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Amanda Paulsson
Department of Computer Science and Engineering
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Abstract
As technology has advanced, real-time systems have become more common. An
essential part of real-time systems is that each computational component, referred
to as a task, must finish executing within a time frame, a deadline. Due to the
importance of deadlines being met, scheduling tasks is crucial in real-time systems.
As the demand for these systems has increased and the programs have become more
advanced, a need for more computational capacity has arisen. This is because the
research area of real-time systems has expanded to multiprocessor systems, with
parallel execution of tasks-based applications.

One of the challenges with scheduling task sets on multiprocessor systems is to find
the upper-bound on the entire execution time of the parallel application. This is a
challenge because different ordering of the same set of parallel tasks, on the same
system, can result in different end-to-end completion time of the application. An
example of this is when a task finishes executing before its worst-case execution time,
resulting in a different scheduling order of the following tasks. A reordering that
leads to a longer total execution time of the program is called a timing anomaly. The
state-of-the-art solutions work around timing anomalies by introducing pessimism
to the upper-bound calculations, causing some task sets to be deemed unschedulable
although they are schedulable. The pessimism is largely due to the fact that the
internal structure of the task sets is not considered, and the dependencies between
the tasks are not evaluated.

This thesis aims to eliminate timing anomalies by introducing additional dependen-
cies, called dispatch constraints, between tasks. Such additional dependencies would
remove unpredictability when scheduling and therefore also the need for pessimism
when calculating the execution time. The goal is for these additional dependencies
to limit the number of ways the parallel tasks can be scheduled (i.e. limit the level of
parallelism), while simultaneously utilizing as much of the multiprocessor resources
as possible. To find the balance between restricting the level of parallelism and
utilizing the computational power a heuristic method will be used for selecting the
source and destination tasks to which the dispatch constraints will be added. The
heuristics developed for this are evaluated and compared with the state-of-the-art.
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1
Introduction

As technology in today’s society advances, more systems and machines are becoming
automated. Programs and applications are no longer only expected to produce exact
computations, they are now often needed to do so within a specific time frame, a
deadline. The computational components, called tasks, of a system missing its dead-
line will lead to different consequences of varying degrees, depending on the system.
These systems, called real-time systems, can be observed in for example robots used
in the industry, automobiles and airplanes. An example of this is automated flight
control systems in fighter aircrafts [1].

Scheduling algorithms in real-time systems are crucial in making sure that the dead-
lines of the tasks are being met. Real-time scheduling on multiprocessors is a big
area of research. The multiprocessor hardware architecture enables multiple opera-
tions to execute in parallel. With this ability comes benefits, such as faster program
execution, ability to accommodate more complex software and possibility to lower
the energy consumption. An example of this is the use of multiprocessors in embed-
ded systems, such as smartphones, where we have complex parallel applications but
a limited energy source (a battery) [2]. The increased demand for multiprocessors
is an effect of the market asking for more parallel processing power. However, the
increased use of multiprocessors also depends on the capabilities of the existing hard-
ware, which provides directions and limits for what is possible in terms of software
development. For example, the level of parallelism when executing software depends
on the number of processors in the hardware. Additionally, software common prac-
tices and industry standards are developed based on the processing capabilities of
the available multiprocessor hardware.

As the field of real-time systems has evolved, an increasing demand to use multi-
processor platforms and schedule parallel tasks has occurred, and with this a new
set of problems and challenges. One of the main challenges with scheduling paral-
lel tasks on multiprocessor systems is to ensure that all the tasks will meet their
deadlines at run-time. Traditionally, real-time scheduling algorithms have only con-
sidered sequential execution of tasks on single processors, but with the development
of multiprocessors and their expanded possibilities, parallel execution models have
become the focus [3]. In applications consisting of multiple parallel tasks, each
task consists of multiple subtasks that can be executed simultaneously on different
processor units. These subtasks can be scheduled in different ways depending on
constraints/dependencies between each other. Different parts of an application, rep-
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1. Introduction

resented by these subtasks, often process the same data. Because of this, the order
in which these subtasks are executed often (not always) matters for the result to be
correct. For instance, if one subtask writes to a memory address and another sub-
task reads from the same memory address, then the order of these subtasks affects
the outcome and correctness of the execution. There is a constraint from the first
subtask to the second one because they need to be executed in that specific order,
this correlation or dependency between such a pair of subtasks is called a precedence
constraint.

