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Deep Learning Uncertainties for Monocular 3D Object Detection
Oscar Almér, Emil Andersson
Department of Electrical Engineering
Chalmers University of Technology

Abstract

In the development of self-driving cars, safety plays a key role. Di�erent sensors are
used to continuously interpret the surroundings. Cameras are extremely important
and unique in being able to determine context whilst also distinguishing objects
with high resolution. However, many of today's machine learning algorithms for
processing camera images are unaware of the uncertainties in their predictions and
can therefore not be fused optimally with data from other sensors. If these algo-
rithms were to be extended into knowing their uncertainties, they would be of more
practical use in safety-critical applications.

In this thesis, we study two methods for estimating uncertainties in machine learning
and apply them to a machine learning algorithm for monocular 3D object detection
to enable per prediction uncertainty estimates. The methods use ideas from Bayesian
statistics to estimate the uncertainties. Furthermore, a framework for propagating
uncertainties to the global coordinate system is presented. The �rst method aims
at capturing uncertainties due to noise in the data whilst the other method aims at
capturing uncertainties due to imperfections in the model.

The results are evaluated and analyzed extensively with a focus on the usefulness
and interpretability of the uncertainty estimates. The presented methods are, to the
best of our knowledge, the �rst of their kind for monocular vision 3D object detec-
tion and there is currently no standardized way of evaluating uncertainty estimates.
Therefore no comprehensive comparison to other methods could be done. We pro-
pose and study ways of evaluating uncertainty estimates. We �nd that a machine
learning algorithm for monocular 3D Object Detection can successfully estimate the
uncertainties in its predictions, thus making the algorithm more suitable for usage
in a safety-critical application.

Keywords: Machine Learning, Uncertainties, Bayesian, Autonomous Driving,
Monocular 3D Object Detection, Aleatoric, Epistemic.
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1
Introduction

In recent years, the interest in self-driving cars has increased drastically, gaining a
lot of attention from the media. As the interest has increased so has the amount of
resources that is being invested in the development of these cars. With self-driving
cars in the transportation system, the infrastructure would have the possibility to be
used much more e�ciently and number of accidents to be much fewer. The comfort
of car users would also increase and time reserved for driving can be spent on other
activities.

Today's Autonomous Driving (AD) systems are currently at a stage where the
system assists the driver in di�erent ways, e.g. in highway pilot assist, but where the
driver remains responsible for monitoring the driving environment and is ultimately
responsible for the driving. The next level of AD is a stage where a vehicle drives
completely on its own with no driver supervision and primarily where the vehicle
takes full responsibility for the driving. There are no such solutions available on
the market today. However, most vehicle manufacturers are aiming for this level of
AD. For a self-driving car to be able to take full responsibility of the driving and
monitoring of the driving environment, as well as to ever have the possibility of
being allowed on the roads and gain the trust of the users, the safety needs to be
assured.

To develop vehicles that can control themselves in urban tra�c is a very chal-
lenging task. The vehicle has to constantly scan and interpret its surroundings using
several di�erent sensors to be able to make decisions regarding how to control the
vehicle in a safe manner. One of the key sensors in interpreting the surroundings
are the cameras which are mainly used to identify where the road is and to detect
where and what the other road users are. A common method for road and road user
identi�cation from camera images is to use machine learning.

1.1 Machine Learning

Machine learning is a popular technology for solving complex tasks by making a
computer learn from data instead of explicitly programming a solution. The most
commonly used form of machine learning is supervised learning. In Supervised learn-
ing a machine learning model is presented with large amounts of data (inputs) and
corresponding correct answers (desired outputs) from which the supervised learning
model attempts to learn the pattern. When the model has learned a pattern the
hope is that the model is able to predict the correct answer to new, unseen, data
where the correct answer is desirable, but unknown. More formally, the supervised
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learning model attempts at �nding the function f : X ! Y mapping the input
data, X , to output data, Y, and where the training set(X; Y ) contains N number
of training samplesf (x1; y1) : : : (xN ; yN )g.

There are plenty of machine learning models for detecting where the road is and
for detecting other road users. The problem of detecting other road users is attacked
in the task of 3D object detection.

1.2 3D Object Detection

To enable safe navigation with an autonomous vehicle, its awareness of surrounding
road users has to be ensured. Detection of other road users in 3D infers that the
estimates regarding a road users whereabouts should be given in world coordinates,
i.e. in the same coordinate frame that the ego vehicle moves in. More speci�cally,
the task is to �nd a box that tightly encloses the road user to, ultimately, be able
to determine where it is and where it is not safe to drive. Furthermore, each road
user should be classi�ed as e.g. a car or a pedestrian. It is of interest to know
what type of object that has been located since a car and a pedestrian have very
di�erent characteristics, e.g. a pedestrian might abru ptly change the direction of
which it is heading whereas a car has a limited turn rate. Discerning the road
users whereabouts can be done more accurately by having a good description of the
uncertainties.

1.3 Uncertainties

Uncertainties are used to describe the precision of various things, but for the subject
of Autonomous Drive, uncertainties are used to describe the precision of di�erent
sensors, measurements and models. The uncertainties give an indication of how
much a measurement from a sensor should be trusted. To have a proper uncertainty
description accompanied with each measurement is crucial in order to use each sensor
to its fullest potential and to make accurate predictions. Each sensor has its own set
of strengths and weaknesses and thus, by having a proper uncertainty description
for each measurement, we can exploit the strengths of multiple di�erent sensors to
make more accurate predictions than we ever could with only one type of sensor.

To make predictions about other road users whereabouts from camera images
machine learning models can be used, as discussed in Section 1.2. However, most of
these models are unaware of the uncertainties in their predictions. In a regression
problem, the output from the network is often presented as a single value without
any uncertainties associated to the estimate. In a classi�cation scenario, the output
is most often a percentage of how certain the network is that the detected object
is of a certain class. However, this percentage is not necessarily based on actual
certainty. To maximize the usefulness of the camera as a sensor, the associated
uncertainties has to be estimated in a robust way.

There are approaches for extracting uncertainty estimates in machine learning.
These approaches have already been applied to the tasks of semantic segmentation,
depth estimation, 2D detection and 3D detection using LiDAR information. This
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thesis has, however, focused on extracting uncertainties for the more comprehensive
task of monocular 3D object detection.

Lastly, having uncertainty estimates accompanied with the output from machine
learning algorithms used in 3D Object Detection would open up several use cases for
the output. It would enable the information to be fused with information from other
sensors, to make for better estimations. The uncertainty estimates can, furthermore,
also be utilized o�ine to �nd scenarios where the network indicates high uncertainty.
The di�culties in these scenarios can be analyzed, identi�ed and learned from by
extending the training data set with similar images. This o�ine usage of the uncer-
tainties to extend the training data set might thus still have a tremendous impact
on the online performance.

1.4 Thesis Objectives

There are plenty of benchmarks for which one can compare the performance of a
machine learning model to other models. However, these benchmarks focus solely
on the pure performance of the models and does not take uncertainty into account.
In 3D object detection pure performance is measured by comparing how well the
networks best guesses of where the other road users are coincides with the actual
whereabouts of the road users, without taking the uncertainties into account.

A machine learning model which is unaware of its uncertainties is of limited use in
safety critical applications. Unfortunately, there is currently no standardized way of
evaluating the quality of uncertainty estimates in machine learning and thus no way
to compare two models to each other. The goal of the thesis is to �rst �nd a way to
estimate the deep learning uncertainties for monocular 3D object detection (3DOD)
to maximize the usefulness of the neural network outputs and to then propose a
method for evaluating the uncertainty estimates to be able to compare models to
each other.

When considering methods for extracting uncertainties computational e�ciency
is not considered, i.e. the solution will be suitable for o�ine usage and not necessarily
for implementation in real-time safety critical systems. This thesis is furthermore
limited to estimating uncertainties for one type of task, namely 3DOD. This task
includes regression problems, �nd e.g. the height, width and length of a 3D bounding
box, as well as a classi�cation problem where each object has to be classi�ed into
e.g. pedestrian or car.

1.5 Contributions

This thesis work comprise the following major contributions to the �eld:
ˆ Uncertainty estimation for monocular 3D Object Detection - Uncer-

tainty estimation has, to the best of our knowledge, never been implemented
in a machine learning algorithm used for the speci�c task of monocular 3D Ob-
ject Detection. Methods previously used in other applications for extracting
uncertainties are applied to the task.
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ˆ Uncertainty evaluation framework - A framework for comprehensive eval-
uation of uncertainty estimates is proposed. It constitutes of multiple comple-
mentary evaluation metrics, inadequate on their own, but constitute a solid
evaluation framework when combined.

ˆ Global uncertainty propagation - A framework for propagating uncertain-
ties from the image plane to the global coordinate system is derived in order
to present uncertainties completely for all 3D parameters as some parameters
are estimated in the image plane.

