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Abstract

Multiple target tracking deals with the task of estimating targets which appear,
disappear, and move within a scene, given data from noisy measurements. To
solve this task, a wide range of algorithms can be employed. In order to assess
the performance of such algorithms, the so-called GOSPA metric for trajectories
can be applied. This metric is formulated as an optimization problem, which has
proven computationally demanding for large problem instances. In this thesis, we
reformulate this metric in two different ways to obtain optimization problems with
optimal transport structure. Following a recent breakthrough in computational
optimal transport, we introduce entropic regularization into these formulations. For
the regularized problems, we derive and present two numerical algorithms for finding
approximate solutions. We test the performance of each algorithm on simulated
data with regards to accuracy and computational efficiency. The numerical results
suggest that the regularization can be made small enough to allow for an adequate
approximation of the GOSPA metric for trajectories while simultaneously allowing
a satisfactory convergence rate. Lastly, we compare the running time of our most
efficient algorithm with that of a conventional linear programming solver. If a small
approximation error is allowed, we find that our algorithm scales better both when
the number of trajectories in the data increases, and when the number of considered
time steps in the data increases.

Keywords: multiple target tracking, GOSPA metric, convex optimization, duality,
optimal transport, tensor optimization problem, network flow problem, entropic
regularization, coordinate ascent, Sinkhorn iterations
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1

Introduction

Multiple target tracking deals with the task of estimating targets which appear,
disappear, and move within a scene, given data from noisy measurements. The goal
is to obtain an estimate that is as close as possible to the actual state of the targets,
referred to as the ground truth. To solve this task, a wide range of algorithms can
be employed. Naturally, different algorithms produce estimates with at least slight
differences for the same ground truth. At times, it can be easy to determine which
algorithm performed better, but in most cases, it is more complicated and therefore
there is a need for a fair and proper metric that assesses the performances of these
algorithms. Several metrics exist, and one that has been proven particularly suitable
is the so-called Generalized Optimal Sub-Pattern Assignment metric, or GOSPA
metric, introduced in [1]. However, this metric only considers static targets and
therefore lacks the temporal aspect of tracking. In [2], the metric was extended
to also compare time-dependent estimates and ground truths. Both versions are
formulated as optimization problems, and the latter is generally computationally
difficult to solve with currently used methods. In this thesis, we investigate the use
of so-called entropic optimal transport to compute approximate solutions to this
problem efficiently.

Optimal transport is a field of mathematical optimization that concerns the opti-
mal transportation and allocation of resources. In general, the goal of an optimal
transport problem is to move mass between given distributions as efficiently as
possible with respect to some metric. Even though this field originally concerned
problems of transporting physical mass, it has proven useful for modeling problems
from several areas not typically associated with transportation as well. Although
sometimes numerically tractable, many optimal transport problems are computa-
tionally expensive. A breakthrough came in [3], where optimal transport problems
were regularized using entropy, giving rise to the field of entropic optimal transport.
In brief terms, an entropic regularization term was added to the objective function
in order to smooth the problem. For the resulting perturbed problem, an iterative
algorithm was derived, solving the regularized problem more efficiently compared
to conventional solvers applied to the original problem. The idea is to keep the
regularization sufficiently small in order to obtain an adequate approximation of the
original problem while still obtaining a more computationally tractable formulation.
Here, we apply this technique to compute approximations of the extended GOSPA
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metric more efficiently.

In this thesis, we start by providing some necessary optimization preliminaries in
Chapter 2. Specifically, a brief overview of optimal transport is included. Then, in
Chapter 3, we introduce and define the multiple target tracking metrics introduced
in [1] and [2], respectively. We also state the linear programming relaxation of the
latter, which is the main optimization problem that is investigated in this thesis.
Chapter 4 is the main chapter of this thesis. Here, the problem is reformulated in two
different ways. Firstly, as a structured tensor optimization problem, and secondly, as
a multimarginal optimal transport problem via a network flow problem formulation.
From each formulation, an algorithm is derived, resulting in two algorithms. In
Chapter 5, we test the performance of each algorithm on simulated data with regards
to accuracy and computational efficiency. We then compare our most efficient
algorithm with a conventional linear programming solver with regards to running
time. Lastly, we conclude and suggest future studies related to this work in Chapter
6.
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Optimization Preliminaries

In this chapter, we present the optimization preliminaries that are necessary for
the derivations of our algorithms. As the problem of interest is convex, we first
mention certain important properties of convex optimization in Section 2.1. In
Section 2.2, we introduce the basics of optimal transport. First, the basic bimarginal
optimal transport problem is presented, and then this is extended to the more general
multimarginal optimal transport problem. We also present a discrete version of the
latter. Lastly, we provide a brief explanation of entropic regularization.

2.1 Convex Optimization

This section is based on material from [4] and introduces results from convex opti-
mization that are utilized in the derivations of our algorithms. Convex optimization
concerns problems of minimizing convex functions over convex sets. A set S is said
to be convex if for all points x1,xs € S, then also Ay + (1 — N)axs € S, for all
A€ (0,1). A function f: S — R that satisfies

fQx + (1= Nxo) < Af(x1) + (1 — N) f(x2), for all A € [0,1] and all &1, x5 € S,

is said to be convex on S. If the inequality is strict when @, # x5, then f is also
said to be strictly convex on S. Conversely, a function f that satisfies

FQzy + (1= Nxo) > Af(21) + (1 = A) f(22),

is said to be concave, and if the inequality is strict when @, # xq, it is strictly
concave. One particular type of convex functions are affine functions, which in fact
are concave as well. For a function f that is convex on a convex set S, a convex
optimization problem is defined by

minimize  f(x),

subject to x € S.

Notice that mingeg f(x) = — maxzes(—f(x)), so maximizing a concave function
over a convex set is also a convex optimization problem. Convex optimization has
some particularly important properties. One of them is stated in the theorem below,
sometimes referred to as the fundamental theorem of global optimality for convex
problems.
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Theorem 1 ([4, Theorem 4.3]). Consider the problem of minimizing a function
f: 8 —= R, where S is a convex set and f is conver on S. Then, every local minimum
of f over S is also a global minimum. Furthermore, if f is strictly convex on S, then
f has a unique global minimum over S.

Proof. We use a proof by contradiction as in [4, Theorem 4.3]. Suppose that x* is a
local minimum, but not a global one. Then consider some & € S with the property
that f(&) < f(x*). Let A € (0,1). By the convexity of the set S and the function f,
AL+ (1= MN)x* € S, and

JO& 4 (1= ANz") <Af(Z) + (1= A f(2") < f(z).

Choosing A > 0 sufficiently small then leads to a contradiction to the local optimality
of x*. O

We end this section by defining the projection projg(&) of a point & onto a closed
convex set S by

projg(&) = argmin ||x — &||.
zeS

2.1.1 Duality

Here, we briefly explain the concept of duality, which is important in optimization
in general and convex optimization in particular. For a more detailed review, we
refer to [4]. Duality means that we consider an optimization problem from two
perspectives, either by considering the ordinary problem, called the primal problem,
or the so-called dual problem. Consider the convex optimization problem

minimize  f(x), (2.1a)

xeR™
subject to  g;(x) <0, i=1,..., M, (2.1b)
hj(x) =0, j=1,...,N, (2.1c)
for some functions f, ¢1,...,9m, and hq,...,hy, with M, N,n € N. Here, all
functions g1, ..., gy defining the inequality constraints are convex, and all functions
hi,...,hy defining the equality constraints are affine, otherwise the problem is

in general not convex. Relaxing the constraints (2.1b) and (2.1c) results in the
Lagrangian function £ of (2.1) given by

L(x,y,z)=f(x)+ ;ylgl(w) + ;Zjhj(w)-

The corresponding dual problem is in turn given by

imi 2.2
Inaximize vy, 2), (2.2a)
subject to  y > 0y, (2.2b)
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where 0y, is the null vector of size M, and the dual function ¢ is defined as

©(y, z) = minimize L(x,y, z).
xreR™

If we denote the optimal objective value of (2.1) with f* and the optimal objective
value of (2.2) with ¢*, then f* > ¢* holds. We say that the duality gap is f* — ¢*.
If the duality gap is zero, that is, f* = ¢*, then strong duality holds between the
primal problem and the dual problem. For convex problems, there exist several
different conditions that, if they hold, imply strong duality. One such condition is
that all constraints are affine.

Theorem 2 ([4, Theorem 6.12]). Consider (2.1). If f is bounded from below, there
exists at least one feasible solution, and all g1, ..., gy are affine, then strong duality
holds between (2.1) and (2.2)

Proof. See [4, Theorem 6.12]. O

2.1.2 Iterative Optimization Algorithms

In practice, problems in convex optimization are often solved with iterative algorithms.
In this section, we briefly introduce the basic ideas behind some of them, and
specifically, we explain the coordinate descent (or ascent) method. Again, we refer
to [4] for a more detailed review.

A key concept in many optimization algorithms is a so-called descent direction at a
given point. Intuitively, a descent direction for a function f at a point @ is a direction
in which f decrease. Formally, we say that p € R" is a descent direction for a function
f:R" — R at a point € R if there exists a 6 > 0 such that f(x + ap) < f(x)
for every o € (0,0]. A common basis for several iterative optimization algorithms is
to identify a descent direction at a given point, and then move a certain distance
along this direction as to minimize f, and then repeat. How far to move is decided
via a so-called line search, to which we return later. What usually differs between
different iterative optimization algorithms is how they identify a descent direction.
The most basic algorithm is the steepest descent method, where the steepest descent
direction is identified. A descent direction p is said to be a steepest descent direction
if it solves the minimization problem

minimize V f(z)'p. 2.3
Jninimize f(z) ' p (2.3)

The solution to (2.3) is p = =V f(x)/||V f(z)||. If we drop the condition ||p|| = 1, the
steepest descent method can use p = —V f(x) as descent direction. Another common
algorithm is Newton’s method. It is based on the second order approximation

f@+p) =~ f(2) + V@) P+ o V(@)
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Here, we set the derivative of this expression with respect to p to zero. If the Hessian
is positive definite, then that is the same as solving the problem of minimizing the
approximation with respect to p. The solution is obtained when

V2f(@)p = ~V f(x), (2.4)

is solved, and so in Newton’s method, we must solve (2.4) for each iteration.

We now return to the line search problem. A line search given a descent direction p
at a point « is conducted by solving the minimization problem

minimize f(z + ap). (2.5)

In practice, (2.5) can be difficult to solve analytically. Therefore, one usually considers
approximate line search strategies. Such strategies include for example interpolation,
as well as the usage of second order approximations as in Newton’s method.

Another iterative algorithm is the coordinate descent method. In the coordinate de-
scent method, the problem of minimizing a function depending of several coordinates,
or sets of variables, is solved by fixing all coordinates but one, and then minimizing
the function with respect to the coordinate that is not fixed. Next, the function is
minimized with respect to another coordinate, while the rest of the coordinates are
fixed. We keep cycling through the coordinates this way until convergence is reached.

To illustrate this more formally, consider the problem

minimize g(x,y), (2.6)

€Sz, YESy

where g depends on two sets of variables, or coordinates, namely € S, and y € S,,.
For a fixed € S,, one can consider the problem

minimize g(x,y). (2.7)

xrES,

This problem is in general easier to solve than (2.6). When the optimal solution &
to (2.7) is found, the problem

minimize g(&,y),
YESy

is solved, and then this procedure is repeated until convergence. If the objective
instead is to maximize a function, this method is called the coordinate ascent method.

2.2 Optimal Transport

Optimal transport is a field of mathematical optimization that concerns the optimal
transportation and allocation of resources. In general, the objective of an optimal
transport problem is to move mass between given distributions as efficiently as possible
with respect to some given metric. Introduced in [5], it originally mostly concerned

6
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problems with an obvious connection to traditional transportation, although it has
proven useful to model problems without a clear such connection, see for instance
[6, 7]. In the following sections, we give an introduction to optimal transport. In
Section 2.2.1, the basic bimarginal optimal transport problem is introduced. This is
extended to the multimarginal case in Section 2.2.2. A discrete formulation of such
problems is presented in Section 2.2.3. Lastly, in Section 2.2.4, we explain how these
problems can be modified slightly to enable efficient solution methods.

2.2.1 Bimarginal Optimal Transport

In the most basic case of optimal transport, the only constraints are on an initial
distribution and a final distribution, respectively. A constraint on a distribution is
usually referred to as a marginal, and so this particular case of optimal transport is
sometimes called bimarginal optimal transport. A common formulation of such a
problem was introduced in [8]. This formulation is stated in more modern terms in
[9], and here we provide a similar formulation.

Let X and Y be two spaces and let P(X) and P(Y) be the sets of probability
measures on the respective space. Additionally, let p € P(X) and v € P(Y) be
two given marginals. Consider a measure ¢ € P(X x Y), and denote by Q(u,v)
the set of all such measures that satisfies ¢(A x X) = p(A) and ¢(B x Y) = v(B)
for all measurable sets A C X and B C Y. We say that ¢ is a transport plan and
Q(u,v) the set of transport plans between the marginal p and the marginal v. The
bimarginal optimal transport problem can then be written as

minimize c(x,y)dq(x,y), 2.8
inimize [ c(e,y) dg(z.y) (2.8)
where ¢: X XY — R is the cost function that together with the marginals specifies
the problem.

2.2.2 Multimarginal Optimal Transport

Optimal transport can be generalized to problems regarding optimal transportation
between several distributions, or marginals. Hence, this generalization of bimarginal
optimal transport is called multimarginal optimal transport, see [10]. Given a
number of marginals m € N, we consider the product space X; x --- x X,,,. Let
Q(p1, - - -, i) denote the set of all non-negative measures ¢ on X X « - - X X,,,, where
pr € P(X1),...,pm € P(X,) are its marginals. Here, P(X;) denotes the set of
probability measures on X, for some ¢ = 1,..., m. We say that ¢ is a transport plan
and Q(p1, ..., i) the set of transport plans between the marginals py, .. ., fty,. The
multimarginal optimal transport problem, for m marginals, can then be written as

minimize (1, ) dg(T1, o T), 2.9
qu(Mly--va) /)(1><...><Xm ( 1 ) q( 1 ) ( )

where ¢: X7 X -+ x X,, = R is the cost function. Clearly, when m = 2, (2.9) is
equivalent to (2.8).
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2.2.3 Discrete Optimal Transport

A continuous formulation of optimal transport, like (2.9), is theoretically useful,
but not very practical for developing numerical solution methods. In practice,
optimal transport problems are often discretized. We here present a common way of
discretizing optimal transport problems, inspired by [11]. For a problem with m € N
marginals, these are discretized as vectors pu, € Rf’f, forall £ =1,...,m, where N,
is the number of discretized positions for marginal /. We now have two tensors that
are elements of R, = RY™M namely the cost tensor C' € R, and the transport
plan tensor M € Ry. A cost element Cj, _;  has the interpretation as the cost of
moving a unit mass along the path i;,...,,, and a transport plan element M, ;.
has the interpretation as the amount of mass transported along the path iy,...,%.,.
Here, i, € {1,..., Ny} for all £ € {1,...,m}. The marginal distributions are given
by projections of the transport plan, Py(M) € RY, defined as

Py(M);, = > My, -

il)"‘ﬂ‘l—lﬂ‘f-‘-l 7777 im

Lastly, we define the tensor scalar product between the two tensors C' and M as

yeeytm *

<Ca M> - Z Cil,...,imMil

ilv"vim

The discrete multimarginal optimal transport problem can thus be written compactly
as

minimize (C, M),
MEeR
subject to Pp(M) = pg, £=1,...,m.

