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Abstract 

Cracks in rails are a common cause of expensive repairs and sometimes dangerous 

failures. Mathematical models of the cracks can be used to investigate early crack 

propagation. One of these approaches uses Linear Elastic Fracture Mechanics (LEFM). 

In LEFM the stresses near the crack tip of cracks can be quantified by stress intensity 

factors (SIFs). These are related to the crack face displacements parallel and 

perpendicular to the crack surface. The main purpose of this study is to analyse how 

different factors will affect these displacements.  

 

Using contact mechanics, stresses between the two contacting bodies – wheel and rail –

is quantified. To simulate crack deformation the eXtended Finite Element Method 

(XFEM) is used together with interaction properties managing the surface-to-surface 

contact of the crack faces. After building a numerical model, using CAE software, a 

linear elastic stress/strain analysis is performed. A Python script is employed in a post-

processing extraction of node data and subsequent evaluation of crack face 

displacements.  

 

When studying the effect of variation of load position relative to the crack, the results 

showed that large displacements occur primarily when the maximum pressure load is 

before or after the initiated crack. Furthermore, when analysing the variation of the 

crack angle, it could be noticed that the crack is likely to propagate much faster when 

the crack is oriented transversally. Additionally, the influence of wheel–rail interfacial 

friction was studied and it was observed that it affected crack deformation differently 

depending on the crack inclination.  

 

A conclusion that could be drawn was that there are many trends that can be observed 

when varying different load and geometry parameters. The trends are influenced by 

many underlaying factors. The results presented in this study can hopefully be used as a 

basis on further studying of early crack propagation, and as a help to understand when 

the deformation of a crack will be the highest.  

 

 

 

 

 

 

 

 



 

 

 
 

Sammanfattning  

Kontaktkrafterna mellan hjul och räl som uppstår när hjulparet rör sig längs med rälsen 

bidrar till uppkomsten av ytsprickor på järnvägsräls. De påkänningar som uppstår kan 

med hjälp av linjärelastisk brottmekanik kvantifieras som spänningsintensitetsfaktorer 

(SIFs). Dessa är kopplade till den relativa förskjutningen av sprickytorna i 

spricköppning (mod I, 𝛿I)  och i sprickskjuvning (mod II, 𝛿II). Det huvudsakliga syftet 

med denna studie är att analysera hur olika faktorer påverkar dessa förskjutningar.  

 

Med kontaktmekanik kan spänningarna i kontakten mellan hjul och räl, kvantifieras, det 

kontaktområde som då uppstår är cirka 10 mm brett. För att simulera sprickdeformation 

behövs en metod för att behandla de spänningssingulariteter som uppstår kring 

sprickspetsen, den metod som väljs är eXtended Finite Element Method (XFEM), 

tillsammans med olika villkor för interaktionen mellan sprickytorna. Efter att en 

numerisk modell utformats med hjälp av CAE, har en metod utvecklats för att analysera 

den relativa förskjutningen av sprickytorna. Från simuleringsresultaten extraheras 

förskjutningar och koordinater hos ett antal noder och sprickförskjutningarna 

utvärderas.  

 

Då inverkan av den varierade lastpositionen relativt sprickan studerades, visade det sig 

att stora förskjutningar uppstår främst då den maximala trycklasten befinner sig 

antingen före eller efter den initierade sprickan. Vidare kunde det fastslås att sprickan 

bör propagera snabbare när sprickan är orienterad transversellt. Ytterligare så 

undersöktes påverkan av friktionen mellan gränssnittet hjul/räl, det observerades då att 

denna påverkade sprickdeformationen annorlunda beroende på sprickvinkeln.  

 

En slutsats som kunde dras var att många olika trender går att observera när olika 

faktorer varieras. Variationen i dessa trender indikerar att ett flertal underliggande 

faktorer påverkar sprickdeformationen på olika vis. Resultaten i denna rapport kan 

förhoppningsvis användas som en grund för vidare arbete när dessa trender studeras 

vidare och som en hjälp när man vill förstå en sprickas deformation.   
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1 Introduction 

This Bachelor’s thesis deals with a major problem on several railway systems 

worldwide, namely local surface cracks. These cracks are a common cause of expensive 

repairs and sometimes dangerous failures. The purpose of this study is to analyse crack 

face displacements with the aims to get a better understanding of how different factors 

will affect these displacements and thereby the propensity for small cracks to grow.  

1.1 Background  

The wheelset of a train consists of two wheels connected by an axle. The wheels are 

usually solid but otherwise comprise a centre (or hub) and a rim (or tyre). In some 

applications the rim is resiliently mounted on the wheel centre, but usually the rim is 

shrunk onto the wheel centre. The wheel tread is in contact with the railhead when the 

wheelset is moving along a railroad.  To describe the contact pressure from the 

interaction between wheel – rail, Hertzian theory can be used. This contact theory is 

describing the stresses between two contacting bodies, built upon assumptions described 

in section 2.2.  

 

The load from the train is in the current study considered to be 25 tons per axle. It is 

transferred to the rail over a contact patch, which is approximately 10 mm wide. 

Additionally, friction is present and needs to be considered. The contact pressure 

distribution will, according to the Hertzian theory, be elliptic. Surface cracks may form 

due to the pressure load. The most common cracks occur as a result of combined rolling 

contact and friction, usually caused by traction from acceleration, braking and curving. 

