have

|µ(x, t)− µ(y, t)|+ |σ(x, t)− σ(y, t)| < K|x− y|. (2.3)

• The SDE coefficients satisfy the linear growth condition in x with uniform
constant, i.e., there is a constant K, such that for all x ∈ R and all 0 ≤ t ≤ T
we have

|µ(x, t)|+ |σ(x, t)| ≤ K(1 + |x|). (2.4)
• The initial value X0 is independent of W and E[X2

0 ] <∞.

If these conditions are fulfilled, it is possible to show that X has continuous paths
and the expected value of the squared process is bounded by the expected value of
the squared initial value, more specifically

E
[

sup
0≤t≤T

X2
t

]
< C(1 + E[X2

0 ]). (2.5)

The proof of existence is similar for that of ODEs, i.e., by using Picard iterations,
while uniqueness follows by Grönwall’s lemma. In this report we assume strong
solutions, but not necessarily that these conditions are fulfilled. Namely, there
exists other settings for existence and uniqueness of strong solutions, but that is not
the focus of this report. In [4] some other such settings are presented.

2.1.2 Itô theory
The existence of strong solutions does not give a methodology on finding them ana-
lytically. A useful tool for finding strong solutions is to consider Itô’s lemma, which
is presented below.

Lemma 1 (Itô’s formula for f(Xt, Yt)) Let f : R × R → R have bounded and
continuous derivatives up to order two and X, Y be Itô processes

dXt = µX(Xt, t) dt + σX(Xt, t) dWt

dYt = µY (Yt, t) dt + σY (Yt, t) dWt.
(2.6)

Here µX , µY , σX , σY : R× [0, T ] 7→ R with suitable regularity properties, then

f(Xt, Yt) = f(X0, Y0) +
∫ t

0

∂f

∂x
(Xs, Ys) dXs

+
∫ t

0

∂f

∂y
(Xs, Ys) dYs

+
∫ t

0

1
2

∂2f

∂x2 (Xs, Ys)σ2
X(Xs, s) ds

+
∫ t

0

1
2

∂2f

∂y2 (Xs, Ys)σ2
Y (Ys, s) ds

+
∫ t

0

∂2f

∂x∂y
(Xs, Ys)σX(Xs, s)σY (Ys, s) ds

(2.7)
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2. Stochastic Calculus

When Yt = t, it reads

f(Xt, t) =f(X0, 0) +
∫ t

0

∂f

∂x
(Xs, s) dXs +

∫ t

0

∂f

∂t
(Xs, s) ds

+
∫ t

0

1
2

∂2f

∂x2 (Xs, s)σ2
X(Xs, s) ds.

(2.8)

Notice, that the equations in Itô’s formula are stated in the case when X is one-
dimensional. This makes the derivation found in Section 2.3 easier to follow. How-
ever, Itô’s formula in higher dimensions is not more cumbersome to derive; it looks
as expected, i.e., sums of partial derivatives.

2.1.3 Markov property
Strong solutions to SDEs have the so called Markov property. The Markov prop-
erty for a for a process X is formally defined as

P[Xt ∈ A|Fs] = P[Xt ∈ A|σ(Xs)] (2.9)

for 0 ≤ s ≤ t and A ∈ B (an element of the Borel set). Here Fs is the filtration at
time s and σ(Xs) stands for sigma-algebra generated by the random variable Xs.
The meaning of (2.9) is that conditioning on all information up to s is the same as
conditioning on the information at s. Written in a more informal way it means that

P[Xt ∈ A|Xt, t ∈ [0, s]] = P[Xt ∈ A|Xs]. (2.10)

A sufficiently regular diffusion process which has the Markov property also has
what is called a transition density. The transition density is a function denoted
as p(y, t + s, x, t) and it corresponds to the probability density for the process go-
ing from the value x at time t to the value y at time t + s. We also denote it as
p(y, t + s|x, t) to make it clear which state the process is going from and to.

We next introduce the generator of a Markov process. The generator, applied
on a sufficiently regular function ϕ(x), is defined as

Aϕ(x) = lim
τ→0

E[ϕ(Xt+τ )|Xt = x]− ϕ(x)
τ

. (2.11)

For a strong solution Xt (with observed value xt) to an SDE with coefficients µ and
σ, the generator is given by

Aϕ(xt) = ϕ′
x(xt)µ(xt, t) + 1

2ϕ′′
xx(xt)σ2(xt, t). (2.12)

The proof is straightforward, and it relies on Itô’s formula. More precisely, for t ≥ 0
and τ > 0 we have

ϕ(Xt+τ )

= ϕ(xt) +
∫ t+τ

t
ϕ′

x(Xs)µ(Xs, s) ds +
∫ t+τ

t
ϕ′

x(Xs)σ(Xs, s) dWs

+ 1
2

∫ t+τ

t
ϕ′′

xx(Xs)σ2(Xs, s) ds.

(2.13)
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2. Stochastic Calculus

Taking the expected value conditioned on Xt = xt yields

E[ϕ(Xt+τ )|Xt = xt] = ϕ(xt) +
∫ t+τ

t
ϕ′

x(Xs)µ(Xs, s) ds + 1
2

∫ t+τ

t
ϕ′′

xx(Xs)σ2(Xs, s) ds.

(2.14)
This follows since the expected value of the term

∫ t+τ
t ϕ′

x(Xs)σ(Xs, s) dWs is zero.
When dividing by τ and letting it go to zero the result follows by the mean value
theorem.

It is also possible to consider the generator Ã of the stochastic process Xt. This is
defined through its action on a sufficiently smooth function ϕ(x, t) as followed

Ãϕ(x, t) = lim
τ→0

E[ϕ(Xt+τ , t + τ)|Xt = x]− ϕ(x, t)
τ

. (2.15)

It can be shown, by using Itô’s formula and the same reasoning,

Ãϕ(xt, t) = ϕ′
t(xt, t) + ϕ′

x(xt, t)µ(xt, t) + 1
2ϕ′′

xx(xt, t)σ2(xt, t). (2.16)

The only difference in the result for respective operator is the term ϕ′
t(xt, t). This

means that we have found a way of identifying an SDE by considering its generator.

2.2 Numerical schemes for solving SDEs
There are several approaches when it comes to solving SDEs, or rather approximate
solutions to SDEs. A popular approach for solving SDEs, which is used in this
report, is the Euler—Maruyama method. Consider a partition of the interval [0, T ],
i.e.,

0 = t0 < t1... < tn = T, (2.17)

and note that the process X satisfies

Xti+1 = Xti
+
∫ ti+1

ti

µ(Xs, s) ds +
∫ ti+1

ti

σ(Xs, s) dWs, i = 0, ..., n− 1. (2.18)

With the Euler–Maruyama method, Xti
in (2.18) is approximated by Yi with the

left rectangle method according to

Yi+1 = Yi + µ(Yi, ti)∆t + σ(Yi, ti)∆Wi. (2.19)

Here ∆Wi = Wti+1 −Wti
= N (0, ti+1 − ti).

If convergence is too slow, the Milstein method could instead be considered, which
is defined similarly

Yi+1 = Yi+µ(Yi, ti)∆t+b(Yi, ti)∆Wi+
1
2σ(Yi, ti)σ′(Yi, ti)((∆Wi)2−(ti+1−ti)). (2.20)

8



2. Stochastic Calculus

2.3 Conditional SDE-models
Consider the SDE

dXt = µ(Xt, t) dt + σ(Xt, t) dWt, t ∈ [0, T ], X0 = x0 (2.21)

and the observations
Zn = Xtn + Vn, n = 1, ..., N. (2.22)

Here Vn ∼ N (0, σ2
Z). In this thesis we are interested in a generative model, such

that its sampled paths are distributed according to the conditional distribution
π((xt)t∈[0,tN ]|z1:N). More specifically, since the project investigates neural SDEs, we
want to answer whether the conditional generative model is an SDE. To prove that
this is the case, we first introduce the Doob-h transform in a rather general setting.
Using the Doob-h transform, the conditional SDE when conditioning on observations
can be derived. Finally, the conditional SDE in the case when the underlying SDE
is a Brownian motion is derived explicitly.

2.3.1 Doob-h transform
We present the doob-h transform in the following theorem, where we use the concept
of the generator of a process defined in Section 2.1.3.

Theorem 2 (Doob-h transform) Let X be defined by the following SDE

dXt = µ(Xt, t) dt + σ(Xt, t) dWt, X0 = x0 (2.23)

with transition density p(y, t + s|x, t). Then consider the transition density

ph(y, t + s|x, t) = p(y, t + s|x, t)h(t + s, y)
h(t, x) , (2.24)

where h(t, x) is any function such that

h(t, x) =
∫

p(y, t + s|x, t)h(t + s, y) dy (2.25)

Then the process, defined by the transition density in (2.24), is the following SDE

dXt =
[
µ(Xt, t) + σ2(Xt, t) d

dx
log h(t, Xt)

]
dt + σ(Xt, t) dWt, t ∈ [0, T ]

X0 = x0.
(2.26)

Proof:
Consider the transition density

ph(y, t + s|x, t) = p(y, t + s|x, t)h(t + s, y)
h(t, x) . (2.27)

9



2. Stochastic Calculus

Notice that this is a valid transition density, since if we integrate over all possible
y-values we get one,∫

ph(y, t + s|x, t) dy =
∫

p(y, t + s|x, t)h(t + s, y)
h(t, x) dy

= 1
h(t, x)

∫
p(y, t + s|x, t)h(t + s, y) dy = 1.

(2.28)

Before obtaining the model in (2.26), we prove that Ãh(x, t) = 0 (defined in (2.15)),
since it is used in the proof. We consider the first term in the numerator, i.e.,

E[h(t + s, Xt+s)|Xt = x] =
∫

y
h(t + s, Xt+s = y) dP(Xt+s = y|Xt = x)

=
∫

y
h(t + s, y)p(y, t + s|x, t) dy

=h(t, x).

Then it follows that Ãh(x, t) = 0 (since the numerator becomes zero). We consider
the generator Ahϕ(x) which is defined as in (2.11), but with the expected value
taken with respect to the probability density ph(y, t + s|x, t), i.e.,

Ahϕ(x) = lim
s→0

Eh[ϕ(Xt+s)|Xt = x]− ϕ(x)
s

(2.29)

This can be simplified in order to identify the drift and diffusion term respectively

lim
s→0

Eh[ϕ(Xt+s)|Xt = x]− ϕ(x)
s

= lim
s→0

E[ϕ(Xt+s)h(t + s, Xt+s)|Xt = x]− ϕ(x)h(t, x)
sh(t, x)

= 1
h(t, x)At{h(t, x)ϕ(x))}

= 1
h(t, x)

{ d
dt

(
h(t, x)ϕ(x)

)
+ d

dx

(
h(t, x)ϕ(x)

)
µ(x, t)

+ 1
2

d2

dx2

(
h(t, x)ϕ(x)

)
σ2(x, t)

}
= 1

h(t, x)

{[
h′

t(t, x) + h′
x(t, x)µ(x, t) + 1

2h′′
xx(t, x)σ2(x, t)︸ ︷︷ ︸

Ãh=0

]
ϕ(x)

+ h(t, x)ϕ′
x(x)µ(x, t) + 1

2

[
2h′

x(t, x)ϕ′
x(x) + h(t, x)ϕ′′

xx(x)
]
σ2(x, t)

}
=
[
µ(x, t) + σ2(x, t)h′

x(t, x)
h(t, x)

]
ϕ′

x(x) + 1
2σ2(x, t)ϕ′′

xx(x)

=
[
µ(x, t) + σ2(x, t) d

dx
log(h(t, x))

]
ϕ′

x(x) + 1
2σ2(x, t)ϕ′′

xx(x).

(2.30)

From this we see that Xt given the observations is a time inhomogeneous process.
By identifying the drift and diffusion terms respectively, it follows that the new
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2. Stochastic Calculus

(conditional) h-transformed SDE is given by

dXt =
[
µ(Xt, t) + σ2(Xt, t) d

dx
log h(t, Xt)

]
dt + σ(Xt, t) dWt, t ∈ [0, T ]

X0 = x0.
(2.31)

This concludes the proof. To see how (2.31) is formulated in the case of a multivariate
SDE, see [3]. This case is, however, not considered in this report.

2.3.2 Conditioning on observations
Connecting the Doob-h transform to our problem is not cumbersome. We consider
the transition density p(y, t + s|x, t), but now conditioned on the observations z1:N ,
i.e.,

ph(xt+s, t + s|xt, t) = p(xt+s|xt, z1:N). (2.32)

We further assume ti < t < t + s ≤ ti+1 and make the following manipulations

p(xt+s|xt, z1:N) = p(xt+s, xt, z1:N)
p(xt, z1:N)

= p(zi+1:N |xt+s, xt, z1:i)p(xt+s, xt, z1:i)
p(zi+1:N |xt, z1:i)p(xt, z1:i)

= p(zi+1:N |xt+s)p(xt+s|xt, z1:i)p(xt, z1:i)
p(zi+1:N |xt, z1:i)p(xt, z1:i)

= p(xt+s|xt)
p(zi+1:N |xt+s)
p(zi+1:N |xt)

.

If we define h(t + s, xt+s) = p(zi+1:N |xt+s) we get

ph(xt+s, t + s|xt, t) = p(xt+s|xt)
h(t + s, xt+s)

h(t, xt)
. (2.33)

This means that we achieve the h-transformed SDE, in this setup, if we can show
that this choice of h fulfils the property in (2.25). It does, since,∫

p(xt+s = y, t + s|xt, t)p(zi+1:N |xt+s = y) dy

=
∫

p(xt+s = y|xt)p(zi+1:N |xt+s = y, xt) dy

=
∫

p(zi+1:N , xt+s = y|xt) dy

= p(zi+1:N |xt = x) = h(t, x).