While a problem like this technically is a linear programming problem, we note that
the number of elements in the cost tensor and transport plan grows exponentially with
the number of marginals, meaning that the problem is computationally intractable
even for modestly sized m.

2.2.4 Entropic Regularization and Sinkhorn Iterations

Traditionally, optimal transport problems have been solved with linear programming.
Although efficient for smaller problems, this approach tends to be computationally
demanding for larger problems. One way to tackle this is presented in [3]. There,
the problem is perturbed by adding an entropic regularization term to the objective
function, leading to effective approximation algorithms. This has later been extended
to multimarginal optimal transport problems in [12, 13, 14].

The idea is to perturb the objective function in order to smooth the problem, allowing
for iterative methods that are significantly faster than the linear programming
approach for larger problems. With a sufficiently small perturbation, the modified
problem becomes an adequate approximation of the original problem. The exact
definition of the entropy term can vary, and is typically adjusted to the problem
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formulation in order to gain as much computational alleviation as possible, without
making the approximation too poor. However, it commonly involves an z log(x)
term, for a decision variable x. The impact of the entropy term is usually controlled
via a regularization parameter.

The iterative method that such an entropic regularization enables is commonly
referred to as Sinkhorn iterations. The name originates from Sinkhorn’s theorem,
first formulated in [15], which regards matrix scaling. This theory can be connected
to regularized optimal transport problems. This is for instance illustrated in [16],
where an example of how the Sinkhorn iterations can be derived for a specific problem
is given. We now derive an iterative scheme for a problem with a structure similar
to that of an optimal transport problem with entropic regularization. Given some
matrix A € R™*", consider the problem of minimizing a function f: R} x R} — R

defined as

fle,y) =2 Ay +e)_ (wilog(z;) — ;) Z y;log(y;) — v5), (2.10)
i=1 j=1
where z1,..., 2, are the elements of € R’ and y,,...,y, are the elements of

y € R7}. Here, € > 0. This function is not convex on R’ x R’}. However, for a fixed
y € R7, it is convex in  on RY’. Conversely, for a fixed & € R'?, it is convex in y
on R%. Utilizing this, we create a coordinate descent method where we alternatively
minimize f with respect to @ and y, respectively. First of all, we fix some y(® € R%,
and consider the problem

minimize f(z, y9). (2.11)
xeRT

+

The gradient of f with respect to x is
(Vaf)i= (Ay(o)),Jrelog(:ci), i=1,...,m.

Setting it to zero, we obtain

Ay,
xgl):exp<—(y) , 1=1,...,m.
€

By convexity and Theorem 1, (V) is a global minimizer to (2.11). We then consider
the problem

minimize f(zY, y). (2.12)
yeR?

With analogous reasoning, a global minimizer y*) to (2.12) is given by

INT A).
yj()—exp<—((w€))3>, j=1...,n.
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By continuing this process, we arrive at a coordinate descent method with the
alternating update rules

Ay®)),
25 exp (_(y) ’ i=1,...,m,
9
(HDYT 4.
y](]m)  exp <_((“’8))J> . j=1,....n,

where k is the iteration index. These are the Sinkhorn iterations, here used in the
context of minimizing (2.10). We emphasize that the connection to optimal transport
is via the linear term in (2.10), whereas the logarithmic terms correspond to an
entropic regularization. In particular, € corresponds to a regularization parameter.

Hence, by the addition of a cleverly chosen regularization term, we modify the
objective function in order for it to obtain properties that enables coordinate descent
with exact line search. As shown in [3], this technique can solve multimarginal
optimal transport problems several orders of magnitude faster than previously known
methods. This is the foundation of the approach used in this thesis.

10



3

Multiple Target Tracking and
Evaluation of Tracking Algorithms

In this chapter, we introduce the concept of multiple target tracking and the mathe-
matical framework that accompanies it. We then briefly discuss the different types
of tracking errors a multiple target tracking algorithm can make. Lastly, with this
background, we introduce a metric for the evaluation of such tracking algorithms.
This chapter is based on the content in [1, 2, 17, 18], to which the interested reader
is referred for more details.

3.1 The Multiple Target Tracking Problem

Given one or several sensors placed in the physical world, target tracking is the
process of identifying and following the movements of an object, based on the raw
detections made by the sensors. A sensor could for example be a radar, a lidar, or
a camera. In short, a tracking system works by taking the signal from a sensor,
processing it, and returning an estimate for the state of the tracked object. We refer
to the component of the system that takes the raw signal and returns the estimated
state as the tracking algorithm.

The state can be anything of interest, usually position and velocity relative to the
sensor. Typically, the actual state of the real world object is referred to as the ground
truth, and the estimated state of the object is referred to as the estimate. Depending
on the quality of the tracking system, the state of the object can be detected and
tracked with varying accuracy.

In multiple target tracking, the setting is the same, except for the fact that we
are interested in how the states of several objects in this scene evolve through
time. Compared to single target tracking, this is a more difficult problem. Since
the detections are unlabeled, they have to be associated with specific targets. For
multiple target tracking, the terms ground truth and estimate correspond to groups
of targets or trajectories.

Formally, we model the ground truth and the estimate as sets of trajectories. Math-

11
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ematically, we define a trajectory X as a pair X = (t;,z'*). Here, t, € N is the
time index representing the birth of the trajectory and z'* = (z!,...,2) a sequence
of target states x!,...,2° € RY over £ € N time steps. Throughout this work, we
consider only discrete time. Additionally, we limit ourselves to consider trajectories

on time indices {1,...,7} C N. That is, trajectories such that
(ty0) € {(tp, ) eN? : 1<ty <Tand 1< <T—t;+1}.

Let X be a set of such trajectories, and let 7 denote the set of all such sets of
trajectories. A more precise description of the multiple target tracking problem is
therefore to construct an estimate Y € 7T, given noisy measurements of a ground
truth X € T, such that the "distance” between X and Y is as small as possible.

In this thesis, we focus on the meaning of the term “distance” in the description
above. To objectively quantify how similar an estimate produced by some tracking
algorithm is to the ground truth, we want a metric d: 7 x 7 — R, on the sets
of trajectories. The design of such a metric is an active area of research. In [2],
such a metric based on the GOSPA metric from [1] is proposed. In Section 3.3 we
introduce the GOSPA metric, and in Section 3.4 we introduce the metric on the sets
of trajectories from [2]. To better understand these metrics, we first give an overview
of the types of errors a tracking algorithm can produce.

3.2 Types of Tracking Errors

The purpose of this section is to give the reader a sense of some of the aspects an
evaluation metric for multiple target tracking needs to take into consideration. For a
more detailed review, we refer to [2, 18].

The overall error of an estimate produced by a multiple target tracking algorithm
can be subdivided into three different types. These are localization errors, cardinality
errors, and track-switching errors. Out of these, the first two appear within a single
tracking time step, whereas the last one appears between two consecutive time steps.

We refer to the distance between the estimated target state and the corresponding
ground truth state as the localization error. Intuitively, when this error is large, it
means that the tracking algorithm has correctly deduced that a target exists, but
estimates its state poorly. Figure 3.1 (a) illustrates this type of error.

It is also possible that a tracking algorithm misses to identify a target from the
ground truth or gives an estimated target that does not exist in the ground truth, a
so-called false target. Collectively, we refer to these types of errors as cardinality
errors, since it is usually quantified by considering the cardinality of the set of ground
truth targets and the set of estimated targets within one time step. Figure 3.1 (b)
illustrates this type of error.

Lastly, if a tracking algorithm erroneously switches the identities of two trajectories,
we refer to this type of error as a track-switching error. This error is more subtle

12



3. Multiple Target Tracking and Evaluation of Tracking Algorithms

than the previous two, and is best explained by an example. Consider the simple
case of two stationary ground truth targets. If the tracking algorithm gives an
estimate without localization or cardinality error, but still decides erroneously that
that the targets swapped places between two consecutive time steps, it has made
a track-switching error. For an illustration of this example using one-dimensional
states, see Figure 3.1 (c).

1.0 1.0 @
+  Ground Truth x
0.8 X Estimate 0.81
5 5 ©
o -
0.6 2067 * *
o +X o @
© ©
] ] K
go4 X go04 o
0.2 Xt 0.2 +  Ground Truth
X Estimate + X
0.0 ; ; ; ; 0.0 ; ; ; ;
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Horizontal Position Horizontal Position
(a) Localization Error (b) Cardinality Error
157 :
1.0{ & ; s
051 : :
S : Ground
% 0.01 @ Truth
& —=— Estimate
—-0.51 ¢ :
~1.01 4 ; ,
—154
1 2 3 4
Time

(c) Track-Switching Error

Figure 3.1: Illustration of the different types of tracking errors. In figure (a), the
localization error is shown by black lines, where the length of the line indicates the
magnitude of the error. In figure (b), there are two missed targets and one false
target, indicated by black circles. In figure (c), a one-dimensional tracking example
with two stationary ground truth targets is shown. The estimate indicates that the
targets have swapped places between time step two and three, while this is not the
case in the ground truth. This is a track-switching error.

3.3 The GOSPA Metric

Before introducing the extended GOSPA metric on the sets of trajectories, we
introduce the GOSPA metric on the sets of targets. We remind the the reader
that GOSPA stands for Generalized Optimal Sub-Pattern Assignment. This can be

13



3. Multiple Target Tracking and Evaluation of Tracking Algorithms

viewed as a metric on the sets of trajectories where T' = 1.
Let d,: RY x RY — R, denote a base metric. We then define its cut-off metric as

d.(x,y) = min(dy(z,y), ),

for some cut-off parameter ¢ > 0. Now, let 0 < a < 2, and 1 < p < co. Furthermore,
let I, be the set of all permutations of {1,...,n} for n € N, and let any element
7 € 11, be a vector (my, ..., m,). Lastly, let € = {z1,..., 2, } and y = {y1,...,y.} be
finite subsets of RY corresponding to the ground truth and the estimate, respectively.
Then, for m < n, the GOSPA metric is defined by

m D 1/p
(c,0) — minimi VP S —
dy (x,y) = minimize (; de(i, Yr(a) )P + o (n m)) . (3.1)
In the case m > n, it is defined by czl(f’o‘)(a:, y) = (Z](f’a) (y,x). It can be shown that
this indeed is a metric, see [1]. The parameter p determines to what extent outliers
are penalized, and « determines the weight for the cardinality mismatch penalty.
Additionally, we note that the minimization problem in (3.1) is an assignment

problem, and as such it can be solved in polynomial time using the Hungarian
algorithm, see [19, 20, 21].

To understand why the metric is formulated as a minimization problem, it helps to
compare it to the Euclidean metric. The Euclidean distance between two points
z,y € RN can be formulated as the problem of minimizing the length of a curve
u: [0,1] — RY subject to u(0) = x and u(1l) = y. This is analogous to the
minimization problem in (3.1). The solution to the question of the shortest curve
between z and y has a closed form solution in the form of a straight line connecting
x and y. Comparatively, the minimization problem in (3.1) is more difficult, and
requires non-trivial algorithms for efficient computation.

The minimization in (3.1) can also be viewed as giving the tracking algorithm the
benefit of the doubt, in the sense that we try to find the best assignment of the
estimated targets to the ground truth targets without worrying about the intent of
the tracking algorithm. For example, consider a case with two ground truth targets
and one estimated target, where the estimated target is far from one of the ground
truth targets and close to the other one. In this case the metric pairs the estimate
with the closest ground truth, even though this estimate might have been the result
of a large localization error in estimating the far away ground truth.

It can be argued that the choice of a = 2 is the most appropriate one, as this results
in the cost of a single missed or false target being the same, whether or not it is
associated with another target in the permutation in (3.1). Another reason for setting
a = 2 is that it allows for a formulation of GOSPA as a minimization problem over
so-called assignment sets. For a more detailed motivation, see [1]. An assignment set
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3. Multiple Target Tracking and Evaluation of Tracking Algorithms

0 between the sets {1,...,m} and {1,... ,n} is a set with the properties
0C{1,...,m} x{1,...,n},
(i,7),(1,7) €0 = j =74, and
(1,7),(d',7) €0 = 1 =1
The last two properties make sure that each element in one set is assigned to at most

one element from the other set. Let © denote the set of all assignment sets on the
form above. Now, the following proposition can be formulated.

Proposition 1 ([1, Proposition 1]). For o = 2, the GOSPA metric can be formulated
as an optimization problem over assignment sets. That s

1/p
2 (m+n—2|9|)) . (3.2)

dvl()ch) (iL‘, y) mlnlmIZe ( Z db xza y]

(i,5)€0
Proof. See [1, Proposition 1]. O

Note the use of dj, instead of d. compared to (3.1). This formulation has a natural
interpretation. The sum in the minimization in (3.2) is simply the sum of all
localization errors between the ground truth and the estimate. The second term is
the cardinality error, where m +n — 2[0| = (m — |0]) + (n — |0|) is the sum of the
number of missed and false targets, and ¢#/2 is the penalty for each such error. Note
that the GOSPA metric cannot be formulated like this for o # 2, see [1].

3.4 The T-GOSPA Metric

We now turn to the extended GOSPA metric between sets of trajectories X =
{X1,..., X} e Tand Y = {Y1,...,Y,} € T. Since this metric is based on the
GOSPA metric, we refer to it as the T-GOSPA metric, for Trajectory-GOSPA. In
T-GOSPA, we make use of GOSPA for sets of targets of size at most one. For this
special case, the GOSPA metric can be written as

de(z,y), = ={s},y={y},
d?(z,y) =0, T=y=0, (3.3)
c/2/P else,

with the corresponding optimal assignment in (3.2) being

o {{<1, D} el =yl =1 df (@, y) <o

a, else.

To simplify the introduction of the T-GOSPA metric, we introduce some additional
notation. For a trajectory X = (t,, #1%), we define its state at time step t by

00 -

{tT1=0) <t <ty+L—1,
a, else.
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3. Multiple Target Tracking and Evaluation of Tracking Algorithms

If the trajectory is alive at ¢, this is the singleton set consisting of the state of
trajectory X at time index t¢. Else, it is the empty set. This notation is useful since
it allows us to reference the state of a trajectory at a certain time, even if it does not
exist. In the context of sets of trajectories X = {X;,..., X} and Y ={Y7,..., Y, },
we also use the shorthand notation ! = S*(X;) and yl St(Y:). Abusing notatlon
slightly, we additionally define

U SYx

XeX

for a set of trajectories X € T. This is the set of states of all trajectories alive at
time step t.

