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Controlled Multi-Body Dynamic Simulation for Structural Characterization
Study and Analysis
Pranav Saibhushan Ravuri
Marteinn Víðir Sigþórsson
Department of Electrical Engineering
Chalmers University of Technology

Abstract

Virtual simulation is a popular tool used in the design of modern drivetrains, poten-
tially o�ering a more e�cient iterative design approach than hardware testing. For
example, using feedback controls in mechanical system simulations allows testing
alternative drivertrain models with di�erent control strategies at a minimal cost.
However, feedback control functionalities are seldom included in simulations for me-
chanical system design analysis and vice versa. Finding e�cient ways that bridge
the gap between the �elds of structural design and feedback control design is of
central interest for this project.

Phase Locked Loop (PLL) and Control Based Continuation (CBC) are feedback
control architectures that recently gained popularity within the structural analysis
community for characterizing nonlinear behavior. The basic analysis includes map-
ping of Frequency Response Curves (FRC) and the Backbone curve of the chosen
dynamical system. PLL and CBC have been tested by the research community and
are known to work, in both virtual and physical environments, for systems with
relatively few Degrees Of Freedom (DOF). DOF can be de�ned as the minimum
number of states required to model the system. A typical drivetrain model of today
can have on the order of thousands of DOFs, depending on analysis purpose and
chosen level of �delity (higher �delity models are typically more accurate but also
use a larger number of DOFs). So, to deliver e�cient feedback control of larger
structural models, there is much scope for improvements among existing control
architectures to satisfy industry requirements.

The thesis work aims to re-implement existing control architectures in a simple 1-
DOF Du�ng oscillator model. Another goal is to check whether the model-free
controller used in the CBC control architecture can be replaced by a model-based
controller. Model-based controllers use predicted system dynamics to generate op-
timal actuator signals. They provide better results, but are generally harder to
implement. Finally, the process of integrating newly developed controllers into the
existing drivetrain design work�ow at Volvo Cars is explored.

Keywords: PLL, CBC, Control, Mechanical Oscillations, Multi-Body Dynamics
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Below is the list of acronyms that have been used throughout this thesis, listed in
random order:

BEV Battery Electric Vehicle
DYNO Dynamometer
FRC Frequency Response Curve
MBD Multi-Body Dynamics
UUT Unit Under Test
1-DOF Single-Degree Of Freedom
MDOF Multiple Degrees of Freedom
PID Proportional-Integral-Di�erential
PD Proportional-Di�erential
PI Proportional-Integral
MPC Model Predictive Control
PLL Phase-Locked Loop
CBC Control-Based Continuation
CBC-MPC Control-Based Continuation Model Predictive Control
IPOPT Interior Point OPTimizer
NLP Non-Linear Programming
SISO Single-Input-Single-Output
NVH Noise, Vibration, and Harshness
RPM Revolutions Per Minute
LMS Least Mean Squares
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Nomenclature

Below is the nomenclature of indices, parameters, and variables used throughout
this thesis.

Indices

i Index for a general iterator

Parameters and Variables

Label Description Units

m Inertia [kg] or [kg�m2]

c Viscous damping coe�cient [N�s/m] or
[N�m�s/rad]

k Static sti�ness coe�cient [N/m] or [N �m/rad]

� Nonlinear sti�ness coe�cient [N/m 3] or [N�m/rad 3]

r Response amplitude [m] or [rad]

p Excitation/Forcing amplitude [N] or [N �m]

ax;n Sine Fourier coe�cient of the
nth harmonic of responsex

[m] or [rad]

bx;n Cosine Fourier coe�cient of the
nth harmonic of responsex

[m] or [rad]

au;n Sine Fourier coe�cient of the
nth harmonic of excitationu

[N] or [N�m]

bu;n Cosine Fourier coe�cient of the
nth harmonic of excitationu

[N] or [N�m]
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Variables

Label Description Units

x Response displacement signal [m] or [rad]

x� Reference displacement signal forx [m] or [rad]

u Forcing signal [N] or [N�m]