Using this, the (conditional) h-transformed SDE is given by

dXt =
[
µ(Xt, t) + σ2(Xt, t) d

dx
log p(zi+1:N |Xt)

]
dt + σ(Xt, t) dWt t ∈ [ti−1, ti]

X0 = x0.
(2.34)

11
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The meaning of this result deserves some reflection. It is remarkable that we achieve
an analytical formula for the conditional SDE. Notice, that in any interval (ti, ti+1]
the conditional model does not depend on past observations, but it only depends
on observations in the future. This result is incredibly important for understanding
the setting needed for the neural SDE.

2.3.3 Special case of Brownian motion
In this example, we assume that the underlying SDE can be described as

dXt = dWt, t ∈ [0, T ], X0 = x0, (2.35)

and observations are gathered as before, see (2.22). This means more specifically,
that we have a so called state space model with the following characteristics

π(Xtk
|Xtk−1) ∼ N(Xtk−1 , tk − tk−1)

π(Zk|Xtk
) ∼ N(Xtk

, σ2
Z).

(2.36)

It should be added, that the state space model with a non-zero drift term is not
considerably more difficult to derive, since the only difference is in the mean.

It is possible to show that

p(Zi+1:N |Xt) =
N∏

j=i+2
N (Zj; µj−1,(t), σ2

Z + σ2
j−1,(t) + ∆t)N (Zi+1; Xt, σ2

Z + ti+1 − t).

(2.37)
Furthermore, it can be shown, that the drift and diffusion terms can iteratively be
defined as

µj,(t) =
Zj(σ2

j−1,(t) + ∆t) + σ2
Zµj−1,(t)

σ2
Z + σ2

j−1,(t) + ∆t
(2.38)

σ2
j,(t) =

σ2
Z(σ2

j−1,(t) + ∆t)
σ2

Z + σ2
j−1,(t) + ∆t

(2.39)

∀j = i + 2, ..., N. (2.40)

with the initial conditions

µi+1,(t) = Zi+1(ti+1 − t) + σ2
ZXt

σ2
Z + ti+1 − t

(2.41)

σ2
i+1,(t) = σ2

Z(ti+1 − t)
σ2

Z + ti+1 − t
. (2.42)

Taking the logarithm and then the derivative with respect to Xt we obtain

d
dx

log p(Zi+1:N |Xt) =
N∑

j=i+2

Zj − µj−1,(t)

(σ2
Z + σ2

j−1,(t) + ∆t)
d
dx

µj−1,(t) + Zi+1 −Xt

(σ2
Z + ti+1 − t) (2.43)

12
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where the derivative of the iterative drift term can be calculated as

d
dx

µj−1,(t) =
σ2

Z
d

dx
µj−2,(t)

σ2
Z + σ2

j−2,(t) + ∆t
, j = i + 3, ..., N

d
dx

µi+1,(t) = σ2
Z

σ2
Z + ti+1 − t

.

(2.44)

For full derivation, see Appendix A.

A special case is when considering one noise-free observation. In that case, by
using (2.43), it is possible to show that the conditional model can be written as

dXt = b−Xt

T − t
dt + dWt, X0 = a, XT = b. (2.45)

This process is known as a Brownian bridge.
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3
Signature

To solve the smoothing problem with our chosen approach we need to introduce
the signature. The signature is a transformation from the path space to a tensor
algebra. This transformation has several nice properties - most importantly that
(almost) any function applied on the signature can be approximated by a linear
map. This leads to that the minimal Wasserstein distance can be expressed as a
minimization problem only, instead of a min-max problem which can be harder to
solve.

More specifically, in this chapter we introduce the concept of the signature, both
from a theoretical and practical standpoint. We start by, in Section 3.1, presenting
theory regarding tensor algebra and needed vector spaces for the signature. After-
wards, in Section 3.2, the formal definition of the signature transformation applied
on a specific set of paths is presented. The signature is then, in Section 3.2.1, in-
terpreted geometrically and necessary conditions for achieving an injective mapping
from the path space to the signature space are discussed in Section 3.2.2. Impor-
tant theoretical results for expected signatures and more specifically the Wasserstein
distance in the signature space are stated in Section 3.3. The chapter is then con-
cluded with interpolation methods (Section 3.4) and augmentations (Section 3.5) of
the process. Here we also decide which augmentations are suitable to consider in
this thesis.

3.1 Tensor algebra
Consider two finite-dimensional vector spaces V and W (having the same field). The
tensor product V ⊗W is a vector space together with a bilinear mapping (v, w) 7→
v ⊗ w, spanned by vectors b⊗ b′, where b ∈ BV and b′ ∈ BW , and BV and BW are
arbitrary bases for V and W , respectively. For any two elements v = ∑

b∈Bv
vb b ∈ V

and w = ∑
b′∈Bw

wb b′ ∈ W , we have v⊗w = ∑
b∈Bv ,b′∈Bw

(vbwb)b⊗ b′. From this it is
easy to see that the following relation holds

dim(V ⊗W ) = dim(V )dim(W ). (3.1)

One important example is for Euclidean vector spaces V and W, in which case the
bilinear map can be taken as the outer product, i.e., (v, w) 7→ vwT . Thus in this
case v ⊗ w is a rank-one matrix.

In this text we consider only one vector space, so for simplicity we denote it as
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E for the rest of the text. We consider several orders of tensor powers (not only
two as above), so we denote the k:th order as E⊗k. If E is spanned by the basis
vectors e1, ..., ed, E⊗k can be interpreted as a word of length k where each letter can
attain d values (one of the letters {e1, ...ed}). If E has dimension n then E⊗k has
dimension nk. Below we make a formal definition for the tensor space of all orders.

Definition 3 (Tensors series) The space of all formal E-tensors series, denoted
by T (E), is defined as

T (E) =
{

a = (a0, a1, ...)
∣∣∣∣an ∈ E⊗n, ∀n ≥ 0

}
. (3.2)

It is equipped with two operations, an addition and a product, defined as follows: for
a = (a0, a1, ...), b = (b0, b1, ...) ∈ T (E) the binary operations + and ⊗ perform the
actions

a + b = (a0 + b0, a1 + b1, ...)
a ⊗ b = (c0, c1, ...)

(3.3)

where cn = ∑n
j=0 aj ⊗ bn−j.

The reason for introducing this tensor algebra is that the signature is an element
of it. However, in implementations it is impossible to work with infinite series,
which means we need to define a truncated version of this space which has the same
properties. We define the truncation of order m of an element a ∈ T (E) as

πm(a) = (a0, a1, ..., am). (3.4)

3.2 Signature definition
In order to define the signature we introduce the k−fold iterated integral of a path
X. The paths considered are those that are continuous, d dimensional and of finite
1-variation over the time interval [a, b]. The set of these paths are denoted as
Ψ([a, b],Rd). Let I = (i1, ..., ik) be a multi-index of length k where i1, ..., ik ∈
{1, 2, 3, ...d}. Let X(i) denote the ith coordinate of X, which is a real-valued function.
The iterated integral of X over [a, b] indexed by I is defined as

S
(i1,i2,...,ik)
a,b (X) =

∫
a≤t1≤t2...tk≤b

dX
(i1)
t1 dX

(i2)
t2 ... dX

(ik)
tk

. (3.5)

The integrals here should be seen in the Riemann-Stieltjes sense. An equivalent way
of representing it is by the recursive formula

S
(i1,i2,...,ik)
a,b (X) =

∫ b

a
S

(i1,i2,...,ik−1)
a,tk

(X) dX
(ik)
tk

, where S∅(X) = 1. (3.6)

We can write all possible iterated integrals with multi-indices of length k in a com-
pact way using tensor algebra

Xk
a,b =

∫
a≤t1≤t2...≤b

dX
(i1)
t1 ⊗ dX

(i2)
t2 ⊗ ...⊗ dX

(ik)
tk

. (3.7)
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This is an element in the tensor algebra of E⊗k. Now we can define the signature
of a path.

Definition 4 (The signature of a path) Consider the interval [a, b] and X ∈
Ψ([a, b],Rd) such that the integration in (3.5) makes sense. The signature S(X) of
X over the time interval [a, b] is the infinite series

S(X)a,b = (1, X1
a,b, ..., Xn

a,b, ...) ∈ T (E) (3.8)

where Xk
a,b is defined as in (3.7).

Meanwhile, the truncated signature of X of order m, denoted as Sm(X), is defined
as

Sm(X)a,b := πm(S(X)) = (1, X1
a,b, ..., Xm

a,b). (3.9)
Henceforth, the signature is denoted without the interval it is defined over. If it
is relevant, it is clear from the context which interval is considered. We call the
time interval J and generally speaking, in the thesis, we have J = [0, T ]. It is also
important to note that each dimension of X does not have the same meaning and
range, but each dimension is connected to the same time interval and each dimension
is in R. Furthermore, we also define S(Ψ(J, E)) as the range of the signature defined
over the time interval J .

3.2.1 Geometrical interpretation
The interpretation of the signature could initially be hard to grasp, especially the
geometrical interpretation. Therefore, we show how the lower order terms of the
signature of a simple process can be interpreted and visualized. We consider the
example where X is the discrete time series that attains four values [0, 4, 2, 5] at the
time instances [0, 1, 2, 3]. Furthermore, we assume that the process is augmented
with time, i.e., we have the process X̄ = (X, t). We consider linear interpolation
between the values (a piecewise linear function). Using the iterated integral in (3.5)
we can calculate the first order terms of the signature as

S(0)(X̄) = X3 −X0 = 5 S(1)(X̄) = t3 − t0 = 3. (3.10)

For the second order, there are four terms to consider: S(0,0), S(0,1), S(1,0) and S(1,1).
The terms containing the same index can be calculated, according to [5], by the
identity

S

d︷ ︸︸ ︷
(i, i, ..., i)(X̄) = (X̄(i)

T − X̄
(i)
0 )d

d! . (3.11)

This means we get

S(0,0)(X̄) = 52

2 S(1,1)(X̄) = 32

2 . (3.12)

These terms have no immediate way to be visualized, however, the two remain-
ing terms have nice geometrical interpretations. The two remaining terms can be
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calculated by the iterative formula found in (3.6), e.g., for S(0,1) we get

S(0,1)(X̄) =
∫ t3

0
Xt dt. (3.13)

This is the area under the curve and similarly we get that S(1,0) is the area over
the curve. For visualization of S(0,1) and S(1,0), see Figure 3.1. Visualizing higher
order terms is hard, but the idea is that each element in the signature captures a
specific characteristic of the path such that the signature uniquely determines the
path. This concept is examined in the following section.

t
1 2 3

X

1

2

3

4

5

S(0,1)

S(1,0)

∆X

∆t

Figure 3.1: Two of the signature elements, S(0,1) and S(1,0), of the process
X̄ = (X, t) visualized. The process is defined as X0 = 0, X1 = 4, X2 = 2, X3 = 5
and values between have been calculated by considering linear interpolation.

3.2.2 Characterization of paths by means of signatures
We want the mapping S : Ψ(J, E) → S(Ψ(J, E)) to be injective. The reason is
because we in this project consider signatures and through this determine distribu-
tions on the path space. For a specific set of paths this is true. Consider the set,
denoted as Ψmon(J, E), which consists of all path in Ψ(J, E) where at least one co-
ordinate of X is a monotone function. Then the injective property is true according
to Theorem 5 which is proven in Lemma 2.14 in [6].

Theorem 5 (Uniqueness of signature) Let X0 ∈ E. For X ∈ Ψmon(J, E) with
X0 = x0, then the signature of X uniquely determines X.

Theorem 5 requires a fixed starting point for the signature to be unique. This means,
according to [7], that the signature is invariant to translation of paths. Notice that
it does not need to be the same translation in each dimension. This means that the
signature does not generally fulfil the desired property of injectivity. However, since
the paths which are considered in this thesis are augmented with time (a monotone
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function), see Section 3.5, and we assume the initial value of the process is known,
our paths fulfil Theorem 5.

3.3 Wasserstein metric in signature space
In this section we introduce the Wasserstein distance in signature space, the metric
used in this thesis to quantify similarity between two distributions. In order to
understand this metric, we define it in Euclidean space. Afterwards, we make the
analogue definition in signature space. In addition, important theorems regarding
this distance in signature space are presented.

3.3.1 Wasserstein distance in Euclidean space
The Wasserstein distance is a metric which measures how similar two distributions,
µ and ν, are. It is defined as

Wp(µ, ν) =
(

inf
π∈Π(ν,µ)

∫
c(x, y)p dπ(x, y)

)1/p

. (3.14)

Here c(x, y) is the cost function corresponding to the cost of moving mass from x
to y and Π(µ, ν) is the set of distributions whose marginal distributions are µ and
ν. In this text we consider the Wasserstein-1 distance, i.e.,

W1(µ, ν) = inf
π∈Π(ν,µ)

∫
c(x, y) dπ(x, y). (3.15)

This can (according to Kantorovich-Rubinstein duality, see [8] for proof) be rewritten
as a maximum problem

W1(µ, ν) = sup
φ∈Lip1

( ∫
φ(x) dµ(x)−

∫
φ(x) dν(x)

)
(3.16)

where
Lip1 = {φ : |φ(x)− φ(y)| ≤ c(x, y), x ∈ µ, y ∈ ν} . (3.17)

In this text we only consider the Euclidean distance as the cost function, i.e.,
c(x, y) := ||x−y||. Notice as well, that the function φ should have Lipschitz constant
less than or equal to one.

