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Dark Matter Interactions with Sun-like Celestial Bodies
An Exploration of How Sub-GeV Dark Matter Could Interact with Solar-like Media
Through Linear Response Theory
GUSTAV STRANDLYCKE
Department of Physics
Chalmers University of Technology

Abstract
One interesting avenue in the search for dark matter is the possibility of dark mat-
ter interacting with celestial bodies, like our Sun, in such a way that the effects
can be detected here on Earth. The purpose of this thesis is to investigate how
sub-GeV Dirac-type dark matter particles could interact with the electrons in the
Sun via a heavy dark photon. This study also aims to account for the surrounding
medium and its effects on these scattering rates, Γ, through in-medium effects using
the framework of linear response theory, specifically the density-density response
function, χρρ. The impact of the medium will be demonstrated by comparing the
scattering rates calculated through linear response theory to those calculated with-
out considering the medium. Using these calculated scattering rates, in both the
heavy and light mediator limits, the resulting dark matter capture rates, C, inside
the Sun, for various dark matter masses, mχ, and dark matter-electron reference
cross sections, σ̄e, are calculated. Furthermore, the calculated scattering rates are
applied to the phenomenon of solar dark matter reflection where in-medium effects
are also demonstrated to be of some importance.

Keywords: dark matter, dark photon, sub-GeV, in-medium effects, linear response
theory, scattering rates, dark matter capture, dark matter reflection
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Nomenclature

Below is the nomenclature of indices, particles, operators, functions and variables
that have been used throughout this thesis.

Indices

j Index for incoming electron state
i Index for outgoing electron state
s, s′ Spin number for incoming and outgoing dark matter particle

Particles

χ (Relativistic) dark matter particle
ψχ Non-relativistic wave function for dark matter particle
A′

µ Dark photon
Aµ Photon
e (Relativistic) electron
ψe Non-relativistic wave function for electron

Operators

L Lagrangian density
âsp Annihilation operator for mode with spin number s and momentum p
â†

sp Creation operator for mode with spin number s and momentum p
H0 Hamiltonian of unperturbed system
ρe Density operator of electrons
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Functions

iMj→i Feynman amplitude of channel from initial state j to final state i
σ Cross section
S Dynamical structure factor
χρρ Density-density response function
Πe, ΠN 1 particle irreducible for electron and ion respectively
Ve Coulomb interaction
fp Occupation number at momentum, p
ε Dielectric function
Γ Scattering rate
C Capture rate

Variables

pχ Incoming dark matter momentum
p′

χ Outgoing dark matter momentum
Q Transferred momentum
ω Transferred energy
e Electric charge
gχ, ge Coupling constants to dark photon for dark matter particle and elec-

tron
me, mχ, m′

A Mass for electron, dark matter particle and dark photon
µχe Reduced mass of electron and dark matter pair
vχ (Initial) dark matter velocity
α Quantum electrodynamics fine structure constant
σ̄e Reference cross section between dark matter particle and electron
T Temperature
β Inverse temperature
ne, nH, nHe Number densities for electrons, hydrogen and helium
Z Atomic charge number
nχ Number density for halo dark matter particles
vesc Escape velocity
M⊙ Mass of the Sun
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v0 Velocity dispersion of halo dark matter
v∗ Velocity of the Sun relative to the Milky Way
J Angular momentum
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1
Introduction

In the vast tapestry of the cosmos, the mystery of dark matter stands as one of
the most compelling enigmas of modern astro- and particle physics. For decades,
astronomers and particle physicists have grappled with the profound implications
of a substance that eludes direct detection yet exerts an observable gravitational
influence. The quest to understand dark matter transcends mere academic curiosity,
as it could hold the key to unravelling fundamental concepts of the universe and its
evolution.

To introduce the subject of dark matter, we will, in this first chapter, provide a brief
background to the field. Presenting some of the observational evidence for it, along
with theoretically proposed dark matter candidates and experimental approaches
aimed at detecting it. With this background in place, we will then specify the focus
and purpose of this thesis before also giving an overview of its structure. Throughout
this thesis, natural units will be assumed, meaning ℏ = c = kB = 1.

1.1 Background
The story of dark matter unfolds against the backdrop of a rich history marked
by groundbreaking discoveries and paradigm-shifting revelations [1, 2]. It finds its
roots in the early 20th century, when pioneering astronomers such as Fritz Zwicky
observed peculiar dynamics within galaxy clusters [3]. Zwicky’s investigations into
the velocities of galaxies within the Coma Cluster hinted at the presence of unseen
mass, leading him to postulate the existence of dark matter. This hypothesis laid
the groundwork for future explorations into the nature of cosmic mass.

However, it was in the 1970s that the field of dark matter studies really started to
gain momentum. Through observations of the rotational velocities of stars within
spiral galaxies, several articles demonstrated the property of flat rotation curves
for spiral galaxies. It was seen that the rotational velocity of spiral galaxies is
roughly constant as a function of the distance from the centre of the galaxy (see,
for example, Refs. [4–6]). These results contradicted the expectation of decaying
rotational velocity, which would be the case for spiral galaxies containing only the
previously observed luminous matter. This discrepancy between observed rotational
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1. Introduction

velocities and those predicted by visible matter alone pointed towards the existence
of a vast reservoir of unseen mass distributed throughout galaxies, providing crucial
support for the dark matter hypothesis (see, for example, Refs. [7–9]).

Since these pioneering observations, a wealth of evidence has further supported
the case for dark matter. Additional observational evidence includes the nature
of the cosmic microwave background radiation [10–12], the large-scale structure of
the universe [13], the results of gravitational lensing experiments [14], and the way
galaxy clusters merge [15].

In the pursuit of unravelling the mystery of dark matter, scientists have explored a
myriad of theoretical and observational avenues, leading to the formulation of various
dark matter candidates. These candidates span a diverse spectrum of particles and
phenomena, each offering unique insights into the elusive nature of cosmic mass [1,
2].

One of the most prominent dark matter candidates is the Weakly Interacting Massive
Particle (WIMP). Proposed in the 1980s within the framework of supersymmetric
extensions to the Standard Model of particle physics, WIMPs possess several attrac-
tive properties that make them compelling candidates for dark matter [16]. Notably,
their weak-scale interactions would naturally explain the observed relic abundance
of dark matter in the universe, as inferred from cosmological observations [17–19].
Additionally, WIMPs feature prominently in many theoretical models aimed at ad-
dressing the hierarchy problem and unifying fundamental forces [20].

Another notable dark matter candidate is the axion. Originally proposed to solve
the strong CP problem in quantum chromodynamics [21–24], axions were soon con-
strained to be light and feebly interacting [25–27]. These properties have interest-
ing cosmological consequences, and due to axions being stable over cosmological
timescales, they could constitute dark matter if enough were produced in the early
universe [28–32].

Additional dark matter candidates include sterile neutrinos and primordial black
holes. Sterile neutrinos, hypothesised to exist outside the framework of the Standard
Model, possess properties that make them viable dark matter candidates [33]. Their
interactions are weaker than those of standard model neutrinos, and they could have
masses on the order of keV. Primordial black holes, formed in the dense conditions of
the early universe, represent another intriguing possibility for dark matter, offering
a unique window into the primordial universe and its cosmological evolution [34–36].

Alternative theoretical frameworks, beyond particle-based dark matter candidates,
such as modified gravity theories, have been proposed to explain the observed gravi-
tational phenomena attributed to dark matter [37–39]. These theories seek to modify
the laws of gravity on cosmic scales, offering an alternative explanation for the ob-
served dynamics of galaxies and galaxy clusters without introducing exotic particles
[40].

2



1. Introduction

The exploration of dark matter candidates represents a multifaceted endeavour con-
sisting of both thorough theoretical speculation and experimental ingenuity. While
significant progress has been made in elucidating the properties of dark matter can-
didates, the quest for a definitive understanding of cosmic mass remains ongoing,
driving continued innovation at the forefront of astro- and particle physics [1].

Moving on from theoretical speculation, the quest to unveil the nature of dark matter
has spurred an array of experimental efforts aimed at detecting and characterising its
constituents. These experimental endeavours span a wide range of techniques, from
searching for dark matter particles in particle colliders to deploying sophisticated
detectors deep underground and scrutinising the cosmos for indirect signatures of
dark matter annihilation, decay, or interactions [1].

Particle colliders, such as the Large Hadron Collider (LHC) at CERN, represent one
avenue for exploring the properties of dark matter candidates through high-energy
particle collisions. By smashing protons or other particles together at near-light
speeds, these experiments aim to create dark matter particles that can then be
detected. One type of particle that could potentially be observed with the help of a
particle collider is the WIMP [41, 42].

Indirect detection methods offer another avenue for uncovering the presence of dark
matter by searching for secondary signatures of dark matter annihilation or decay
in the cosmos [1]. These methods involve observing high-energy particles, such as
gamma rays, neutrinos, or cosmic rays, produced as a result of dark matter interac-
tions in regions of high dark matter density, such as the halo of our galaxy or within
the Sun where dark matter could have been gravitationally captured [43, 44]. This
will also be investigated further in this thesis. By analysing the spatial and spectral
characteristics of these secondary particles, indirect detection experiments seek to
infer the presence and properties of dark matter particles, providing complementary
insights to direct detection efforts.

Direct detection experiments aim to detect the rare interactions between dark mat-
ter particles and ordinary matter within sensitive detectors here on Earth. These
experiments typically utilise detectors based on technologies such as semiconduc-
tor materials to search for the faint signals generated by dark matter scattering off
atomic nuclei or, for lighter, sub-GeV dark matter, scatterings between dark matter
and electrons [1, 45]. Some of these experiments focusing on sub-GeV dark matter,
which is the mass range that will also be the focus of this report, include SENSEI
[46], DAMIC [47], SuperCDMS [48], CDEX [49], and EDELWEISS [50].

To summarise the vast field of dark matter-related astro- and particle physics, there
is compelling evidence suggesting the existence of a substance that falls under the
umbrella of dark matter. Due to its elusive nature, numerous theories attempt to
explain its properties, and numerous experiments aim to observe it. Since experi-
ments have yet to successfully observe signals that can be definitively attributed to
dark matter, the search continues. It is against this backdrop that this thesis aims

3



1. Introduction

to contribute by focusing on how sub-GeV dark matter could interact primarily with
the electrons in the Sun since this could be important both for direct and indirect
detection experiments.

1.2 Purpose
The purpose of this thesis is to investigate how the sub-GeV mass range of dark
matter Dirac-type particles interact with electrons in the Sun via a massive dark
photon. We consider in-medium effects within the framework of linear response
theory using the formalism of Ref. [45]. Utilising the results of these calculations,
the aim is to apply them to the formalism behind dark matter capture in celestial
bodies as outlined in Ref. [51] and to the phenomenon of solar reflection as discussed
in Ref. [52].

1.3 Structure of Thesis
This thesis will begin with the necessary calculations to obtain the scattering rate of
the dark matter particle in the solar medium in Chapter 2. Following this, we will
describe the concepts needed for dark matter capture in Chapter 3 and dark matter
reflections in Chapter 4. Additionally, Appendices A and B provide an introduction
to the field of linear response theory and explain how the density-density response
function relates to the dielectric function. Appendix C presents the solar model
used in this thesis.

4



2
Scattering Rate of Dark Matter

with Electrons in a Solar-like
Medium

In this chapter, the aim is to present the calculations needed to determine the dark
matter-electron scattering rate in the solar medium. First, the relevant interac-
tion Lagrangian will be presented before calculating the Feynman amplitude of the
studied process. This can then be used to compute the cross section where the
framework of linear response theory will play an important role in accounting for
the in-medium effects. Finally, this cross section can be used to compute the relevant
interaction rate. The chapter will conclude with a presentation of the behaviour of
the interaction rate for different scenarios where the effect of the medium through
linear response theory can be seen.

This chapter is based on the formalism presented in Ref. [45]. Similarly to how they
proceeded there the scattering process that will be considered in this report has the
Feynman diagram displayed in Figure 2.1. The idea is that the dark matter particle
impinges on a fixed target consisting of the electrons in the Sun.

In the scattering process shown in Figure 2.1 the dark matter particle χ exchanges
a four-momentum of (ω,Q) in the solar medium which takes the solar medium
electrons from their initial energy eigenstate |j⟩ to their final energy eigenstate |i⟩.
For the upcoming calculations ω > 0 will correspond to the dark matter particle, χ,
losing energy in the scattering event and ω < 0 will correspond to the dark matter
particle, χ, gaining energy in the scattering event.

2.1 The Interaction Lagrangian

Consider a Dirac type particle, χ, coupling to the electrons, e, via a heavy dark
photon, A′

µ, the relevant interaction Lagrangian is given by

Lint = gχχ̄γ
µχA′

µ + geēγ
µeA′

µ (2.1)

5



2. Scattering Rate of Dark Matter with Electrons in a Solar-like Medium

�|j⟩

pχ

p′
χ

A′
µ

|i⟩

Figure 2.1: The Feynman diagram for the studied process with a dark matter
Dirac fermion χ that interacts with the electrons of the solar medium via a massive
dark photon mediator A′

µ.

where gχ and ge are the coupling constants between the dark photon A′
µ and the

dark matter particle χ and the electrons, e, respectively. This Lagrangian is the
full relativistic Lagrangian for the process, however, in this report, only the non-
relativistic part is of interest. This should be a reasonable assumption since neither
the typical dark matter velocities nor the typical velocities of the electrons in the
Sun reach relativistic speeds. This means that it will be enough to consider the non-
relativistic effective field theory Lagrangian to leading order where the interactions
reduce to

Leff
int = geA

′
0ψ

†
eψe + gχA

′
0ψ

†
χψχ (2.2)

similarly, the interactions between electron-electron and electron-ion via a standard
model photon are reduced to

Leff
Ae ⊃ −(Z)eA0ψ

†
eψe, (2.3)

where ψe and ψχ are the non-relativistic wave functions for the electron and dark
matter particle respectively, e is the QED coupling constant and Z is the charge
number of the ion. In these effective field theory Lagrangians one important feature
is that they only depend on the zeroth component of the mediators (Aµ and A′

µ

respectively) meaning that the vector mediators here reduce to scalar mediators.

