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Bounds on entropy production and its noise in bosonic systems
Thermodynamic constraints on noise in the coherent transport of particles
DIDRIK PALMQVIST
Department of Microtechnology and Nanoscience - MC2
Chalmers University of Technology

Abstract
When describing the thermodynamics of a device we are often interested in quantifying its perfor-
mance, e.g. by its efficiency in converting a resource into useful output. In a general setting this
is characterized by the entropy production in a resource and entropy reduction in the working sub-
stance [26]. The efficiency is often a good measure of performance when working with macroscopic
machines, but when we are interested in describing nanoscale devices other aspects of performance are
important aswell. This is due to phenomena such as nonthermal resources being more common due to
the typical thermalization scales [26], and quantum phenomena in the transport of particles such as
coherence, interference and superposition [6]. A key difference is the presence of fluctuations, which
can often be of the same magnitude as average quantities in nanoscale devices. Fluctuations or noise
can limit the achievable precision in the thermodynamic performance of a device, and by extension its
useful applications. To understand precision in nanoscale devices is thus of crucial importance when
characterising performance.

In this thesis we consider multitermal nanoscale devices that can be described by scattering the-
ory and the role fluctuations plays in their performance. The devices are modelled as reservoirs of
particles connected to one dimensional leads where particles propagate coherently as waves. The
leads are strongly coupled to each other in a scattering region [6]. Recently so called trade-off rela-
tions have been derived for such systems where the particles are fermions [2, 8], constraining precision.
Fermions are a type of fundamental particle, obeying the Pauli exclusion principle, which states that
two fermions can never occupy the same state at once. Examples of fermions are electrons and protons.
In this thesis we are mainly concerned with another type of fundamental particle, namely bosons. In
contrast to fermions, there is no limit to the number of bosons that can occupy the same state. This
difference has multiple implications for quantum statistical mechanics and transport of the two par-
ticle types. One such difference is that bosons display bunching, they tend to “stick” together during
transport which increases fluctuations, while fermions display anti-bunching, they stay apart which
decreases fluctuations. In this thesis we extend the trade-off relations of Ref. [2, 8] to bosonic systems.
Furthermore we make improvements to the relations of Ref. [2] which applies to both bosonic and
fermionic systems. We are also able to include more quantum effects in the trade-off relations which
can naturally be interpreted as bunching in the bosonic case and anti-bunching in the fermionic case.
By doing this we see in which way bunching decreases precision in bosonic systems, while increasing
it in fermionic systems. Finally we combine the two different types of relations to find an upper
and lower bound on the total entropy production in a multiterminal device with thermal reservoirs
described by scattering theory.

Keywords: Quantum thermodynamics, Quantum transport, Scattering theory, Condensed matter
physics
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1
Introduction

1.1 The thermodynamics of nanoscale devices

Thermodynamics was an essential theoretical framework in the industrial revolution, during which it
saw much of its development. It was used to describe the physics of steam and combustion engines
by dealing with heat transfer and work production. These concepts are not exclusive to engines,
and thermodynamics has since been applied to many �elds, such as chemistry, biology, information
theory, and meteorology, among others [24]. In general, thermodynamics has been extremely suc-
cessful in describing macroscopic devices, and in today's age, it is more relevant than ever with the
ever-increasing power consumption of modern technology. The deeper underlying theory behind ther-
modynamics is statistical mechanics, where one applies statistics to ensembles of a large number of
microscopic degrees of freedom. Thermodynamics can be derived from statistical mechanics [24]. The
success of thermodynamics and statistical mechanics lies in being able to treat systems consisting
of a large number of degrees of freedom such that the interesting observables of the system are the
average quantities and how they evolve. For example, if one considers a container full of gas, the
interesting quantities to calculate would be its temperature, the volume it occupies, and how much
pressure it is exerting on its environment, not the individual position and momentum of every single
gas molecule. Partly because it would be an impossible task to either measure or calculate, but also
because such detailed knowledge hardly would help in constructing technology, e.g., a heat engine
from the system. The thermodynamic concept that encapsulates the statistical treatment of a system
the best might be entropy. Originally coined by physicist Rudolf Clausius in the nineteenth century,
the word entropy comes from combining energy with the Greek word trop	e, which means change [16].
Clausius investigated how the usable energy of a steam engine decreased from the inlet to the outlet
and used entropy to describe this. Later, Ludwig Boltzmann gave a de�nition of entropy based on
statistical mechanics. In this de�nition, the entropy � , of a system is the product of the Boltzmann
constant kB and the logarithm of the number of microstates
 compatible with a given macrostate of
the system,

� = kB log[
] : (1.1)

In this view, entropy can be associated with a degree of uncertainty in the speci�c state a system is in.
Returning to the canister of gas, if this system is cooled, the average kinetic energy of the molecules
would decrease, leading to fewer available microstates compared to if one were to heat the system.
In both cases, the macrostates of the system would still be characterized by only its temperature,
volume, and pressure, but the heated canister would have a larger number of microstates available
compatible with the macrostate, thus a higher entropy. For closed systems, the change in entropy can
be used as the most general way of characterizing the performance of a resource and its output. This
follows from the famous second law of thermodynamics, which states that total entropy of a closed
system always increases [24],

d
dt

� � 0: (1.2)

Dividing the system into a resourceR with entropy � R that is performing work by producing entropy
and a working substanceWS with entropy � WS where work is performed and entropy is reduced, the
second law tells us that

d
dt

� R � �
d
dt

� WS : (1.3)

Thus, if the entropy production in the resource is large, it potentially provides a lot of power, and
if the entropy reduction is large, the energy conversion would be e�cient. In thermal systems the
entropy change is given by heat �ows, however this line of thought is also applicable to nonthermal
systems where there is not a well de�ned temperature for example. These types of nonthermal states
are more common in small scale systems since they can be smaller than thermalization scales [26]. A
common way to characterize the performance of a thermodynamic machine is through its e�ciency� ,

1 � � =
j�� WS j
j�� R j

; (1.4)

which is a measure of how much of the provided work by the resource is being used to perform a
useful output. Here�� WS and �� R are the total changes in entropy of the working substance and
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resource, respectively. Such a measure is useful since it can give insight into the performance of a
thermodynamic machine and how it could be improved, if at all possible. An example of this is the
Carnot e�ciency, which is the theoretical maximum e�ciency for a classical heat engine using a hot
and cold reservoir with temperaturesTH and TC [24],

� = 1 �
TC

TH
: (1.5)

The Carnot e�ciency is interesting since a two-terminal heat engine could never outperform it, so
it can serve as a guideline for the possibility of improving the realization of a proposed heat engine.
Similarly, one can formulate other trade-o� relations for telling us how technology can be improved,
and a particularly relevant one tonanoscale devicesis the trade-o� between power and noise.

The thermodynamics of nanoscale devices which is the main focus of this masters thesis are concep-
tually di�erent from their macroscopic counterparts for multiple reasons. Classical thermodynamics
is based on describing systems consisting of such a large number of particles that only their average
quantities matter. This obviously breaks down for nanoscale devices, where the number of particles is
relatively small. To understand this, we can simply imagine an ensemble ofN independent constituent
elements. We consider some observableO of the ensemble de�ned by

O =
NX

i

oi ; (1.6)

where oi denotes the value of this observable for each individual element. We assume that eachoi

is independent and identically distributed. Under these assumptions,O is distributed according to a
normal distribution due to the central limit theorem,

� (O) =
1

q
h� O2i

p
2�

exp

8
><

>:
�

1
2

0

@O � h Oi
q

h� O2i

1

A

2
9
>=

>;
: (1.7)

HerehOi is the ensemble average and
q

h� O2i is the standard deviation ofO, quantifying how much
the value ofO �uctuates. Importantly, the �uctuations and average value scale di�erently as functions
of the size of the system. To see this, we calculate

hOi =
NX

i

hoi i = N hoi : (1.8)

Here we used the assumption ofoi being identically distributed. Using this again, together with the
assumption that they also are independent, we �nd

D
� O2

E
=

NX

i

NX

j

h� oi � oj i = N
D
� o2

E
: (1.9)

This implies that
h� O2i

hOi 2 /
1
N

: (1.10)

This means that in the so-calledthermodynamic limit valid for macroscopic devices, where one takes
N ! 1 , the �uctuations vanish relative to the average ofO. This is illustrated in Fig. (1.1), where
the distribution of O in Eq. (1.7) is plotted. Conversely, the reason why this approximation of ne-
glecting �uctuations is valid for macroscopic devices is exactly why it is not at the nanoscale, where
the number of particles is relatively small. In fact, the average value of an observable can often be
of the same order of magnitude as its �uctuations for nanoscale devices. In such systems, not only is
the e�ciency of converting the provided resource into useful output interesting, but so is the precision
with which one is able to do this. This is the main focus of this master's thesis: deriving trade-o�
relations for precision in nanoscale devices.

While important, the presence of �uctuations is not the only di�erence between working with the
thermodynamics of macro- and nanoscale devices. Often, the process of thermalization occurs on
scales larger than the nanoscale devices themselves, and unusual nonthermal resources can be present.
A very important di�erence is the fact that at these scales, quantum e�ects can become important,
e.g. in the transport of particles. Thus, thermodynamics has to be modi�ed to take this into account.

2



1. Introduction

Figure 1.1: The distribution of an observableO, approximated as Gaussian in the thermodynamic
limit. The relative �uctuations vanishes as the number of particles increase, and in the thermodynamic
limit, the distribution becomes a Dirac delta function.

1.2 Quantum mechanics

Fittingly enough, quantum mechanics saw its birth in the failure of classical thermodynamics to
describe the emission spectrum of black bodies, in what is now dubbed the ultraviolet catastrophe.
To accurately describe the observations, light had to come in discrete quanta, or photons, as we know
them now [5]. Nonetheless, quantum mechanics is not limited to photons but also applies to systems
such as atoms, superconductors, and elementary particles, to mention a few. Even though all of these
systems are di�erent, in quantum mechanics, their state is described by a wavefunction,j i , which
encodes all possible knowledge about the state [25]. The systems of interest in this thesis are quantum
mechanical particles in multitermal nanoscale devices and their transport. However, these particles,
e.g., electrons or photons, are indistinguishable, i.e., there is no way to tell two electrons apart.
This indistinguishability has interesting implications for the exchange of particles in 3+1-dimensional
spacetime. We de�ne the joint wavefunction of two particles as

j 1 2i : (1.11)

Because the particles are indistinguishable, it is required that when exchanging the particles, the
wavefunction only di�ers by a complex phaseei� , where� is a real number,

j 1 2i = ei� j 2 1i : (1.12)

This additional phase is possible because a global complex phase has no physical meaning, and the
wavefunctions of Eq.(1.12) describes the exact same physical state of the system. This is a consequence
of our inability to tell which of the two particles is occupying which state. While this phase in principle
could take any value, the spin-statistics theorem tells us that for half-integer spin particles, fermions, it
is ei� = � 1, and for integer spin particles, bosons, it isei� = 1 [14]. Examples of fermions are electrons
and protons, and examples of bosons are photons and phonons. While the spin-statistics theorem is
simple to state, there is no elementary proof without the use of relativity and Lorentz invariance,
which is outside the scope of this thesis [23, 14]. A consequence of the fermionic wavefunction being
antisymmetric with respect to the exchange of particles is that two fermions can never occupy the
same state since

j 1 1i = � j  1 1i = 0: (1.13)

This is the Pauli exclusion principle, and it has widespread consequences for both quantum statistical
mechanics and the transport of fermions. On the other hand, there is no limit to the number of bosons
able to occupy the same state, and when treating the transport of particles, this leads tobunching
of bosons andanti-bunching of fermions. This is simplest illustrated by a Hong-Ou-Mandel (HOM)
setup shown in Fig. (1.2), where two beams of particles are aimed at a50%beam splitter and there
are two particle detectors, one for each transmitted beam [18]. We represent the state of this system
in the Fock basis, jna1; na2; nb1; nb2i , where the �rst two numbers count how many particles are in
each input mode and the last two numbers count the particles in the output modes. With creation
operators for incoming particles,̂ay

1, ây
2 and outgoing particles,̂by

1, b̂y
2, we have

(ây
1)na1 (ây

2)na2 (b̂y
1)nb1 (b̂y

2)nb2 j0; 0; 0; 0i = jna1; na2; nb1; nb2i : (1.14)

Assuming that each pair of incoming particles is in the same state, and that they arrive at the beam
splitter perfectly synchronized, the ladder operators are related by the following unitary transformation
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1. Introduction

Figure 1.2: Hong-Ou-Mandel setup, where particles from two sources are �red at a beam splitter
and then detected by two detectors. Fermions anti-bunch due to the Pauli exclusion principle and
the variance in the number of detected particles is suppressed. Bosons bunch together, increasing the
variance. This e�ect has implications for the precision of transport in nanoscale devices.

[3]:

ây
1 7!

b̂y
1 + b̂y

2p
2

; ây
2 7!

b̂y
1 � b̂y

2p
2

: (1.15)

From this, one would observe di�erent correlations in detection of fermionic and bosonic particles.
For bosons, the initial statej1; 1; 0; 0i with one particle in each incoming beam would evolve as

j i i = j1; 1; 0; 0i = ây
1ây

2 j0; 0; 0; 0i 7!
b̂y

1 + b̂y
2p

2
b̂y

1 � b̂y
2p

2
j0; 0; 0; 0i =

=
b̂y

1b̂y
1 � b̂y

2b̂y
2p

2
j0; 0; 0; 0i =

j0; 0; 2; 0i � j 0; 0; 0; 2i
p

2
= j f i ; (1.16)

since bosonic ladder operators ful�ll commutation relations. The state after the beam splitter is an
even superposition of having two particles in output modeb1 and none inb2 and having two particles
in b2 and none inb1. This is the Hong-Ou-Mandel e�ect, where by measuring the number of particles
arriving at a detector after the beam splitter, one wouldalways �nd either zero or two particles,
which would come in pairs. This is what is meant by bunching: the particles arrive in correlated
pairs. This increases the variance and thus the �uctuations one measures in the transmitted currents
of particles, which is typical in the transport of bosonic particles. To see this, one can calculate the
average number of particles one detects using detector1, which is given by the number operator̂by

1b̂1

and its variance
D
(� b̂y

1b̂1)2
E
. Doing this one �nds

D
b̂y

1b̂1

E
= h f j b̂y

1b̂1 j f i = 1; (1.17)
D
(� b̂y

1b̂1)2
E

=
� �

b̂y
1b̂1 �

D
b̂y

1b̂1

E� 2
�

= 1: (1.18)

On average, one measures one particle at the detector, but doing so, one would always measure a
second particle since they are perfectly correlated. The variance becomes large since the system is in
a superposition up until measurement, and the outcome is random at each event.

Considering the setup of Fig. (1.2) for fermionic particles, the result is di�erent. Fermions, which
obey the Pauli exclusion principle, have ladder operators that ful�ll anticommutation relations. This
implies

j i i = j1; 1; 0; 0i = ây
1ây

2 j0; 0; 0; 0i 7!
b̂y

1 + b̂y
2p

2
b̂y

1 � b̂y
2p

2
j0; 0; 0; 0i =

=
b̂y

1b̂y
2 � b̂y

2b̂y
1p

2
j0; 0; 0; 0i = j0; 0; 1; 1i = j f i : (1.19)
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For the fermionic setup, onealwaysmeasures one particle at each detector, so the �uctuations in the
measured currents are suppressed. This is what is meant by anti-bunching. One can understand this
by again calculating the average number of particles detected at detector1 and the �uctuations,

D
b̂y

1b̂1

E
= h f j b̂y

1b̂1 j f i = 1; (1.20)
D
(� b̂y

1b̂1)2
E

=
� �

b̂y
1b̂1 �

D
b̂y

1b̂1

E� 2
�

= 0: (1.21)

One always measures one particle, but never a second particle at the same time. This causes the
variance to vanish. The e�ect of anti-bunching has been experimentally observed in fermionic systems
[7, 13]. The setup discussed here is, of course, highly idealized: the incoming particles could have dif-
ferent momenta or arrive at di�erent times, which would weaken this e�ect, but in general, the e�ect
of bunching or anti-bunching is highly relevant to describing �uctuations and transport in quantum
devices since this e�ect increases or decreases the �uctuations measured on average.

(a) On-chip absorption
fridge used for resetting

qubits, implemented using
superconducting circuits
and thermal photons [1].

(b) An lnAS nanowire
containing a quantum dot
connected to cold and hot

metallic contact, for
thermopower measurements

[15].

Figure 1.3: Examples of multiterminal devices, where the transport of particles from reservoirs
through a central region is utilized to perform some tasks, e.g., cooling. The left image shows trans-
mission lines supporting thermal photons connected via a superconducting circuit. Such a device
might occur in certain realizations of quantum computers. The right �gure shows a thermoelectric
device where electrons are transported.

We have seen that, when describing transport in quantum mechanical systems, non-classical phenom-
ena a�ect interesting quantities, such as the �uctuations one measures in the currents and therefore
their precision. Not only are �uctuations important in nanoscale devices because of the relatively small
currents, but quantum e�ects such as superpositions and interference also play important roles. Fur-
thermore, how this manifests even crucially depends on the type of system investigated, i.e., fermions
versus bosons.

How should one describe these e�ects? One could, of course, try to model each device from a mi-
croscopic perspective, derive some Hamiltonian, and use it to solve for interesting thermodynamic
quantities such as particle currents, energy currents, entropy productions, and their respective �uctu-
ations. While this has the potential to give detailed knowledge about the quantum thermodynamics
of a speci�c system, it is typically an extremely challenging task that requires either heavy numerics
or various approximations.

Furthermore, one would like to be able to make more general statements about �uctuations in the
two types of systems, in a similar manner as the second law of thermodynamics, for example. If one
were to calculate currents and their �uctuations for a system, e.g., waveguides acting as reservoirs
of thermal photons connected to some superconducting circuit, could one gain more general physics
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knowledge from this? If one were to exchange the speci�c superconducting circuit for another, could
one still say something about the system from a thermodynamics perspective? Even further, if one
were to instead consider a nanoscale electronic device where the particles are fermions instead of
bosons, would one need to change the approach completely?