The integrals can be seen as expected values and (3.16) can therefore equivalently
be written

W1(µ, ν) = sup
φ∈Lip1

EX∼µ[φ(X)]− EX∼ν [φ(X)]. (3.18)

The Wasserstein distance can be used when the goal is to replicate a fixed distribu-
tion ν. Then an approximate µ is found by minimizing W1(µ, ν) with respect to µ,
constituting a min-max problem.
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3.3.2 Extending to signature space
Here we derive the Signature Wasserstein-1 (Sig-W1) metric, which is a special case
of the Wasserstein metric (defined in Section 3.3.1) in the signature space. We start
by considering f : M → R, where (M, D) is a generic metric space and define

||f ||Lip,M := sup
x ̸=y,x,y∈M

f(x)− f(y)
D(x, y) . (3.19)

Here D is a metric defined on M and in this thesis the ℓp norm is considered. We
assume that µ and ν are two compactly supported measures on the path space
Ψ(J, E) such that their corresponding induced measures (pushforward measures) on
the signature space µ and ν respectively have a compact support K ⊂ S(Ψ(J, E)) ⊂
T p(E). With the pushforward measure we mean µ := µ(S−1(B)) for any B in the
σ-algebra of S(Ψ(J, E)), meanwhile T p(E) is defined as the set of all elements in
T (E) with finite ℓp norm. In the signature space the Wasserstein distance is defined
as

W Sig space
1 (µ, ν) = sup

||f ||Lip,K≤1
ES∼µ[f(S)]− ES∼ν [f(S)]. (3.20)

We introduce the following theorem which states that it is possible to approximate
every continuous function on the signature space arbitrarily well by a linear func-
tional.

Theorem 6 (Universality of Signature) Consider a compact set
K ⊂ S(Ψ(J, E)). Let f : K 7→ R be any continuous function. Then for any ϵ > 0,
there exists a linear functional L ∈ T (E)∗ (the dual space) acting on a signature
such that

sup
S∈K
|f(S)−L(S)| < ϵ (3.21)

This motivates us to consider the Sig-W1(µ, ν) metric which is defined as

Sig-W1(µ, ν) = sup
||L||Lip≤1,L is linear

ES∼µ[L(S)]− ES∼ν [L(S)]. (3.22)

We state Lemma 7 which states that it is possible to disregard explicit consideration
of the linear map when maximizing the Wasserstein distance in signature space.

Lemma 7 (Duality) Fix p, q > 1 such that 1
p
+1

q
= 1, then for any linear functional

L ∈ Tp(E)∗, it holds that
sup

||a||p=1
|La| = ||L||q, (3.23)

Similarly, for any a ∈ Tp(E), it holds that

sup
||L||q≤1

|La| = sup
||L||q=1

|La| = ||a||p (3.24)

This means that we, in this setup, have the following relation

||L||Lip = sup
x ̸=y,x,y∈T P (E)

|L(x− y)|
||x− y||p

= sup
||a||p=1

|La| = ||L||q. (3.25)
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Moving L outside the expectation in (3.22), and using the second relation of Lemma 7,
gives

Sig-W1(µ, ν) = sup
||L||q≤1

L
(
ES∼µ[S]− ES∼ν [S]

)
= ||ES∼µ[S]− ES∼ν [S]||p. (3.26)

It should be added that the fact that µ and ν have compact support on K makes
sure that ES∼µ(S) and ES∼ν(S) are in T p(E) which was a necessary condition for
using Lemma 7. In this thesis we always consider data on the path space and we
therefore introduce the following Lemma.

Lemma 8 For two measures µ, ν on the path space Ψ([0, T ], E) such that their in-
duced (pushforward) measures µ and ν have a compact support K ⊂ S(Ψ([0, T ], E)).
Then it holds that

Sig-W1(µ, ν) = ||ES∼µ[S]− ES∼ν [S]||p = ||EX∼µ[S(X)]− EX∼ν [S(X)]||p. (3.27)

This means that we have motivated that it is possible to interchangeably consider
measures defined on signature and path space.

Remember, it is not possible to consider the signature transform in implementa-
tions, and therefore the truncated signature needs to be considered. Therefore, we
define

Sig-W m
1 (µ, ν) = ||EX∼µ[Sm(X)]− EX∼ν [Sm(X)]||p (3.28)

which is approximately equal to Sig-W1(µ, ν) in the sense of distributions on the
path space.

3.3.3 Expected signature
Considering the derivation in the previous section regarding quantifying similarity
between two measures in the signature space, we need to determine if a zero Wasser-
stein distance in signature space leads to equality between distributions in the path
space (since it is the path space that is of interest in this project). This means that
we want to have the following property

ES∼µ[S(X)] = ES∼ν [S(X)] =⇒ µ = ν. (3.29)

This property is true, according to Theorem 9, in some specific settings. The specific
setting considered in the theorem is that of infinite radius of convergence. When
this is fulfilled or not, is not of focus in this report. Nevertheless, it is important to
highlight that this property is fulfilled in specific settings.

Theorem 9 (Equivalent measures in expected signature) Let µ and ν be two
measures on the path space Ψ(J, E). Let µ(B) = µ(S−1(B)) and ν = ν(S−1(B))
for B in the σ-algebra of S(Ψ(J, E)). Suppose that ES∼µ[S] exists and has infinite
radius of convergence. If ES∼µ[S] = ES∼ν [S], then µ = ν.
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3.4 Process interpolation
In our report we consider discretized SDEs which are sampled using numerical
schemes. This means we cannot calculate the signature, nor the truncated sig-
nature, since the generated paths from the SDE are not continuously defined over
the time interval. To evaluate the signature, we need to interpolate the values of the
simulated paths. Generally speaking, the only condition on the interpolation is that
it should guarantee an injective mapping from the path space to the signature space.

There are several approaches for this, but we have decided on piecewise linear inter-
polation, since it is simple to implement and interpret. Furthermore, it also seems
to be the standard approach used in similar projects, see for example the approach
in [2]. The author of [2] has also created a python package, which we use, for
fast signature calculations with piecewise linear interpolation as chosen interpola-
tion method. However, no reason for why it is chosen is mentioned. In [5] another
method is mentioned - rectilinear interpolation. This is similar to linear interpo-
lation, but the interpolated path instead attains the last obtained value and then
makes a jump to the new value when passing it.

3.5 Process augmentations
Due to considering truncated signatures, important characteristics captured in higher
order terms could be lost. Therefore, it is reasonable to consider augmentations that
can help highlighting these characteristics in lower order terms. One such impor-
tant augmentation of the process is the quadratic variation, denoted as [X]t in this
thesis. Due to discretization of paths, we approximate [X]t as ∑j

i=1(Xti
−Xti−1)2 at

tj. Between tj and tj+1 it is defined by the linear interpolation between the discrete
values. The quadratic variation is (obviously) strongly related to the volatility of
a path, meaning the signature can easily capture this characteristic when augmented.

Another reasonable augmentation is time. This augmentation is useful when learn-
ing from irregularly sampled data and especially for when designing training methods
that desirably should work with high and ultra-high frequency data [1]. Another
reason to augment with time is that it is a strict monotone function. A monotone
function, in at least one of the dimensions of the process, is a necessity for the
signature transform to be an injective mapping, as seen in Theorem 5.

3.5.1 Effect of quadratic variation augmentation
To visualize the importance of augmenting a process with the quadratic variation,
we consider the SDE

dX
(µ,σ)
t = −µX

(µ,σ)
t dt + σ dWt, t ∈ [0, 2], X0 = 0. (3.30)

We compare different µ and σ values against the base case of µ = 1 and σ = 1 for
the objective function

L(µ, σ) = ||E[S4(X(1,1))]− E[S4(X(µ,σ))]||2. (3.31)
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L(µ, σ) is visualized in Figure 3.2 for two augmented processes. The first process is
augmented with only time and the second process is augmented with time and the
quadratic variation.

(a) The augmented process (X, t). (b) The augmented process (X, t, [X]t).

Figure 3.2: The landscape of (3.31) for varying µ and σ. To approximate each
expected value, the Monte Carlo method with 500 samples has been used.

When the quadratic variation is not included we can see that L(µ, σ) is insensitive
to different σ values. In contrast, when augmenting with the quadratic variation,
there is a clear minimum of the objective function for the correct σ. The reason
for considering this objective function is its relation to the Wasserstein metric in
signature space introduced in Section 3.3.

Concluding this section, we state that the signature throughout the rest of this
thesis should be seen as it is applied on the augmented process X̄ = (Xt, t, [X]t).
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4
Neural Networks and GANs

Recall that the drift and diffusion coefficients of the neural SDE in (1.3) are pa-
rameterized as neural networks (NN). Therefore, we introduce the concept of NN
in this chapter. Neural networks constitute a family of machine learning models
constructed to imitate the functions of the human brain. We focus on a specific
branch of NN, the Multilayer Perceptron (MLP), which is the most commonly used
NN. We define it in Section 4.1, and the general procedure regarding training it is
introduced in Section 4.2.

The goal of the neural SDE is to replicate an unknown distribution, which is why
the concept of Generative Adversarial Networks (GAN) is introduced in Section 4.3.
This is a special network structure that utilizes a generator (the neural SDE) to gen-
erate samples. The generator is trained by comparing its samples against samples
from the true distribution, such that the distribution of the generator can replicate
the true distribution. The introduction of GAN networks is done chronologically,
starting with the Vanilla GAN (Section 4.3.1), followed by the Wasserstein GAN
(Section 4.3.2). From this, we, in Section 4.4, introduce the conditional Wasserstein
GAN and, in Section 4.4.2, we make the definition analogously in signature space,
which is the final network concept used in this thesis. We end this chapter by, in
Section 4.5, introducing a method for approximating conditional expectations using
neural networks.

4.1 Multilayer perceptron
The multilayer perceptron (MLP) is a fully connected feedforward neural network
consisting of N layers. It maps an input x0 ∈ Rm to an output xN ∈ Rn by
propagating it through the network. The MLP is said to be parameterized by weight
matrices θ = (θ1, ..., θN), and bias vectors, b = (b1, ..., bN), where each matrix θi

describes the transition weights between each layer and bi is an additive term for
each neuron in layer i. The forward propagation of the MLP is defined as

xi = g(θixi−1 + bi), i = 1, . . . , N − 1
xN = θNxN−1 + bN .

(4.1)

Here g is an activation function that operates elementwise on the vector input.
The layers between the input and output layer are called hidden layers, which means
in the above introduced notation there are N − 1 hidden layers.
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The main purpose of the activation function is to allow the network to learn nonlin-
earities, which is possible according to the universal approximation theorem. This
theorem states that for any sufficiently regular function, there exists a feedforward
network that approximates it with an arbitrary tolerance. For the interest of the
reader, we specify the universal approximation theorem explicitly. Consider the
set of feedforward neural networks, with any continuous non-polynomial activation
function φ, with d neurons in the input layer, one neuron in the output layer and
a single hidden layer with an arbitrary number of neurons, and call this set N φ

d .
Then, for any compact set K ⊆ Rd and function f ∈ C(K), there exists a sequence
of functions (fn)∞

n=1 ⊂ N
φ
d such that for any ϵ there exists a N such that for all

n > N and x ∈ K it holds
|fi(x)− f(x)| < ϵ.

4.2 Training a network
For a network to learn, it needs a set of data to fit its parameters, W = (θ, b),
to. Define the training data, T = {xi

0}N
i=1, where N is the number of observations.

The goal is to choose the parameters of the network in such a way that the network
produces values that are optimal according to an objective function. This function
is often called the loss function and we denote it as L. More mathematically, the
optimal parameters are chosen by minimizing

W∗ = arg min
W

L(W; T ). (4.2)

Usually, the optimal W∗ is approximated using some form of gradient descent al-
gorithm. There are several possible choices, and we could write an entire report on
the importance of the choice of optimizer. However, that is not the focus of this
thesis. For the interested reader, a few are stated and briefly discussed.

Gradient descent, which is the simplest one, can be formulated as

Wk+1 ←Wk − η∇W L(Wk; T ), k ≥ 0, W0 ∼ D. (4.3)

Here η is the learning rate which is a so-called hyper-parameter, meaning it is
chosen prior to running the algorithm. The most common approach for choosing
the initial state W0 is to randomly assign values from some distribution D.

One of the advantages with using the gradient descent optimizer is that it is sim-
ple to understand and implement. However, it is more prone to get stuck in local
optimas compared to other optimizers, due to it being deterministic given each in-
put. A solution is to consider mini-batches. A mini-batch means that instead of
considering the entire dataset T , a random subset of T is chosen each iteration.
We denote this random subset of size n as T n. Gradient descent, with the usage
of mini-batches, is known as the stochastic gradient descent (SGD) algorithm.
The update step for it can be formulated as

Wk+1 ←Wk −
η

n
∇W L(Wk; T n). (4.4)
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To be precise, for the SGD-optimizer, only one datapoint (n = 1) should be con-
sidered, but we do not make that distinction here. This is one of the most popular
algorithms, likely because of its simplicity and its ability to avoid local optimas.
However, for any problem, it is still cumbersome to choose the best learning rate.
If a small learning rate is chosen, convergence might be slow and if a large learning
rate is chosen, the global optima might be missed. These two concepts are visualized
for a one-dimensional problem (one weight) in Figure 4.1.