Each subtask has an execution time. This execution time can vary, which is why
something called the worst-case execution time (WCET) is used when analyzing the
schedulability of tasks. The WCET is the maximum amount of time a subtask can
take to execute. Since tasks meeting their deadlines is a crucial part of real-time
systems, the WCET is used for determining if a task is schedulable in the system
or not. When working with scheduling on a single processor, comparing the sum
of the WCET for all the subtasks of a task with the task deadline is an obvious
way of ensuring schedulability. If the sum is smaller than the deadline, the task
is schedulable. The order in which independent subtasks execute does not matter
when we consider scheduling on uniprocessor. However, on multiprocessor systems,
determining the schedulability of a task is not as simple as that of on a uniprocessor.
The reason for this is that since the execution time of a subtask can change at
runtime the order of scheduling the subtasks on the processors can differ, resulting
in different execution times for the same task when executed multiple times.

Precedence constraints between subtasks give sequential order to some parts of a
task, but not the entire task the same way sequential scheduling does. Because of
this, there can be more subtasks than the number of available processors ’ready’
for scheduling at one time instant. The combination of multiple subtasks being
schedulable at the same time with the possibility of varying execution times for the
subtasks creates multiple scheduling options. This is a problem because some of
these possible schedules could meet the deadline of the task, but some could miss
it. Thus, the task is deemed unscheduled, even when there are schedulable options.
Because of the importance of deadlines in real-time systems, the worst possible case
is what determines if a task is schedulable or not.

A parallel task can be modeled or visualized as a directed acyclic graph (DAG)
where the edges between the nodes in the graph represent the precedence constraint
between the subtasks and the nodes in the graph represent the subtasks. When
scheduling a DAG on several processors, the order of the execution of the subtasks
depends on the structure of the DAG. Each node may have multiple other nodes in
the graph that it can execute in parallel with. In other words, since a DAG has mul-
tiple parallel paths, some nodes may execute in parallel with other nodes. If at any
time instant, there are more parallel paths than there are processors the scheduling
order will depend on which one of the available subtasks is chosen (which depends
on the scheduling algorithm used). As mentioned earlier, this unpredictability can
result in the task being unschedulable if a schedulability analysis cannot account for
such unpredictability accurately, which in turn is limiting the usage of multiprocessor
systems. This limitation is sought to be avoided, especially since the unschedulable
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1. Introduction

tasks often are schedulable. There are many approaches to solving this problem,
all with different success rates in terms of making previously unschedulable tasks
schedulable.

This thesis aims to solve the problem of unpredictable scheduling by introducing
additional constraints (called dispatch constraints) to the subtasks of a DAG. This
will be done by looking at the number of parallel paths at each time instant and
compare with the number of available processors. By adding a dispatch constraint
from one node to one of its parallel nodes the number of parallel paths can be reduced.
To find a balance between utilizing the parallelization of the multiprocessors system
and keeping the task execution time predictable the goal is to introduce constraints
in a way that keeps the number of parallel paths as close to the number of processors
as possible. The number of parallel paths can never be larger than the number of
processors to keep the scheduling predictable. In addition, when the number of
possible paths is smaller than the number of processors, then we may have scenarios
where there are idle processors. Unfortunately, the more we idle the processors, the
longer the end-to-end execution time of the DAG tends to be. By adding dispatch
constraints such that the number of possible source-to-sink distinct paths in the
DAG is no more than the number of processors, the task’s total execution time will
be equal to the longest path in the DAG since the dispatch constraints will eliminate
the unpredictability. The main challenges with this approach will be choosing the
nodes to add the dispatch constraints between and adding them in such a way that
the total execution time for the task will be as small as possible (to perform better
than other state-of-the-art approaches).