Amongst cracks found in railheads, in-planar crack caused by shear deformation is the 

dominating load type. In two dimensions the deformation is described by two modes, 

in-planar shear and crack opening. The stresses near the crack tip of these cracks can be 

quantified by stress intensity factors, that are related to the displacements of the crack 

surface. 

1.2 Approach 

The analyses will feature numerical simulations to obtain node displacement near the 

crack surfaces. These displacements will be extracted, and linear interpolation will be 

used to obtain the crack deformation which can be further analysed. The actual three-

dimensional (3D) wheel–rail configuration will be simplified as a two-dimensional (2D) 

plain strain model. The resulting model will be used to gain valuable insights more 

rapidly than for a full 3D model. A 2D railhead will be represented by a rectangular 

block. A crack is created and simulations will be made with varying crack angles, 

relative wheel–rail positions and traction coefficients that quantify the interfacial 
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friction between wheel and rail. This will be done by varying parameter settings out 

from a standard load case that is presented in section 3.1. 
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2 Theory 

In this chapter, LEFM is briefly explained and important concepts for this study are 

introduced. Furthermore, contact mechanics is introduced so that the contact between 

rail and wheel can be explained. Cracks that often form due to this contact are then 

described in detail.  

2.1 Linear Elastic Fracture Mechanics 

LEFM is a theory used to quantify the effect of loading of a crack in linear elastic 

materials. The crack deformation can be separated into three modes. Mode I is the 

opening mode and mode II the in-plane shear mode. The third mode is the out of plane 

shear mode, see Figure 1.    

 
Figure 1. Illustration of the crack deformation corresponding to modes I–III 

Under 2D conditions, the stress field near the crack tip due to a mode I displacement 

can be described by equations (1), (2) and (3) for mode I, see Alfredsson (2014). Here 

𝐾I is the mode I stress intensity factor and the angle, 𝜃, and distance from a reference 

point, 𝑟, define the polar coordinate system in Figure 2. At the crack tip, 𝑟 → 0, there 

will be a singularity in stress and strain magnitudes will go towards infinity.  

 

 
𝜎𝑥 =

𝐾I

√2𝜋𝑟
cos (

𝜃

2
(1 − sin (

𝜃

2
) ⋅ sin (

3𝜃

2
))) +…  (1) 

 

 
𝜎𝑦 =

𝐾I

√2𝜋𝑟
cos (

𝜃

2
(1 + sin (

𝜃

2
) ⋅ sin (

3𝜃

2
))) +… (2) 

 

 
𝜏𝑥𝑦 =

𝐾I

√2𝜋𝑟
cos (

𝜃

2
) sin (

𝜃

2
) cos (

3𝜃

2
) +… (3) 
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The magnitude of the stresses near the crack tip are quantified by the stress intensity 

factors, 𝐾. The relationship between stress intensity factors in mode I and II and crack 

face displacements, 𝑢𝑥 and 𝑢𝑦, are defined, according to Anderson (1995), by 

 

 

 𝑢𝑦 =
𝐾I

2𝜇
√

𝑟

2𝜋
sin (

𝜃

2
) (𝜅 + 1 − 2𝑐𝑜𝑠2 (

𝜃

2
)) −

𝐾II

2𝜇
√

𝑟

2𝜋
cos (

𝜃

2
) (𝜅 − 1 − 2𝑠𝑖𝑛2 (

𝜃

2
)) (4) 

 

 𝑢𝑥 =
𝐾II

2𝜇
√

𝑟

2𝜋
sin (

𝜃

2
) (𝜅 + 1 + 2𝑐𝑜𝑠2 (

𝜃

2
)) +

𝐾I

2𝜇
√

𝑟

2𝜋
cos (

𝜃

2
) (𝜅 − 1 + 2𝑠𝑖𝑛2 (

𝜃

2
)) (5) 

 

In equation (4) and (5)  𝜇 is the shear modulus and 𝜅 = 3 − 4𝜈 is used for plane strain. 

The angle is in the range −𝜋 ≤ 𝜃 ≤ 𝜋 and Poisson’s ratio is 𝜈. Since the SIFs are 

related to crack face displacements, the displacements rather than the SIFs can be used 

to study the crack loading. The coordinate system employed in the current study is 

according to Figure 2: 

 

 
Figure 2. Local coordinate system at the crack tip 

2.2 Contact mechanics 

To describe contact stresses between two contacting bodies, Hertzian theory can be 

used. The theory builds on the assumptions that the bodies in contact are linear elastic 

and that the contact area is relatively small in comparison to the dimensions of the 

bodies in contact. In addition, it is also supposed that the geometries in contact are 

smooth at both micro and macro scale. These conditions result in an elliptic contact 

patch with the axes 𝑎 and 𝑏. The contact pressure is then given by  

 

 

 𝑝 = 𝑝0√1 − (
𝑥

𝑎
)

2

− (
𝑦

𝑏
)

2

 (6) 
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Here |𝑥| < 𝑎, |𝑦| < 𝑏. The maximum contact pressure, 𝑝0, corresponding to a contact 

load 𝑃 at the origin (𝑥, 𝑦) = (0, 0) is given by 

 

 
𝑝0 =

3𝑃

2𝜋𝑎𝑏
 (7) 

 

The interfacial friction, wheel to rail, is assumed to be proportional to the contact 

pressure with a traction coefficient, 𝑓. Full slip is presumed and the magnitude of the 

friction, 𝜏, is then given by 

 

 𝜏 = 𝑓 ⋅ 𝑝 (8) 

 

The pressure distribution under a Hertzian contact load is sketched in Figure 3. Note 

especially the maximum contact pressure, 𝑝0, and maximum interfacial friction, 𝑓 ⋅ 𝑝0. 