1.6 Related Work

In the paper by Kendall and Gal [1] they discuss the problem of how today's machine
learning algorithms are not capable of understanding their uncertainties. They
further discuss and argue that �nding a way to describe the uncertainties in a robust
way is a relevant problem to solve to make the most out of the machine learning
algorithms. Furthermore, they divide uncertainties in machine learning into two
sub-categories, epistemic and aleatoric uncertainty.

Epistemic uncertainty describes the uncertainty about our model parameters. For
so called out-of-data examples, where the data di�ers from what the network has
seen during training, the epistemic uncertainties increases, which is crucial to know
in safety critical applications. It is therefore very important to include because it
somewhat enables handling of unknown scenarios by expressing that the estimates
are uncertain [1].

Aleatoric uncertainty may be split up into homoscedastic and heteroscedastic
uncertainty, the �rst being a constant uncertainty over the data set and the latter
a varying input dependent uncertainty. The homoscedastic uncertainty is a certain
static uncertainty for one task, e.g. depth estimation, and another constant uncer-
tainty for another task. Heteroscedastic uncertainty is varying with the input and
in the example of depth estimation it is usually low for high resolution, clear images
where edges are distinct. The uncertainty is, on the contrary, high for blurry edges,
re�ections and overexposure [1].

Kendall and Gal further propose the use of Bayesian Deep Learning (BDL) to
estimate the uncertainties. Bayesian Deep Learning is a �eld intersecting deep
machine learning and Bayesian statistics which bene�ts from being able to model
epistemic uncertainties. A practical approach to estimating these uncertainties is by
using Monte Carlo Dropout as discussed by Nair et al. [2] and Gal et al. [3] where
the network is trained with dropout and at test time multiple forward passes are
run with di�erent nodes dropped, resulting in multiple predictions that can than
be combined to obtain a �nal estimate. An extension to the traditional dropout is
the Concrete Dropout which enables automated tuning of the dropout probabilities
which results, according to the authors [4], in a more calibrated [5] model. Gal and
Ghahramani [6] describes how to adapt the framework for estimating the epistemic
uncertainties through Monte-Carlo Dropout to convolutional neural networks.

Moreover, Deep Ensembles is another approach for approximating Bayesian Neu-
ral Networks [7] where multiple networks are trained and their predictions are com-
bined to obtain the �nal estimate, the idea is that this will reduce the variance in
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the predictions and make the model less sensitive to the speci�cs in the training
data as each model will learn slightly di�erent things. A similar approach for de-
scribing the uncertainties is with the frequentist approach of bootstrapping [8]. The
bootstrapping approach is to train an ensemble of networks where each network is
trained with di�erent fractions of the training data, e.g. every networks trains on
a unique 67% of the training data. The di�erent predictions are then combined to
obtain the �nal estimate.

In their paper [9] Ilg et al. compare popular uncertainty methods and further-
more introduce a network structure that utilizes the Winner-Takes-All loss to, in a
single forward pass, predict multiple hypotheses for optical �ow and corresponding
uncertainties. The hypotheses are combined to obtain the �nal optical �ow estimates
and corresponding uncertainties in a computational e�cient way.

Harakeh et. al [10] use BDL to estimate uncertainties in the output for 2D object
detectors. They estimate aleatoric uncertainty and extract epistemic uncertainty
using Monte-Carlo Dropout as in Kendall and Gal's work. Further, they propose a
substitute to non-maximum suppression that is commonly used in object detection to
suppress some outputs. Their solution enables prior information to be incorporated
in the �nal estimates. They interpret the output from the machine learning model
as measurements of the variables to update the prior distribution to obtain the �nal
conditional posterior distribution for the variables. This way a lot of information,
that would normally be thrown away, is instead used to obtain the �nal estimates.

As described in this section, there are existing solutions that estimates the ac-
companied uncertainty estimates to machine learning predictions. However, to the
best of our knowledge, there is no current solution for estimating uncertainties in
monocular 3D object detection nor is there a standardized framework for evaluating
uncertainties. The methods used for extracting uncertainties in this thesis is based
on the methods presented by Kendall and Gal, Nair et al. and Gal Ghahramani et
al. The proposed framework for uncertainty evaluation combines ideas from Kendall
and Gal, Ilg et al. and Harakeh et. al.

1.7 Thesis Outline

The remainder of the thesis is structured as follows. Chapter 2 covers the theoretical
concepts that this thesis is built upon and presents the task at hand in greater de-
tail. The chapter ends by introducing how the performance of the machine learning
method is evaluated and a few metrics for evaluating uncertainties. In Chapter 3,
the method describing the conduction of this thesis is presented. The chapter is
further divided into �rst describing the network structure and speci�cs about choice
of parameters and implications thereof. Secondly implementation details such as
programming language and parameter settings are presented. Lastly, the evaluation
metrics used in the project are discussed. Chapter 4 contains the results that were
obtained, which are then discussed in Chapter 5. A conclusion is �nally presented
in Chapter 6.
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2
Theory

2.1 Bayesian deep learning

In Bayesian inference the purpose is to provide a mathematical framework to model
systems in such a way that uncertainties of the system are taken into account, to
allow for well informed decisions [11]. In Bayesian deep learning the intention is
to incorporate Bayesian statistics into deep machine learning. By doing this it is
possible to account for, and express, uncertainties in the model. The uncertainties
are furthermore often categorized into uncertainty inherent in the model and uncer-
tainty inherent in the data. In other words, they are often categorized intoepistemic
and aleatoric uncertainty [1, 12], further explained in Section 2.2.

There are a few fundamental building blocks in Bayesian modelling. These are
the prior distribution, the likelihood function and the posterior distribution. The
prior distribution p(! ), holds information about prior beliefs or knowledge about
the system or parameters. The likelihood function,p(yjx; ! ), explains how probable
certain outputs, y, are given an inputx and a parameter setting! , where! could
be a particular set of parameters or weight matrices. The posterior distribution,
p(! jx; y), is the distribution over the unknown parameters given the data and the
distribution that represents the state of knowledge about the parameters when all
the information of the model and the observed measurements are used.

In a machine learning setting, the Bayesian mindset is applied by considering the
weights in the neural network to be stochastic random variables rather than deter-
ministic values and a prior distribution is placed over each weight. This distribution
represents our prior beliefs on the parameters. Given inputsX = f x1; ::::; xN g and
corresponding target outputsY = f y1; ::::; yN g we wish to �nd the posterior dis-
tribution over the weights. This posterior distribution captures the set of plausible
parameters! for a function y = f (x; ! ) that are likely to have generated our outputs
[1]. The posterior distribution can be calculated using Bayes' rule [11] as

p(! jX ; Y) =
p(YjX ;! )p(X ; ! )

p(YjX )p(X )
: (2.1)

As the weights ! and the inputs X are independent of each other without cor-
responding targetsY, the joint distribution p(X ; ! ) can be written asp(X ; ! ) =
p(X )p(! ) [1]. This enables the expression for the posterior over the weights to be
simpli�ed to

p(! jX ; Y) =
p(YjX ;! )p(! )

p(YjX )
: (2.2)
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However, the marginal probability

p(YjX ) =
Z

p(Y; ! jX ) d! =
Z

p(YjX ; ! )p(! ) d! (2.3)

needed to calculate the posterior over the weights in Equation (2.2) can't be evalu-
ated analytically as it requires us to integrate over all possible weight con�gurations,
which is infeasible. Thus the posterior distribution in Equation (2.2) has to be ap-
proximated. This can be done by �tting a simple distribution that minimizes the
Kullback�Leibler (KL) divergence [13] between the simple distribution and the true
posterior distribution over the weights [1, 6] to then use this simple distribution
as an approximation of the true posterior. Multiple methods for obtaining this
simple distribution exist [6, 14, 15, 16], where the most popular one is a dropout
approximation.

To now predict an output, y� , for a new input point x � we want to calculate
the marginal distribution p(y� jx � ; X ; Y). This can be done by �rst identifying the
distribution

p(y� ; ! jx � ; X ; Y) = p(y� jx � ; ! )p(! jX ; Y) : (2.4)

Integrating over the weights marginalizes the weights out, resulting in

p(y� jx � ; X ; Y) =
Z

p(y� jx � ; ! )
| {z }

likelihood

p(! jX ; Y)
| {z }

posterior

d! : (2.5)

For regression, Laplacian and Gaussian likelihood functions have been used [1, 7, 9]
when approximating the marginal distribution and to model uncertainty inherent in
the data. The Gaussian likelihood function can be written as

p(yjx; ! ) = N (y; f (x; ! ); � 2)

where x is the input to the neural network, f (x; ! ) is the output from the neural
network with weights ! . This can be thought of as corrupting the output with
observation noise.