Dispatch constraints can be added one by one until a certain condition is met. That
way, limiting the number of parallel paths at all time instants can be ensured. How-
ever, since these dispatch constraints are only added based on the structure of the
DAG, the effect on the schedule is still unknown. The goal is to utilize as many
of the processors at all time instants as possible. The purpose is to add dispatch
constraints, changing the structure of the DAG. Based on the restructured DAG
the makespan can be calculated more accurately. However, there is a difference
between the dispatch constraints and precedence constraints. When scheduling the
precedence constraints the preceding subtask needs to finish executing before the
following subtasks can be scheduled, meanwhile for the dispatch constraints the
previous subtasks only have to start executing before the following ones can be
scheduled. The dispatch constraints are only added for scheduling purposes, not
because the subtasks data processing is related in any way (like the ’traditional’
precedence constraints purpose). This means that when scheduling a DAG with dis-
patch constraints the added constraints can be removed if there are idle processors
because of the added constraints.

The goal of this thesis is to theoretically adjust DAGs (representing tasks of appli-
cations) with dispatch constraints and also simulate the adjusted DAGs to further
improve and evaluate the addition of the dispatch constraints. This is intended to
improve the schedulability of tasks and task sets on multiprocessor systems. The
results will be compared to the current state-of-the-art.

3



1. Introduction

1.1 Contributions and organization
This thesis will introduce dispatch constraints between subtasks of tasks in multi-
processor systems. The main challenge of this thesis is the selection of the source
and destination nodes the dispatch constraints will be added between. There are
many possible ways of doing this and finding the optimal way would require test-
ing all options, which is computationally not feasible. For that reason, a heuristic
method will be used (more detailed explanation in later chapters). Once the DAGs
with dispatch constraints have been constructed they will be simulated for further
improvement and evaluation. The completed DAG execution time will be calculated
and compared to the current state-of-the-art. This will be done for multiprocessor
systems with one task (one DAG) using the resources.

The thesis is organized as follows. Section 2 presents a detailed description of the
problem statement with background and related work. Section 3 introduces the
task model and the notation used in the thesis. Section 4 presents the constructed
algorithms and the heuristics. Section 5 presents the setup used to evaluate the
presented algorithms. Section 6 shows the results and compares these to other
methods. Conclusions, discussions, and further work is presented in section 7.

4



2
Background

This chapter introduces the main concepts and background for this thesis. The
chapter also contains related works and description of the problem for this thesis
and its focus.

2.1 Makespan
When evaluating scheduling algorithms for a parallel task something called the
makespan is used. The makespan of a task is the worst-case completion time. If the
makespan is smaller than the task deadline it confirms that the task will meet its
deadline. By computing the makespan and comparing it to the deadline of the task,
verification of if the timing constraints are met or not can be done. Finding the
minimal possible makespan is known to be an NP-hard problem [4], and because of
this, pessimism is introduced to different schedulability analyses.

Generally, there are two main ways of calculating the makespan. The first way is to
find a formula that computes the makespan for an algorithm. The problem with this
approach is that it often introduces pessimism, to compensate for unpredictability
in the system. Because of the importance of tasks meeting their deadline, in real-
time systems, the calculated makespan can never be longer than the deadline for
the tasks to be schedulable. Some existing works consider the total workload and
the longest path to compute the makespan. But that has the limitation that the
internal structure of the DAG is not considered. Because the subtasks execution
time can vary, resulting in multiple executions for the same task, using the longest
path and the total execution time is not enough to compute the makespan in an
accurate way. The effects, of the varying execution times, in the schedule cannot
be known beforehand. Resulting in algorithms always adding extra execution time
(pessimism) to the makespan, without knowing if it is actually needed for the task
to meet its deadline or not. For this reason, this thesis will use the other way of
computing the makespan, which is by simulating the execution. When simulating
a task in a multiprocessor system the makespan will be the execution time of the
processor to finish last. In order for this to be correct there can be only one way of
scheduling the subtasks of a task. This thesis will achieve this by adding dispatch
constraints, thus removing the unpredictability.

Figure 2.1 illustrates an example of the structure of a parallel task in the form of
a DAG. The Ci value next to each of the nodes is the WCET of the corresponding
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2. Background

subtask. The edges in the DAG represent the precedence constraints between the
subtasks. The task is executed on a two-processor system and the execution is based
on a non-preemptive breadth-first search algorithm on two processors P1 and P2.
The makespan of the schedule is the longest execution time of the two processors,
which is 9-time units.