   

 
Figure 3. Contact pressure distribution 

For more details on the topic of Hertzian contact, see Goodier & Timoshenko (1951). In 

2D the case above can be approximated as a cylinder in contact with a plane. The 

contact pressure distribution for this case is given by 

 

 𝑎 = ∞ (9) 

 

 

𝑏 = 1.52√
𝑃′𝑅

𝐸
 (10) 
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𝑝0 = 0.418√
𝑃′𝐸

𝑅
 (11) 

 

Here, 𝑃′ is the load per unit width. The radius of the cylinder, used to describe the 

radius of the wheel, is in the current study taken as 𝑅 = 0.44 m. Here a Poisson ratio of 

𝜈 = 0.3 is used. 

 

The load per unit length in the thickness direction, 𝑃′, is obtained as the load that will 

give the same maximum shear stress below the surface as for the “real” 3D case. In the 

two-dimensional case, the maximum subsurface shear stress according to Goodier & 

Timoshenko (1951) is given by  

 

 

𝜏max = 0.127√
𝑃′𝐸

𝑅
 (12) 

For the three-dimensional case, the maximum subsurface shear stress is given by 

 

 
𝜏max ≈

𝑃

2𝜋𝑎𝑏
 (13) 

 

As an example, in railway wheel to rail contact, the load will be about 25 tons per axle. 

Adding a dynamic scale factor of 5% the load will be approximately 130 kN. By 

transforming the load to 2D, the load per unit length is found as 𝑃′ ≈ 27 MN/m. With 

equation (10), the semi axis 𝑏 is calculated as 𝑏 ≈ 5 mm. Using equation (11), the 

maximum contact pressure is 𝑝o ≈ 1.5 GPa. In the same manner as in the 3D case the 

contact pressure in 2D can be described as 

 

 

𝑝 = 𝑝o√1 − (
𝑥

𝑏
)

2

  (14) 

Where the range of the contact patch is |𝑥| < 𝑏. 

 

The interfacial friction is in the same manner expressed as  

 

 

𝜏 = 𝑓 ⋅ 𝑝o√1 − (
𝑥

𝑏
)

2

  (15) 

 

The maximum subsurface shear stress in this case is 𝜏max = 460 MPa. 

 



 

 

 

7 
 

2.3 Rolling contact fatigue 

Rolling contact fatigue (RCF) can be defined as fatigue caused by rolling contact 

loading without regard to how much plasticity that is developed. The resulting cracks 

can be divided into surface-initiated and subsurface-initiated cracks, where only the 

surface-initiated may seem relevant in the context of this thesis. The crack propagation 

in rolling contact occurs mainly in mode II–III due to the high compression that 

prevents most deformation in mode I although lubrication may induce some mode I 

deformations (Ekberg & Kabo, 2005).  

 

Surface-initiated cracks are often found in areas affected by high friction, usually 

caused by traction from driving, braking and curving. When traction is applied to the 

rail, plastic deformations tend to form at the contact surface skewing the microstructure 

layers. The most notable deformation forms at the rail surface along the direction of the 

applied traction (Ekberg & Kabo, 2005). Further down the cross-section, the effect 

gradually decreases. By the time the accumulated strain surpasses the fracture strain, 

cracks will begin to form. Initially, the crack propagation occurs at shallow angles 

which gradually increase and, to some extent, follows the texture of the plastically 

deformed surface layer, according to Ekberg and Kabo (2005). After reaching a certain 

depth, the crack will eventually divert or bifurcate. If this leads to a transverse 

propagation that continues down through the rail, it may break. Furthermore, it is noted 

by Ekberg and Kabo (2005) that empirical data shows that propagation of surface cracks 

can be prevented when the surface is not lubricated although the lubrication is beneficial 

for reducing the traction forces and thereby suppressing crack initiation. Thus, it can be 

necessary to take lubrication into consideration when studying crack growth. 

 

To make reparations and maintenance as effective as possible, it is essential to 

understand the properties of the different types of cracks that can occur in the railhead, 

e.g. in which direction and at which rate the crack propagates. To simplify this process 

UIC (2018) provides some guidelines for classifying, repairing and preventing different 

kinds of cracks. These guidelines are used in the following section to describe the 

properties of a RCF-initiated crack called a ‘squat’, allowing it to be compared to 

another crack type with somewhat similar properties, denoted a ‘stud’. 

2.3.1 Squats 

According to UIC (2018), squats are cracks initiated in the railhead propagating at a 

shallow angle to the rail surface until reaching a depth of 3–5 mm. At that point, vertical 

growth occurs, causing failure. At the surface of the rail the deformation can be 

identified as a dark spot. These dark spots cover the apex of a crack that is either V-

shaped or shaped in a circular arc. The cracks are claimed to be induced by high levels 

of traction due to driving and braking that causes surface fatigue. 
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Squats form due to rolling contact fatigue, more precisely, when large plastic 

deformations occur (Grassie, 2016). It is also noted that they form closer to the gauge 

corner than studs but not as far out as head checks. In a meeting with Anders Ekberg 

(personal communication, 30 March 2020), he argues that although it is unclear whether 

the cracks form at or below the surface, they do as matter of fact penetrate the surface. 