A solution to the problems regarding choosing the learning rate is to implement
an adaptive learning rate. This is a learning rate that depends on the gradients.
An optimizer which is currently popular and that implements this is the ADAM-
optimizer. It updates exponential moving averages of the gradient and the squared
gradient, where there are two hyper-parameters, β1 and β2, controlling each one of
these. The moving averages are estimates of the first moment (the mean) and the
raw second moment (the uncentered variance). These moments are initialized to
zero and are then updated as

mk = β1 ·mk−1 + (1− β1) · gk

vk = β2 · vk−1 + (1− β2) · g2
k

(4.5)

where gk = ∇W L(Wk; T n). The bias corrected estimates are calculated

m̃k = mk

1− βk
1

ṽk = vk

1− βk
2

(4.6)

where βk
i is βi to the power k. The weight update is then formulated as

Wk = Wk−1 −
α · m̃k√
ṽk + ϵ

. (4.7)

Here there are two additional hyper-parameters: α and ϵ. According to [9] a good
initialization for the hyper-parameters found in ADAM is: α = 0.001, β1 = 0.9,
β2 = 0.999 and ϵ = 10−8, but of course it is problem specific.

In addition to the optimizers mentioned, there are several more optimizers that
could be considered, for example the Adadelta-optimizer. It is namely, often dif-
ficult to choose the best optimizer for a specific problem, due to the complexity of
the problem and poor understanding of the loss landscape [10].
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Figure 4.1: The picture on the left illustrates the consequence of a learning rate
that is too big, while the picture on the right shows the same but for a too small
learning rate.

4.3 Estimate unknown distribution from data

Consider the data, {x(i)}N
i=1, generated from a distribution µref. In this example

the distribution is unknown, but it is assumed to exist and the dataset is assumed
rich enough to approximately represent it. The goal is to find this distribution, or
rather approximate it, using the data. An initial approach would be to define a
parametric family of densities (µθ)θ∈Rd and then find the density maximizing the
expected likelihood of our data, i.e.,

max
θ∈Rd

1
N

N∑
i=1

log µθ(x(i)). (4.8)

According to [11], finding the best approximation to the reference distribution, in
the sense of this cost function, is equivalent to minimizing the Kullback-Leibler
divergence KL(µref||µθ), which is defined as

KL(µref||µθ) =
∫

X
µref(x) log µref(x)

µθ(x) dx. (4.9)

Minimizing this is possible without the knowledge of µref, since∫
X

µref(x) log µref(x)
µθ(x) dx =

∫
X

µref(x) log µref(x) dx−
∫

X
µref(x) log µθ(x) dx, (4.10)

and when minimizing with respect to θ by Monte Carlo methods it reads

arg min
θ

KL(µref||µθ) ≈ arg min
θ

1
N

N∑
i=1
− log µθ(x(i)). (4.11)

The Kullback-Leibler divergence, however, has its drawbacks. For example, the as-
sumption that the parametric family accurately describes the reference distribution
might be bad. One case of this is that it breaks down in the rather common scenario
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where we have distributions supported by low dimensional manifolds (data concen-
trated at lower dimensions subsets that could be hard to capture). This would lead
to a model not respecting the manifold constraint. [11]

In this thesis, the approach to solve this is by the usage of generative neural networks
and more specifically Generative Adversarial Networks (GAN). However, de-
pending on how the GAN is designed (which distance metric that is considered),
this problem is solved with varying results.

To arrive at the GAN considered in this text, which is the Wasserstein GAN, we
first introduce the Vanilla GAN so that the concept of GAN is clear.

4.3.1 Vanilla GAN
Consider the setup of two separate neural networks: the generator network G
and the discriminator network D. The generator network takes as input a noise
vector z ∼ pz (from the so called latent space) and outputs a generated sample
x = G(z; WG), where WG are the generator weights. This is equivalent to saying
that x is sampled from the distribution of the generator µG. In addition to this
we have data that are generated from the reference distribution µref. The goal of
the discriminator is to distinguish between these distributions; more specifically it
generates the probability that the data is generated from µref and a complemen-
tary probability that it is generated from µG. The probability is generated from
the network D(x; WD), where WD are the discriminator weights. For a common
visualization of the GAN, see Figure 4.2.

Latent space

z ∼ pz

Generator

G(z; WG)

x ∼ µG

Discriminator

D(x; WD) P(x ∼ µref)

True data

x ∼ µref

Figure 4.2: Figure showing the concept of GAN.

The setup described above leads us to consider the usage of the binary cross entropy
loss function for the discriminator, which is defined as

L(yt, yp) = −yt log(yp)− (1− yt) log(1− yp). (4.12)
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Here yt is the true label and yp is the predicted label. However, we do not explicitly
have labels in this case, which means we need to analyse what happens for each
sample type. A sample from the true distribution (yt = 1) yields

L(1, yp) = − log(yp) (4.13)

which we want to minimize. Furthermore, when inputting a false sample (yt = 0),
we achieve

L(0, yp) = − log(1− yp) (4.14)
which we also want to minimize. This yields (in our problem formulation) the
following expression to minimize

−Ex∼µref [log(D(x))]− Ez∼pz [log(1−D(G(z)))], (4.15)

or equivalently the maximization of

Ex∼µref [log(D(x))] + Ez∼pz [log(1−D(G(z)))] (4.16)

The variables WG and WD parameterizing the networks have been omitted for more
readable expressions. For the generator, we want the samples generated to be as
close as possible to the reference distribution, meaning that we want to minimize

Ez∼pz [log(1−D(G(z)))]. (4.17)

This means, we have to the following two player min-max game with value function
L(µG, µD),

min
µG

max
µD

L(µG, µD) = min
µG

max
µD

Ex∼µref [log(D(x))]+Ez∼pz [log(1−D(G(z)))]. (4.18)

If we instead consider µG directly, we instead achieve

min
µG

max
µD

L(µG, µD) = min
µG

max
µD

Ex∼µref [log(D(x))] + Ex∼µG
[log(1−D(x))]. (4.19)

This approach is often referred to as Vanilla GAN. According to [12], it is efficient
in generating samples from high-dimensional data, which is generally cumbersome.
However, it does not solve the above-mentioned problem (low dimensional mani-
folds) very well.

It can be shown that the optimal solution for a Vanilla GAN when fixing the gen-
erator, i.e., the optimal discriminator distribution when doing the maximizing step
is

µ∗
D ∝

µref

µref + µG

. (4.20)

This is easily proven, since

L(µG, µD) =
∫

x
µref(x) log(D(x)) dx +

∫
z

pz(z) log(1−D(G(z))) dz

=
∫

x
µref(x) log(D(x)) + µG(x) log(1−D(x)) dx.

(4.21)
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Using this together with the fact that the function y 7→ a log(y) + b log(1 − y) for
(a, b) ∈ R2\{0, 0} has its maximum in [0, 1] at a

a+b
, proves the result. This yields

the following value for the loss function

C(µD) = max
µD

L(µG, µD)

=Ex∼µref

[
log µref(x)

µref(x) + µG(x)

]
+ Ex∼µG

[
log µG(x)

µref(x) + µG(x)

]
.

(4.22)

According to [12] it can be simplified to

C(G) = − log(4) + KL
(

µref||
µref + µG

2

)
+ KL

(
µG||

µref + µG

2

)
. (4.23)

This is in turn can be written as

C(G) = − log(4) + 2 · JSD(µref||µG) (4.24)

where JSD stands for Jensen-Shannon divergence. However, this means that the
process of finding the optimal solution deals with the distance between two distri-
butions defined in the Jensen-Shannon divergence metric, which is connected to the
Kullback-Leibler divergence, and therefore the problem regarding low dimensional
manifolds is poorly addressed. A distance that handles this better is the Wasserstein
distance.

4.3.2 Wasserstein GAN
Wasserstein GAN (WGAN) has a slightly different formulation. It is formulated
using the Wasserstein distance between two distributions [11]. Using the same no-
tation for distributions as in this chapter, the minimal Wasserstein-1 distance with
respect to µG is formulated as

min
µG

W1(µref, µG) = min
µG

sup
φ∈Lip1

( ∫
φ(x) dµref(x)−

∫
φ(x) dµG(x)

)
. (4.25)

This is the loss function for Wasserstein GANs. With this design, the discriminator
is not classifying, but instead for a fixed generator strategy, the optimal solution for
the discriminator is the Lipschitz function maximizing the difference between the
integrals. The integrals can be seen as expected values (as previously mentioned)
and is therefore equivalently written as

min
µG

W1(µref, µG) = min
µG

sup
φ∈Lip1

(
EX∼µref [φ(X)]− EX∼µG

[φ(X)]
)

. (4.26)

Furthermore, since in this project we are conditioning on data, we introduce the
concept of conditional WGAN in the next section. This is done both in Euclidean
space and in signature space.
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4.4 Conditional WGAN
In this section we assume that X and Z are defined in the usual manner considered
in this thesis. This means that X is a stochastic process and we denote its Law as
µX . Meanwhile, we consider the case of N observations of Z, at predetermined time
instances, which has previously been written as Z1:N = (Z1, Z2, ...ZN). We, in order
to make it more readable, use the notation ZN for Z1:N . The quantity, ZN , has a
joint distribution which we denote as µZN

and realizations of ZN are denoted as zN .
The goal is to learn the distribution of the path given a set of observations zN . This
is achieved by training the conditional Law

µX(zN) = Law(X|ZN = zN) (4.27)

to replicate the true conditional Law denoted as µt
X(zN).

4.4.1 Euclidean space

In Euclidean space the Wasserstein distance, with the conditional Laws considered,
is written as

W1(µt
X(zN), µX(zN)) = sup

φ∈Lip1

Eµt
X(zN )[φ(X)]− EµX(zN )[φ(X)]. (4.28)

Since zN are realizations of random variables at specific time instances, we want to
evaluate this over all such possible realizations, we therefore consider

EZN ∼µZn
[W1(µt

X(ZN), µX(ZN))]. (4.29)

As mentioned, when introducing the concept of GAN, µX is approximated by a
neural network and we denote its parameters as γ(g). The general approach is to
use a neural network for φ as well. This network is parameterised by γ(d). We then
get the following loss function

l(γ(g), γ(d)) = EZN ∼µZN

[
Eµt

X(ZN )[φ(X; γ(d))]− EµX(ZN ;γ(g))[φ(X; γ(d))]
]
. (4.30)

This would lead to the following min-max problem for the conditional WGAN.

min
γ(g)

max
γ(d)

l(γ(g), γ(d)). (4.31)

There are several reasons for not using this approach. Firstly, it is problematic
having two networks competing with each other, and there can be slow convergence
for the optimization problem. Secondly, Wasserstein GAN has, in some settings,
a hard time capturing temporal dependence of joint probability distributions, ac-
cording to [1]. This is important as we are considering entire paths and not just
marginal distributions. Thirdly, it is cumbersome to enforce a neural network to
be a Lipschitz function. However, there exists several approaches to address this,
for example gradient penalty, weight clipping, or more advanced approaches such
as spectral normalization found in [13] and Lipschitz constant constrainer found in
[14]. Lastly, even if it possible to enforce Lipschitz continuity, the network might
not cover the entire space of Lipschitz functions.
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4.4.2 Signature space
With these problems in mind, we consider another metric which has previously been
introduced - the signature Wasserstein-1 (Sig-W1) metric. As previously seen, using
the notation of µ and ν for distributions, it is defined as

W Sig space
1 (µ, ν) = sup

||f ||Lip≤1
ES∼µ[f(S)]− ES∼ν [f(S)]. (4.32)

In Section 3.3 it is shown it can be approximated as

Sig-W1(µ, ν) = ||EX∼µ[S(X)]− EX∼ν [S(X)]||p (4.33)

and by considering the truncated signature it reads

Sig-W1(µ, ν) ≈ Sig-W m
1 (µ, ν) = ||EX∼µ[Sm(X)]− EX∼ν [Sm(X)]||p. (4.34)

Changing back to the notation for conditional distributions, we get the following
loss function for a conditional WGAN in signature space

EZN ∼µZN

[
Sig-W m

1 (µt
X(ZN), µX(ZN ; γ))

]
= EZN ∼µZN

[
||EX∼µt

X(ZN )[Sm(X)]− EX∼µX(ZN ;γ)[Sm(X)]||p
]
.

(4.35)

The difference in the signature space is that we only have one network to train,
which is parameterised by γ. This means that the problem with slow convergence
coming from two networks competing against each other is eliminated.

To evaluate the expression in (4.35) we need to, in some way, evaluate true con-
ditional expected values. In some settings it is possible to analytically derive the
conditional model that generated the data; one such example is when the data is
generated by a Brownian motion (derivation of this is found in Section 2.3.3). How-
ever, if the model is assumed to be unknown (as in this project), or it is impossible
to derive it analytically, another way of evaluating this needs to be considered. The
approach considered in this report is presented in the following section.

4.5 Approximation of conditional expected value
by a neural network

We consider the setting where we have a random variable X, such that E[X2] <∞,
and Y is F -measurable with E[Y 2] <∞. Then we have the following relation (which
is proved in [15])

E[(X − Y )2] ≥ E[(X − E[X|F ])2], (4.36)

where equality is achieved if and only if Y = E[X|F ]. The interpretation of this is
that the conditional expectation is the orthogonal projection of X to the space of
squared integrable random variables on the probability space with F as σ-algebra.
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This means the conditional expectation can be obtained by considering the left hand
side as a minimization problem, i.e.,

min
g is measurable

E[(X − g(Y ))2] = E[(X − E[X|Y ])2] (4.37)

The left hand side is considered as the loss function for the neural network Φ(Y )
which is trained to replicate g(Y ). In our setting, since we are approximating the
true signature conditioned on zN , Φ(zN) is trained by the loss function

1
N

N∑
i=1
||Sm(X(i))− Φ(z(i)

N )||2, (4.38)

where N is the sample size used to approximate the expected value using the Monte
Carlo method.
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In this section we present and discuss the implementation of the neural SDE and
all intermediate results leading up to the final design. This highlights troubles that
were encountered during the process and motivates choices made along the way.