An alternative to modelling the devices of interest from a microscopic model is to use scattering
theory, or, as it is also called, Landauer-Büttiker theory [6, 21]. In scattering theory, one investigates
a more general system of reservoirs connected by leads to a central scattering region, described by a
scattering matrix. The reservoirs contain particles that enter the leads, where they propagate coher-
ently as waves and enter the scattering region. In the scattering region, the particles are scattered
into the di�erent leads in some general superposition, which would depend on the speci�c scattering
matrix. In this view, the device of interest can be modelled by the scattering matrix, e.g., the ear-
lier superconducting circuit. With this approach, one is able to calculate di�erent thermodynamic
quantities and their �uctuations by de�ning quantum �elds in the leads, and the exact mathematics
of doing this would depend on whether one is considering bosonic or fermionic systems. While it is
possible to derive speci�c scattering-matrices for systems, the power of the scattering theory approach
is to use the scattering matrix as a placeholder for a system. With this approach, we can make gen-
eral statements for bosonic or fermionic systems by calculating currents and �uctuations. For this
reason, we employ the scattering theory framework to investigate the thermodynamics and precision
of nanoscale devices.

1.3 Thesis goal

The main goal of this thesis is to investigate precision of coherent transport in nanoscale devices.
This includes extending the trade-o� relations derived for fermionic systems in a paper written by
M. Acciai et. al. [2] to bosonic systems. There, it was proven that classical �uctuations limit the
absolute value of the entropy change, implementing a trade-o� relation for thermodynamic work in
fermionic systems described by scattering theory. To extend this to bosonic systems, one needs to
calculate currents, entropy productions and their �uctuations. Furthermore, it is desired to include
the quantum part of �uctuations in the bounds, since this allows one to make statements for the
full physical �uctuations that would be measured experimentally. Hence, extending the bounds to
include the full noise is the second main goal of the thesis. Additionally, we improve the classical
bounds of [2] and establish constraints on the precision for a variety of currents. This is a key result
of this thesis, which we compare to constraints obtained with a di�erent approach. The latter are
called thermodynamic uncertainty relations, and in this thesis, we prove their validity for bosonic
systems within the scattering theory formalism, in analogy to the fermionic results of a paper written
by K. Brandner et. al. [8]. Similarly to the trade-o� relations �rst derived in Ref. [2], we extend the
thermodynamic uncertainty relation to include the full noise, not just the classical �uctuations. The
inclusion of quantum �uctuations in bosonic systems turns out to be naturally interpreted as the e�ect
of bunching. Following this intuition, we are able to also include the fermionic quantum �uctuations
in the bounds, which include the e�ect of anti-bunching. This is a key result in the thesis since it
also allows us to handle the quantum noise in both the new relations for bosons and the old fermionic
relations of Refs. [2, 8] in a similar way. Finally, we combine the trade-o� relations to be able to
bound the total entropy production from below and from above in systems described by scattering
theory.

The remainder of this thesis is structured as follows: In chapter 2, we lay out basic theory for
thermodynamics and quantum mechanics, and we present classical trade-o� relations for precision in
Section 2.1.1. Furthermore, in Section 2.2, we introduce the theoretical framework of scattering theory
and employ it to calculate particle, energy, heat and entropy currents together with their �uctuations.
Next, we show earlier results for fermionic systems derived using scattering theory.

After this, we present our results in Chapter 3. We begin by showing the extension of the bounds of
Ref. [2] to bosonic systems in Section 3.1.2. After this, we �nd a way to improve both the fermionic
and bosonic versions of this bound in Sections 3.1.3 and 3.1.4. Next, we investigate the quantum part
of the �uctuations and manage to extend the bounds to concern the full �uctuations in Sections 3.1.5
and 3.1.6. Furthermore, we extend the thermodynamic uncertainty relation to bosonic systems in
Section 3.2. Finally, in Section 3.3, we compare these bounds by combining them into two-sided
bounds on entropy production. The thesis ends with making some general conclusions in Chapter 4
and some suggestions for future work in Chapter 5.
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2
Theory

This chapter will lay out the theoretical concepts used in this master's thesis to describe the thermo-
dynamics of nanoscale devices. We begin by recounting some basic thermodynamic concepts, with
a focus on entropy. We compare the classical notion of entropy to the quantum mechanical Von
Neumann entropy, which is more general. After this, we introduce scattering theory, which is used
to calculate currents and their �uctuations. Scattering theory allows us to make calculations for
strongly coupled systems, but at the cost of not being able to treat strongly interacting particles.
We show earlier results that have been derived for fermionic systems that this thesis will extend to
bosonic systems. Then, we apply the scattering theory to a two-terminal system of coupled reservoirs
and calculate its steady-state thermodynamics. With this concrete example, we illustrate both an
applications of scattering theory and some di�erences between bosonic and fermionic systems.

2.1 Thermodynamics

Thermodynamics as a subject has traditionally dealt with the behaviour of systems consisting of
a large number of degrees of freedoms in equilibrium. The macroscopic state of such a system is
parameterized by state variables, which come in pairs of extensive and intensive quantities such as
particle number and the chemical potential� , entropy, and temperature. A thermodynamic system
is in equilibrium if its thermodynamic potential is minimized. For a closed system, this corresponds
to the state with maximum entropy. Standard thermodynamics is based on four laws [24],

ˆ Zeroth law: If two systems are both in thermal equilibrium with a third system, then they are
in thermal equilibrium with each other.

ˆ First law: Energy is conserved.
ˆ Second law: Heat �ows spontaneously from high temperature to low temperature.
ˆ Third law: It is not possible to reach the coldest temperature using a �nite set of reversible

steps.
For closed system, the second law states that the total entropy� always increases

d
dt

� � 0: (2.1)

Considering a system ofn reservoirs each in internal equilibrium, an important result dealing with
the second law is Clausius' relation [26],

nX

� =1

I (J )
�

T�
=

nX

� =1

I (E )
� � � � I (0)

�

T�
=

d
dt

� � � � 0: (2.2)

Here I (J )
� and T� are the heat current into and temperature of the reservoir� , respectively, de�ned

through the energy currentI (E )
� , particle current I (0)

� and chemical potential� � . Thus, if one is able
to calculate these currents in a system of coupled thermal reservoirs, the entropy productions are
known. Entropy can be interpreted as a lack of information about a system. A de�nition of entropy
that holds for both classical thermal and nonthermal resources is the Gibbs entropy

� = � kB


X

i =1

pi log[pi ]; (2.3)

where 
 is the number of microstates, andpi are the probabilities associated with occupying each
microstate. A microstate includes all information about a system, for example, every particle's mo-
mentum and position in a gas, while a macrostate is characterized by state variables such as pressure
and temperature. Useful work can be done by allowing, for example, heat to �ow from a warm
reservoir into a cold one. There are, however, other more exotic possible resources. If one of the
reservoirs is out of equilibrium internally, it can perform useful work without an average �ow of
heat or particles by producing entropy [26]. Such resources become relevant in the context of quan-
tum thermodynamics, where non-equilibrium systems are common. In this view, entropy production
is the fundamental quantity needed to characterize the performance and outcome of a resource's work.
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For quantum systems, instead of microstates, we have the quantum state vectorsj i of a Hilbert
space. The quantum mechanical state of a system can generally be described by a density matrix�
[9], which must ful�ll

� = � y; Tr f � g = 1; h j � j i � 0; 8 j i : (2.4)

The density matrix allows for the treatment of quantum systems where the state is a statistical
mixture, and representing a system of particles in a basisfj kig , one can generally express� as

� =
1X

k;l =0

� kl jkihl j ; (2.5)

where � kl are complex numbers. The o�-diagonal elements contain non-classical correlations, which
are called coherences. The density matrix can be represented as diagonal in some basisfj  i ig since
it is hermitian,

� =
X

i

pi j i ih i j ; (2.6)

where the pi are occupation probabilities associated with each statej i i . If more than one pi is
nonzero, the state ismixed. It should be noted here that there are two distinct notions of probabilities
in quantum mechanics. The �rst one is the uncertainty that comes from having a system in a state of
superposition, where a system is truly in two states at the same time, up until measurement. When a
system in a superposition is measured, it is projected into the eigenbasis of the measured observable.
Even if we know the state of the system perfectly, we cannot predict the measurement outcome if we
measure it in a basis where the state is not included. The second uncertainty is the one associated with
the probabilities pi of the density matrix. These can be thought of as classical probabilities resulting
from either non-perfect state preparation or decoherence through interaction with the environment.
This uncertainty could be reduced by having better knowledge of or control over a system. This
distinction is important since they play di�erent roles in quantum thermodynamics. This is simplest
illustrated by considering a two-level system with the basisj0i and j1i . One can imagine two di�erent
density matrices

� 1 =
1
2

j0ih0j +
1
2

j1ih1j ; � 2 =
1
2

(j0i + j1i )(h0j + h1j) =
1
2

(j0ih0j + j1ih1j + j1ih0j + j0ih1j): (2.7)

Here � 1 is a statistical mixture of the statesj0i and j1i , each with probability 1=2. On the other
hand, � 2 is a pure density matrix, corresponding to the even superposition of the two states:j0i + j1ip

2
.

For both these systems, the probability of measuring each state is1=2, but for � 1, this uncertainty
comes from statistical uncertainty and for� 2, it comes from the state being a superposition. A way
to distinguish between these to types of uncertainties is by means of the von Neumann entropy, which
is de�ned as

� VN [� ] = � kB Tr f � log[� ]g: (2.8)

Indeed, calculating the Von Neumann entropy for the two states� 1 and � 2, one �nds,

� VN [� 1] = �
kB

2
(� log[1=2] � log[1=2]) = kB log[2]; (2.9)

� VN [� 2] = � kB log[1] = 0: (2.10)

While seemingly having similar measurement statistics at �rst glance,� 1 is in fact a maximum entropy
state, while � 2 has zero entropy. The second law of thermodynamics is still true, and we quantify
a resource by how much entropy it produces. Thus,� 1 and � 2 could behave very di�erently from a
quantum thermodynamics perspective. The di�erence between the states can be made more clear by
choosing a di�erent basis. If we instead use the basis

j+ i =
1

p
2

(j0i + j1i ); j�i =
1

p
2

(j0i � j 1i ); (2.11)

our density matrices is represented by

� 1 =
1
2

j+ ih+ j +
1
2

j�ih�j ; � 2 = j+ ih+ j : (2.12)

If we measure in this basis, there would still be the same statistical uncertainty when measuring� 1,
but when measuring� 2, we would always �nd the state j+ i . Therefore, the von Neumann entropy,
which is independent of the basis used to represent the state, quanti�es the statistical uncertainty of
a state.
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In general, the Von Neumann entropy coincides with the classical Gibbs entropy for density matrices
that are diagonal in the Fock basis. Furthermore, for a thermal state of particles [9]

� th =
1
Z

e� (Ĥ � � N̂ )=kB T ; (2.13)

where Z = Tr
n
e� (Ĥ � � N̂ )=kB T

o
is the partition function, Ĥ is the Hamiltonian and N̂ is the number

operator, the production of Von Neumann entropy reduces to the Clausius' relation, i.e.

d
dt

� VN [� th ] =
1
T

d
dt

�D
Ĥ

E
� �

D
N̂

E�
: (2.14)

The entropy production in quantum mechanical systems simpli�es considerably when working with
states diagonal in the number basis, thus we will focus on these situations in this thesis. However,
we still allow for nonthermal states. In other words we treat states where the Von Neumann entropy
reduces to the Gibbs entropy.

In recent work, much focus has been put on the study of �uctuations in thermodynamics, speci�-
cally in out-of-equilibrium systems. In the next section, we introduce two trade-o� relations dealing
with noise.

2.1.1 Thermodynamic and kinetic uncertainty relations

The relation between �uctuations and dissipation is an important �eld of study, exempli�ed by the
�uctuation-dissipation theorems that hold for equilibrium systems [24]. Fluctuations in observables
are also relevant quantities in the study of the thermodynamics of nanoscale devices and out-of-
equilibrium systems. As discussed in the introduction, it is not only interesting to make statements
about the e�ciency of a thermodynamic process but also about how noisy it is. This is often quanti�ed
by the relative �uctuations of an observableO

h� O2i

hOi 2 =

D
(O � h Oi )2

E

hOi 2 ; (2.15)

or the precision
hOi 2

h� O2i
=

hOi 2

D
(O � h Oi )2

E: (2.16)

The intuition behind these expressions is that if the average of an observable is large and the variance
is small, the precision is large. In a device, we could generate a strong current, but if the �uctuations in
the currents are very large, the use of the device might be limited. Therefore, an area of research that
has received much focus in recent years, both experimentally and theoretically, is trade-o� relations
for precision. A famous type of trade-o� relation is the Thermodynamic Uncertainty Relation, or
TUR for short, where the precision is bounded by the entropy production of a system. The most
simple version of a TUR was derived for a classical Markovian system [4] and reads:

�� � 2kB
hOi 2

h� O2i
: (2.17)

Here, entropy change�� serves as the thermodynamic cost of precision in the accumulation of the
quantity O. Assuming that the system is in a steady state, we can divide the left-hand side by the
time over which we are measuring, which gives us

��
t

� 2kB

 
hOi

t

! 2  
t

h� O2i

!

: (2.18)

Now the relation can be interpreted in terms of an average entropy production on the left-hand side
and an average precision in the current of the quantityO.

Another type of trade-o� relation is the Kinetic Uncertainty Relation, or KUR for short. The KUR
involves the dynamical activity K, which for a discrete state system is the average number of jumps
between states observed. A kinetic uncertainty relation for a discrete-state continuous-time Markov
jump process is

K �
hI i 2

h� I 2i
; (2.19)

whereI is a current [12, 29]. While the TUR and KUR are similar, they are fundamentally di�erent
statements. The TUR involves dissipation, while the KUR involves the amount of activity in the sys-
tem. In a sense, the TUR characterises the irreversibility of a process, while the KUR is a statement
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about the time scales of a process [29].

An important point is that the TUR and KUR do not hold for all systems, and violations often
occur as a result of quantum e�ects [8]. Investigating this is interesting since it can highlight the pos-
sible advantages of quantum technology over its classical counterparts. Often, when deriving TURs
and KURs, an important assumption is that the system is Markovian. There are realisations of
nanoscale devices where the assumption of markovianity is not valid since di�erent reservoirs could be
strongly coupled. Establishing TURs and KURs for strongly coupled systems is thus interesting since
this is extending trade-o� relations to a new class of physically important systems. A framework for
treating quantum transport in these strongly coupled systems is scattering theory. The introduction
of scattering theory is the focus of the next section, where we use it to derive currents and their
�uctuations for strongly coupled systems.

2.2 Second quantization and scattering theory

In the previous section, we saw that currents and their �uctuations are important quantities from
a thermodynamics perspective. This section will focus on the calculation of these quantities. We
are interested in describing multiterminal nanoscale devices thermodynamically, where there is the
possibility of strong coupling between reservoirs. The systems of interest in this thesis can be pic-
tured as shown in Fig. (2.1), where particle reservoirs, enumerated by Greek letters, are connected
through one-dimensional leads. The leads are strongly coupled through a central region described by
an energy-dependent scattering matrixs(E). In this way of modeling a nanoscale device, the reser-
voirs serve as boundary conditions, supplying particles to the leads, where they coherently propagate
towards the central region as waves. The central region serves as a coherent scatterer, scattering the
incoming particles into the di�erent leads in some superposition. The particles then propagate back
towards the reservoirs. This is the basis of scattering theory, where we are able to treat strongly
coupled systems at the expense of not being able to treat strong interactions between propagating
particles. Nonetheless, weak interactions between particles can still be treated using mean-�eld the-
ory [6, 21, 28]. Before we can treat the quantum transport of such systems, we need to de�ne �eld
operators and introduce the second quantization formalism.

Figure 2.1: Sketch of reservoirs of particles connected through leads to a conductor with scattering
matrix s(E). The reservoirs contain particles distributed according to possibly non-equilibrium dis-
tributions. Particles propagate through their leads, scatter in the conductor and enter the lead. In
scattering theory, we are able to treat interactions between particles using mean �eld theory, but not
strong particle-particle interactions.