Despite there not being many claims to be made regarding crack initiation, Grassie et al. 

(2011) does provide some seminal observations around crack propagation. One being 

that the cracks will commonly have reached their critical depth for bifurcation around 5 

mm below the surface. Andersson (2018) adds that squats by time are prone to bifurcate 

with two common options being upward causing spalling or downward, eventually 

cutting through the rail, if not detected in time. Grassie et al. (2011) also notes that the 

cracks are found with an initial slope at a 20 degrees angle from the surface, stating that 

crack propagation mainly occur when the crack face is heavily sheared. Furthermore, he 

states that squats are rarely, if ever, found in tunnels because water is required to 

propagate the squat. 

2.3.2 Studs 

There is, as claimed by Grassie et al. (2011), evidence of another kind of crack with 

somewhat similar properties to those of a squat, but with a mayor difference being that 

the crack propagates parallel to the rail surface without evolving into vertical growth. 

Traditionally, these cracks have been regarded as squats, despite forming under 

different circumstances, although some literature may refer to them as ‘studs’ instead. 

 

Studs are, in contrast to squats, mainly formed when there are no heavy plastic 

deformations (Grassie et al., 2011). It is instead assumed that studs are triggered by the 

formation of a white etching layer (WEL). WEL-formation is also common among 

squats, but it is unclear whether WEL-formation is required for squat formation (Grassie 

et al., 2011). According to Andersson (2018), it is assumed that WEL contains 

martensite. The formation of WEL induces residual tensile stresses due changes in 

density. This promotes stud formation. Moreover, Grassie et al. (2011) claims that studs 

are indeed found in areas with high driving and breaking traction.  

 

In contrast to squats, studs are rarely (if ever) observed to propagate transversally down 

the rail and are usually found closer to the crown of the railhead (Grassie et al., 2011). 

Although the differences may seem trivial to spot, it is in practice hard to separate a stud 

from a squat even with use of an instrument. Grassie et al. (2011) state that it is 

uncertain whether the cracks initiate at or below the surface. Similar to squats, they are 

not found in tunnels despite there not being any evidence for lubrication being 

necessary for crack propagation. Grassie et al. (2011) also claim that stud cracks are 

found with initial angles varying around 20 degrees, similar to squats but with less 

consistency. A difference between squats and studs is the short time needed for studs to 

propagate (Grassie, 2016). According to Grassie et al. (2011), it is also possible for 
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branching to occur and if the crack continues to propagate, reaching the railhead once 

more, it might cause spalling (Grassie, 2016).  
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3 Numerical model 

This chapter introduces the model employed to evaluate crack deformation used to 

quantify the propensity for early crack propagation in rails by evaluating the 

displacement on two nodes on either side of the crack. The total displacement is divided 

into displacements parallel and perpendicular to the crack direction. Boundary 

conditions, loads and material properties of the model are described. Furthermore, the 

method to define the crack in the used commercial CAE software ABAQUS (Dassault 

Systemes, 2020) is explained. 

3.1 2D-model and load configuration 

As mentioned above, a 2D simplification of the rail is used. The length of the employed 

rectangle is 300 mm and the height 100 mm. This size is employed to avoid any 

significant influence of the boundary conditions. In Figure 4 the complete domain, Ω, is 

shown, together with the boundary conditions.   

 

The maximum contact pressure together with the equations describing the pressure 

distribution is described in chapter 2.2. Different configurations of the crack angle, 𝜃, 

and relative distance, 𝑥𝑙 − 𝑥𝑐, will be tested when modelling the crack in ABAQUS, see 

Figure 4. Another parameter that will be varied is the traction coefficient (equation 8).  

 

 
Figure 4. Load configuration 
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3.2 Material data  

The material used in the numerical simulations is presumed linear elastic with a 

Young’s modulus of 210 GPa and a Poisson’s ratio of 0.3.  

3.3 Numerical simulations 

To define a crack in ABAQUS, different methods can be used. One of them is to use the 

eXtended finite element method, XFEM (ABAQUS, 2020, c). The approach used to 

simulate cracks and to obtain node displacements near the crack surfaces, is to define an 

XFEM crack and its interaction properties. The following section describes the method 

used in more detail.  

 

XFEM in ABAQUS is used to make the simulations of cracks possible without a need 

of remeshing. XFEM is based on standard finite element method (FEM). For further 

reading on FEM see e.g. Ottosen and Petersson (1992). The reason why XFEM 

specifically is appropriate in this case is because it can handle both stationary and 

propagating cracks. The method is specialized for treating discontinuities such as cracks 

(Mohammadi, 2008). It also allows the finite element mesh to be created independent 

from the geometry of the crack. 

 

When making an analysis in XFEM, the geometry of the crack needs to be explicitly 

defined by the mesh. This means that “enriched” nodes are placed at the crack interface. 