Figure 2.1: DAG representing a task and the corresponding schedule on a two-
processor system.

2.2 Timing anomalies
Since some subtasks of a task have precedence constraints the scheduling possibilities
of these subtasks are already determined/limited to a specific way. However, not all
subtasks have preexisting precedence constraints relative to each other, which is how
the unpredictability of the parallel architecture is introduced. The unpredictability
means the makespan cannot be calculated easily.

One source of unpredictability is timing anomalies. A timing anomaly is when a
change (often seen as positive) in a multiprocessor system results in an (unexpected)
longer execution time. There are different types of timing anomalies. One example
is an increase in number of processors. More processors are expected to lower the
total execution time since it is an increase of resources, but there are scheduling
cases where it results in longer execution time [5].

This thesis only considers execution time−based timing anomalies, which is where
the makespan of a dynamically scheduled parallel application may increase when
some subtasks of a task take less time than their WCET. Dynamic scheduling is
when the tasks get assigned the executing cores at runtime, as opposed to static
scheduling which is when tasks are pre-assigned a fixed set of cores before run-time.

Timing anomalies are a problem because it makes the system more unpredictable
and therefore also makes the analysis is more difficult. An accurate analysis is
critical to be able to guarantee run-time completion before the deadline.

Figure 2.2 illustrates what can happen to the total execution time when one of the
subtask’s execution time changes, a timing anomaly. Figure 2.2 represents the same
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2. Background

task as in Figure 2.1, where the task is scheduled in a two-processor system with a
non-preemptive breadth-first search algorithm. The difference is that in figure 2.2
node B has a shorter execution time than in figure 2.1. Although the task in figure
2.2 has a smaller total workload (14 time units) than the task in figure 2.1 (16 time
units), the schedule’s total execution time is longer.

The scheduling algorithm schedules node A first. When node A has completed
its execution both node B and C are released and ready for scheduling. Since both
processors are idle at that time both nodes are scheduled. The next step is where the
two schedules differ. This is because in the second schedule node B will complete its
execution before node C, while in the first schedule node C completes its execution
before node B. This difference results in nodes D and E being released and ready
for scheduling before node C has finished executing in the second schedule. In the
first schedule node F will be released and ready for scheduling before node B has
completed its execution. In both cases, there is only one idle processor to schedule
the nodes on. In figure 2.2 node D is scheduled while node E waits for an idle
processor. Once node C has completed its execution node E will be scheduled on
the idle processors while node F is released and scheduled after node D. Node G
will be released and scheduled when all the previous nodes have finished executing.
In figure 2.2 the total execution time for the task is 10 time units, which is one time
unit longer than in the schedule in figure 2.1 (9 time units). Another observation
between the two schedules is that the total time one of the processors is idle during
the task execution is bigger in the second one (2 time units in figure 2.1 and 6 time
units in figure 2.2).

Figure 2.2: DAG representing a task and its schedule with a timing anomaly.

As the previous example show, execution time-based anomalies can happen because
there are, at some time instant, more subtasks than processors ready for scheduling.
Because of this, the order the nodes are released is a critical factor, which in its turn
depends on the execution time of the predecessor nodes. In the DAG in figure 2.2
there are three parallel source-to-sink paths:A − B − D − G, A − B − E − G and
A−C−F−G. In a two-processor system, these three paths would result in multiple
scheduling possibilities, which is undesired for calculating an accurate makespan
without having to add extra execution time to compensate for unpredictability. For
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2. Background

this reason, the work of this thesis will build upon these timing anomalies to be
removed, using dispatch constraints.