� Angular displacement [rad]

� Response phase lag [rad]

! Forcing angular frequency [rad/s]

General Rules

ˆ Italicized regular lower-case letter, (x): used to denote scalar variables
ˆ Italicized bold lower-case letter, (x ): used to denote vector variables
ˆ Italicized bold upper-case letter, (A ): used to matrix variables
ˆ Italicized lower-case letter with a hat, (̂x) used to denote estimated scalar

variables
ˆ Regular letter or name with concatenated parenthesis, (F(), sin(), cos()): used

for functions that return scalar values
ˆ Bold regular letter or name with concatenated parenthesis,(g()): used for func-

tions that return vectors
ˆ Bold zero, (0): a vector of zeros
ˆ A super-scripted asterisk, (x � ): used to denote the corresponding reference

signal (for x in this case)
ˆ A subscript in regular font, e.g., n in (cn), : used to denote a given label of

the parent variable
ˆ A superscript regular font T: Transpose of a vector.
ˆ General syntax for time varying variables,x: the listed variables are time

varying even if they are not explicitly written as x(t). Exceptions may apply
in some cases
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1
Introduction

The increasing popularity of Battery Electric Vehicles (BEVs) [2] over fossil-fueled
vehicles is driven by a combination of economic, environmental, and technological
factors. The drivetrain is an important subsystem of a BEV, consisting of com-
ponents that work together, such as the rotor, stator, inverter, transmission, drive
shafts, and joints, to deliver the required driving power to the wheels. These com-
ponents must operate reliably, avoiding critical failures such as material fatigue,
structural vibrations, or excessive noise. Extensive research is conducted during the
development of the drivetrain to ensure high overall e�ciency and drivability while
minimizing noise and vibrations.

Virtual simulations are a popular tool frequently used in the design of drivetrains. It
can be used iteratively, from early conceptual design phases through to �nal product
veri�cation. This allows a lot of freedom to perform virtual experiments and bench-
mark di�erent control designs and mechanical structures of the drivetrain. This,
in turn, has the bene�t of building a good theoretical understanding of the perfor-
mance of competing designs while potentially reducing total development time and
cost by eliminating slow and costly hardware prototype loops.

Di�erent kinds of simulations can be performed, depending on the drivetrain com-
ponents being studied. Multi-Body Dynamic (MBD) simulation is commonly used
to study interacting loads between structural parts.

1.1 Problem Description

In current development practice, feedback control functionalities are seldom included
in simulations for mechanical system design analysis (or vice versa). Neglecting 3-
dimensional geometry, elasticity, damping, and joint kinematics during control de-
sign can lead to inaccurate control and unstable operation. Thus, �nding more ro-
bust parameter values of existing driveline control functionalities, concerning system
dynamic interactions, seems very possible by introducing feedback controls into tra-
ditional mechanical simulations. Another interesting application of feedback control
in structural dynamic simulations is performing virtual experimental modal analysis.
Feedback control systems can be employed to precisely regulate the operating speed
of a modeled test object while simultaneously applying structural excitation during
simulated rig tests. The resulting collected data can then be used to dynamically
characterize the virtual structure under test.

1



1. Introduction

1.2 Related Work

Several recent publications within the research �eld of nonlinear vibration testing
employs Proportional-Integral-Derivative (PID) controllers in Phase Locked Loops
(PLLs) [3] and Control-Based Continuation (CBC) [1]. Abeloos conducted a com-
prehensive and detailed study of di�erent feedback controllers to investigate nonlin-
ear behavior in his Ph.D. thesis [4]. In his work, Abeloos focused on the Du�ng
equation, which, despite its simplicity, describes many complex nonlinear phenom-
ena. Our research builds on this foundation by re-implementing the established
feedback controllers and exploring the design of a model-based controller.