However, evaluating Equation (2.5) still requires the evaluation of an integral
over the weight space, which is explained to be infeasible. A way of approximating
this distribution would be to sample from the distribution and to calculate the
su�cient statistics of the distribution from the samples. This could, for instance,
be done with the popular Monte-Carlo sampling method, Monte-Carlo Dropout
[3], that allows i.i.d. samples of the distribution in Equation (2.5) to be drawn by
having dropout enabled at test time when running inference with the neural network
[1][10]. Through these samples the mean and covariance of the distribution can be
approximated as

� (x i ) =
1
T

TX

t=1

f (x i ; ! t ) (2.6)

� e(x i ) =
1
T

TX

t=1

f (x i ; ! t )f (x i ; ! t )T � � (x i )� (x i )T (2.7)
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where x i is input number i to the neural network, T is the number of times MC-
Dropout sampling is performed,! t is the speci�c weight con�guration after applying
dropout at forward pass numbert, f (x i ; ! t ) is the neural network regression output
for the t th MC-Dropout run. Lastly, � e(x i ) models the epistemic uncertainty for the
regression variables in the neural network output, further described in Section 2.2.2.

2.2 Uncertainties

To be able to optimally fuse data from di�erent sensors into a single uni�ed esti-
mate some measure of uncertainty for each data source has to be accounted for.
The uncertainties for each of the sensors can furthermore be divided into two main
categories, aleatoric and epistemic, that di�erentiates where the uncertainties arises
from [12]. These di�erent sources for uncertainties can for instance be imperfections
in a model of the world or in variables that are unknown and that therefore can
not be accounted for. For instance, if one were to model the trajectory of an apple
dropped from an airplane, an imperfection in a model of the world could be to ignore
the e�ect of air resistance and an unknown variable could be the precise wind speed
at di�erent altitudes along the trajectory.

2.2.1 Aleatoric Uncertainties

The �rst category that the uncertainties are divided into are the aleatoric uncer-
tainties. Aleatoric uncertainties arises from noise in the data which could be a
blurry or overexposed camera image, dirt on the sensor or occlusion due to various
reasons. These uncertainties can further be categorized intohomoscedasticuncer-
tainties which stays constant for di�erent inputs (for example a constant bias in
a sensor) andheteroscedasticuncertainty. Heteroscedastic uncertainty depends on
the input where some inputs or some part of the input space might have noisier
outputs due to occlusion or other similar reasons. For computer vision applications
heteroscedastic uncertainties is especially important as the input is normally camera
images where di�erent parts of an image might clearly have more uncertain outputs
than other. For example, for depth regression where the task is to estimate the
distance to each pixel, a highly textured image with distinct edges are expected to
have con�dent predictions. On the contrary, the uncertainty is expected to be high
for blurry edges, re�ections and overexposed regions.

As aleatoric uncertainty can be thought of as unknown observation noise that
is present in the data it can be learned from data. This is achieved by placing a
distribution over the output from the model to then try to learn the characteristics
that describes this distribution. For example the regression parameters in the output
might be modelled as corrupted with Gaussian random noise where we would then
want to learn the noise's variance from di�erent inputs [17] as the variance and the
mean fully describes a Gaussian distribution.

The Gaussian distribution for output variableyi can be written as

p(yi jŷi ) =
1

q
2�� (x i )2

exp

 

�
jyi � ŷi j2

2� (x i )2

!

(2.8)

9



2. Theory

whereŷi is the mean and� (x i )2 is the variance of the distribution for input image i.
To be able to �nd an expression for learning the mean and variance for the output
variable negative log likelihood is applied as proposed in [1], resulting in

� log(p(yi jŷi )) = � log

0

@ 1
q

2�� (x i )2
exp

 

�
jyi � ŷi j2

2� (x i )2

! 1

A =

= � log

0

@ 1
q

2�� (x i )2

1

A � log

 

exp

 

�
jyi � ŷi j2

2� (x i )2

!!

=

=
jyi � ŷi j2

2� (x i )2
� log

0

@ 1
q

2�� (x i )2

1

A =
jyi � ŷi j2

2� (x i )2
+ log

� q
2�� (x i )2

�

/

/
jyi � ŷi j2

2� (x i )2
+ log ( � (x i ))

(2.9)

where x i is the input, ŷi = f (x i ) is the output, yi is the ground truth regression
target and � (x i )2 is the estimated output variance from the network. Using the �nal
expression in Equation (2.9) the loss for a regression parameter can be written as

L G(x i ) =
jyi � ŷi j2

2� (x i )2
+ log

�
� (x i )

�
: (2.10)

The variance of a Laplacian distribution is given by� 2 = 2b2 [18] and in a similar
fashion the loss,L L , for a Laplacian distribution, pL (yi jŷi ), can be written as

pL (yi jŷi ) =
1

2b(x i )
exp

 

�
jyi � ŷi j

b(x i )

!

=

(

2b2 = � 2 ) b=
�

p
2

)

=
1

p
2� (x i )

exp

 

�

p
2jyi � ŷi j
� (x i )

!

) � log(pL (yi jŷi )) )

) L L (x i ) =

p
2jyi � ŷi j
� (x i )

+ log
�
� (x i )

�
:

(2.11)

The formulation of the loss functions in Equation (2.10) or Equation (2.11) gener-
ates the maximum likelihood estimate of the parameters. With these loss functions,
the network also has the possibility to attenuate the e�ect of outliers during train-
ing by increasing the estimated variance and thus making the �rst term inL (x i )
smaller. The second term acts as a regularizer, preventing the model from rejecting
all training examples by always setting the variance to be in�nity. The aleatoric un-
certainties are thus computationally cheap to model as it only requires the network
to estimate twice as many regression parameters and a change of loss function.

2.2.2 Epistemic Uncertainties

The other category of uncertainty is epistemic uncertainty. Epistemic uncertainty,
also called model uncertainty, is uncertainty in the output inherent from the uncer-
tainty in the model's parameters. Is our model a good approximation to the function
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turning inputs into desired predictions in terms of architecture and weights? As op-
posed to the aleatoric uncertainties, the epistemic uncertainties can be explained
away given more representative training data and it is supposed to increase for out-
of-data examples (situations that is di�erent from the training set) [1][3]. In safety
critical applications, the ability to be able to identify situations that are di�erent
from what the model has seen during training is important to be able to make well
informed and balanced decisions. As described in Section 2.1 the epistemic uncer-
tainties can not be calculated analytically but can be approximated with various
methods where the most popular one is Monte-Carlo Dropout [1].

2.3 Traditional computer vision

To �nd objects and recreate scenes [19] from camera images has been done for
decades. Traditional methods for, for example, scene reconstruction have practical
use cases such as building a map of the surroundings and localization within the
map. Such applications often make use of feature extractors, like SIFT [20], to
match descriptive regions across images and �nd the corresponding 3D points that
corresponds to the matched regions. Both the matching and �nding 3D points can
be done in multiple di�erent ways using traditional computer vision algorithms.
However, object detection using traditional computer vision techniques is extremely
di�cult as objects of a speci�c class that one wishes to detect rarely look the same,
which is why machine learning is mostly used for object detection nowadays. In
traditional computer vision "hand crafted" features are extracted from the images
as opposed to leaving the task of extracting valuable features to a machine learning
model. The e�ect that this has becomes prominent when comparing the results for
the ImageNet challenge [21] from before and after 2012 when the �rst deep machine
learning model was used in the challenge.

2.3.1 Projecting 3D points onto the image plane

In this section we will give a brief understanding of how points in images relates to
3D world coordinates through a model of a camera. For more in depth explanations
we refer the reader to [22][23].

Given a set of 3D points in homogeneous coordinatesX =
h
X Y Z 1

i T
and a

3 � 4 camera matrix P that models the camera, one can derive expressions for the
image coordinates,(x; y) that corresponds to the 3D coordinates by

�

2

6
4

x
y
1

3

7
5 = PX : (2.12)

By dividing by � the image coordinates x, y can be found. In a similar fashion we can
derive 3D world coordinates from images coordinates by multiplying Equation (2.12)
with the pseudo inverse of the camera matrixP y on the left, we call this operation
a un-projection of a pixel. However, some additional information is required to
uniquely determine the world coordinates due to that a pixel in the image could arise
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from a ray in world coordinates. This is due to that points in images only have two
dimensions whereas points in the world has three dimensions. Therefore, we need
some way of determining where to cut the ray in order to �nd world coordinates
from image coordinates. There are multiple ways of handling the depth problem
where a common approach is to use a stereo camera, un-projecting two matched
pixels and �nding the 3D point where the two rays intersects (or the point that
minimizes some distance between the rays, if the lines does not intersect in 3D),
thus solving the depth problem.

2.4 3D Object Detection

To detect objects in world coordinates is important to be able to interpret and
understand the surroundings. This task, called 3D object detection (3DOD), can
be done in multiple di�erent ways where natural choices include radar, lidar, stereo
cameras or other depth sensors. For depth estimation and 3DOD, modern lidar
sensors is a popular choice [24][25]. For a camera to be a viable complement for
detecting objects the �nal estimates has to be in world coordinates (3D) rather than
in the image plane for the detections to be useful in other functions. Lately machine
learning has been the choice of method for performing object detection. In this
section the di�erent components of a machine learning algorithm for 3DOD will be
described.