2.3 Dispatch Constraint

One way of avoiding timing anomalies and being able to calculate the makespan
more accurately is to introduce dispatch constraints (DC) to the system. Prece-
dence constraints are generally perceived as "restrictive" additions to the system
because it prevents the full exploitation of the multiprocessor parallelism, meaning
delayed execution start of some tasks. When scheduling, a precedence constraint
means the source node has to finish executing before the receiver node can be dis-
patched. However, dispatch constraints give the system predictability because the
subtasks will have a set execution order relative to each other. The source node of
a dispatch constraint only needs to have been dispatched before the receiver node
can be dispatched. With this, a more accurate (i.e. less pessimistic) makespan can
be computed. In this thesis, dispatch constraints will be introduced to the system
to eliminate the time-based timing anomalies, creating an anomaly-free schedule.
Thus enabling makespan calculation by simulation: by adding dispatch constraints
so that there are no more than m paths, where m is the number of processors. Then
executing the task based on the modified DAG.

Figure 2.3 shows the same task represented by a DAG as in figure 2.1 and 2.2 with
a shorter execution time for node B. The DAG also has a dispatch constraint added
between node F and E to prevent the problem with a longer total execution time
for the entire task to happen. The difference when scheduling this task is that when
node B completes its execution only node D (not node E) will be released and ready
for scheduling on the idle processor. After node C completes its execution node F
will be ready for scheduling on that idle processor. Once Node F has been scheduled,
node E (as the receiver of the DC from node F ) can be scheduled as soon as there is
an idle processor. Node G will be scheduled once all the previous nodes have finished
their execution. Observer in this schedule, the difference between the pre-existing
precedence constraints and the dispatch constraint. The node receiving the DC does
not need to wait for the source of the DC to finish its execution before it can be
scheduled, the source only needs to be scheduled/dispatched before. The timing
anomaly is removed because there are never more subtasks ready for scheduling
at one time instant than there are idle processors. There is only one option for
scheduling (even when the subtask’s execution time differs) and such predictability
provides a tighter end-to-end completion time for the entire DAG.
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Figure 2.3: DAG and schedule representing a task with a dispatch constraint between
subtask F and E.

2.4 Processor Scheduling
There are two main ways of scheduling tasks on processors; global scheduling and
partitioned scheduling. Global scheduling is when the tasks can be assigned to
any processor dynamically. Partitioned scheduling is when the tasks are statically
assigned to a processor and migration between processors is not permitted.

However, federated scheduling is another approach and is a generalization of par-
titioned scheduling for parallel tasks on multiprocessor systems. Using federated
scheduling each parallel task will be assigned a subset of the processors from a par-
ticular multiprocessor platform. In federated scheduling, tasks are divided into two
sets, one containing all high-utilization tasks and one containing all low-utilization
tasks. Federated scheduling algorithms then divide the system resourced between
these two task sets depending on the implementation. One example is that the al-
gorithm first assigns cores to the high-utilization tasks based on the execution time,
worst-case critical-path length and the deadline. The low-utilization tasks, which
can run sequentially, get assigned to the remaining available cores [6].

2.5 Related Work
Because of the potential and the increasing use of multiprocessor systems, there is
research about scheduling algorithms for tasks on multiprocessors. With this also
many different approaches with different parts of the systems in focus. Most of the
focus has previously been on sequential scheduling, where the problem is to schedule
many sequential tasks on multiple cores. Since parallel tasks introduce additional
complexity one of the biggest challenges today is to maximize performance while
also fulfilling the real-time constraints of parallel multiprocessor systems.

One of the first works on scheduling on multiprocessors was done by Graham in
[5]. Graham describes timing anomalies in multiprocessor systems and also defines
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different kinds of timing anomalies. The work gives some exact bounds on the extent
of how these anomalies can affect the execution time for dynamically scheduled task
sets.

With the increase of research in the area different real-time task models have been
proposed in attempts to express the parallelism of applications. Some examples are;
the fork-join model [7], the synchronous parallel task model [8] and the sporadic
graph model [9]. All of these models divide the tasks into smaller subtasks that
are allowed to run in parallel. The fork-join model sequentially executes a task
until it encounters a parallel sequence, at which it "forks" into multiple parallel
executions. After the parallel execution the task "joins" back to sequential execution.
The parallelism is usually fixed and limited to the number of processors available.
The synchronous parallel task model is an extension of the fork-join model where
parallel execution can be done successive and the degree of parallelism is not limited.
Both the fork-join and the synchronous parallel models have dependencies between
the segments of nodes of the task, a node has to wait for all the other nodes of
the previous segment to finish executing before it can begin executing. The DAG
model is more general than both these models because the execution of each node
only depends on the precedence constraint. Tasks in this model are represented
by a directed acyclic graph where directed edges between the nodes represent the
precedence constraints between the code segments. In this thesis, the DAG model
is used because the structure of the DAG (dependencies between the subtasks of a
task) will be used to remove timing anomalies.