1.3 Goals and Analysis Approach

This thesis aims to integrate feedback control with possibly large-scale MBD sim-
ulations, to create a coupled system model that re�ects the interaction between
control and structural dynamic behavior. Feedback controls are used to identify
and map complex nonlinear behaviors in dynamical systems. Backbone Curves and
Frequency Response Curves (FRC) are used in the thesis to characterize nonlinear
structural resonances, as these response descriptors are fundamental to the analysis
of nonlinear oscillations and also well known in the structural dynamics community.

To achieve this objective, a set of structural analysis feedback controllers is re-
searched, implemented, and evaluated with the single-degree-of-freedom (1-DOF)
Du�ng oscillator dynamic system. The Du�ng oscillator is a simple nonlinear dy-
namical equation, which models rich nonlinear phenomena and is commonly studied
in the research community. Matlab/Simulink [5], a popular control system design
and simulation tool, is used to implement and evaluate feedback controllers for dy-
namical characterization of the Du�ng oscillator, using scripting functionality with
Matlab functions.

Volvo Cars uses Excite [6], a MBD simulation software, to design and analyze their
electric drivetrains. As Excite currently does not allow for extended scripting, the
controllers implemented in Simulink are used with Excite using an existing Ex-
cite�Simulink co-simulation interface.

1.4 Research questions

This thesis aims to answer the following research questions:
ˆ Explore the simulation of a feedback-enabled controlled dynamic simulation

in the Excite and Matlab software stack for the Du�ng equation, and analyze
the results.

ˆ Explore how to utilize active controls to identify and track system resonance
conditions.

ˆ Design a model-based feedback controller and compare the results with the
existing model-free controllers.
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1. Introduction

1.5 Sustainability

This thesis aims to develop tools for designing better driver trains that integrate well
with control algorithms, increasing the lifespan of the drivetrains. Creating sustain-
able products requires the implementation of multi-faceted solutions that help with
the Reduce-Reuse-Recycle methodology. This work tackles the �rst methodology,
"Reduce," by increasing the lifespan of a drivetrain through better design and inte-
gration with controls.

3
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2
Modeling Approach and

Simulation Setup

This chapter describes the modeling approach and simulation environments used in
this thesis. The modeling of the Du�ng oscillator and the controllers was �rst done
in Simulink. Later, the modeling of Du�ng was done in Excite, and the controllers
designed in Simulink are ported to work with Excite-Simulink Co-Simulation. The
following subsections add more details about the setup.

2.1 Simulink

Simulink [5] is a well-established tool for control system design, widely used for time-
domain simulations and automatic control code generation. This thesis work started
with the implementation of feedback controllers and a single-degree-of-freedom (1-
DOF) Du�ng oscillator model in Simulink, leveraging its rapid modeling capabilities
and robust debugging tools. The simulation results were veri�ed against published
research to con�rm correctness.

2.1.1 Simulink Model Setup

The Figure 2.1 shows the Simulink model setup used in this thesis project. The
Du�ng oscillator is implemented in the Plant, and the prototype controllers are
implemented in the Controller block. The two blocks are connected to form a closed
loop. At every discrete time step, the controller receives a statex from the Plant
and outputs a control signalu back to the Plant. The Plant uses this control signal
along with the current state to calculate the next state using the dynamics, complet-
ing the simulation loop. This simple structure of Simulink [5] allows for prototyping
of di�erent feedback control controller designs. Three control architectures are im-
plemented: a Phase-Locked Loop (PLL), Control-Based Continuation (CBC), and
CBC with Model Predictive Control (CBC-MPC). The following chapters will add
more design details.

