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Abstract
In statistical mechanics, computing the average behavior of microscopic states is cru-
cial, for example, in estimating observables for equilibrium distributions in molecular
systems. The challenge lies in the difficulty of sampling, as the density is known but
hard to sample from. Typically, sampling of molecular conformations is performed
using molecular dynamics, which faces challenges in obtaining iid samples due to
the problem of rare events.

Various enhanced sampling methods have been proposed to tackle this issue. Ma-
chine learning, specifically continuous-time generative models, offers a new perspec-
tive for tackling this problem. In our thesis, we propose two generative models
using the recent Stochastic Interpolants framework. The first learns to transform
between equilibrium distributions with different temperatures, which can be further
applied with the current replica exchange method. The second model learns transi-
tion probability densities across time scales, which can be used as a surrogate model
to accelerate MD simulations.

We highlight the ability of Stochastic Interpolants to design efficient sampling meth-
ods for many-body systems in different ways, making it a powerful tool for advanc-
ing molecular simulation. Our results are two-fold. First, we present our Stochastic
Interpolant ITO model and show how it reduces the VAMP-2 score gaps when
benchmarked against the original ITO architecture. Next, we showcase our Thermo-
dynamic Interpolant model, that to some extent manages to perform temperature
transformations in a setting where it has to generalize beyond the training data. Our
advancements show potential and could benefit various fields such as drug discovery,
material science, catalysis, and green chemistry.

Keywords: Machine Learning, Deep Generative Models, Molecular Simulations, Mes-
sage Passing Neural Networks, Stochastic Interpolants.
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1
Introduction

1.1 Introduction

For a long time, studies of molecular systems have been of interest in a multitude
of scienti�c disciplines. Many questions remain, since such systems usually are com-
plex with many constituents in high dimensions, rendering analytical calculations
infeasible in a majority of cases. Accurate predictions of molecular properties are
still highly relevant, since they often are an important component in applications
such as materials design and drug discovery. Thus, e�cient ways of studying these
systems are desirable, both from a societal and from a research perspective.

Consider a molecule with a given number of atoms, each of them in a three-dimensional
space. In order to compute properties of the molecule, we need to compute expec-
tation values. These are taken over the probability distribution that describes the
molecule's possible microscopic states. For a molecular system, this distribution is
called the Boltzmann distribution, and it describes the probability of �nding that
system in a certain state. Still, analytical methods often face di�culties due to the
intractability of the distribution's normalization constant, the partition function. As
an example, consider the Boltzmann distribution of a system at energyE

� (x) =
1
Z

exp (� �E (x)) ; Z =
Z

exp (� �E (x)) dx;

where the partition function Z is obtained by integrating over each dimension of
the microscopic statesx. Now remember that each atom in a molecule exists in
three dimensions, implying that the �nal dimension of the molecular system will
be three times the number of atoms in the molecule. Clearly there is no analytical
solution to this integral, at least not in general. However, through sampling of the
underlying distribution we can build a Monte Carlo-estimator of the integral and
at least obtain a reasonable estimate of the quantity of interest. While, in theory,
this seems like an appealing approach, a major issue still remains. The validity of a
Monte Carlo-estimator depends on the quality of the samples. More speci�cally, for
the estimator to be valid, we need independent and identically distributed samples.
Unfortunately, a general method for obtaining such samples in an e�cient manner
does not exist.

1



1. Introduction

1.2 Context

While many techniques have been developed to the purpose, sampling molecular
con�gurations with high sampling e�ciency is not trivial. Traditional techniques
are usually iterative in nature, meaning that a simulation is started from some
initial condition from which a solution trajectory can be obtained iteratively.

An example of such a method is molecular dynamics, or MD. In an MD simulation,
we de�ne a di�erential equation describing the dynamics of the molecular system,
such that the equilibrium distribution of the dynamics is the distribution we are
trying to sample from (i.e. the Boltzmann distribution). Then, the di�erential
equation is numerically integrated from an initial condition to obtain a solution
trajectory. At every integration step, we obtain a new molecular microstate that
can be regarded as a sample from the underlying distribution. In in�nite time, the
trajectory will have visited every state and the entire distribution will have been
sampled [1].

The issue with such methods is that they do not ful�ll the requirement of indepen-
dence between the samples. Since the samples are obtained iteratively, every new
sample will be correlated to the previous one, resulting in any Monte Carlo-estimator
becoming biased. While there are methods to combat such correlation issues, the
result is still very long simulation times. This issue is magni�ed in situations where
the landscape of the energy function, de�ning the Boltzmann distribution, is in-
tricate and contains energy barriers [1]. At low temperatures, the likelihood of a
sampled trajectory passing such barriers is extremely low, leading to the trajectory
becoming �stuck� on one side of the barrier. This, in turn, results in higher sample
correlations and even longer run times [1]. Thus, there is a huge interest in faster
sampling techniques.

Traditional methods, such as parallel tempering, can be used to speed up molecular
simulations in situations similar to the ones previously described [2]. In a parallel
tempering scheme, multiple Molecular Dynamics simulations or replicas are run
in parallel. The replicas are identical in every aspect apart from the simulation
temperature. Since there is an increased probability of passing energy barriers when
the temperature is higher, samples from high-temperature replicas can be proposed
to the lower-temperature replica that one in practice is trying to sample [1]. While
this is just one example of an enhanced traditional sampling method, there are many
others available, showing the topic's high relevance [3].