2.5.1 Multi-DAG scheduling

One of the first attempts at a parallel model that takes control-flow information and
conditional statements into consideration is by Saifullah et al [10]. They present
a multi-DAG model where each task is represented by a set of execution paths
throughout the task code and is modeled as a DAG of sub-tasks. The motivation
behind this work is that previous parallel task models either, assume that all threads
of a parallel task must execute every time (which never happens with conditional
statements), or the model always takes the worst-case option. The model [10] works
in two steps. The first step is creating separate graphs for the different execution
flows (different possible conditions). That way during run-time, when the task
takes one of the execution flows, the required budget to finish all of the sub-tasks is
known. In this first step, the constructed graphs are organized as sets of segments,
where directed edges only exist between the adjacent segments (every node within
a segment is connected to every node in the next segment). The second step is then
to merge the DAGs created into a single synchronous parallel task that still fulfills
the precedence constraints. This multi-DAG model improves on schedulability tests
for DAGs where the internal structures are considered. Like the multi-DAG model,
this thesis will consider the internal structure of the DAG and the varying execution
times of the subtasks.
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2.5.2 Conditional parallel task scheduling
The DAG model has also been extended to conditional constraints by Melani et
al in [11]. This was done to provide a tighter analysis (makespan) of parallel task
systems. This model is called the conditional parallel task (cp-task) model. Each
DAG represents a task that can contain both parallel and conditional nodes. The
schedulability analysis is based on the concept of interference, which is extended
to define the concepts of critical chain and critical interference. Interference is the
sum of time when a task is ready but cannot execute because there are no idle cores
available. The critical chain of a cp-task is defined as the chain of nodes that leads
to the worst-case response time. Critical interference is defined as the total time in
which any critical node of a critical chain is ready but cannot execute because there
are no idle cores. The interference calculation is divided into two different parts;
inter-task interference and intra-task interference. Inter-task interference refers to
the amount of time a task is ready for scheduling but can’t be scheduled because
other tasks are occupying the processors. Intra-task interference refers to the amount
of time that a subtask is ready for scheduling but can’t be scheduled because other
subtasks of the same task are executing. Interference is used to enable the calculation
of an upper-bound of the worst-case response-time of each cp-task. In this thesis, the
first step will be to consider single-task systems (single DAGs), when doing so the
internal structure and therefore also the intra-task interference will be considered.
The extension of this will then be to consider multi-task systems, where both inter-
task and intra-task interference will be considered.

To check the schedulability of a conditional DAG task system, by calculating the
upper-bound of the worst-case response-time, two parameters for each cp-task are
needed; the worst-case workload (WCW), and the length of the longest chain in the
DAG. These two parameters are together with the number of processors used to cal-
culate the makespan. The longest path of a cp-task can be calculated the same way
as in a non-conditional DAG because the conditional nodes dont affect the outcome.
This can be done in linear time relative to the size of the DAG by using standard
techniques. However, the worst-case workload is more complicated to calculate since
the conditional nodes need to be considered. The paper presents an algorithm for
doing this, in quadratic time relative to the size of the DAG. Furthermore, the al-
gorithm is extended to disregard the cases where the total WCW and the critical
path represent different paths in the DAG since this can never realistically happen
simultaneously. These cases introduce pessimism to the calculations and should
therefore be ignored. The paper validates the algorithms/results by simulations for
both global fixed-priority and global earliest deadline first scheduling algorithms.