2.2 Excite

Excite M [6] is a powerful high-�delity modeling tool for mechanical systems, capa-
ble of solving large-scale di�erential-algebraic equations in the time domain. It is
used to predict the nonlinear dynamic behavior, durability, and Noise, Vibration,
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2. Modeling Approach and Simulation Setup

Figure 2.1: Simulink Model Block Diagram

and Harshness (NVH) characteristics of complex powertrain systems. Given that
the methods developed in this project are intended for future use in iterative design
analysis of state-of-the-art system models�a capability well supported by Excite�it
is essential to ensure that the simulations function correctly in both Simulink and
Excite environments.

After validating the control designs within the stand-alone Simulink environment,
the designs are then transitioned to the Excite-Simulink Co-simulation framework for
further testing. The Excite modeling approach fundamentally di�ers from Simulink,
as Excite provides primitive mechanical components and connecting joints. This lets
users construct complex mechanical systems from �rst principles. The underlying
di�erential equations and algebraic constraints are automatically assembled into a
uni�ed system of equations, which is then passed to the solver. At the time of
writing, Excite does not expose this uni�ed system of equations to the user, which
imposes signi�cant constraints on controller design. Due to this limitation, only the
phase-locked loop (PLL) controller was successfully implemented within the Excite
environment. (Control Based Continuation) CBC was also not implemented due to
a lack of time.

NOTE: Excite models used in this thesis project operate in rotational coordinates,
natural for drivetrain applications, whereas translational ones are used in Simulink
models. This leads to a general change in operational units of all parameters and
variables. Hence, speci�c units are mentioned wherever deemed necessary.

2.2.1 Excite Model Setup

The Du�ng equation is modeled within the Excite as described in Figure 2.2. This
setup closely mimics a real-world test rig, featuring a Unit Under Test (UUT) po-
sitioned between the Dynamometers (DYNOs). The modular nature of the model
allows the UUT to be swapped easily with alternative models in the future, fa-
cilitating the testing of various nonlinear dynamic behaviors beyond the Du�ng
equation.

2.2.1.1 DYNO In

This block has its rotating input shaft connected, via a sti� rotational coupling, to
the Input Shaft of the UUT, and its non-rotating part connected to ground. The
rotating and non-rotating parts of DYNO In are connected via an ideal 1-DOF
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2. Modeling Approach and Simulation Setup

Legend
Torque functions
Rotational Joints
Ground Link
Part Housing

Input Shaft

Output Shaft

UUT

Input Shaft

DYNO In

Output Shaft

DYNO Out

Forcing Input Braking Input

Simulink Model

Ground

Excite Model

Fj

f 1

f 2

where,
Fj = Nonlinear joint force
f 1 = forcing torque signal from Matlab
f 2 = braking torque signal from Matlab

Figure 2.2: Excite model description
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2. Modeling Approach and Simulation Setup

revolute joint. The joint action and reaction torques acting between the Input Shaft
of UUT and DYNO In are provided by the Forcing Input block. The joint between
the two input shafts of DYNO In and UUT is modeled as a Rotational Coupling
Joint. The simpli�ed equation of this joint is modeled in Excite as shown below,

f M = c(� 2 � � 1) + d( _� 2 � _� 1) (2.1)

where,
ˆ f M : Resulting moment (torque) in the coupling
ˆ � 1; � 2: Angular positions of bodies 1 and 2
ˆ _� 1; _� 2: Angular velocity of bodies 1 and 2.
ˆ c: Torsional sti�ness coe�cient
ˆ d: Damping coe�cient

2.2.1.2 DYNO Out

Similar to DYNO In, this block has its rotating output shaft connected to the
Output Shaft of the UUT by a sti� rotational coupling, and its non-rotating part
connected to the ground. The rotating and non-rotating parts in DYNO Out are
constrained with an interconnecting ideal revolute joint. For this thesis project, the
DYNO Out is con�gured with a prescribed rotational motion of a selected �xed
speed. This con�guration allows Excite to calculate the required braking torque
internally, instead of receiving torque values from Simulink. This choice was made
to simplify the Excite model for the thesis work.