5.1 Summary of the problem
Remember, we assume the data are generated by the following model

dXt = µ(Xt, t) dt + σ(Xt, t) dWt t ∈ [0, T ], X0 = x0

Zn = Xtn + Vn, n = 1, ..., N.
(5.1)

Here Vn ∼ N (0, σ2
Z) is the measurement noise. The goal is, given a set of observations

zN of the random variable ZN , to train a neural SDE that can generate paths that
approximate the Law µt

X(zN). The neural SDE is defined by

dX̃t = µ̃γi
(t, X̃t, zi:N) dt + σ̃γi

(t, X̃t, zi:N) dWt, t ∈ (ti−1, ti], i = 1, 2, ..., N

X̃0 = x0
(5.2)

and the Law of its generated paths is denoted as µX(zN ; γi). More specifically, the
neural SDE is represented by the two sets of networks µ̃γi

and σ̃γi
, corresponding

to the drift and diffusion networks in each interval (ti−1, ti], respectively. The rea-
soning for the notation X̃t is to show that it is a new process, conditioned on the
realizations zN . This means that when the notation X̃t is used in the text, it should
be seen as paths sampled from the neural SDE.

The neural SDE can in theory handle an arbitrary amount of future observations due
to the different parameterization γi for each possible number of future observations.
However, due to computational reasons, in this project we assume that only a fixed
number of future observations have an impact. This means that only one network
for the drift and diffusion each needs to be implemented. Henceforth, these are
denoted to be parameterized by γ and the Law of its generated paths as µX(zN ; γ).
For the first investigations in Section 5.6, only one future observation is considered.
The model is extended to handle four future observations in Section 5.6.2.5.
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According to (2.31) only the drift term, if the diffusion term is assumed to be known,
needs to be modelled as a neural network. However, in the case of no noise and a
larger time step, the dynamics can be extreme and numerical approximations can
be bad, which is discussed in Section 5.5. By modelling σ as a neural network, the
neural SDE is allowed more flexibility to describe the dynamics. The conclusion is
therefore to always model σ as a neural network.

The networks are trained using the Sig-W m
1 metric defined in (4.35). This means

we have the following loss function

γ 7→ EzN ∼µZN

[
||Φ(zN)− EX∼µX(ZN ;γ)[Sm(X̃)]||p

]
. (5.3)

Here Φ(zN) is trained beforehand (the true conditional expected signature) as de-
scribed in Section 4.5. We make the following Monte Carlo approximation for the
outer expectation

1
N

N∑
j=1
||Φ(z(j)

N )− E
X̃∼µX(z(j)

N ;γ)[S
m(X̃)]||p (5.4)

where N stands for the number of samples, henceforth referred to as the batch
size and m is the order of the truncation considered. The inner expectation is also
approximated using the Monte Carlo method and more specifically as

E
X̃∼µX(z(j)

N ;γ)[S
m(X̃)] ≈ 1

M

M∑
i=1

Sm(X̃(i,j)). (5.5)

Henceforth, M is referred to as the number of Monte Carlo samples.

Using the above, we end up with the loss function for training our neural SDE

γ 7→ 1
N

N∑
j=1
||Φ(z(j)

N )− 1
M

M∑
i=1

Sm(X̃(i,j))||p. (5.6)

From the derivation of the Wasserstein distance in the signature space, we have the
parameter p, which could be arbitrarily chosen, at least such that p > 1. However,
in this project we do not focus on finding the best p, but we have simply chosen the
most natural one p = 2.

5.2 Programming language and packages
We are using Python for all implementations. Python is known to not perform at
par with low-level programming languages such as C. However, since most of the
computational resources used are in existing packages which has been written in
C, this is not problematic. The primary packages that are used are PyTorch and
signatory. PyTorch is a machine learning package that utilizes CUDA, which enables
the possibility of making fast parallel computations on the GPU. It is user-friendly
and contains a considerable amount of already implemented network architecture.
The other crucial package, signatory, utilizes fast computation on the GPU for
calculating the (truncated) signature transformation of paths being piecewise linear
interpolations of discrete time series.
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5.3 General network architecture
All networks, if nothing else is mentioned, are parameterised as MLPs, possibly
with different number of layers and neurons in each layer. Each network could have
different input size, depending on which inputs are deemed necessary and how the
dependency of zN is implemented. This dependency is discussed in Section 5.6.
The chosen activation function for the MLPs is the rectified linear unit (ReLU)
activation function which is defined as

ReLU(x) = max(0, x). (5.7)

ReLU is a popular choice, mostly due to its efficient computation, sparse activation
and scale-invariancy [16]. It also performed well in this project, which is why no
other activation function is used.

All networks are trained using the ADAM-optimizer, utilizing mini-batches and
adaptive learning rates. This means the training is not as prone to choosing a bad
learning rate and therefore avoids local optimas, which was discussed in Section 4.2.
The hyper-parameters are set to the standard values presented in that section. If
nothing else is mentioned, a mini-batch size of 64 is always used.

5.4 Generating data
The first step of training the neural SDE is to generate the training data. This is
done by sampling from an SDE with the Euler–Maruyama method, introduced in
Section 2.2. Notice that the noise level for observations and time step size are easily
adjustable.

5.5 Implementation of the true conditional ex-
pected signature

The neural SDE should replicate the true distribution by evaluating signatures. This
means that the network Φ for estimating the true conditional expected signature
needs to perform well, i.e., it needs to be expressive enough to represent signatures.
The chosen approach is to make Φ adaptive to the dimension of the signature. More
specifically, it is built using three layers, each with size 3 · dim(Sm(X̃)). If nothing
else is specified, a truncation of degree four is used (m = 4). This means that, as
each path is augmented with time and quadratic variation, each layer consists of
360 neurons. The network is trained with the loss function described in (4.38).

It is difficult to quantify how well this network performs, since we generally cannot
sample from the true conditional distribution. However, as derived in Section 2.3.3,
in the case when the underlying SDE is that of a Brownian motion, we can sample
from the conditional SDE. By sampling from this SDE, we can estimate the condi-
tional expected signature with the Monte Carlo method. In this section, Brownian
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motions in the time range [0,3] and with 7 observations (every half time unit) are
used.

In Table 5.1 the average distance (ℓ2 distance) between the output of the network
and the expected signature from conditionally generated paths for two different time
steps and two different noise levels are shown. This is done relative to the ℓ2 norm of
the expected signature from conditionally generated paths. To visualize these results
we can, given a specific series of observations, plot the output of the network and
the expected signature of conditionally generated paths. This is done in Figure 5.1.
Note that the network Φ is always trained using paths sampled with the larger time
step, however, it is possible to use Φ with observations from a path sampled with a
smaller time step, given that the observations occur at the same time instances.

(a) Noise level σZ = 0, time step
dt = 0.01.

(b) Noise level σZ = 0, time step
dt = 0.001.

(c) Noise level σZ = 0.2, time step
dt = 0.01.

(d) Noise level σZ = 0.2, time step
dt = 0.001.

Figure 5.1: Comparison of the conditional expected signature approximated
using the network Φ and using conditionally generated paths.

38



5. Investigations for conditional Brownian motion

Table 5.1: Table showing the average relative distance in the ℓ2-norm (and its
standard deviation) between the output of Φ and the expected signature of
conditionally generated paths. This is done for two noise levels and two time steps.
The underlying paths are Brownian motions in the time interval [0,3] with 7
observations. 100 samples are used for computing the average. All values are
multiplied with a factor 104.

l2 distance dt = 0.01 dt = 0.001
σZ = 0 3.2 (1.6) 0.44 (1.0)

σZ = 0.2 0.99 (0.65) 0.38 (0.56)

There is a clear difference in performance when comparing the different time steps.
In the case of the smaller time step dt = 0.001, the output from the network and the
expected signature from conditionally generated paths are similar, while in the case
of the larger time step dt = 0.01, they are not as similar. The reason it differs is
due to the approximation errors of the quadratic variation, which is discussed below.

The network Φ is trained using unconditional paths, which on average obtains the
correct quadratic variation (three in this case). The generated conditional paths
consistently acquire bad approximations of it, due to numerical errors. The size of
these errors are shown in Table 5.2. The extreme dynamics of the conditional paths
mean they obtain almost singular drift terms near observations. When the path
closes into an observation, the drift goes to infinity (in mean-reverting sense), while
the diffusion term is constant. The extreme drift term leads to the Euler–Maruyama
method being a bad numerical approximation, and in turn the quadratic variation
is badly approximated. When adding noise, the drift does not become singular,
although still extreme, which leads to the approximation not being as bad. Since
the quadratic variation is on average correct when training Φ, it is reasonable to
assume that the output of this network is more correct than what is obtained from
the generated conditional paths.

Table 5.2: Table showing the average quadratic variation (and standard
deviation) for two noise levels and two time step sizes. The quadratic variation is
estimated by sampling both unconditional and conditional paths. The underlying
paths are Brownian motions in the time interval [0,3] with 7 observations. 100
samples are used for the computations.

Quadratic Variation σZ = 0 σZ = 0.2
dt = 0.01 dt = 0.001 dt = 0.01 dt = 0.001

Unconditional Paths 3.00 (0.24) 3.00 (0.07) 3.00 (0.24) 3.00 (0.08)
Conditional Paths 3.32 (0.27) 3.05 (0.08) 3.15 (0.26) 3.02 (0.08)

5.6 Implementation of the neural SDE
To be able to sample paths from the neural SDE an initial value is needed. In
this project, the initial condition is assumed to be known. The networks for the
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drift and diffusion terms need to be explanatory enough to be able to represent the
structures of a conditional SDE. They have both been constructed using six layers
with 60 neurons in each. This has shown to be large enough to learn desired patterns.

The neural SDE is trained using the loss function in (5.6), with a varying amount of
Monte Carlo samples. With a low amount of Monte Carlo samples, the variability
in the approximated expected signature is higher, which could help avoiding local
optimas. Therefore, by incorporating a training scheme with different Monte Carlo
sample sizes, it is possible to in a more consistent way avoid getting stuck in local
optimas. The scheme makes use of Monte Carlo sample sizes in the range of 16 to
2048. During training, a time step size of 0.01 is used. Training with a smaller time
step is not possible in this project due to the computational load.

The purpose of the neural SDE is to replicate the conditional distribution given
a series of observations. Naturally, one of the main problems of implementing the
neural SDE is how to incorporate the dependency of the observations. Several ap-
proaches to this have been tried. Before describing our final implementation and
evaluating its performance, approaches considered during the project are next dis-
cussed.

5.6.1 Initial approach for handling observations
The initial plan was to make use of an LSTM network to handle the observations.
This is a special type of recursive neural network that updates its so called ”hidden
state” at the time of each new observation [17]. It would be able to handle an
arbitrary number of observations, since the number of parameters in the network is
not affected by adding more observations. The idea was to use a bidirectional LSTM
such that the neural SDE can use information both from the past and future. More
technically, at time steps between observation Zi and Zi+1, µ̃γ and σ̃γ would take
the i:th hidden state from the forward LSTM (all past information) and the i + 1:th
hidden state from the backward LSTM (all future information) as input. This
approach is quite intuitive and is illustrated in Figure 5.2. However, training the
neural SDE, when constructed this way, proved to be difficult. The exact reason is
though not clear; one possible explanation being that an LSTM cannot represent all
the characteristics of the observations needed. We have chosen not to add results
from this approach since they are deemed too poor.

5.6.2 Using the observations directly
As the initial approach failed, the neural SDE was simplified to use the observations
directly as input. Three approaches are presented and discussed in the following
(sub-)sections.

In the development of the following approaches, Brownian motions
dXt = dWt, t ∈ [0, 1]; (5.8)

Z1 = X1 +N (0, σ2
Z), (5.9)
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Figure 5.2: The concept of the Neural SDE using LSTM networks for
observations visualized.

are used as training example. The analytical conditional SDE can be derived in this
case. In this derivation, we have two settings to consider: observations with and
without noise. In the case without measurement noise, the only dependency of the
drift term is the current state and the successive observation. However, in the case
with measurement noise, the dependency is on all future observations.

The drift term for the neural SDE to learn in this first test case (t1 = 1) is

X̄t = z1 −Xt

σ2
Z + t1 − t

. (5.10)

The term is taken from (2.43).

5.6.2.1 Standard approach

The first approach, which we refer to as the standard approach, is implemented with
the drift and the diffusion networks receiving the tuple (Xt, t, z1, t1) as input. Notice
that σZ is not given as input. Optimally, the drift network should learn to combine
the inputs to replicate the drift coefficient in (5.10). Remember that the drift term
becomes singular (in a mean-reverting sense) at t = t1 if σZ = 0. This means that
all paths should go exactly through z1, but, due to the discretization, this is not the
case.

The distribution through time, in the case of no noise, when sampling from the
neural SDE and when sampling from the analytical conditional SDE, can be seen in
Figure 5.3. In the figures, the true underlying path that generated the observation
is also visualized. This path is, however, unknown for both the neural SDE and the
analytical conditional SDE. The resulting distributions when adding measurement
noise (σZ = 0.2) can be seen in Figure 5.4.
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(a) Distribution of generated paths from
neural SDE when trained with input
tuple (Xt, t, z1, t1).

(b) Distribution of generated paths from
analytical conditional SDE when
conditioning on z1.

Figure 5.3: Distribution of neural SDE and analytical conditional SDE when
sampling with time step dt = 0.01. No measurement noise.

(a) Distribution of generated paths from
neural SDE when trained with input
tuple (Xt, t, z1, t1).