2.5.3 The LAZY scheduling
The work [12] provides a proven execution time-based timing anomaly-free schedul-
ing algorithm, called the lazy scheduler (LAZY). The lazy algorithm is a priority-
based, non-greedy, and non-preemptive algorithm. It consists of two main parts;
priority assignment and the lazy scheduler. The priority assignment policy works by
assigning each node in the DAG a fixed priority. This is done based on the priority
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of the parent nodes. Parallel tasks generated by the same parent usually need to
synchronize their results. Therefore synchronization nodes are used. Since these
synchronization nodes can become bottlenecks in the scheduling they are assigned
the highest priority amongst the nodes on the same level, that way, more of the par-
allelization benefits can be utilized. Because the priority for each node is only based
on the parent node this can be done at runtime, no global information is needed.
The second step, the lazy scheduling, works by scheduling the highest-priority ready
tasks that are dispatched on the idle processors. Because of the subtasks fixed
priority timing anomalies are avoided, even when some subtasks finish executing
before the WCET. This gives the scheduling predictability the same way the work
in this thesis intends to do. The makespan for the LAZY scheduler is determined by
simulation, which will give a safe estimate because the timing anomalies have been
eliminated. Since this thesis also will eliminate timing anomalies simulation can be
used for determining the makespan.

2.6 The problem
The objective of this thesis is to devise an efficient makespan computation tech-
nique. Most previous work for this has been done through mathematical formula-
tions. These mathematical formulations rarely consider the structure of the tasks
and therefore have to introduce pessimism to the upper bounds of the calculations
of makespan. To avoid adding pessimism to the makespan, with the hope of improv-
ing the makespan calculations, this thesis will compute the makespan based on the
simulation of the multiprocessor scheduling. To do this a scheduling algorithm will
be assumed to exist and an already existing DAG will be assumed.

An offline technique will be applied to the given DAG to transform it into a DAG
with dispatch constraints. The transformed DAG will be used as input to the schedul-
ing algorithm. The scheduling algorithm will schedule the nodes of the DAG on a
multiprocessor system. The total time of the produced schedule will be the makespan
(a proof sketch to formally prove this will be given later).

Using simulation to calculate the makespan of tasks is a small area of research where
not a lot of work has been done so far. One of the examples of work that have used
simulation is the LAZY scheduling in [12], in which priorities are assigned to all
nodes. Assigning priorities to all nodes can be problematic if there are a lot of
nodes, which is why this thesis will use dispatch constraints instead.

The source and receiver node for each dispatch constraint need to be selected. There
are many possibilities for this selection. Finding the best option would require
an exhaustive search which is computationally very heavy and therefore unfeasible.
Because of this, the main challenge of the work is to come up with effective heuristics
so that the source and receiver nodes for the dispatch constraints can be selected in
the best way possible.

The heuristic technique is an approach to solving a problem in a way that is not
guaranteed to be optimal, sufficient, or rational but provides a result in (often)
shorter time. The optimal solution would be picking the source and destination
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nodes, for the dispatch constraint, that gives the best result. The best result is
when the makespan is as small as possible because all the processors are being
utilized. A very simple example of a dispatch constraint that could be introduced
to a system is that if one node has an execution time that is 10% of the whole DAG
(total workload), then there could be a dispatch constraint from that node to all the
other ones. This node would then be dispatched and executed early in the schedule
because all the other nodes cannot be scheduled before that node. This ensures
that the nodes with the longest execution time will be scheduled early. That could
prevent one processor from executing longer than the others in a multiprocessor
system, which could minimize the total execution time of the DAG.

This thesis will use the work by Melani et al in [11] as a baseline (explained in section
2.5). The limitation of the work done by Melani et al is that only two parameters
are used to characterize the whole DAG, the worst-case workload (W ) and the
longest path (L). This is limiting because the internal structure of the DAG is not
considered. Not considering the internal structure is compensated for with a more
pessimistic computation of the makespan, which can result in tasks being deemed
unscheduled when they are schedulable. This work aims to exploit the internal
structure of the DAG so that dispatch constraints can be added. The resulting
more structured DAG will be exploited to calculate the makespan in a much less
pessimistic way. The next paragraph presents an example that demonstrates how
the makespan is computed in the state-of-the-art (Melani et al [11]). The example
also shows how by adding dispatch constraints the results can be improved.