When treating quantum many-body problems, it is often natural to work within the second quanti-
zation formalism. In this formalism, indistinguishable particles are treated as excitations in quantum
�elds, represented in Fock states. These excitations are created and destroyed by so-called ladder oper-
ators. The state containing no particles is called the vacuum state and is denoted byj0i . As discussed
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in the introduction, in three-dimensional con�guration space, there are two types of indistinguishable
particles: fermions with half-integer spin and bosons with integer spin. Mathematically, the di�erent
particle types are implemented by letting the ladder operators for fermions ful�ll anticommutation
relations

n
â�i (E); ây

�j (E 0)
o

= � �� � ij � (E � E 0);
n
ây

�i (E); ây
�j (E 0)

o
= 0;

f â�i (E); â�j (E 0)g = 0; (2.20)

while the bosonic ladder operators ful�ll commutation relations
h
â�i (E); ây

�j (E 0)
i

= � �� � ij � (E � E 0);
h
ây

�i (E); ây
�j (E 0)

i
= 0;

[â�i (E); â�j (E 0)] = 0 : (2.21)

Here,â�i (E) is the annihilation operator for the particles in channeli of the lead connected to reservoir
� , removing a particle with energyE and ây

�i (E) is the creation operator for the particles in channel
i of the lead connected to reservoir� , creating a particle with energyE [6, 21, 28]. The di�erent
channels enumerated by letters of the Latin alphabet refer to di�erent modes of propagation in a
lead, e.g., di�erent conduction bands. A consequence of the fermionic ladder operators ful�lling anti-
commutation relations is the Pauli exclusion principle. This can be seen from̂ay

�i (E1)ây
�j (E2) j i =

� ây
�j (E2)ây

�i (E1) j i , for fermions and any statej i , which implies that the wavefunction of two
fermions is antisymmetric under exchange of the particles. From this, it follows that

ây
�i (E1)ây

�i (E1) j i = � ây
�i (E1)ây

�i (E1) j i = 0: (2.22)

Thus, two fermions can never occupy the same state, while there is no limit to the number of bosons
occupying the same state [23]. This leads to fundamental di�erences when treating the statistics and
thermodynamics of fermionic and bosonic systems. Indeed, the average number of particles at energy
E in an equilibrium reservoir at temperatureT and chemical potential� is described by the Fermi
distribution [24]

f F(E) =
1

e(E � � )=(kB T ) + 1
; (2.23)

for fermions and the Bose-Einstein (BE) distribution for bosons

f BE (E) =
1

e(E � � )=(kB T ) � 1
: (2.24)

The di�erence between the particle types is also re�ected in the properties of the chemical potential:
it can be positive for fermions, while it is always zero or negative for bosons [10] (see Appendix [A.1]).
An important special case is non-conserved bosons, such as photons, which are of fundamental im-
portance in many areas of quantum technology, such as superconducting circuits, quantum optics and
optomechanics. A system of non-conserved particles at equilibrium adjusts their number to minimize
the free energyF , which implies that [10]

� =
@F
@N

�
�
�
�
�

= 0: (2.25)

Setting � = 0 causes the BE distribution of Eq. (2.24) to diverge as its energy argument goes to zero.
This is, however, not physically relevant since the distribution is only valid for

E � �
kBT

> 0: (2.26)

Furthermore, the energy of a photon is given by the Planck-Einstein relation

E =
hc
�

; (2.27)

where c is the speed of light,h is Planck's constant, and� is the wavelength of the photon [25].
This implies that for a photon to have zero energy, it must have an in�nite wavelength and cannot
be supported inside a system of �nite size. Treating non-conserved particles is important since pho-
tons have zero rest mass and are fundamentally relativistic particles that can annihilate. Photons
are speci�cally important for many areas of quantum technology, such as superconducting circuits,
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2. Theory

quantum optics, and optomechanics. These distributions are important when calculating expectation
values of the ladder operators for equilibrium reservoirs since

D
ây

�i (E)â�j (E 0)
E

= � �� � ij f � (E)� (E � E 0); (2.28)

where f � (E) is the BE or Fermi distribution for reservoir � depending on the particle type [6, 21].
For nonthermal reservoirs,f � (E) can be some general distribution, it must however less or equal to
one for fermions due to the Pauli exclusion principle. In the nanoscale transport setup considered
here, see Fig. (2.1), this distribution describes the average occupation of particles propagating toward
the central scattering region. There, quantum e�ects play an important role and scattering theory
takes them into account. The scattering process is described by a unitary matrixs(E), which relates
the incoming particles to the scattered particles. The ladder operators for particles traveling out of
reservoir � in channel i are denoted byâ�i (E), ây

�i (E) while b̂�i (E), b̂y
�i (E) are the ladder operators

for the scattered particles. These operators are related by

b̂�i (E) =
X

�j

s�i;�j (E)â�j (E); (2.29)

b̂y
�i (E) =

X

�j

s�
�i;�j (E)ây

�j (E): (2.30)

The unitary of s(E) i.e. Eq. (2.31) stems from the conservation of particle currents by the scattering
process, X

�j

s�i;�j (E)[s(E)]y
�j;
k =

X

�j

s�i;�j (E)s�

k;�j (E) = � �
 � ik : (2.31)

In addition, for systems with time-reversal symmetry, the scattering matrix is also symmetric,

s�i;�j (E) = s�j;�i (E): (2.32)

It is common to de�ne the transmission probabilityof a particle in lead� travelling in channel j with
energyE to enter channeli of lead � as

D �i;�j (E) � j s�i;�j (E)j2: (2.33)

Again, the system we are interested in can be schematically described by Fig. (2.1), where reservoirs
are connected by leads to a coherent conductor, scattering propagating particles. The interesting
quantities to calculate for such a system are current operators, their expectation values, and �uctua-
tions. These are formulated in terms of �eld operators for the propagating particles. The propagation
is assumed to be one-dimensional, such that the coe�cients for the �eld operators can be written as
products of transversal and longitudinal wavefunctions. The transversal wavefunction of reservoir�
and channeli with energy E are denoted as� �i (E). We assume that the length of a lead is much
longer than its width, which causes the transversal wavefunctions to be frozen out of the propagation.
Instead, the longitudinal wave functions are assumed to take the form of plane waves. By expanding
in Fourier modes, the �eld operators are expressed as

	̂ � (r ; t) =
X

i

Z
dEe� iEt= ~ � �i (E; r ? )

q
hv(E)

h
â�i (E)e� ik (E )x + b̂�i (E)eik (E )x

i
; (2.34)

	̂ y
� (r ; t) =

X

i

Z
dEeiEt= ~ � �

�i (E; r ? )
q

hv(E)

h
ây

�i (E)eik (E )x + b̂y
�i (E)e� ik (E )x

i
: (2.35)

Here, k(E) is the wave number,h is Plank's constant andv(E) is the particle speed. The factor
1=

q
hv(E) implements unit �ux normalization [6, 28].

We have introduced the basics of scattering theory, such as the scattering matrix and the quan-
tum �elds of the particles inside the leads. In the next section, we utilize this framework to calculate
currents in our system.

2.2.1 Current operators

Current operators are de�ned through continuity equations. Here we derive the particle and en-
ergy current operators. Beginning from the probability density for a wavefunction of a free particle,
j (r ; t)j2, we �nd its evolution by taking a time derivative [28]

@
@t

j (r ; t)j2 = ( @t  � ) +  � @t  =
i
~

�
(Ĥ � ) �  � (Ĥ )

�
=

=
i

2m~

�
(p̂2 � ) �  � (p̂2 )

�
=

i~
2m

r (� (r  � ) +  � r  ) � � rJ (0) : (2.36)
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Here we used the Hamiltonian of a free particle,̂p2=2m, in the position basis, and we interpret
J (0) as a probability current. To generalize the current to the second quantization formalism, the
wavefunctions are replaced by �eld operators, and the particle current operator is de�ned [6, 21, 28]
as

Î (0)
� (t; x ) =

i~
2m

Z
dr?

8
<

:
@̂	 y

� (t; r )
@x

	̂ � (t; r ) � 	̂ y
� (t; r )

@̂	 � (t; r )
@x

9
=

;

=
X

i;i 0

i~
2m

Z
dr? dEdE0e� i (E � E 0)t=~ � �i (E; r ? )� �

�i 0(E 0; r? )
q

hv(E)hv(E 0)
�

�

ik (E)[ây
�i 0(E 0)eik (E 0)x + b̂y

�i 0(E 0)e� ik (E 0)x ][â�i (E)e� ik (E )x � b̂�i (E)eik (E )x ]

+ ik (E 0)[ây
�i 0(E 0)eik (E 0)x � b̂y

�i 0(E 0)e� ik (E 0)x ][â�i (E)e� ik (E )x + b̂�i (E)eik (E )x ]
�

: (2.37)

Here, the area perpendicular to the propagation is integrated over. We also assumed that the transver-
sal wavefunctions are stationary, such that one only needs to take a spatial derivative inx. The
coordinatesx and r? inside the lead are shown in �gure (2.2). With this de�nition, the particle

Figure 2.2: Figure depicting the coordinates in lead connected to reservoir. The particles are
propagating along thex-coordinate and the current is integrated over the area perpendicular to
propagation, denoted byr? .

�ow is positive for a �ow into reservoir � . This expression can be simpli�ed by using the wideband
approximation, where it is assumed that quantities depending on the energy vary slowly compared to
the energy scaleE � E 0 [6, 28]. Under this approximation,k(E 0) � k(E) = v(E)m=~, v(E 0) � v(E)
and � �i (E) � � �i (E 0). This assumption allows us to use the orthonormality of the wavefunctions, i.e.

Z
dr? � �

�i (E; r ? ) � �j (E; r ? ) = � ij ; (2.38)

which reduces the current operator to

Î (0)
� (t; x ) =

1
h

X

i

Z
dEdE0e� i E � E 0

~ t
n
b̂y

�i (E 0)b̂�i (E) � ây
�i (E 0)â�i (E)

o
: (2.39)

This expression has an intuitive interpretation as the di�erence between the number of in- and out-
�owing particles in a terminal. To evaluate expectation values of this operator, one has to take
expectation values of the number operatorsĥay

�i (E 0)â�i (E)i and ĥby
�i (E 0)b̂�i (E)i . This is simple for

the former case since the incident particles follow distributions of the reservoir they were emitted
from, but this is generally not true for the scattered particles. However since the operators are related
by the scattering matrix through Eq. (2.30), the current operator can be written as

Î (0)
� =

1
h

X

i;�j;
k

Z
dEdE0e� i E � E 0

~ tA E 0;E
�i;�j;
k ay

�j (E 0)a
 k (E); (2.40)

where we de�neA E 0;E
�i;�j;
k [6], which we denote as thescattering symbol

A E 0;E
�i;�j;
k � s�

�i;�j (E 0)s�i;
k (E) � � �i;�j � �i;
k : (2.41)

Taking the expectation value of Eq. (2.40), the average current is calculated using Eq. (2.28) and the
unitarity of the scattering matrix which leads to

I (0)
� =

D
Î (0)

�

E
=

1
h

X

i;�j;
k

Z
dEdE0e� i E � E 0

~ tA E 0;E
�i;�j;
k � �j
k � (E 0 � E)f � (E) = (2.42)

=
1
h

X

i;�j

Z
dE

X

�

js�i;�j (E)j2(f � (E) � f � (E)): (2.43)
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Figure 2.3: Illustration of the structure of the integral of the average particle current. We weight
the di�erence in the average occupations between the reservoirs by the transmission probability and
integrate over energy. In this �gure the average occupations are nonthermal.

For reservoirs in internal equilibrium,f � (E) is the Fermi distribution for fermions and the BE distri-
bution for bosons. This expression has an intuitive explanation, the average current into reservoir�
is the integral over energy, of the sum of di�erences in average occupations weighted by the proba-
bility of transmission between the reservoirs. This is illustrated in Fig. (2.3) for nonthermal average
occupations.

Similarly, we can de�ne the energy current operator through a continuity equation. Beginning from
the energy density and assuming that the Hamiltonian is time-independent and

h
Ĥ; p̂

i
= 0, we �nd

@
@t

�
 (r ; t)� Ĥ (r ; t)

�
= ( @t  � )Ĥ +  � Ĥ (@t  ) =

i
2m~

�
(p̂2 � )Ĥ �  � Ĥ (p̂2 )

�
= (2.44)

=
i~
2m

r
�
� (r  � )Ĥ +  � Ĥ (r  )

�
� � rJ (E ) : (2.45)

As earlier, to generalize to the second quantization formalism, the energy current operator is de�ned
through replacing the wavefunction by the quantum �elds

Î (E )
� (t; x ) =

i~
2m

Z
dr?

8
<

:
@̂	 y

� (t; r )
@x

Ĥ 	̂ � (t; r ) � 	̂ y
� (t; r )Ĥ

@̂	 � (t; r )
@x

9
=

;
; (2.46)

for a time-independent HamiltonianĤ , commuting with the momentum operator. By using

Ĥ 	̂ � (t; r ) = i~
@
@t

	̂ � (t; r ) =
X

i

Z
dEEe

� iEt
~

� �i (E; r ? )
q

hv(E)
[â�i e� ik (E )x + b̂�i eik (E )x ]; (2.47)

and �
Ĥ 	̂ � (t; r )

� y
= 	̂ y

� (t; r )Ĥ; (2.48)

together with the broadband approximation we �nd

Î (E )
� (t; x ) =

1
2h

Z
dEdE0e� i (E � E 0)t=~(E + E 0)

X

i;�j;
k

n
A E 0;E

�i;�j;
k ây
�j (E 0)â
 k (E)

o
: (2.49)

This expression again has a simple interpretation: the energy �ow into/out of reservoir� is the energy
carried by the incoming/outgoing particles. This expression for the energy current operator will later
be used to calculate its �uctuations. Taking the expectation value in the same manner as before we
�nd

I (E )
� =

D
Î (E )

�

E
=

1
h

Z
dEE

X

i;�j

js�i;�j (E)j2(f � (E) � f � (E)): (2.50)

Other currents can be de�ned in an analogous way by replacinĝH in Eq.(2.46) by other operators.
Using the results for the particle and energy currents, it is straightforward to calculate the heat current
operator and its expectation value

Î (J )
� = Î (E )

� (t; x ) � � � Î (0)
� (t; x ); (2.51)

and
I (J )

� =
D
Î (E )

� � � � Î (0)
�

E
=

1
h

Z
dE(E � � � )

X

i;�j

js�i;�j (E)j2(f � (E) � f � (E)): (2.52)

Importantly, for thermal reservoirs, the local entropy production is given by the heat �ow into the
reservoir. This means that the �uctuations in entropy production are also caused by the �uctuations
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in the heat currents. We are, however, interested in treating entropy production more generally for
nonthermal reservoirs where particles are distributed according to non-equilibrium average occupa-
tions. For such reservoirs, the entropy production is no longer given by Clausius' relation, and one
must treat it more generally. To treat the entropy production of nonthermal reservoirs, we need to
make assumptions. Firstly, we assume that the state of the reservoirs is diagonal in the number basis;
doing this, the entropy is the classical Gibbs entropy. We also assume that the reservoirs are large
or kept �xed by an external source, such that the average occupations are not a�ected by the trans-
port of particles. Under these assumptions, the results of [11] are applicable and the average entropy
production of reservoir� becomes

I (�)
� =

kB

h

Z
dE log

"
f � (E)

1 � f � (E)

#
X

i;�j

js�i;�j (E)j2[f � (E) � f � (E)]; (2.53)

where the plus sign is for bosons and the minus sign is for fermions. This expression can be understood
as how much the multiplicity, and therefore entropy, is changed by the �ow of particles into and out
of the reservoir. While this expression is used to calculate entropy productions, it should be thought
of more as an entropy current. And while the entropy production isn't given by an operator (since the
operator itself would depend on the state of a system), one still wishes to calculate the �uctuations
in entropy currents. To do this, we de�ne an entropy current through operators as

Î (�)
� (t; x ) =

� kB

h

Z
dEdE0e� i (E � E 0)t=~ log

"
f � (E)

1 � f � (E)

#
X

i;�j;
k

n
A E 0;E

�i;�j;
k ây
�j (E 0)â
 k (E)

o
: (2.54)

An important property of these entropy currents is that they reduce to the expressions for the heat
currents for thermal reservoirs. This can be seen by inserting either the Fermi or BE distributions in

log

"
f � (E)

1 � f � (E)

#

= log

2

4
1

e( E � � � ) =( k B T� ) � 1

1 � 1
e( E � � � ) =( k B T� ) � 1

3

5 =
� � � E
kBT�

; (2.55)

which implies

Î (�)
� (t; x ) =

Î (J )
� (t; x )

T�
=) I (�)

� =
I (J )

�

T�
; (2.56)

for thermal reservoirs, recovering Clausius' relation [11].

We have seen that multiple interesting currents, from a thermodynamics perspective, can be written
in the form of a double integral over energy of a product of the scattering symbol, ladder operators,
and a real number. We denote a current operator that can be written on this form as a classically
weighted current, or ac-weighted currentfor short, and by de�ning the generalized chargecoe�cients

C(0)
� (E; E 0) = 1 ; C(E )

� (E; E 0) =
E + E 0

2
;

C(�)
� (E; E 0) = � kB log

"
f � (E)

1 � f � (E)

#

; C(J )
� (E; E 0) = ( E � � � ); (2.57)

we can compactly write the current operators as

Î (� )
� =

1
h

X

i;�j;
k

Z
dEdE0C(� )

� (E; E 0)e� i E � E 0

~ tA E 0;E
�i;�j;
k ay

�j (E 0)a
 k (E); (2.58)

and its expectation value as

I (� )
� =

1
h

Z
dEC(� )

� (E; E )
X

i;�j

js�i;�j (E)j2(f � (E) � f � (E)): (2.59)

We will often drop the second energy argumentC(� )
� (E; E ) when working with the expectation values

of the current operators, since they are always the same. We introduce the notion of c-weighted
currents since multiple of the results derived in this thesis hold for c-weighted currents in general.
Thus, if one is able to derive a new current on this form using scattering theory, one does not need
to rederive the results that will later be presented in this thesis. While we have shown that multiple
currents can be written in this form, it should be noted that the particle current is the central one,
since the transport of a quantity is mediated by the particle current itself: The energy currents can
be understood as the �ow of energy due to the transported particles carrying energy, the heat �ow
due to the heat carried by particles, and the entropy current, which is caused by the �owing particles
changing the multiplicity in di�erent reservoirs. This might seem trivial, but if there are, for example,
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states with quantum coherence then the entropy production would not be given by only the �ow of
particles but also by decoherence.

In this section, scattering theory has been employed to calculate multiple current operators and
their expectation value. We introduced c-weighted currents, which allow one to compactly refer to a
number of interesting currents. In the next section, we continue using scattering theory to calculate
�uctuations in these currents, which will later be used to derive trade-o� relations.

2.2.2 Correlators and noise

Fluctuations and uncertainties are fundamental features of quantum mechanics. These stem from
classical phenomena such as thermal �uctuations, imperfect state preparation, as well as from quantum
mechanical e�ects such as superpositions and decoherence. The most famous example of a relation
between uncertainties in quantum mechanics is the Heisenberg uncertainty relation. Introducing the
deviation from the average of an operator

� Â = Â �
D
Â

E
; (2.60)

the Heisenberg uncertainty relation states that for two operators,̂A and B̂ the following inequality
holds [25]

r D
� Â2

Er D
� B̂ 2

E
=

r D
Â2

E
�

D
Â

E2
r D

B̂ 2
E

�
D
B̂

E2
�

1
2

�
�
�
Dh

Â; B̂
iE �

�
�: (2.61)

This inequality states that the product of the standard deviations of the two operators is bound from
below by the expectation value of the commutator between the operators. Thus, the two observables
can only be measured perfectly simultaneously if they commute. This is the famous result for position
and momentum. It should be noted that this is a much more fundamental feature of quantum theory
compared to the relations we derive in this thesis.

Focusing on nanoscale devices, we have already derived average currents. The magnitude of these
currents is, however, not the only way to characterize performance: we also care about precision. For
the rest of this section, we will focus on introducing �uctuations and how to calculate them.