To take the step from the relativistic interaction Lagrangian to these effective La-
grangians one can follow the procedure of Ref. [53]. There they start by looking at
how the electrons couple to the photons in the standard model via electromagnetism
through the Lagrangian

Le = ē(x, t)(iγµ(∂µ + ieAµ) −me)e(x, t) (2.4)

where it is worth noting that the interaction term ē(x, t)γµeAµe(x, t) is analogous
to the terms in Equation (2.1). By now writing the relativistic electron field, e(x, t),
as

e(x, t) = e−imetψe(x, t) (2.5)

6
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the Lagrangian in Equation (2.4) becomes

Le = ψ†
ee

imetγ0(iγ0(∂t + ieA0) + iγ · (∇ − ieA) −me)e−imetψe =
ψ†

e(i∂t − eA0 − iγ0γ · (∇ − ieA) − (1 − γ0)me)ψe.
(2.6)

Defining the projection operator as P± ≡ 1
2(1 ± γ0) and ψ±

e ≡ P±ψe the Lagrangian
can be rewritten into

Le = ψ+
e

†(i∂t − eA0)ψ+
e + ψ−

e
†(i∂t − eA0 + 2me)ψ−

e +
ψ+

e
†
iγ · (∇ − ieA)ψ−

e − ψ−
e

†
iγ · (∇ − ieA)ψ+

e .
(2.7)

Using the Equation of motion for the massive ψ−
e field it can be written

ψ−
e = 1

2me + i∂t − eA0
iγ · (∇ − ieA)ψ+

e (2.8)

and thus the Lagrangian arrives at its EFT form given by

Leff
e = ψ+

e
†(i∂t − eA0 + ...)ψ+

e (2.9)

where the ... part of the expression contains all terms with a higher order of e or
factors ∇

me
which are subject to velocity suppression and thus also ignored in this

work [45]. Using A0 = ϕ+A0 where ϕ is the electrostatic background and A0 is from
the photon quanta, Aµ, the effective interaction becomes the expression in Equation
(2.3) and a similar derivation leads to the effective interactions in Equation (2.2).

2.2 Feynman Amplitude
To calculate the cross section of the process in Figure 2.1 the corresponding S-matrix
element needs to be calculated. For this calculation the expansions of ψχ and ψ†

χ

are needed and those are given by

ψχ =
ˆ

d3p
(2π)3

∑
s

âspe
−ip·x

(
ξs

ξs

)
(2.10)

ψ†
χ =
ˆ

d3p
(2π)3

∑
s

â†
spe

ip·x
(
ξ†

s

ξ†
s

)†

(2.11)

where ξ+ = 1√
2

(
1
0

)
, ξ− = 1√

2

(
0
1

)
and the creation and annihilation operators follow

the anticommutation relation {âsp, â
†
sp} = (2π)3δ(3)(p − p′)δs,s′ [53]. The S-matrix

element for the interaction in Figure 2.1, using the Lagrangian in Equation (2.2), is
given by

S
(2)
fi = −

ˆ
d4x1

ˆ
d4x2⟨p′

χ, i|(gχψ
†
χψχA

′
0)x1(geA

′
0ψ

†
eψe)x2|pχ, j⟩ (2.12)

7
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where

A′
0A

′
0 =
ˆ

d4Q

(2π)4
i

Q2 −m2
A′
eiQ·(x1−x2) (2.13)

⟨p′
χ|ψ†

χ = ⟨0| eip′
χ·x1

(
ξ†

s′

ξ†
s′

)†

(2.14)

ψχ|pχ⟩ =
(
ξs

ξs

)
e−ipχ·x1 |0⟩ (2.15)

⟨i|ψ†
e(t2,x2)ψe(t2,x2) |j⟩ = ⟨i| eiεit2ψ†

e(x2)e−iεjt2ψe(x2) |j⟩ (2.16)

and where mA′ is the mass of the mediator and εj and εi are the initial and final
energy of the electrons. Using these equalities the expression in Equation (2.12) can
be rewritten according to

S
(2)
fi = −igegχ

ˆ
d4x1

ˆ
d3x2

ˆ
dt2 ⟨i|

ˆ
dQ4

(2π)4
1

Q2 −m2
A′
eiQ·x1e−iQ·x2

eip′
χ·x1e−ipχ·x1e−εjt2eiεit2ψ†

eψe |j⟩
(
ξ†

s′

ξ†
s′

)† (
ξs

ξs

)
.

(2.17)

To simplify the expression for S(2)
fi further the relations

ˆ
d4x1e

iQ·x1eip′
χ·x1e−ipχ·x1 = (2π)4δ(4)(Q+ p′

χ − pχ) (2.18)
ˆ
dt2e

−it2ωeQ·x2e−iεjt2eiεit2 = eQ·x2(2π)δ(ω − εi + εj) (2.19)

can be used, leading to

S
(2)
fi = −igegχ

ˆ
d3x2

ˆ
d4Q

1
Q2 −m2

A′
⟨i| eQ·x2ψ†

eψe |j⟩

δ(4)(Q+ p′
χ − pχ)2πδ(ω − εi + εj)

(
ξ†

s′

ξ†
s′

)† (
ξs

ξs

)
.

(2.20)

By defining

ψ†
eψe ≡ ρe (2.21)

p
′2
χ

2mχ

−
p2

χ

2mχ

≡ ωp′p (2.22)

where ωp′p is the energy gain of the dark matter particle and ρe is the density
operator and also renaming x2 into x the expression for S(2)

fi can be written as

S
(2)
fi =

ˆ
d3x
ˆ
d4Q

−igegχ

ω2 − Q2 −m2
A′

⟨i| eQ·x2ρe |j⟩

δ(3)(Q + p′
χ − pχ)2πδ(ωp′p + ω)δ(ω − εi + εj)

(
ξ†

s′

ξ†
s′

)† (
ξs

ξs

)
.

(2.23)
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Due to the process being in the non-relativistic limit ω2 − Q2 −m2
A′ ≈ −(Q2 +m2

A′)
and therefore

S
(2)
fi ≈

ˆ
d3x
ˆ
d4Q

igegχ

Q2 +m2
A′

⟨i| eQ·xρe |j⟩

δ(3)(Q + p′
χ − pχ)2πδ(ωp′p + ω)δ(ω − εi + εj)

(
ξ†

s′

ξ†
s′

)† (
ξs

ξs

)
.

(2.24)

If Q is redefined as |Q| = Q the expression for S(2)
fi becomes

S
(2)
fi ≈

ˆ
dωδ(ω − εi + εj)

ˆ
d3Qδ(3)(Q + p′

χ − pχ) igegχ

Q2 +m2
A′ˆ

V

d3x ⟨i| eQ·xρe |j⟩ 2πδ(ωp′p + ω)
(
ξ†

s′

ξ†
s′

)† (
ξs

ξs

) (2.25)

where, in particular, the Feynman amplitude iMj→i can be identified as

iMj→i =
ˆ
dωδ(ω − εi + εj)

ˆ
d3Qδ(3)(Q + p′

χ − pχ)

igegχ

Q2 +m2
A′

ˆ
V

d3x ⟨i| eQ·xρe |j⟩
(
ξ†

s′

ξ†
s′

)† (
ξs

ξs

)
.

(2.26)

2.3 Cross Section
Using the expression presented in Ref. [45] for the effective cross section for the
excitation channel j → i it can be written as

σj→i =
ˆ

d3p′
χ

(2π)3
|Mj→i|2

vχ

2πδ(ωp′p + εi − εj) (2.27)

where vχ is the velocity of the incoming dark matter particle. Using the above
calculated matrix element, and averaging and summing over all the initial and final
states, respectively, the total cross section can be expressed as

σ(vχ) =
∑
ij

ˆ
dωδ(ω − εi + εj)

ˆ
d3Qδ(3)(Q + p′

χ − pχ)
ˆ

d3p′
χ

(2π)3
1
vχ( gegχ

Q2 +m2
A′

)2
ˆ

V

d3xd3x′pj ⟨j| e−Q·xρe(x) |i⟩ ⟨i| eQ·x′
ρe(x′) |j⟩ 2πδ(ωp′p + ω)

(2.28)

where pj is the thermal distribution of the initial electron state |j⟩. Note that the
summing and averaging over the initial and final states of the dark matter sums up
to one due to

1
2
∑
ss′

(
ξ†

s′

ξ†
s′

)† (
ξs

ξs

)(
ξ†

s

ξ†
s

)† (
ξs′

ξs′

)
= 1

2
∑
s′

(
ξ†

s′

ξ†
s′

)†∑
s

(
ξs

ξs

)(
ξ†

s

ξ†
s

)†
(ξs′

ξs′

)
(2.29)
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2. Scattering Rate of Dark Matter with Electrons in a Solar-like Medium

where

∑
s

(
ξs

ξs

)(
ξ†

s

ξ†
s

)†

= 1
2




1
0
1
0

(1 0 1 0
)

+


0
1
0
1

(0 1 0 1
) = 1

2


1 0 1 0
0 1 0 1
1 0 1 0
0 1 0 1


(2.30)

leading to

1
2
∑
s′

(
ξ†

s′

ξ†
s′

)†∑
s

(
ξs

ξs

)(
ξ†

s

ξ†
s

)†
(ξs′

ξs′

)
= 1

8

(1 0 1 0
)

1 0 1 0
0 1 0 1
1 0 1 0
0 1 0 1




1
0
1
0



+
(
0 1 0 1

)
1 0 1 0
0 1 0 1
1 0 1 0
0 1 0 1




0
1
0
1


 = 1

8(4 + 4) = 1.

(2.31)

Now, by using the fact that

2πδ(ω − εi + εj) =
ˆ ∞

−∞
dteiω(t−0)eiεjt−iεit (2.32)

a part of the expression for the cross section can be rewritten according to∑
ij

2πδ(ω − εi + εj)pj ⟨j| ρe(x) |i⟩ ⟨i| ρe(x′) |j⟩ =

∑
ij

ˆ ∞

−∞
dtpj ⟨j| ρe(x) |i⟩ ⟨i| ρe(x′) |j⟩ eiω(t−0)eiεjt−iεit =

∑
ij

ˆ ∞

−∞
dtpj ⟨j| eiH0tρe(x)e−iH0t |i⟩ ⟨i| eiH00ρe(x′)e−iH00 |j⟩ eiω(t−0) =

ˆ ∞

−∞
dt⟨ρeI(x, t)ρeI(x′, 0)⟩eiω(t−0)

(2.33)

where H0 is the Hamiltonian of the unperturbed system of which |i⟩ and |j⟩ are
eigenstates, ρeI(x, t) = eiH0tρe(x)e−iH0t is the density operator in the interaction
picture and the part containing ⟨...⟩ denotes the thermal average. By also utilising
that ˆ

d3p′
χδ

(3)(Q + p′
χ − pχ) (2.34)

sets p′
χ = pχ − Q the expression for ωp′p can be rewritten into

ωp′p =
p

′2
χ

2mχ

−
p2

χ

2mχ

=
p2

χ

2mχ

− 2pχ · Q
2mχ

+ Q2

2mχ

−
p2

χ

2mχ

= Q2

2mχ

− vχ · Q (2.35)

where the relation pχ

mχ
= vχ were used. This leads to

σ(vχ) =
ˆ
dω

ˆ
d3Q

(2π)3
1
vχ

( gegχ

Q2 +m2
A′

)2
ˆ

V

d3xd3x′

ˆ ∞

−∞
dt⟨ρeI(x, t)ρeI(x′, 0)⟩eiω(t−0)eQ·(x′−x)δ( Q

2

2mχ

− vχ · Q + ω)
(2.36)

10



2. Scattering Rate of Dark Matter with Electrons in a Solar-like Medium

where the dynamical structure factor, presented in Appendix B, can be utilised.
The dynamical structure factor, S(ω,Q), is defined as

S(ω,Q) ≡ 1
V

ˆ
V

d3xd3x′
ˆ ∞

−∞
dt⟨ρeI(x, t)ρeI(x′, 0)⟩eiω(t−0)eQ·(x′−x). (2.37)

By using the fluctuation-dissipation theorem, presented in Appendix A, that states

S(ω,Q) = −2 1
1 − e−βω

Im(χρρ(ω,Q)) (2.38)

where χρρ(ω,Q) is the density-density response function introduced in Appendix B,
Equation (2.36) can be rewritten as

σ(vχ) = V

ˆ
dω

ˆ
d3Q

(2π)3
1
vχ

( gegχ

Q2 +m2
A′

)2 (−2)Im(χρρ(ω,Q))
1 − e−βω

δ( Q
2

2mχ

− vχ · Q + ω).