In T-GOSPA, each ground truth trajectory can either be assigned to an estimated
trajectory or be left unassigned in each time step. To facilitate this, we use assign-
ment vectors between the sets {1,...,m} and {0,...,n}. The interpretation of an
assignment vector 7! in time step t is

: t
) i assigned to y,
‘ 0,  «!is unassigned.

We let II,,,, denote the set of all such assignment vectors. Now we are ready to
define the T-GOSPA metric. For some track-switching penalty v > 0 and previously
introduced parameters, the T-GOSPA metric is defined by

- 1/p
déc"Y)(X,Y) minimize (Zdt’ﬁ X,Y) Z ot atthyp ) . (3.4)

7"'enmn 1 _
t=1,..,T ¢ o

We now explain the terms d' and s. Firstly, we have

1/p
e cP
dtw;x,Y):( > d;’2><w§,y;>p+2<|St<X>|+|Sf<Y>r—2|et<wt>|>) ,
(i,5)€0% (mt)

(3.5)
with

0'(x) = {(i, 7)) i =1,..om, fal] = [yh| = 1, doP (@l yh) < cf .

The quantity in (3.5) is the part of the metric that penalizes localization errors and
cardinality errors. These types of errors have in common that they are calculated
within one time step. This is highlighted by the fact that (3.5) only takes the
assignment vector of a time step ¢, and that its corresponding sum in (3.4) ranges
from 1 to T'. Note that (3.5) is simply the objective function of the GOSPA metric
used with (3.3). As such, the interpretations of the terms are the same, with the
sum corresponding to localization errors and the following term corresponding to
cardinality errors. For convenience, the assignment set in (3.4) is used to get only
the proper assignments from the assignment vector .
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Secondly, we have

m 1/p
st nt) = (w3ostatat ) (36)

5(
=1
with
O, 7.(. — ,n_t-‘rl
S(ntntt) = {1, A £ 0, £0), (3.7)
1/2, else.

The expression in (3.6) penalizes track-switching. The track-switching errors occur
between time steps. As such, it takes the assignment vectors of two consecutive time
steps ¢t and t + 1, and its corresponding sum in (3.4) ranges from 1 to 7' — 1. This
term is furthermore broken down on an index level in (3.7), where a penalty of 7?
is given if the assignment of a ground truth trajectory changes from one estimated
trajectory to another, and a penalty of 4*/2 is given if a ground truth trajectory
goes from being assigned to an estimated trajectory to being unassigned or vice
versa. This special case is called a half-switch, and is an important part of the metric.
In short, it assures that the metric is symmetric. This definition of T-GOSPA is
introduced along with a proof of that it is a metric in [2], to which we refer the
interested reader for additional details.

3.4.1 Formulation Using Assignment Matrices

In this section, we show that the T-GOSPA metric can be formulated as a so-called
mixed integer linear programming problem. A mixed integer linear programming
problem is simply a linear programming problem where some of the variables have
integrality constraints. Such a formulation is useful for several reasons, one of them
being that it unlocks the use of many computational techniques developed for such
problems. Specifically for this thesis, this formulation also acts as the starting point
for the derivations of new algorithms for computing T-GOSPA in Chapter 4.

The key concept in a formulation based on mixed integer linear programming is the
use of so-called assignment matrices. The idea is to, for each time step, create a
binary matrix W*, where each element Wt represents an assignment between ground
truth trajectory ¢ and estimated trajectory j at time step t. If I/V;t ; =1, then ground
truth trajectory ¢ and estimated trajectory j are assigned to each other at time step
t. If Wltj = 0, they are not. We now formalize this idea. To this end, we introduce
the set of assignment matrices, W, », as the set of (m + 1) x (n + 1) matrices W*
fulfilling

V[/zt,je{ovl}a i=1,....m, j=1...,n, (3.8a)
m+1
Wh=1, j=1,....n, (3.8b)
o
ZVV;J‘ZL i=1,...,m, (3.8¢)
Wt mt1nt1 = O- (3.8d)
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Here, (3.8a) implies that assignments are binary, meaning that there are no in-
between states for the assignments. The constraints in (3.8b) imply that each ground
truth trajectory is assigned to exactly one estimated trajectory, or unassigned, at
each time step. In other words, a ground truth trajectory cannot be assigned to
more than one estimated trajectory. Note that the last row is used for representing
unassigned trajectories. Analogously, (3.8¢) implies the corresponding property
among the estimated trajectories, where the last column is used for representing
unassigned trajectories. The constraint (3.8d) is of less importance, and just says
that the bottom-right corner should be set to zero.

Importantly, we have a bijection between II,,, and W,,,. More precisely, this
bijection is given by

m=j#0 <= W, =1,
ﬂ; =0 Wit,n—‘rl = 17
Pic{l,....m}:m=j#0 < Wi, =1,

for 7t € II,,, and W* € W,,,,. This bijection is understood most easily by an
example.

Example 1. Let m =4 and n = 5. For the assignment vector
' =(2,0,5,0),

the corresponding assignment matriz s

5]
Il
_ o O O O
O OO O
_ o O O O
_ o O O O
OO~ OO
O = O = O

Since wt = 2, this means that trajectory 1 from the ground truth is assigned to
trajectory 2 from the estimate, resulting in Wf’Q = 1. Further, & = 0 means that
trajectory 2 from the ground truth is unassigned, resulting in W2t’6 =1. From 7l =5,
we see that trajectory 3 from the ground truth is assigned to trajectory 5 from the
estimate, giving W§75 = 1. Finally, 7t = 0, implying that trajectory 4, from the
ground truth is unassigned, hence sz,e; = 1. Note also that trajectories 1, 3 and 4
from the estimate are unassigned, explaining the last row.

To simplify the notation, let Dj ; = (Zéc’z)(mﬁ, Yy fori=1,....m+1,5=1,...,n+l,
t=1,...,T, where @}, ., = @ and y},,, = &. Then, using assignment matrices, we

can formulate the T-GOSPA metric as a mixed integer linear programming problem.

Proposition 2 ([2, Lemma 1]). The T-GOSPA metric, defined in (3.4), can be
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3. Multiple Target Tracking and Evaluation of Tracking Algorithms

written as
T m+1ln+l AP T=1 m n 1/p
d")(X,Y’) = minimize | > Dy Whi+ =335 \W;jl - W, .
Wi eWmn, \i=1 i=1 j=1 2 SO
t=1,..,T
(3.9)
Proof. See [2, Lemma 1]. O

Like before, the first sum is the cardinality and localization error of the metric, while
the second sum is the track-switching penalty. Note the indices that the sums range
over.

Each change in how a trajectory is assigned is penalized with 7?/2. Notice that if
two ground truth trajectories and two estimated trajectories that are assigned to
each other switch assignments between themselves, this gives a total penalty of 297
(meaning the penalty is 4* per switch), as this means that four matrix elements in
this sum are changed. If instead a trajectory goes from being unassigned to being
assigned or vice versa, only a single element of the top-left m x n matrix is changed,
giving a penalty of 74?/2. This corresponds to a half-switch.

The minimization in (3.9) is a combinatorial optimization problem, and as such it
can be difficult to compute. To obtain a more computationally tractable problem,
we relax the binary constraints. Let W,,,, be the set of matrices in W,,,, but with
the constraints (3.8a) replaced with W, ; € [0, 1]. This results in

) 1/p

(3.10)

m—+1
2

t=1 i=1

T

d*(X,Y) = minimize
(XY) = miniin (z
t=1,..,T

1
t=1 i=1

n+1 'YPT m o n
z;Dt Wt +Zzz:1‘wt+1
J J

It can be shown that this relaxation still yields a metric.

Proposition 3 ([2, Proposition 2]). The relazed T-GOSPA metric d*(X,Y), as
defined above, is a metric itself.

Proof. See [2, Proposition 2]. ]

For some types of mixed integer linear programming problems, the linear programming
relaxation can be such that is has the same optimal solution as the original problem.
This is for example true for minimum cost flow problems with integer constraint
parameters, see [22, Theorem 8.2]. For such problems, we can solve the linear
programming relaxation, which is often easier to solve, in order to obtain a solution
to the mixed integer linear programming problem. Unfortunately, this is not the
case here.

Proposition 4. There ezist instances when JZ()C’V)(X, Y) <d(X,Y).

19
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Proof. Consider the case where the states are one-dimensional, the parameters have
the values v = 1, ¢ = 2, and p = 1, the number of time steps is T' = 2, and the
ground truth is given by X = {X;, X5, X3}, where

n=( ), m=( (L) 0= ()

whereas the estimate is given by Y = {Y7, Y5}, where

= (. (32) (1)

That is, the number of ground truth trajectories is m = 3 and the number of
estimated trajectories is n = 2, and all trajectories are alive at all time steps. For
this case, the optimal solution for the ordinary T-GOSPA metric is given by

0100 0100
Wit=1]0 01 0|, and W?2=|[1 0 0 0],
1000 0010

with the optimal objective value dz(f”)(X, Y)= dgz’l)(X, Y)= % = 6 + 3, whereas

the optimal solution to the relaxed T-GOSPA metric is given by

1

0110 (0110
WLIP:§101O,andW€p:§1100,
110 101

o
o

with the optimal objective value d(*(X,Y) = cZ&Q’l)(X, Y) =2 =6+ 1. Hence,
this instance gives d*"(X,Y) < d\*V(X,Y). O

Specifically, this proves that [23, Conjecture 2.3.1] is false.

Since (-)'/? is an increasing function on R, for p > 0, the problem of interest for
computing the T-GOSPA metric is

T m+ln+l ,yp T-1m n
s t it t+1 ¢
minimize Y Y, > Di;Wi+ 5> > ) Wit W
EWmmn, 327 =1 j=1 t=1 i=1 j—1
t=1,...T
Similarly, for the relaxed T-GOSPA metric, it is
T m+ln+l ,yp T-1m n
s t it t+1 t
minimize 5" 3 DLW+ LY SIS Wt o wl @
‘/I;ielwmj—‘ny t=1 i=1 j=1 t=1 i=1j=1

In this thesis, we consider (3.11). Specifically, we investigate how approximate
solutions can be obtained efficiently using similar techniques to those presented in
Section 2.2.4.

20



4

Novel Algorithms for
Approximation of the T-GOSPA

Metric

In this chapter, we derive and present two algorithms for efficiently finding approxi-
mate solutions to (3.11). The algorithms are derived from two different reformulations
of (3.11). The first algorithm is based on a reformulation to a structured tensor
optimization problem. The second algorithm is based on a reformulation to a multi-
marginal optimal transport problem. Both derivations follow a similar procedure.
We refer to the algorithms as Algorithm 1 and 2, respectively.

4.1 Derivation of Algorithm 1

Here, (3.11) is reformulated as a tensor structured optimization problem. Then
a regularization term is introduced, after which the Lagrangian dual problem is
formulated. For the dual problem, the optimal solution in each variable individually
is analytically tractable. This gives rise to an efficient coordinate ascent scheme. The
derivation presented in this section is similar to the one conducted in [11], but it can
also be found elsewhere.

4.1.1 Formulation as a Linear Programming Problem

The first step of the derivation of Algorithm 1 is to formulate (3.11) as a linear
program. Additionally, this serves the purpose of making the relaxed version of
T-GOSPA accessible to standard linear programming solvers. To this end, we start
by introducing help variables

H =W —wt eR™", t=1,...,T—1.
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Here, the absolute value operator is applied element-wise. Using these variables,
(3.11) can be formulated as

T m+1n+l ,YpT 1m n
minimize >N Z D Wi+ 3> H, (4.1a)
W EWmn, t=1,...T 427 =1 j=1 2 5= "
HteR™*n" t=1,..T—1
subject to J{t::hm“+1—-myﬂ, t=1,...,T—1. (4.1b)

Since the optimization problem is to minimize the cost, the constraints (4.1b) can
be replaced by the constraints

H>WH —wt t=1,...,T -1,
Hi>W W ¢ =1,...,T —1.

As a result, we end up with

T m+1n+l pT—-1 m n
minimize D; W}, + H (4.2a)
WEW o, t=1,...,T ; ; JXZ: 2 tz; ;; b
HteR™*" t=1,..,T—1
subject to H>WH —wt t=1,...,T—1, (4.2b)
H' >W'— Wt“, t=1,...,T—1. (4.2¢)

Note that the objective function (4.2a) and constraints (4.2b) and (4.2¢) are comprised
of linear functions with respect to the decision variables. This means that (4.2) is a
linear program with the same objective value as (3.11).

4.1.2 Formulation as a Structured Tensor Optimization Prob-
lem

For the derivation of Algorithm 1, the next step is to write (4.2) as an optimization
problem over a high-dimensional tensor with a certain structure. Therefore, let

M, = RTH)TXW—H)T

be the set of all non-negative tensors with 27" indices such that the first T" indices
have dimension m+1, and the following 7" indices have dimension n+ 1. Furthermore,
let X € R™™! and p¥ € R*™! be marginals defined by

T (1L,n>T, (4.3a)
p = (1;, m)T, (4.3b)

where 1,, € R™ and 1,, € R" are vectors with all elements equal to one. Hence,

m+1 n+1

X _ Y _
> Hi =Y p; =m+n,
=1 7j=1
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meaning that we have the same total mass for all marginals. Now, for i1,...,ip €
{1,...,m+ 1} and ipyq,... 097 € {1,...,n+ 1}, we define a cost tensor C' € M,
by

_ t
Oil ~~~~~ 7:2T - Z ‘Dit,it+T'

t=1
Following Section 2.2.3, we define the marginal projection of a tensor M € M onto
marginal ¢ for t =1,...,2T as

Pt(M)it - Z Mil ..... [Py

U1y Bt — 1,04 15-00502T

for appropriate indices 7;. Additionally, for t = 1,...,7T, we define the bimarginal
projection of M onto marginals t and ¢t + T by

Pt,t+T(M)it7it+T - Z Mil ----- 127 )

U1y =150t 1 gee o otp T— 15044 T 155027

fore, =1,....m+1land tyyr=1,....,n+ 1.