To start, we de�ne the deviation from the average of a current operator

� Î (� )
� (t; x ) = Î (� )

� (t; x ) �
D
Î (� )

� (t; x )
E

; (2.62)

which is exactly the type of expression used in the Heisenberg uncertainty relation. Using this, we
introduce the notion of noise in a current as thesymmetrized �uctuations through the following
correlator, in the absence of external time-dependent �elds [28, 6, 21]:

S(� )
�� (t; t 0) = S(� )

�� (t � t0) =
D
� Î (� )

� (t)� Î (� )
� (t0) + � Î (� )

� (t0)� Î (� )
� (t)

E
=

Dn
� Î (� )

� (t); � Î (� )
� (t0)

oE
: (2.63)

We choose to study the �uctuations in the frequency domain, which is often called thenoise power.
To do this, we take the Fourier transform

Z 1

�1
dt0e� i! 0t0

Z 1

�1
dte� i!t S(� )

�� (t � t0) = 2 �� (! + ! 0)S(� )
�� (! )

=
Dn

� Î (� )
� (! ); � Î (� )

� (! 0)
oE

=
Dn

Î (� )
� (! ); Î (� )

� (! 0)
oE

: (2.64)

The last equality holds for ! 6= ! 0. Next, we evaluate the expectation values of Eq. (2.64). This
involves taking the expectation value of quartic products of ladder operators. For non-interacting
particles, this can be done using Wick's theorem [23], which tells us that
D
ây

�i â�j ây

k â�l

E
=

D
ây

�i â�j

E D
ây


k â�l

E
�

D
ây

�i ây

k

E
ĥa�j â�l i +

D
ây

�i â�l

E D
â�j ây


k

E
� (1� 1)

D
ây

�i

E
ĥa�j i

D
ây


k

E
ĥa�l i :

(2.65)
For states diagonal in the number basis, all terms not containing the same number of creation and
annihilation operators drop and we �nd

D
ây

�i (E1)â�j (E2)ây

k (E3)â�l (E3)

E
=

D
ây

�i (E1)â�j (E2)
E D

ây

k (E3)â�l (E4)

E

+
D
ây

�i (E1)â�l (E4)
E D

â�j (E2)ây

k (E3)

E

= � �� � ij � 
� � kl f � (E1)f 
 (E3)� (E1 � E2)� (E3 � E4)

� � �� � il � 
� � jk f � (E1)f 
 (E3)� (E1 � E4)� (E2 � E3); (2.66)
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where the plus signs correspond to bosons and the minus sign to fermions. Using this, we �nally �nd

S(� )
�� (! ) =

1
2h

X


�

X

ij

X

mn

Z
dEA E;E + ~!

�i;
m;�n A E + ~!;E
�j;�n;
m C(� )

� (E)C(� )
� (E + ~! )

� f f 
 (E)(1 � f � (E + ~! ) + (1 � f 
 (E))f � (E + ~! )g: (2.67)

We restrict ourselves to working with thezero-frequency noise, which takes the following form [6, 28]:

S(� )
�� = S(� )

�� (0) =
Z 1

�1
dt

*

f � Î (� )
� (t); � Î (� )

� (0)g

+

(2.68)

=
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X
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Z
dEA E;E

�i;
m;�n A E;E
�j;�n;
m C(� )

� (E)C(� )
� (E)

� f f 
 (E)(1 � f � (E)) + (1 � f 
 (E))f � (E)g: (2.69)

Here again, the plus signs are for bosons and minus signs for fermions. This expression has a natural
interpretation, it is the integral over time of the symmetrized products of the deviations, and it sums
up all the correlations in the �uctuations between two currents. This expression is the cross-correlator
between the �uctuations of two currents, and while interesting, we will focus theauto-correlator of
the deviations in a current. Dropping the frequency argument since it is always zero from here on,
the noise in a current becomes

S(� )
�� =

Z 1

�1
dt

*

f � Î (� )
� (t); � Î (� )

� (0)g

+

(2.70)

=
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X
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Z
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�i;
m;�n A E;E
�j;�n;
m [C(� )

� (E)]2

� f f 
 (E)(1 � f � (E)) + (1 � f 
 (E))f � (E)g: (2.71)

This is the quantity relevant for studying the �uctuations in a steady-state c-weighted current. It
is, however, complicated to work with and will later be split up into di�erent parts, which are more
manageable. We will study how to do this for fermions in the next section, where we go through some
earlier fermionic scattering theory results that we will extend to bosonic systems in Sections 3.1 and
3.2.

2.2.3 Earlier fermionic trade-o� relations

In this section, we will discuss two previous papers where bounds between currents and �uctuations
for fermionic systems were derived using scattering theory. From now on, to make it clear whether or
not we are discussing fermions or bosons, di�erent fonts will be used. For fermions, we will use

I (� )
� =

D
Î (� )

�

E
=

1
h

Z
dEC(� )

� (E)
X

i;�j

js�i;�j (E)j2(f � (E) � f � (E)); (2.72)

to refer to the currents and
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1
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X
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�i;
m;�n A E;E
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� (E)C(� )
� (E)

� f f 
 (E)(1 � f � (E)) + (1 � f 
 (E))f � (E)g; (2.73)

to refer to the �uctuations, while keeping

I (� )
� =

D
Î (� )

�

E
=

1
h

Z
dEC(� )

� (E)
X

i;�j

js�i;�j (E)j2(f � (E) � f � (E)); (2.74)

and

S(� )
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1
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�

X

ij
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mn

Z
dEA E;E

�i;
m;�n A E;E
�j;�n;
m C(� )

� (E)C(� )
� (E)

� f f 
 (E)(1 + f � (E)) + (1 + f 
 (E))f � (E)g; (2.75)

to refer to the bosonic expressions. Here it should be noted that for fermions

C(�)
� (E; E 0) = � kB log

"
f � (E)

1 � f � (E)

#

(2.76)

while

C(�)
� (E; E 0) = � kB log

"
f � (E)

1 + f � (E)

#

(2.77)

for bosons. From now on, we will also keep the summation over channel indices implicit for brevity,
and the results we now go through will hold for multichannel leads. The full expressions, including
the explicit channel indices, are shown in the appendix [B.1]. With this notation in place, we are
ready to examine the previous fermionic results.
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2.2.3.1 Bounds on entropy production set by �uctuations

Earlier, in a paper by Acciai et. al. [2], a bound on entropy production set by �uctuations was derived
using scattering theory. In the paper, the noise of Eq. (2.69) was split into a �classical� part, quadratic
in the scattering matrix, and a �quantum� part, quartic in the scattering matrix.

S(� )
�� = S(� )

��; cl � S (� )
��; qu: (2.78)

By dropping energy arguments for the occupations and scattering matrix elements the classical part
of the �uctuations are written as

S(� )
��; cl =

2
h

Z
dE[C(� )

� (E)C(� )
� (E)]

(

� F�� js�� j2 � F�� js�� j2 + � ��

X



js�
 j2[F�
 + F
� ]

)

; (2.79)

whereF�� = f � (1 � f � ) is the Pauli factor, implementing the Pauli exclusion principle for fermions.
The quantum part of the noise can be written as

S(� )
��; qu =

2
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Z
dE[C(� )

� (E)C(� )
� (E)] Re

(
X


�

s�
�
 s�
 s�� s�

�� (f � � f 
 )( f � � f � )

)

: (2.80)

The classical part of the noise can be seen as a generalization of the classical expression for �uctuations
[8]. This part of the noise describes transfers of single particles, while the quantum part describes
correlated transfers of two particles. It is important to note that this division is by no means unique
but useful [2]. To study the noise of di�erent currents, the authors used the autocorrelators

S(� )
�� = S(� )

��; cl � S (� )
��; qu; (2.81)

where

S(� )
��; cl =
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Z
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� 0; (2.82)
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� (E)]2
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 6= �

js�
 j2(f � � f 
 )

) 2

� 0: (2.83)

Using the following two inequalities
8
<

:
x2 + 1=4 � j xj;

F�
 + F
� � j f � � f 
 j;
(2.84)

it was proven for fermionic systems described by scattering theory that the classical �uctuations bound
the local entropy production/reduction of a reservoir through

S(�)
��; cl +

k2
B

4
S(0)

��; cl � 2kB

�
�
�I (�)

�

�
�
�: (2.85)

This result tells us there has to be a minimum amount of classical �uctuations present in a fermionic
reservoir to produce or reduce entropy, e�ectively bounding the precision of a thermodynamic process
[2]. However, due to the minus sign in front of the fermionic quantum noise in Eq. (2.81), this bound
doesn't hold for the full �uctuations, and the bound is broken when trying to extend it to the quantum
noise. In Ref. [2], the authors also proved that

S(�)
�� �

2k2
B

h

Z
dE[C(�) ]2js�� j2

X


 6= �

js�
 j2jf � � f 
 j; (2.86)

which together with the �rst bound of Eq. (2.84) implies the following bound for the full noise

S(�)
�� +

k2
B

4
S(0)

�� � 2kB

�
�
�I (�)

�

�
�
� inf

E 2 A
js�� (E)j2: (2.87)

whereA is the support of the integrand in Eq. (2.72). In this thesis, we will derive the corresponding
relations for bosons and treat the quantum mechanical part of the noise in a new way. We also make
further improvements to the bound of Eq. (2.85) which also apply to fermions. However, this is not
the only result we extend to bosonic systems: in the next section, we will go through a thermodynamic
uncertainty relation that has been derived for fermionic systems using scattering theory.
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2.2.3.2 Thermodynamic uncertainty relation

In a paper by K. Brandner et. al. [8], thermodynamic uncertainty relations for fermionic systems
were derived using scattering theory. In this paper, the same division into classical and quantum
noise, as previously shown in Eq. (2.82) and Eq. (2.83), was used. In Ref. [8], TURs were derived
for multiterminal devices of thermal reservoirs where each reservoir was at the same temperature but
di�erent chemical potentials. To do this, K. Brandner de�ned quadratic forms parametrized by real
numbersx and  

A � =
�
kB

� 2 x I (0)
� +  x 2S(0)

��; cl: (2.88)

Here � is the total entropy production of the system, which is calculated using Clausius' relation for
reservoirs at equal temperatureT,

� =
X

�

I (J )
�

T
: (2.89)

Brandner then continued to �nd values of such that the function is semide�nite positiveA � � 0.
The quadratic form was semide�nite positive for = 2 for systems with time reversal symmetry and
for systems without this symmetry, � 0:89612. This di�erence boils down to if the scattering matrix
is symmetric or not. Using this and minimizing the quadratic form with respect tox the following
inequality was proven

� �  k B

�
�
�I (0)

�

�
�
�
2

S(0)
��; cl

; (2.90)

with di�erent values of  depending on whether or not there is time reversal symmetry. This is a
thermodynamic uncertainty relation for fermionic systems described by scattering theory. It should,
however be noted that it only holds for the classical part of the noise, and the TUR is generally broken
when considering the full �uctuations, since the quantum �uctuations are negative for fermions. In
this thesis, we will derive the corresponding TUR for bosonic systems with time reversal symmetry
and extend it to the quantum part of the �uctuations. We will also �nd a way to include the quantum
part of the �uctuations for fermionic systems. Brandner also derived TURs for classical system using
a classical version of scattering theory in [8]. While the formalism is di�erent, the expressions for
currents and �uctuations remain similar to the quantum versions [8].

We have now seen the general setup for scattering theory and some trade-o� relations that have
been derived using it. In the next section, we show a minimal example of a system where we can
apply scattering theory. The system we will investigate consists of two thermal reservoirs, connected
by a scattering region.

2.3 Two-terminal conductor

It is instructive to see the theory applied to a system, and the simplest case illustrating important
concepts is a two-terminal system consisting of two reservoirs connected by a mesoscopic conductor.
In this example the transport is assumed to take place in a single channel in each lead. The system
can be seen represented in Fig. (2.4), where the left (right) reservoir is denoted by L (R). The particle
current for a reservoir is de�ned to be positive if it is �owing into the reservoir, and each reservoir
has a temperatureT� and chemical potential� � with � = L,R. The BE distributions are plotted in
solid red lines and Fermi distributions as dashed blue lines. These distributions describe the average
occupation numbers in each reservoir. The sign of biases in potential and temperature can be seen
de�ned in the �gure, � � = � L � � R and � T = TL � TR.

De�ning the transition probability D �� (E) = js�� (E)j2 where s(E) is the scattering matrix, the
expectation values of the currents for this system becomes

I L = � I R =
q
h

Z
dEDLR (E)(f R(E) � f L (E));

I E
L = � I E

R =
1
h

Z
dEED LR (E)(f R(E) � f L (E));

JL =
1
h

Z
dE(E � � L )DLR (E)(f R(E) � f L (E));

JR =
1
h

Z
dE(E � � R)DLR (E)(f L (E) � f R(E)): (2.91)

Note that charge and energy conservation holds due toI L + I R = I E
L + I E

R = 0, but heat is generally
not conservedJL + JR 6= 0. The linear response of the system can be calculated by considering small
biases in temperature and potential away from the averagesT0, � 0, T� = T0 + � T� , � � = � 0 + � � �
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Figure 2.4: Figure depicting two-terminal system. The system consists of a left (L) and a right (R)
reservoir connected by a mesoscopic conductor described by a scattering matrixs(E). BE distribu-
tions can be seen plotted in the solid red lines and Fermi distributions as dashed blue lines. These
distributions describe the average occupation numbers in each reservoir.

and expanding the average occupations. The following expansion holds for both the BE and Fermi
distributions

f � (E) � f 0(E; T0; � 0) + � � �
@f0
@�

+ � T�
@f0
@T

+ O
�
� � 2

� ; � T2
�

�

= f 0(E; T0; � 0) � � � �
@f0
@E

� � T�
E � � 0

T0

@f0
@E

+ O
�
� � 2

� ; � T2
�

�
: (2.92)

Using this expansion and de�ning� � � � � � R = � � L and � T � � � TR = � TL the linear response
for the charge and energy current become

I � � I L � �
q
h

Z
dEDLR (E)

(
@f0
@E

� � +
E � � 0

T0

@f0
@E

� T

)

� G� � + � � T; (2.93)

I E � � I E
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1
h

Z
dEED LR (E)

(
@f0
@E

� � +
E � � 0

T0

@f0
@E

� T

)

� �� � + �� T: (2.94)

With this choice of I the conductances are positive. In the linear response regime it is possible to
achieve a thermo-�electric� e�ect, where a current of particles is driven from a reservoir with lower
chemical potential to one with a higher potential using a temperature bias and thus performing useful
work. With the present de�nitions of currents and biases, this means driving a negative current with
a positive potential bias

I = G� � + � � T < 0 =) � � T
�
G

> � �: (2.95)

For fermions this is only possible by breaking electron-hole symmetry. This is because@fF
@E is an even

function around � 0 while (E � � 0) is odd causing the coe�cient � to be zero for any transmission
probability even around � 0. This is not required for bosons. Setting the transmission probability
constant DLR (E) = DLR , the coe�cients become

G = �
q
h

Z 1

0
dEDLR

@fBE

@E
=

qDLR

h
1

e� � 0 � 0 � 1
; (2.96)

� = �
1
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Z 1
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dEDLR (E � � 0)

@fBE

@E
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qDLR

hT0

2

4 e� 0 � 0 � 0

1 � e� 0 � 0
�

log
�
1 � e� 0 � 0

�

� 0

3

5 ; (2.97)

where� 0 = 1=kBT0. These are both positive functions and the ratio is plotted in Fig. (2.5), work can be
performed without the need for a speci�c transmission probability by setting a negative temperature
bias, as suggested by Eq. (2.95).
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Figure 2.5: Ratio of thermal conductivity and chemical conductivity as functions of average chemical
potential and temperature of a two-terminal system. A non-zero value of the ratio indicates that it
is possible to perform useful work by setting a temperature bias that drives particles into a reservoir
with a higher chemical potential.

It is also interesting to compare the currents for bosons and fermions outside of the linear regime.
This can be done by again assuming an energy-independent transmission and evaluating integrals.
The currents in the bosonic case become

I L = � I R =
qkBDLR

h

h
TR log

�
j1 � e� R =kB TR j

�
� TL log

�
j1 � e� L =kB TL j

�i
; (2.98)

I E
L = � I E
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DLR k2

B

h

h
T2

L Li2(e� L =kB TL ) � T2
RLi2(e� R =kB TR )

i
; (2.99)

where Li2(x) is the second order polylogarithmic function. For the fermionic case the corresponding
expressions are

I L = �I R =
qkBDLR

h

h
TL log

�
1 + e� L =kB TL

�
� TR log

�
1 + e� R =kB TR

�i
; (2.100)

I E
L = �I E

R =
DLR k2

B

h

h
T2

RLi2(� e� R =kB TR ) � T2
L Li2(� e� L =kB TL )

i
: (2.101)

A comparison between the expressions for the particle current for bosons and fermions is plotted in
Fig. (2.6). Here the currents are plotted as functions of chemical potential bias. It should be noted
that the chemical potential is negative for bosons and positive for fermions. The bosonic currents
diverge as the chemical potential of the right reservoir approaches zero, reminiscent of Bose-Einstein
condensation.

Figure 2.6: Plot comparing the charge current of bosons and fermions as functions of voltage bias.
Both terminals have the same temperature, and the bosonic current diverges as one of the chemical
potentials approaches zero.
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3
Results

In this chapter, we present the results derived in this thesis. These include trade-o� relations for pre-
cision of both fermionic and bosonic reservoirs. In the �rst part of this chapter, we extend the bounds
of Ref. [2] to bosonic systems and make further improvements, both by �nding a tighter bound for
the classical noise and by including the quantum noise. In the second part of this chapter, we extend
the thermodynamic uncertainty relation derived in Ref. [8] to bosonic systems. In the third part of
this chapter, we compare the results derived in the �rst two parts to each other and combine them
to bound entropy production from both below and above for multiterminal devices with coherent
transport.

This chapter is structured by �rst deriving a result for bosonic systems, then the fermionic coun-
terpart. After this, the results presented are summarized, and some di�erences between the fermionic
and bosonic cases are discussed.

3.1 Bounds on entropy production and currents for nonther-
mal reservoirs

In this section, we extend the bound on the local entropy production of Ref. [2], set by classical
systems, to bosonic multiterminal systems with weakly interacting, coherently propagating particles
with nonthermal occupations, diagonal in the number basis. In addition, we establish similar bounds
for other c-weighted currents, such as particle and energy currents. Moreover, we are able to make
improvements to the bounds of Ref. [2] that apply to both fermionic and bosonic systems. These are
the �rst key results of this thesis. Moreover, we are able to extend the bounds to include the quantum
noise. This is an important improvement since it allows us to establish bounds on the full physical
�uctuations. By doing this, we gain more insight into the role of bunching and anti-bunching in the
coherent transport of bosons and fermions. This is another key result of the thesis.

We begin this part of the results by presenting the expressions for the bosonic noise that will be
used for the rest of the thesis.