Since the discontinuity is local around the crack, only the nodes nearby need to be 

enriched. To accomplish the enrichment, different types of functions are used in 

addition to the standard finite element base functions. One method applied for tracking 

interfaces and discontinuities is the level set method. This method is a numerical 

scheme that can track the motion of interfaces and enrich the domains that have 

discontinuities (Khoei, 2015). “Enrich the domains” refers to so-called enriched nodes 

that are added to the intersected elements (also called enriched elements) which in this 

case contain the crack. One feature that makes this method powerful is that it can handle 

changes in the topology of the interface. For further reading on the level set method see 

Mohammadi (2008). Figure 5 shows an illustration of an enriched domain containing a 

crack. The representation of the crack typically consists of two-level set functions. The 

first level is the signed distance from the crack domain, 𝜙(𝑥), where 𝑥 are coordinates 

of the main domain, Γ. The second is the signed distance from the normal to the crack 

surface, 𝜓(𝑥), see Figure 6. These signed distance functions have the properties 

(Abbiati et al., 2017).  

 

 ‖∇ϕ(𝑥)‖ = 1 (16) 

 

 ‖∇𝜓(𝑥)‖ = 1  (17) 
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Here ∇ represents the gradient. For further representation of the crack with the level set 

functions see Abbiati et al. (2017). Gradients and derivatives of the level set functions 

are computed by using derivatives of the form function compiled from the standard FE 

formulation.  

 

 
Figure 5. Domain with crack and enriched elements and nodes. Adapted from Khoei 

(2015). 

 

In the current study, the goal of using an XFEM analysis is to find displacements of 

nodes at the crack face. By applying these level set functions, enriched nodes can be 

created as shown in Figure 5. Further, nodal displacements can be obtained. For further 

reading on the complete steps and formulas used for obtaining the approximate nodal 

displacements when using XFEM for a crack problem, see Khoei (2015). In the current 

study, the tip enrichment functions, 𝐹𝑗 for the isotropic elastic material used are defined 

as 

 

 
𝐹𝑗(𝑟, 𝜃) = [√𝑟 sin

𝜃

2
, √𝑟 cos

𝜃

2
, √𝑟 sin

𝜃

2
sin 𝜃 , √𝑟 cos

𝜃

2
sin 𝜃]  (18) 

 

 𝑟 = √𝜑2 + 𝜓2 (19) 

 

 𝜃 = tan−1
𝜑

𝜓
 (20) 

 

See Figure 6 for a definition of variables.   
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Figure 6. Illustration of enrichment functions. Adapted from Abbiati et al., (2017). 

 

The enrichment feature is effective when modelling discontinuities (the crack in this 

study) because no remeshing is needed. The enriched region should consist of elements 

that are intersected by the initial crack and elements that are expected to be intersected 

by the crack if propagation occurs. In the current study, the entire “rail” is considered as 

the enriched region. For further reading on enriched features using XFEM in ABAQUS 

see ABAQUS (2020, a).  

 

Since standard Gauss integration cannot be used due to discontinuities and singularities 

in the vicinity of the crack, element partitioning and polar integration of tip enrichment 

elements is used. To overcome numerical difficulties when enriched elements are cut by 

the crack, this is done by subdividing the element at both sides of the crack into sub-

quads where the edges are adapted to the crack faces. For further reading on element 

partitioning see Mohammadi (2008). The tip enrichment functions in equation (20) have 

the purpose of capturing the singularities around the crack tip. For this purpose, polar 

integration can be employed which means that the element containing the crack tip is 

decomposed into triangles in a way so that one node of each triangle is on the crack tip. 

For further reading on singularities in crack tip elements see Fries (2018).  

3.4 Node displacement method  

To analyse the propensity for crack propagation, a comparative study is made where 

load magnitude and crack geometry is changed. To quantify the impact on the crack, the 

displacement of the crack face is studied. To make the analyses comparable, a 

standardized method must be used.  

 

Firstly, two nodes that are at approximately at the same position on the two crack faces 

at an undeformed state need to be chose. These nodes will be displaced under loading 
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and then be located at distances, 𝛿I and 𝛿II, from each other in the perpendicular, 𝑦′, and 

parallel, 𝑥′, direction in the local coordinate system defined in Figure 7. Distances are 

calculated from displacements in the local coordinate system created in ABAQUS (see 

section 3.4). Since XFEM is used, there are no nodes along the crack surface. This calls 

for a modified strategy so that the nodes are always at the same distance from the crack 

tip in every simulation. This distance was chosen as half the crack length.   

 

When the analysis is completed the data can be analysed1. Again, since there are no 

nodes at the crack surface, interpolation must be used. This is done by employing 

coordinates and displacements from seven nodes near the crack. The first node is 

chosen at the crack tip. Additional nodes are chosen at approximately half the crack 

length from the crack tip, three nodes on each side of the crack surface. A Python script 

is then used to evaluate distances 𝛿I and 𝛿II. 

 

 

 

 

  
 

Figure 7. Illustrative picture of distances 𝛿I and 𝛿II 

3.5 Creating the model in ABAQUS 

The first step of creating the model in ABAQUS was to create the rail as a 2D-part, with 

deformable as type and shell as base feature. When sketching the part, a rectangle was 

sketched with dimensions given in section 3.1. Creating the crack was done as another, 

separate 2D-part, with deformable as type and wire as the base feature. This was done 

so that the wire could later be chosen as a crack location. The crack was sketched as a 

line between two points, the coordinates for these points were calculated with a Python 

script for each crack geometry.  