(b) Distribution of generated paths from
analytical conditional SDE when
conditioning on z1.

Figure 5.4: Distribution of neural SDE and analytical conditional SDE when
sampling with time step dt = 0.01. Measurement noise σZ = 0.2.

We can see that the neural SDE does not learn to shrink the distribution towards
the observation at t = 1 in the case with no noise. The case when measurement
noise is added, should be easier to solve, since measurement noise has a regularizing
effect on the drift term. However, the neural SDE does not show any tendency to
shrink the distribution in this case either. To visualize this better, the distributions
in the case of no noise, at two different times t = 0.5 and t = 0.97, is shown in
Figure 5.5. From this it is clear that the neural SDEs has difficulties narrowing the
distribution.

The reason for why the neural SDE does not perform as expected is examined
by the following approaches considered. An initial guess is that the optimizer gets
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stuck in a local optima. To avoid this, a possible solution is to consider giving the
neural SDE help during training, such that it finds the correct solution.

(a) Distribution at t = 0.5. (b) Distribution at t = 0.97.

Figure 5.5: Distribution at two different times of the standard neural SDE and
the analytical conditional SDE when sampling with time step dt = 0.01.
Measurement noise σZ = 0.0.

5.6.2.2 Help term approach

Given the result from the standard approach, a natural approach would be to give
the analytically calculated drift term as input to the neural SDE. In other words,
the tuple (Xt, t, z1, t1, X̄t) where X̄t is calculated as in (5.10), is used as input to
the neural SDE. This approach will be called the help term approach. The training
procedure is the same as for the standard approach.

The distribution through time, in the case of no noise, when sampling from the
neural SDE with the help term and when sampling from the analytical conditional
SDE, can be seen in Figure 5.6. The resulting distributions when adding measure-
ment noise (σZ = 0.2) can be seen in Figure 5.7.

(a) Distribution of generated paths from
neural SDE when trained with input
tuple (Xt, t, z1, t1, X̄t).

(b) Distribution of generated paths from
analytical conditional SDE when
conditioning on z1.

Figure 5.6: Distribution of neural SDE and analytical conditional SDE when
sampling with time step dt = 0.01. No measurement noise.
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(a) Distribution of generated paths from
neural SDE when trained with input
tuple (Xt, t, Z1, t1, X̄t).

(b) Distribution of generated paths from
analytical conditional SDE when
conditioning on z1.

Figure 5.7: Distribution of neural SDE and analytical conditional SDE when
sampling with time step dt = 0.01. Measurement noise σZ = 0.2.

(a) Distribution at t = 0.5. (b) Distribution at t = 0.97.

Figure 5.8: Distribution at two different times of the neural SDE with the extra
help term and the analytical conditional SDE when sampling with time step
dt = 0.01. Measurement noise σZ = 0.0.

The distributions are very similar, both with and without noise. This suggests that
the neural SDE prefers to squeeze the distribution (achieves lower loss), since it
otherwise would ignore the input X̄ and perform as in the standard approach. To
better visualize the narrowing of the distribution, two histograms at times t = 0.5
and t = 0.97 are shown in Figure 5.8. These results indicate that the problem either
lies within the optimization (meaning that the neural SDE gets stuck in a local
optima) or that the network cannot represent the structure of the conditional drift
term.

Notice that the help term approach is, however, not valid as final implementation.
First of all, we assume that the measurement noise is known which generally is not
true. We also assume that all paths are generated from a Brownian motion and only
has one observation in the end, which means that the performance of the neural SDE
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in another setting, could be poor. An approach that helps the training of the neural
SDE, without these assumptions, is introduced next.

5.6.2.3 Pre-trained approach

The third approach considered, called the pre-trained approach, is to train the drift
network beforehand to replicate the analytical drift term of a Brownian motion con-
ditioned on measurements. The idea is, that by providing a good initial state for
the parameters (of the drift network), the neural SDE can be adequately trained
against other SDEs without getting stuck in local optimas.

The pre-training of the drift term, µ̃γ, is performed by minimizing the expression

γ 7→ 1
N

N∑
i=1

Nt∑
j=1

(
µ̃γ(X i

tj
, ti

j, zi
1, t1)−

zi
1 −X i

tj

σ2
Z + t1 − ti

j

)2

. (5.11)

Here N is the batch size and Nt is number of time instances considered. During this
training, a value of σZ = 0.1 is used, even though the correct value in this context
is either σZ = 0.0 or σZ = 0.2. The reason for using an approximately correct σZ

is that in practical applications, it is often possible to achieve a reasonable approx-
imation of this value.

After having pre-trained µ̃γ, the neural SDE is trained using the same procedure as
the two previous approaches. The hope is that, despite being pre-trained with an
incorrect σZ , the neural SDE will able to learn the correct dynamics without getting
stuck in local optimas.

The reason for not pre-training σ̃ is because it can easily learn the correct one
due to augmenting with the quadratic variation. Additionally, we do not know the
desired structure of σ̃ in each setting, due to numerical simulation errors (which has
been discussed).

The distribution, in the case of no noise, when sampling from the neural SDE with
a pre-trained drift and when sampling from the analytical conditional SDE, can be
seen in Figure 5.9. To better visualize that the pre-trained neural SDE squeezes the
distribution, the distribution at times t = 0.5 and t = 0.97 are shown in Figure 5.11.
The resulting distribution when adding measurement noise (σZ = 0.2) can be seen
in Figure 5.10. The pre-trained neural SDE replicates the desired distribution in a
similar manner as the help term approach.
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(a) Distribution of generated paths from
neural SDE when drift-network is
pre-trained.

(b) Distribution of generated paths from
analytical conditional SDE when
conditioning on z1.

Figure 5.9: Distribution of neural SDE and analytical conditional SDE when
sampling with time step dt = 0.01. No measurement noise.

(a) Distribution of generated paths from
neural SDE when drift-network is
pre-trained.

(b) Distribution of generated paths from
analytical conditional SDE when
conditioning on Z1.

Figure 5.10: Distribution of neural SDE and analytical conditional SDE when
sampling with time step dt = 0.01. Measurement noise σZ = 0.2.
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(a) Distribution at t = 0.5. (b) Distribution at t = 0.97.

Figure 5.11: Distribution at two different times of the neural SDE with the extra
help term and the analytical conditional SDE when sampling with time step
dt = 0.01. Measurement noise σZ = 0.0.

5.6.2.4 Comparing the approaches

We also compare the three approaches quantitatively. This is done by evaluating the
average test loss for each approach. We also compare them against paths sampled
from the analytical conditional SDE.

The average test loss in the four cases with a time step dt = 0.01 are visual-
ized in Figure 5.12. As previously mentioned we can sample paths from the neural
SDEs with a smaller time step (if observations occur at the same time instances). We
therefore also consider the average test loss when paths are sampled with dt = 0.001.
The result from this can be seen in Figure 5.13.
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Figure 5.12: Average test losses of the three approaches for the neural SDE and
for analytically generated conditional paths. Time step size dt = 0.01.
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Figure 5.13: Average test losses of the three approaches for the neural SDE and
for analytically generated conditional paths. Time step size dt = 0.001.

In the case of the time step dt = 0.01, it is clear that the help term and pre-trained
approaches have a lower test loss than the standard approach. This strengthens the
idea that the optimizer cannot find the global optima without help.

Interestingly, the case when paths are generated from the analytical conditional
SDE, and the time step size is 0.01, results in the highest loss (almost in the case of
noise as well). As discussed in Section 5.5, this is most likely due to numerical errors
in the approximation of the quadratic variation, since analytically generated con-
ditional paths consistently obtain a poor approximation of the quadratic variation.
The poor approximation is due to the Euler–Maruyama method being used with a
too large time step in relation to the drift values. The neural SDE aims to obtain
the correct quadratic variation. It achieves this by slightly lowering the value of σ̃γ

component. This behaviour is visualized in Figure 5.14, both for the cases with and
without noise. This leads to, according to the loss function, a better approximation.
The conclusion of this analysis is that it is smart to, even if σ is assumed to be
known, parameterize the diffusion coefficient as a neural network such that it can
adapt according to what is best for replicating the data for a specific setting.

In the setting where dt = 0.001, the analytical conditional SDE obtains the lowest
test loss. In this scenario, it does not suffer as much from the numerical errors.
At the same time, the neural SDEs have not been trained with this time step size,
meaning that they do not perform as well as when dt = 0.01. It is, however, still
clear that the neural SDE performs better when receiving help in training.
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(a) No measurement noise (b) Measurement noise σZ = 0.2

Figure 5.14: Average diffusion value of pre-trained neural SDE and analytical
solution for two different noise levels. Time step size dt = 0.01.

The conclusion of the attempted approaches is that the pre-trained approach, due
to its good performance and flexibility, is the best one. Before choosing this as our
final implementation, the example is extended to more than one observation.

5.6.2.5 More than one observation

Extending the neural SDE to handle more than one observation requires modifica-
tions. First of all, since the drift term at any time t ∈ (ti−1, ti] depends on all future
observations zi:N (unless σZ = 0), the neural SDE would need different sized inputs
in each interval. In other words, several drift and diffusion networks need to be
implemented. As mentioned earlier, due to time limitations of the project, it was
decided to do a simplified version of this; only one network for each term (one for
the drift coefficient and one for the diffusion coefficient), that always takes a fixed
number of future observations. This is a reasonable approach due to the fact that
the most vital information for simulating the next value of a path lies in the closest
(future) observations. We have chosen to always consider four future observations.
The neural SDE can be written as

X̃t = µγ(t, X̃t, zi:i+3) dt + σγ(t, X̃t, zi:i+3), t ∈ (ti−1, ti], i = 1, 2, ...N − 3
X̃0 = x0

(5.12)

The pre-training is also modified, such that the term corresponding to the analytical
drift term in the loss function in (5.11), is replaced with the drift term corresponding
to four future observations. For the terms added, see (2.43).

For the following results, the underlying paths are Brownian motions extended to
the time frame t ∈ [0, 3], with 7 observations (at each half time unit). This means
we can consider paths up to t = 1.5, since we always need four future observations.
The distribution, in the case of no noise, when sampling from the neural SDE with
a pre-trained drift and when sampling from the analytical conditional SDE, can be
seen in Figure 5.15. Notice that the drift term in this case only depends on the next
observation. The resulting distributions when adding measurement noise (σZ = 0.2)
can be seen in Figure 5.16.

49



5. Investigations for conditional Brownian motion

(a) Distribution of generated paths from
neural SDE when drift-network is
pre-trained.

(b) Distribution of generated paths from
analytical conditional SDE when
conditioning on Z1.

Figure 5.15: Distribution of neural SDE and analytical conditional SDE when
sampling with time step dt = 0.01. No measurement noise.

(a) Distribution of generated paths from
neural SDE when drift-network is
pre-trained.

(b) Distribution of generated paths from
analytical conditional SDE when
conditioning on Z1.

Figure 5.16: Distribution of neural SDE and analytical conditional SDE when
sampling with time step dt = 0.01. Measurement noise σZ = 0.2.

The pre-trained neural SDE clearly obtains a similar distribution as the analytical
conditional SDE, both with and without noise. The conclusion is that the pre-
trained approach is an adequate implementation of the neural SDE, and is therefore
our chosen approach.
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6
Results for conditional nonlinear

SDE

In this chapter the performance of the neural SDE is compared to that of a particle
filter. Since most applications involve targets moving according to a nonlinear tra-
jectory, the underlying dynamics considered here are nonlinear. More specifically,
we consider two nonlinear examples. The most interesting example of these is when
the data are described by a bimodal distribution, which could correspond to a target
turning either left or right. We conclude this section with a discussion regarding
further developments that could be considered and make a conclusion of the entirety
of the project.

6.1 Comparison against particle filter
A particle filter is a sequential Monte Carlo method to solve the filtering problem.
It does this by propagating particles forward in time, using an SDE model, and as-
signing them weights based on the likelihood of an observation given each particle.
Resampling is then performed to focus on particles with larger weight. The method
can be extended to also solve the smoothing problem by, after filtering, propagat-
ing the particles backwards, computing smoothed weights. This method is called
Forward-Backward smoothing. The smoothed particles approximate the smooth-
ing distribution. For further explanation of particle filters and Forward-Backward
smoothing, see Appendix B.

In this project, a particle filter and smoother with 5000 particles was used. This
provided an adequate solution to the filtering and smoothing problems. Given that
the particle filter and smoother knows the exact underlying model, the problems are
solved exactly, at least as the number of particles goes to infinity. This means that
the particle filter and smoother is a tough benchmark for the neural SDE.

As concluded in Chapter 5, the pre-trained approach is the final implementation
of the neural SDE. All results in this chapter are generated with this approach and
the time step dt = 0.01.

6.1.1 Nonlinear dynamics
To determine whether the neural SDE can learn nonlinear dynamics, the SDE

51



6. Results for conditional nonlinear SDE

dXt = (−10X3
t − 5X) dt + 0.5 dWt, t ∈ [0, 1.5]; (6.1)

Z1 = X1.5 +N (0, σ2
Z), (6.2)

is used. We condition on one observation z1 at t = 1.5 with the measurement noise
set to σZ = 0.2. This is a mean reverting SDE centered around Xt = 0. The drift
term grows in a nonlinear manner as the path drifts away from zero, meaning that
to replicate the true distribution, the neural SDE has to learn a nonlinear drift term.

The unconditional distribution of the SDE is visualized in Figure 6.1. Meanwhile,
the resulting distribution of the neural SDE and the conditional distribution of X
when estimated with a particle filter can be seen in Figure 6.2. In Figure 6.3 we
can see the marginal distributions at time t = 1.5. For a quantitative measure of
performance, on the path space, the average Wasserstein-1 distance between the
marginal distributions of the neural SDE and the particle filter is calculated. This
is shown in Figure 6.4.