3.1.1 Expressions for �uctuations in bosonic systems

There are multiple ways of writing the zero-frequency �uctuations of Eq. (2.69), e.g., splitting it into
thermal and shot noise. Here we instead use the same decomposition into a �classical� part and a
�quantum� part, as in Refs. [2, 8]. The classical part contains terms that are quadratic in scattering-
matrix elements, while the quantum part contains terms that are quartic. In this decomposition, we
write

S(� )
�� = S(� )

��; cl + S(� )
��; qu: (3.1)

The classical noise can be interpreted as containing single-particle transfers across the scattering region
while also including the bunching of bosons. The quantum noise can be interpreted as describing
correlated two-particle transfers across the scattering region [6, 2]. We again emphasize that this is
not a unique way of dividing the noise into di�erent parts, but a practical one. By doing this, leaving
the tracing over channel indices implicit and dropping the energy arguments of the scattering-matrix
elements and average occupations for brevity, the classical noise becomes

S(� )
��; cl =

2
h

Z
dE[C(� )

� (E)C(� )
� (E)]

(

� K �� js�� j2 � K �� js�� j2 + � ��

X



js�
 j2[K �
 + K 
� ]

)

; (3.2)

where K �� = f � (1 + f � ), analogous to the Pauli factors in the fermionic noise,F�� = f � (1 � f � ).
The Pauli factors can be interpreted as implementing the Pauli exclusion principle, whileK �� can
be interpreted as implementing the bunching of bosons, and we therefore denote them asbunching
factors. The quantum part of the noise can be written as

S(� )
��; qu =

2
h

Z
dE[C(� )

� (E)C(� )
� (E)] Re

(
X


�

s�
�
 s�
 s�� s�

�� (f � � f 
 )( f � � f � )

)

: (3.3)
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It is clear from comparing Eq. (2.79) and Eq. (2.80) to the expressions of Eq. (3.2) and Eq. (3.3) that
the expressions for the bosonic and fermionic �uctuations are quite similar, apart from some minus
signs. These are however very important, and here the �rst main di�erence to the fermionic case
appears: when writing down the full noise in Eq. (3.1), the bosonic quantum noise is positive, unlike
the fermionic case of Eq. (2.78). Not having this minus sign in front of the bosonic quantum noise
will greatly simplify the analysis of the autocorrelators that will later be performed to characterize
�uctuations in a given reservoir. Full derivations of these expressions are detailed in Appendix [B.1].

The expressions of Eq. (3.2) and Eq. (3.3) are cross-correlators between deviations in currents of
di�erent reservoirs. To analyze the �uctuations in the currents of one given reservoir, we use the
autocorrelators. Using the same decompositions into quantum and classical parts, they become
S(� )

�� = S(� )
��; cl + S(� )

��; qu where

S(� )
��; cl =

2
h

Z 1

0
dE[C(� )

� (E)]2
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� 0; (3.4)
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 6= �
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 j2(f � � f 
 )

) 2

� 0: (3.5)

It is worth pointing out that the integrand in the quantum autocorrelator is the square of the integrand
of the corresponding currents of Eq. (2.59), up to multiplication by constants. From this, it follows
that the quantum part of the noise vanishes when the di�erent reservoirs are at equilibrium, i.e.,
f � = f 
 for all 
 . The quantum noise is also negligible in the tunneling regime, where the transmission
probabilities between reservoirs are small:

1 � j s�
 (E)j2: (3.6)

Thus, close to equilibrium or in the tunneling regime, the classical contributions to the �uctuations
dominate. In the next section, we focus on trade-o� relations of such classical �uctuations, and we
extend the fermionic results of Ref [2], presented in Sec. 2.2.3.1 to bosonic systems.

3.1.2 Bosonic bounds set by classical �uctuations

We begin by treating the classical part of the �uctuations of Eq. (3.4). To do this, we will make use
of the following two inequalities:

8
<

:
x2 + 1=4 � j xj;

K �
 + K 
� � j f � � f 
 j:
(3.7)

Notice that the �rst of the two bounds holds for a general real numberx [2]. Combining the two
inequalities, we �nd
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(3.8)
which implies the following bound for the local entropy production of a reservoir:

S(�)
��; cl +

k2
B

4
S(0)

��; cl � 2kB

�
�
�I (�)

�

�
�
�: (3.9)

This bound is the �rst key result of this thesis, and it is an extension of Eq. (2.85) found in Ref. [2]
to bosonic systems. This particular combination of �uctuations in entropy production and particle
currents will reappear often enough to deserve a name. We de�ne theresource �uctuations [2] as

R�; cl � S(�)
��; cl +

k2
B

4
S(0)

��; cl; (3.10)

R�; qu � S(�)
��; qu +

k2
B

4
S(0)

��; qu; (3.11)

R� � S(�)
�� +

k2
B

4
S(0)

�� : (3.12)

A feature of the bound in Eq. (3.9) is that it holds on the level of integrand, not only for the
full entropy production and noises. We name the inequality of Eq. (3.9) the Fluctuation Entropy
production Bound or FEB for short. What this bound tells us is that if entropy is either produced
or reduced in a reservoir, this sets a minimum limit on the combined �uctuations of the entropy
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production and particle current. An important di�erence from the fermionic case is that here we are
able to make the same statement for the total noise since the quantum part of the autocorrelators is
positive in Eq. (3.5), unlike the fermionic case, since

S(� )
�� = S(� )

��; cl + S(� )
��; qu � S(� )

��; cl: (3.13)

This allows us to write

S(�)
�� +

k2
B

4
S(0)

�� � 2kB

�
�
�I (�)

�

�
�
�: (3.14)

This is the second key result of this thesis, where we are able to make the same statement for the
complete noise as for the classical noise, unlike the fermionic case. To visualize the bound of Eq. (3.9)
we can divide the left-hand side by the right-hand side. This expression is then bounded by1 and
reaches this value when the bound is tight. For the rest of the thesis, this is what is meant when we
say that we plot an inequality or bound. This is shown in Fig. (3.1) for two terminals,� and 
 , at
the level of the integrands, where we de�ned the ratio

' �
 �
jC(�)

� (E)j

[C(�)
� (E)]2 + k2

B=4

jf 
 � f � j
K �
 + K 
�

: (3.15)

Indeed, the inequalities of Eq. (3.7) hold at every energy in the integrals, which also allows for possibly
nonthermal average occupationsf � and f 
 . Here one notices that the bound is non-symmetric with
respect to exchanging the occupations of the reservoir, which is not surprising since entropy is not in
general conserved. This is illustrated in panels (b,c). In particular, in panel (b), the ratio goes to zero
as f � � f 
 ! 1 , while in panel (c) it saturates at

j log
h

f �
1+ f �

i
j

log
h

f �
1+ f �

i 2
+ 1=4

1
1 + 2f �

(3.16)

as f 
 � f � ! 1 . It is clear from Fig. (3.1) that the classical FEB can be satis�ed for speci�c average

Figure 3.1: Figures displaying how the bound of Eq. (3.9) depends on the occupations of two
reservoirs. Notice that the bound of Eq. (3.8) holds for every energy argument of the integrands.
Here it is clear that there is an asymmetry in the dependence of the di�erent occupations. This is
illustrated in the two line plots, which display segments of the left plot where one of the occupations
has been �xed. The bound saturates whenf � = 1p

e� 1 � 1:5415and f 
 = 0.

occupations. To calculate when this happens, we begin from

[C(� )
� (E)]2 +

k2
B

4
� j C(� )

� (E)j = 0 =) C(� )
� (E) = �

kB

2
: (3.17)

With the restriction that occupations must be positive, we �nd

log

"
f �

1 + f �

#

= �
1
2

=) f � =
1

p
e� 1

� 1:54149: (3.18)

The valuesf 
 that satisfy the bound can be determined from

K �
 + K 
� � j f 
 � f � j = f � (1 + f 
 ) + f 
 (1 + f � ) � j f 
 � f � j = 0; (3.19)

which is true only if f 
 = 0 or f � = 0. Since we already found the value forf � to satisfy the FEB, we
conclude,

S(�)
��; cl +

k2
B

4
S(0)

��; cl = 2kB

�
�
�I (�)

�

�
�
�; (3.20)
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if the two reservoirs have nonthermal average occupations which do not depend on energy

f � =
1

p
e� 1

; f 
 = 0: (3.21)

To gain further insight into how the bound behaves for thermal reservoirs, we plot it for the BE
distribution, which is shown in Fig. (3.2) at the level of integrand. From this plot, it is clear that
the bound becomes tight whenE � � �

kB T�
= 1

2 and E � � 


kB T

� 1, which coincides with the result of Eq. (3.21).

Figure 3.2: Figure displaying plot of the bound from Eq. (3.9) at the level of integrand, for thermal
reservoirs. Here, the variables chosen are the arguments of the exponentials in the BE distributions:
f BE (x) = 1

ex � 1 .

Following the same approach, we are able to establish similar bounds for the energy and particle
currents using Eq. (3.7),

S(0)
��; cl � 2jI (0)

� j =) S(0)
�� � 2jI (0)

� j; (3.22)

S(E )
��; cl +

k2
BT2

4
S(0)

��; cl � 2kBTjI (E )
� j =) S(E )

�� +
k2

BT2

4
S(0)

�� � 2kBTjI (E )
� j: (3.23)

Here kBT is chosen as an arbitrary constant with the unit of energy in Eq. (3.23), and in general,T
does not correspond to the temperature of a reservoir. As for the bound of Eq. (3.9) we are able to
include the quantum part of the �uctuations for bosonic systems. In contrast to classical FEB the
bounds in Eqs. (3.22, 3.23) are symmetric with respect to the exchange off � and f 
 , which stems from
particle and energy conservation. This symmetry can be seen in Fig. (3.3), where the dependence on
the average occupations of the classical bound of Eq. (3.22) at the integrand level is shown. Here we
de�ned the ratio

Y�
 �
jf 
 � f � j

K �
 + K 
�
: (3.24)

From Eq. (3.19), we already know that the bound is saturated wheneverf 
 = 0 or f � = 0, and
f 
 6= f � . This is illustrated in panels (b,c) of the �gure, which display the ratio where one occupation
is �xed. Letting the �xed reservoir have the occupationf and the variable one havef + �f , we �nd
that the ratios plotted in panels (b,c) reach the same values for large di�erences in occupations

jf 
 � f � j
K �
 + K 
�

=
�f

�f + 2f �f + 2f (1 + f )
�f !1

����!
1

1 + 2f
: (3.25)

It is again interesting to see how the classical current bound behaves for thermal reservoirs, which is
plotted at the level of integrands in Fig. (3.4). Here we see that the bound is tight whenever there is
a large di�erence in populations between the reservoirs. This is a natural result since, at equilibrium,
there are only �uctuations and no average current.

To summarize, in this section, we successfully extended the previous fermionic results presented in
Section 2.2.3.1 to bosonic systems. This establishes a trade-o� relation between classical �uctuations
and the local entropy production of a reservoir in Eq. (3.9), along with relations for the energy and
particle currents. Furthermore, we managed to extend the bosonic bounds to include the full �uc-
tuations without making the bound weaker. It is however possible to further improve the bound of
Eq. (3.9) and this is the focus of the next section.
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Figure 3.3: Figures displaying how the bound of Eq. (3.22) depends on the occupations of two
reservoirs. Notice that the bound of Eq. (3.22) holds for every energy argument of the integrands.
Here it is clear that this bound is symmetric with respect to exchanging the di�erent occupations.
This is illustrated in the two line plots, which display segments of the left plot where one of the
occupations has been �xed. The bound saturates whenf � = 0 or f 
 = 0.

Figure 3.4: Figure displaying plot of the bound from Eq. (3.22) at the level of integrand, for thermal
reservoirs. Here, the variables chosen are the arguments of the exponentials in the BE distributions:
f BE (x) = 1

ex � 1 .

3.1.3 Improved bosonic bounds set by classical �uctuations

In the last section, we derived bounds on the various currents set by �uctuations. In particular, the
bounds of Eq. (3.9) and Eq. (3.23) can be improved by taking more care of how the particle current
�uctuations are incorporated. To do this, we pick a real numberx with the same unit asC(� )

� (E). In
the case of� = � , x has the dimension of energy over temperature, and in the case of� = E, the
dimension of energy. Using the bounds of Eq.(3.7) we �nd

"
C(� )

� (E)
x

#2

+
1
4

�

�
�
�
�
�
C(� )

� (E)
x

�
�
�
�
�
; (3.26)

which implies

S(� )
��; cl +

x2

4
S(0)

��; cl � 2x
�
�
�I (� )

�

�
�
�: (3.27)

Up until now, there has been no real di�erence to the previous bounds, where we pickedx = kB for
the FEB and x = kBT for the bound on the energy current. This changes when we pick new values
for x. We note that

S(� )
��; cl +

x2

4
S(0)

��; cl � 2x
�
�
�I (� )

�

�
�
� � 0; (3.28)

is a semide�nite positive quadratic form. We minimize this function with respect to the parameterx
by taking its derivative and �nd

x
2

S(0)
��; cl � 2

�
�
�I (� )

�

�
�
� = 0 =) x =

4
�
�
�I (� )

�

�
�
�

S(0)
��; cl

: (3.29)
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This is the value ofx that will yield the strictest possible bound between the current and its classical
�uctuations, since it is minimizing the quadratic form. Inserting it into Eq. (3.27) we arrive at
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�I (� )

�

�
�
�
2

S(0)
��; cl

� 8

�
�
�I (� )
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�
2
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=)

S(� )
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�
�
�I (� )

�

�
�
�
2

S(0)
��; cl

() S(0)
��; cl � 4

�
�
�I (� )

�

�
�
�
2

S(� )
��; cl

: (3.30)

The second formulation of Eq. (3.30) has an interesting implication: the classical precision in a c-
weighted current, e.g., entropy or energy current, is bounded by the classical �uctuations in the
particle current. This means that, if one wants high precision in a c-weighted current, the particle
current �uctuations have to be large. This might seem like a strange result, but it should be noted
that particle current has special importance since the particle �ow is mediating all other �ows. This
bound is reminiscent of the kinetic uncertainty relation, which can be understood by analyzing the
expression for the classical current �uctuations in Eq. (3.4): this contribution to the �uctuations
sums up all the transitions of particles between reservoirs, comparable to the dynamical activity of
Markovian systems. However, to make this connection concrete, the dynamical activity in scattering
theory should be properly derived from a microscopic picture. We denote the bound of Eq. (3.30) as
the Dynamical Fluctuation Bound, or DFB for short. Note that for the particle current. i.e. � = 0,
the DFB is equivalent to Eq. (3.22), since one can obtain it by squaring both sides of Eq. (3.22).
Again, the bound of Eq. (3.30) extends to the full �uctuations for bosonic systems,

S(0)
�� � S(0)

��; cl � 4

�
�
�I (� )

�

�
�
�
2

S(� )
��; cl

� 4

�
�
�I (� )

�

�
�
�
2

S(� )
��

: (3.31)

If we pick a two-terminal system of bosonic reservoirs with nonthermal constant occupationsf � and
f 
 , connected by an energy-independent scatterer in an energy windowB the DFB for the entropy
current �uctuation becomes

S(0)
��; cl =

2
h

D �
 B(K �
 + K 
� ) � 4

�
�
� 1

h D �
 B[C(�) ]jf 
 � f � j
�
�
�
2

2
h D �
 B[C(�) ]2(K �
 + K 
� )

; (3.32)

which, when simpli�ed, reduces to

K �
 + K 
� � j f 
 � f � j: (3.33)

This is the bound we plotted in Fig. (3.3). Interestingly, for this constant occupation case, the DFB
for the local entropy production becomes symmetric with respect to exchanging the occupations of
the reservoirs. Here we see that the bound is tight whenever the population di�erence between the
reservoirs is large, in stark contrast to the FEB, which for this system is plotted in Fig. (3.1).

A di�erence from the earlier bounds of Eqs. (3.9, 3.22, 3.23) is that the DFB does not hold on the level
of integrand, it concerns the full expressions. This means that if we want to plot its behaviour for
thermal systems, we must calculate the currents and classical �uctuations. We do this for a system
of two thermal reservoirs at the same temperature but di�erent chemical potentials� � = �� + � � ,
� 
 = �� � � � and a transmission probability de�ned through the Heaviside step function�( E),

D �
 (E; B � ) = D[�( E) � �( E � B � )]: (3.34)

We denote this type of energy dependence in the transmission probability as abox transmission, with
a bandwidth of transport B � . The bandwidth of transport turns out to be an important parameter
when treating the quantum noise. We will discuss the role ofB � in more detail later on, and de�ne it
in a general setting for any type of transmission probability. The DFB for entropy production can be
seen in Fig. (3.5), plotted as a function of the chemical potential bias and the bandwidth of transport,
where we de�ned the ratio

V (� )
�; cl � 4

jI (� )
� j2

S(� )
��; clS

(0)
��; cl

: (3.35)

In panel (b) we see that the bound looses symmetry with respect to �ipping the sign of the chem-
ical potential bias for larger bandwidths. We also see that for small� � , close to equilibrium the
bound is far from being saturated, which is expected since the average entropy current is small. The
corresponding plot for the particle current version of the DFB is shown in Fig. (3.6). A di�erence
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Figure 3.5: DFB for entropy production of Eq. (3.30), for a two-terminal system with thermal
reservoirs at equal temperature, connected by a box transmission. Here, the bound is plotted as a
function of the chemical potential bias and bandwidth. The bound is tighter for small values ofB �

and asymmetric with respect to �ipping the chemical potential bias. This is seen clearly in panel (b).

Figure 3.6: Figure displaying the DFB of Eq. (3.30) for the particle current in a two-terminal system
with thermal reservoirs at equal temperature, connected by a box transmission. Here, the bound is
plotted as a function of the chemical potential bias and bandwidth. This bound has a weak dependence
on the bandwidth which can be seen in panel (a). This bound is again symmetric with respect to
�ipping the sign on the chemical potential bias which stems from particle current conservation.

to Fig. (3.5) is that this bound has a very weak dependence on the bandwidth. We also see that
Fig. (3.6) remains symmetric with respect to �ipping the sign of the chemical potential bias, which
stems from particle-current conservation.

The DFB represents an improvement over the ones presented in the previous section, in the sense
that Eq. (3.30) is a tighter bound on a current, set by the classical �uctuations. Furthermore, it
includes the particle current in a clear way, reminiscent of a KUR. This new bound is also applicable
to fermionic systems, and we show this in the next section.