Adding the tensor M € M as a variable to (4.2) and adding constraints
Wt:PiE,t—O—T(M)? t:17"'7T7

yields

T m+1n+1 ,.yp T-1 m n
minimize D W 4+ H! ., 4.4a
ecgnimize |22 2 Dty 2. 2 0 M (4.4a)

HteR™X" t=1,..T—1
M€M+

subject to H>WH —wt t=1,...,T -1, (4.4b)
H>W'—wit t=1,...,T -1, (4.4c)
Wt = Pop(M), t=1,....T. (4.4d)

Here, (4.4) has the same optimal value as (4.2). To see this, we first consider
minimizing over all variables except M. Since M is not present in the objective
(4.4a), we can simply choose any M such that (4.4d) is satisfied to obtain an optimal
solution to (4.4). For more details, see [11]. Substituting W* for P, ;. (M) everywhere
in (4.4) using (4.4d) yields

T m+1n+1 ,yp T-1m n
minimize Y>> D Pryir(M);; + 5 YOS H (4.5a)
Wter{m DX, t=1 i=1 j—1 t=1 i=1 j—1
t=1,...,T,
HtGRmxn,
t=1,...T—1
MeM4
subject to P(M) = u*, t=1,...,T, (4.5Db)
Poop(M) =¥, t=1,...,T, (4.5¢)
H'> Pprgsrpr(M) = Pyop(M), t=1,...,T—1, (4.5d)
H'> Pyr(M) = Pygyipr(M), t=1,...,T =1, (4.5¢)
Wt:PLt_’_T(M), t: 1,...,T (45f)
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The constraints (4.5b) and (4.5¢) come from the constraints (3.8b) and (3.8¢) of W, ,
respectively. Furthermore, we drop the condition (3.8d) of W,,,, as D!, +1m41 = 0.
By adding constraints (4.5b) and (4.5¢), we have also included the constraints

n+1 n+1
ZW:TH_LJ« = ZPt,t+T(M)m+1,j :Pt(M)m-i-l :n, t: 1,...,T,
=1 j=1
m—+1 m—+1

Z Wztn+1 Z Ptt+T zn+1 = Pt+T<M>n+1 =m, t= 1, ce ,T,

on the last row and column of the assignment matrices. Now, since the bottom-
right corner element of the assignment matrices has coefficient zero in the objective
function, and since we allow this corner element to take any positive value, these
constraints do not impose any actual constraints on the problem, meaning that
the optimal objective value is unaffected. This might look cumbersome, but this
formulation is convenient for reasons apparent in the coming sections.

Note now that constraints (4.5f) can be removed, as we can first optimize over M,
and then find the corresponding W, ¢t = 1,...,T. Therefore, these variables can be
completely removed from the problem. Finally, since

T m+1n+l1
t
Y>> DijPusr(M)i
t=1 i=1 j=1
T m+1 n+1
= Z Z Z Zt71t+T Z Mil,...,igT
t=1 4= 1Zt+T 1 ULyeenybt—150t 4 1yee s bt 4 T— 155t T 155027

- : : : :Dlt,ZtJrT 11505027

i1, ior t=1

= Z Ci17~--’7;2TMZ'1’~~-7i2T

U15ee02T

= <C7 M>7

we arrive at
T-1

hS]

.. ’7
minimize —
HtGRmX", 2
t=1,..,T—1,

MeMy
subject to P,(M) = p*, t=1,....T, (4.6b)

Pp(M) =p", t=1,...,T, (4.6¢)

Ht Z Pt+l,t+1+T(M) _Pt,t+T(M)7 t= 17"'7T_ 17 (46d)

H' > Pyyr(M) = Prypnier(M), t=1,...,T—1. (4d.6e)

This is the formulation of T-GOSPA that is the base for the rest of the derivation of
Algorithm 1 in the coming sections.

f: fj H, (4.6a)

~+

H
.
I

—
<
I

—

4.1.3 Entropic Regularization

In order to apply the technique described in Section 2.2.4, we need to regularize (4.6)
by adding an entropy term e E (M) to the objective function. Similarly to [11], we
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define such an entropy term by

,,,,,

pT—-1 m n
minimize (C, M)+ r > Z H} 4+ eE(M), (4.7a)
e >
M€M+
subject to P(M) = p*, t=1,...,T, (4.7b)
Pyp(M) =¥, t=1,...,T, (4.7¢)
Ht2P+1t+l+T(M)_Pt,t+T(M)7 tzlv“'uT_lv (47d)
H' > Pyyyr(M) = Py (M), t=1,...,T =1 (47¢)

It is important to keep in mind that we now have changed the objective function.
Therefore, (4.7) possibly has a different optimal objective value compared to (4.6).
As explained in Section 2.2.4, we want to keep e small so that this perturbation is
sufficiently small to make (4.7) an adequate approximation of (4.6).

4.1.4 Derivation of the Dual Problem

We now derive a Lagrangian of (4.7) as well as the corresponding dual problem.
Relaxing constraints (4.7b) and (4.7c) with dual variables A\¥ € R™™ and A} € R,
respectively, for t = 1,...,T, and constraint (4.7d) and (4.7e) with dual variables
Ay € R and A € R™™ respectively, for t = 1,...,T — 1, we obtain a Lagrangian
L. For ease of presentation, we split it into three terms according to

LM, H NN A A) = LM SN A A) + LH NN A A) + LAY,

In the above, and throughout the rest of this section, we refer to sets of variables with
their symbol without subscripts. For example, A¥ stands for (A\X);, for t =1,..., T,
i=1,...,m+1.

Here, L is defined as

L(M, X, AY, A A)
T m+1 T n+1

=(C,M)+eE(M) =Y > (A ):P(M Zj Z )i Prrr (M),

t=1 i=1 j=1

~
L

Ms

_|_

)
A
-
I
I
I

J

Z At Z] Ptt+T M) - Pt+1,t+1+T(M>>iJ

=
L

+
Ms

Z u Pt+1 t+1+T(M) - Pyﬁ,t+T(M>>i7j7

J:

“
Il
—
.
Il
—
—
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and contains all terms in £ that depend on M. L is in turn defined as

L(H, NN AA)

pT—-1 m n T-1m n T-1 m n
*ZZZHZ DD (i Hiy = 3237 3 (M)isHi
t=1 i=1 j=1 t=1 i=1 j=1 t=1 i=1j=1

and contains all terms in £ that depend on H. Lastly, L is defined as

X Y T m+1 X T n+l1 Y
A,x:;EA m+;2Aﬂ%
iz ;

and contains all terms that are independent of M and H. Note specifically that L is
independent of H, L is independent of M, and L is independent of M and H. Hence,
for the dual problem

maximize  d(A%, AV, A A),
AXERMHL AY eRntl
(=17 (4.8)
Ag, A €RTX"
t=1,...,T—1

with the dual function

oA N A A) = %w%QMH%VAM
t= 1% LT—1,
MeMy

we can decompose the inner minimization of £ as

minimize £(M, H,A*,A\Y, A, A)

Ht Ran
t=1,..,T—1,
MeMy
= minimize L(M, X, \Y, A, A) + minimize L(H, XX, AV, A, A) + L, AY).
MeM; Hjt=1,..,T—1

We start by minimizing L. Note that for ¢t =1,...,T, we have

m+1 m—+1
SO)BM)i =Y (A Y. Miir = > (A Miy iy
i=1 ir=1 01 ,nsbor \bt U1 yeens02T

with a similar expression possible for the case of AY. Further, we have

Z Z At szt t+T Z Z zt,zt+T Z Mi1,...,i2T
=1 =1
(A

1=1j=1 1,0yl \ it 004 T

UlsensioT

)Zt ,Zt+T ceyloT)

with a similar expression possible for the case of A. Using these expressions, L can
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be rewritten as

LM, 5, 0Y A A)
= (C, M) +5E(M)

T
Z Z )‘X 2 117 oiar T Z Z()\z},/)it+TMilw~yi2T

115eeyior T=1 1,502 t=1

T-1 T—1
+ Z Z(At>it,it+TMi1,~--,i2T_ Z Z(At)it+l7it+1+TM'i17---yi2T

11,yi2r t=1 U1,yeeior =1
+ Z Z 7»t+1ait+1+T (ST Y Z Z Ztﬂt+T 2T
01,5027 t=1 11,0027 =1
Next, we consider the partial derivative of £ with respect to M;, ;. foriy,..

{1,...,m+1} and iryq, ..., 000 € {1,...,n+ 1}. It is given by

oF 0
= M. ipg 108( M, i) — My i
0Mi1,. i 8M“, 2T< Z 1, Og( ----- 2T) 1yeeey

« 02T

= 1Og(Mi1,.-.,i2T>‘

i2T

This means that the partial derivative of L with respect to M;,  _;

2T
oL d X d Y

8M7- = Cil7-~~7i2T + glog(Mil,m,izT) - Z()‘t )it o Z()‘t )it+T
11,..4522T t=1 t=1

T-1 T-1 T-1

+ Z (At)it,it+:r - Z(At)it+1viz+1+T + Z (At)it+17it+1+:r -

t=1 t=1 t=1

In order to find the minimizer

argmin L(M, A, \Y A A),
MeMy

we set
oL
OM;

01,0092

=0,

and solve for M;, ;... The solution to this equation is

C. .
* _ _ Tt,ent2T
th o — OXP < >

3

<_ (At)it,iHT ) Zﬁl exp ((At)it+lait+1+T
. = <_ (At)it+1,it+1+T = exp ((At)it,iz+T

> (Ae)ii

it €

(4.9)
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Note now that M* > 0. By the convexity of L with respect to M together with
Theorem 1, we conclude that M* is optimal. We have thus found a minimizer M*
and expressed it in terms of the dual variables.

We now turn to the problem of minimizing L. By writing

S5 (T~ (s — () B

7’ %
5~ (Me)ig = ()i =0, (4.10)
fore=1,....m, 5 =1,....,n,t = 1,...,T — 1, is needed for the minimization

problem to have a lower bound. This has implications for the dual problem (4.8), as
the outer maximization forces A and A to satisfy (4.10), which in turn makes (4.10)
a constraint in the dual problem. Thus, the dual problem becomes

maximize (A, A\, A, A), (4.11a)
AXER™HL AY eRrntl
t=1,..,T
At AtERTXH
t=1,..,T—1
~ ,)/p
subject to At+At:?, t=1,...,7T—1. (4.11b)

We now express L(M*, A\¥, \Y A, ]\) in terms of the dual variables. Firstly, note that

:log<exp(_%m>ﬁexp<< ) fLemn (P

T-1 T-1

. H exp <_ (At):JHT) H exp ( Zt+1 Zt+1+T>
t=1 t=1

: .jﬁl exp <(At)it’it”> Tﬁl exp < Jis, ZHHT) )
t=1 € i=1
_ _Cil ,,,,, ioT + i <)‘tX)lt + i ()\z/)lt+T - TZI (At ity i+ T + TZ_I (At)'it+17it+1+T
€ =1 € =1 € =1 € =1 €

+ = (At)itvit+T . Til (At)lt+17it+1+T

=1 € t=1 €
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Secondly, we have that

E(M*) = . Z (Mz*lng log(Mi*l,...,iQT) - Mz*leT + 1)

11,00502T
Ciy,..i DO = A
e (R

$1genes ior t=1 t=1

T—1 (At i T—l
- A" U4 T Z Zt+1ﬂt+1+T

t=1 t=1

= (At)z i = (At>z’ 14
+ Z; ; 4T tz; t+€ t+1+T> B MZ’.”@T +1

t=
1 . o 4 A
6( C M + Z Z AX ila---7i2T Z Z Zt“'T 11, 2T

1,002 =1 01,0002 t=1

*
§ : § : At Ztﬂt+T + § : E : At Zt+1ﬂt+1+T 11, i

1,00 t=1 g, ior t=1
A *
+ E § At ’t72t+T 11, Lo E : E :(At>it+1,it+1+TMil,...,igT
i1,e.dor =1 01,09 t=1

—e Y M} . Fem+1)T(n+ 1)T>.

Ulyenyi2T

This means that

LM MY 0N ALA)
T
= <C,M >+8E M* Z Z )\X 2*1, i _Z Z ()\f)mT 1*1, ST
t=1141,...,027 t=1141,...i2

T-1

+ Z Z (At)z‘t,iHT 117 Wi - Z Z At Zt+1,lt+1+TMz*1, e
t=1 41,...,507 t=1 i1,....,i27

+ Z Z At lt+1ﬂt+1+T 11, slor Z Z At Ztﬂt-&-T Zl, T
t=1 41,...,io7 t=1 i1,....i21

:-—5‘22 eXp( (ZL’ ,>fi <(A§)”>Iiexp<(A{?”T>

= (Aﬂtt (At
ex o 1,0t 4T ex L4150 414+T
o (-8 ) [T (B
T-1 A T—1 )
T exp << t)lt’“JrT) exp <—( t)““’““J’T) +e(m+ 1) (n+1)T.
=1 € =1 €
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Therefore, the dual function is

PO N AN = - Y exp< Cir... )ﬁexp(

> ( Y)ZHT>
| | exp
Zl: 712T

H eXp( A lt7'lt+T> H exp (( )1t+1,lt+1+T>

: H exp ( WHT) H exp ( Aicrisren >Zt+1’it“+T>

£
m T n+1

+ZT:Z+:1 )\X )ilki +ZZ )\Y ],u] +e(m+1)T(n+1)T.

t=1 i=1 t=1 j=1

Now we use constraint (4.11b) to eliminate one set of variables. We select A, and
for convenience, introduce I'" = 2A; = 7? — 2/~\t The constraints 0 < I'" < ~? for
t=1,...,T —1 are now needed since 0 < A, = & — A,. Using I, the dual function
can be written as

NN T) = e 3 exp (- )ﬁe ( )Hep<ﬂ>w>

11,0yi2T t=1

€
T-1 It .\ 7ol re
I exp (—“’ZtJ’T) IT exp (““’”“JrT) +e(m+ 1) (n+1)"
T m+1 T
sDID ORI DD CHITE

t=1 i=1 t=1 j=1

and the dual problem becomes

maximize MY D), 4.12a

o eRmfl,)\fZeR"“ i ) ( )
t=1,..,T
FteRmxn
=1,..,T—1

subject to 0TI <A, t=1,...,T —1. (4.12b)

To summarize, we note that since all constraints in (4.7) are affine, strong duality
holds between (4.7) and (4.12) by Theorem 2. Therefore, the primal and dual
problems have the same optimal objective value. This is important, since it is the
objective value we are interested in for T-GOSPA. By virtue of (4.9), we even have
an expression for the optimal primal variables given the optimal dual variables. In
the next section, we look into solving (4.12) numerically using the coordinate ascent
method.

4.1.5 Derivation of the Coordinate Ascent Scheme

We now apply the coordinate ascent method in order to solve (4.12). For this purpose,
we start by maximizing with respect to AX. Consider the element (A\X);  for some

1T
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T=1,....,Tand i, =1,...,m+ 1. We have that

o=, 2 (- C) oo (2 Tow (412

T 01,e.y027 \ir

.Tffexp< ) ﬁl ( >) (4.13)

=1 €
~ 1 ~
X H exp < lt,lt+T> H exp < A )Zt+172t+1+T> + IM;X
(C_:: T

As (4.12) is a convex optimization problem, and as there are no restrictions on

(AX);., we set this derivative to zero and solve for (AX); in order to find a maximizer.

First however, recall the optimal solution M* to the primal problem in terms of
dual variables, given in (4.9). We identify that the first term in (4.13) is in fact the
projection of this solution onto marginal 7, and so

0¢
AT )k

Now, the dual variables and the cost tensor are transformed by

X X
uf-exp( ), uf-exp( ), t=1,....T,
€ €

r
Ut:exp<—t>, t=1,....,.T -1,
€

().

where all operations are element-wise. Next, we note that

PO, [ = S M, [ (),

ityeeyior \ir

= —P,(M");, + N?'