The parallel tempering method is still such that samples are generated by visiting one
state after another. A conceptually di�erent way to approach equilibrium sampling
is given through the Boltzmann Generator [4]. Here, a normalizing �ow model is
trained to function as an invertible mapping between a complex system consisting of
many particles, and a simpler Gaussian distribution, which is of matching dimension
to the original system [5], [6]. When sampling latent coordinates from the simpler
distribution, coordinates from the more complex system can be implicitly sampled
by transforming the latent coordinates through the learned map [4]. Unfortunately,
Boltzmann generators can su�er from mode collapse, leading them to only sample

2



1. Introduction

the most stable state. Still, they are an important milestone in molecular equilibrium
sampling through generative AI.

Another generative AI sampling approach, more focused on prediction of dynamical
properties, is that of Implicit Transfer Operator (ITO) learning. The idea is that
during training, a denoising di�usion probabilistic model (DDPM) is fed with tuples
(x t ; x t+ N� ; N ), where � is a time lag andN is a natural number [7], [8]. In this
manner, the model implicitly learns to reproduce the dynamics of the molecular
system, and the distribution can be sampled with larger time steps than in a regular
MD simulation. Through sampling with large strides, autocorrelation times can be
reduced, resulting in a higher ratio of independent samples [7].

While the original ITO framework was built using DDPMs, there is no reason why
another generative AI architecture, like normalizing �ows, could not be used as
long as it meets the relevant requirements. A subcategory to the normalizing �ow
is the continuous normalizing �ow or CNF. Just as a normalizing �ow, a CNF
transforms samples from an initial density into samples from a target density, with
the di�erence that the transformation is done in a continuous manner. This is
achieved by learning a di�erential equation that, when solved from initial conditions
sampled from the prior, generates samples from the target distribution [9], [10].
The di�erential equation can be learned in various ways, such as through Flow
Matching or by using Stochastic Interpolants. Unlike di�usion models, CNFs allow
for transformation between arbitrary densities in �nite integration time [11]�[ 13].

1.3 Goals and Challenges

The overarching goal of this thesis is to speed up molecular simulations using gen-
erative AI models. We split this goal into �ve sub-goals.

1. Firstly, we investigate the usage of Stochastic Interpolants to learn a continu-
ous normalizing �ow model for transforming data from a Boltzmann distribu-
tion at an initial temperature into samples from a Boltzmann distribution at a
target temperature. In this manner, we hope to obtain a generative model for
sampling target con�gurations given an initial ensemble. Using this type of
model, we want to investigate if it is possible to make transformations between
two thermodynamic ensembles.

2. Next, it is interesting to explore how data-e�cient such methods are. Training
a map between two ensembles using Stochastic Interpolants requires data at
both ensembles, which is rather ine�cient. Therefore, it is interesting to see
how well this type of map generalizes to sampling from ensembles outside of
the model's training data. In that way, there would be a computational gain in
using such a model. Thus, our second goal is to also investigate if the learned
map generalizes to previously unseen thermodynamic states.

3. Since our main goal is to speed up molecular simulations, we must also inves-
tigate if using the thermodynamic interpolant models yield a computational
speed up. As such, our third goal is to investigate whether there are any

3



1. Introduction

computational advantages to using the aforementioned methods compared to
explicit simulation.

4. Another framework tackling the same problem, but in a di�erent manner, is
that of Implicit Transfer Operator learning. Originally the ITO framework was
built using di�usion models. However, an implementation of ITO through the
Stochastic Interpolants framework would be interesting for comparison and im-
provement of the architecture. Extending ITO to the Stochastic Interpolant
framework also opens up the possibility for extension across temperatures,
given that the thermodynamic interpolants are working. Thus, we also inves-
tigate if we can implement ITO using Stochastic Interpolants.

5. Lastly, while working with low-dimensional toy systems is useful when devel-
oping methods, it is not so relevant for real-world applications. If we want a
method or model to work for molecular systems, we also need to test in on
molecular systems. Thus, our last goal is to investigate how the methods we
have developed scale to higher-dimensional systems, such as molecules.

4



2
Theory

2.1 Concepts from Statistical Mechanics

Many ideas in generative machine learning for molecular systems have their roots
in physics and statistical mechanics. To further the understanding of this thesis, we
provide a brief summary of a few such concepts.

2.1.1 Statistical Ensembles

A fundamental concept in statistical mechanics is that ofstatistical ensembles. Con-
sider a collection of identical copies of a system, such as a molecule or some other
particle. The copies, described by the same microscopic laws while sharing the same
macroscopic properties, de�ne the statistical ensemble. Despite each copy evolv-
ing under the same rules in time, their initial conditions di�er, resulting in a vast
number of uniquemicrostates [1].

A system can, on a macroscopic level, be completely characterized through a set of
control variables, de�ning its thermodynamic state. If each system in an ensemble
share �xed values of the particle numberN , volume V and temperature T, the
ensemble is referred to as thecanonical ensemble[1].

2.1.2 Boltzmann Distribution

For a system described by a canonical ensemble, theBoltzmann distribution de-
scribes the probability of �nding the system in a certain microstate. For instance,
the distribution of microstates could describe possible 3D-coordinates of a molecule's
atoms.