3.1.4 Improved Fermionic bounds set by classical �uctuations

The derivation of the dynamical �uctuation bound for fermionic systems is analogous to the bosonic
case of the previous section. We begin by de�ning the parameterx as before and by using the bounds
of Eq. (2.84) we �nd

S(� )
��; cl +

x2

4
S(0)

��; cl � 2x
�
�
�I (� )

�

�
�
�: (3.36)

This again de�nes a positive quadratic form
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4
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��; cl � 2x
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�
�I (� )
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�
�
� � 0: (3.37)
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We pick a value ofx by minimizing with respect to x and �nd

x
2
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Inserting this value into Eq. (3.36), we arrive at the DFB for fermionic systems

S(0)
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��; cl

; (3.39)

which we use to de�ne the following ratio

V(� )
�; cl � 4
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�I (� )
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S(� )
��; clS

(0)
��; cl

: (3.40)

This bound again displays the same characteristics as the DFB for the bosonic systems and is a tighter
bound than the one in Ref. [2]. A di�erence to the bosonic case is that we cannot extend Eq.(3.36)
trivially, since for fermionic systems

S(� )
��; cl � S (� )

��; cl � S (� )
��; qu = S(� )

�� : (3.41)

To be able to extend this bound to include the full �uctuations, we must �rst treat the quantum �uctu-
ations separately. If we consider a system with constant average occupations and a box transmission,
the bound of Eq. (3.39) for the particle current and entropy current reduces to

F�
 + F
� � j f 
 � f � j (3.42)

where F�
 = f � (1 � f 
 ) is the Pauli factor. This is simply the second bound of Eq. (2.84) and is
plotted as function of the average occupation in Fig. (3.7). Here we de�ned the ratio

Y�
 �
jf 
 � f � j

F�
 + F
�
: (3.43)

By comparing panels (b, c), it is clear that the bound is symmetric with respect to exchanging the
average occupations of the reservoirs, and the bound is far from being saturated whenf � � f 
 , while
being saturated whenf � 2 f 0; 1g [2].

As a next step we also plot the fermionic DFB for thermal reservoirs. To do this, we consider a
two-terminal system with reservoirs at equal temperature but di�erent chemical potentials� � = � � ,
� 
 = � � � connected by a transmission probability

D �
 (E; B � ) = �( E � 2:5kBT) � �( E � 2:5kBT + B � ): (3.44)

Figure 3.7: Figures displaying the bound of Eq. (3.39) for a two terminal system with constant
average occupations and a box transmission. For this system, the bound corresponds to both the
particle current and the entropy current version, as detailed by Eq (3.42). Here the bound is plotted
as a function of the average occupations, and it is clear from comparing panels (b, c) that the bound
is symmetric with respect to exchanging the average occupations. The bound is saturated when
f � 2 f 0; 1g [2].
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It should be noted that the fermionic chemical potential can take any real value, so we allow for both
positive and negative values, and the integration over energy goes from minus to plus in�nity. The
fermionic DFB of Eq. (3.39) is plotted in Fig. (3.8). This plot is quite di�erent from the bosonic case
shown in Fig. (3.5), showing a larger degree of asymmetry with respect to changing the sign of the
chemical potential bias. A new feature of this bound is the blue region seen for negative chemical
potential biases in panel (a). The bound losing saturation coincides with the condition

I (�)
� = 0; (3.45)

which for two bosonic reservoirs at equal temperature only occurs when there is no particle current
�owing, i.e. � � = 0. It is possible for the entropy production to cancel in the fermionic case when
the contributions of particles entering the reservoir with energy below the average chemical potential
cancel with the contributions of particles entering the reservoir with energy above. This is illustrated
in Fig. (3.9), where the average occupations of the di�erent reservoirs are displayed as functions of
energy together with the transmission probability depicted as the shaded green region. The cancella-
tion of the entropy production is possible when� � < 0. The particle current version of the fermionic
DFB is plotted in Fig. (3.10). This bound displays similar behaviour to the bosonic result shown in
Eq. (3.6), notably being symmetric with respect to changing the sign of the chemical potential bias
and having a weak dependence on the bandwidth. Here we also see that the bound is only far from
being saturated when� � � 0, as opposed to the bound for the entropy current.

We have now found multiple trade-o� relations for bosonic systems involving the classical �uctua-

Figure 3.8: DFB for entropy production of Eq. (3.39), for a two-terminal system with thermal
reservoirs at equal temperature, connected by a box transmission. Here, the bound is plotted as a
function of the chemical potential bias and bandwidth. The bound is tighter for small values ofB �

and asymmetric with respect to �ipping the chemical potential bias.

Figure 3.9: Figure displaying the average occupations given by the Fermi distribution of two thermal
fermionic reservoirs. The shaded green region illustrates the transmission probability. When� � < 0
it is possible for the particles �owing with energy above the average chemical potential to cancel the
contribution of particles �owing with energy below. This is the cause of the blue region of the lower
left corner in panel (a) of Fig. (3.8).
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Figure 3.10: Figure displaying the DFB for the particle current of Eq. (3.39), for a two-terminal
system with thermal reservoirs at equal temperature, connected by a box transmission. Here, the
bound is plotted as a function of the chemical potential bias and bandwidth.

tions as well as the DFB, which applies to both bosonic and fermionic systems. We saw that we could
trivially extend the bosonic bounds to include the quantum �uctuations, unlike the fermionic case. It
is, however, desired to include more terms in the bound when doing this to ensure that it stays tight,
and we must treat the quantum �uctuations separately if we want to extend the DFB to include the
full �uctuations in the fermionic case. Therefore, in the coming sections, we will focus on �nding
relations between the quantum part of the �uctuations and currents.

3.1.5 Bosonic bounds set by quantum �uctuations

In the previous section, we saw that we were able to establish the previously set bound for fermions
in the bosonic case. We also saw that we were able to extend this bound to include complete noise,
unlike in the fermionic case, but it is desirable to improve the bound when including quantum noise to
make it tighter. In this thesis, we show two ways of doing this for bosonic systems. First, we consider
a situation when the population di�erences between reservoirs are large. After this, we �nd a more
general trade-o� relation for the bosonic quantum noise, which includes the e�ect of bunching.

3.1.5.1 The strong current bound

We consider a situation where transport occurs in an energy window where the population in reservoir
� is far from being equal to populations in the other reservoirs. We call this thestrong current regime,
and it could be achieved by having transport in a shorter, low energy window, with reservoir� having a
di�erent temperature, chemical potential, or otherwise di�erent nonthermal distribution. This regime
corresponds to a far-from-equilibrium situation for bosons outside of the tunneling regime. It is �rst
noted that the factor

js�
 (E)j2jf � � f 
 j; (3.46)

can be greater than one for bosonic reservoirs, unlike the fermionic case, where due to the Pauli
exclusion principle, this factor is bounded by one. Then ifjs�
 (E)j2jf � � f 
 j � 1 it follows that

[js�
 (E)j2(f � � f 
 )]2 � j s�
 (E)j2jf � � f 
 j: (3.47)

Turning our focus to the bound set for the entropy production and using Eq. (3.47) together with the
�rst inequality of Eq. (3.7), we �nd
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if X


 6= �
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 (E)j2jf � � f 
 j � 1; when
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 6= �

js�
 (E)j2jf � � f 
 j 6= 0: (3.49)

The conditions of Eq. (3.49) we call thestrong current conditions. One should note that the condition
of Eq. (3.49) can be ful�lled for a fermionic system if it involves more than two reservoirs, since they
are summed over. From this, it follows that in the strong current regime, the bosonic bound set by
the full noise of Eq. (3.14) improves to
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The same is true for the particle and energy currents, and in the strong current regime,

S(0)
�� � 4jI (0)

� j; (3.51)
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� j: (3.52)

The strong current regime can also be implemented in the bosonic DFB. Beginning from
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wherex is de�ned as before in section (3.1.3). By minimizing, we �nd,
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Combining this with the classical DFB, we arrive at
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in the strong current regime.

These bounds apply only in the strong coupling regime, but when the quantum �uctuations are
large, they should be relevant, e.g., outside of the tunneling regime and far from equilibrium. It is,
however, possible to �nd a trade-o� relation for the quantum part of the �uctuations which is appli-
cable in a more general situation. This is the focus of the next section.

3.1.5.2 Bound from the Cauchy-Schwarz inequality

A more general way of treating the quantum part of the noise is by using the Cauchy-Schwarz In-
equality (CSI) for integrals. The CSI states that for functionsy(x) and c(x) that are square-integrable
in an interval x 2 [a; b], the following inequality holds [17]:

 Z b

a
y(x)w(x)dx

! 2

�
Z b

a
(y(x))2dx

Z b

a
(w(x))2dx: (3.56)

We recall that for a c-weighted current, the integrand in the quantum part of the �uctuations is
proportional to integrand in the c-weighted current itself. We can make this more clear by de�ning

g� (E) �
X


 6= �

js�
 (E)j2jf � � f 
 j; (3.57)

with which we can write
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If we now consider the situation when the support of the integrand in Eq. (3.58) is �nite: e.g. when
transport occurs in some energy window with �nite size, the CSI can be used to establish a bound
between a c-weighted current and its quantum �uctuations. To use the CSI, we begin by de�ning a
dimensionless �lter function

� � (E) =

8
<

:

1 if E 2 supp
�
C(� )

� (E)g� (E)
�

;

0 otherwise:
(3.60)

This �lter function has the following two properties: � � (E)2 = � � (E) and
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Utilizing this, we apply the Cauchy-Schwarz inequality,
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Figure 3.11: Diagrammatic representation of the bandwidth of transport. Here we see the average
occupations of two reservoirs,� and 
 , and the transmission probability between them. In this simple
case,B � would be the sum of the two energy intervals over witch the transmission probability is
non-zero.

Here we de�ne thebandwidth of the transportinto and out of reservoir� as

B � =
Z 1

0
dE� � (E): (3.63)

We note that B � has the unit of energy. The bandwidth quanti�es how wide the energy interval is
where transport is occurring, and it is illustrated in Fig. (3.11) for two reservoirs,� and � . Here,
the bandwidth would be the sum of the two marked energy intervals. We use this to establish the
following constraint between a c-weighted current and its quantum �uctuations:
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2
: (3.64)

This bound is another key result of this thesis, and it can naturally interpreted as how the e�ect of
bunching in bosonic systems limits precision. To see this, we can reshu�e the terms in Eq. (3.64) to
get
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Here we see that the precision in the coherent transport of bosons is fundamentally limited by the
bandwidth of transport and we denote Eq.(3.65) as theQuantum Precision Boundor QPB for short.
When the bandwidth is large, the bosons have the possibility of occupying di�erent energy states and
avoid bunching. In the extreme case whenB � ! 1 , the quantum part of the �uctuations puts no
limit on the achievable precision. On the other hand, whenB � is small, it isn't possible to achieve
high precision. Physically, this can be interpreted as forcing the bosons to occupy the same energy
state during transport and thus bunch together, which increases the �uctuations. Since the number
of bosons occupying the same state is unbounded, one could, in principle, decrease the bandwidth
while keeping the current constant. This would however force the quantum part of the �uctuations
to become very large due to Eq. (3.64). To illustrate this, we consider a two-terminal system with
nonthermal, constant average occupations in the transport window. Furthermore, we choose these
occupations to depend on the bandwidth asf � (B ) = f � =B and a box transmission as in Eq. (3.34).
For this system, the particle current becomes

I (0)
� (B ) =

1
h

Z 1

0
dED �


f 
 � f �

B
=

1
h

Z B

0
dED

f 
 � f �

B
= D[f 
 � f � ] =

1
h

Z B 0

0
dED

f 
 � f �

B 0
= I (0)

� (B 0):

(3.66)
Here we see that the current becomes independent for the choice of bandwidth, but the quantum part
of the noise is strictly growing as the bandwidth decreases, as evident from Eq. (3.64). While this is
a toy example of how bunching increases �uctuations, the bandwidth could still serve as a guiding
parameter for an experimentalist designing some sort of device utilizing the transport of bosons.

It is again interesting to understand when these new bounds are saturated. This is the case when
C(� )(E)g� (E) is constant, where one �nds
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2
: (3.67)
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Figure 3.12: Figure displaying the QPB for entropy production of Eq. (3.65), for a two-terminal
system with thermal reservoirs at equal temperature, connected by a box transmission. Here, the
bound is plotted as a function of the chemical potential bias and bandwidth. The bound is tighter for
small values ofB � and asymmetric with respect to �ipping the chemical potential bias. This is seen
clearly in panels (b, c), where one of the variables remains �xed while the other is varied.

For the entropy production and particle current, this can be ful�lled by picking a transmission prob-
ability like Eq. (3.34) and average occupations that are constant inside the transport window. For
thermal systems, this approximately happens if one considers a constant transmission probability
inside a small window at high temperatures, since the BE distributions could be approximated as
constant. For the energy current, this would require more exotic transmission probabilities or average
occupations, e.g.,f � (E) = kB T�

E . To visualize the QPB of Eq. (3.64), we again pick a two-terminal
system of thermal reservoirs with transmission probability of the same form as in Eq. (3.34). Here we
are required to calculate the currents and �uctuations since the bounds concern the full expressions,
not just the integrands. The QPB for the local entropy production is plotted in Fig. (3.12), where
the potential bias is varied,� �=
 = �� � � � along with the bandwidth, which is displayed in units of
kBT. Similarly to the classical FEB of Eq. (3.9), this bound is asymmetric, this time with respect to
exchanging the chemical potentials. This is made clear in panels (a, b), where one of the variables
remains �xed. It is also clear from this �gure that the bound remains tighter for small values of the
bandwidth. At larger bandwidths, the bound becomes less tight. This can be interpreted as the sys-
tem not achieving the maximum possible precision that the QPB allows for with the given parameters.
The corresponding plots for the particle current QPB are shown in Fig.(3.13). This bound displays
similar characteristics to the entropy production version, with the di�erence that it is symmetric with
respect to exchanging the chemical potentials. This is also re�ected in the panel (c), where the bound
is even around� � = 0. This results from particle-current conservation. It is again a less tight bound
for large bandwidths. With this understanding of the QBP, we are ready to combine these results
with the trade-o� relations from earlier chapters. We do this �rst for the bounds of section (3.1.3),
which when combined with Eq. (3.64) gives us
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These bounds are key results of this thesis since they extend trade-o� relations for the classical �uctu-
ations to the full �uctuations while at the same time including more terms to make the bounds tighter.
In this case, these additional terms include the e�ect bunching has on the �uctuations in the currents.
We denote the bound of Eq. (3.68) as the full FEB. Importantly, in these bounds, the classical and
quantum contributions scale di�erently with the transmission probabilities. Thus, in the tunneling
regime, the classical part is the dominant contribution, while the quantum part is important when
there is high transparency. To visualize this, we pick a two-terminal system with nonthermal, con-
stant occupationsf � and f 
 which do not depend on energy and a constant transmission probability.
The saturation of the full FEB for this system is plotted for di�erent transmission probabilities as a
function of the average occupations in Fig. (3.14). All though this is a highly speci�c case, it still gives
an intuitive understanding of how the full FEB behaves. One thing to note is that in the tunneling
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Figure 3.13: Figure displaying the QPB for particle current of Eq. (3.65), for a two-terminal system
with thermal reservoirs at equal temperature, connected by a box transmission. Here, the bound is
plotted as a function of the chemical potential bias and bandwidth. The bound is tighter for small
values ofB � and symmetric with respect to �ipping the chemical potential bias. This is seen clearly
in panels (a, b), where one of the variables remains �xed while the other is varied.

Figure 3.14: Figure displaying the full FEB of Eq. (3.68), for a two-terminal system with nonthermal
reservoirs with energy-independent average occupations, connected by a box transmission. Here, the
bound is plotted as a function of the average occupations for di�erent transmission probabilities. We
see that the plot becomes tighter and more symmetric when the transmission probability is high, as
evident from the line plots included where one of the occupations is kept �xed while the other one is
varied.

regime, the behaviour of the classical FEB is regained whenjf � � f 
 j is small, as expected from the
scaling of the transmission probabilities. This is made clear by comparing this �gure to Fig. (3.1).
It should however be noted that with these speci�c nonthermal occupations, the full FEB always
saturates asjf � � f 
 j ! 1 . We use the same system to visualize the current bound of Eq. (3.69) in
Fig. (3.15). This bound is again symmetric with respect to the exchange of the particle current and
otherwise displays the same general behavior as the full FEB.

While these bounds include full �uctuations, we also have derived another tighter bound concern-
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Figure 3.15: Figure displaying the current bound of Eq. (3.69), for a two-terminal system with non-
thermal reservoirs with energy-independent average occupations, connected by a box transmission.
Here, the bound is plotted as a function of the average occupations for di�erent transmission proba-
bilities. We see that the plot becomes tighter when the transmission probability is high, as evident
from the line plots included where one of the occupations is kept �xed while the other one is varied.

ing the classical part of the �uctuations, the dynamical �uctuation bound. Combining the DFB of
Eq. (3.30) with the QPB of Eq.(3.64) we �nd
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This bound is valid for an arbitrary c-weighted current that incorporates both classical and quantum
�uctuations, and we denote it as theQuantum Dynamical Fluctuation Boundor QDFB for short. The
structure of this relation can be made more clear by introducing thebunching-compensated �uctuations
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Using this, the QDFB can be compactly rewritten as
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The bunching-compensated �uctuations are not just a convenient way of writing down the QDFB;
they also have a physical meaning. It can be interpreted as subtracting extra noise caused by bunching
when extending the classical part of the �uctuations to the full �uctuations. If an experimentalist
were to measure an average current and its �uctuations, calculating the bunching-compensated noise
would be a way to estimate the classical �uctuations by �nding a bound from above. With this, we
interpret the right-hand side of Eq. (3.73) as abunching-compensated precision. The QDFB is a central
result of this thesis, and it tells us that the bunching-compensated particle current �uctuations limit
the bunching-compensated precision in a c-weighted current. We also note that for systems where
C �

� (E)g� (E) is constant, the bunching-compensated �uctuations are exactly equal to the classical
�uctuations: ~S(� )

�� = S(� )
��; cl and the QDFB reduces to the classical DFB. To visualize the QDFB,

we consider a two-terminal system of thermal reservoirs at equal temperature but di�erent chemical
potentials � � = �� + � � , � � = �� � � � connected by a box transmission with high transperancy

D �
 (E; B � ) = �( E) � �( E � B � ): (3.74)
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The entropy current version of the QDFB as function of the chemical potential bias and bandwidth
of transport is plotted in Fig. (3.16). Here we de�ned the ratio

~V (� )
� � 4

jI (� )
� j2

~S(� )
�� ~S(0)

��
: (3.75)

From panel (b), it is clear that the the bound is less tight for larger bandwidths, which we interpret as
not reaching the maximum achievable precision for this particular system. It is also clear from panel
(a) that there are three regions where the bound is not saturated when� � � 0 and when� � � � 1.
The �rst region we recognize from the classical DFB plotted in Fig. (3.5), and stems from the fact that
the average entropy current is small when the reservoirs are close to being at equilibrium. The two
other regions are not present in the classical plot of Fig.(3.5). To interpret this, we notice that when
j� � j = 1, one of the reservoirs has a chemical potential with value of zero, which in turn means that
the average occupation of that reservoir, given by the BE distribution, diverges, causing the quantum
part of the �uctuations to blow up. In this situation, the average occupations varies strongly inside the
region of integration, and the QPB of Eq. (3.58) is not tight. The particle current version of the QDFB
for this system is plotted in Fig, (3.17) and displays similar features, with the di�erence that it is sym-
metric with respect to changing the sign of the chemical potential bias for all values of the bandwidth.