T T-1 [Jt
_ U504 4+T
=5 K T T TT
ityeesior \ir t; t=1 Ut41,0e414T
T
_ (X
- (wT >i7—7
where we define a vector wX that is independent of uX. This gives
9¢

Setting the derivative to zero and solving for (uX);, yields

X
(UX)k — M

and by multiplying the numerator and denominator by (uX), we get

X (X X
XY = M (U7 )i _ Mk (1)

(X)) Pr(M)e T
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Note that the right hand side is still independent of (uX);. By convexity, this is a
maximizer. This results in the update rule

X 1i X
(u7 )i m(% ks
which can be written on vector form as
uf —p* o P(M*)our, forr=1,....T, (4.14)

where @ and © represent element-wise division and multiplication, respectively. With
analogous reasoning, we also obtain

ul —py o Pryr(M*)our, forr=1,...,T. (4.15)

Having obtained update rules for the first two sets of dual variables above, we now
turn to I'. We mainly use the same approach for I' as we did for AX and \¥ above.
Taking the partial derivative of the dual function with respect to I'; ,, we get

B B () ()

i1,eior \ir =k iy 7 =L

71 It It
) H exp( 'Lt7zt+T> H exp( Zt+171t+1+T>
=1
R (-Gt Flp (O [l (W)
p Hexp I exp

1,eesb27 \ir+1=Ksir 147 =4
T—1 t t
] exp ( a ZHT) H exp (th“ Zt“”) :
t=1

Similar to before, we use the transformed dual variables, so

a¢ A L 1 Zt+1ﬂt+1+T
ar;;[ = Z Kh,..-,iQT H(ut H ut l4T H

i1, dor \ir =k iy =L t=1 ltﬂt+T
T

_ Z Ki1»~~-,i2:r H(uf()“ H ut . H Zt+1,Zt+1+T
t=1 t=1

11,0027 \ir 1=Ky ir 147 =1 zt72t+T

Remembering (4.9) again, we identify the two terms as bimarginal projections of
M*, yielding

9¢
org,

= Propr(M ke — Pyt rirer (M )iy

With respect to I', (4.12) is a constrained optimization problem of a convex function
on a compact set. We therefore investigate the stationary points, as well as the
boundary of the feasible set. To this end, we set this derivative to zero and get

Prryr(M*) = Pryyr i1 (M7). (4.16)
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In order to find a stationary point, the next step is to solve (4.16) for UJ,. To do
this, we first rewrite the projections. Notice that the transformed cost tensor can be
decoupled as

T
- t
Kit,~~~7i2T - H kit,iHTﬂ
t=1
with t
Uty bt T
L2+ T €

The first projection in (4.16) can therefore be written as

T T T T-1[t
* _ t X Y U410 4+14T
S R | (I | (N (et
i1 ,...,iQT\iTZk,iT+T:€ t=1 t=1 t=1 t=1 U5 4T
. ¢ ot X\ ()Y .
For convenience, we define a;, ;. = kj ; . (ui' )i, (43 )i, and write
T T-177t
* o t Tt 41,04 414T
PTJ"FT(M )k7é - Z H ait,it+T H t
1,0y \ir =k, ir =€ t=1 t=1 Wl T
U]:Zl T T-1 1 T—-1
T » t t
= Ay Ur Z H ait7it+T H Ut . H Uit+1,it+1+T
k.t U1 5eentior \ir=k,irpp =L =1 t=1 Y047 t=1
t#£T t#£T t#T—1
T—1 T )
T k.l T+1 L4+ +14T

Q.0 ir41,8r 14T UT—H

-
ko | drt1sirpigr It 1sdr 14T

T

Z H aft T

i1yeensin \ir =k, s p=Lyir 41,0 t=1
1yeeyior \br 7=l 41,5 14T 1 Lo 1)
T-1 1 T-1
t
H Ut . H Uit+1:it+1+T
t=1 U504 T t=1
t¢{r,7+1} t¢{r—1,7}
Next, we define
T
— t
By tar = ) Il dii.
i1yeensior \ir =k, ir 1 =L,ir41=0,i —r t=1
1yeenstor \ir et T =l 4 1=, 14T o)
T-1 1 T—-1
t
H Ut H Uit+1,if,+1+T ’
t=1 Uty bt T t=1
t¢{r,7+1} t¢{r—1,7}
after which we write the bimarginal projection as
*
PT,7'+T(M )k,ﬁ
T—1 T T
—a Uk,f artl Uk,f B + Z T+1 Ui‘r+17i'r+1+T ‘ '
— Ykt Ur k.l Ur—i—l kKL Tr g 1147 TTTHL klyjiry1,tr 14T
kit k. (ir41irt147)# (kL) b 1,0r 14T
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Additionally, we define

T

BT, = 3 a1t Crtlir gt po
k.l — lr+1,br 14T 777+H1 k7£717+17ZT+I+T

(irt15ir141) 7 (k) brt1br 14T

meaning that we can write

T—1 T—1
* T+1 kL T T kL DT
Prrir(M* )y = akz Q¢ UTH Bk:,é,lc,e + ak,éiUT Bk,e- (4.17)
k¢
Analogously, by defining
7—1
BT = Z al . trolr+T B .
k£ Ursbr T TTT 27'77'7-+T7k7£
(i7—7i7—+T)#(k7é) iT7iT+T
we get
7—1
T T+1 k0 T T+1
Py riipr (M) = ay WA UTH Bk,é,k,z +agy UT+1 Bk 2 (4.18)

Substituting (4.17) and (4.18) in (4.16) gives

T7—1 T7—1 T—1 U
T T+1 L4 T T k¢ 37— o7 T417k( T 1 B
) T+1 ko ke T QgD g kOt 77T Pre T Qrp T+1 k0>
Uiy Uiy Uk,f Uiy
which simplifies to
’7'—1 T
T kL T T+1 k.l T
kt 77 Pre = Qg 77741 Phy
Us.e Uk
Solving for (Uf,)?, we get
T T—1
UT )2 ag EUk,Z By
(Ure)” =

T (UL BL,
Similarly to before, we multiply the numerator and denominator by Uy ,, giving us

U;Z,zaz,eUZ,ZlBZ,z _Wr,)? ache(l/Usz)UﬁlBl;e
T Ur pr k&) 1 Ur pT
Ukea H( /U +1)Bk,€ +1Uk€(1/ +1)Bk,€

(Uie)* = (4.19)

where we note that the right hand side does not depend on U ,.
We now define the quadmarginal projection of M as

Pt:t‘i’Tat+17t+1+T<M>'L't:it+T7it+1’7;t+l+T = 2 : Mihm,iQT'
1150582 \ bty 0t 1 5584 14T
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By unraveling the definitions of af ,, Bg’g, and Bg,z, we identify that the numerator
and denominator can be written as differences of projections of M*, giving us

Y

Ur, — UT PT,T—FT(M*)IC,E - PT,T+T,T+1,T+1+T(M*)k,@,k,@ (4 20)
ot .t Priyriisr(M*)go — Prrsrrstro1+m(M* )k ke

where we have also taken the square root. The step from (4.19) to (4.20) above is
verified most easily going in the opposite direction.

This is the basis for our update rule. However, we must keep the constraints (4.12b)
in mind. In the transformed variables, this implies that

1<U <exp(W/e), 7=1,...,T -1, (4.21)

and so we obtain the update rule

Uk . “ prOJ[1 explyp /)] Uk . PT,T—}—T(M )li,f fT,T+T,T+1,T+1+T(M )/:&k,g
PT+1,T+1+T<M )k,f PT,T+T,T+1,T+1+T(M )k,é,k,@
(4.22)
where the projection guarantees that (4.21) is satisfied. We thereby have update
rules for all sets of dual variables. In the next section, we look at the problem of
computing the projections needed for the update rules efficiently.

4.1.6 Message Passing

The update rules (4.14), (4.15), and (4.22) all rely on different types of projections of
M*. Since the number of terms in the sums in these projections grow exponentially
with 7', naive summation is not feasible, even for very modestly sized T'. To this end,
we exploit the structure of the problem and derive a recursive scheme that leverages
previously calculated quantities to reduce the computational expense significantly.
This resembles dynamic programming, but more generally it can be thought of as
passing messages along edges in a graph implicitly defined by the structure of the
cost tensor, hence the title of this section. See [11, 24] for more details.

To start, we define U™ = /U, 7 = 1,...,T — 1, and write the quadmarginal
projection for 7 =1,...,T — 1 as

*
PT,T+T,T+17T+1+T(M )iT7iT+T7iT+17iT+1+T

T T T—1 T—1
= : H H 11U, ILU;
o Z H kitvit+T ut BT ltﬂt+T Uit+17it+1+T
01500 i27 \br sl 4Ty 15 147 E=1 t=1 = t=1 t=1

A ~
T T X Y T T T
Lrylr T byl N T U AT ST T T T e 150 14T T U410 14T

Here we have introduced matrices @T and V.. The former is defined as

T—1 T—1 T—1
I _ t X Y
\Pir7ir+T - Z Z H kit,itJrT H(U’t )it H(ut )itJrT
i1, 7i-r 19147 br—147 t=1 t=1 t=1

H Uty bt T H U104 14T for 7 = 2’ e ’T - 17
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with
-1 B
\Ili1,i1+T =1,
while the latter is defined as
T T T
T _ t X\ Yy
\Ili7+17i7'+l+T - Z Z H kit,itJrT H (ut )Zt H (U’t )1t+T
i7+2,...7iT iT+2+T7---7iT+T t=1+1 t=1+1 t=7+1
T-1 T—-1
t 7t — _
T H Uit,it+T H Uit+1,it+1+T’ for 7 = 0’ ce ’T 2’
t=7+1 t=7+1

with

lIIZ;:Z]éT = (ug)lT k;—,;“,’igT (ug)iQT'

Note now that we have the recursive relationships

S | T T T X Y T
lrglybrp14T Ui7+1:i7+l+T Z brylrq T Ve T (uT >if (u‘r )iTJrT bryiryT)
iT7iT+T
and
T _ 1.74+1 (UX ) (UY ) T+1
br41,br 14T Lr 4150 14T T4+1/%r+1 TH1) 14T Y U 1, 14T

T+1 41
Z Z \Iji7+2:i7+2+TUiT+27iT+2+T'

ir42 br424+T

(4.23)

(4.24)

(4.25)

This means that given V., we can compute W, 1, and given V., ;, we can compute

V.. Additionally, for the bimarginal projections, we have

PT,T+T(M*)'iT,Z'T+T = (\IIT)iT,iT+T (‘IIT—I)iT,iT+T-

In all, this means that we now have a way of computing all projections efficiently.
Equipped with these tools, we are now ready to write down Algorithm 1 in its

entirety.

4.1.7 Pseudocode for Algorithm 1

Cycling through the update rules (4.14), (4.15), and (4.22), we obtain a coordinate
ascent algorithm. Moreover, by using the relationships (4.24) and (4.25), we also
have a way of computing the necessary projections efficiently. Putting it all together

results in Algorithm 1, which is displayed below.
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Algorithm 1

1: Initialize uX, v¥, U and U to one everywhere

2: while Not converged do
3. Compute U7~! according to (4.23)

4: fort=T-2,...,0do

5: Compute W' from W' using (4.25)
6: end for

7 \ill —1

8: fort=1,....,T—1do

9: Ut = ut O i @ P(MY)

10: Compute ' from W' using (4.25)
11: ul —ul ©pf @ Pr(MY)

12: Compute ! from W using (4.25)
13: Compute U from Ut using (4.24)
14: fork=1,....m,l=1,...,ndo
Uk = P0itspior oy | Ubey/ P:fiiiffﬁz&i’fk,ﬁ’%ff?iﬁfiiffﬁA)ﬁf;’fg‘fk,g)
16: end for

17: Ut 1/U!

18: Compute U1 from U' using (4.24)

19: end for

20:  u) <« ur O pX @ P(M*)

21:  Compute W71 according to (4.23)
220y —uy Oy @ Pryr(M¥)

23: end while

Depending on the application, different types of convergence criteria can be used.
One common criteria is to stop the algorithm when the change in the variables
between iterations is small. This is discussed more thoroughly in Section 5.1.2.

4.1.8 Computations in the Log-Domain

As explained in Section 4.1.3, we want to keep the regularization parameter e
small. However, as € appears both in the numerator and denominator of fractions
in exponentials, a small € can result in very small or very large values in the
computations. In practice, these computations might break down for € that are too
small due to overflows or underflows, which limits the practical lower bound on . In
order to allow for as small € as possible, we therefore transform the computations
to the log-domain. For a detailed review of this idea, we refer to [25, 26]. Here,
we explain it with an illustration. Assume that we have to calculate the sum of
exponentials

A= i exp(a;),

=1
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for a series of elements a;, ..., a,. Let @ = max(aq,...,a,) denote the maximum
element of this series. We can then rewrite the above summation as

A=) exp(a;) = exp(a) > exp(a; — a).
i=1 i=1

Transforming this to the log-domain yields

log(A) = a + log (Z exp(a; — d)) :
i=1
Here, the largest term in the right hand side summation is exp(0) = 1. We have thus
transformed our calculation so that is has become more computationally stable.

4.2 Derivation of Algorithm 2

Having derived Algorithm 1, we now turn to Algorithm 2. The key to deriving
Algorithm 2 is a formulation of (3.11) as a multimarginal optimal transport problem.
This is done by first considering an intermediary formulation as a network flow
problem. Similar to the previous section, we then add entropic regularization to the
problem, after which we derive the dual problem of the regularized problem. Like
before, this problem is solved with the coordinate ascent method, and due to strong
duality between the primal and dual problem, we can use the obtained objective
value as an approximation of T-GOSPA.

4.2.1 Formulation as a Network Flow Problem

In this section, we reformulate (3.11) as a network flow problem. To this end, we
let F be the set of all four-dimensional tensors F € R$m+1)x(n+1))2 having indices
of dimension m+ 1, n+ 1, m + 1, and n + 1, in that order. We index it using the
notation F{; jy ). This is to emphasize the fact that we see this entry as representing

the flow from position (7, j) in one assignment matrix, to position (k,[) in another.

Starting from (3.11), we add these flow variables to the problem, along with some
additional constraints to get

T m+1n+l ’Yp T-1m n
L . t t t+1 t
i, 23 S PWL T LRS- W] @2
T ) t=1 =1 j=1 t=1 =1 j=1
t:17"'7T7
FteFy,
t=1,....T—1
subject to Wil =p~, t=1,...,T, (4.26b)
WY 1y =¥, t=1,...,T, (4.26¢)
ALt S 1=1,...,m+1,
t+1 t t t s
Wijm =W = g:l i ig) — g:l Fagwy, J=L...,n+1
(i.9)(k) ) t=1L....T-1,
(4.26d)
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where we recall that the marginals y* and p¥ are defined by (4.3). Adding the
flow variables and the additional constraints does not affect the optimal objective
value since we can first consider optimization over W, ¢t = 1,...,T, and then
select appropriate values for F*, t =1,...,T — 1, to fulfill constraint (4.26d). Here,
constraint (4.26d) is a flow constraint. It makes sure that the change in element
(4,7) from time step ¢ to time step ¢ + 1 is the difference between the incoming and
outgoing flow at that position.