Given microstatesx 2 
 � Rd of dimensiond 2 N, and an energy functionE(x) :

 ! R, the Boltzmann distribution of E can be written as

� (x) =
1
Z

exp(� �E (x)); Z =
Z



exp(� �E (x)) dx; (2.1)

for � � 1 = kT, wherek is the Boltzmann constant andT is the system's temperature.
The constant Z is often referred to as thepartition function and is, as seen in
Equation (2.1), obtained by integrating over all dimensions ofx [1].
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2.1.3 Observables

It is possible to gain insights about the properties of a molecular system by calcu-
lating observables. If a quantity can be measured on the microscopic level, then it
could be averaged over the entire ensemble, providing us with an estimate of the
corresponding observable. For example, say we are interested in the average bond
length between two atoms in a molecule. In theory, one could then calculate the
bond lengths for many microstates and average the values over the distribution cor-
responding to the ensemble to obtain the answer. There are two di�erent types of
observables, namely stationary and dynamic observables, which we describe in more
detail below.

2.1.3.1 Stationary Observables

Given some quantity of interest that is described by a functionf : 
 ! R, a
stationary observableis de�ned as the expected value off ,

Of = Ex � � (x ) [f (x)] =
Z



f (x)� (x)dx; (2.2)

where� is the Boltzmann distribution de�ned through Equation (2.1) [7].

2.1.3.2 Dynamic Observables

Unlike stationary observables,dynamic observablesare quantities that relate the
current state of a system to a previous state. As such, there is also a time-component
included.

Consider the time-evolution of a molecular system described by the state vectorx.
Assuming the process is described by a dynamical model that is integrated with a
time step � , the conditional probability density function � � (x t+� t jx t ) describes the
time-discrete evolution ofx at � t = N� steps into the future, given an initial state
x t . Here,N 2 N and �; t 2 R. A dynamic observable can then be written as

Of (t )h(t+� t ) = Ex t � � (x )

h
Ex t +� t � � � (x t +� t jx t ) [f (x t )h(x t+� t )]

i
; (2.3)

where f; h : 
 ! R are two functions describing the microscopic observation pro-
cesses corresponding to the dynamic observable of interest [7].

2.1.4 Helmholtz Free Energy

Helmholtz free energyis a measure of the amount of work that can be extracted from
a thermodynamic system at constant particle number, volume and temperature. In
terms of the partition function, Z , it can be written as

F = � � � 1 logZ;

with the inverse temperature� [1].
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Measurements offree energy di�erencesbetween two thermodynamic statesS0 and
S1 are important since they provide a way of determining whether a process will
be favorable from a thermodynamic perspective or not. The free energy di�erence
between statesS0 and S1 can be written in terms of the partition functions Z0 and
Z1 as

� F = � � � 1 log
� Z0

Z1

�

;

at a shared inverse temperature� .

2.1.4.1 Targeted Free Energy Perturbation

Originating from the concept of free energy perturbation [14], the method of tar-
geted free energy perturbationo�er a way to calculate free energy changes between
two thermodynamic states given a way of transforming between them [15]. Let
S0 and S1 represent these two thermodynamic states, speci�ed by potentialsE0

and E1 respectively. Furthermore, letS0 and S1 be characterized by the canonical
distributions

� 0(x) =
1

Z0
e� �E 0 (x ) ; � 1(x) =

1
Z1

e� �E 1 (x ) :

Assume that 
 � Rd for somed 2 R. Say there exist a transformation of samples
x0 2 
 drawn from the initial density � 0 into samplesx1 2 
 from the target density
� 1, so that x0 � � 0(x) is related to x1 � � 1(x) via a di�erentiable and invertible
mapping M , transforming the con�guration space onto itself as

M : x0 ! x1(x0):

Samples from� 0 that have been mapped throughM are then implicitly sampled
from � 1 and can be expressed asM (x0) = x1 � � 1(x) [15].

Furthermore, let the two densities� 0 and � 1 be related as

� 1(x1) =
� 0(x0)

detjJ (x0)j
; (2.4)

whereJ is the Jacobian of the mappingM . With this setup, it is possible to de�ne
a function � as

� (x0) , E1 (M (x0)) � E0(x0) � � � 1 log detjJ (x0)j: (2.5)

Following the approach of targeted free energy perturbation [15], � can be used to
calculate the free energy di�erence� F between the two thermodynamic statesS0

and S1. This is achieved by taking an exponentiated average over samplesx0 � � 0(x)
as

he� �� i S0 = e� � � F : (2.6)

This relation holds signi�cant importance. Given a method for transforming samples
x0 � � 0(x) into samplesx1 � � 1(x) and a way of calculating the Jacobian determi-
nant of that transformation, it is possible to estimate the change in free energy� F
between the two statesS0 and S1 using the function � .
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2.1.5 Fokker-Planck Equation

While stationary quantities can provide a lot of insight about a molecular system,
the same could be said for time-dependent quantities. By letting each microstate
follow a prescribed set of dynamical rules, one can study how it evolves in time.
Such dynamics can be speci�ed through stochastic di�erential equations.

Given a domain
 � Rd of dimensiond 2 N, the stochastic di�erential equation

dx t = b(x t ; t)dt + � (x t ; t)dWt ; x t=0 = x0; (2.7)

with b; � 2 Rd, describes the time evolution of somex t 2 
 . Assuming x t �
� t follows the SDE (2.7), then the time-dependent density� t satis�es the partial
di�erential equation

@t � t (x) + r � b� t (x) =
1
2

�
�
�� T � t (x)

�
; (2.8)

given that � t=0 (x) = � 0(x). Equation (2.8) is more widely known as theFokker-
Planck equationand describes the time evolution of the density� t [16]. In this
way, the individual dynamics of each state can be related to the dynamics of the
probability density of states.