(2.39)

Introducing the reference cross section for the dark matter-electron interaction

σ̄e =
µ2

χe

π

( gχge

αm2
e +m2

A′

)2
(2.40)

where me is the mass of the electron, and µχe is the reduced mass of the electron and
the dark matter particle, the expression for the total cross section, σ(vχ), becomes

σ(vχ) = V

ˆ
dω

ˆ
d3Q

(2π)3
πσ̄e

vχµ2
χe

(αm2
e +m2

A′

Q2 +m2
A′

)2 (−2)Im(χρρ(ω,Q))
1 − e−βω

δ( Q
2

2mχ

− vχ · Q + ω).

(2.41)

Note that, in Equation (2.41), the factor
(

αm2
e+m2

A′
Q2+m2

A′

)
reduces to 1 and αm2

e

Q2 in the
heavy (m2

A′ ≫ Q2, αm2
e) and the light (m2

A′ ≪ Q2, αm2
e) mediator limit respectively.

Now would be a good time to take a step back to look at the expression for the cross
section in Equation (2.41). One of the most important features in this expression is
the density-density response function χρρ since that is where the in-medium effect
takes place. Therefore, in the coming section, we will take a closer look at this
density-density response function, calculating it in a solar-like medium.

2.4 Density-Density Response Function in Solar-
like Medium

This section will present the aspects of linear response theory that are most im-
portant for this thesis, primarily the density-density response function χρρ(ω,Q) in
a solar-like medium. A more thorough introduction to the field of linear response
theory can be found in Appendix A.

The density-density response function, χρρ(ω,Q), is given by

11



2. Scattering Rate of Dark Matter with Electrons in a Solar-like Medium

χρρ(ω,Q) = � + � + � + ... =
�

1 −�
=

� = Πe and
�

= Ve

 = Πe

1 − VeΠe

(2.42)

where the wavy line, denoted Ve, is the coulomb interaction given by Ve = e2

Q2 and
the one-particle-irreducible (1PI), denoted Πe, can be approximated as the electron
pair bubble in the random phase approximation (RPA)

Πe = 1
V

∑
p

fp − fp+Q

ω − (εp+Q − εp) + i0+ (2.43)

where fp denote the occupation number and εp = p2

2me
is the energy of a free elec-

tron with momentum p, assuming non relativistic energies [45]. If the relation
ne

(
2π

meT

)3/2
≪ 1, where ne is the electron number density and T is the temperature,

is fulfilled, which it is in the Sun, the occupation number, fp, can be described with
Boltzmann form

fp = ne

(√
2π
meT

)3

exp
(

− p2

2meT

)
. (2.44)

Using the fact that the sum in Equation (2.43) goes over all p it can be rewritten

1
V

∑
p

fp − fp+Q

ω − (εp+Q − εp) + i0+ =

1
V

(∑
p

fp

ω − (εp+Q − εp) + i0+ −
∑

p

fp+Q

ω − (εp+Q − εp) + i0+

)
=

1
V

∑
p

f−p− Q
2

ω − (ε−p+ Q
2

− ε−p− Q
2

) + i0+ −
∑

p

fp+ Q
2

ω − (εp+ Q
2

− εp− Q
2

) + i0+


(2.45)

and by using

ε−p+ Q
2

− ε−p− Q
2

= 1
2me

(
p2 − p · Q + Q2

4 − p2 − p · Q − Q2

4

)
= −p · Q

me

(2.46)

εp+ Q
2

− εp− Q
2

= 1
2me

(
p2 + p · Q + Q2

4 − p2 + p · Q − Q2

4

)
= p · Q

me

(2.47)

and the fact that f−p = fp the expression in Equation (2.43) becomes

Πe = 1
V

∑
p
fp+ Q

2

 1
ω + p·Q

me
+ i0+ − 1

ω − p·Q
me

+ i0+

 . (2.48)

12



2. Scattering Rate of Dark Matter with Electrons in a Solar-like Medium

The sum ∑
p ∼ V

(2π)3

´
d3p and therefore

Πe =
ˆ

d3p

(2π)3fp+ Q
2

 1
ω + p·Q

me
+ i0+ − 1

ω − p·Q
me

+ i0+

 =

ne

(√
2π
meT

)3 ˆ
d3p

(2π)3 exp
(

−
|p + Q

2 |2

2meT

)
(...)

(2.49)

where the factor (...) in the second line contains the terms in the parenthesis in the
first line. Splitting up p in one component parallel and one component perpendicular
to Q leads to

Πe = ne

(√
2π
meT

)3 ˆ
d2p⊥

(2π)2 exp
(

− p2
⊥

2meT

)ˆ ∞

−∞

dp∥

2π exp
(

−
(p∥ + Q

2 )2

2meT

)
(...) =

ne

√
2π
meT

ˆ ∞

−∞

dp∥

2π exp
(

−
(p∥ + Q

2 )2

2meT

) 1
ω + p∥Q

me
+ i0+

− 1
ω − p∥Q

me
+ i0+

 .
(2.50)

Using the mathematical relation
1

x± i0+ = P 1
x

∓ iπδ(x), (2.51)

where P is the so-called Cauchy principal value, the expression for Πe can be written

Πe = ne

√
2π
meT

P
ˆ ∞

−∞

dp∥

2π exp
(

−
(p∥ + Q

2 )2

2meT

) 1
ω + p∥Q

me

− 1
ω − p∥Q

me


−iπne

√
2π
meT

ˆ ∞

−∞

dp∥

2π exp
(

−
(p∥ + Q

2 )2

2meT

)(
δ

(
ω + p∥Q

me

)
− δ

(
ω −

p∥Q

me

))
.

(2.52)

Rewriting the imaginary part of Πe yields

Im(Πe) = −πne

√
2π
meT

ˆ ∞

−∞

dp∥

2π exp
(

−
(p∥ + Q

2 )2

2meT

)(
δ

(
ω + p∥Q

me

)
− δ

(
ω −

p∥Q

me

))
=

−πne

√
2π
meT

me

Q

ˆ ∞

−∞

dp∥

2π exp
(

−
(p∥ + Q

2 )2

2meT

)(
δ

(
ωme

Q
+ p∥

)
− δ

(
ωme

Q
− p∥

))
=

−πne

√
2π
meT

me

Q

1
2π

exp
−

(−ωme

Q
+ Q

2 )2

2meT

− exp
−

(ωme

Q
+ Q

2 )2

2meT

 =

−πne

√
2π
meT

me

Q

1
2π

exp
−

ω2m2
e

Q2 − ωme + Q2

4

2meT

− exp
−

ω2m2
e

Q2 + ωme + Q2

4

2meT

 =

−ne

√
2π
meT

me

Q

1
2 exp

−
ω2m2

e

Q2 + Q2

4

2meT

(exp
(
ω

2T

)
− exp

(
− ω

2T

))
=

−ne

√
2π
meT

me

Q
exp

−
ω2m2

e

Q2 + Q2

4

2meT

 sinh
(
ω

2T

)
.

(2.53)
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2. Scattering Rate of Dark Matter with Electrons in a Solar-like Medium

By now looking at the real part of Πe using the substitution

y =
p∥ + Q

2√
2meT

(2.54)

it can be rewritten according to

Re(Πe) = ne

√
2π
meT

P
ˆ ∞

−∞

dp∥

2π exp
(

−
(p∥ + Q

2 )2

2meT

) 1
ω + p∥Q

me

− 1
ω − p∥Q

me

 =

√
2meTne

√
2π
meT

P
ˆ ∞

−∞

dy

2π exp (−y2)
 1
ω +

√
2meT Qy

me
− Q2

2me

− 1
ω −

√
2meT Qy

me
+ Q2

2me

 =

−ne
1
Q

√
me

2T

(
ϕ

(√
me

2T

(
ω

Q
+ Q

2me

))
− ϕ

(√
me

2T

(
ω

Q
− Q

2me

)))
(2.55)

where ϕ is a function defined as

ϕ(x) ≡ P
ˆ ∞

−∞

dy√
π

e−y2

x− y
. (2.56)

Using the rewritten variants of the real and imaginary part of Πe, the full expression
for Πe become

Πe(ω,Q) = −ne
1
Q

√
me

2T

(
ϕ

(√
me

2T

(
ω

Q
+ Q

2me

))
− ϕ

(√
me

2T

(
ω

Q
− Q

2me

)))

−ine

√
2π
meT

me

Q
exp

−
ω2m2

e

Q2 + Q2

4

2meT

 sinh
(
ω

2T

)
,

(2.57)

notice in particular how Πe is only a function of the magnitude of the transmit-
ted momentum, Q, not Q. Given the expression for the density-density response
function χρρ given in Equation (2.42) and how it is only dependent on Ve and Πe,
also the density-density response function is only a function of Q instead of Q. The
part of the density-density response function that will be especially interesting for
us is its imaginary component. By using the so-called dielectric function, ε(ω,Q)
presented in Appendix B, given by

ε(ω,Q) = 1 − VeΠe (2.58)

the imaginary part of the density-density response function can be expressed ac-
cording to

Im(χρρ) = Im(Πe)
|ε|2

. (2.59)

In this way, all of the in-medium effects are packed into the dielectric function, ε,
where |ε|2 > 1 correspond to a screening effect and in contrast |ε|2 < 1 correspond
to a resonance caused by the medium.
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2. Scattering Rate of Dark Matter with Electrons in a Solar-like Medium

For small energy and momentum transfers, specifically ω ≪ 2T and Q ≪
√

2meT ,
the expression in Equation (2.57) can be rewritten using Taylor expansions. To do
so, the derivative of the function ϕ(x), defined in Equation (2.56), is needed. By
setting P = 1, an expression for that can be calculated using integration by parts a
couple of times

ϕ′(x) = − 1√
π

ˆ ∞

−∞
dy

e−y2

(x− y)2 =

− 1√
π

([
e−y2

x− y

]∞

−∞
+
ˆ ∞

−∞

2y
x− y

e−y2
dy

)
= − 2√

π

ˆ ∞

−∞

y

x− y
e−y2

dy =

− 2√
π

([√
π

2 erf(y) x

x− y

]∞

−∞
−

√
π

2

ˆ ∞

−∞

x

(x− y)2 erf(y)dy
)

=

2 + x

ˆ ∞

−∞

1
(x− y)2 erf(y)dy =

2 + x

[
1

x− y
erf(y)

]∞

−∞
− x

2√
π

ˆ ∞

−∞

e−y2

x− y
dy = 2 − 2xϕ(x).

(2.60)

Calling a = Q
2
√

2meT
, which in the limit of Q ≪

√
2meT is ≪ 1, and x =

√
me

2T
ω
Q

, the
factor containing the ϕ functions in the real part of Equation (2.57) can be expressed
as

ϕ(x+ a) − ϕ(x− a) ≈ (ϕ(x) + ϕ′(x)a) − (ϕ(x) − ϕ′(x)a) =

2aϕ′(x) = 4a(1 − xϕ(x)) = 4Q
2
√

2meT
(1 − xϕ(x))

(2.61)

which leads to

Re(Πe) ≈ −ne

Q

√
me

2T
4Q

2
√

2meT
(1 − xϕ(x)) = −ne

T
(1 − xϕ(x)). (2.62)

Also the imaginary part of Equation (2.57) can be simplified in these limits by
utilising

exp
−

ω2m2
e

Q2 + Q2

4

2meT

 = exp(−x2) exp(− Q2

8meT
) ≈ exp(−x2) (2.63)

sinh
(
ω

2T

)
≈ ω

2T , (2.64)

which, using ω
2T

= x Q√
2meT

, leads to

Im(Πe) ≈ −ne

√
2π
meT

me

Q
exp(−x2) ω2T = −

√
π
ne

T
x exp(−x2). (2.65)

Therefore, in the limit of small energy and momentum transfer, Πe is approximately

Πe(ω → 0, Q → 0) ≈ −ne

T
(1 − xϕ(x)) − i

√
π
ne

T
x exp(−x2). (2.66)
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2. Scattering Rate of Dark Matter with Electrons in a Solar-like Medium

2.4.1 Including Screening from the Ions in the Medium
So far the density-density response function has only taken into account the electrons
of the medium. Directly, the dark matter particles only interact with the electrons
in the model used in this thesis, but, since these electrons also can interact with
the ions of the medium, the ions could induce further in-medium effects via indirect
dark matter-ion interactions. Fortunately, the calculations needed to include the
ions in the in-medium effects are, to a large extent, similar to those needed for
the case demonstrated for only electrons. For the case where also ions are taken
into account in the in-medium effect, the Equation for the density-density response
function becomes

χρρ(ω,Q) = � + � + � + ... =
�

1 −�
(2.67)

where the double wavy line is given by

� =�+�+�+ ...

= Ve + Ve(−Z)ΠNVe(−Z) + Ve(−Z)ΠNVe(−Z)2ΠNVe(−Z) + ...

= Ve

1 − Ve(−Z)2ΠN

.