Now we make an observation. Since the objective function is a function on W?,
t=1,...,T, and not on the flows, we can constrain the flow as long as we make
sure that it is always possible to reach all feasible W' t =1,...,T. We make the
restriction that each position has either only incoming flows, or only outgoing flows.
We model this using the constraint

m+1,n+1 m+1,n+1
t t t t .
¥ g:l Flep,ap 1= 5iy) g:l i gy ey = 0,

(4,9)7# (k1) (6,5)# (k1)

forallt =1,...., T -1, (i,5) € {1,...,m+ 1} x {1,...,n + 1}, where we have
introduced the binary variables j3; ;. Note that 3;; = 1 implies that F{, ;) ;. =0 for
all (k,1), and ff; = 0 implies that F(; ;, ;. ;) = 0 for all (k,1). This means that we
have BF F( 5y ey = Fligy. ey as well as (1= B8 ) F o) oy = F(ijy) kg, Which becomes
useful below.

Introducing the Iverson brackets, defined as

1, if P is true,
[P] = .
0, otherwise,
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we can now write the track-switching penalty in (4.26a) as

m,n
t+1 t
> Wit - wh

i,j=1
m—+1,n+1
= ‘21 [i#m+1]-[j#n+1]: ’Wzt;rl _Wit,j
1,j=
m+1n+1
= X [i#m+1]-[i#n+1]
i,j=1
m+1,n+1 m+1,n+1
I=Bii) > Fhney B 2 Fipwn
k=1 k=1
(4,9)#(k.0) (4.9)# (kD)

m—+1,n+1 m+1,n+1

= > X () AED(kAm+1-[I£n+1] (1= B

ij=1  kl=1

m+1,n+1m+1,n+1

= > X lG)AEDD(kAm+1 [ #n+1]

ig=1  kl=1
This motivates the definition of a new cost tensor
P
1) # (kD] (k#m+ 1)1 #n+1]

Dajy, iy = HiAm+1]-[j£n+1]), ifi=k,

oo, else.

The second case in the definition above restricts the flow to only be between elements
of the same row. This does not change the objective value as each row has constant
sum by constraint (4.26b), and as such all feasible W, ... W7 are still reachable.
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This definition allows us to formulate the problem as

T m+1ln+l T—1m+1n+1m+1n+1
. P
Juinfmize 2 2 DWW+ > ) Diiy e Fligy ey (4:27a)
o =L ag=l ij=1  kl=1
t=1,..,T,
Fte]:+,
[86{071}(777,+1)><('n,+1)7
t=1,....,T—1
subject to Wi, =p~, t=1,...,T, (4.27Db)
WHT 1,0 =4", t=1,....T 4.27¢
( + /’L ) ) bl 9
m+1,n+1 m+1,n+1 izl,...,m—{—L
t+1 t+1 t .
Wm W k;l Fk:l (i) — ;1 F(i,j),(k,l)v J=1...,n+1,
(1.5)7 (kD) (i) # (k1) t=1,.... T -1,
(4.27d)
m+1,n+1 m41,n+1 1=1,...,m+1,
LY Fhyan+( ) Y Flian=0, j=1...n+1,
k=1 k=1 -

(4.27¢)

The definition of the cost tensor D has an intuitive explanation. The condition
¢ = k in the definition makes sure that we pay an infinite price for flows between
rows, implicitly introducing a constraint. The factor [(i,7) # (k,1)] says that flows
starting and ending in the same position have no penalty. This makes sense, since
this corresponds to the case of not changing the assignment between time steps. The
terms [k #m + 1] - [l #n+ 1] and [i # m + 1] - [j # n + 1] indicate when the flow
destination and source are on the boundary of the assignment matrix, respectively.
If both are on the boundary, there is no penalty. If exactly one is on the boundary,
this indicates a half-switch, and a penalty of 4*/2 is given. Lastly, if neither the flow
destination nor source is on the boundary, this indicates a full switch (equivalent to
two half-switches), giving a penalty of 77.

Next, we argue that the constraints (4.27¢) can be removed. Remember that these
constraints makes each position in the assignment matrices either only have outgoing
or incoming flows. Consider (4.27) without the constraints (4.27¢), and let F* be an
optimal flow in an optimal solution to this problem. Assume that there exists (i, j),
(k,1), (r,s) so that (F™)(, o5 > 0and (F*)(; ) .5 > 0, meaning that position (7, )
has at least one incoming and outgoing flow in the optimal solution. Part of this
flow can be replaced by a flow going directly from (k,[) to (r,s) with a cost that
is not larger than the original flow. By repeating this augmentation, we see that
given a flow that does not fulfill constraint (4.27¢), we can always find a flow with
the same or lower cost but fulfilling the constraints. The argument for why the flow
can be augmented this way is highlighted by the example below.

Example 2. Consider a part of a larger flow where there is a flow of 1/2 from (1,1)
0(1,2), and a flow of 1/2 to (1,2) to (1,3). This flow does not fulfill (4.27¢e). Given
that m > 1 and n > 3, the flows (1,1) — (1,2), and (1,2) — (1,3) yield a total cost
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of ¥P, while the alternative of sending 1/2 from (1,1) to (1,3) directly only has a cost
of v2/2. Analogous reasoning can be performed for other cases.

The argument above gives

T m+1n+1 T—1m+1n+1m+1n+1 5
. . . t t t
jminimize > >0 DWW+ > X Do Fligmay (4282)
WEeR, o t=1 4q,5=1 t=1 ij=1 k=1
t=1,...,T,
FteFy,
t=1,..,.T—1
subject to Wi, = MX, t=1,...,T, (4.28b)
WH 1y =p¥, t=1,...,T, (4.28¢)
T S i=1,...,m-+1,
t+1 t t t .
Wil =Wi; = >0 Flnpy— 2o Fopwn J=1-..n+1,
=l v t=1,....,T—1,

(i.9) (k1) R
(4.28d)

as our final formulation of T-GOSPA using flows. See Figure 4.1 for an illustrative
overview of the variables and structure of this formulation. Now that we have a for-
mulation of T-GOSPA using flows, the next step is to rewrite this as a multimarginal
optimal transport problem, which we do in the following section.
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Fl F2 FT—2 FT—l

—\ ////7*\\\
w*

~

)

A

o

1 T—1
Fag), 2 Flyoa

Figure 4.1: An illustration of the network flow formulation of the T-GOSPA metric.
On the top, the underlying graphical structure is shown. Each node represents
a marginal, while edges represent transport plans between the marginals. The
marginals correspond to assignment matrices, showcased in the second row. We
limit the flows to be between individual rows of the assignment matrices. The flow
between each pair of rows in adjacent assignment matrices can be represented by a
slice of the transport plan, showcased on the last row. Here F(tij:w,:) is the matrix
constructed by fixing the first and third indices of F* to i.

4.2.2 Formulation as a Multimarginal Optimal Transport
Problem

In this section, we formulate (4.28) as a multi-marginal optimal transport problem.

For this reason, let
A T
M, = R L)

denote the set of all non-negative tensors with 27" indices such that odd indices have
dimension m + 1, and even indices have dimension n + 1. We index such tensors
using the notation M, ;). . (irjr) fOr 41,...,i0 € {1,...,m + 1} and ji,...,jr €

{1,...,n+ 1}. Moreover, we define the projections
Pt(M)(it,jt) = Z My ji),livgry, t=1,...,T,

(il7j1)""7(iTajT)\(it1jt)
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and
Prita (M)(it,jt),(itﬂ,jwl) = Z M(i17j1)7-~-7(iT7jT)’

(81:01) s (@31 )\ (B3¢ )5 (G415 41)

Analogous to the approach of Section 4.1.2, we make the substitutions
Wt = B(M),
Ft - pt,t+1(M)-

Note that this substitution renders (4.28d) redundant, and therefore it can be
removed from the problem. Note now that we also have

m+1 m+1 n+1

T
Z Dt Pt )( J) = Z zt Jt Z M(ihjl)w--»(iTJT)

t=1 i=1 j=1 t=114:=1 ji=1 (11,51) -, (i7,37)\ (38,5t

T
= ZDlt,]tM'Ll:]l 7 7(7'T7.7T)’

(41,41)-, (7, J7) t=1

3
£

.
Il
.

and

m+1,n+1m+1n+1

Z Z Z D(i,j),(k,l)ng,j),(k,l)

i,j=1 k=1
T—1m+1n+1 m+1n+1

=3 > Y DiinGeien > My o). i)

t=1 it,je=1 'it+17jt+1_1 (81,31) 50, (G, 1)\ (558 )5 (G615 4+1)

- Z Z (it,9¢)5(it+1 ]t+1)M(117]1)7 S(r,J7)

(i1,41)-.,(iT,J1) 1=
This means that by defining the cost tensor as
A T-1

C(Zh]l )se-s(370T) ZD’Lt,jt + Z D(it,jt)7(it+17jt+1)7
t=1

we can write the problem as

minimize (C, M), (4.29a)

MeMy
subject to ]St(M)lnH =~ t=1,...,T, (4.29b)
P(M) 1y =Y, t=1,...,T. (4.29¢)

This is a multimarginal optimal transport problem which has the same optimal
objective value as (3.11), and it forms the basis for the remainder of the derivation
of Algorithm 2.
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4.2.3 Entropic Regularization

In this section, we regularize (4.29) in order to apply a technique similar to the one
presented in Section 2.2.4, as was done for Algorithm 1. We do this by adding an
entropy term e F/(M) similarly to the first derivation. Here, we define

E(M) = Z (M(h,jl) ~~~~~ (i7,J1) log M(il,jl) ::::: (iT.dT) — M(il,jl) ----- (irjr) T 1) :

(11,51) -, (31 557)

Let £ > 0. The resulting entropy regularized version of (4.29) becomes

minimize (C, M) + e E(M), (4.30a)

MeMy
subject to  P(M)1,q = p*, t=1,...,T, (4.30b)
P(M) 1 =p", t=1,...,T. (4.30c)

Next, we derive the Lagrangian dual problem of (4.30).

4.2.4 Derivation of the Dual Problem

In this section, we derive the dual of (4.30). We do this by relaxing the constraints
(4.30b) and (4.30c), with the dual variables A € R and At € R™™ fort =1,...,T,
respectively. Note that in contrast to (4.7), we only have two sets of constraints
here, and thus we only need two sets of dual variables. Especially, note that the
constraints (4.30b) correspond to the constraints (4.7b) and that the constraints
(4.30c) correspond to the constraints (4.7c), whereas the complicating constraints
(4.7d) and (4.7e) are no longer present. This is the key difference between the two
formulations, and main point of creating an algorithm based upon a flow problem
formulation. In exchange for eluding such complicating constraints, we have accepted
a somewhat more complicated cost tensor, and in particular a cost tensor for which
some entries are infinite.

With the constraints (4.30b) and (4.30c) relaxed with the dual variables introduced
above, the Lagrangian £ becomes

LM, N = (C, M) +eE(M)

T m+1 n+1 R
D IDIRY (M;X > Pt(M)(z',j))
j=1

=1 i—1
T n+1 m—+1
A v .
+D YN <Mj - Pt(M)(i,j)> ;
=1 j—1 i=1

and the corresponding dual problem becomes

maximize minimize L(M, A, \).
AeR™HL NeR™ L MeMy

Analogously to the derivation of Algorithm 1, we now solve the inner minimization
problem in the primal variable M analytically. To this end, we take the first derivative
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of £ with respect to a single element in M. This gives

oL

8M(i17j1)7-'~»(iT7jT) B C(ilvjl)a---v(iTajT) + glog(M(ilyjl)v'"v(iTajT))

T

T
- Z Aft - Z A;t
t=1 t=1

Setting the derivative to zero and solving for M yields

* éz (7 Xt
M(ilyjl)r"v(iT:jT) = €Xp (_ )it ) H exp ( ) HeXp < ) . (4'31)

Here, M* > 0. By the convexity of £ together with Theorem 1, we therefore conclude
that M* is optimal. We thus have the dual problem

 naximize P(A ), (4.32)
t=1,...,.T

for the dual function ¢(X, X) = L(M*, X, \), where

~ ~ C’ T t )\t
LM M\ N) = —¢ > exp ——(”’Jl ot 9T) H ( ) [1exp
iT,JT) t=1

(1,1)5e--5(4

T m+1 T n+1
+ Z Z uf()\ﬁ + Z Z ,u}/)\ﬁ +e(m+1)T(n+1)T.
t=1 i=1 =1 j=1

Similarly to Algorithm 1, we solve the dual problem numerically using a coordinate
ascent scheme. This is the topic of the next section.

4.2.5 Derivation of the Coordinate Ascent Scheme

In this section, we derive the update rules needed for the coordinate ascent scheme.
Similarly to the derivation of Algorithm 1, we introduce the transformed dual

variables
Al A
u-exp( ), at:exp(), fort=1,...,T,
€ €

A

i — exp (J;‘) |

Since problem (4.32) is convex, we take the derivative of the the dual function with
respect to element A7 , for some 7 =1,...,T, and ir = 1,...,m + 1, giving

%) Crivin oy L A\ T At
qi _ Z exp | — (i1,41),--, (i1 1) H exp <zr> H exp | 22t | + N;;)f
aAiT )\7«7- t=1 t=1 €

L. <. . 19 9
(11,J1),-, (i1, d1

T T
- Z Kllle )sees (3T 55T) 1:[ 1:[ 'ui)f'

(31,41)5e--, G d1) \ir
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We now define a new type of projection PtX(M), fort=1,...,T, as
DX
B (M>Zt = Z Z M(i17j1) ----- (iT,dT)>
jt (7:17j1)7“"(7;7'71aj‘f'*l)v(i‘fﬂ*l’jT+1)7~"’(iT’jT)

and note that

T T
DX * T _ 2 t At
PXQO); fur =5 )3 Risosoiran 1L, 118
Jt (01,51) 05 (G = 1,37 1), (Gr 1,07 41) 5o, (37,0 T) g

-
i)

= w

where we have defined a vector wj_ that is independent of u; . With this, we have
that

9¢
8AZ—T

_ T T X
= U W+

Setting this to zero and solving for u;_, we get
S
uiT — 77_ —_— Aiui’r.
wi PX(M*);,
Note that the right hand side is independent of u] . The update rule is therefore
. Pip o
UZ-T "Xiuir’
PT (M*)l‘r

or in vector form,

Ut X o PX(MY)ouT, forr=1,...,T. (4.33)

Analogously, by defining the projection ﬁtY(M ), fort =1,...,T, as

PtY(M)jt = Z Z M(il,j1),~~-,(iT»jT)’

it (ilajl)w'-’(iT*l:jT*l)’(iT+17jT+1)7~~~7(/L'T7jT)

we obtain the update rule

0 —p o PY(M)Yoar, for 7=1,...,T. (4.34)

Given some feasible initial values, for instance setting u2 and u) to one everywhere
forall 7 =1,...,T, we iterate using (4.33) and (4.34) alternately. As all constraints
for (4.29) are affine, Theorem 2 implies! that strong duality holds between (4.29)
and (4.32). Therefore, the dual and primal problem have the same optimal objective
value, and in particular the optimal solutions are linked by (4.31). Like before, we
need to find a way of calculating the projections efficiently. This is the topic of the
next section.