2.1.5.1 Special Case 1: Continuity Equation

The SDE (2.7) describes the movements of a system that is put under the action
of deterministic and random forces. If the random forces are excluded, so that the
SDE (2.7) reduces to the ordinary di�erential equation

dx t = b(x t ; t)dt; x t=0 = x0; (2.9)

then the Fokker-Planck equation (2.8) reduces to the partial di�erential equation

@t � t (x) + r � b� t (x) = 0 ; (2.10)

with � t=0 (x) = � 0(x). Equation (2.10) is known as thecontinuity equation [16].

2.1.5.2 Special Case 2: Langevin and Brownian Dynamics

The dynamics of a molecular system can be modelled through theLangevin dy-
namics, a stochastic di�erential equation describing the movements of a particle or
system of particles that is put under the action of deterministic and random forces
[17]. In the limit where there is no average particle acceleration, theBrownian
dynamics is retrieved.

For a particle at energyE(x) that is acted upon by a random force, the Brownian
dynamics SDE can be written as

dx t = � 
 � 1r E(x t )dt +
q

2
 � 1� � 1dWt ; (2.11)

where
 denotes the friction and� is the inverse temperature [16].
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2.1.6 Transfer Operators

In the study of dynamical systems a crucial part is, as previously mentioned, to
understand how observables or ensembles evolve continuously over time� . This
evolution can be formally characterized by the transfer operatorT� : L1(
) ! L1(
)

[T� � � ] (x t+ � ) ,
1

� (x t+ � )

Z

x t

� (x t ) � (x t ) � (x t+ � j x t ) dx t (2.12)

Here,L1(
) denotes the space of integrable functions on the domain
 . Speci�cally,
a function f : 
 ! R belongs toL1(
) if the integral of its absolute value over
 is
�nite: Z



jf (x)j dx < 1 :

This operator is commonly referred to as the(Ruelle) Transfer Operator [7]. Spectral
form of this operator is expressed as:

T
 (� ) =
1X

i =0

� i (� ) j i i h� i j ; (2.13)

where the eigenvalues� i (� ) = exp ( � � � i ) are the only elements dependent on the
time-step � . Here, � i represents the characteristic 'relaxation' rates associated with
the pair of left and right eigenfunctions,� i and  i ,

Alternatively, two more conceptually intuitive de�nitions exist: the Perron-Frobenius
operator or propagatorP� : L1(
) ! L1(
) , de�ned as

[P� � p] (x t+ � ) =
Z

x t

� (x t+ � j x t ) � (x t )dx t :

and the Koopman operator K � : L1 (
) ! L1 (
) , de�ned by

[K � � f ] (x t+ � ) =
Z

x t

� (x t+ � j x t ) f (x t )dx t = E [f t (x t+ � ) j x t = x] : (2.14)

While the Perron-Frobenius operator describes the evolution of densities, the Koop-
man operator describes the evolution of observables. The relation between these
operators can be found in [18]. Applications like Dynamic Mode Decomposition
(DMD) and Markov State Models(MSM) together with their relations are discussed
in [19].

2.2 Sampling Algorithms

In previous sections, we have assumed that it is possible to calculate expected values
with respect to the Boltzmann distribution analytically. However, in high dimen-
sions, the integrals in Equations (2.2) and (2.3) are generally intractable. Since
many molecular systems consist of multiple atoms in three dimensions, analytic
calculation of observables is often not feasible.

As an alternative, the distribution � can be sampled. The samples can then be used
to build a Monte Carlo-estimator of the observable of interest. As an example, for
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M 2 N iid samples f x i gM
i =1 ; x i � � (x), such that x i 2 
 � Rd and d 2 N, the

integral from Equation (2.2) reduces to a sum, so that

Z



f (x)� (x)dx =

1
M

MX

i =1

f (x i ); (2.15)

when M ! 1 [1]. To exploit the estimator a large amount of samples is needed,
making e�cient sampling methods for molecular systems highly desirable.

2.2.1 Numerical Integration of the Langevin Dynamics

The Brownian dynamics SDE (2.11) can be solved iteratively to obtain a trajectory
of the states the system has visited throughout time. The solution at each iteration
step can be obtained as

x t+1 = x t � 
 � 1r E(x t )� t +
q

2� t
 � 1� � 1z; (2.16)

where � t 2 R is the integration step used in each iteration andz � N (0; Id) 2 Rd

[20].

Since the equilibrium distribution of the stochastic process in Equation (2.16) is
a Boltzmann distribution with energy function E, the states obtained from the
iterative process can be considered to be sampled from this distribution. These
samples will however not be drawn iid, since each new sample will be correlated to
the previous one. This implies that the Monte Carlo-estimator (2.15) might not be
valid for samples generated by the numerical integration scheme in Equation (2.16).

2.2.2 The Problem of Rare Events

In previous sections, it has been assumed that there is access to iid samples from the
Boltzmann distribution that can be used for estimating observables. However, that
is not always the case. Many molecules have complicated energy landscapes with
barriers of very low transition probability between the modes of their corresponding
probability distributions [ 1].