(2.68)

Here Z is the charge number of the ion in question, and the loop, denoted ΠN , is
the one particle irreducible at the RPA level of the ion [45]. In complete analogy to
how Πe were calculated ΠN can be obtained, leading to

ΠN = −nN
1
Q

√
mN

2T

(
ϕ

(√
mN

2T

(
ω

Q
+ Q

2mN

))
− ϕ

(√
mN

2T

(
ω

Q
− Q

2mN

)))

−inN

√
2π
mNT

mN

Q
exp

−
ω2m2

N

Q2 + Q2

4

2mNT

 sinh
(
ω

2T

)
(2.69)

where nN is the number density of the ion and mN is the mass of the ion. Given
this the expression for the density-density response function, χρρ, can be written
according to

χρρ = Πe

1 − ΠeVe

1−Ve

∑
i

Z2
i ΠNi

= Πe(1 − Ve
∑

i Z
2
i ΠNi

)
1 − VeΠe − Ve

∑
i Z

2
i ΠNi

(2.70)

where the sum over i simply sums up the effect from all relevant ions. By expanding
the expression for the density-density function, the imaginary part can be written
as

Im(χρρ) = |1 − Ve
∑

i Z
2
i ΠNi

|2Im(Πe) +∑
i |ZiVeΠe|2Im(ΠNi

)
|1 − VeΠe − Ve

∑
i Z

2
i ΠNi

|2
. (2.71)
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2.5 Scattering Rate
The scattering rate, Γ, between the dark matter particle and the solar medium
electrons is given by

Γ(vχ) = vχσ(vχ)
V

(2.72)

where σ(vχ) were calculated in Section 2.3 and is given by the expression in Equation
(2.41). Notice that, as pointed out in Section 2.4, the density-density response
function, χρρ, is only a function ofQ which makes it possible to rewrite the expression
for the scattering rate

Γ(vχ) =
ˆ
dω

ˆ
d3Q

(2π)3
πσ̄e

µ2
χe

(αm2
e +m2

A′

Q2 +m2
A′

)2 (−2)Im(χρρ(ω,Q))
1 − e−βω

δ( Q
2

2mχ

− vχ · Q + ω) =
ˆ
dω

ˆ
d3Q

(2π)3
πσ̄e

µ2
χe

(αm2
e +m2

A′

Q2 +m2
A′

)2 (−2)Im(χρρ(ω,Q))
1 − e−βω

δ( Q
2

2mχ

− vχQ cos θ + ω)

(2.73)

where θ is the angle between the velocity of the incoming dark matter particle, vχ,
and the transmitted momentum, Q. By converting to spherical coordinates for the
d3Q-integral with the z-axis along vχ, the expression for Γ become

Γ(vχ) =
ˆ
dω

ˆ 2π

0
dφ

ˆ 1

−1
d(cos θ)

ˆ
dQQ2

(2π)3
πσ̄e

µ2
χe(αm2

e +m2
A′

Q2 +m2
A′

)2 (−2)Im(χρρ(ω,Q))
1 − e−βω

δ( Q
2

2mχ

− vχQ cos θ + ω) =
ˆ
dω

ˆ 1

−1
d(cos θ)

ˆ
dQQ

(2π)2
πσ̄e

vχµ2
χe

(αm2
e +m2

A′

Q2 +m2
A′

)2

(−2)Im(χρρ(ω,Q))
1 − e−βω

δ( Q

2mχvχ

+ ω

Qvχ

− cos θ).

(2.74)

The kinematic requirement for the scattering process in the above expression can
also be expressed in terms of the Heaviside-step functions, θ,
ˆ 1

−1
d(cos θ)δ( Q

2mχvχ

+ ω

Qvχ

− cos θ) = θ(vχ − vmin(ω,Q))θ(vχ + vmin(ω,Q)) (2.75)

where vmin is given by
vmin = Q

2mχ

+ ω

Q
. (2.76)

Using this formulation of the kinematic requirement the expression for the scattering
rate, Γ, is given by

Γ(vχ) =
ˆ
dω

ˆ
dQQ

(2π)2
πσ̄e

vχµ2
χe

(αm2
e +m2

A′

Q2 +m2
A′

)2

(−2)Im(χρρ(ω,Q))
1 − e−βω

θ(vχ − vmin(ω,Q))θ(vχ + vmin(ω,Q)).
(2.77)
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Equivalently, the kinematic requirement can be expressed as integration limits ac-
cording to

Γ(vχ) =
ˆ mχv2

χ
2

−∞
dω

ˆ Q+

Q−

dQQ

(2π)2
πσ̄e

vχµ2
χe

(αm2
e +m2

A′

Q2 +m2
A′

)2 (−2)Im(χρρ(ω,Q))
1 − e−βω

(2.78)

where

Q− = |mχvχ −
√
m2

χv
2
χ − 2mχω| (2.79)

Q+ = mχvχ +
√
m2

χv
2
χ − 2mχω. (2.80)

Notice that these limits assume non-relativistic velocities of the dark matter parti-
cles. As discussed in Section 2.4, the in-medium effect affecting the reaction rate is
packed into the density-density response function, χρρ.

Now, to show the effect of the medium on the scattering rate, we will start with only
including the electrons in the in-medium effect. In the limit of heavy mediator Figure
2.2 compares the case where screening is included to the unscreened case. Note that
no screening simply corresponds to |ε| being set to one in Equation (2.59). This
is done in the conditions present around the radial position r = 0.1R⊙ where the
number density, ne, is 4.0 ·1025 cm−3 and the temperature, T , is 1.3 ·107 K according
to the solar model presented in Appendix C. Furthermore, these comparisons use
an incoming dark matter velocity vχ of 0.0044, reference cross section σ̄e = 10−38

cm2 and dark matter masses between 0.01 MeV to 10 MeV.

Notice in Figure 2.2 that the in-medium effects are most prominent for the lighter
dark matter particles. It is also worth noting that the difference between the screened
and unscreened cases is most important around small energy transfers, while for
larger energy transfers the in-medium effects are less prominent. These features are
probably due to the factor of 1

Q2 from the Coulomb interaction, Ve. For higher masses
or transferred energies, the allowed transferred momenta also get larger, which leads
to Ve suppressing the in-medium effects.

Due to the extra factor of 1
Q4 occurring in the light mediator limit the unscreened

case has a singularity for interactions where the transferred energy, ω, is zero since,
for zero transferred energy, the kinematic requirement allows Q to become zero.
Therefore, in the limit of light mediator, screening has to be taken into account
to obtain reasonable results. For this reason, the comparison in Figure 2.3 is not
between the case of no screening and screening. In these Figures, the comparison
is instead between screening using the Πe from Equation (2.57) and screening using
the low energy and momentum approximation for Πe from Equation (2.66). The
comparisons were performed under the same conditions as for the heavy mediator
case.

One important feature in the plots in Figure 2.3 is that, generally, the difference
between the two expressions for screening is most prominent for interactions with
energy transfers around zero. Considering that the approximation should work best

18



2. Scattering Rate of Dark Matter with Electrons in a Solar-like Medium

-800 -600 -400 -200 0
10

-10

10
-5

Screened

Unscreened

-2000 -1500 -1000 -500 0
10

-8

10
-7

10
-6

Screened

Unscreened

-1000 -500 0

2

4

6

8

10
-7

Screened

Unscreened

-400 -300 -200 -100 0 100

1

1.5

2

2.5

10
-6

Screened

Unscreened

Figure 2.2: Comparison between the case of screened and unscreened interaction
rate between dark matter and solar medium in the limit of a heavy mediator for dark
matter masses, mχ, between 0.01 MeV and 10 MeV. The calculations were made in
the conditions present around 0.1R⊙ and the velocity of the incoming dark matter
particle was set to 0.0044.

for small energy and momentum transfers, this feature warrants an explanation.
First of all, the reason for the discrepancy around zero transferred energy could be
caused by the fact that even for small energy transfers the momentum transfers are
still allowed to reach finite values, causing the approximation to deviate. Secondly,
the reason for the two versions of scattering rates to still approach similar values for
larger energy transfers, even though the approximated screening should be worse
there, might be that for this region the screening effects are undermined by the
factor of 1

Q2 from Ve.

Comparing the screened scattering rates in Figures 2.2 and 2.3 show that, in general,
for the light mediator limit most interactions take place around zero transferred
energy while, especially for the lighter dark matter masses, interactions around zero
transferred energy are heavily suppressed in the heavy mediator limit. On the other
hand, scatterings occurring with higher transferred energies are more likely to occur

19



2. Scattering Rate of Dark Matter with Electrons in a Solar-like Medium

-1000 -500 0

10-10

10-5

Full Screening

Approximated

screening

-1000 -500 0
10-9

10-8

10-7

10-6

Full Screening

Approximated

screening

-400 -300 -200 -100 0
10-10

10-8

10-6

10-4

Full Screening

Approximated

screening

-400 -300 -200 -100 0 100

10-10

10-5

Full Screening

Approximated

screening

Figure 2.3: Comparison between the case of screened interaction rate between dark
matter and solar-medium using the Πe in Equation (2.57) and the approximated
Πe in Equation (2.66) in the limit of a light mediator for dark matter masses, mχ,
between 0.01 MeV and 10 MeV. The calculations were made in the conditions present
around 0.1R⊙ and the velocity of the incoming dark matter particle was set to 0.0044.

within the heavy mediator limit. These differences should come from the factor of
1

Q4 since that is the only difference between the two cases.

So far in Figures 2.2 and 2.3 the in-medium effect is assumed to only come from
the electrons. The ions of the medium can, as outlined in Section 2.4.1, be included
using the expression in Equation (2.71) for the density-density response function,
χρρ. In Figures 2.4 and 2.5 the effect of the ions also being included in the screening
is compared to the case of screening from only the electrons for heavy and light
mediators respectively. For the calculations, the Sun is approximated to consist of
75% Hydrogen and 25% Helium where the respective number densities nH and nHe
are calculated from the electron number density, ne, by assuming charge neutrality.
The calculations were performed in the same conditions as before around the radial
position r = 0.1R⊙ and for the dark matter mass, mχ = 1 MeV.
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Figure 2.4: Comparison between the in-medium effects from just the electrons and
the in-medium effects also taking into account the ions of the medium in the heavy
mediator limit.

The perhaps most important features to observe in Figures 2.4 and 2.5 are that the
inclusion of ions in the in-medium effect only has a significant effect on the scattering
rate around zero transferred energy. Also note that, for the light mediator case, the
inclusion of the ions increases the scattering rate with several orders of magnitude
around zero, while, for the heavy mediator case, the ions only increase the scattering
rate with about one order of magnitude around zero. These enhancements of the
scattering rates around zero transferred energy most likely stem from the factors of
Ve, each containing a factor 1

Q2 , in some of the terms in Equation (2.71). In the
heavy mediator limit the denominator of Equation (2.71) still contains enough of
these factors of 1

Q
to compensate but in the light mediator limit the extra factor of 1

Q4

causes the divergence seen in Figure 2.5. The reason why the inclusion of the ions in
the medium is less important further away from zero transferred energy is probably
because ΠN from Equation (2.69) approaches zero much faster compared to Πe from
Equation (2.57) due to the ions being far heavier than the electrons. If ΠN can be
approximated to zero, the expressions for the imaginary part of the density-density
response function when including the ions, Equation (2.71), and ignoring the ions,
Equation (2.59), coincide.

As a final remark, it is important to note that the results presented in Figures 2.2,
2.3, 2.4 and 2.5 agree with the results presented in Ref. [45]. In this thesis, we
have performed the calculations at slightly different solar conditions and initial dark
matter velocities, but the results still look similar. Considering the relatively small
variations in solar conditions and initial velocities compared to [45], these similarities
should be reasonable.

Now that the scattering rate has been computed, it can be utilised to elucidate the
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Figure 2.5: Comparison between the in-medium effects from just the electrons and
the in-medium effects also taking into account the ions of the medium in the light
mediator limit.

behaviours of some potential observables. This will be the focus of the coming two
chapters where we will implement the scattering rate computed in this chapter to
the phenomena of solar dark matter capture and solar dark matter reflection.
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3
Dark Matter Capture in a Sun-like

Celestial Body

The first possible observable related to solar dark matter interactions that we will
investigate in this thesis is connected to solar dark matter capture. Here, the idea is
that if dark matter could get gravitationally bound inside the Sun that could be a
region of high dark matter density. Under this assumption, there could be a chance
of detecting signals from these particles interacting with each other, for example via
the products of them annihilating [51].

This chapter will, largely, be based on section 3 of Ref. [51]. However the expression
used for the scattering rate, Γ, will look slightly different since the authors of that
article do not use linear response theory in their calculation.

The overarching idea is that an infalling dark matter particle with energy E inside
the star had energy E∞ =

√
BE in the halo before being gravitationally accelerated

by the star. If the phase space density of the dark matter in the halo, f∞(E∞),
is assumed to be isotropically distributed, the phase space density in the star is
set by f(E) = f∞(

√
BE) since the phase space density is preserved during infall

due to Liouville’s theorem. The expression for f∞ can be related to the velocity
distribution of the halo dark matter, pv, by noting

nχ = gs

ˆ
d3p

(2π)3f∞ =
gsm

3
χ

(2π)3

ˆ
d3vf∞ =⇒

{
ˆ
d3vpv = 1} =⇒ f∞(p) = (2π)3nχ

gsm3
χ

pv( p

mχ

)
(3.1)

where the halo dark matter is assumed to be non-relativistic, nχ is the number den-
sity of the halo dark matter and gs is the spin degeneracy. For notational convenience
f̂∞ is defined as

f̂∞ ≡ gs

(2π)3f∞. (3.2)

Given this, the capturing rate, C, per unit volume inside the star is given by

C

V
=
ˆ
d3pf̂(p)ΓE→E′<Eesc (3.3)
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where ΓE→E′<Eesc denote the rate of scatterings that bring the dark matter from a
gravitationally unbound to a gravitationally bound energy. Assuming the isotropic
distribution of the dark matter and making the variable substitution E =

√
m2

χ + p2,
leading to dp = E

p
dE, the capture rate per volume can be expressed

C

V
= 4π

ˆ
dpp2f̂(p)ΓE→E′<Eesc = 4π

ˆ
dEEpf̂(E)ΓE→E′<Eesc =

4π
ˆ
dEE

√
E2 −m2

χf̂(E)ΓE→E′<Eesc .