2.2.1.3 UUT

The UUT model is designed to be a block in a larger modular system assembly, to
allow for fast and easy replacement of its full internal set of equations, constraints,
and signals, while keeping the same controlled simulation environment. The Du�-
ing oscillator is modeled in this thesis work, but can be replaced by much larger,
interface-compatible, MBD models for future needs.

2.2.1.4 Simulink Model

The Simulink model is described in Figure 2.3. The model is straightforward: Excite
provides the model states at each simulation time step, and a MATLAB function in
Simulink computes the feedback-controlled torques.

2.2.1.5 Forcing Input

The Forcing Input block, implemented in a Matlab function, provides the feedback-
controlled excitation torques between the Input Shaft of DYNO In and UUT. The
forcing signal is de�ned as a function of the UUT input shaft speed, as it simply
describes the intrinsic disturbance of a speed-varying electric motor. The relation is
given as

f 1 = psin(cord � � ) (2.2)
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Figure 2.3: Simulink Model Block Diagram of Excite Co-Simulation

where,p is the forcing amplitude,cord is the order of angular frequency relative to
the reference angular frequency (which is typically the rotor angular velocity), and
� is the DYNO In, Input shaft angle. The cord is the control output designed to
push the system towards resonance based on feedback.

NOTE: The rotational speed does not a�ect the dynamics of the studied Du�ng
system, but is here used to realize a constant excitation frequency from DYNO In.
This is so because of the standard setup in the Excite system model, where vibration
analyses naturally use order-related excitations.

2.2.1.6 Braking Input

As mentioned earlier, this block is not utilized in the present thesis work, but is
normally used to determine the action and reaction brake torques needed between
the output shaft of the DYNO Out and the UUT, to actively regulate the system's
operating speed.

2.2.2 Excite-Simulink Co-Simulation Setup

In the co-simulation setup, the simulation is initiated from within Excite, which sub-
sequently triggers the execution of the Simulink model as shown in Figure 2.4. Excite
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2. Modeling Approach and Simulation Setup

provides a pre-con�gured Excite Simulink data block. This block facilitates bidirec-
tional data exchange between the Excite simulation environment and Simulink.

At each simulation time step, the Excite solver transmits the current timestamp, rel-
evant plant states, and associated metadata to the Simulink block. The controller
logic, implemented in Simulink, processes this input and generates motor control
signals. These signals are then returned to the Excite solver via the same commu-
nication interface.

This closed-loop interaction enables real-time control of a high-�delity multi-body
drivetrain model using custom control algorithms developed in Simulink. The setup
provides a powerful framework for evaluating control performance under realistic,
dynamically rich simulation conditions.

Start Simulation in Excite

Initiate Excite Model: Pre-
pare the Excite model for simu-
lation, compute static values etc

Initiate Matlab Simulation:
Start the Matlab process and
compile the Simulink model

Start Co-Simulation: Start of
the simulation and continue the
loop till the end of the simula-
tion

Excite Simulation Step:
Solve state variables for one sim-
ulation time step

Matlab Simulation Step

End simulation

Figure 2.4: Block diagram detailing the Excite co-simulation setup
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3
Theory of Mechanical Oscillations

This Chapter gives a brief introduction to linear and nonlinear mechanical oscilla-
tions, along with related phenomena.

3.1 Dynamical Equations

In statics, the focus is on the equilibrium between forces and torques while neglecting
mass and inertia. In kinematics, the relationships between position, velocity, and ac-
celeration are studied without considering the forces that cause motion. In contrast,
kinetics involves solving for acceleration, velocity, and position from particle/part,
mass/inertia, and acting forces/torques. Energy expressions can then be derived
from these quantities. In multi-body dynamics, constraint equations are introduced
to represent the relative motion between interconnected bodies. This allows for the
analysis of the coupled dynamic behavior of complex mechanical systems.