As an example, consider Figure2.1, depicting a two-dimensional histogram of the
backbonedihedral angles� and  (also known astorsion angles) of an alanine dipep-
tide molecule. The molecule can exist in multiple stable conformations, character-
ized by the angles� and  . This makes the molecule's energy landscape complicated,
with multiple minima, and the corresponding probability distribution of the torsion
angles is multimodal with low probability of transition between the modes [1].

Due to this, a simulated trajectory obtained through e.g. integration of the Langevin
equation might not even pass through all modes in a feasible simulation time. The
event that a random perturbation of the current state moves the simulated chain
to a di�erent distribution mode is so low that it barely happens - it is arare event.
If the full energy landscape cannot be explored properly, then it is not reasonable
to expect that the Monte Carlo-estimator in Equation (2.15) will yield an accurate
approximation either.
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(a) Illustration of the torsion angles � and  . (b) 2D-histogram of the torsion angles� and  .

Figure 2.1: An illustration of the rare event problem for an alanine dipeptide
molecule. Sub�gure2.1(a) shows a visualization of the torsion angles in the

molecule, characterizing the stable conformations of the molecule. Sub�gure2.1(b)
shows a log-scale 2D-histogram of the torsion angles for a single alanine dipeptide
molecule, obtained through a long simulation trajectory of the system. As can be

seen in Sub�gure2.1(b), the probability distribution is multimodal with low
passage probability between the modes.

2.2.3 The Replica Exchange Method

At higher temperatures movement, ormixing, between the di�erent modes occur
faster. For example, consider Figure2.2, which depicts the bimodal distribution of
positions of a one-dimensional particle following an asymmetric double well potential
and the corresponding sampled trajectories.

As can be seen in Figure2.2, a higher temperature also implies a higher transition
probability between the two modes. Thus, sampling can be done faster at higher
temperatures, since the mixing is faster. Even more, the trajectory of samples will
be less correlated compared to if the sampling had been done at a lower temperature.

This property is exploited in the replica exchangemethod. In a replica exchange
scheme, simulations are run on a set of identical copies of a system. Each system
is assigned a di�erent value of a given physical control variable, for example the
temperature, so that they each correspond to a di�erent thermodynamic state. Then,
it is possible to exchange coordinates of the di�erent replicas by making Monte Carlo
moves between them [1]. When the physical control variable is set to be the system's
temperature, the replica exchange method is referred to asparallel tempering[1], [2].
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(a) Trajectory sampled at high temperature. (b) Trajectory sampled at low temperature.

(c) Histogram of samples at high temperature.(d) Histogram of samples at low temperature.

Figure 2.2: A comparison of trajectories and samples obtained at a high versus a
low temperature. Sub�gures2.2.3and 2.2.3shows a sampled trajectories at high
and low temperatures respectively. As can be seen in the plot of the trajectory

simulated at high temperature, mixing is much higher compared to in the
low-temperature trajectory. Further, as illustrated by comparison of Sub�gures
2.2.3and 2.2.3, the sample quality is much higher when simulating at a higher

temperature.

An illustration of the parallel tempering idea is seen in Figure2.3. The scheme is
constructed so that there areN replicas of the system. Each replica is assigned
a unique value of the temperature so that the temperaturesT0; T1; : : : ; TN , where
T0 < T 1 < : : : < T N , each correspond to one replica. The scheme is setup in
such a way that the simulation temperature of interest is taken to be the lowest
temperature, i.e. T0.
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Figure 2.3: An illustration of a parallel tempering scheme in a complicated
energy landscape, where the temperatures are chosen such that

T0 < T 1 < : : : < T N . The x-axis shows the possible states, while they-axis shows
the values of the energy function. As can be seen in the �gure, the

higher-temperature replicas can move through the majority of the energy
landscape without encountering too many energy barriers since the noise level is

higher. The low-temperature replicas can, however, sample the energy function in
more detail but moves through the energy landscape with more di�culty.

This means that a replica can be simulated at a higher temperature, where mixing
is faster due to higher transition probabilities. Then a Monte Carlo move can be
made, so that the coordinates of the higher temperature replica are proposed to the
lower temperature replica that one is interested in simulating.

As an example, denote the states of two neighboring replicas byx (k) and x (k+1) .
A move from (x (k) ; x (k+1) ) to (x (k+1) ; x (k)) can then be made with the acceptance
probability

A
�
x (k+1) ; x (k) j x (k) ; x (k+1)

�
= min [1 ; exp (� � k; k +1 )] ; (2.17)

where� = � (� k � � k+1 )
h
E(x (k)) � E(x (k+1) )

i
. By making many such moves, simu-

lations in lower temperatures can be signi�cantly sped up. Note however that in a
real Replica Exchange Molecular Dynamics (REMD) simulation, one would have to
account for momenta as well as positional coordinates. This complicates the simu-
lation slightly, since for Equation (2.17) to hold the momenta needs to be updated
separately [21].1

1Note that to maintain simplicity and relevancy in the text, we do not discuss this in more
depth here and instead refer the reader to the original source [21].
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2.3 Sampling with Generative AI

Generative AI provides a di�erent perspective on sampling. Using neural networks,
it is possible to learn a map from some easy-to-sample distribution, e.g. a stan-
dard Gaussian, to some target data-generating distribution of interest. In this way,
one can build a model that approximates the data generating process and enable
sampling of the target distribution. Note that given independent samples from the
initial distribution, the transformed samples will also be independent. Thus, such
surrogate models� � of the data density � could be designed to not su�er from the
same correlation issues as many traditional sampling methods.