2.4.1 3D Parameters

A 3D bounding box can, assuming that the roll and pitch angles are negligible,
be described by its dimensionsH, W, L , center point T = tx ; ty; tz and yaw angle
� . There are multiple di�erent representations of what parameters that one could
regress and combine to obtain the parameters that describes a 3D bounding box.
One can for instance regress the �nal representation straight away as done in [26, 27]
or regress parts of the �nal parameters and derive the remaining ones from geometric
constraints as in [28].

2.4.2 Network outputs

In this section a parameter representations for when the 3D regression parameters
are not estimated directly will be described. The geometrical constraints that relates
the output parameters to the �nal variables will further be described in Section 2.4.5.

As discussed in [28] the global orientation or the yaw angle (rotation around
world coordinate Y axis) of an object is hard to estimate directly due to that an
object that has a constant global orientation might appear very di�erently in the
image plane depending on where in the image it is located. However, the observation
angle,� , from which the camera views the object is easier to estimate as that angle
is closer to the raw data. A visualization of how the observation angle changes as
an object with a constant yaw angle passes by the camera can be seen in Figure 2.1.

The variance of the dimension estimate is usually quite small (cars tend to be
roughly the same size), making it suitable to estimate the dimension variable di-
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Figure 2.1: An illustration of how the observation angle� changes when an object
with a constant yaw angle� passes by the camera.

rectly. Furthermore, these variables stay constant as the objects moves or rotates in
relation to the camera. A possible choice could be to estimate the logarithm of the
dimension variables in order to solve the problem of negative dimensions. However,
as the outputs are assumed to be a distribution this would require the estimated
uncertainties to be transformed from uncertainties in the logarithm of the dimension
to uncertainties in dimension,� log(d) ! � d.

In this thesis the only sensor data that is used is images from a single camera. As
no depth information is available and since monocular reconstruction su�ers from
scale ambiguity some depth estimate has to be regressed to be able to resolve this
problem. There are again di�erent representations that can be chosen for the depth
variable. For instance, the distance along the Z axis, (the longitudinal distance) or
the euclidean distance to the objects can be chosen as a regression parameter. The
two depths are illustrated in Figure 2.2 where three objects has the same Z depth
to the camera whilst the euclidean distance di�ers.

Lastly the 2D bounding box, that encloses the object in the image plane, is
typically also estimated to be able to use it in a scoring function but also for deriving
world coordinates from it, further described in Section 2.4.5. In addition to the
regression variables a classi�cation estimate for the predetermined classes has to be
included for the network to be able to classify the objects in the image.

2.4.3 Pixel-wise estimations

Similarly to what parameters to regress with the neural network there are also
multiple ways of choosing the output resolution from the neural network. Some
approaches includes using only a few locations in the image (also called anchor
points) [29, 30], for the network to output estimates at. Another approach is to
output estimates at a much higher resolution, as done in [31]. During training the
outputs of higher resolution are connected through support regions where each pixel
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Figure 2.2: Illustration of di�erent depth representations to be able to resolve the
scale ambiguity that monocular reconstruction su�ers from. The euclidean distances
d1; d2 and d3 di�er but the distance along the Z axis is the same for the three objects.

Figure 2.3: Output 2D bounding boxes after an initial classi�cation threshold has
been applied. Each object has multiple estimates for its parameters.

in the region holds the regression targets and the classi�cation one-hot target vector
for the object. The Support region for an object is created in the center of the
object's ground truth 2D bounding box with its height and width being 20% of the
ground truth box height and width, respectively. With a high resolution output
map, a way of removing false detections and clustering estimates that are likely to
corresponds to the same object is needed. As a �rst step to remove estimates that are
likely to not be correct and correspond to an actual object a classi�cation threshold
is applied. In this step all the output pixels that do not have a classi�cation score
(softmax of logit vector) over a certain threshold for any of the objects that we
have trained the network to detect will be removed, ideally removing everything but
the duplicate detections where there is an object. This could result in a output as
the one in Figure 2.3 where the detected objects have multiple estimates for their
parameters. Thus further processing of the output is required before ending up with
the �nal estimates.

2.4.4 Box-selection through Non-Maximum-Suppression

After all of the post processing steps have been done we wantone bounding box
per object in the frame. With the chosen output resolution there will be multiple
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Figure 2.4: Output 2D bounding boxes when boxes have been suppresed by the
NMS algorithm.

boxes that all originates from the same object (see Figure 2.3) and thus we have to
�nd a way of clustering these together. This is done by applying a Non-Maximum-
Suppression (NMS) algorithm that suppresses outputs based on their 2D bounding
box overlap with other 2D bounding boxes of the same class. The NMS algorithm
is deployed once for each class in the classi�cation head.

Given a set of estimates the NMS algorithm begins with picking the output
estimate that has the highest classi�cation score (softmax of logit vector). This
estimate is saved and the 2D IoU for this box with all of the other outputted 2D
bounding boxes is calculated. If any other box (of the same class) has a 2D IoU
over a certain threshold value the output is removed and the procedure restarts with
whatever output estimate that has the highest classi�cation score of the remaining
outputs. This is repeated until only boxes that does not have 2D IoU above the
chosen threshold remains.

When the algorithm has �nished there will (ideally) be one output estimate for
each object. What the algorithm e�ectively does can be seen by comparing Figure
2.4, where the NMS algorithm has run, with Figure 2.3 that was the input to the
algorithm. Note that, in Figure 2.4, all of the detections for the second most leftward
car in the image is suppressed as its 2D bounding box has an IoU above the chosen
NMS threshold with the most leftward car.

2.4.5 Derive 3D parameters from 2D estimates

As described in Section 2.4.2 all 3D parameters are not necessarily regressed from
the neural network and thus the parameters that are not have to be derived as a
post processing step. The 3D bounding box parameters that are not regressed and
thus has to be derived are theX and Y components of the object's 3D center,tx

and ty and the yaw angle� .
To �nd the object's 3D location we start by �nding the object's center in the image

plane that is found by simply computing the mean of the regressed 2D bounding
box coordinatesc = (xmin ; ymin ; xmax ; ymax ). That is

ccenter =
1
2

"
xmax � xmin

ymax � ymin

#

: (2.13)

The camera matrix, explained in Section 2.3.1, is known, thus we can �nd a ray
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Figure 2.5: Top view illustration of how the object center is unprojected into world
coordinates and how the Z estimate from the neural network is used to solve the
problem that a pixel in an image corresponds to a line in world coordinates. Note
that this illustration only shows the X component but the lines are actually in 3D
and thus Y is obtained simultaneously.

from the camera center for which the object's 3D center point, or 3D location, lies
on by unprojecting (inverting Equation (2.12)) the object's center,ccenter , in the
image plane.

We know that the scale,s, is arbitrary when unprojecting a single pixel into world
coordinates. The ray,T � , for which the object's 3D location, T, lies on is found by

P y
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The object's 3D locationT on the ray T � can be found by scaling the vectorT �

with a factor such that the third component of T � equals the estimatedZ depth,
Znn , where Znn is the estimated distance along theZ axis to the object's center,
yielding

T =
znn

t �
z

T � =

0

B
@

tx

ty

znn

1

C
A =

0
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@

tx

ty

tz

1

C
A : (2.15)

The procedure for �nding the X and Y world coordinate is furthermore illustrated
in Figure 2.5.

The �nal parameter that has to be derived is the global orientation or the yaw
angle, � , for which the object is rotated around theY axis with. Given the obser-
vation angle, � , and the X , Z coordinates from the object's 3D location the yaw
angle, � can be calculated as
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Figure 2.6: Illustration of the di�erent angles that is used to calculate the
global orientation (yaw angle, � ) using the observation angle� and the angle
� = arctan

�
X
Z

�
.

� = � + arctan
� X

Z

�

: (2.16)

Each respective angle from Equation (2.16) is visualized in a top view example in
Figure 2.6.

2.5 Performance evaluation

To compare trained networks of di�erent architecture, appropriate evaluation meth-
ods have to be found. As the original network architecture, the baseline network,
will be altered and re-trained to also include uncertainty estimates it is not unlikely
that the pure performance of the network will di�er from the baseline network. This
makes it interesting not only to have metrics to evaluate how good the uncertainties
estimates are but also what performance the network has.

2.5.1 KITTI benchmark

In the KITTI benchmark [32] di�erent methods for 3D Object Detection on the
KITTI dataset [33] can be compared in terms of their pure performance. The per-
formance metric used in this benchmark is the average precision (see Section 2.5.5),
using the PASCAL criteria [34]. This benchmark has three di�erent di�culties
where di�erent �lters are used to �lter out objects before calculating the average
precision. The �lters make sure that e.g. objects that are too far away, object that
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Table 2.1: The three di�erent di�culties and each respective �lter for the di�culty
used in the KITTI benchmark.