Figure 6.1: Distribution of X from the nonlinear SDE in (6.1).
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(a) Distribution of generated paths from
neural SDE.

(b) Distribution of generated paths from
particle filter.

Figure 6.2: Distribution of neural SDE and particle filter when sampling with
time step dt = 0.01. Measurement noise σZ = 0.2.

Figure 6.3: Distribution at time t = 1.5 of the neural SDE and particle filter.
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Figure 6.4: Average Wasserstein-1 distance between the marginal distributions of
the pre-trained neural SDE and particle filter in the case of the nonlinear
mean-reverting SDE in (6.1). Due to the large computational cost of the particle
filter, only 10 samples are used to calculate the average.

We can see that the resulting distribution of paths generated from the neural SDE
is similar, but not identical, to that of the particle filter. The distribution is slightly
more concentrated (lower variance) for the neural SDE compared to the particle
filter. The conclusion, keeping in mind that the particle filter knows the underly-
ing model, is that the neural SDE solves the nonlinear smoothing (and filtering in
this case) problem well. A method to improve the capability to capture nonlinear
dependencies is discussed in Section 6.2.

6.1.2 Bimodal distribution
To test whether the neural SDE can learn a bimodal distribution, the nonlinear SDE

dXt = (−4X3
t + 6Xt) dt + 0.5 dWt, t ∈ [0, 1.5];

Z1 = X1.5 +N (0, σ2
Z),

(6.3)

is considered. This SDE has a clear bimodal distribution which is visualized in Fig-
ure 6.5. Again, one measurement z1 at t = 1.5 is considered. However, in this case
the measurement noise is set to σZ = 2.0. By considering larger measurement noise
it is possible to achieve an observation which is in the middle of modes. Conditioning
on this observation yields almost no information of which mode the true path belongs
to, meaning the conditional distribution is almost the same as the unconditional one.

When conditioning on such an observation, the resulting distribution when sam-
pled from the neural SDE and the conditional distribution estimated with a particle
filter, can be seen in Figure 6.6. Notice that even though the underlying path is in
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the lower mode, the particle filter finds it more probable that the path was in the
upper node, which is due to the observation being closer to that mode. In Figure 6.7
we can see the marginal distributions at time t = 1.0. The average Wasserstein-1
distance between the marginal distributions of the neural SDE and the particle filter
is shown in Figure 6.8.

Figure 6.5: Distribution of X from bimodal SDE in (6.3).

(a) Distribution of generated paths from
neural SDE.

(b) Distribution of generated paths from
particle filter.

Figure 6.6: Distribution of neural SDE and particle filter when sampling with
time step dt = 0.01. Measurement noise σZ = 2.0.
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Figure 6.7: Distribution at time t = 1.0 of the neural SDE and particle filter.

Figure 6.8: Average Wasserstein-1 distance between the marginal distributions of
the pre-trained neural SDE and particle filter in the case of the bimodal SDE
(6.3). Due to the large computational cost of the particle filter, only 10 samples
are used to calculate the average.

We can see that the neural SDE does learn to represent a bimodal distribution,
although not as good as the particle filter. The fact that the neural SDE is able to
represent any form of bimodal distribution is seen as a success, as it was unclear
whether expected signatures could capture this behaviour. Still, there is room for
improvement. The average Wasserstein-1 distances are large, at least compared to
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those seen in Section 6.1.1, which confirms that the bimodal distributions are not
very similar.

An important take from the evaluation of the bimodal nonlinear SDE, is the amount
of time needed to train the neural SDE. To achieve the results presented, the neural
SDE had to train for a considerable amount of more epochs than in previous exam-
ples. This means that, as the underlying SDE becomes increasingly complex, the
neural SDE has to train for longer periods to represent the complex structure. Al-
though training the model may need some time, evaluating it for a set of observations
is almost instantaneous. The particle filter on the other hand is computationally
heavy. If it is possible to increase the accuracy in the nonlinear cases to the level
of a particle filter, the neural SDE could be a superior modelling choice due to the
possibility of instantaneous sampling.

6.2 Sweeping window
The results show that the neural SDE has a somewhat difficult time learning non-
linear dynamics, especially in the case of the bimodal distribution. The reason for
this is that the loss while training is not significantly lower for paths generated with
the particle filter compared to paths generated from the neural SDE, meaning that
the correct solution is not the best one according to the loss function. One possible
reason for this could be that truncated signatures are considered. The signature
transformation is always considered for entire paths, and characteristics that are
captured in the higher order terms could be lost due to truncation, despite augmen-
tations made to mitigate this.

A possible solution to further mitigate this loss might be to consider the signa-
ture on smaller parts of the path. The (truncated) signature would then be able
to capture more of the dynamics specific to that part of the path in lower order
terms. This would make the information loss when truncating not as severe, and
could allow for easier and more precise learning for the neural SDE. Our proposed
approach is a moving window that calculates the signature of the segment of the
path that is inside the window. The window would then sweep over the entirety
of the path. The loss for each window is calculated in the same way as previously
described in the thesis, but the sum of the losses from each window is considered.
This means that we end up with the following loss function

γ 7→
NW∑
k=1

1
N

N∑
j=1
||Φk(z(j)

N )− 1
M

M∑
i=1

Sm(X̃(i,j)
k )||p, (6.4)

where NW is the number of windows. In this scenario Φk estimates the conditional
signature of the segment of the path that is inside the k:th window. The segment
of the path inside the window is denoted as X̃k. Notice that NW depends on two
parameters: the window size and the stride. The window size is how many data
points of the path the signature transformation is applied on and the stride is the
number of steps the window take each time. This means that each data point is (if
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the stride is less than the size of window) considered more than one time. Notice as
well that this method is similar to the approach considered in [1]. They obtained
promising results, which advocates for this approach.

Implementing the neural SDE with this sweeping window would most likely im-
prove the results obtained in Section 6.1.1 and Section 6.1.2. However, it would
also come with a greater computational cost. Several Φ-networks would need to be
trained and the number of signature calculations would increase. This is mainly the
reason why the sweeping window was not utilized in this thesis. However, we did
an example of a nonlinear SDE in time to see if the approach should be examined
further. The SDE considered is

dXt =
(

1 + 5 sin(2πt)− Xt

2− t

)
dt + dWt, t ∈ [0, 2], X0 = 10

Z1 = 0.
(6.5)

This unconditional SDE could be seen as a conditional SDE where each path goes
through 0 at t = 2. The pre-training was performed in the usual manner as de-
scribed in Section 5.6.2.3.

The resulting distribution from the neural SDEs implemented with a sweeping win-
dow, the distribution from the pre-trained neural SDE and the true distribution can
be seen in Figure 6.9.

The results strengthen the idea to further investigate the sweeping window approach.
However, the sweeping window method has a difficult time squeezing the distribu-
tion towards t = 2, much like the standard approach. Incorporating it together with
pre-training could prove successful and is something to consider in further work.
Furthermore, if implemented in such a way that is considered in [1], having to train
several Φ networks could be avoided, but that is just speculative.
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(a) Distribution of paths from Neural
SDE, sweeping window (size 11 with
stride 2).

(b) Distribution of paths from Neural
SDE, pre trained approach.

(c) Distribution of true paths sampled
from (6.5).

Figure 6.9: Distribution of two approaches to the neural SDE and the true
distribution. Time step dt = 0.01.

6.3 Further development

The final implementation of the neural SDE has limitations compared what is needed
for real-life application. This means that there are several further developments to
consider.

One of the more straight-forward developments of the current model would be to
have the neural SDE trained against a richer set of SDEs. This would in practice
correspond to having the neural SDE trained against several types of targets. As a
consequence of this, it would not only solve the smoothing problem, but also identify
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what kind of SDE the target is following. Thereby, the neural SDE could solve the
classification problem as well.

Another limitation in this thesis was that X and Z were one-dimensional. Only
extending to a richer space of SDEs would not itself make the neural SDE useful in
practice. The model also need to be scaled up to dimensions representing relevant
physical models. In practice, Z would reside in a lower dimensional (measurement)
space (position, velocity), while X, most likely, would reside in a higher dimensional
(state) space (position, velocity, acceleration). This would introduce problems re-
garding the current approach. More explicitly, the loss function for the pre-training
in (5.11) cannot be used. Another approach for the pre-training would need to be
implemented. Our proposed solution is to estimate X at the time instances where
measurements are made with a neural network. Using these estimates, a similar
pre-training approach could be developed.

Furthermore, a straight-forward extension would be, as discussed in Section 5.6.2.5,
to introduce several drift and diffusion networks to handle a varying number of ob-
servations. This would make the neural SDE able to solve the filtering problem as
well. Additionally, if one introduces networks for the case when there are no future
observations, the prediction problem can be solved too.

Lastly, the SDEs considered in this thesis do not allow for non-continuous jumps.
In real life problems that is plausible, for example if we model acceleration, non-
continuity could be the effect of turning the engine on or off. Considering Lévy
noise (having jumps) would make the neural SDE more expressive, however, since
we discretize the data, it is difficult to see how the neural SDE would differentiate
between this and the stochastic term (if the Lévy noise is not too great).

6.4 Concerns regarding learning uncertainty con-
nected to ODEs

The neural SDEs in this thesis have only been tested when the underlying model
is an SDE. Since SDEs, per definition, have uncertainty in form of a stochastic
component, the neural SDE can learn to replicate this uncertainty. When applying
the neural SDEs to targets in a tracking algorithm, it would need to be trained
against paths that follow real-life dynamics. These dynamics are more similar to that
of an ODE, at least if one disregards small effects such as wind. Given observations
of a path of this kind, the goal would be to model the uncertainty with the stochastic
component. Since there is no stochastic part of the data, the neural SDE would,
however, learn to set the diffusion coefficient to 0, especially since the paths are
augmented with quadratic variation. This means that the neural SDE would not
be able to model any form of uncertainty unless the underlying model actually is
an SDE. When developing the neural SDE towards real-life applications, this is a
problem that needs to be addressed.
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6.5 Conclusion
The purpose of this project was to train a neural SDE such that its distribution
is approximately equal to that of the conditional distribution. Although limited
and simplified, this has been done successfully. With further development needed
to improve the accuracy when the dynamics are nonlinear, the results obtained
indicates that a neural SDE could be a plausible approach for solving the smoothing
problem. However, questions remain whether this will be a valid approach for real-
life applications.
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A
Derivation of the special case of
the Brownian motion and soem

proofs

Consider the setup where we have

dXt = dWt

Zn = Xtn , n = 1, 2, ..., N.

where we want to determine
d
dx

log p(Zi+1:N |Xt+s). (A.1)

To prove this we use the following identity

p(Zi+1:N |Xt) = p(Zi+1|Xt)
N∏

j=i+2
p(Zj|Zi+1:j−1, Xt). (A.2)

With more generic notation for distributions, we have

π(Zi+1:N |Xt) = π(Zi+1|Xt)
N∏

j=i+2
π(Zj|Zi+1:j−1, Xt). (A.3)

We first consider the term in (A.3) that is outside the product, i.e.,

π(Zi+1|Xt). (A.4)

This term can be written as

π(Zi+1|Xt) =
∫

π(Zi+1, Xti+1|Xt) dXti+1 =
∫

π(Zi+1|Xti+1)π(Xti+1|Xt) dXti+1 .

(A.5)
Solving this is done by considering the distribution for each term inside the integral.
The first term is normally distributed with mean Xti+1 and variance σ2

Z . Mean-
while, the second term is normally distributed with mean Xt and variance ti+1 − t.
According to Theorem 10 in Appendix A, we get

π(Zi+1|Xt) = 1√
2π(σ2

Z + (ti+1 − t))
e

− (Zi+1−Xt)2

2(σ2
Z

+(ti+1−t)) . (A.6)
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This is the pdf for the normal distribution with mean Xt and variance σ2
Z +(ti+1−t).