Figure 3.16: Figure displaying the DFB for entropy production of Eq. (3.30), for a two-terminal
system with thermal reservoirs at equal temperature, connected by a box transmission. Here, the
bound is plotted as a function of the chemical potential bias and bandwidth. The bound is tighter for
small values ofB � and asymmetric with respect to changing the sign of the chemical potential bias.
This is seen clearly in panel (b).

Figure 3.17: Figure displaying the DFB for the particle current of Eq. (3.30), for a two-terminal
system with thermal reservoirs at equal temperature, connected by a box transmission. Here, the
bound is plotted as a function of the chemical potential bias and bandwidth. The bound is tighter for
small values ofB � and symmetric with respect to changing the sign of the chemical potential bias.
This is seen clearly in panel (b).
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In this section, we have seen how the quantum �uctuations include the e�ect of bunching in the
bosonic case, which we have been able to reason from the structure of the QPB. This has allowed us
to improve our previously derived trade-o� when extending them to include the the quantum part of
the �uctuations. We have, however, not been able to extend the DFB to include the full noise in the
fermionic case, and doing this is the focus of the next section.

3.1.6 Fermionic bounds set by quantum �uctuations

In the previous section, we saw how we were able to improve the trade-o� relations for bosonic systems
by including the quantum part of the noise. In the fermionic case, this extension to full �uctuations
is not as simple. Nonetheless, we will show two ways to extend the fermionic dynamical �uctuation
bound of Eq.(3.39) to include the full �uctuations. The �rst way utilizes Eq. (2.86) together with the
�rst inequality of Eq. (2.84), which allows us to write
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where x is de�ned as in Section 3.1.3. Using the same minimization scheme as earlier, we �nd the
following bound:
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Here we have extended the fermionic DFB to include the full �uctuations by utilizing results from
Ref. [2]. When deriving the bosonic QDFB, we were able to gain insight into the role that bunching
played in the noise of a current, and we are hoping to learn something similar from treating the
fermionic case. We cannot use the Cauchy-Schwarz inequality in the fermionic case since the fermionic
quantum noise is negative when included in the full �uctuations. We can, however, use a similar
integral inequality, namely Pólya and Szegö's inequality (PSI). For two functionsy and w, which are
bounded from below and above:

0 � my � y � M y � 1 ; (3.78)

0 � mw � w � Mw � 1 ; (3.79)

Pólya and Szegö's inequality states that [17, 30]
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and
m = mymw ; M = M yMw : (3.83)

Here, the integration is done using Lebesgue integrals. The parameter� can be thought of as encoding
how strongly the integrands vary in the region of integrationA. If w and y are constant functions,
� = 1, and the PSI is trivially saturated. This parameter can, however, become large if the integrands
vary strongly. To apply this inequality, we use the same de�nition ofg� (E) as in the bosonic case
from Eq. (3.57) to write the fermionic currents and quantum �uctuations as
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Furthermore we restrict ourselves to treat the case when the integrand of Eq. (3.84) does not switch
sign inside the region of integration, i.e. when
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We again use the same de�nition of the �lter function� � (E) as from Eq. (3.60) and apply the PSI to
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This implies that
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where the bandwidth of transportB � is de�ned in the same way as for the bosonic case in Eq. (3.63).
Since we consider these integrals as Lebesgue integrals, we exclude any points where� � (E) = 0 , and
the �lter function is thus constant inside the region of integration. This means that
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This new bound between a c-weighted current and its quantum �uctuations has similarities to the
earlier bosonic bound derived using the CSI since it contains the bandwidth. One should, however,
note that this inequality is �reversed� compared to the the bosonic QPB. Anyhow, this result allows
us to extend the fermionic DFB to include the full �uctuations. We combine the result of Eq. (3.39)
with the bound of Eq. (3.88) to obtain
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which we denote as the fermionic quantum dynamical �uctuation bound. Unlike the bosonic case,
where we had the freedom to include the QBP when extending the DFB to the full noise, we have
no choice but to use the additional terms in the fermionic case. In the bosonic case, the bound was
made tighter by the inclusion of the QPB, whereas here the bound becomes weaker. Speci�cally, the
bound of Eq. (3.91) is made worse when the factor�B �

is large, i.e., when the bandwidth is small or
we are dealing with, for example, a peaked transmission probability causing a large� . This factor can
be thought of as including the e�ect of anti-bunching on the precision of the coherent transport of
fermionic particles. When �

B �
is large, more anti-bunching is occurring, which decreases �uctuations

and allows for higher precision. The bound of Eq. (3.91) is not as widely applicable as its bosonic
counter part, mainly due to the factor � having the potential to become arbitrarily large. It should,
however, be able to constrain precision in fermionic systems where one is using a roughly constant
transmission probability in some energy window and zero-temperature reservoirs where the Fermi
distribution becomes a step function. It could also be applicable in the high temperature limit, where
the average occupations could be approximated as roughly constant in some energy window. With
this intuition for these new fermionic results, we introduce theanti-bunching compensated �uctuations
as
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which allows us to write the fermionic QDFB as
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This can be interpreted as the anti-bunching compensated �uctuations in the particle current putting
a limit on the anti-bunching compensated precisionof the right hand side, achievable for a fermionic
c-weighted current. The fermionic QDFB is a key result of this thesis, as it is a bound on the precision
of a c-weighted current in fermionic coherent transport. It can be interpreted as including the e�ect of
anti-bunching, which allows for higher precision in fermionic systems for certain physical realizations.
Interestingly, this bound is improved when the bandwidthB � is large, unlike the bosonic case, where
a large bandwidth caused the quantum �uctuations to not put a tight constraint on the achievable
precision, as detailed in Eq.(3.64). This goes hand in hand in our interpretation of bunching and
anti-bunching. For large bandwidths, bunching does not constrain precision in the bosonic case, while
small bandwidths cause anti-bunching in fermionic devices, allowing for higher precision. A very
important point is that any expression involving ~S(� )

�� only holds when the integrand ofI (� )
� does not

change sign inside the region of integration, i.e. Eq. (3.86) holds true.

This concludes the �rst part of the results. We have found multiple trade-o� relations, and our
key results are the dynamical �uctuation bounds, the quantum precision bound and the extension of
the DFBs to the QDFBs. By this analysis, we have gained insight into the role that the fundamental
nature of bosons and fermions play in the precision of coherent transport. In the bosonic case, bunch-
ing allowed us to �nd a tighter bound on precision in Eq. (3.73), while we saw that anti-bunching
caused our bounds to become less strict in the fermionic case of Eq. (3.93). In the next part of this
chapter, we will focus on entropy production and derive a thermodynamic uncertainty relation for
bosonic multi-terminal devices. We will also extend this bound to include the quantum �uctuations
in both the bosonic and fermionic cases.
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3.2 Thermodynamic uncertainty relations for coherent trans-
port of particles.

In the previous part of the chapter, we were able to establish multiple bounds on currents set by
�uctuations. By including the quantum part of the �uctuations, we have managed to improve the
bosonic bounds and gain more insight into the role of bunching in the coherent transport of bosons.
We also found new results applying to fermionic systems where the quantum part of the �uctuations
could be interpreted as containing the e�ect of anti-bunching on precision. These bounds are appli-
cable to systems where the reservoirs are possibly nonthermal. In this section, we take a di�erent
approach to �nding relations between the currents and �uctuations, focusing on thermal reservoirs.
Here we derive a thermodynamic uncertainty relation for strongly coupled bosonic systems, described
by scattering theory. A TUR for fermionic systems described by scattering theory was derived by
K. Brandner et. al. in Ref. [8], concerning the classical part of the particle current �uctuations of
fermions. In Ref. [8], K. Brandner et. al. derived TURs for fermionic systems subject to chemical
potential biases by constructing quadratic forms. In this thesis, we follow the same procedure, ex-
tending it to bosonic systems with time reversal symmetry, subject to both chemical potential biases
and temperature biases. Furthermore, we are able to extend the bosonic TUR to the full �uctuations,
unlike the fermionic case [8]. We are also able to extend the fermionic result of Ref. [8] to apply to
reservoirs subject to both chemical potential biases and temperature biases, as well as including the
quantum part of the �uctuations, using relations previously derived in this thesis.

We begin this part of the results by deriving a thermodynamic relation for the classical part of
the bosonic �uctuations.

3.2.1 Thermodynamic uncertainty relations for bosonic systems, with
time reversal symmetry

We start out by deriving a TUR for bosonic multiterminal devices where there is time reversal sym-
metry. To do this, we follow the same method as in Ref. [8]. After this, we will extend this TUR to
include the quantum part of the �uctuations.

3.2.1.1 Bosonic thermodynamic uncertainty relation for classical �uctuations

In this section, we focus on systems where the reservoirs are thermal, i.e., those described by the BE
distribution of Eq. (2.24). This is an important point since the explicit form of the average occupation
will be used multiple times in the following calculations. Since we are working with thermal reservoirs,
the local entropy productions are simply given by Clausius' relation, and the total entropy production
is calculated by summing the heat �ows of Eq. (2.52) of each reservoir,

� =
X
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J�

T�
=

X

�;�

kB

h

Z 1

0
dED �� (E)

E � � �

kBT�
(f � � f � ): (3.94)

For systems with time reversal symmetry, e.g a lack of magnetic �elds, the transmission probabilities
are symmetric: D �� (E) = D �� (E). Using this and de�ning

F � =
� � � E
kBT�

; (3.95)

the entropy production can be rewritten as

� =
kB

2h

X

�;�

Z 1

0
dED �� (E) (F � � F � ) ( f � � f � )

=
kB

2h

X

�;
 6= �

� Z 1

0
dED �
 (E) (F � � F 
 ) ( f � � f 
 )

�

+
kB

h

X

� 6= �

� Z 1

0
dED �� (E) (F � � F � ) ( f � � f � )

�

: (3.96)

Now de�ning
� �� = F � � F � ; (3.97)

we have the following identity for the BE distribution

(f � � f � ) = (1 + f � )f � (e� �� � 1): (3.98)
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Using this together with the factor

W�� =
1
h

D �� (E)(1 + f � )f � � 0; (3.99)

the total entropy production can be rewritten as
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 � �
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o
+ kB
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o
: (3.100)

In this form, it is clear that each term inside the two sums is strictly positive since the function
x(ex � 1) � 0. Following the same procedure as in Ref. [8], we de�ne a quadratic form containing the
entropy production, the particle current and its classical �uctuations,

Acl
� =

�
kB

� 2 xI (0)
� +  x 2S(0)

��; cl: (3.101)

Here, x and  are real numbers parameterizing the quadratic form. We note that if we are able to
�nd a value for  such that the quadratic form is semipositive de�nite,Acl

� � 0, we automatically
obtain a TUR by minimizing Acl

� with respect to x:

�
S(0)

��; cl
�
�
�I (0)

�

�
�
�
2 �  k B : (3.102)

What remains now is to �nd a value of > 0 such that the quadratic form is semipositive de�nite, and
the larger the value of , the stricter the resulting inequality will be. Using Eq. (3.98) and Eq. (3.99),
the particle current can be rewritten as

I (0)
� = �

X

� 6= �

Z 1

0
dEW�� (e� �� � 1): (3.103)

Similarly, using the following identity for the BE distribution

(f � + 1) f � + (1 + f � )f � = (1 + f � )f � (e� �� + 1) ; (3.104)

the particle current �uctuations can be rewritten as

S(0)
��; cl =
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Z 1

0
dEW�� (e� �� + 1) : (3.105)

Altogether, this allows for the quadratic form to be expressed as
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As noted earlier, the �rst sum is strictly positive, and what remains to be found is a value for the
parameter  such that the second sum is strictly positive. The expressions in the second sum are on
the same form as in Ref. [8], and it is possible to follow the same procedure used there. We begin by
minimizing Acl

� with respect to x, which gives us
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: (3.107)

Using the following inequality from Ref. [8]:

y(ey � 1) � 2
(ey � 1)2

(ey + 1)
; (3.108)

we �nd that for any 0 �  � 2, the second sum in Eq. (3.107) is positive. Picking = 2 to get the
strictest inequality, we minimize the Eq. (3.101) with respectx to obtain
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: (3.109)
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This is a TUR for strongly coupled bosonic systems with time-reversal symmetry, subject to both
chemical potential and temperature biases. It is an analogous result to the one found by K. Brandner
et. al. in Ref. [8]. The relation of Eq. (3.103) can be interpreted as quantifying a minimum thermody-
namic cost of precision. For a certain precision in the particle current, a minimum entropy production
is required. It can also be trivially extended to include the full noise since the bosonic quantum noise
is positive:

�S (0)
���

�
�I (0)

�

�
�
�
2 �

�S (0)
��; cl

�
�
�I (0)

�

�
�
�
2 � 2kB : (3.110)

An attempt at deriving a bosonic TUR for systems without time-reversal symmetry following the
method used in Ref. [8] was made. This proved fruitless since it was not possible to �nd a value for
 > 0 for which the quadratic form was semide�nite positive. This attempt is outlined in Appendix
[C.1]. That this attempt failed is not a proof that it is impossible to derive the TUR. We where
however able to �nd a counterexample allowing us to break the TUR to an arbitrary degree exploiting
the broken time-reversal symmetry. We show this example now.

To �nd a counterexample, we need to perform calculations for a speci�c system, i.e. a speci�c
scattering matrix. We only need to show that there exists a valid scattering matrix for which the
TUR can be arbitrarily broken, but we do not need to have a speci�c physical realisation in mind.
To do this, we make the following ansatz for a scattering matrix inspired by a classical Nernst engine
[27, 8]:

s�� (E) = m(E)� �� � 1 + n(E)� �� ; (3.111)

where m(E); n(E) are complex numbers and�; � = 1; ::; N are periodic indices [8]. We begin by
enforcing unitarity

X
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s�� s�

� = (3.112)
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= jm(E)j2� �
 + jn(E)j2� �
 + m� (E)n(E)� � � 1
 + m(E)(n� (E)) � �
 � 1 = � �
 ; (3.114)

where the last inequality must hold true. This in turn means that eitherm(E) = 0 or n(E) = 0 ; we
pick the latter and �nd

s�� (E) = m(E)� �� � 1 = ei� � �� � 1; (3.115)

wherem(E) is a complex phase. We modify this scattering matrix by using an energy �lter

W(E; �; B ) = �( E + � ) � �( E + � + B); (3.116)

and write
s�� (E) = W(E; �; B )� �� � 1 + (1 � W(E; �; B )) � �� : (3.117)

This is the scattering matrix we will use to �nd our counterexample. We do this by considering a
system ofN reservoirs at equal temperature but di�erent chemical potential biases. Transport occurs
in an energy window, where each reservoir is injecting particles into the next reservoir, and theN th

reservoir is sending particles into the �rst reservoir in a similar fashion as to the classical Nernst engine
of Refs. [27, 8]. The reservoirs have di�erent chemical potentials

� � =
��
N

; (3.118)

where� is negative. Using this the particle current becomes
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The classical particle current �uctuations becomes
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unless� = 1, where we instead have
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Since all reservoirs are at equal temperatures, the total entropy production is simply given by

� =
NX

� =1

� � �

T
I (0)

� : (3.124)

With these expression in place, we de�ne the ratio

Qcl
� = �

S(0)
��; cl

jI (0)
� j2

: (3.125)

If we can �nd values for our parameters such asQcl
� for a reservoir that become arbitrarily close to

zero, this means that we have found an example proving that it is not possible to derive a bosonic
TUR with respect to the classical �uctuations for a general system described by scattering theory
with broken time reversal symmetry. Note that the ratio of Eq. (3.125) is bounded by 2 from below
for systems with time reversal symmetry since the TUR holds for these as shown in Eq. (3.103) and
any value of Qcl

� < 2 is a sign of TUR violation. We set� = 10� 4kBT, B = 10� 5kBT and plot the
ratio for the �rst reservoir Qcl

1 , which can be seen for di�erent numbers of reservoirsN in Fig. (3.18).
Here we notice that when we increase the number of reservoirs,Qcl

1 can get arbitrarily close to zero,
which in turn means that it is not possible to derive the TUR in general for systems with broken time
reversal symmetry.

Figure 3.18: Plot of the ratio of Eq. (3.125) for the �rst reservoir of our setup as a function of the
chemical potential parameter in Eq. (3.118). Notice that for all values we show in panels (b,c),Qcl

1 is
far below 2, which indicates rather strong violation of the TUR. Speci�cally for systems with a large
number of reservoirsN , the ratio can get arbitrarily close to zero.

These TURs are key results of this thesis, extending this type of trade-o� relation to strongly coupled
bosonic systems. We can, however, improve this bound by including the quantum precision bound of
Eq. (3.65), in a similar way as in the previous part of the results. This will be the focus of the next
section.

3.2.1.2 Bosonic thermodynamic uncertainty relation for the full �uctuations

In the previous section, we derived a TUR for bosonic systems with time-reversal symmetry. This
trade-o� relation included the classical precision and total entropy production. We now extend it by
combining Eq. (3.65) and Eq. (3.103) to �nd

� � 2kB
jI (0)

� j2

S(0)
�� � 2h

B �
jI (0)

� j2
= 2kB

jI (0)
� j2

~S(0)
��

: (3.126)

Here we again encounter the bunching-compensated �uctuation and precision. We have already an-
alyzed the meaning behind these expressions in section (3.1.5) and conclude that this bound can
be interpreted as the total entropy production bounding the bunching-compensated precision in the
particle current from above. If we want to have high bunching-compensated precision in the particle
current, we have to pay the thermodynamic cost of having large entropy production. This is another
key result of this thesis, and it is valid for thermal systems with time-reversal symmetry. We denote
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the bound of Eq. (3.126) as the bosonic quantum thermodynamic uncertainty relation, or QTUR
for short. This result shows us that bunchingincreasesthe thermodynamic cost of precision in the
coherent transport of bosons.