(3.4)

Since, for capture, the initial energies that are of interest are those that are not
already bound the lower integration limit should be set to Eesc = mχ√

B
, leading to

C

V
= 4π

ˆ ∞

mχ√
B

dEE2

√
1 −

m2
χ

E2 f̂(E)ΓE→E′<Eesc =

4π 1
B3/2

ˆ ∞

mχ

dE∞E
2
∞

√√√√1 −
m2

χB

E2
∞
f̂∞(E∞)ΓE→E′<Eesc .

(3.5)

Although the integral in the above expression has an upper bound at infinite energy,
i.e. relativistic energy, the distribution f̂∞(E∞) ensures that the relevant range of
the integral is well below relativistic energies, again assuming non-relativistic halo
dark matter. Given this property of non-relativistic energy E∞ ≈ mχ we get

C

V
≈ 4π

√
1 −B

B3/2 m2
χ

ˆ ∞

mχ

dE∞f̂∞(E∞)ΓE→E′<Eesc , (3.6)

this is the capture rate per unit volume observed by an observer in the star, where
B < 1, however for an observer at infinity, where B = 1, the capture rate will be
observed as

C = 4πm2
χ

ˆ
dV

√
1 −B

B

ˆ ∞

mχ

dE∞f̂∞(E∞)ΓE→E′<Eesc . (3.7)

Using the expression for the scattering rate from Equation (2.78) the capture rate
looks like

C = 4πm2
χ

ˆ
dV

√
1 −B

B

ˆ ∞

mχ

dE∞f̂∞(E∞)
ˆ mχv2

χ
2

E∞−mχ√
B

dω

ˆ Q+

Q−

dQQ

(2π)2
πσ̄e

vχµ2
χe

(αm2
e +m2

A′

Q2 +m2
A′

)2 (−2)Im(χρρ(ω,Q))
1 − e−βω

(3.8)

where the lower limit on the energy, ω, integral comes from the requirement of
E → E ′ < Eesc. Assuming that the escape velocity, i.e. the velocity that the
dark matter particle has gained during infall, is sufficiently larger than typical halo
dark matter velocities, further simplifications can be made to the expression for the
capture rate. In that case, Q and ω only depend weakly on E∞, since most of the
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energy and momentum has been gained during the infall and vχ ≈ vesc =
√

1 −B,
which leads to

C ≈
σ̄em

2
χ

µ2
χe

ˆ
dV

1
B

ˆ ∞

mχ

dE∞f̂∞(E∞)
ˆ mχv2

χ
2

E∞−mχ√
B

dω

ˆ Q+

Q−

dQQ
(αm2

e +m2
A′

Q2 +m2
A′

)2 (−2)Im(χρρ(ω,Q))
1 − e−βω

.

(3.9)

The escape velocity at a radius r inside the Sun, where the Schwarzschild framework
is no longer valid, is given by

vesc(r) =

√√√√2GNM⊙

R⊙

(
1 + R⊙

M⊙

ˆ R⊙

r

dr′M⊙(r′)
r′2

)
(3.10)

where M⊙(r′) denotes the amount of solar mass that is inside the radius r′ obtained
from the solar model presented in Appendix C and GN is the gravitational constant
[54]. Outside the Sun, the escape velocity simply reduces to

vesc(r) =
√

2GNM⊙

r
(3.11)

according to the Schwarzschild metric.

In the scenario where most of the kinetic energy of the dark matter particle is gained
during the gravitational infall, it is also possible to swap places between the integrals
over E∞ and ω in Equation (3.9), using Ek = E∞ −mχ,

ˆ ∞

mχ

dE∞f̂∞(E∞)
ˆ mχv2

χ
2

E∞−mχ√
B

dω =
ˆ ∞

0
dEkf̂∞(Ek +mχ)

ˆ mχv2
χ

2

Ek√
B

dω ≈

ˆ mχv2
χ

2

0
dω

ˆ √
Bω

0
dEkf̂∞(Ek +mχ) ≡

ˆ mχv2
χ

2

0
dωF̂∞(

√
Bω)

(3.12)

and therefore

C ≈
σ̄em

2
χ

µ2
χe

ˆ
dV

1
B

ˆ mχv2
χ

2

0
dωF̂∞(

√
Bω)
ˆ Q+

Q−

dQQ
(αm2

e +m2
A′

Q2 +m2
A′

)2 (−2)Im(χρρ(ω,Q))
1 − e−βω

.

(3.13)
Note that for the Sun, where the escape velocity in general is non-relativistic the
value for B is close to 1. This means that a further simplification can be made
according to

C ≈
σ̄em

2
χ

µ2
χe

ˆ
dV

ˆ mχv2
χ

2

0
dωF̂∞(ω)

ˆ Q+

Q−

dQQ
(αm2

e +m2
A′

Q2 +m2
A′

)2 (−2)Im(χρρ(ω,Q))
1 − e−βω

.

(3.14)
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Assuming the halo dark matter to follow an offset Maxwell velocity distribution,
where the offset comes from the fact that the Sun is moving through the galaxy, the
function F̂∞ can be calculated via

F∞(δ) ≡
ˆ δ

0
dEkf∞(mχ + Ek) = mχ

ˆ vδ

0
dvvf∞(mχv) (3.15)

where vδ is such that mχv2
δ

2 = δ. By assuming an of isometric distribution we get

F∞(δ) = mχ

4π

ˆ vδ

0
d3v

f∞(mχv)
v

= 2π2nχ

gsm2
χ

ˆ vδ

0
d3v

pv(v)
v

(3.16)

and the offset velocity distribution is given by

pv(v) = (2πv2
0)−3/2 exp

(
−(v − v∗)2

2v2
0

)
(3.17)

where v0 ≈ 0.0007 is the velocity dispersion of the halo dark matter and v∗ ≈ 0.0007
is the velocity of the star. The function F∞(δ) can be calculated according to

F∞(δ) = 2π2nχ

gsm2
χ

(2πv2
0)−3/22π

ˆ 1

−1
d(cos θ)

ˆ vδ

0
dvv exp

(
− 1

2v2
0
(v2 + 2vv∗ cos θ + v2

∗)
)

=

4π3nχ

gsm2
χ

(2πv2
0)−3/2

ˆ vδ

0
dvv exp

(
−v2 + v2

∗
2v2

0

)ˆ 1

−1
d cos θ exp

(
vv∗

v2
0

cos θ
)

=

4π3nχ

gsm2
χ

(2πv2
0)−3/2

ˆ vδ

0
dv
v2

0
v∗

exp
(

−v2 + v2
∗

2v2
0

)[
exp

(
vv∗

v2
0

cos θ
)]1

−1
=

4π3nχ

gsm2
χ

(2πv2
0)−3/2

ˆ vδ

0
dv
v2

0
v∗

exp
(

−v2 + v2
∗

2v2
0

)(
exp

(
vv∗

v2
0

)
− exp

(
−vv∗

v2
0

))
.

(3.18)

Notice that a more accurate velocity distribution would also implement a cutoff at
the galactic escape velocity, however, due to the factor of 1

v
in Equation (3.16) this

can be neglected without any significant consequences [51]. Calculating the two
terms in the last line of Equation (3.18) separately leads to
ˆ vδ

0
dv
v2

0
v∗

exp
(

− 1
2v2

0
(v2 − 2vv∗ + v2

∗)
)

=
√
πv3

0√
2v∗

(
erf

(
vδ − v∗√

2v0

)
+ erf

(
v∗√
2v0

))
(3.19)ˆ vδ

0
dv
v2

0
v∗

exp
(

− 1
2v2

0
(v2 + 2vv∗ + v2

∗)
)

=
√
πv3

0√
2v∗

(
erf

(
vδ + v∗√

2v0

)
− erf

(
v∗√
2v0

))
(3.20)

which implies

F∞(δ) = π2nχ

gsm2
χv∗

(
2erf

(
v∗√
2v0

)
+ erf

(
vδ − v∗√

2v0

)
− erf

(
vδ + v∗√

2v0

))
. (3.21)
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Note that with δ = ω the expression for vδ is given by vδ =
√

2ω
mχ

. Using this the
expression for the capture rate in Equation (3.14) can be rewritten

C ≈ σ̄enχ

8πv∗µ2
χe

ˆ
dV

ˆ mχv2
χ

2

0
dω

2erf
(

v∗√
2v0

)
+ erf


√

2ω
mχ

− v∗
√

2v0


−erf


√

2ω
mχ

+ v∗
√

2v0

ˆ Q+

Q−

dQQ
(αm2

e +m2
A′

Q2 +m2
A′

)2 (−2)Im(χρρ(ω,Q))
1 − e−βω

.

(3.22)

3.1 Capture rate
When looking into dark matter capture it is important to note that the available
phase space for capture is quite small for the masses most affected by the in-medium
effects; see Figures 2.2 and 2.3. These plots assumed that the incoming dark matter
particles had the velocity according to the relevant escape velocity for that particular
radial position inside the Sun, using Equation (3.10). For such a velocity and for the
masses where the in-medium effects are most prominent, it is clear that the phase
space for capture is quite small since the relevant regime for this is the part with
ω > 0. For heavier dark matter particles, this phase space increases, but for those
masses the in-medium effects are not as prominent.

In Figure 3.1 the expression for the capture rate in Equation (3.22) is plotted as
a function of the reference cross section, σ̄e, and dark matter mass, mχ, in the
heavy mediator limit. Notice that, since the regime of small energy transfers is of
interest, the integral over ω in Equation (3.22) goes from zero. The expression for
the density-density response function that should be used for valid results is the one
also considering the ions from Equation (2.71).

Notice in Figure 3.1 how the capture rate increases with the reference cross section,
σ̄e, which is to be expected since σ̄e only enters as a scaling factor in Equation (3.22).
Furthermore, the capture rate increases with the dark matter mass, mχ, which is
also reasonable since the available phase space for capture increases for larger dark
matter masses due to the integration bound mχv2

χ

2 in Equation (3.22).

For the light mediator limit, a similar procedure can be performed. However, due
to the extra factor of 1

Q4 , the scattering rate becomes huge around zero transferred
energy, see Figure 2.5. Therefore, to prevent this issue in the light mediator limit,
we introduce a cutoff, ν = 10−4 eV, on the lower limit of the ω-integral in Equation
(3.22). Interactions with lower values of transferred energy could still capture the
dark matter particle. Even for the lowest dark matter mass treated here, mχ = 0.01
MeV, and the escape velocity at the edge of the Sun, ≈ 0.0021, the escape energy
is ≈ 20 meV. Therefore, this cutoff only disregards the regime of captured particles
that have energies close to the unbound regime. In Figure 3.2 the expression for
the capture rate in Equation (3.22), with a cutoff on the ω-integral ν = 10−4 eV, is
plotted as a function of the reference cross section, σ̄e, and dark matter mass, mχ,
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Figure 3.1: The rate at which dark matter particles undergo scatterings causing
them to get gravitationally bound to the Sun in the heavy mediator limit as a
function of the reference cross section, σe, and dark matter mass, mχ.

in the light mediator limit.

Notice in Figure 3.2 how, similarly to the situation in the heavy mediator limit
shown in Figure 3.1, the capture rate increases with the reference cross section, σ̄e,
as expected. However, one should note that for the light mediator case, displayed
in Figure 3.2, the highest capture rate is obtained for the lower masses, despite
their lack of phase space mentioned above. The reason for this could come from
the kinematic requirement, which for these low masses allows for the transferred
momenta to become quite small, despite the cutoff. Therefore, the factor of 1

Q4

helps to increase the capture rate drastically. Another important difference between
the situation in Figure 3.1 and the situation in Figure 3.2 is that for the light
mediator case, the capture rate is several orders of magnitude larger compared to the
heavy mediator case. This was also expected since the energy region of interest lies
relatively close to zero where the light mediator limit gives a much larger scattering
rate.

As a final remark on the subject of dark matter capture, it is important to still keep
in mind how, as suggested by the plots in Figures 2.2, 2.3, 2.4 and 2.5, the rate
of scatterings occurring where the dark matter gains energy is far greater than the
rate of capture for the masses treated in this thesis. Furthermore, one should note
that even in the cases where the initial scattering event is such that the particle gets
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Figure 3.2: The rate at which dark matter particles undergo scatterings causing
them to get gravitationally bound to the Sun in the light mediator limit as a function
of the reference cross section, σe, and dark matter mass, mχ.

captured, it could still be possible for that particle to undergo further interactions
where it gains energy, thus becoming unbound yet again. Simulations would have to
be performed to further elucidate these scenarios, but this has not been done in this
work. The scenario of dark matter reflection, where the dark matter gains energy
in its interaction with the Sun, however, will be treated in the next chapter.
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4
Reflection of Dark Matter in the

Sun

The focus in this chapter will lie on solar dark matter reflections, meaning that the
dark matter gains energy when interacting with the Sun. The potential observational
benefit of this is that some dark matter particles arriving here on Earth might have
significantly higher energies compared to dark matter particles arriving without first
interacting with the Sun due to them being reflected by the Sun. This possibility of
having access to some incoming dark matter particles with higher energy could have
some importance in direct detection experiments [52, 54, 55]. Note however that in
this report we will restrict ourselves to looking at the solar interactions, omitting
discussions about how this might affect direct detection endeavours.