IHere, it should be noted that Theorem 2 cannot be used directly as some entries in the cost tensor
are infinite. However, this can easily be rectified by fixing the corresponding variables to zero and
setting the infinite entries in the cost tensor to any real value.
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4.2.6 Message Passing

Again, like in Section 4.1.6, we utilize the structure of the problem in order to
schedule the computations in such a way that less computation is needed overall. To
this end, we decouple the cost tensor as

. Dt i it i
l{(hdl)7 § ZTJT H exp ( u,]t) H exp ( ( tJt) ( t+17]t+1)>

£
T T-1 5
t
- H k(itJt) H k(ii’ji)v(it+l7jt+1)7
= t=1

where o
kl&t,jt) = exp (—Z”) ,
and .
F(io.jo) (ot 1.es1) = XD (— D(“’jt)’g”l’j”l)) .

Next, we observe that the projection P, (M *)(ir.j,) can be written as

T T—l T T
> * t ~t
PT(M )(imjf) = Z H (3¢,7t) H (2t,5¢), (e 1,de41) H uit H ujt
(i 1))\ (i) = =1 =1 =1 (4.3
E—iTLjT)k)z-iT?jT)uz—Ta}-T Z-iTLjT)’

where

T—1

(F(-ir,jf) = Z H ktlt,gt) H k (55t ),(Bt+1,3t+1) 1:[ 1:[ g T = 2,...,T,

(11,41)5e,(Er—1,4r—1) t=1
with
bl = 1,

and

(I)zif,jr) - Z H ktu,]z) H Kivgo) (iver gesn) H H ujt’

(ir4+15J7+41) 5, (47 g7) t=T+1 t=1+1 fis T+1
with
Plig gy = L.

We now note that we have the recursive relationships

/\7_ o —1 —1 7 7—1 ~7—1
¢(i77j7) o Z ¢(ZT 1,Jr— 1)kj(iffl7]‘7'71)k(i"'_l7j7'_1)’(i7"j7')ui‘r71uj‘f‘*l7 (436>

(ir—1,Jr-1)
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and

uT—‘rl ﬁT—‘rl (437)

T _ Z T+1 T+1 ]{? ) ) )
(irdr) (irs1odrs1) " (irg1,drgn) Vi) (r g 1odr 1) Pig gy Wi
(ir+1:J7+1)

This means that given CiDT*l, we can compute @T, and given ®" !, we can compute
®7. By (4.35), we can then compute P.(M*). Given P.(M*), we can compute the
projections in the update rules (4.33) and (4.34) by

PX(M*); =3 Pr(M) ),
j

PY (M), = 32 P (M)

In summary, this means that we now have a way of computing the projections more
efficiently. Equipped with these tools, we are now ready to write down Algorithm 2,
which we do in the next section.

4.2.7 Pseudocode for Algorithm 2

By alternating the update rules (4.33) and (4.34), we get a coordinate ascent algo-
rithm. Further, by using the relationships (4.36) and (4.37), we also have a way of
computing the necessary projections efficiently. Bringing these parts together, we
get Algorithm 2, which is displayed below.

Algorithm 2

1: Initialize v and 4 to one everywhere
2: while Not converged do
3: T 1

4: fort=T-1,...,1do

5: Compute ® from &' using (4.37)
6: end for

7 (i)l —1

8: fort=1,....,T—1do

9: ut — X o PX(M*) o u

10: ot 1Y @ PY (M*) o af

11: Compute &+ from &' using (4.36)
12: end for

13: uT<—uX®lAﬁf5(M*)®uT
14: ﬁTeuY®P¥(M*)®ﬁT
15: end while

Like for Algorithm 1, different types of convergence criteria can be used. This is
discussed more thoroughly in Section 5.1.2.
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Numerical Results

In this chapter, we test our algorithms on simulated data. Section 5.1 serves to
introduce the experimental setup used. The obtained results are then showcased in
Section 5.2.

5.1 Experimental Setup

In this section, we describe the setup of our numerical experiments. Section 5.1.1 is
dedicated to explaining the data simulation process. Section 5.1.2 explains the most
important quantities that are reported in Section 5.2. Lastly, in Section 5.1.3, some
remarks on the implementation are made.

5.1.1 Simulation of Data

We run our algorithms on two types of data. The first type of data is generated by
sampling the cost matrices D' at each time step directly. Throughout this chapter,
this is referred to as unstructured data. In the second case we first generate ground
truth trajectories. These are then corrupted by adding noise, track-switches, and
false trajectories in order to generate a dummy estimate used for testing. We refer
to this type of data as structured data.

Unstructured Data

Out of the two types of simulated data, this is the most straightforward. For distance
matrices Dt € RmH)x(+D) ¢ — 1 T we simply sample each element from a
uniform distribution. More precisely, we sample

¢
‘Di,j ~ U(O, 1)7
for all elements except the bottom-right corner. Thus, we sample for all
(t,i,7)e{l,..., T} x ({1,....m+1} x{l,....n+ 1} \{(m+1L,n+1)}).

Here, U(0, 1) denotes a uniform distribution on the half-open interval [0, 1). Moreover,
we set D), =0, fort=1,... T, since our algorithms cannot handle the case
where the bottom-right corners of the distance matrices are non-zero.
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5. Numerical Results

While this data does not have the typical characteristics of an instance of T-GOSPA
found in the evaluation of multiple target tracking algorithms, it is still a well-defined
problem and a valid input to the algorithms. This showcases the most general
problem the algorithms can handle. A summary of the parameters used for the
generation of unstructured data is provided in Table 5.1.

Table 5.1: Parameters for simulating unstructured data according to the procedure
outlined in Section 5.1.1.

Description Parameter
Number of ground truth trajectories m
Number of estimated trajectories n
Number of time steps T

Structured Data

In order to properly assess how the algorithms perform when evaluating multiple
target tracking algorithms, tests need to be done with more realistic data. This
section is devoted to explaining how we generate such data. The high level steps of
this process are:

Step 1: Generate ground truth trajectories from a certain movement model.
Step 2: Add track-switches.

Step 3: Add missed and false trajectories.

Step 4: Add noise.

We now describe the steps in detail.

Step 1: Generating ground truth trajectories. The first step is to decide the
number of true and false trajectories to be included in the ground truth. With a
true trajectory we mean a trajectory that exists in the estimate, and with a false
trajectory we mean a trajectory that is missed in the estimate. Let m; and my be
the number of such true and false trajectories, respectively, and let m = m; 4+ my.

Furthermore, we need to determine the sampling rate At. This determines how
often measurements are taken from the movement model. Instead of setting the
sampling rate directly, we parameterize it as At = r/7T. The reason for this is that
for a fixed r, the trajectories cover about the same distance for any number of time
steps T'. The value of r decides roughly how much distance the trajectories cover.
When testing the algorithms on test cases with different values of T', this is a useful
property since it makes the cases more similar, and therefore makes the comparison
between them more truthful.

We consider the two-dimensional case with target states in R*. Here, the first
coordinate represents horizontal position, the second horizontal velocity, the third
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vertical position, and the fourth vertical velocity. For a state x € R*, we denote
these by subscripts as x1, x9, 3, and x4, respectively

We are now ready to describe how a trajectory is generated. To generate a trajectory
X = (ty, 21%), we do the following:

1. Sample ¢, and ¢, from a geometric distribution supported on N with probability
of success g. Let ty = T — t;+ 1. The numbers t;, and ¢4 denote the time index
of birth and death of the trajectory, respectively. This implies ¢ = t4 — t;, + 1.
Here, it is possible that ¢, > ¢4, or that they take values outside of {1,...,T}.
In these cases, we repeat the sampling procedure.

2. Initialize the trajectory by sampling the initial position according to

() = ((6)- G )

and the initial velocity according to

()= ()6 0)

Here, N (s, ) denotes a multivariate normal distribution with mean g and
covariance matrix Y. The expected initial velocity is pointed towards the origin.
This results in testing data where many trajectories pass through a small region
of space around the origin, which is useful for testing the part of the metric
that penalizes track-switching.

3. Recursively generate the states for further time steps by sampling
2~ N(F2t, Q),
fOI‘t:tb,...,td—lwith

1 At 0 0 (ALP/3 (A2 0 0
o1 0 0 | (AD)?F2 At 0 0
F=1g 0 1 ae] ™ @@= 0 (A?/3 (A1)?2/2

00 0 1 0 0 (At)?/2 At

The matrices F' and () are constructed to make the simulated trajectories more
similar to what might be found in a real world scenario. See the red trajectories
in Figure 5.3 for examples of how these trajectories look. This step is based on
the data simulation procedure of [17].

4. Add this trajectory to the ground truth X.

To obtain the true trajectories of the ground truth, we start with X = & and repeat
the procedure above m; times.

Step 2: Adding track-switches. The procedure of generating the dummy
estimate is started by copying X from the previous time step. Let this copy be
Y ={Y,....Y,,}, where Y; = X, for j =1,...,m;. To add N track-switches to
the dummy estimate Y, we do the following:
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5. Numerical Results

1. Sample a time step ¢, uniformly on the set {1,...,T}. Sample j; and js from
the set {1,...,my}.

2. If j1 = jo, or if t,, j1, and jo have been tried before, repeat from step 1.
ts

3. If |yji| = lyj;s| = 1 let y' €y, and y? € yg. IE [[(yl,93) " — (4, 93) T[]2 < ¢,
we swap the values of yj and y},, for t = ¢,,...,T. That is, we swap the
identities of the trajectories from time step t, and onward. Here, it is possible
that the first condition fails, in which case we retry.

4. If the number of successful swaps is less than N, and the total number of
attempts on step 3 is less than N,.., then repeat from step 1. Otherwise,
terminate.

The limit on the number of attempts in step 3 is practical since it limits the
computational expense and also handles the case when there exist no trajectories
satisfying the condition in step 3. For this reason, we are not guaranteed any number
of track-switches. For our purposes though, this ad hoc procedure is enough. After
completing the steps above, we have introduced track-switches into the dummy
estimate Y.

Step 3: Adding missed and false trajectories. Here, we simply generate an
additional my trajectories according to the procedure in the first step and add them
to X. Additionally, we generate an additional ns trajectories according in the same
way and add them to Y. Let n = m; + ny be the total number of trajectories in Y.

Step 4: Adding noise. Lastly, we add Gaussian noise with mean zero and
standard deviation o to all states in Y.

We have now generated a ground truth X with m trajectories, and a dummy
estimate Y with n trajectories. In this thesis, we limit ourselves to using the position
components of the states, and therefore we drop the velocity components. A summary
of all parameters for the generation of structured data is provided in Table 5.2.

Table 5.2: Parameters for simulating structured data according to the procedure
outlined in Section 5.1.1.

Description Parameter

Number of true ground truth trajectories my
Number of false ground truth trajectories my
Number of false estimated trajectories ny

Number of time steps

Distance parameter for trajectories T
Birth-death probability q
Track-switching cutoff Cs

Max number of track-switches Nis

Max number of track-switch attempts Niax
Noise for estimate o
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5. Numerical Results

5.1.2 Reported Quantities

Throughout the remainder of this chapter, we report two quantities when conducting
our numerical investigations. After each iteration of the respective algorithm, we
record the relative step size
| |uprev| |2

where u and w,., are vectors constructed by concatenation of all transformed dual
variables from two consecutive iterations. This tells us the size of the previous
iteration step relative to the magnitude of the previous iterate. If this quantity
decreases, it indicates that the algorithm is converging.

: (5.1)

Additionally, we record the value of the objective function at the current iterate with
the regularization term ¢ E(M) omitted. This is the most important value, and the
one used in practice to evaluate a multiple target tracking algorithm.

We now provide a brief motivation for omitting the regularization term from our
reported figures. Let f be the primal objective function in (4.29), that is, the
objective function without the regularization term. Let g be the primal objective
function with the regularization. Thus

g(M) = f(M) +eE(M).

Let M be an approximate solution to the regularized problem found by the algorithm,
and let M* be the optimal solution to (4.29). Furthermore, let fip be the optimal
objective value to the linear programming relaxation of T-GOSPA in (4.2). Assuming
that M fulfills the constraints (4.29), we have

fip = F(M*) < f(M) < g(M) = f(M) + ¢E(M),

since E(M) > 0 for all M. Therefore, to obtain a better approximation of f{'p, it is
justified to consider f(M). In practice, M never fulfills the constraints (4.29) exactly.
This is mostly due to limited floating point precision and the fact that the algorithms
are never run to complete convergence. From practical experience, the use of f(M)
still provides good approximations, and as such is what is used throughout this
chapter. The reasoning above was done using the formulation in (4.29) made for
Algorithm 2. Analogous reasoning can be done for Algorithm 1.

In order to compare the behavior of the algorithms between test cases, we consider
the error relative to the linear programming reference

F(M)
fip

In practice, f{'p is found by solving (4.2) directly using a linear programming solver.

- 1|. (5.2)

5.1.3 Implementation Remarks

We now turn to discuss the regularization parameter €. The value of € needs to be
in relation to the magnitude of the rest of the objective function. For this reason,
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5. Numerical Results

we parameterize € in terms of problem data and a parameter 1. More precisely, for
Algorithm 1 we take
e =n-T - -max(max(D),~?),

and for Algorithm 2 we take

e =n-T - -max(max(D), max(D)).

Here, max (D) denotes the maximum element in D*, t = 1,..., T, max(D) denotes
the maximum element that is not infinity in D, and 7 is the normalized regularization
magnitude. The reason for choosing ¢ this way is that now a fixed value of n can
be used to provide a similar level of regularization across problem instances where
the magnitude of the values in C' might be very different. Moreover, it is known
from literature that the complexity for similar algorithms to what was derived in the
previous chapter depends on the ratio between € and the largest element of C', see
for example [27], making the parameterization above reasonable. When showing our
results, we refer to n as the regularization magnitude.

The algorithms were implemented! in Python using a combination of the packages
NumPy [28], SciPy [29], and PyTorch [30]. Here PyTorch allowed for the usage of
both CPU and GPU resources, which we utilized in some experiments. For our linear
programming solver, we used the COIN-OR CLP/CBC LP solver [31, 32|. This
solver is based on the simplex method. The solver was interfaced from Python by
the PuLLP package [33]. The hardware used was an Intel Xeon Silver 4210 @ 2.20
GHz (CPU) and a NVIDIA A100 (GPU). Figures were generated in Python using
the package Matplotlib [34].