When modelling the data density in this manner, one should also account forapproxi-
mation errors in the model itself. By usingimportance weightswi 2 R; i = 1; : : : M ,
de�ned through

wi =
�̂ (x i )
� � (x i )

; (2.18)

where x i � � � , � � is the surrogate distribution and �̂ is the unnormalized density,
one can compensate for the approximation error when estimating observables. For
example, we can use the importance weights to calculate observables through

Of = E[f (x)] �
1

M

MX

i =1

wi f (x i );

to obtain a more accurate estimate of the observableOf . Therefore, it is important
to use a surrogate model that enables evaluation of the sample probabilities. In this
section, we describe how one can use generative AI surrogate models to draw samples
from the target distribution and obtain their corresponding sample probabilities.

2.3.1 Normalizing Flows

An important class of neural network model architectures, employing such a scheme,
is that of normalizing �ows. In a normalizing �ow, an initial distribution � 0 is
transformed into a target distribution � 1 by exploiting neural network models and
the change-of-variables formula. If a learned mapM � : Rd ! Rd, with d 2 N, is
trained to map initial samplesx0 � � 0(x) into target samplesx1 = M � (x0) � � 1(x),
then the endpoint density can be evaluated as

� 1(x) = � 0(M � 1
� (x1)) det

�
�
�
�
�
@M � 1

� (x1)
@x1

�
�
�
�
�
=

� 0(x̂0)

det
�
�
� @M � (x̂ 0 )

@̂x 0

�
�
�
; (2.19)

where x̂0 = M � 1
� (M � (x0)) . In this way a neural network map can be learned that

allow for both sample transformation and evaluation of the sample probabilities.
However, in order to apply Equation (2.19), the map M � needs to be both di�eren-
tiable and invertible. In some architectures, e.g. RealNVP, this is done by applying
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Figure 2.4: An illustration of a discretized mapM � = M �; N � M �; N � 1 � : : : � M �; 0

when applied to an initial standard normal distribution.

a series ofN partial transformations M � = M �; N �M �; N � 1 � : : : �M �; 0 to the input,
such that their composition corresponds toM � as is shown in Figure2.4 [22].

However, discretizing the mapM � quickly gets complicated as the number of par-
tial transformations increase and preferably one would rather modelM � as one
continuous map.

2.3.2 Continuous Normalizing Flows

A possible way of modelling continuous density transformations is to exploit ordinary
di�erential equations [10]. By de�ning an ODE that describes the �ow of a time-
dependent probability density, such that it at an initial time corresponds to the prior
distribution and at an endpoint time corresponds to the data distribution, samples
can be transformed in a continuous manner [10]. Figure 2.5below shows an example
of a continuous transformation of an initial density� 0 into an endpoint density � 1.
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Figure 2.5: An illustration of how the initial density � 0 in the left histogram
continuously transforms into a target density� 1 such that x1 = M (x0) � � 1(x)
(see the right histogram). The red lines are example trajectories, showing the

transformation on a per-sample level.

A way to achieve a density transformation similar to the one in Figure2.5 is through
continuous normalizing �ows. Assume initial statesx0 2 
 � Rd; d 2 N, which
follow an initial distribution � 0 and time-dependent statesx t 2 
 , which follow a
time-dependent distribution � t . Further, assume that eachx t obeys the ordinary
di�erential equation

d
dt

x t = b(t; x t ); x t=0 = x0; (2.20)

where the vector �eld b : [0; 1]� 
 ! Rd; d 2 R, describes the velocity ofx t . Then
samplesx0 � � 0 can be transformed into samplesx t � � t (x) by learning a velocity
b � and integrating

x t = x0 +
Z t

0
b � (s;x)ds;

with a neural ODE solver [10]. In this way, a map that allows for time-continuous
sample transformations is obtained. Interestingly, such continuous transformations
also allow for evaluation of sample probabilities through acontinuous change of
variables. Note that the ODE (2.20) is the same as Equation (2.9). Thus, the time-
evolution of the density � t will be described through the continuity equation from
Section2.1.5.1, so that

@
@t

� t + r � (� tb) = 0 : (2.21)

The di�erential equation can be solved more easily in log-space, yielding the expres-
sion

log� t (x) = log � 0(x) �
Z t

0
r � b � (s; x)ds; (2.22)

for a learned velocityb � . Equation (2.22) can also be integrated using a neural ODE
solver, providing us with a way of computing sample probabilities. This type of �ow
model is called a continuous normalizing �ow.
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2.3.3 Stochastic Interpolants

Still, the question remains of how to learn the velocity �eldb � . A neat solution
is provided in the Stochastic Interpolant framework [12]. There, the velocity b � is
learned by interpolating between individual samples from the prior distribution� 0

and the data distribution � 1. A signi�cant advantage is that the framework allows
for the prior to be an arbitrary distribution, so � 0 could be anything, even another
data distribution [12].

2.3.3.1 De�nition of the Interpolant

The idea behind the framework is to interpolate between individual samplesx0 �
� 0(x) and x1 � � 1(x), where the initial distribution � 0 and the target distribution � 1

are such that� 0; � 1 : Rd ! R+ . The stochastic interpolantis de�ned as a stochastic
processx t such that

x t = I (t; x0; x1) + 
 (t)z; t 2 [0; 1]: (2.23)

whereI (0; x0; x1) = x0, I (1; x0; x1) = x1, 
 (0) = 
 (1) = 0 and z � N (0; Id)2.