We have previously shown that we can include the quantum �uctuations for our fermionic bounds
with the introduction of the anti-bunching compensated �uctuations. In the next section, we apply
these results to the fermionic TURs derived in Ref. [8] to extend them to the full �uctuations.

3.2.2 Extending the fermionic thermodynamic uncertainty relation to
the full �uctuations

As discussed in Section 2.2.3.2, K. Brandner et. al. derived TURs for fermionic systems subject to
chemical potential biases [8]. These included the classical part of the �uctuations. To extend it to
the full �uctuations, we can use the fermionic quantum dynamical �uctuation bound of Eq. (3.88) in
combination with the TUR of Eq. (2.90) to �nd

� �  k B
jI (0)

� j2

S(0)
�� + 2h�

B �
jI (0)

� j2
=  k B

jI (0)
� j2

~S(0)
��

; (3.127)

where  = 2 for systems with time reversal symmetry and � 0:89612for systems without [8].
This bound has a natural interpretation as the total entropy production limiting the anti-bunching
compensated precision in the particle current. Here we see that the e�ect of anti-bunching allows for
a lower thermodynamic cost of precision in comparison to bosonic systems. This is a key result of this
thesis and we denote Eq. (3.127) as the fermionic quantum thermodynamic uncertainty relation. An
important point is that since this bound involves the anti-bunching-compensated �uctuations it is only
valid when the integrand of the particle current does not switch sign inside the region of integration,
i.e. Eq. (3.86) holds true for the particle current.

To summarize, we were able to �nd a TUR for bosonic systems described by scattering theory. Fur-
thermore, we were able to include the quantum part of the �uctuations in this trade-o� relation,
which encoded the added cost of precision when bunching is occurring. After this, we extended the
previously derived fermionic TUR of Ref.[8] to include the full �uctuations as well. By doing this, we
saw that the e�ect of anti-bunching decreased the thermodynamic cost of precision.

In the third and �nal part of the results, we will combine the bounds of Section 3.1 with the TURs
to be able to bound entropy production from both below and above.

3.3 Bounding entropy production from below and above

In the previous Section 3.1, we derived multiple trade-o� relations for c-weighted currents. What all
these bounds have in common is that the precision or strength of a current is limited by �uctuations
from above. This is fundamentally di�erent statements to the TURs of Section 3.2, where the precision
of the particle current is limited by the total entropy production. In fact, if we change perspective on
the TUR, we can interpret it as the precision in the particle current limiting the entropy production
from below. We can thus combine it with our bounds in Section 3.1 to �nd bounds on the total
entropy production for thermal reservoirs from both below and above at the same time. We begin by
doing this for bosonic systems.

3.3.1 Bosonic systems

In this section, we consider bosonic multiterminal devices where each reservoir is thermal. In addition,
we only consider systems with time-reversal symmetry, which allows us to use the TURs we have
derived for bosonic systems in the previous part of the results.

3.3.1.1 Constraints set by classical �uctuations

In Section 3.1, we found two bounds, constraining the local entropy production from above. The �rst
one of these is the FEB of Eq. (3.9), and it can be related to the total entropy production by summing
over reservoirs. By lettingN equal the number of reservoirs, we �nd

NX

� =1

R�; cl � 2kB

NX

� =1

jI (�)
� j � 2kB � : (3.128)
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For bosonic systems with time-reversal symmetry, we can combine this result with the TUR of
Eq. (3.103) to �nd

NX

� =1

R�; cl � 2kB � � 4kB
jI (0)

� j2

S(0)
��; cl

; (3.129)

thus bounding the total entropy production from both below and above. However, the FEB is not
the tightest bound on the local entropy production set by the classical �uctuations at our disposal.
This is the DFB of Eq. (3.30). Using this bound and summing over reservoirs, we �nd
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r
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��; clS
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��; cl � 2
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� =1

jI (�)
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Combining it in the same manner as before with Eq. (3.103) we �nd
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��; clS
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: (3.131)

Both of these bounds extend to the full �uctuationsS(� )
�� trivially. The bound of Eq.(3.131) is a central

result of this thesis, since we show that the entropy production in bosonic systems is limited both
from above and below by the �uctuations present in the system. If we desire high precision in the
particle current, the entropy production must be large, which in turn forces the �uctuations in the
system to become large. We can also sum over reservoirs in the left-hand side, which gives us
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or alternatively
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These bounds extend to the full �uctuations as well. We are, however, interested in employing the
quantum precision bound to achieve a tighter overall bound. This is the focus of the next section.

3.3.1.2 Constraints set by full �uctuations

At this point, we have already seen how to include the limits on precision set by the classical quantum
�uctuations in the classical trade-o� relations multiple times. To use the full FEB of Eq. (3.68) we
�rst use the discrete version of the Cauchy-Schwarz inequality [17] to �nd
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where we de�ned thetotal bandwidth
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limiting entropy production from both below and above. Instead using the QDFB of Eq. (3.126) and
by summing over reservoirs, we �nd
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q
~S(0)

�� ~S(�)
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~S(0)
��

: (3.137)

This bound is a central result of this thesis, and it can be interpreted as the total entropy produc-
tion being constrained by the bunching compensated noise, both from below and above. If we have
high bunching-compensated precision in the particle current, the total entropy production becomes
large. This then forces the bunching-compensated noise to become large in turn. This shows us that
entropy production and �uctuations are fundamentally linked in scattering theory for bosonic systems.

We have now bounded entropy production from both sides for bosonic thermal systems with time
reversal symmetry. We also managed to incorporate the e�ect of bunching when extending these
bounds to the full �uctuations, constraining the total entropy production tighter. We now perform
the corresponding procedure for fermionic systems.
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3.3.2 Fermionic systems

In Ref. [8], TURs for fermionic systems were derived, and the parameter as shown to be = 2
for time-reversal symmetric systems and � 0:89612otherwise. We now combine this TUR with
the DFB derived in Section 3.1 to �nd both an upper and lower limit on the entropy production for
fermionic systems.

3.3.2.1 Constraints set by classical �uctuations

We begin by considering the classical �uctuations and follow the same procedure as in Section 3.3.1.1.
Starting from the constraint of Eq. (3.39) on the local entropy production, we �nd a bound on the
total entropy production by summing over all reservoirs,
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combining this with the TURs of Ref. [8], we �nd
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This shows us that the fermionic entropy production is constrained from both sides by the classical
parts of the �uctuations. It is however not possible to extend this bound to the full �uctuations
without using the results dealing with the quantum part of the noise, in contrast to the bosonic
systems. This will be the focus of the next section.

3.3.2.2 Constraints set by full �uctuations

To constrain the fermionic entropy production from below and and above using the full �uctuations,
we utilize the fermionic QDFB of Eq. (3.93) together with the quantum TUR of Eq. (3.141). By
summing over reservoirs, we �nd
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q
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Having an upper limit on the total entropy production set by the anti-bunching compensated �uctu-
ations, we continue to use the QTUR to �nd
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�� ~S(�)
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With this bound, we have been able to constrain the total entropy production in fermionic systems
by the anti-bunching-compensated noise. Here again we notice a di�erence to the bosonic case, see
Eq. (3.137). The quantum part of the �uctuations causes the bound to become less tight from both
sides, not constraining the entropy production as tightly as in the bosonic case. This is due to anti-
bunching decreasing the noise in fermionic systems and allowing for higher precision. An important
point is that since this bound involves the anti-bunching-compensated �uctuations it is only valid
when the integrand of the particle current does not switch sign inside the region of integration, i.e.
Eq. (3.86) holds true for the particle current.

With this, we �nish presenting the results derived during this master's project. We have been able
to �nd trade-o� relations for the coherent transport of weakly interacting particles. These are quite
general results, and the only time we made an additional assumption apart from standard on the
scattering matrix and thus the device investigated was when we assumed time reversal symmetry
when deriving the bosonic TUR. We now move on to the conclusions of this thesis.
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4
Conclusion

In this thesis, we have investigated the relationship between noise and currents in nanoscale devices
modelled by scattering theory. We found multiple trade-o� relations for precision for both fermionic
and bosonic systems with possibly strong coupling and nonthermal resources. In Chapter 1, we in-
troduced the fundamental concepts that this work has been examining. We motivated using entropy
production as the fundamental way of characterizing a thermodynamic process. Additionally, we dis-
cussed the notion of performance and how it has to be modi�ed when studying the thermodynamics
of nanoscale devices. In this context, we introduced the notion of �uctuations and precision in an
output, which are central concepts of this thesis. The presence of �uctuations is not the only dif-
ference between large and small-scale devices; so are quantum e�ects. Speci�cally, the two types of
indistinguishable quantum particles, fermions and bosons, have di�erent transport properties. We
examined these di�erences by studying the �uctuations in a Hong-Ou-Mandel setup where bosons
are observed to bunch increasing �uctuations, whereas fermions anti-bunch decreasing �uctuations.
These e�ects are important for understanding our results later on. Finally, we motivated the use of
scattering theory to model nanoscale devices to be able to make general statements about precision
in the coherent transport of weakly interacting particles.

In Chapter 2, we introduced the theory needed to describe the thermodynamics of nanoscale de-
vices in greater detail. First, we discussed the role of entropy and how its notion di�ers in quantum
mechanical systems. In particular, we showed that the quantum mechanical von Neumann entropy
reduces to the classical Gibbs entropy when describing states diagonal in the number basis, which we
focus on in this thesis. After this, we introduced two important trade-o� relations valid for classical
Markovian systems: the thermodynamic and kinetic uncertainty relations. To understand whether
these relations are valid also for quantum transport, we �rst introduce the theoretical framework used
in this thesis: scattering theory. We utilize this framework to calculate di�erent kinds of currents and
their �uctuations and discuss trade-o� relations involving them [2, 8]. We introduced the notion of
a c-weighted current, which we showed could be used to describe particle, energy, heat, and entropy
currents within a common formula. We concluded Chapter 2 by investigating the thermodynamics of
two reservoirs connected by a central scattering region and showed some di�erences in working with
fermionic and bosonic systems.

Our results are presented in Chapter 3, where we derived numerous trade-o� relations for systems
described by scattering theory. Here we summarize our main results:

ˆ We showed that the bosonic �uctuations could be decomposed into the same division of classical
and quantum �uctuations as used in Refs. [2, 8]. Here we saw that the bosonicquantum �uctu-
ations gave a positive contribution to the total noise, unlike the fermionic case [Section 3.1.1].

ˆ We extended the trade-o� relation concerning the classical �uctuations for nonthermal fermionic
systems of Ref. [2] to bosonic systems with the �uctuation entropy production bound of Eq. (3.9).
We found similar bounds for other c-weighted currents, and a key result is that all these bounds
could be trivially extended to the full �uctuations, namely the quantum �uctuations unlike the
fermionic case [Section 3.1.2].

ˆ We found tighter bounds than the ones presented in Section 3.1.1 involving classical �uctuations
and a c-weighted current, namely the dynamical �uctuation bound. This bound applied to both
bosonic and fermionic system, as shown in Eq. (3.30) and Eq. (3.39). Both of these bounds bear
a resemblance to the kinetic uncertainty relation. However, to make this connection concrete,
further research is needed. In the bosonic case, it was straightforward to extend the DFB to
include the full noise unlike in the fermionic case [Section 3.1.3, Section 3.1.4].

ˆ We analyzed the bosonic quantum noise to �nd multiple new bounds on precision, with the
central one being the quantum precision bound in Eq. (3.64). This bound showed us how the
precision in a bosonic c-weighted current was inherently limited by the bandwidth, which could
be interpreted as bunching, limiting precision. We also incorporated the QPB into our classical
noise bounds of the FEB and DFB, which allowed us to �nd the full FEB in Eq. (3.68) and the
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QDFB in Eq. (3.71). These bounds are key results of the thesis, providing bounds between full
physical �uctuations and a current while at the same time including the e�ect of bunching in a
clear way [Section 3.1.5].

ˆ We extended the fermionic dynamical �uctuation bound to include the quantum �uctuations
in two ways. The �rst way resulted in the bound of in Eq. (3.77), which holds in a general
setting. The second way included the e�ect of anti-bunching, allowing for a higher precision in
a c-weighted current in the fermionic QDFB of Eq. (3.91). It however required the integrand
in the currents to not change sign inside the region of integration. This is a central result of
this thesis, allowing us to compare the trade-o� relations for precision in bosonic and fermionic
systems [Section 3.1.6].

ˆ We extended the thermodynamic uncertainty relation derived in Ref. [8] for thermal fermionic
systems to bosonic systems with time-reversal symmetry in Eq. (3.109). This is a key result
of this thesis, establishing a TUR for strongly coupled bosonic systems. It was possible to
trivially extend the bosonic TUR to include the full �uctuations, unlike the fermionic case
[Section 3.2.1.1].

ˆ We extended both the bosonic and fermionic TURs to include the full �uctuations, which incor-
porated the e�ects of bunching in Eq. (3.126) and anti-bunching in Eq. (3.127), respectively. By
doing this, we saw that the thermodynamic cost of precision was increased for bosonic systems
while it was decreased for fermionic systems [Section 3.2.1.2, Section 3.2.2].

ˆ For thermal bosonic systems with time-reversal symmetry, we found both upper and lower
bounds on the total entropy production by combining our results from Section 3.1 and Sec-
tion 3.2. This is a central result of this thesis, where we showed that �uctuations limit the pos-
sible entropy production fundamentally. We also managed to incorporate the e�ect of bunching
in these bounds, making them tighter. This is made clear by the bound of Eq. (3.137), where
we saw that the total entropy production is limited from above by bunching-compensated �uc-
tuations, while being limited from below by the bunching-compensated precision in the particle
current.

ˆ For thermal fermionic systems, we managed to �nd both upper and lower bounds on the total
entropy production by combining our results from Section 3.1 and Section 3.2. This is a central
result of this thesis, where we showed that �uctuations limit the possible entropy production
fundamentally. We also managed to incorporate the e�ect of anti-bunching in these bounds,
making them less tight. This is made clear by the bound of Eq. (3.141), where we saw that the
total entropy production is limited from above by anti-bunching-compensated �uctuations, while
being limited from below by the anti-bunching-compensated precision in the particle current.

In conclusion, these new trade-o� relations for coherent transport of weakly interacting particles o�er
new insights in the understanding of �uctuations in nanoscale devices. In particular, they highlight
the role that bunching and anti-bunching play in the precision of a current and in the relation between
entropy production and �uctuations.
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In this thesis, we have derived trade-o� relations valid for any coherent conductor described by scat-
tering theory. In addition, we allowed for the reservoirs to have arbitrary temperatures and chemical
potentials, or even to be nonthermal. However, we restricted ourselves to working with �semi-classical�
states, which are diagonal in the number basis. How precision is a�ected by more exotic quantum
states is, however, very interesting, especially in the bosonic case where there can be, e.g., coherent
and squeezed states [9]. It is worth noting that the entropy production could become more compli-
cated to calculate because of decoherence.

Furthermore, we focused on c-weighted currents in stationary systems. Adding external drives to
the system opens up the possibility of studying more devices, e.g. heat or particle pumps and even
collective excitations.

Moreover, there are other interesting types of currents to investigate which are not c-weighted cur-
rents. This is the case in spintronics, where spin currents and their precision play a crucial role [22,
19, 20].

Finally, while we are able to treat strong coupling between the leads and the scattering region using
scattering theory, we are restricted to treat only weak particle-particle interactions. Strong interac-
tions can, in principle, have important e�ects on precision. However, extending the trade-o� relations
derived here to the strongly interacting would require di�erent approaches like Green's functions and
would require other types of approximations e.g. weak coupling.
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A
Appendix 1

A.1 The chemical potential

In this section the role of the chemical potential for bosonic systems is discussed. For a system that
can exchange energy and particles with its surrounding a change in internal energyU is written as

dU = Td� + �dN; (A.1)

where T is the temperature,d� is the change in entropy,� is the chemical potential anddN is the
change in number of particles [10]. From this it follows that

� =
@U
@N

�
�
�
�
�
: (A.2)

Using this equation, the chemical potential can be interpreted as the amount of energy needed to keep
the entropy constant in the system when a particle is added. In principle,� can be both negative and
positive. In fermionic systems, the chemical potential can be positive due to the Pauli exclusion prin-
ciple, since if all states are occupied, there is not room for adding a particle without supplying enough
energy to reach an unoccupied state. Then the chemical potential is interpreted as the fermi level,
and the energy needed is exactly the energy it takes for a particle to enter the next highest energy
state, yielding a positive chemical potential [10]. This can, of course, not happen for non-interacting
bosons since the particle could always enter the ground state. The chemical potential for a reservoir
of non interacting bosonic particles is� � 0 and is equal to zero for a Bose Einstein Condensate
(BEC) [10]. This is because when adding a bosonic particle to a BEC it enters the ground state, not
increasing the multiplicity of microstates. If we instead add it to a reservoir of bosons, not in a BEC,
the number of microstates increases, yielding an increase in entropy. Then the internal energy has
to be decreased to ensure that the entropy remains constant, resulting in a negative chemical potential.

In Ref. [10], an elegant illustration of this is made using a simple reservoir of bosonic particles that can
each take energies in quantas of� . Here we use the same example to gain intuition for the chemical
potential in bosonic systems, but we emphasize that this argument was made in Ref. [10]. Initially,
two particles, R and B, are in a reservoir with an internal energy ofU = 2� and an entropy of
S = kB ln 3. A third particle G is added to the reservoir. If the internal energy is kept constant, the
entropy is increased toS = kB ln 6. If the energy is decreased by� � , the entropy remains constant.
Thus, the chemical potential is� = � � . An illustration of this argument made in Ref. [10] can be
seen in Fig (A.1). This view also allows for a natural interpretation of a chemical potential bias for

Figure A.1: States of a two-particle reservoir when a third particle with zero energy is added. The
particles in the reservoir can take on energies in quanta of� . If the third particle is added without
removing internal energy, the entropy increases from� = kB ln 3 to � = kB ln 6 due to an increase in
microstates. If we instead remove the internal energydU = � � , the entropy stays constant, thus the
chemical potential is negative with the value� = � � .

bosons. When allocating particles into a reservoir with bosons, the more negative� is, the more the
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