Di�culty
Min. bounding

box height
Max.

occlusion level
Max.

truncation
Car bounding
box overlap

Pedestrians and cyclists
bounding box overlap

Easy 40 Px Fully visible 15 % 70 % 50 %
Moderate 25 Px Partly occluded 30 % 70 % 50 %

Hard 25 Px Di�cult to see 50 % 70 % 50 %

Figure 2.7: A visual equation for Intersection over Union (Jaccard Index) [35].

are too truncated or occluded are not accounted for. The �lters for the di�erent
di�culties are summarized in Table 2.1.

2.5.2 Intersection over union

Intersection over union, also known as the Jaccard index, is a performance metric
evaluating the similarity and diversity of two sets, in object detection this would be
two areas or volumes. The Jaccard index is calculated by dividing the size of the
intersection with the size of the union of the two sets, as in Equation 2.17.

IoU(A; B ) =
A \ B
A [ B

(2.17)

This is furthermore illustrated in Figure 2.7.
In object detection the separation of true positives from false positives is often

determined based on a detection's IoU in comparison to ground truth objects. This
comparison can be done in multiple di�erent dimensions where the most common
ones are

ˆ 2D IoU - Bounding box in the image plane,
ˆ 3D IoU - Bounding box in world coordinates,
ˆ IoU from bird's-eye-view (BEV) - Bounding box in top view.

Furthermore, the mean IoU for each of these dimensions over the whole dataset can
be used to indicate performance of a model.

2.5.3 Detection statistics

Detections statistics is a performance metric keeping track of the number of dif-
ferent detections or the absence of them. A detection is here de�ned as having a
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classi�cation con�dence above a certain threshold. A detection is assigned as a true
positive to an annotated object if a scoring function for the two objects is above a
given threshold, a typical scoring function is IoU in some dimension. A split refers
to a certain �ltering of objects that does or does not satisfy some constraint, for
example, only include objects that has a minimum height of 40 pixels.

ˆ True Positive (TP) - The number of detections inside the split that were
assigned to ground truth objects.

ˆ False Positive (FP) - The number of detections inside the split that were not
assigned as true positives to a ground truth object or to an object annotated
as non descriptive object.

ˆ Don't care - The number of detections inside the split that were assigned as
true positives to non descript objects.

ˆ Duplicate detections - The number of detections inside the split that are
assigned to ground truth objects as duplicate detecitons.

ˆ Predicted positives - All detections made. This is thus the summation of
the number of true and false positives, don't care detections and detections
being �ltered out due to not ful�lling the current split constraints.

ˆ Non descripts - The number of objects that is annotated as non descripts
due to lack of ground truth data for them.

ˆ False Negatives (FN) - The number of objects inside the split that were
not assigned to any detection.

2.5.4 Precision, recall and F1 score

Precision and recall are two performance metrics evaluating the ability to detect all
real objects and not to make detections for non existing objects. In object detection
a detection is classi�ed as a TP if the detection got a score from a scoring function
above a predetermined threshold value. An object can thus change from being a TP
to a FP by merely changing the scoring function. The three most commonly used
scoring functions are 2D, 3D and BEV IoU.

Precision and recall are metrics describing the fraction of the outputted detections
that are actually TPs and the fraction of all objects that were detected, given a
speci�c scoring function. Precision is calculated by dividing the number of true
positives with the number of true and false positives, thus describing the fraction of
the outputs that are assigned to a ground truth object (see Equation 2.18). Recall
is the rate of which objects are detected, i.e. number of true positives divided
by number of ground truth objects (see Equation 2.19). Precision and recall are
illustrated in Figure 2.8. F1 score is the harmonic mean of the precision and recall
and reaches its best value at 1 and lowest value at 0 and is calculated as in Equation
2.20.

P recision =
TP

TP + FP
(2.18)

Recall =
TP

TP + FN
(2.19)
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Figure 2.8: Illustration of precision and recall that are central metrics in evaluating
performance of 3DOD algorithms [36].

F1 = 2 �
P recision � Recall
P recision + Recall

(2.20)

2.5.5 Average Precision

Average Precision (AP) is a perfomance metric combining combining precision and
recall while varying the classi�cation threshold. AP is de�ned as the area under the
precision-recall curve and evaluates precision and recall in relation to each other.
The precision-recall curve is created by choosing di�erent classi�cation thresholds
for what detections that are accepted and for each di�erent threshold registering
the precision and recall for that threshold. As this approach will not give us a
continuous precision-recall curve a way of interpolating the curve to be able to
compute the area under it is required. There are several common methods for
calculating AP (interpolating the curve) but the most common for object detection
benchmarking is called voc07, where voc is short for visual object classes and related
to the PASCAL criteria [34]. This metric is used when comparing models in the
KITTI object detection benchmark described in Subsection 2.5.1. Typical for the
APvoc07 is its evenly spaced recall levels {0, 0.1, ... 1.0} and it is calculated as

APvoc07 =
1
11

X

r 2f 0;0:1;:::;1:0g

pinterp: (r ) (2.21)

wherepinterp: (r ) is an interpolated precision taking the maximum precision over all
recalls greater than r:

pinterp: (r ) = max
~r � r

p(~r ): (2.22)
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Average precision reaches its best value at 1, when the precision is 100 % for 100%
recall, and lowest value at 0, when the precision is 0 % for all rates of recall.

2.6 Uncertainty evaluation

How one evaluates the quality and correctness of the uncertainty estimates is not
obvious as there is no ground truth uncertainty data to compare to. There are,
however, other methods for evaluating uncertainties. One way is to analyze if de-
tections with high uncertainties also have larger errors compared to detections with
low uncertainties, i.e. analyze if the accompanied uncertainties are ordered correctly
[9]. A second way of evaluating uncertainty estimates is to analyze if the estimated
uncertainties coincides with the assumed distribution, described in Section 2.2.1. In
other words, analyzing if the parameters seem to follow the assumed distribution,
characterized by the estimated uncertainty and the mean estimate. A third way is
by analyzing if the uncertainties can help us distinguish true positives from false
positives. That is, analyzing if the uncertainties for false positives are consistently
higher than for true positives. In the following sections metrics that evaluates these,
sought after, properties for the uncertainties will be described.

2.6.1 Area under sparci�cation error (AUSE)

This metric is used to compare uncertainty estimates for multiple detections to each
other and how they relate in terms of magnitude. One would hope that the network
indicates large uncertainties where the actual error (compared to the ground truth)
is large and small uncertainties where the actual error is small. Thus estimates
that are sorted in order of decreasing uncertainty estimates should hopefully also be
sorted in order of decreasing error compared to the ground truth.

To calculate the AUSE there are a few steps that has to be done. Firstly, the spar-
ci�cation curve is created by sequentially removing the estimates that the network
indicates the highest uncertainty about and calculating an arbitrary performance
metric for the remaining estimates as estimates are removed. The sparci�cation
curve has fraction of removed estimates on the x axis and average arbitrary perfor-
mance metric on y axis. If the relative order of the uncertainty estimates is good
the sparci�cation curve should be monotonically decreasing when removing the es-
timates that the network is the most uncertain about. This should retain the good
estimates, that should have a low error. If the sparci�cation curve remains �at then
the order of the uncertainty estimates are no better than random values and if the
derivative of the sparci�cation curve is positive then theorder of the uncertainty
error are even worse than random, i.e. the uncertainty estimates are rather sorted
in reversed order. The sparci�cation curve can be compared to an oracle curve, cre-
ated by removing the estimates that, compared to the ground truth, actually have
the largest error, sequentially. The di�erence between these two curves is called
the Sparci�cation Error (SE) curve. This will create a curve with the SE on the
Y axis and fraction of removed estimates on the X axis. The area under this SE
curve (AUSE) can be used as a single value evaluation metric describing the relative
correctness of the uncertainty estimates [9]. As di�erent regression variables and
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Figure 2.9: The sorting phase of the sparci�cation curve generation. Estimated
uncertainties (upper left) is sorted by their value ranging from highest to lowest
(lower left). The actual errors when compared to a ground truth target (upper
right) are also sorted in an equivalent order as the uncertainties resulting in a not
necessarily optimal sorting for the errors (lower right).

di�erent models all have di�erent oracles a comparison using a single sparci�cation
plot is not possible. However, since the sparci�cationerror curve has normalized
the oracle out a fair comparison across variables and models can be done with a SE
curve or the AUSE metric. Best possible AUSE score is 0 which means that the
relative order between the uncertainty estimates coincides with the actual error to
the ground truth. This is visually explained in Figure 2.9 and Figure 2.10.