In many cases interpolation can be done in a spatially linear manner, so that the
interpolant takes the form

x t = � (t)x0 + � (t)x1 + 
 (t)z;

where the functions�; � and 
 can be chosen in any way that respects the constraints
de�ned above (noting that the � in this context should not be confused with the
inverse temperature of the Boltzmann distribution). As an example, consider the
simple choice of functions

� (t) = 1 � t; � (t) = t; 
 (t) =
q

t(1 � t):

This choice results in a �noised� linear interpolation, de�ning a path of transporta-
tion from the prior to the end-point distribution on a per-sample level. Figure2.6(a)
shows the behaviour of the three functions�; � and 
 on the time interval t 2 [0; 1].
Figure 2.6(b) shows an example how an initial distribution� 0 of one-dimensional
states x0 transforms into a target distribution � 1 of one-dimensional statesx1 by
interpolating between individual samples from the two distributions.

2Note that since the formal de�nition of the stochastic interpolant is quite long and complicated,
we only de�ne the major properties here. Furthermore, we refer the reader to AppendixA.1.1 for
the full de�nition.
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(a) A linear choice of the three interpolant
functions �; � and 


(b) Initial and �nal distributions along with
in-between interpolated coordinatesx t .

Figure 2.6: Sub�gure 2.6(a) shows an example with a linear choice of the three
interpolant functions �; � and 
 . Sub�gure 2.6(b) shows histograms of the initial

and �nal distributions � 0 and � 1, together with 500x t :s evaluated on a grid of
interpolation times t ranging from 0 to 1 for the linear interpolant choice in

Sub�gure 2.6(a). The example distributions� 0 and � 1 correspond to the
distribution of states for a one-dimensional particle following an asymmetric

double well potential at two di�erent temperatures.

2.3.3.2 Velocity �eld

As previously mentioned, an interpolant on the form of Equation (2.23) can be used
to learn a velocity �eld, denotedb � . Furthermore, the velocity can be used to de�ne
a continuity equation, similar to Equation (2.21), for the time-dependent probability
distribution � t (x) of the stochastic interpolant.

Let Ck denote the space ofk 2 N times continuously di�erentiable functions. In
terms of the stochastic interpolant (2.23), the velocity �eld b is then de�ned as the
expected value of the interpolated sample velocities, e.g.

b(t; x) = E [ _x t j x t = x] ; (2.24)

and is in C0([0; 1]; (Cp(Rd))d) for p 2 N [12].

2.3.3.3 Score �eld

In addition to the velocity �eld, the stochastic interpolants framework allow the
possibility to learn another vector �eld; the score of the probability density of the
stochastic interpolant. The score is inC1

�
[0; 1]; (Cp(Rd))d

�
for any p 2 N, and is

given as

s(t; x) = r log� (t; x) = 
 � 1(t)E [zj x t = x] ; (2.25)

for all (t; x) 2 (0; 1) � Rd [12].
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2.3.3.4 Objective functions

Both the velocity (2.24) and the score (2.25) are learned quantities, approximated
through neural networks. A velocity �eld b � can be learned by minimizing the
quadratic objective

L b [b � ] =
Z 1

0
E

� 1
2

jb � (t; x t )j2 � (@t I (t; x0; x1) + _
 (t)z) � b � (t; x t )
�

dt; (2.26)

for a stochastic interpolant de�ned through Equation (2.23), with the expectation
being taken independently over(x0; x1) � � and z � N (0; Id). Furthermore, b � is
the unique minimizer of the objective in Equation (2.26) in C0

�
[0; 1]; (C1(Rd))d

�

[12]. As with Flow Matching, various forms of optimal transport can be employed
during training to further optimize the integration path lengths [23], [24].

Similarly to the velocity �eld, an approximation s� can be learned of the original
score �eld s by training a neural network model to minimize a quadratic objective
function. The score �eld s is the unique minimizer inC1

�
[0; 1]; (C1(Rd))d

�
of the

quadratic objective de�ned as

L s [s� ] =
Z 1

0
E

"
1
2

js� (t; x t )j2 + 
 � 1(t)z � s� (t; x t )

#

dt; (2.27)

where the expectation is taken independently over(x0; x1) � � and z � N (0; Id)
[12].

2.3.3.5 Special Case 1: Mirror Interpolant

The de�nition of the stochastic interpolant (2.23) allows for an interesting special
case, namely themirror interpolant . When the initial distribution is chosen to be
identical to the end-point distribution, i.e. � 0(x) = � 1(x), it results in an identity
map. A stochastic interpolant that ful�lls this choice of distributions is

x t = x0 + 
 (t)z; t 2 [0; 1]; (2.28)

with x0 � � 0(x) = � 1(x) and z � N (0; Id). The interpolant de�ned through
Equation (2.30) is called a mirror interpolant. Interestingly, for such an interpolant
it holds

b(t; x) = � _
 (t)
 (t)s(t; x); (2.29)

so that the velocity �eld b is directly related to the score �eld [12].

Just as the regular stochastic interpolant (2.23), the mirror interpolant ( 2.30) can
be linearly decomposed into three functions�; � and 


� (t) = 1 ; � (t) = 0 ; 
 (t) =
q

t(1 � t):

This choice results in a �noised� identity interpolation, de�ning a path of transporta-
tion from a prior distribution to itself, again on a per-sample level. Figure2.7(a)
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shows the behaviour of the three functions�; � and 
 on the time interval t 2 [0; 1].
Figure 2.6(b) shows an example how an initial distribution� 0 of one-dimensional
statesx0 transforms into itself through mirror interpolation. In this sense, the mirror
interpolant de�nes an identity map.