 

 
1 Jobs were submitted by using a job submission file in the cluster management job scheduling system 

SLURM (Shedmd, 2020) 
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After creating the two parts, a material with the properties described in section 3.2 was 

created. To define the section properties of the two-dimensional solid region, a solid 

homogenous section was created. The section consists of the created material and the 

part created for the rail. In the assembly module, an instance for each part was created; a 

dependent instance for the wire, and an independent instance for the rail. The instance 

for the rail was made independent so that later modifications could be made in the 

assembly module. Two datum points were created with the width of the contact patch 

calculated in equation (10), in section 2.2. A partition was created between these points 

so that the load could later be positioned here. For the contact pressure distribution, a 

new coordinate system was created in the middle of the partition created at top of the 

rail.  

 

An analysis in ABAQUS is defined using steps, which is a division of the problem 

history into different phases. For the applied load, a static step was therefore created to 

represent the change from one magnitude to another. The crack was defined as an 

XFEM crack in the interaction module. Crack region and crack location could now be 

selected as well as the interaction property for the crack. The interaction property was 

chosen as type contact. A contact property for the behaviour normal to the surfaces was 

used to prevent any excessive penetration between crack surfaces. The constraint 

enforcement method was chosen as Penalty, see ABAQUS (2020, b) for further details. 

 

After defining these parameters, an XFEM crack growth interaction was created in the 

initial step. The boundary conditions were now applied according to figure 4. In the 

second step, the load was created by defining two analytical fields, one for pressure 

(equation 14) and one for the shear traction (equation 15).  

 

Lastly a homogenous mesh was created with an element length of 0.14 mm. To ensure 

that enough nodes are close to the crack surface the mesh was made denser than what a 

convergence study showed to be sufficient. The element type, CPE4R, was chosen. This 

element type is a 4-node bilinear plane strain quadrilateral element. The same mesh was 

used throughout the whole comparative study for consistency. 

 

To submit the job to the computational cluster, an inp-file was created in ABAQUS. 

The job submission file to use with SLURM was now created with the required 

information. After completion, the node set (see Figure 8) was written to a text file. A 

Python script extracted the data, and linear interpolation was used in two directions (x 

and y) to evaluate displacements closer to the crack surface, see section 3.4. Finally, 𝛿I 

and 𝛿II values were calculated.  
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Figure 8. Illustrative picture showing nodes used for interpolation 

 

The node at the crack tip was used to calculate distances from the crack tip to the other 

nodes. Furthermore, the two smaller nodes in Figure 8 are the nodes closest to the crack 

surfaces at the desired distance from the crack tip. Larger nodes represent the nodes 

closest to the smaller nodes in the 𝑥- and 𝑦-directions.  

 

The nodes used for interpolation (“small nodes” in Figure 8) are usually at about 20 µm 

from the crack surface. A visualization of the FE mesh in ABAQUS is seen in Figure 9.  

 

 

 
 

Figure 9. Nodes near the XFEM crack at a deformed state (deformation scale factor 10) 
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4 Results and discussion  

A standard load case has been defined, as presented in Table 1. In each simulation, one 

of the factors in the load case has then been altered. For the first set of simulations, the 

load position relative to the crack position was changed. In the second set of 

simulations, the crack coordinates were changed to vary the crack angle 𝜃. In the final 

set of simulations, the traction coefficient was changed. No crack face friction is 

considered. 

 

Table 1. Standard load case  

 

 
 

4.1 Variation of load position relative to the crack 

The relative crack face displacement is evaluated for varying load positions relative the 

position of the crack. The 𝑥-axis in Figure 10 represents the distance between the 

maximum contact pressure and the origin of the crack, 𝑥𝑙 − 𝑥𝑐. With an interval of 2.5 

mm, the maximum load pressure is placed in the range −15 ≤ 𝑥𝑙 − 𝑥𝑐  ≤ 15 mm. The 

simulations are carried at for crack angles, 𝜃, of 20°, 50° and 80° (see Figure 4) with a 

standard traction coefficient, 𝑓, and crack length, 𝐿.  

 

Large crack deformations occur primarily for load positions when the maximum contact 

pressure is placed before or after the initiated crack. The reason is that when the load is 

on the crack, the surfaces are pressed together, which counteracts crack deformation 

Description Symbol Magnitude

Maximum contact pressure [GPa] p 0 1.5

Contact patch [mm] 2b 10

Load per axle [tons] 25

Dynamic scale factor 5%

Load per unit length [MN/m] P' 27

Poisson ratio ν 0.3

Young's modulus [GPa] E 210

Traction coefficient f 0.2

Crack length [mm] L 10

Crack angle [degrees] Ѳ no standard

Maximum contact pressure position [m] x l (0.150,0.1)

Crack start position [m] x c (0.155,0.1)

Rectangle height [m] h 0.1

Rectangle width [m] w 0.3

Origo Lower left corner of rectangle
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(Grassie, personal communication, 9 March 2020). This is seen in the results in Figure 

10, where maximum values of 𝛿II are when the maximum load pressure is about 5 mm 

before the crack for 50° and 80°. For 20° the maximum 𝛿II-value occurs when the 

maximum contact pressure is placed above the crack mouth. What can be stated is that 

at about 10 mm before and after the crack, the maximum load pressure does not result in 

high 𝛿II-magnitudes. The maximum 𝛿II occurs when the maximum load pressure is on 

the crack or at 5 mm before the crack, depending on the angle. It can also be noted that 

for this configuration the crack face displacement 𝛿II is the highest for a load positioned 

to the left of the crack mouth (𝑥𝑙 − 𝑥𝑐 < 0).  