2.6.2 Calibration plots

To be able to trust the output from a neural network we want it to not be under
nor over con�dent. Pose that a neural network is trained to classify images of dogs
and cats. Given 10 images where the network has classi�ed each image to be70%
dog and 30% cat we want 7 out of those 10 samples to be an image of a dog and
3 of the samples to be an image of a cat. If the frequency of occurrence equals the
outputted probability for the whole range of probabilities (0%to 100%) the network
is said to be perfectlycalibrated [5].

For the regression parameters similar reasoning can be applied as the regression
parameters are assumed to be densities rather than point estimates. The proba-
bility density function for each regression parameter can be integrated over to �nd
ranges that the ground truth estimate should, analytically, lie within with a certain
probability. In a similar fashion to that of the classi�cation case this can be done for
probabilities from 0 to 100 percent and the frequency of occurrence can be compared
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Figure 2.10: The sparci�cation curve (right) is created by sequentially removing
the detections in the order that they were sorted and calculating the average error
(normalized by the initial average error) for the remaining samples. This is done
for detections sorted by uncertainties (left) and detections sorted by actual error to
ground truth (middle).

to the probability of which it should occur.
Given a Gaussian distribution with mean� and variance� 2 the probability, c, for

a sample from the distribution to lie within a symmetric interval around the mean
value can be calculated by

c =
� + x1Z

� � x1

1
p

2�� 2
exp

 

�
(x � � )2

2� 2

!

dx : (2.23)

Similarly, the probability for a sample from a Laplacian distribution with mean�
and variance2b2 [18] to lie within a symmetric interval around the mean can be
calculated as

c =
� + x1Z

� � x1

1
2b

exp

 

�
jx � � j

b

!

dx : (2.24)

By now changingx1 > 0 so that c ranges from 0 to 100 percent and continuously
registering if the ground truth target for the regression parameter lies within the
range� � x1 to � + x1 the calibration for the regression parameters can be evaluated.
This is done by comparing the frequency for which the ground truth target lies
within some certain interval with the analytic probability that it should lie within
this interval. As this requires a ground truth target to be available for each of
the regression parameters this can only be done for detections classi�ed as TPs.
Furthermore, the Mean Squared Error to perfect calibration (y = x) is calculated
for each parameter to be able to compare calibration across models and parameters.
A (perfectly) calibrated network is very useful as that indicates that the outputs
from the network can accurately be described by a distribution rather than point
estimates.
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2.6.3 Minimum Uncertainty Error (MUE)

In object detection an estimate is usually accepted as a detection if the probabil-
ity assigned to the estimate in the classi�cation head is higher than some threshold.
When further analyzing the detections they can be divided into True Positives (TPs)
and False Positives (FPs) depending on if they meet some criterion (normally In-
tersection over Union, IoU, in some space) to a ground truth box of the same class.
MUE is a metric describing the ability to discriminate TPs from FPs based on a
detections uncertatinties [10][37].

For every TP and FP the categorical entropy and the entropy for the assumed
density (Gaussian or Laplacian) is calculated. The categorical entropy indicates how
con�dent the network are about the class for the detection and can be calculated as

Hcategorical = �
X

i

pi logpi : (2.25)

If the network indicates complete certainty about a class the probability for that
class will be 1 and the probability for the other classes will be 0 which will result in
Hcategorical = 0. On the contrary the categorical entropy is maximized if the network
indicates equal probability for all of the classes.

For the regression parameters a speci�c distribution is assumed as described in
Section 2.2.1. For the case of a Multivariate Gaussian distribution the entropy,
HGauss , can be calculated as

HGauss =
D
2

�
log(2� ) + 1

�
+

1
2

logj� j (2.26)

whereD is the dimension and� is the covariance matrix for the multivariate Gaus-
sian distribution. If the variables are independent, the entropy can be written as

HGauss =
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log� 2
j (2.27)

where � 2
j is the variance for Gaussian variable j. Similarly, the entropy for multi-

ple, assumed independent, Laplacian variables can be calculated as the sum of the
individual entropies as

HLaplace =
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(2.28)

where � j is the standard deviation for Laplace variable j. Note that the entropy
can be calculated for all of the regression parameters jointly or a chosen subset of
them. A high entropy corresponds to high uncertainty among the included regression
parameters.

The entropy of the uncertainty estimates for the regression parameters is cal-
culated as in Equation (2.27) or (2.28), depending on the assumed density for the
regression variables and the categorical entropy of the classi�cation probabilities is
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Figure 2.11: An example uncertainty error plot. The blue and red lines mark the
average entropy for the true and false positives respectively.

calculated as in Equation (2.25) for each and every one of the TPs and FPs. Com-
paring the entropies for the TPs and FPs to a threshold value the Uncertainty Error
(UE) can be calculated as

UE(� ) = 0 :5
jTP > � j

jTPj
+ 0:5

jFP � � j
jFP j

(2.29)

where � is a speci�c value for the uncertainty measure (entropy) threshold. This is
calculated for the categorical entropy and the regression entropy separately. MUE
is de�ned as the lowest achievable UE when changing� . In other words MUE for
each entropy is achieved at the� that best separates the TPs from the FPs.

If the regression entropy for the chosen regression parameters and/or the cate-
gorical entropy of the classi�cation probabilities for all of the TPs are consistently
lower than that of the FPs the uncertainties can be used to further discriminate TPs
from FPs. The best possible MUE is 0 where the TPs and FPs are fully separated.
A MUE value of 0.5 is the highest (worst) possible MUE. A mean entropy for TPs
below the mean entropy for FPs indicates that the uncertainties has the right ten-
dency, and can still be valuable even if the TPs and FPs are not fully separable.
An example plot of uncertainty error can be seen in Figure 2.11 where the TPs
are visualized in blue and the FPs in red at the values of their classi�cation and
regression entropies.
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In this section the work �ow will be described. Firstly, the baseline network and
our extensions to include uncertainties will be gone through. The chosen regression
parameters, how the 3D variables are derived and how the uncertainties are prop-
agated will be presented. Implementation details will be speci�ed and lastly the
process of evaluating the results will be gone through.

3.1 Network structure

Information regarding the baseline network, that the project extends, will be pre-
sented. Our solution and extension of this baseline network will then be presented.
The network extended with uncertainty estimates is hereby called UncertaintyNet.

3.1.1 Baseline network

The base network structure is adopted from [31][38]. The input to the network is
a single image which is passed through a CNN encoder, more precisely the dilated
ResNetdrn_c_26 [39]. The last two fully connected layers are removed resulting
in the image being down sampled by a factor of 8, resulting in a dense feature
vector of dimension 512. This feature vector is passed through separate task speci�c
decoders called task nets, each consisting of two 1 x 1 convolutional layers and
a tiling upsampling, resulting in an output that is one fourth of the input image
resolution. The output from the task nets is the �nal network output which is then
post processed to yield 3D boxes. The baseline network can be seen in Figure 3.1.

During training of the baseline network, the simple L1 loss, which penalizes the
distance between the prediction and the ground truth, is used,

L1 =
nX

i =1

jyi � f (x i )j ;

whereyi is the ground truth value, f (x i ) the output predictions andn is the number
of output parameters. The baseline network will be used during evaluation for
comparing performance results.

3.1.2 Our network - UncertaintyNet

The model in this project is based on the baseline model described in Section 3.1.1.
The main extension of this network structure is that it includes also aleatoric uncer-
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Figure 3.1: The baseline network used to compare performance with. The clas-
si�cation score and the 2D bounding boxes from the output is passed to a Non-
Maximum-Suppression algorithm to form a detection mask. For each detection
passed by the detection mask a 3D box is found using the network outputs. Image
source: [38].

tainties, thus an extra variable � , for each mean parameter is estimated. Further-
more our network can also estimate the epistemic uncertainties by running multiple
forward passes with dropout enabled and calculating the predictive variance of the
outputs. The variables that the network estimates are:

ˆ Class Score
ˆ 2D Bounding Box
ˆ Standard deviation for 2D Bounding Box
ˆ Depth
ˆ Standard deviation for Depth
ˆ Orientation
ˆ Standard deviation for Orientation
ˆ Dimensions
ˆ Standard deviation for Dimensions

All of our experiments have been performed with the assumption that the network
output is corrupted with observation noise from either a Gaussian or a Laplacian
distribution. Heteroscedastic aleatoric uncertainties, where the observation noise is
input dependant, and thus can vary across outputs, has mainly been used. The mean
estimates and the aleatoric uncertainties are learned by performing backpropagation
on the loss function. Depending on the assumed distribution one of two loss functions
has been used. For the models trained under the assumption of Gaussian observation
noise the loss function in Equation (2.10) has been used and similarly for the models
trained under the assumption of Laplacian observation noise the loss function in
Equation (2.11) has been used, as the loss function is what de�nes the parameters
to be from a certain distribution.