This chapter is largely based on Refs. [52, 54], however in this thesis, we will also
take into account the in-medium effects using the previously calculated scattering
rate within the framework of linear response theory given in Equation (2.78). In this
chapter, the used convention is that positive ω means that the dark matter particle
has gained energy. Assuming at most single scattering in the Sun, the probability
of a scattering event occurring with the transferred energy, ω, is given by

dP

dω

∣∣∣∣∣∣
trajectory

=
ˆ

trajectory

dl

vχ

dΓ
dω

(4.1)

where the trajectory of the dark matter in the Sun is determined by the gravitational
influence on the dark matter particle, its initial velocity, vi, and impact parameter,
R. It is important to note that the differential scattering rate, dΓ

dω
, depends on what

radius the dark matter particle is inside the Sun, since the temperature, T , and
the number density of electrons, ne, inside the Sun depends on the radius. The
specific values for these variables were obtained from the solar model presented in
Appendix C. Using the probability of scattering obtained in (4.1) the normalised
kinetic energy distribution of the outgoing dark matter particle per unit of energy
can be expressed as, assuming that the transferred energy is much higher than the
incoming kinetic energy of the dark matter particle,

2
R2

max

ˆ Rmax

0
dRR

ˆ vmax

0
dvifχ(vi)

dP

dω

∣∣∣∣∣∣
trajectory

(4.2)
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4. Reflection of Dark Matter in the Sun

where Rmax is the maximum impact parameter chosen to be 4R⊙, vi is the initial ve-
locity of the dark matter in the halo and vmax is determined by the impact parameter
to ensure that the dark matter particle passes through the Sun.

In Equation (4.2), fχ(vi) is the velocity distribution of the halo dark matter. This
is similar to the distribution, pv, presented in Equation (3.17), but here a cutoff
Gaussian distribution is used

fhalo(vi) = 1
Nescπ3/2v3

0
exp

(
−v2

i

v2
0

)
θ(vgal − |vi|) (4.3)

where the normalisation factor Nesc is given by

Nesc = erf
(
vgal

v0

)
−

√
2
√
π
vgal

v0
exp

(
−
v2

gal

v2
0

)
. (4.4)

The width of the Gaussian, v0, is set to 0.007 and the galactic escape velocity, vgal, is
approximately 0.002 [52, 54]. To also take into account the Sun’s movement through
the galaxy, here assumed to have a velocity of about 0.0007, the velocity distribution
of the halo dark matter as observed by the Sun, fobs(v), is given by

fobs(vi) = fhalo(vi + vobs) (4.5)

and therefore the expression for fχ(vi) that occurs in Equation (4.2) is given by

fχ(vi) =
ˆ
dΩv2

i fobs(vi). (4.6)

4.1 The Dark Matter Particles Trajectory Inside
the Sun Under the Influence of Gravity

To calculate the scattering rate, the trajectory of the dark matter particle moving
through the Sun under the influence of gravity needs to be calculated. The procedure
to do this is described in Ref. [54], but here, the most important points for these
calculations will be highlighted. By fixing a coordinate system where the dark matter
particle moves in a plane described by polar coordinates (r, ϕ) with the origin at
the centre of the Sun, the equations of motion describing the particle trajectory are
given by

0 = r̈ − rϕ̇2 + GNM⊙(r)
r2 (4.7)

J ≡ r2ϕ̇ = constant (4.8)

where the dots denote a time derivative and where J is the angular momentum of
the dark matter particle. Inside the Sun, where M⊙(r) varies depending on the
radius, these equations need to be evaluated numerically and in this report, the
Runge-Kutta-method has been utilised using the function ode45 in Matlab [56].
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Figure 4.1: A schematic picture of a trajectory of a dark matter particle under
the influence of gravity from the Sun. The most important geometric properties are
highlighted, including the velocity of the particle, v, the radial position of the dark
matter particle, r, the periapsis of the trajectory, q, the angle from periapsis, θ, the
semimajor axis, a, the impact parameter R and the semilatus rectum, p.

Outside the Sun, for the propagation of the particle from far away to the edge of
the Sun, the situation is somewhat simpler. For a schematic picture of the situation
see Figure 4.1.

Notice how the trajectory in Figure 4.1 does not intersect with the Sun. However,
the trajectories that will be of interest in this work have to intersect with the Sun
typically meaning that they need to have a sufficiently small impact parameter and
initial velocity. For these trajectories, analytical solutions of the particle’s position
and velocity at the edge of the Sun can be calculated given the impact parameter and
initial velocity. These calculated properties can then be used as initial conditions
when solving the equations of motion inside the sun given by equations (4.7) and
(4.8). More specifically the initial conditions needed for those calculations are r(0) =
R⊙, ϕ(0) = 0 and the initial radial velocity vr(0) obtained from the analytical
calculations of the trajectory outside the Sun.

The perhaps most important parameter for the calculation of the trajectory is the
angular momentum, J , of the particle that is given by the impact parameter, R,
and the initial velocity, vi, through the relation

J = Rvi (4.9)

since that is a conserved quantity throughout the trajectory, it is also true that
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J = |r × v|. The other important parameters of the trajectory are highlighted in
Figure 4.1 where r and θ demonstrate the particle position in the plane that it is
moving in and q is the periapsis of the trajectory. The other highlighted parameters
in Figure 4.1 are, in analogy to Ref. [54], the semimajor axis, a, and the semilatus
rectum, p, given by

a = GNM⊙

v2
i

(4.10)

p = J2

GNM⊙
. (4.11)

Using these parameters, another important feature of the trajectory, its eccentricity
e, can be expressed according to

e =
√

1 + p

a
. (4.12)

To obtain the desired initial condition for the radial velocity, vr(0), the equations
for position and velocity from Ref. [54] can be used. These state that the new angle
from periapsis, θ′, and the new velocity, v′, can be expressed in terms of the new
radial coordinate, r′, which has to be equal to R⊙ at the edge of the Sun. The
expressions for θ′ and v′ respectively are given by

θ′ = arccos
(1
e

(
p

r′ − 1
))

(4.13)

v′ =
√
GNM⊙

p

√
1 + e2 + 2e cos θ′. (4.14)

The radial velocity at this point can be calculated from the observation that the
angular momentum, J , must still be conserved and that v′ = v⊥ + v∥ where v⊥ is
perpendicular to the position vector and |v∥| = vr(0). Using J = R⊙|v⊥| implies that
|v⊥| = viR

R⊙
, which in turn implies that vr(0) = −

√
v′2 − v2

i R2

R2
⊙

where the minus sign
comes from the fact that the particle has to travel towards smaller radial coordinates
when entering the Sun.

The highest allowed initial velocity, vmax in Equation (4.2), given the impact pa-
rameter can now also be calculated. For impact parameters smaller than the radius
of the Sun vmax = ∞, but for impact parameters larger than the radius of the Sun,
not all initial velocities are allowed. The angular momentum at periapsis, see Figure
4.1, is given by the velocity at periapsis times the radius the dark matter particle is
at in that moment. The velocity at periapsis is given by

vp(vi, q) =
√
v2

i + vesc(q)2 (4.15)

where q is the distance from the centre at periapsis. To ensure that periapsis is
inside the Sun we require that the angular momentum, J , obeys

J < R⊙vp(vi, R⊙), (4.16)
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which for the impact parameter, R, translates to

R <

√√√√1 + vesc(R⊙)2

v2
i

R⊙ (4.17)

or equivalently, given an impact parameter, sets the upper bound on the initial
velocity, vmax, to

vmax = vesc(R⊙)√(
R

R⊙

)2
− 1

. (4.18)

4.2 Single Scattering Limit
In this report, only the regime where single scatterings occur in the Sun will be dealt
with. Processes with more than one scattering event per particle in the Sun would
have to be investigated using simulations similar to Ref. [52]. For the considered
scenario of only single scattering processes to be relevant, the total scattering prob-
ability, obtained by integrating the energy dependence in Equation (4.1), needs to
be significantly smaller than one for typical trajectories in the Sun. The parameter
that can be adjusted to obtain this is the reference cross section, σe, in Equation
(2.78). It is important to note that in a more general case, where scattering occurs
more frequently, the expression in Equation (4.1) describes the number of times a
particle is expected to interact with the solar medium throughout the trajectory.
Therefore it is only accurate to call it scattering probability in the region where
multiple scattering events are highly unlikely.

For the case of a heavy mediator calculating this probability is rather straightforward
and multiple scatterings can be neglected if it is significantly smaller than one. In
the case of a light mediator, the situation is a bit more intricate. Due to the factor of

1
Q4 in the expression, the scattering rate in Equation (2.78) becomes huge for small
energy transfers, since small momentum transfers are allowed there from the kinetic
requirement. This leads to very large scattering rates almost regardless of the value
of the reference cross section, σe. To deal with this problem we will, similarly to
how they proceeded in Ref. [52], introduce a cutoff parameter, ξ, that ensures that
the lowest allowed momentum transfer is

Qmin = ξmχvχ. (4.19)

This cutoff will come into play when the energy is low enough to bring the bounds on
allowed momentum transfers, coming from the kinetic requirements, close to zero.

In Table 4.1 the scattering probabilities calculated as described above are shown. For
realistic values, the scattering rates used in the calculations are the ones taking into
account the ions in the medium since, as seen in Figures 2.4 and 2.5, the interaction
rate can be significantly affected by this, at least around zero transferred energy.
Notice that the probabilities are well below one for all of these cases and therefore
the assumptions of at most single scattering in the Sun should be reasonable.
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Table 4.1: Scattering probabilities in typical trajectories through the Sun for dif-
ferent dark matter masses, and for both heavy and light mediators.

Light mediator Heavy mediator
σe = 10−39 cm2, ξ = 5 σe = 10−38 cm2

MeV P MeV P

0.01 0.2 0.01 0.04
0.1 0.002 0.1 0.2

4.3 Calculations of the Energy Spectra of Reflected
Dark Matter Particles

Given the trajectory calculated from the initial velocity and impact parameter, the
integral in Equation (4.1) can be performed. In the case of a heavy mediator, the
unscreened scattering rate, assuming much larger transferred energies compared to
incoming kinetic energies of the dark matter particles, is given in Ref. [52] and looks
like

dΓ
dω

∣∣∣∣∣∣
unscreened

= σene√
2πmeT

(me +mχ)2

memχ

exp
(

−ω

T

(me +mχ)2

4memχ

)
. (4.20)

By comparing the results from using the unscreened scattering rate and the screened
scattering rate given in Equation (2.78), the effect of the medium that was obtained
through linear response theory can be investigated.

For the case of the heavy mediator, the comparisons between the unscreened and
screened reflection distributions, calculated using Equation (4.2), are shown in Fig-
ure 4.2. The dark matter masses used were set to 0.01 MeV and 0.1 MeV, respec-
tively, and the reference cross section, σ̄e, is set to 10−38 cm2.
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Figure 4.2: Comparison between the screened and unscreened reflected dark matter
spectrum in the heavy mediator limit.
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Note in Figure 4.2 how the in-medium effects are most important for the lower
range of transferred energy, which is reasonable if one compares it to Figure 2.2.
Furthermore, one should observe that the discrepancy between the case of included
in-medium effect and no in-medium effect is more prominent for the lower mass,
which is also to be expected.

As mentioned when discussing the scattering rate in the light mediator limit, the
unscreened case is not relevant since the screening is needed to compensate for the
extra factor of 1

Q4 . Therefore, in analogy to the comparisons made in the plots in
Figure 2.3, the comparison for the reflection distribution is between the two different
expressions for screening using Equation (2.57) and (2.66) respectively in Equation
(2.58). The approximated version adapted into the formalism used in this thesis
is the version used to account for the medium in Ref. [52]. The comparisons are
shown in Figure 4.3 where one should note that the main difference between the
two curves is for the lower range of transferred energy, which also agrees with the
situations displayed in Figure 2.3. The reference cross section was set to 10−39 cm2

and the cutoff parameter ξ is set to 5, similarly to how they did in Ref. [52] to avoid
too small momentum transfers as discussed in Section 4.2.
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Figure 4.3: Comparison between the screened and unscreened reflected dark matter
spectrum in the light mediator limit.

Note in Figure 4.3 how the discrepancy is most noticeable for the lower mass. An-
other thing to notice in Figure 4.3 is that the rate of reflection is some order of
magnitude higher for the lighter dark matter mass. When comparing to Figure 2.3
this is an expected feature, probably caused by the kinetic requirement allowing for
lower transferred momenta for the lighter particle.

An important difference between the light and heavy mediator case is the fact that
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for the heavy mediator, the distribution of the reflected particles is harder, meaning
that there are more particles reflected that have undergone an interaction with higher
transferred energy, compared to the much softer reflection distribution for the light
mediator case. This preference for softer scattering events for the light mediator
should come from the factor of 1

Q4 , however, due to the cutoff parameter some
theoretically allowed interactions are not taken into account. As they argued in Ref.
[52] the results should still be reasonable since only interactions containing really
small momentum transfers are ignored and those should not significantly impact the
spectrum. This should be especially true for the energy regime displayed in Figure
4.3, which is also the regime that is most interesting for solar reflection since that
is the regime where the dark matter gets significantly more energetic.