 

 
Figure 10. Change of 𝛿II-values as a result of a variation of load position relative to the 

crack for different crack angles, 𝜃 

4.2 Variation of angle  

The influence of variations of the crack angle, 𝜃, is seen in Figure 11. 𝛿II is plotted for 

three different crack lengths. As seen |𝛿II| has a higher magnitude when the crack is 

oriented transversally. The lowest |𝛿II| magnitudes occur at shallow angles.  

 

Note that the load is positioned in accordance to the standard load case seen in Table 1 

and that 𝛿II-values are calculated half the crack length, 𝐿, from the crack tip. This means 

that no conclusion can be drawn based on the different crack lengths, 𝐿, since the 

deformation is not obtained at the same distance from the crack tip for the three 

different sets of simulations. Also note that the load position might influence the results. 

The three different lines represents a crack length, 𝐿, of 10mm, 5mm and 2mm. 
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          Figure 11. Change of 𝛿II-values as a result of a variation of angle for crack with 

different lengths  

4.3 Variation of traction coefficient  

The traction coefficient has been studied for a range between -0.5 and 0.5 for five 

different crack angles, 𝜃. Results are presented in Figure 12. The results indicate that for 

a load position before the crack mouth (𝑥𝑙 − 𝑥𝑐 = 0.005 m), the negative traction opens 

the crack at 20 degrees and as the traction becomes positive it presses the crack together 

and prevents deformation parallel to the crack surfaces. A similar pattern exists for 50, 

110 and 140 degrees. This is for example reasonable for the 140-degree crack since the 

load is positioned before the crack, and a negative traction will move the crack surfaces 

apart from each other and vice versa. Another pattern seems to occur at 80-degrees 

where 𝛿II seems to increase at an increasing traction coefficient. However, the cracks 

with angles 𝜃 = 50 degrees and 𝜃 = 80 degrees are not heavily influenced by the 

traction coefficient.   
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          Figure 12. Change of 𝛿II-values as a result of a variation of traction coefficient 

for different crack angles (20˚, 50˚, 80˚, 110˚, 140˚)  

  

4.4 Crack face penetration  

Crack face penetration was evaluated as the relative displacement perpendicular to the 

crack surface between two nodes on each side of the crack surface, 𝛿I. This value was 

obtained in the middle of the crack for three different cracks at varying inclination 

angles, 𝜃. Since a penalty function is used to prevent crack penetration, the penetration 

between the two crack surfaces was found to be very close to zero.  

4.5 Validation of the numerical model  

The validation of the numerical model was made in three steps. First the boundary 

conditions and the applied load was checked, through a comparison to analytically 

calculated maximum shear stress. Secondly a convergence was made and lastly 

numerically evaluated SIFs were calculated to check the reasonablity of these. 

4.5.1 Boundary conditions and load  

A test of the maximum subsurface shear stress was made to check that the numerical 

solution is close to the analytically evaluated. To verify the boundary conditions and 

that the load was applied correctly in ABAQUS, the rail was modelled without a crack. 

The shear stress in XY direction is in ABAQUS obtained as 𝑆12. Using the numerical 

model of the current study, this value was obtained as 𝑆12 = 466 MPa. In section 2.2 

the maximum subsurface shear stress was calculated to be 𝜏max = 460 MPa in the 

current study. The boundary conditions and the load were therefore considered to be 

correct.  
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4.5.2 Convergence  

When verifying the mesh, the shear stress 𝑆12 in XY direction was calculated in the rail 

without any crack present. First with an element length of 0.25 mm and later with an 

element length of 0.125 mm. Both simulations resulted in a shear stress of 466 MPa. It 

can therefore be assumed that convergence has been obtained for the chosen mesh. 

4.5.3 Stress intensity factors 

The stress intensity factor was calculated using the numerically evaluated deformations 

𝛿I and 𝛿II for three different cracks at a varying angle. As can be seen in Figure 13, 𝐾I 

stays at about zero, whilst 𝐾II varies from -70 to 60 MPa√m. The values of the SIFs’ 

seem to have a maximum and minimum value at 90 and 100 degrees. The stress 

intensity factors are calculated using equation (4) and (5) in chapter 2. Using 𝜃 = −𝜋 

and Poisson’s ratio of 0.3. The displacements 𝑢𝑥 and 𝑢𝑦 are obtained from the 𝛿I and 𝛿II 

values from the relationship 𝑢𝑥 =
𝛿II

2
 and 𝑢𝑦 =

𝛿I

2
. In Figure 13 numerically evaluated 

SIFs for three different crack lengths are plotted. Note that the SIFs are not exact as a 

results of the location of the nodes. The 𝑥-axis represents a variation of the crack angle, 

𝜃. Here the standard load case is employed.  