Furthermore, as there is only ground truth annotations for the regression variables
in the generated support regions (SR), discussed in Section 2.4.3, only the estimates
in these regions should generate a loss to perform backpropagation on. However,
the ground truth masks are constructed to have the same resolution as the network
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Figure 3.2: The network structure for training. All parameters and their corre-
sponding uncertainties form an individual loss term. The individual loss terms are
summarized to form the �nal loss for which backpropagation is performed on.

outputs but �lled with zeros outside support regions. Therefore the network output
is masked out (set to zero) outside the support regions, e�ectively making sure that
the di�erence to the ground truth mask is zero and thus the gradient from these
pixels will be zero.

When the network output has passed the suppression mask, the loss for e.g. the
depth estimates given an input imagex under the assumption of Laplacian output
noise is calculated for each pixelj 2 SR as

Ldepth(x) =
X

j

p
2jyGT

j;depth � ŷj;depth j
� j;depth (x)

+ log(� j;depth (x))

where ŷj;depth is the estimate of the depth,yGT
j;depth is the ground truth regression

target and � j;depth (x) is the estimated uncertainty at pixel j and where j belongs to
the pixels in the support regions.

The classi�cation head, which has the background class as target outside the
support regions, is trained also outside the support regions. A standard cross entropy
loss function is used for the classi�cation head. The total loss for a forward pass is
the sum of all task speci�c losses as illustrated in Figure 3.2.

To obtain the epistemic uncertainty estimates we want to calculate the marginal
distribution p(y� jx � ; X; Y ) in Equation (2.5). As mentioned in Section 2.1 this can
not be calculated analytically but we can draw samples from the distribution in
various ways. The method that is used to sample from this is the Monte-Carlo
sampling method, Monte-Carlo Dropout [3], that allows us to draw samples from
the distribution by having dropout enabled at inference time, runningT forward
passes and calculating the mean and variance as

� (x i ) =
1
T

TX

t=1

f (x i ; ! t ) (3.1)
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� e(x i ) =
1
T

TX

t=1

f (x i ; ! t )f (x i ; ! t )T � � (x i )� (x i )T (3.2)

where! t is the network parameters andf (x i ; ! t ) is the network output for forward
passt. Implementation-wise this requires the network to have a dropout layer after
every weight layer in the network [6]. We chose to only have dropout in the encoder
part of the network as the decoders are very brief (two 1x1 convolutional layers)
compared to the encoder. Training is done as usual with active dropout layers.
This does not increase the training time for a model. During inference dropout
layers remain active, which usually is not the case, and multiple forward passes are
performed with the same input image. Multiple forward passes increases the total
number of calculations required by the same factor as number of forward passes
performed.

An important thing to note here is that when performing multiple forward passes
through the network the mean value for the output's distribution is sampled to
calculate the epistemic uncertainties. According to the Central Limit Theorem,
when sampling fromany distribution the sampling distribution of the mean values
approaches a normal distribution as the number of samples goes to in�nity [40]. Thus
the predictive variance (epistemic uncertainty), should approach the variance of a
normal distribution as the number of forward passes (samples) approaches in�nity.
In the case where Laplacian observation noise has been assumed this is disregarded
and the combined uncertainty,� 2

al+ ep = � 2
aleatoric + � 2

epistemic , is approximated as the
variance for a Laplacian distribution. However, the analysis of the uncertainties for
each model has been done for the uncertainties separately as well as combined.

During inference the class score and the 2D bounding box outputs are used to-
gether in a Non Maximum Supression (NMS) algorithm to generate a detection
mask �ltering out unique (see Section 2.4.4) detections with classi�cation con�-
dence higher than a certain threshold. Mean 3D bounding boxes are generated from
the mean 2D parameters and NMS detection mask via 3D box �tting, as described
in Section 2.4.5. The 3D uncertainties are propagated from 2D to 3D by passing the
2D bounding box, depth and uncertainty estimates along with the detection mask
through an uncertainty propagation algorithm, which is described in Section 3.1.4.
The complete �owchart is visualized in Figure 3.3.

We will now specify the chosen network outputs and potential encodings of the
parameters mentioned in Section 2.4.2. The class scores are estimated as a regular
classi�cation task where the available classes are Background, Car, Pedestrian and
Cyclist. The 2D Bounding Box coordinates,(xmin ; ymin ; xmax ; xmax ) are encoded and
learned as relative coordinates, i.e. for every pixel(x; y) in the support region the
pixel distance from that pixel to the objects boundaries is estimated as

f (2Dbbox) = ( x � xmin ; y � ymin ; xmax � x; ymax � y): (3.3)

The depth to the object is estimated in meters and is chosen as the distance to an
object along theZ axis. One could also choose to estimate the euclidean distance
to the object but as all parameters are assumed to be independent it is tractable
to keep the variables separated as much as possible. The euclidean distance, and
the corresponding uncertainty in euclidean distance, would be used to calculate the
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Figure 3.3: The overall network structure.

uncertainties for all three of the world coordinates X, Y and Z whereas now the Z
parameter, and corresponding uncertainties, are more isolated.

As described in Section 2.4.2 it is hard to estimate the global orientation,� ,
around the Y axis right away and thus we choose to estimate the observation angle,
� , to an object. We chose to encode the angle� as both sin� and cos� . The
observation angle is then recreated by

� = arctan
� sin�

cos�

�

(3.4)

where sin� and cos� are the two network orientation estimates. The �nal global
orientation is then calculated as per Equation (2.16) from Section 2.4.5.

The dimension outputs are estimations of the object dimension in meters straight
away. Some papers choose to encode the dimension variables and instead estimate
the logarithm of the dimensions to make sure not to get negative dimension esti-
mates. This is not done in this thesis as the outputs are assumed to be a�ected
by observation noise and thus it is favorable to not have to convert the uncertainty
estimates from uncertainty in log dimensions to uncertainty in dimensions. We did
not experience any problems with the network outputting negative dimensions.

We assume that there is observation noise on the outputs, which is modelled
by the aleatoric uncertainties, corrupting each one of the regression parameters
(2DBBOX, depth, orientation, dimensions). This observation noise is estimated
by the network. The aleatoric uncertainties are parameterized as the logarithm of
the standard deviation, log� , instead of estimating the standard deviation� right
away, thus forcing the� estimates to be positive. Positive uncertainty estimates are
desirable as standard deviations and variances for distributions can't be negative.

3.1.3 Deriving 3D variables

Some of the parameters describing a 3D bounding box is not estimated from the
network and thus have to be derived from the variables that are estimated. This
is done entirely in accordance with Section 2.4.5 resulting in the �nal parameters
describing the 3D bounding box, namely its dimensions (H, W, L), location (X,Y,Z),
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rotation ( � ). The step of calculating the remaining 3D variables is performed after
NMS in order to substantially decrease the computational power that is required.

3.1.4 Propagating uncertainties to 3D

When 3D parameters are derived as a post processing step rather than estimated
from the network we have no direct estimate of the uncertainties for these variables
and thus the uncertainties has to be propagated in a similar fashion to how the
3D variables are derived. In this Section we will go through how we propagate the
uncertainties to the �nal 3D variables, i.e. how we derive� for H, W, L, X, Y, Z
and � .

The object's dimensionsH; W; L are estimated from the network and thus the
estimated uncertainties for these variables does not have to be propagated. As
described in Section 2.4.5 the 3D location is split betweenZ which is estimated
directly and X and Y which are derived from the 2D bounding box estimates.
Similarly to the dimension estimates, theZ estimate is already in the global world
coordinate system and thus no propagation of uncertainties is needed.

The variables X and Y are derived from the center point of the 2D bounding
box which in turn is derived from the 2D bounding box as in Equation 2.13. The
uncertainties about the four 2D bounding box edges are uncertainties in pixels in
the image plane. We want to propagate this uncertainty to uncertainty for the world
coordinatesX and Y, that both have unit meter. To �nd the uncertainties in X the
2D bounding box center,ccenter , is shifted in the x direction by � � xmin and + � xmax .
The world coordinates that corresponds to these two points are found by applying
Equation (2.14) followed by Equation (2.15). As the pixel coordinates were two
standard deviations apart in thex direction the two world coordinates should now
also be two standard deviations apart in theX direction. The standard deviation
for the Y world coordinate is found in a similar fashion but shiftingccenter in the y
direction by � � ymin and + � ymax instead of the shift in thex direction.

Finally the uncertainties for the yaw angle� has to be derived. The network
outputs connected to the observation angle� are encoded assin(� ) and cos(� ). As
the estimated uncertainties are also uncertainties insin(� ) and cos(� ) we have to
�rst convert these to uncertainties in � . This is done by projecting the uncertainties
in sin(� ) and cos(� ) onto the unit circle (see Figure 3.4) and taking the absolute
value to account for negative values ofsin(� ) and cos(� ). These are then considered
as separate sources of uncertainty in� , i.e. their variances are added to obtain the
variance in � . Note that the uncertainties � �;sin and � �;cos are assumed to be small.
The smaller the uncertainties are, the better the approximation is.