As a final remark on this topic, it is important to remember that all calculations
of reflection rates performed in this chapter assumed single scattering. To also
investigate scenarios where multiple scatterings are more likely to occur, simulations
would have to be conducted which is something that has not been done in this work.
However, as demonstrated in Figures 4.2 and 4.3, it could be relevant to, in such
simulations, include the in-medium effects as described in this thesis.
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Conclusion

In this thesis, we have covered how the solar medium affects the interactions between
dark matter particles and the electrons in the Sun through the framework of linear
response theory. These in-medium effects have both been calculated when only the
electrons of the medium were taken into account and when the ions of the medium
were included. In terms of the calculated scattering rates, we have demonstrated
how they compare to the unscreened scenario in the heavy mediator limit. Similarly,
in the light mediator limit, we compared two different types of screenings when
calculating the scattering rate, where one used an approximation assuming small
momentum and energy transfers. The perhaps most important takeaway from these
comparisons was that the largest discrepancies between the unscreened and screened
case and between the two models occurred around small transferred energies while,
for larger energy transfers, the differences were not as prominent. Another important
feature that was hinted at was that the in-medium effect seems most prominent for
masses around or below the MeV level.

Before moving on from the topic of scattering rates, the inclusion of ions in the
in-medium effect was treated. The result of this showed that the inclusion of ions
could help increase the scattering rate quite significantly in the region of small
transferred energies. This increased scattering rate was especially prominent in the
light mediator limit where it could increase the scattering rate by several orders
of magnitude, while in the heavy mediator limit it only increased the scattering
rate by about one order of magnitude. In both limits, however, it was clear that
the inclusion of ions only appeared to have a significant effect on the scattering
rate in the region of small transferred energies, while the effect of the ions almost
disappeared in the regions of larger transferred energies.

After having treated these scattering rates we used the derived expressions to calcu-
late the rate at which dark matter particles could interact in such a way that they
become gravitationally bound to the Sun. As pointed out, in connection to these
calculations the rate at which dark matter particles could get captured is far lower
compared to the rate at which they instead could get accelerated, i.e. reflected, by
the Sun due to the rather small phase space available for capture. Furthermore, it
was pointed out how the scenario of dark matter particles undergoing several inter-
actions where it initially might get gravitationally bound before being accelerated
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into unbound energies again might be an interesting subject to investigate via sim-
ulations, something that was not done in this thesis. Still, the rate at which dark
matter particles could undergo scatterings where they become gravitationally bound
was calculated in both the light and heavy mediator limit for various dark matter
masses and reference cross sections. In the heavy mediator case, one could notice
how the rate of capture was directly linked to the size of the available phase space
or equivalently the mass of the dark matter particle. However, in the light mediator
limit, it was noted how, in fact, the lighter masses, where the available phase space
is smaller, had a higher capture rate. The presumed reason for this, perhaps an
unexpected feature, was discussed and the presented hypothesis was that the kine-
matic requirement allowing for smaller transferred momenta for smaller masses in
combination with the factor of 1

Q4 was the cause.

The final subject brought up in the thesis was the topic of dark matter reflections.
As hinted upon when discussing dark matter capture, this might be a more promis-
ing avenue to investigate for the rather low range of dark matter masses treated
in this thesis, since here there is no problem with a small available phase space.
In analogy to when the scattering rates were discussed earlier, here the expected
reflected spectra were compared between the unscreened and screened case in the
heavy mediator limit and in the light mediator limit, the comparison was between
the two different versions of screening. The result of the comparisons showed that
the screening could be of importance, especially towards the region of slightly lower
transferred energies.

Further topics that might be of interest for future works could be to implement the
in-medium effect, as presented in this thesis, in simulations of solar dark matter
interactions like, perhaps most importantly, dark matter reflections. This thesis
only assumed single scattering scenarios where the reflection could be treated an-
alytically, and since some discrepancies could be demonstrated compared to the
unscreened case, or the other version of screening, simulations using the scattering
rates presented in this thesis could be of interest.

In conclusion, we have, in this thesis, shown that the in-medium effect, calculated
using linear response theory, could be of some importance, especially for dark matter
masses below the MeV level. Furthermore, we have demonstrated how these in-
medium effects could affect the, for this mass range, perhaps most important topic
of solar dark matter reflection, as well as applying it to the phenomenon of dark
matter capture.
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A
Linear Response Theory

This appendix follows Ref. [57], especially appendix J, quite closely and aims to
give an introduction to the field of linear response theory to understand its imple-
mentation in this thesis.

To begin with, consider a system with time-independent Hamiltonian H0 and energy
eigenstates |ψn⟩ with corresponding eigenenergies En. Assume now that this system
is perturbed by a weak external Hamiltonian that generally can be written on the
form

Hext(t) = −
ˆ
dxB(x)F (x, t) (A.1)

where B is some operator and F is the strength of the perturbation.

Assume now that F (r, t) = F (t) = F0δ(t), meaning a spatially uniform perturbation
at t = 0. If F0 is small the change in the observable A can be written as

⟨∆A(t)⟩ = χAB(t)F0 (A.2)

where χAB is the so-called response function that for physical reasons has to vanish
for t < 0 since then the perturbation has not yet taken place. When the perturbation
changes in time it can be expressed as

F (t) =
ˆ ∞

−∞
F (t′)δ(t− t′)dt′ (A.3)

and the effect on the observable A can be expressed as

⟨∆A(t)⟩ =
ˆ t

−∞
dt′χAB(t− t′)F (t′) =

ˆ ∞

0
dt′χAB(t′)F (t− t′). (A.4)

If the external perturbation also has a spatial dependence, the now spatially depen-
dent response function can be defined via the relation

⟨∆A(x, t)⟩ =
ˆ ∞

0
dt′
ˆ
dx′χAB(x,x′, t′)F (x′, t− t′). (A.5)

I



A. Linear Response Theory

Assuming that the unperturbed system is spatially uniform, the response can only
depend on the difference between x and x′ leading to

⟨∆A(x, t)⟩ =
ˆ ∞

0
dt′
ˆ
dx′χAB(x − x′, t′)F (x′, t− t′). (A.6)

Taking the Fourier transform with respect to the spatial variable leads to

⟨∆A(Q, t)⟩ =
ˆ
dx⟨∆A(x, t)⟩eix·Q =

ˆ
dx
ˆ ∞

0
dt′
ˆ
dx′χAB(x − x′, t′)F (x′, t− t′)eix·Q =

ˆ
dx
ˆ ∞

0
dt′
ˆ
dx′χAB(x − x′, t′)ei(x−x′)·QF (x′, t− t′)eix′·Q =

ˆ ∞

0
dt′χAB(Q, t′)F (Q, t− t′).

(A.7)

By also taking the Fourier transform to the frequency domain, the now momentum
and energy-dependent response becomes

⟨∆A(Q, ω)⟩ = χAB(Q, ω)F (Q, ω). (A.8)

Since the response function vanishes for negative time arguments, its Fourier trans-
form can be written

χAB(Q, ω) =
ˆ ∞

0
χAB(Q, t)eiωtdt. (A.9)

Because the response to a real perturbation has to be real, the response function
χAB(Q, ω) has to satisfy the relation

χAB(Q, ω) = χ∗
AB(Q,−ω) (A.10)

which means that, when decomposed into real and imaginary parts according to

χAB(Q, ω) = Re(χAB(Q, ω)) + iIm(χAB(Q, ω)), (A.11)

the real part is an even function of frequency while the imaginary part is an odd
function of frequency

Re(χAB(Q, ω)) = Re(χAB(Q,−ω)) (A.12)
Im(χAB(Q, ω)) = −Im(χAB(Q,−ω)). (A.13)

Moving on to looking more at what the expectation value of the observable A in the
perturbed system is, it can be described in terms of the density matrix, ρ(t), of the
perturbed system through the relation

⟨A⟩ = Tr(ρA) (A.14)

where the density matrix can be calculated from its Equation of motion, given by

dρ(t)
dt

= i[ρ(t), H0 +Hext(t)]. (A.15)
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This Equation can be solved by making use of the interaction picture where

d

dt
(eiH0tρ(t)eiH0te−iH0t) =

iH0e
iH0tρ(t)e−iH0t − ieiH0tρ(t)H0e

−iH0t + ieiH0t[ρ(t), H0 +Hext(t)]e−iH0t =
ieiH0t ([H0, ρ(t)] + [ρ(t), H0 +Hext(t)]) e−iH0t = ieiH0t[ρ(t), Hext(t)]e−iH0t,

(A.16)

and by integrating this Equation with the boundary condition that ρ(t → −∞) = ρ0,
where ρ0 is the density matrix of the unperturbed system, the Equation for the
density matrix becomes

eiH0tρ(t)eiH0te−iH0t = ρ0 + i

ˆ t

−∞
eiH0t′ [ρ(t′), Hext(t′)]e−iH0t′

dt′

⇐⇒ ρ(t) = ρ0 + i

ˆ t

−∞
e−iH0(t−t′)[ρ(t′), Hext(t′)]eiH0(t−t′)dt′.

(A.17)

By solving this Equation iteratively, i.e. putting the full expression for ρ(t) into ρ(t′)
in the right-hand side, going to at most first order in the perturbation, the density
matrix can be expressed

ρ(t) = ρ0 + i

ˆ t

−∞
e−iH0(t−t′)[ρ0, Hext(t′)]eiH0(t−t′)dt′. (A.18)

To now obtain ⟨∆A(x, t)⟩ it is first important to observe that ⟨A⟩ = Tr(ρA) =
Tr(ρ0A) + ⟨∆A(x, t)⟩ which implies that

⟨∆A(x, t)⟩ = i

ˆ t

−∞
Tr
(
e−iH0(t−t′)[ρ0, Hext(t′)]eiH0(t−t′)A(x)

)
dt′, (A.19)

and by using the cyclic property of the trace and the interaction picture formulation
this expression can be rewritten

⟨∆A(x, t)⟩ = i

ˆ t

−∞
Tr
(
eiH0(t−t′)A(x)e−iH0(t−t′)[ρ0, Hext(t′)]

)
dt′ =

i

ˆ t

−∞
Tr (A(x, t− t′)(ρ0Hext(t′) −Hext(t′)ρ0)) dt′ =

i

ˆ t

−∞
Tr (ρ0(Hext(t′)A(x, t− t′) −Hext(t′)A(x, t− t′))) dt′ =

−i
ˆ t

−∞
Tr (ρ0[A(x, t− t′), Hext(t′)]) dt′.

(A.20)

With the perturbation Hamiltonian given in Equation (A.1), the expectation value
for the change in the observable A can be written as

⟨∆A(x, t)⟩ = −i
ˆ t

−∞
Tr
(
ρ0

[
A(x, t− t′),−

ˆ
dx′B(x′)F (x′, t′)

])
dt′, (A.21)
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and since F is just the strength of the perturbation and not an operator

⟨∆A(x, t)⟩ = i

ˆ t

−∞
Tr
(
ρ0

[
A(x, t− t′),

ˆ
dx′B(x′)

])
F (x′, t′)dt′ =

i

ˆ t

−∞

ˆ
dx′Tr (ρ0 [A(x, t− t′), B(x′)])F (x′, t′)dt′.

(A.22)

Using the definition that Tr (ρ0 [A(x, t− t′), B(x′)]) = ⟨[A(x, t− t′), B(x′)]⟩, the
above expression can be written

⟨∆A(x, t)⟩ = i

ˆ t

−∞

ˆ
dx′⟨[A(x, t− t′), B(x′)]⟩F (x′, t′)dt′. (A.23)

If this expression for ⟨∆A(x, t)⟩ is compared to the expression in Equation (A.5),
an expression for the response function χAB(x,x′, t− t′) can be obtained according
to

χAB(x,x′, t− t′) =

i⟨[A(x, t− t′), B(x′)]⟩, t > t′

0, t < t′
. (A.24)

By rearranging the time dependence in the right-hand side of the above expression,
using the cyclic property of the trace and the fact that ρ0 and H0 commute according
to

⟨[A(x, t− t′), B(x′)]⟩ =
Tr
(
ρ0
(
eiH0(t−t′)A(x)e−iH0(t−t′)B(x′) −B(x′)eiH0(t−t′)A(x)e−iH0(t−t′)

))
=

Tr
(
ρ0
(
e−iH0t′

A(x, t)eiH0t′
B(x′) −B(x′)e−iH0t′

A(x, t)eiH0t′)) =

Tr
(
A(x, t)eiH0t′

B(x′)ρ0e
−iH0t′ − eiH0t′

ρ0B(x′)e−iH0t′
A(x, t)

)
=

Tr
(
A(x, t)eiH0t′

B(x′)e−iH0t′
ρ0 − ρ0e

iH0t′
B(x′)e−iH0t′

A(x, t)
)

=
Tr (ρ0 (A(x, t)B(x′, t′) −B(x′, t′)A(x, t))) = ⟨[A(x, t), B(x′, t′)]⟩,

(A.25)

the expression for the response function, χAB(x,x′, t− t′), can be rewritten

χAB(x,x′, t− t′) =

i⟨[A(x, t), B(x′, t′)]⟩, t > t′

0, t < t′
(A.26)

or equivalently

χAB(x,x′, t− t′) = iθ(t− t′)⟨[A(x, t), B(x′, t′)]⟩ (A.27)

where θ is the Heaviside step function. This expression is also known as the Kubo
formula. As before, if the system is translation invariant, the response function can
only depend on x − x′ which means that the spatial Fourier transform becomes

χAB(Q, t− t′) = iθ(t− t′)
ˆ
d(x − x′)⟨[A(x, t), B(x′, t′)]⟩eiQ·(x−x′) =

iθ(t− t′)⟨[A(Q, t), B(x′, t′)]⟩e−iQ·x′ = iθ(t− t′) 1
V

ˆ
dr′⟨[A(Q, t), B(x′, t′)]⟩e−iQ·x′ =

iθ(t− t′)⟨[A(Q, t), B(−Q, t′)]⟩.
(A.28)
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Also taking the Fourier transformation with respect to time leads to