Dynamical equations are a convenient way of mathematically describing complex
mechanical systems that evolve. Dynamical equations can appear as non-autonomous/time-
dependent or autonomous/time-independent, usually denoted by the explicit inclu-
sion or omission of absolute time,t, respectively, as shown below:

•x(t) = f(x(t); _x(t); t) non-autonomous (3.1)

•x(t) = f(x(t); _x(t)) autonomous (3.2)

where f is a function describing the dynamics of the system (how the acceleration
evolves in this case), andx(t), also called the state of the system, is the quantity
being used to describe the system. Notice thatx(t) is still time-dependent even in
the autonomous case. For readability, the notationx(t) will be simpli�ed to x from
this point forward.

3.2 Equations of Motion

In multi-body dynamics, second-order di�erential equations like Equations (3.1)
and (3.2) are commonly used to model motion as described in kinetics. As described
in Chapter 1 of the book by Arnold [7], based on real-world experience, second-order
di�erential equations are usually enough to describe the mechanical systems in the
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3. Theory of Mechanical Oscillations

real world. Newton's equation of motion for a linear unforced system can be written
as

m•x + c_x + kx = 0 (3.3)

where,m is mass,c is damping,k is sti�ness.
The Equation (3.3) can be mass normalized and written as below, to make the
derived analytical solutions concise.

•x + cn _x + knx = 0 (3.4)

where,cn = c=m and kn = k=m. The derivations in this chapter will further use the
mass-normalized equation.

3.3 Du�ng Type Oscillations

The Du�ng Type Oscillator is given by,

•x + knx + � nx3 = 0 (3.5)

where,kn is the mass normalized linear sti�ness coe�cient and� n is the mass nor-
malized nonlinear sti�ness coe�cient.

The Du�ng Type Oscillator Equation (3.5) is a commonly studied dynamic equa-
tion. This oscillator includes a cubic sti�ness term� nx3, which introduces nonlinear-
ity. It shows phenomena like bistability, hysteresis, amplitude-dependent frequency,
and jump behaviour. This oscillator can exhibit periodic and chaotic motion de-
pending on initial conditions. Several oscillators can be distinguished regarding the
sign of the coe�cients of the linear and cubic terms as described in Section 2.3 of
[8].

ˆ Hardening Du�ng Oscillators (HDOs), when kn > 0, � n > 0
ˆ Pure Cubic Oscillators (PCOs), whenkn = 0, � n > 0
ˆ Softening Du�ng Oscillators (SDOs), when kn > 0, � n < 0
ˆ Bistable Du�ng Oscillators (BDOs), when kn < 0, � n > 0

We have chosen the Hardening Du�ng Oscillator(HDO) as the test system for our
simulations, which has also been used in previous research. In this context, as
Equation (3.5) is mass normalized, we can replace the sti�ness constantkn with
! 2

0 = kn, where ! 0 represents the natural (linear, undamped) resonance frequency
of the system. The substitution! 2

0 not only makes the expression more physically
intuitive but also implicitly implies kn > 0, ensuring that the system retains a stable
restoring force characteristic.

3.3.1 Adding Damping to the Du�ng Oscillator

In many mechanical systems, damping forces, such as friction, play a crucial role in
energy dissipation. For instance, in automotive braking systems, friction between
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3. Theory of Mechanical Oscillations

brake pads and discs slows down the vehicle by converting its kinetic energy into
heat. Another less brutal damping e�ect is the internal material damping and the
frictional forces in the mechanical joint, which, although small in absolute magni-
tude, quickly damp out initial vibrations. The level of modal damping determines
the response amplitude of a linear oscillator. Hence, it is important to model this
in the dynamic system. The amount of modal damping is highly dependent on the
vibrating response mode shape, which depends on load frequencies and amplitudes,
directions and distribution, temperatures, surface roughness, etc. There is no feasi-
ble approach to modeling damping from �rst principles, so the structural dynamic
community commonly resorts to using some assumed mass and sti�ness-proportional
modal damping or local linear viscous damping, as in