3.2 Implementation

The implementation is written in Python and more speci�cally using PyTorch [41]
to build and train the models. The data set that the algorithms have been be trained
and evaluated on is the KITTI [33] data set.

The learning rate used during training is initialized to10� 4 and a learning rate
scheduler is used which reduces the learning rate by a factor 10 when either the F1
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Figure 3.4: Illustration of how uncertainties are propagated to� from sin � and
cos� under the assumption that the uncertainties in sin� , cos� are small.

score or the validation loss has not improved for 10 epochs.
Monte Carlo (MC) Dropout is used for approximating the posterior distribution

over the weights in the network, as described in Section 2.1, and the dropout rate
used during both training and inference is set to 0.2, as suggested in the paper by
Kendall and Gal [1]. The number of MC Dropout samples is set to 20.

For non maximum suppression (NMS) a 2D IoU threshold of 0.3 is used when
determining if detections belong to the same object.

3.3 Evaluation

Di�erent metrics are used to evaluate and analyze the estimates. The metrics are
divided into uncertainty and performance metrics.

3.3.1 Uncertainties

There is currently no standardized way of evaluating uncertainty estimates in ma-
chine learning and therefore no comprehensive comparison to other methods could
be done. Instead we have to �nd metrics that covers, and describes, di�erent aspects
of the uncertainties to be able to analyze them in a good way. For evaluation and
analysis of the estimated uncertainties, Area Under Sparci�cation Error (AUSE) (see
Section 2.6.1), Calibration plots (see Section 2.6.2) and Uncertainty Error (UE) (see
Section 2.6.3) are used. Together they cover evaluation of the order of uncertainties
in relation to each other, the magnitude (or calibration) of the uncertainties as well
as their ability to distinguish true from false positives. The uncertainties will be
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evaluated for epistemic and aleatoric uncertainties separately as well as combined.
For AUSE and calibration plots only true positives are considered as they require

ground truth targets to be calculated. To be able to evaluate and analyze the
uncertainties for as many detections as possible the 2D IoU scoring function is used
to distinguish true from false positives as this accepts more detections compared to
3D or BEV scoring functions. Similarly, no more extensive �ltering of objects are
made than for objects of the classCar. In other words, no KITTI benchmark �lters,
described in Section 2.5.1, are used.

A model is trained under the assumption that there is either Laplacian or Gaus-
sian observation noise corrupting the outputs. To analyze the calibration of a model
trained under the assumption that there is Laplacian observation noise corrupting
the outputs two set of calibration plots are created. The �rst set of calibration
plots is created by treating each output as a Laplacian distribution characterized
by the estimated mean and the estimated variance and then using Equation 2.24 as
described in Section 2.6.2. The second set of calibration plots is created by instead
treating each output as a Gaussian distribution characterized by the same estimated
mean and the same estimated variance, thus using Equation 2.24 as described in
Section 2.6.2. These two sets of calibration plots are created for each of the di�erent
models. Furthermore, the Mean Squared Error to perfect calibration (y = x) is
calculated for each variable to be able to compare the calibration across models and
parameters.

For UE the ability of di�erent parameters to distinguish true from false positives
are evaluated. Since the scoring function alone is what determines if a detection
is a true positive or a false positives the UE evaluation is performed with multiple
di�erent scoring functions. No KITTI benchmark �lters are used but the evaluation
is only done for cars as the vast majority of the objects in the dataset are cars.

3.3.2 Performance

For performance the metric of Average Precision (AP) (see Section 2.5.5) and Detec-
tion Statistics (see Section 2.5.3) are used. For both metrics all KITTI benchmark
�lters (see Section 2.5.1) are considered as well as all scorers (see Section 2.5.2).
For Average precision, common practise is to use scoring threshold 0.5 but for the
KITTI benchmark 0.7 is speci�ed. To possibly gain additional insights as to how
close the detections are to becoming true positives the threshold value 0.3 was used
as well, this gives some indication of how big the uncertainties have to be in order
to cover the otherwise missed objects. In other words, the threshold values 0.3, 0.5,
and 0.7 are considered. For Detection Statistics the classi�cations presented are true
positives, false positives and false negatives.
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In this chapter the results from our di�erent models and experiments will be pre-
sented. The baseline for which we compare the performance against is the base
model that has been extended with uncertainty estimates, but without uncertain-
ties. Furthermore, the model that we have extended to estimate epistemic and
heteroscedastic aleatoric uncertainties is here called UncertaintyNet (UN). A few
di�erent versions of UN have been trained with slight di�erences, these are:

ˆ UN Val Laplace - UncertaintyNet with assumed Laplacian observation noise
that is stopped on lowest validation loss

ˆ UN F1 Laplace - UncertaintyNet with assumed Laplacian observation noise
that is stopped on best F1 score (for validation set)

ˆ UN Val Gauss - UncertaintyNet with assumed Gaussian observation noise
that is stopped on lowest validation loss

ˆ UN F1 Gauss - UncertaintyNet with assumed Gaussian observation noise
that is stopped on best F1 score (for validation set)

where stopped on means that that model has been chosen as the "best model" for
which the presented results in this section are generated from. Everything in this
chapter is from experiments on the validation dataset.

4.1 Visualizations / Images

In the following section an example image generated by the UncertaintyNet model
trained under Laplacian observation noise that is stopped on best F1 score will be
presented. The same image will be used multiple times from di�erent views and
with di�erent estimates visualized.

In Figure 4.1 an example image is visualized with 2D ground truth annotations,
depth estimates� � , mean 2D bounding box estimates and two extra boxes per
detection where the mean box has been shifted� � for each edge.
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Figure 4.1: An example image with corresponding GT 2D bounding boxes (or-
ange), mean estimated 2D bounding boxes (dark blue) and two additional boxes
where the mean boxes has been shifted by one standard deviation (light blue).
GT depth is written in the bottom left corner and estimated depth� one standard
deviation is written in top left corner. The standard deviations is here combined
epistemic and aleatoric uncertainties for the parameters.

From Figure 4.2 we see that the network indicates greater uncertainty about its
depth estimate for the car that is the furthest away and that the uncertainties for
the 2D bounding box predictions are greater for the closest car. The estimated
3D bounding boxes are increased in size by one standard deviation and shifted
one standard deviation along the X, Y and Z axes to illustrate what volume that
is covered within one standard deviation. This volume, along with the estimated
3D bounding box and the ground truth 3D box, is projected onto the image and
visualized in Figure 4.3.

From Figure 4.2 we see that the estimated standard deviation for the depth
is 2.66m for the car furthest away compared to 0.53m for the closest car. The
depth is again the distance along the Z axis. The e�ect that this has in 3D can
clearly be seen in Figure 4.4 where the light blue box for the car with high depth
uncertainty is substantially longer than that of the car with small depth uncertainty.
The same image is visualized from a bird's-eye-view (BEV) to be able to more
easily see how well the estimated 3D boxes match the GT and to see how the
uncertainties in various variables contributes to the area covered within one standard
deviation. In Figure 4.5 the uncertainties for (W, L), (X, Z) and � are visualized
separately. Furthermore also the aleatoric, epistemic and combined uncertainties
are visualized separately. Note that the estimated boxes are manipulated with one
standard deviation for each variable and that the combined uncertainty is the square
root of the sum of the individual variances, i.e.� al+ ep =

q
� 2

al + � 2
ep.

The uncertainties for W, L, X, Z and � can be combined to visualize the total
area within one standard deviation for all of these variables combined. This is
done in Figure 4.6 where the estimated bounding boxes are made one standard
deviation longer and wider, rotated� one standard deviation around the Y axis
and �nally shifted � one standard deviation in the X and Z direction. A few more
typical example images and corresponding bird's-eye-view visualizations for theUN
F1 Laplacemodel can be seen in Figures 4.7 - 4.10.
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Figure 4.2: Two detections with the GT 2D bounding box (orange), mean esti-
mated 2D bounding box (dark blue) and mean box shifted one standard deviation
for each edge (light blue). Ground truth depth is written in the bottom left corner
and mean depth� one standard deviation in the top left corner.
The mean estimates (2D bounding box and depth) for these objects are within one
standard deviation of the ground truth annotations, except for the top edge on the
closest car that is one pixel below the uncertainty box.

Figure 4.3: An example image with GT 3D bounding boxes (orange), estimated 3D
bounding boxes (blue) and the volumes created by increasing the size of each blue
box by one standard deviation in all dimensions and then shifting them one stan-
dard deviation along the world coordinate axes X,Y,Z (green).� is here combined
epistemic and aleatoric uncertainties for the parameters.

Figure 4.4: Two detections with the GT 3D bounding boxes (orange), estimated
3D bounding boxes (blue) and the volume created by increasing the size of the blue
boxes by one standard deviation in all dimensions and then shifting it one standard
deviation along the world coordinate axes X,Y,Z (green).
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