χAB(Q, ω) = i

ˆ ∞

0
d(t− t′)eiω(t−t′) 1

V
⟨[A(Q, t), B(−Q, t′)]⟩. (A.29)

Using the fact that the density matrix of the unperturbed system, ρ0, can be written

ρ0 = 1
Z
e−βH0 (A.30)

where Z is the partition function of the system given by Z = ∑
n e

−βEn , the above
expression for the Fourier transformed response function can be rewritten

χAB(Q, ω) = i

ˆ ∞

0
d(t− t′)eiω(t−t′) 1

V

Tr
( 1
Z
e−βH0(A(Q, t)B(−Q, t′) −B(−Q, t′)A(Q, t))

)
=

i

ˆ ∞

0
d(t− t′)eiω(t−t′) 1

V

∑
n

⟨ψn| 1
Z
e−βH0(A(Q, t)B(−Q, t′) −B(−Q, t′)A(Q, t)) |ψn⟩ =

i

ˆ ∞

0
d(t− t′)eiω(t−t′) 1

V

∑
n

1
Z
e−βH0 ⟨ψn|A(Q, t)B(−Q, t′) −B(−Q, t′)A(Q, t) |ψn⟩ .

(A.31)

By now utilising the completeness relation, ∑m |ψm⟩ ⟨ψm|=1, the above expression
becomes

χAB(Q, ω) = i

ˆ ∞

0
d(t− t′)eiω(t−t′) 1

V

∑
mn

1
Z
e−βH0

(⟨ψn|A(Q, t) |ψm⟩ ⟨ψm|B(−Q, t′) |ψn⟩ − ⟨ψn|B(−Q, t′) |ψm⟩ ⟨ψm|A(Q, t) |ψn⟩)
(A.32)

and by swapping n and m in the second term

χAB(Q, ω) = i

ˆ ∞

0
d(t− t′)eiω(t−t′) 1

V

∑
mn

1
Z(

e−βEn ⟨ψn|A(Q, t) |ψm⟩ ⟨ψm|B(−Q, t′) |ψn⟩ −

e−βEm ⟨ψn|A(Q, t) |ψm⟩ ⟨ψm|B(−Q, t′) |ψn⟩
)

=

i

ˆ ∞

0
d(t− t′)eiω(t−t′) 1

V

∑
mn

1
Z

⟨ψn|A(Q, t) |ψm⟩ ⟨ψm|B(−Q, t′) |ψn⟩
(
e−βEn − e−βEm

)
=

i

ˆ ∞

0
d(t− t′)eiω(t−t′) 1

V

∑
mn

e−βEn

Z

⟨ψn|A(Q, t) |ψm⟩ ⟨ψm|B(−Q, t′) |ψn⟩
(
1 − e−β(Em−En)

)
.

(A.33)
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If the time dependencies of A and B are now written out explicitly, we get

χAB(Q, ω) = i

ˆ ∞

0
d(t− t′)eiω(t−t′) 1

V

∑
mn

e−βEn

Z

⟨ψn| eiH0tA(Q)e−iH0t |ψm⟩ ⟨ψm| eiH0t′
B(−Q)e−iH0t′ |ψn⟩

(
1 − e−β(Em−En)

)
=

i

ˆ ∞

0
d(t− t′)eiω(t−t′) 1

V

∑
mn

e−βEn

Z
ei(En−Em)(t−t′)

⟨ψn|A(Q) |ψm⟩ ⟨ψm|B(−Q) |ψn⟩
(
1 − e−β(Em−En)

)
(A.34)

and by using
´∞

0 eiω′(t−t′)d(t− t′) = i
ω′+iδ

, where δ is an infinitesimally small positive
constant, we get

χAB(Q, ω) = − 1
V

∑
mn

e−βEn

Z
⟨ψn|A(Q) |ψm⟩ ⟨ψm|B(−Q) |ψn⟩ 1 − e−β(Em−En)

ω − Em + En + iδ
.

(A.35)
The term iδ in the denominator of the expression for χAB(Q, ω) makes the function
analytical in the upper half plane while there is a pole in the lower half plane. This
property ensures that, when doing the inverse Fourier transform

χAB(Q, t) =
ˆ ∞

−∞

dω

2πχAB(Q, ω)e−iωt, (A.36)

χAB(Q, t) disappears for t < 0 just as it should.

Looking at the correlation function, K, of two operators A and B, defined through

KAB(x − x′, t− t′) = ⟨A(x, t)B(x′, t′)⟩, (A.37)

its Fourier transform is given by

KAB(Q, ω) = 1
V

ˆ ∞

−∞
⟨A(Q, t)B(−Q, t′)⟩eiω(t−t′)d(t− t′) (A.38)

where one should note that correlations are invariant under inversion in a homo-
geneous system, hence KAB(Q, ω) = KAB(−Q, ω). By calculating the expectation
value in a similar fashion as before one obtains

KAB(Q, ω) = 1
V

ˆ ∞

−∞
d(t− t′)eiω(t−t′)∑

n

⟨ψn| ρ0A(Q, t)B(−Q, t′) |ψn⟩ =

1
V

ˆ ∞

−∞
d(t− t′)eiω(t−t′)∑

n

e−βEn

Z
⟨ψn|A(Q, t)B(−Q, t′) |ψn⟩ =

1
V

ˆ ∞

−∞
d(t− t′)eiω(t−t′)∑

mn

e−βEn

Z
⟨ψn|A(Q, t) |ψm⟩ ⟨ψm|B(−Q, t′) |ψn⟩ =

1
V

ˆ ∞

−∞
d(t− t′)eiω(t−t′)∑

mn

e−βEn

Z
ei(En−Em)(t−t′) ⟨ψn|A(Q) |ψm⟩ ⟨ψm|B(−Q) |ψn⟩ =

2π
V

∑
mn

e−βEn

Z
⟨ψn|A(Q) |ψm⟩ ⟨ψm|B(−Q) |ψn⟩ δ(ω + En − Em).

(A.39)
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Comparing this expression to the expression for the response function in Equation
(A.35) yields the relation

χAB(Q, ω) = − 1
2π

ˆ ∞

−∞
dω′KAB(Q, ω′)

ω − ω′ + iδ

(
1 − e−βω′) (A.40)

where the δ-function in the expression for KAB sets ω′ = Em − En.

Cases, where the operator B is the hermitian adjoint of the operator A, have the
property that

⟨ψn|A(Q) |ψm⟩∗ = ⟨ψm|A†(−Q) |ψn⟩ (A.41)

implying

KAA†(Q, ω) = 2π
V

∑
mn

e−βEn

Z
| ⟨ψn|A(Q) |ψm⟩ |2δ(ω + En − Em), (A.42)

which is a real and positive quantity. By using the relation in Equation (A.40),
χAA†(Q, ω) can be expressed

χAA†(Q, ω) = − 1
2π

ˆ ∞

−∞
dω′KAA†(Q, ω′)

ω − ω′ + iδ

(
1 − e−βω′) =

− 1
2π

ˆ ∞

−∞
dω′KAA†(Q, ω′)(ω − ω′ − iδ)

(ω − ω′)2

(
1 − e−βω′)

.

(A.43)

Looking only at the imaginary part yields the relation

Im(χAA†(Q, ω)) = 1
2π

ˆ ∞

−∞
dω′KAA†(Q, ω′)δ

(ω − ω′)2

(
1 − e−βω′) (A.44)

where the factor δ
(ω−ω′)2 works like a δ-function setting ω′ = ω and cancelling the π

in the denominator when integrating over ω′, resulting in the relation

KAA†(Q, ω) = 2
1 − e−βω

Im(χAA†(Q, ω)). (A.45)

This is a part of the so-called fluctuation-dissipation theorem.

VII



A. Linear Response Theory

VIII



B
The Dielectric Function and Its
Relation to the Density-Density

Response Function

This appendix follows Ref. [57], especially the beginning of chapter 29, quite closely
and aims to give an introduction to the dielectric function, ε(Q, ω), and its relation
to the density-density response function.

When an isotropic material is exposed to an external electric field, E(x, t), the
expression for the electric displacement, D(x, t), looks like

Dα(x, t) =
ˆ
dx′
ˆ t

−∞
dt′εαβ(x − x′, t− t′)Eβ(x′, t′) (B.1)

where summation over the repeated index β is implied and εαβ is the so called per-
mittivity tensor. By Fourier transforming both the spatial and temporal component
the relation

Dα(Q, ω) = εαβ(Q, ω)Eβ(Q, ω) (B.2)

can be obtained. Decomposing the electric field and the electric displacement field
into components that are parallel and perpendicular to the direction of Q their
relations can be written according to

D∥(Q, ω) = ε∥(Q, ω)E∥(Q, ω) (B.3)
D⊥(Q, ω) = ε⊥(Q, ω)E⊥(Q, ω) (B.4)

where the dielectric function εr(Q, ω) is defined as

εr(Q, ω) = ε∥(Q, ω). (B.5)

When an external charge density, ρext(x, t), is introduced into an originally homoge-
neous electron gas, it can be related to the electric displacement, D(x, t), via Gauss’s
law

∇ · D(x, t) = ρext(x, t). (B.6)
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The coulomb interactions of the external charges and the electrons of the system
induce a redistribution of the electrons in the originally homogeneous system leading
to an induced charge density ρind(x, t). The electric field, E(x, t), is related to the
total charge density

ρ(x, t) = ρext(x, t) + ρind(x, t) (B.7)
via

∇ · E(x, t) = ρ(x, t) (B.8)
and the electric field is also related to the scalar potential, φ(x, t), through

E(x, t) = −∇φ(x, t). (B.9)

Analogously to this, an external potential, φext(x, t), can be introduced and relates
to the electric displacement through

D(x, t) = −∇φext(x, t). (B.10)

Taking the Fourier transform of these expressions leads to

E(Q, ω) = −iQφ(x, t) (B.11)
D(Q, ω) = −iQφext(x, t) (B.12)

implying that E = E∥, D = D∥ and that, from Equation (B.3),

φ(Q, ω) = φext(Q, ω)
εr(Q, ω) . (B.13)

Furthermore, substituting equations (B.9) and (B.10) into equations (B.8) and (B.6)
leads to

∇2φ(x, t) = −ρ(x, t) (B.14)
∇2φext(x, t) = −ρext(x, t) (B.15)

or equivalently, in terms of their Fourier transforms,

Q2φ(Q, ω) = ρ(Q, ω) (B.16)
Q2φext(Q, ω) = ρext(Q, ω). (B.17)

Using the relation from Equation (B.13) in Equation (B.16) leads to

Q2φext(Q, ω)
εr(Q, ω) = ρ(Q, ω) =⇒ φext(Q, ω) = εr(Q, ω)ρ(Q, ω)

Q2 (B.18)

and by putting this into Equation (B.17) it becomes

εr(Q, ω)ρ(Q, ω) = ρext(Q, ω) =⇒ ρ(Q, ω) = ρext(Q, ω)
εr(Q, ω) . (B.19)

By now expressing ρ in terms of ρext and ρind according to Equation (B.7), the above
expression becomes

1
εr(Q, ω) = 1 + ρind(Q, ω)

ρext(Q, ω) (B.20)
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and using Equation (B.17) it can be rewritten

1
εr(Q, ω) = 1 + 1

Q2
ρind(Q, ω)
φext(Q, ω) . (B.21)

Redefining the charge density to coincide with the notation used in the rest of this
thesis ρi → eρi, meaning ρ is now rather the electron number density, and defining
the electric potential Ui ≡ φie, the above expression becomes

1
εr(Q, ω) = 1 + e2

Q2
ρind(Q, ω)
Uext(Q, ω) (B.22)

where ρind(Q,ω)
Uext(Q,ω) ≡ χρρ(Q, ω) is the density-density response function that is used

heavily in this thesis.

To tie it together with the discussion in the appendix about linear response theory,
Appendix A, the density-density response function is given by

χρρ(x,x′, t− t′) = −iθ(t− t′)⟨[ρ(x, t), ρ(x′, t′)]⟩ (B.23)

where the extra minus sign in this expression compared to Equation (A.27) comes
from the definition of the perturbing Hamiltonian

Hext(t) =
ˆ
dxρ(x)Uext(x, t), (B.24)

which differs by a minus sign compared to the perturbing Hamiltonian in Equation
(A.1). Also, the correlation function, Kρρ, can be defined, and both the density-
density response function and the correlation function can be Fourier transformed
into the momentum and frequency domain as in Appendix A. The Fourier transform
of the correlation function can, in this context, also be called the dynamic structure
factor, S(Q, ω). Via the fluctuation-dissipation theorem presented at the end of
Appendix A the dynamic structure factor and the density-density response function
can be related through

S(Q, ω) = − 2
1 − e−βω

Im(χρρ(Q, ω)). (B.25)
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C
Solar Model

The solar model used in this thesis comes from Ref. [58]. By using it, the radially
dependent values for the electron number density, ne(r), the temperature, T (r), and
mass profile, M⊙(r), can be obtained. Furthermore from equation (3.10) the radially
dependent escape velocity, vesc(r), can also be calculated. In Figure C.1 the different
properties are plotted as a function of the radial position using M⊙ = 2 · 1030 kg,
T (0) = 1.6 · 107 K, vesc(0) = 0.0046 and ne(0) = 6 · 1025 cm−3.
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Solar model

Figure C.1: Plot of the escape velocity, temperature, mass profile and electron
number density as a function of the radius inside the Sun.
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