There is only one term left to derive since the generic term in the product can be
defined iteratively. To be specific we want to find

π(Zj|Zi+1:j−1, Xt), ∀j = i + 2, i + 3, ..., N. (A.7)

When doing this we assume that

π(Xtj−1|Zi+1:j−1, Xt) (A.8)

is known, and we define it as

π(Xtj−1 |Zi+1:j−1, Xt) ∼ N(µj−1,(t), σ2
j−1,(t)), (A.9)

which is shown to be true further down in this section. Notice that the mean and
the variance is time dependent. The mean is also dependent on Xt, however that
is left out notation wise to make it more readable. We consider (A.7) which can be
written as

π(Zj|Zi+1:j−1, Xt) =
∫

π(Zj|Xtj−1)π(Xtj−1|Zi+1:j−1, Xt) dXtj−1 . (A.10)

We use the same approach, i.e., we consider the terms separately. The first term is
written as

π(Zj|Xtj−1) =
∫

π(Zj|Xtj
)π(Xtj

|Xtj−1) dXtj
. (A.11)

This integral is solvable, and the resulting distribution is (by using Theorem 10
again)

π(Zj|Xtj−1) = Normal(Zj; Xtj−1 , σ2
Z + tj − tj−1). (A.12)

Because we are considering equidistant time intervals, it can be written as

π(Zj|Xtj−1) = Normal(Zj; Xtj−1 , σ2
Z + ∆t). (A.13)

Here ∆t stands for the size of the time step. The second term was assumed to be
known and therefore we get the following integral to solve∫

Normal(Zj; Xtj−1 , σ2
Z + ∆t)Normal(Xtj−1 ; µj−1,(t), σ2

j−1,(t)) dXtj−1 (A.14)

and with the same argumentation as before, it reads

π(Zj|Zi+1:j−1, Xt) = Normal(Zj; µj−1,(t), σ2
Z + σ2

j−1,(t) + ∆t). (A.15)

For this derivation to be valid, we need to prove that the distribution found in (A.9)
is the correct one, and an iterative formula for the mean and variance needs to be
determined. The term (or rather the term for the following j) can be written as

π(Xtj
|Zi+1:j, Xt) =

π(Zj|Xtj
)π(Xtj

|Zi+1:j−1, Xt)π(Zi+1:j−1|Xt)
π(Zj|Zi+1:j−1, Xt)π(Zi+1:j−1|Xt)

=
π(Zj|Xtj

)π(Xtj
|Zi+1:j−1, Xt)

π(Zj|Zi+1:j−1, Xt)

(A.16)
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and if disregard the denominator we have

π(Xtj
|Zi+1:j, Xt) = π(Zj|Xtj

)π(Xtj
|Zi+1:j−1, Xt). (A.17)

This is possible since the denominator does not depend on Xtj
and therefore does not

affect the distribution. It merely works as a normalization constant and therefore
the equality sign should be seen as equality in distribution. The second term can
be written as

π(Xtj
|Zi+1:j−1, Xt) =

∫
π(Xtj

|Xtj−1)π(Xtj−1|Zi+1:j−1, Xt) dXtj−1 . (A.18)

Both these terms are known which therefore reads

π(Xtj
|Zi+1:j−1, Xt) =

∫
Normal(Xtj

; Xtj−1 , ∆t)Normal(Xtj−1 ; µj−1,(t), σ2
j−1,(t)) dXtj−1

(A.19)
and yields the result

π(Xtj
|Zi+1:j−1, Xt) = Normal(Xtj

; µj−1,(t), σ2
j−1,(t) + ∆t). (A.20)

(A.17) can therefore be written as

π(Xtj
|Zi+1:j, Xt) = Normal(Zj; Xtj

, σ2
Z)Normal(Xtj

; µj−1,(t), σ2
j−1,(t) + ∆t) (A.21)

which with the Normal-Normal conjugacy, see Theorem 11 in Appendix A, it reads

π(Xtj
|Zi+1:j, Xt) = Normal

(
Xtj

;
Zj(σ2

j−1,(t) + ∆t) + σ2
Zµj−1,(t)

σ2
Z + σ2

j−1,(t) + ∆t
,

σ2
Z(σ2

j−1,(t) + ∆t)
σ2

Z + σ2
j−1,(t) + ∆t

)
.

(A.22)
So to summarise, in each step we have the following:

π(Zj|Zi+1:j−1, Xt) = Normal(Zj; µj−1, σ2
Z + σ2

j−1,(t) + ∆t) (A.23)

and the update step

π(Xtj
|Z1:j, Xt) =

=Normal
(

Xtj
;
Zj(σ2

j−1,(t) + ∆t) + σ2
Zµj−1,(t)

σ2
Z + σ2

j−1,(t) + ∆t
,

σ2
Z(σ2

j−1,(t) + ∆t)
σ2

Z + σ2
j−1,(t) + ∆t

)

which more specifically for the mean and variance reads

µj,(t) =
Zj(σ2

j−1,(t) + ∆t) + σ2
Zµj−1,(t)

σ2
Z + σ2

j−1,(t) + ∆t
(A.24)

σ2
j,(t) =

σ2
Z(σ2

j−1,(t) + ∆t)
σ2

Z + σ2
j−1,(t) + ∆t

(A.25)

∀j = i + 2, ..., N. (A.26)
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In order for this to be valid, or even make sense, we need an initial condition, i.e.,
determine µi+1,(t) and σi+1,(t). These are found when considering

π(Xti+1|Zi+1, Xt) ∝ π(Zi+1|Xti+1)π(Xti+1|Xt)
= Normal(Zi+1; Xti+1 , σ2

Z)Normal(Xti+1 ; Xt, ti+1 − t)

= Normal
(

Xti+1 ; Zi+1(ti+1 − t) + σ2
ZXt

σ2
Z + ti+1 − t

,
σ2

Z(ti+1 − t)
σ2

Z + ti+1 − t

) (A.27)

which leads to the initial conditions

µi+1,(t) = Zi+1(ti+1 − t) + σ2
ZXt

σ2
Z + ti+1 − t

(A.28)

σ2
i+1,(t) = σ2

Z(ti+1 − t)
σ2

Z + ti+1 − t
. (A.29)

(A.27) also shows that the terms are normally distributed, which was assumed. This
concludes the first part of the formula for the Brownian motion. Using this we can
take the derivative of the logarithm of the expressions, i.e., calculate

d
dx

log p(Zi+1:N |Xt). (A.30)

The expression to consider can be written as

p(Zi+1:N |Xt) =
N∏

j=i+2
N (Zj; µj−1,(t), σ2

Z + σ2
j−1,(t) + ∆t)N (Zi+1; Xt, σ2

Z + ti+1 − t)

(A.31)
and applying the logarithm converts the product to a sum, which yields

log p(Zi+1:N |Xt) = log
N∏

j=i+2
N (Zj; µj−1,(t), σ2

Z + σ2
j−1,(t) + ∆t)N (Zi+1; Xt, σ2

Z + ti+1 − t)

=
N∑

j=i+2
logN (Zj; µj−1,(t), σ2

Z + σ2
j−1,(t) + ∆t)

+ logN (Zi+1; Xt, σ2
Z + ti+1 − t)

∼Xt

N∑
j=i+2

−1
2

(Zj − µj−1,(t))2

σ2
Z + σ2

j−1,(t) + ∆t
− 1

2
(Zi+1 −Xt)2

σ2
Z + ti+1 − t

.

(A.32)
where ∼Xt in this setting means that we disregard any term not containing Xt.
Taking the derivative with respect to Xt yields

d
dx

log p(Zi+1:N |Xt) =
N∑

j=i+2

Zj − µj−1,(t)

(σ2
Z + σ2

j−1,(t) + ∆t)
d
dx

µj−1,(t) + Zi+1 −Xt

(σ2
Z + ti+1 − t) .

(A.33)
Remember that µj−1,(t) depends on both t and Xt meanwhile as σj−1,(t) only depends
on t, which is the reason for the iterative derivative of µ. Given the expression for
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µj−1,(t) derived in the previous section we can derive the iterative derivative formula

d
dx

µi+1,(t) = σ2
Z

σ2
Z + ti+1 − t

d
dx

µj−1,(t) =
σ2

Z
d

dx
µj−2,(t)

σ2
Z + σ2

j−2,(t) + ∆t
, j = i + 2, ..., N.

(A.34)

Theorem 10 (Distribution of Compound Gaussian) Consider two distributions
π(x|y) = Normal(x; y, σ2

x) and π(y) = Normal(y; µy, σ2
y) and we want to find the dis-

tribution of π(x), which is defined as,

π(x) =
∫

π(x|y)π(y) dy (A.35)

the resulting distribution will be

π(x) = Normal(x; µy, σ2
x + σ2

y) (A.36)

which is a compound Gaussian distribution.
Proof:
We write the integral with the pdf:s∫

y

1√
2πσ2

x

e
− (x−y)2

2σ2
x

1√
2πσ2

y

e
− (y−µy)2

2σ2
y dy

= 1√
2πσ2

x

1√
2πσ2

y

∫
y

e
− 1

2(σ2
xσ2

y)
((σ2

x+σ2
y)y2−2y(σ2

yx+σ2
xµy)+σ2

yx2+σ2
xµ2

y)
dy

= 1√
2πσ2

x

1√
2πσ2

y

e
−

σ2
yx2+σ2

xµ2
y

2σ2
xσ2

y

∫
y

e
−

σ2
x+σ2

y

2(σ2
xσ2

y)

(
y−

σ2
yx+σ2

xµy

σ2
x+σ2

y

)2

e
1
2

(σ2
yx+σ2

xµy)2

σ2
xσ2

y(σ2
x+σ2

y) dy

=

√√√√2π
σ2

xσ2
y

σ2
x + σ2

y

1√
2πσ2

x

1√
2πσ2

y

e
−

σ2
yx2+σ2

xµ2
y

2σ2
xσ2

y e
1
2

(σ2
yx+σ2

x)µ2
y

σ2
xσ2

y(σ2
x+σ2

y)
∫

y
e

−
σ2

x+σ2
y

2(σ2
xσ2

y)

(
y−

σ2
yx+σ2

xµy

σ2
x+σ2

y

)2

1√
2π

σ2
xσ2

y

σ2
x+σ2

y

dy

If we consider separately and simplify

e
−

σ2
yx2+σ2

xµ2
y

2σ2
xσ2

y e
1
2

(σ2
yx+σ2

xµy)2

σ2
xσ2

y(σ2
x+σ2

y) = e
−

σ2
xσ2

yx2+σ4
yx2+σ4

xµ2
y+σ2

xσ2
yµy−σ4

yx2+2σ2
xσ2

yxµy−σ4
xµ2

y

2σ2
xσ2

y(σ2
x+σ2

y)

=e
−

σ2
xσ2

yx2+2σ2
xσ2

yxµy+σ2
xσ2

yµ2
y

2σ2
xσ

y
2 (σ2

x+σ2
y) = e

− (x−µ)2

2(σ2
x+σ2

y)

which together with the fact that the integral is the pdf for a normal distributed
random variable integrated over the entire domain, i.e. the integral is equal to one,
yields the following pdf

1√
2π(σ2

x + σ2
y)

e
− (x−µy)2

2(σ2
x+σ2

y) (A.37)

which therefore completes the proof.
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Theorem 11 (Normal-Normal) Given the prior π(θ) = Normal(θ; µ, σ2
θ) and the

likelihood π(x|θ) = Normal(x; θ, σ2
x) the posterior reads π(θ|x) = Normal(θ; σ2

θx+σ2
xµ

σ2
x+σ2

y
,

σ2
xσ2

θ

σ2
x+σ2

θ
)

Proof: The posterior is proportional to the likelihood and the prior by

π(θ|x) ∝θ π(x|θ)π(θ) ∝ e
− 1

2σ2
x

(x−θ2)
e

− 1
2σ2

θ

(θ−µ)2

∝θ e
− 1

2σ2
xσ2

θ

(θ2(σ2
x+σ2

θ)−2θ(σ2
θx+σ2

xµ))

∝θe
−

σ2
x+σ2

θ
2σ2

xσ2
θ

(
θ−

σ2
θ

x+σ2
xµ

σ2
x+σ2

θ

)2

which is proportional to the pdf for the normal distribution with mean σ2
θx+σ2

xµ

σ2
x+σ2

y
and

variance σ2
xσ2

θ

σ2
x+σ2

θ
so the proof is completed.
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B
Particle filter

A particle filter is a sequential Monte Carlo method to solve the filtering problem.
In this Chapter, the key parts of particle filtering, as well as particle smoothing with
the Forward-Backward method, is introduced. For a more detailed description, see
[18].

B.1 Setting
First, assume that the underlying SDE is known and described by

dXt = µ(Xt, t) dt + σ(Xt, t) dWt, t ∈ [0, T ], X0 = x0

Zt = Xt + Vt.
(B.1)

Notice that according to this, observations are gathered in each time instance, which
is not the case in this thesis. This problem is mitigated by Vt corresponding to
colossal measurement noise in the time instances where observations are not usually
gathered, while being the normal measurement noise when observations should be
relevant.

Given the underlying SDE, the corresponding state space model can be defined
as

X0 = x0,

p(Xt|Xt−1) ∼ N (Xt−1 + µ(Xt−1, t) dt, σ(Xt−1, t)2 dt),
p(Zt|Xt) ∼ N (Xt, σ2

Zt),
(B.2)

where σZt is the measurement noise at time instance t.

B.2 Filtering

First, N particles {X i
0}N

i=1 are initialized from the prior distribution, which in this
setting is just the constant x0. Initial weights {wi

0}N
i=1 are assigned to each particle,

where each wi
0 = 1

N
.

Next, each particle at time t − 1 is propagated forward in time by sampling a
new state X i

t according to
X i

t ∼ p(X i
t |X i

t−1) (B.3)
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B. Particle filter

For the new state of each particle, its weight is updated according to

wi
t = wi

t−1p(Zt|X i
t−1). (B.4)

The weights {wi
t}N

i=1 are then normalized such that they sum to one. If the measure-
ment noise is colossal at this t, p(Zt|X i

t−1) will be approximately equal for any X i
t−1.

This means that this observation will not affect the weights significantly, which is
exactly what was desired in this project.

The particle filter then performs resampling to avoid degeneracy (where most par-
ticles have negligible weights). This is done by resampling N particles {X i

t}N
i=1 with

replacement, according to their weights {wi
t}N

i=1.

These steps are repeated until t = T . The particles and their weights at the terminal
time represent the conditional distribution.

B.3 Smoothing
The particle filter can be extended to solve the smoothing problem as well, and
there are many different approaches to this. In this thesis, the utilized method is
Forward-Backward smoothing. This method requires that the particle filter is run,
as described above, such that particles X i

t and weights wi
t are obtained for each t.

For each particle, the smoothed weights {wi
T |T}N

i=1 at time t = T are initialized
to the terminal filtering weights {wi

T}N
i=1. Then, for each t from T − 1 to 0 and for

each particle, the smoothed weights are updated according to

wi
t|T = wi

t

N∑
j=1

wj
t+1|T p(Xj

t+1|X i
t)∑N

k=1 wk
t p(Xj

t+1|Xk
t )

(B.5)

The smoothed distribution at all t is given by the particles and their smoothed
weights.
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