 
Figure 13. Variation of mode I and II stress intensity factors as a result of a variation of 

crack angle 

 

 

 

 



 

 

 

22 
 

5 Conclusions 

In Figure 10 for 50 degrees crack angle, 𝜃, the maximum magnitude of 𝛿II occurs when 

the maximum contact pressure is placed 2.5 mm, i.e. one fourth of the contact patch, to 

the left of the crack mouth. This probably occurs since the contact pressure is pressing 

the upper crack surface down, while the lower is not affected as much. This is 

increasing the in-planar shearing deformation and it becomes more clear in Figure 14(a) 

illustrating the load placed at this distance. The simulation is made with the standard 

load case which features a traction coefficient of 0.2. Figure 14(b) shows the load 

placed above the crack surfaces, i.e. 0 m on the 𝑥-axis in Figure 10. The maximum 

magnitude of 𝛿II decreases as the load moves towards this position. Figure 14(b) shows 

that the crack surfaces are pressed together, thus limiting in-planar crack shearing. A 

local minimum later occurs when the maximum contact pressure is at about 5 mm after 

the crack mouth, when the pressure is pressing the lower crack surface down, not 

affecting the upper crack surface as much. Thus, the pressure once again is increasing 

the in-plane shearing deformation, increasing the absolute value of 𝛿II. Figure 10 for a 

50 degree crack angle also shows that the crack deformation tends toward zero when the 

load is far away from the crack, as expected. Looking at Figure 12 it is observed that 𝛿II 

decreases as the traction coefficient is increasing, when the maximum contact pressure 

is placed before the crack mouth, as in Figure 14(a). This means that the interfacial 

friction wheel–rail is pressing the crack surfaces together, limiting in-planar crack 

shearing seen in Figure 10. Thus, had the traction coefficient had a negative value, it 

would have increased the maximum 𝛿II value obtained at 2.5 mm before the crack start 

in Figure 10. 

 

The same pattern can be observed for an 80 degrees crack angle, 𝜃, in Figure 10. The 

maximum 𝛿II occurs when the maximum contact pressure is placed 5 mm before the 

crack mouth, since the contact pressure is pressing the upper crack surface down not 

affecting the lower crack surface as much, thus increasing in-plane shear deformations. 

However, it can be observed that after 2.5 mm before the crack mouth the 𝛿II value 

decreases much more rapidly for an 80 degree than for a 50 degree crack orientation. 

This happens when the load is placed above the crack, and the magnitude of 𝛿II is 

actually lower for 80 degrees than for 50 degrees crack angle, even though it initially 

was higher. As seen in Figure 14(b), a crack angle closer to 90 degrees should converge 

to zero when the load is placed above the crack. For an 80 degree crack angle, the crack 

surfaces are pressed almost equally relative to each other for this load position. For 50 

degrees the two surfaces will be pressed unevenly increasing in-planar crack shearing. 

The same local minimum occurs at the same place as for 50 degrees crack angle, and 𝛿II 

moves towards zero when the load is far away from the crack, as can be expected. The 

maximum 𝛿II value for 80 degrees is, as mentioned, at 5 mm before the crack start, 

when the traction coefficient is 0.2 so that the interfacial friction is positive in 𝑥-
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direction as seen in Figure 14. Figure 12 shows that the magnitude of 𝛿II increases as 

the traction coefficient increases. 

 

Seen in Figure 12 for 20, 50- and 80-degrees crack angle, the traction coefficient will 

affect the maximum 𝛿II values observed in Figure 10 in different ways. The 𝛿II 

magnitude increases as the traction coefficient increases when the load is placed as seen 

in Figure 14(a) and the crack angle is 80 degrees. For 50 degrees crack angle an 

increased traction coefficient will affect the 𝛿II-values the other way around, decreasing 

the maximum 𝛿II value. The overall effect of the change in 𝛿II-values as a result of a 

variation of traction coefficient is found to be smaller for a 50 degree crack angle, than 

for an 80 degree angle. 

 

The results presented in this report give an illustration of how crack deformation is 

impacted by different parameters. As seen in Figure 10 the pattern is different for a 20 

degrees crack angle than for both 50- and 80-degrees crack angles. Furthermore, Figure 

11 shows that when the load is placed as in Figure 14(a) the maximum 𝛿II value will 

occur at about 80 degrees crack angle when the crack angle is varied. The conclusion is 

that all the studied parameters influence crack deformation and therefore all need to be 

taken into consideration for further analyses of the behaviour of cracks in rails. 

Different cracks will be affected more by some factors than others. For example, a crack 

with a shallow angle will be more affected by a lateral force than cracks with steeper 

angles.   

 

 
 

Figure 14. Illustrative picture showing load relative to the crack, of (a) standard load 

case, 𝑥𝑙 − 𝑥𝑐 = −5 mm, (b) 𝑥𝑙 − 𝑥𝑐 = 0 mm and (c) 𝑥𝑙 − 𝑥𝑐 = 5  

 

The post processing to accomplish the results in this report was a time-consuming 

process since it needed support from external software. To establish more results in the 

time frame given in this project, a more efficient method could have been used. One of 

the factors that has an impact on the results is the selection of nodes and especially that 

XFEM does not guarantee that nodes exist on the crack surfaces. If this have been the 

case, the selection of nodes and interpolation, i.e. a large part of the method, could have 

been eliminated with the same results. Another option would have been to model a 

standard seam crack which would have guaranteed nodes on the crack surface. This 
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however leads to other unwanted consequences since the mesh then needs to be 

modified for each simulation. 

 

Furthermore, it would have been interesting to also look at the effect of a variation of 

crack length, 𝐿, on crack deformations. Since the node set was collected at half the 

distance of the crack from the crack tip, the square root of 𝑟, in the defined coordinate 

system at the crack tip, would then have been different for each set of calculations for 

different crack lengths. This would have resulted in results that could not easily have 

been compared.  
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