•x + cn _x + ! 2
0x + � nx3 = 0 (3.6)

wherecn is mass-normalized damping constant

3.4 Forced Du�ng Oscillations

Including the Forcing term in the Du�ng-type oscillator completes the equation
for the Du�ng Oscillator as it allows a controlled input force to be added to the
system. The controlled input can be used to study the system behavior. The general
non-autonomous, Equation (3.1) can be split to include a forcing function as,

•x(t) = f(x(t); _x(t)) + u(t) (3.7)

where, u(t) is the time-dependent forcing or control function. For detailed nonlinear
analysis, this function is designed to drive the system towards desired dynamics.

Generally, u(t) can be any function; however, using a harmonic forcing function with
the Du�ng Type Oscillator is used in the research community as given by,

•x + cn _x + ! 2
0x + � nx3 = pn sin(!t )

| {z }
u

(3.8)

where,pn sin(!t ) is the harmonic forcing function,pn is the mass normalized forcing
amplitude, ! is the forcing frequency andu is the harmonic forcing or control sig-
nal. We will later prove that when ! is close to the resonant frequency, maximum
response amplitude is observed.

3.4.1 Linear Case, under-damped solution

Let's consider the Linear Dynamic Equation (3.9), to derive some intermediate re-
sults to compare with nonlinear solutions.

•x + cn _x + ! 2
0x = pn sin(!t ) (3.9)

The solution for x, for the above equation, is given by the Equation (3.10) in an
under-damped casec2

n < 4! 2
0. The derivation is detailed in Chapter 5.1 [9]

13



3. Theory of Mechanical Oscillations

x =
pn sin(!t � � )

[(! 2
0 � ! 2)2 + c2

n! 2]
1
2

| {z }
forced oscillation

+ Ce� 1
2 cn t sin

2

4

 

! 2
0 �

c2
n

4

! 1
2

t � '

3

5

| {z }
free oscillation

(3.10)

where � is the phase lag of the response andC and ' are arbitrary constants,
determined by the initial position and velocity conditions. This free oscillation term
tends to zero ast ! 1 due to the e� 1

2 cn t factor.

3.4.1.1 Resonance Amplitude in Linear Case

Looking at the forced oscillation term, we can see that the amplituder of the
response signalx varies with forcing frequency! , as given by

r =
pn

[(! 2
0 � ! 2)2 + c2

n! 2]
1
2

(3.11)

and is maximal when the denominator of the forced oscillation term is minimum,
which can be derived by setting the partial derivative to zero

0 =
@

@!

�
(! 2

0 � ! 2)2 + c2
n! 2

�

0 = 2(! 2
0 � ! 2)( � 2! ) + 2 c2

n!

! 2
res = ! 2

0 �
1
2

c2
n

Hence, we can get the resonant frequency! res of the system. The corresponding
forced response amplitudermax of the system at resonance can be derived by sub-
stituting ! res in Equation (3.11)

rmax =
pn

[(! 2
0 � ! 2

res)2 + c2
n! 2

res]
1
2

rmax =
pn

h
(! 2

0 � ! 2
0 + 1

2c2
n)2 + c2

n! 2
0 � 1

2c4
n

i 1
2

rmax =
pn

(c2
n! 2

0 � 1
4c4

n)
1
2

An observation to be made is that when thecn ! 0, ! ' ! 0 and rmax ! 1 , at
resonance.

3.4.1.2 Resonance Phase Lag in Linear Case

The phase lag� in Equation (3.10) denotes the phase lag between the harmonic
forcing signal and the response. The equation for phase lag is given by

� = tan � 1(
cn!