(a) A linear choice of the three interpolant
functions �; � and 


(b) Initial and �nal distributions along with
in-between interpolated coordinatesx t .

Figure 2.7: Sub�gure 2.7(a) shows an example choice of the three functions
�; � and 
 that results in a mirror interpolant. Sub�gure 2.7(b) shows histograms
of the initial and �nal distributions � 0 and � 1, together with 500x t :s evaluated on
a grid of interpolation times t ranging from 0 to 1 for the mirror interpolant choice
in Sub�gure 2.7(a). The example distributions� 0 and � 1 are equal and correspond
to the distribution of states for a one-dimensional particle following an asymmetric

double well potential at one single temperature.

2.3.3.6 Special Case 2: One-sided Interpolant

The de�nition of the stochastic interpolant (2.23) allows for another special case,
namely theone-sided interpolant. This interpolant employs a Gaussian prior, which
is a common choice in generative modelling considering the absence of prior infor-
mation. In this setting, we can group the e�ect of the latent variablez with x0,
since they are both normally distributed.

The initial distribution is chosen to be identical to the Gaussian, i.e. � 0(x) �
N (0; Id). A stochastic interpolant that ful�lls this choice of distributions is

x t = J (t; x1) + � (t)z; t 2 [0; 1]; (2.30)

with J (0; x1) = 0 , J (1; x1) = x1 and � (0) = 1 ; � (1) = 0 . The interpolant de�ned
through Equation (2.30) is called a one-sided interpolant.

Just as the regular stochastic interpolant (2.23), the one-sided interpolant (2.30) can
be built through simple linear interpolant with � (t) = 1 � t; � (t) = t and 
 (t) = 0
so that it takes the form

x t = tx1 + (1 � t)z:

20




	List of Figures
	List of Tables
	Introduction
	Introduction
	Context
	Goals and Challenges

	Theory
	Concepts from Statistical Mechanics
	Statistical Ensembles
	Boltzmann Distribution
	Observables
	Stationary Observables
	Dynamic Observables

	Helmholtz Free Energy
	Targeted Free Energy Perturbation

	Fokker-Planck Equation
	Special Case 1: Continuity Equation
	Special Case 2: Langevin and Brownian Dynamics

	Transfer Operators

	Sampling Algorithms
	Numerical Integration of the Langevin Dynamics
	The Problem of Rare Events
	The Replica Exchange Method

	Sampling with Generative AI
	Normalizing Flows
	Continuous Normalizing Flows
	Stochastic Interpolants
	Definition of the Interpolant
	Velocity field
	Score field
	Objective functions
	Special Case 1: Mirror Interpolant
	Special Case 2: One-sided Interpolant

	Denoising Diffusion Probabilistic Models

	Implicit Transfer Operators
	Machine Learning for Molecular Systems
	Molecular Symmetries
	Group Theory Basics
	Group Action
	Group Representation
	Invariance
	Equivariance


	Equivariant Flow Models
	Equivariant Flow Models for Molecular Systems
	PaiNN and ChiroPaiNN Architectures
	Inputs and Internal Feature Representations
	Constructing Messages
	Update Rules



	Methods
	Model Systems
	Asymmetric Double Well (ADW)
	Müller Brown (MB)
	Alanine Dipeptide (ALA2)
	Replica Exchange QM9 (MDQM9-nc)

	Stochastic Interpolants ITO Model
	Interpolation Methods
	Neural Network Model Architectures
	Low-Dimensional System (MB)
	Molecular Systems (ALA2)

	Model Evaluation
	VAMP Scores

	Experiment Setups
	Low-Dimensional System (MB)
	Molecular Systems (ALA2)


	Thermodynamic Interpolants
	Interpolation Methods
	Augmented Two-Sided Linear Interpolant
	Scaled Mirror Interpolant

	Neural Network Model Architectures
	Low-Dimensional System (ADW)
	Molecular Systems (MDQM9-nc)

	Model Evaluation
	Effective Sample Size
	Internal Coordinates and Z-matrix

	Experiment Setups
	Low-Dimensional System (ADW)
	Molecular Systems (MDQM9-nc)
	A Note on Outliers



	Results
	Stochastic Interpolants ITO Model
	Müller Brown
	Alanine Dipeptide

	Thermodynamic Interpolants
	Asymmetric Double Well
	Replica Exchange QM9


	Conclusion
	Discussion
	Stochastic Interpolant ITO
	Thermodynamic Interpolants

	Summary
	Future Work


	Bibliography
	Appendix 1
	Formal Definitions
	Stochastic Interpolant

	Training and Sampling Details
	Hyperparameter Choices
	Asymmetric Double Well (ADW)
	Müller Brown (MB)
	Alanine Dipeptide (ALA2)
	Replica Exchange MDQM9 (MDQM9-nc)

	Solver Information
	Euler Solver
	Dopri5 Solver


	Filtering of Outliers
	Comparison of Filtered and Non-Filtered Weights

	Additional Results
	Training and Validation Losses
	Müller Brown
	Alanine Dipeptide
	Asymmetric Double Well
	Replica Exchange MDQM9