In the experiments in Section 5.2.1 and Section 5.2.2, we use 64-bit floating-point
precision in the calculations, and in the experiments in Section 5.2.3, we use 32-bit
floating-point precision. This is because the former sections focus on qualitative
aspects of the algorithms, whereas the latter section focuses on computational speed.
In the latter, the GPU is utilized for some calculations, which is not optimized for
64-bit floating-point numbers.

5.2 Numerical Experiments

In this section, we run our algorithms through several experiments and report the
results. In Section 5.2.1, we consider the convergence of the algorithms on different
types of data. In Section 5.2.2, we empirically analyze the effect of the regularization
parameter with respect to the quality of the solutions. Finally, in Section 5.2.3,
we show how the running time scales with the size of the input data. There, we
compare our fastest algorithm with the alternative method of using a third-party
linear programming solver.

!The code produced as part of this thesis can be found on GitHub on the address:

https://github.com/alfredwarnsater/efficient-mtt-eval-ot-MVEX03
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5. Numerical Results

5.2.1 Convergence

In this section, we run the algorithms on one instance of unstructured data, and
one instance of structured data, and analyze the results. Particularly, we study the
convergence properties of the algorithms empirically.

Unstructured Data

We run Algorithm 1 and 2 on unstructured data generated according to the procedure
outlined in Section 5.1.1. The parameters used for data generation, as well as the
parameters used for the algorithms, are shown in Table 5.3. The results of this
experiment is shown in Figure 5.1 for Algorithm 1, and Figure 5.2 for Algorithm 2.

Table 5.3: Parameters for the experiments on unstructured data in Section 5.2.1.

Parameter Value
Parameter | Value c Not applicable
T 20 P 1
m 16 v 0.1
n 15 n 5-107°
(a) Data parameters Convergence criteria | Stop after 10 iterations

(b) Algorithm parameters

1071

1071
(O]
N —_
@ S
o -2 =

10 w
2 o 1072
o 2
= B
o

-4
10 10—3<
0 200 400 600 800 1000 0 200 400 600 800 1000
Number of Iterations Number of Iterations

Figure 5.1: Convergence results for Algorithm 1 on the unstructured data. Left:
The relative step size in (5.1) versus the number of iterations. Right: Relative error
as defined in (5.2) versus the number of iterations.
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Figure 5.2: Convergence results for Algorithm 2 on the unstructured data. Left:
The relative step size in (5.1) versus the number of iterations. Right: Relative error
as defined in (5.2) versus the number of iterations.

Comparing Figure 5.1 with Figure 5.2, we see that Algorithm 1 and 2 behave similarly
on the unstructured data if we disregard the first few iterations. The relative step
size decreases rapidly in both cases, which indicates that the algorithms converge.
For the relative error, we see that both algorithms converge to values close to the
linear programming reference. The final approximation of T-GOSPA is 52.6603 for
Algorithm 1 and 52.6564 for Algorithm 2. From using a linear programming solver,
we get that the exact result is 52.7042, resulting in final relative errors of 8.3361-10~*
(0.0834%) and 9.0801 - 10~* (0.0908%) for Algorithm 1 and 2, respectively.

Structured Data

We also run Algorithm 1 and 2 on structured data generated according to the
procedure outlined in Section 5.1.1. The parameters used for data generation, as
well as the parameters used for the algorithms, are shown in Table 5.4. In Figure 5.3,
a visualization of the trajectories comprising the data is shown. The results of this
experiment is shown in Figure 5.4 for Algorithm 1, and Figure 5.5 for Algorithm 2.
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Table 5.4: Parameters for the experiments on structured data in Section 5.2.1.

Parameter | Value
my 14
" ? Parameter Value
Z{ 20 c 0.25
1 p 1
q 0.9 v 1 1_5
c 0.25 Y 0
NS 2 Convergence criteria | Stop after 10 iterations
N, ) 100 000 (b) Algorithm parameters
o 0.01

(a) Data parameters

3 —— Ground Truth
N I Estimate

Vertical Position
-

0 2
Horizontal Position
Figure 5.3: Illustration of the structured data ground truth and dummy estimate
generated by the procedure in Section 5.1.1. The experiments in this section uses
precisely this test case. This shows all time steps at once. Therefore the temporal

aspect is not seen (for example, the direction of trajectories is not shown). The
parameters used to generate this case is shown in Table 5.4 (a).
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Figure 5.4: Convergence results for Algorithm 1 on the structured data. Left: The
relative step size in (5.1) versus the number of iterations. Right: Relative error as
defined in (5.2) versus the number of iterations.

Looking at Figure 5.4, we see that the relative step size decreases more slowly in the
structured case compared to the unstructured one for Algorithm 1. This is mirrored
in the relative error, where we see that the convergence rate tapers off after about
500 iterations. After 1000 iterations, the obtained value for T-GOSPA is 25.8982,
which compared to the the exact solution of 24.8743 from the linear programming
solver gives a final relative error of 4.1166 - 1072 (4.1166%).
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0 200 400 600 800 1000 0 200 400 600 800 1000
Number of Iterations Number of Iterations

Figure 5.5: Convergence results for Algorithm 2 on the structured data. Left: The
relative step size in (5.1) versus the number of iterations. Right: Relative error as
defined in (5.2) versus the number of iterations.

For Algorithm 2, we note from Figure 5.5 that we compared to the unstructured case
shown in Figure 5.2 now have a clear transient phase of about 200 iterations where
the relative step size plateaus and the objective value fluctuates. After this phase,
we get a more well-behaved convergence, but we still see that the rate of convergence
decreases with the number of iterations. The final approximation of T-GOSPA is
24.8766 for Algorithm 2, giving a final relative error of 9.5775 - 107° (0.0096%).
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Due to Algorithm 2 performing better than Algorithm 1, we focus on Algorithm 2
for the remainder of this chapter.

5.2.2 Regularization Sensitivity

In this section, we investigate the sensitivity of Algorithm 2 with respect to the
regularization parameter. Here, the structured data from the previous section is
reused and the regularization parameter 7 is varied. The parameters used for the
algorithm is shown in Table 5.5. In Figure 5.6, the result of this experiment is shown.

Table 5.5: Algorithm parameters for the analysis of regularization sensitivity data
in Section 5.2.2.

Parameter Value
c 0.25
P 1
0 1
n See Figure 5.6
Convergence criteria | Stop when (5.1) < 1.5-107°

101.

100.

10—1.

1072

Relative Error

10—3.

101 1072 1073 1074 107°
Regularization Magnitude

Figure 5.6: Relative error as defined in (5.2) for Algorithm 2 for varying regular-
ization magnitude (1) on the structured data from Section 5.2.1 (and visualized in

Figure 5.3).

From Figure 5.6, we see that a decreased magnitude of regularization results in
a better estimate of T-GOSPA. This is expected, since it corresponds to letting
e — 0 in (4.30), and thus making the problem more and more like (4.29), which has
the same optimal objective value as the linear programming formulation in (4.2).
The takeaway here is that a value of ) less than 1072 is needed to get satisfactory
solutions to T-GOSPA using Algorithm 2.
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The increase in the relative error between n = 10~* and n = 107° is confusing from a
theoretical standpoint, but not of great concern in practice. Nevertheless, we give
some reasons for why this could happen. Firstly, it could be the case that a stopping
criteria based on the relative step size is sensitive to changes in the regularization
magnitude. Secondly, recall that we do not include the entropy term here, which
could affect the results. Lastly, we note that it could be due to the specific structure
of this particular problem instance. Further analysis is needed to understand this
phenomena.

5.2.3 Running Time Comparisons

In this section we investigate how the running time of Algorithm 2 scales when the
size of the input data grows. We consider the case of increasing number of trajectories
and increasing number of time steps separately. For reference, a third-party linear
programming solver is included. A version of the algorithm which additionally utilizes
the GPU for computations is also benchmarked.

Varying the Number of Trajectories

Here we run Algorithm 2 and the linear programming solver on structured data
simulated according to the description in Section 5.1.1, with an increasing number
of trajectories, and record the wall-clock time and the relative error. For simplicity,
we consider cases with m = n, where roughly one tenth of the trajectories in the
ground truth and estimate are missed and false, respectively. For the different
sizes of m, we run 50 instances and compute mean running times. We consider
m € {5,10,15,20,25,30,35,40,45,50}. The parameters for the experiment are
shown in Table 5.6, while results are shown in Figure 5.7.

Table 5.6: Parameters for the running time experiments for increasing number of
trajectories in Section 5.2.3. Here |z] is the rounding of = to the nearest integer.

Parameter | Value
my m —my
:Zf L()?ln ml Parameter Value
S f
T 25 ¢ 0.125
T 1 p |
q 0.9 Z o
]f[s 07',55 Convergence criteria | Stop when (5.1) < 107%
anx 100 - m (b) Algorithm parameters
o 0.01

(a) Data parameters
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Figure 5.7: Running time results for the tested algorithms for varying number of
trajectories (m). Shown values are averages over 50 samples. Left: Wall-clock time
in seconds until termination for the tested algorithms. Right: Relative error as
defined in (5.2). The black line shows the maximum relative error over all samples.
The red line shows the mean relative error, and the shaded region indicate plus and
minus one standard deviation.

In the left part of Figure 5.7, we see that the linear programming solver is faster than
our algorithm for small instances. When the size of the input data grows, we see that
the linear programming solver scales worse, and for large instances our algorithm
is faster. Additionally, we note that for small test cases the CPU version of the
algorithm is faster, while for larger cases the GPU version is faster.

In interpreting these results, it is important to remember that the linear programming
solver returns an exact solution, while our method is approximate. The approximation
error in terms of relative error is shown in the right part of Figure 5.7. We see that
in the worst case, we have an error of roughly 1%. Typically though, we see that
we have an error of around 0.2%, growing slightly when the number of trajectories
increases.

Varying the Number of Time Steps

In this section, we run Algorithm 2 and the linear programming solver on structured
data simulated according to the description in Section 5.1.1 with an increasing number
of total time steps and record the wall-clock time and the relative error. Similar to
the previous test, we here for simplicity consider cases with m = n where one tenth
of the trajectories in the ground truth and estimate are missed and false, respectively.
For the different sizes of T', we run 50 instances of the problem and compute the mean
running times. We consider T" € {5, 10, 15, 20, 25, 30, 35, 40, 45, 50}. The parameters
for the experiment are shown in Table 5.7, while results are shown in Figure 5.8.
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Table 5.7: Parameters for the running time experiments for increasing number of
time steps in Section 5.2.3.

Parameter Value
my 27
:;lf g Parameter Value
f
T See above ¢ 0.25
p 1
r 1 X
q 0.9 :; o
]ffs 0335 Convergence criteria | Stop when (5.1) < 1074
N, N 3000 (b) Algorithm parameters
o 0.01

(a) Data parameters

S o5] — LP-Solver
c ~ 0.01501 __
5 —— Algorithm 2 (CPU) Mean
O .
g 201 —— Algorithm 2 (GPU) 0.01254 — Max
£ 5
p £ 0.0100
£ 15 ]
= £ 0.0075
S 104 ®
T 21 0.0025
= -— et
0 , | | | | 0.0000 ] ] ' ' |
10 20 30 40 50 10 20 30 40 50
Number of Time Steps Number of Time Steps

Figure 5.8: Running time results for the tested algorithms for varying number of
total time steps. Shown values are averages over 50 samples. Left: Wall-clock time
in seconds until termination for the tested algorithms. Right: Relative error as
defined in (5.2). The black line shows the maximum relative error over all samples.
The red line shows the mean relative error, and the shaded region indicate plus and
minus one standard deviation.

In the left part of Figure 5.8, we see that the running time of both the linear
programming solver and our algorithm is roughly linear with respect to the total
number of time steps considered. Contrary to the case of increasing number of
trajectories, we see that the linear programming solver seems to scale linearly here.
This is reasonable, since the number of variables of the linear program increases
linearly with 7', compared to quadratically with m when m = n in the previous
case. Even though both options seem to scale linearly in this case, our algorithm is
faster overall. The size of the relative error is similar to before, with a worst case
error of 1.5% and mean error of about 0.3%. We also note that using the GPU for
computations does not bring any significant acceleration in this case.
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Tests on Some Large Problem Instances

To highlight the practical use case of our algorithm more clearly, we run both the
linear programming solver and our algorithm on a large instance with m =n =75
and T = 40. After more than half an hour, the linear programming solver had
not terminated, while our algorithm returned with an approximation after only one
minute. Our method also has the advantage of being tunable, since we can adjust
the convergence criteria and the regularization parameter to balance the trade-off
between accuracy and computational cost.

Lastly, to see if using the GPU can ever bring a significant speed-up, we run an
even larger instance with m = n = 250 and T" = 25. This showed that using the
GPU was more than three times faster than only using the CPU, indicating that the
acceleration from the GPU is most significant when m and n are large.

Overall, the results suggests that our algorithm might be an attractive alternative
to using a linear programming solver when the problem instance is large, especially
when the number of trajectories in the input data is large. In very large instances of
T-GOSPA, an exact solution might be computationally intractable, in which case
the approximate solution produced by our algorithm could be of use.
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Conclusion

To conclude, we have derived two algorithms that we call Algorithm 1 and Algorithm
2 for finding approximate solutions to the relaxed T-GOSPA metric. This was
achieved by considering two other formulations of this metric, one for each algorithm.
After introducing entropic regularization, each of these formulations gave rise to
slightly different iterative schemes for finding approximate solutions to the relaxed

T-GOSPA metric.

Theoretically, we have proved that there exist instances when the relaxed T-GOSPA
metric is strictly smaller than the ordinary T-GOSPA metric. This disproved a
previously conjectured result.

By running the derived algorithms on simulated data, we have shown that both of
them converge numerically. Out of the two algorithms, Algorithm 2 performed better
in terms of convergence rate. We also showed numerically that the regularization
can be made small enough so that adequate approximate solutions can be obtained
without making the problem computationally intractable.

Based on a comparison of the running times between Algorithm 2 and a conventional
linear programming solver, we found that Algorithm 2 scaled better when the size of
the input increased, especially when the number of trajectories in the data increased.
It was found that the running time for Algorithm 2 could be further decreased by
utilizing a GPU for some calculations. Here it should be noted that while our method
is approximate, the approximation error was at most around 1%.

Regarding future studies, it could be of value to theoretically analyze the convergence
rate and running time of both algorithms. Additionally, the effect of the initialization
could be investigated. Different types of post-processing, such as rounding techniques,
could also be investigated to see if performance can be improved. We also believe that
the algorithms can be extended to cover a more flexible metric with time-dependent
track-switching penalty introduced in [35].

Another matter to be investigated is the use of T-GOSPA computed by our algorithms

as a loss function when developing machine learning based multiple target tracking
algorithms. Since computational efficiency and approximate methods are central in
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machine learning, we believe that future studies in this area could be promising.
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