! 2
0 � ! 2

) (3.12)
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3. Theory of Mechanical Oscillations

Plotting the Equations (3.11) and (3.12), we obtain Figure 3.1. From this, it is
evident that the displacement response of an undamped 1-DOF system lags the
excitation force by:

ˆ 0� below the resonance frequency,
ˆ 90� at resonance, and
ˆ 180� well above resonance.

(a) Response amplitude curve for dif-
ferent forcing frequency in linear con-
dition

(b) Response phase lag curve for dif-
ferent forcing frequency in linear con-
dition

Figure 3.1: Relation between forcing frequency! with response amplituder and
phase� .

The inclusion of damping makes the phase transition smoother, whereas reducing
the damping coe�cient causes the transition from0� to 180� to be more abrupt. This
phase behavior plays a critical role in de�ning resonance conditions and is central
to techniques such as Phase-Locked Loops (PLL) and Control-Based Continuation
(CBC). For example, the 90� lag at resonance is used as a phase criterion in PLL-
based frequency tracking.

3.4.2 Nonlinear Case

In linear di�erential equations, solutions naturally divide into two additive compo-
nents: the free oscillation solution, determined by initial conditions, and the forced
oscillation solution, driven by external inputs and independent of initial conditions.
When damping is present, the free oscillation component diminishes over time, even-
tually leaving only the forced response.
This separation allows for focused analysis of key characteristics such as the ampli-
tude and phase of the steady-state response, the rate at which transient oscillations
decay, and the conditions under which resonance occurs.

In nonlinear systems, this neat separation no longer holds. Nonlinear interactions
between free and forced components can lead to complex behaviors [10], including
self-excited oscillations, sensitivity to initial conditions, and phenomena like bifurca-
tions (see Chapter 3 of [11]), internal resonance [12] [13], and chaos. These nonlinear
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3. Theory of Mechanical Oscillations

interactions result in a rich array of behaviors not present in linear systems, making
their analysis both challenging and fascinating. Nonlinear normal modes [14] [15]
draw parallels with the linear normal modes, formalizing the resonance conditions
in nonlinear dynamics.

Rewriting the full Forced Du�ng Oscillator Equation again,

•x + cn _x + ! 2
0x + � nx3 = pn sin(!t ) (3.13)

The modern way of solving forx uses elliptical functions as described in Chapter 4 of
[8]. Another approach for solving forx involves splitting of slow and fast dynamics
as described in [16]. A di�erent but relatively simpler approach used in this thesis
is by using the method of multiple scales as described by Jordan in Chapters 5 and
7 of [9]. Chapter 4 of the classic Nonlinear Oscillations book by Nayfeh and Mook
[17] also uses the same method. This method involves the introduction of a new
variable � = !t , and solving it with some assumptions of light damping and small
forcing amplitudes. The �nal equation for the approximate response amplitude is
given by

r 2

(

c2
n! 2 +

�

! 2 � ! 2
0 �

3
4

� nr 2
n

� 2
)

= p2
n (3.14)

with the response signal de�ned as,

x(t) = r sin(!t + � ) (3.15)

wherer is the amplitude and� is the phase lag of the response signal.

The polynomial Equation (3.14) can be solved in Matlab using theroots function
[18] for response amplituder for di�erent forcing frequencies ! . The following
subsections describe some nonlinear phenomena using the analytical solutions solved
for the parameters listed in Table 3.1.

Table 3.1: Parameters chosen to demonstrate nonlinear phenomenon

Inertia m Damping c Sti�ness k Nonlinear sti�ness � Forcing Amp p
[kg] [N � s=m] [N=m] [N=m3] [N]
1 4 1140 4 � 109 0.2

3.4.2.1 Frequency Response Curve (FRC)

In Figure 3.2, the forcing frequency is plotted against response amplitude for a
constant forcing amplitude,p, to get a Frequency Response Curve (FRC). The FRC
gives a good idea about the nonlinear response across a range of di�erent forcing
frequency values. The FRC depends on the initial conditions and previous responses
of the system.
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