Example: Figure 2.4a illustrates a simple task DAG, where Ci next to the nodes
denotes the workload for the subtasks. Assuming a 2 processor system and the
same scheduling algorithm as in section 2.1. Based on the work in [11] the system’s
longest path is L = 12 (node path: A − D − F ), and the worst-case workload is
W = 17. Using the algorithm by Melani et al. presented in equation 2.1. The upper-
bound of the worst-case response time (Z) is calculated using these two parameters.
The result for two processor systems with the DAG from figure 2.4a will result in a
makespan of 14.5 time units (12 + 1

m
(17− 12) = 14.5)

Z = L + 1
m

(W − L) (2.1)

14.5 is a safely calculated makespan, which is a bit pessimistic compared to the
dispatch constraint-based analysis.

By introducing dispatch constraints, the parallel paths in the system can be reduced.
From three to two parallel nodes at each time instant. In figure 2.4a the three nodes
are released at the same time: B, C and D. Since it is a two processor system only
two of them can be dispatched at that time. By adding dispatch constraints to the
DAG the number of parallel paths will be reduced and thus also the makespan. A
dispatch constraint between node D and C in the system means node C will not
be put in the ready queue until node D is dispatched, see figure 2.4b. Note in the
figure, that there is a difference between the ’traditional’ precedence constraints
and the dispatch constraint. Node C (with a dispatch constraint from node D)
can be scheduled once node D has been dispatched and there is an idle processor
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available. If the dispatch constraint would be a ’traditional’ precedence constraint
node C wouldn’t be schedulable until after node D finished executing. The dispatch
constraints affect the scheduling algorithm not the structure of the task.

Adding a dispatch constraint reduces the makespan of the system to 12 time units
because it is no longer possible for nodes both B and C to be scheduled at the
same time as node D (there are no longer multiple scheduling possibilities). The
added dispatch constraint ensures that the node with the largest execution time, is
not being interfered with because it will be dispatched as soon as it is ready. The
problem to solve is how to introduce the dispatch constraint and to prove that there
are no timing anomalies if some node takes less than its worst-case execution time.

(a) Task represented by a DAG and its
schedule.

(b) Same task but with an added dis-
patch constraint, and its schedule.

Figure 2.4: A task represented by two DAGs, one with introduced dispatch con-
straint. The schedules for both DAGs showcase different execution times for the
same task.
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3
System Model

This chapter defines the real-time multiprocessor task model and describes the
scheduling of the tasks.

3.1 Task Model
This thesis considers homogeneous multiprocessor platforms with m identical proces-
sors of the same speed. In the area of real-time systems each individually executing
part of a program is called a task (τi). Each task has a worst-case execution time
(WCET). All tasks also have a relative deadline which indicated, relative to the ar-
rival of the task, when it latest can finish. Each parallel task consists of instances
called subtasks and can be modeled with a directed acyclic graph (DAG) G = (V, E).
A sporadic DAG task set with n tasks is defined as τ = {τ1, ..., τn}, where each
τi is defined as one DAG with the index i ∈ {1, 2, ..., n}. Each task consists of
k subtasks. In a DAG each node vj ∈ Vi represents a subtask, where the index
j ∈ {1, 2, ..., k} . In this thesis, the terms "subtask" and "node" are used interchange-
ably. Each directed edge represents a precedence constraint between the nodes. A
node is ready to execute when all of its predecessors have finished executing. If
(v1, v2) is a directed edge in the DAG then v1 must complete execution before v2
can begin executing. Each node of a task τi is separated by a period Ti and has
a relative deadline Di ≤ Ti. The total workload of a task Wi is the sum of the
subtasks workload Cv. The utilization of a task Ui is the task workload Wi divided
by the task period Ti, Ui = Wi/Ti.

A task is said to be periodic if the arrival time between the subtasks is constant.
The time between the arrival of the subtasks is then called a period. Not all tasks
are periodic. When the subtasks do not arrive strictly periodically, they may arrive
after the period, then it is called a sporadic task.

3.2 Scheduling Algorithm
This section describes the scheduling algorithm used for tasks where dispatch con-
straints have been introduced and how the scheduling differs from tasks with only
precedence constraints. The dispatch constraint scheduler being timing anomaly
free is a conjecture. The proof of this is left as future work.
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3.2.1 The dispatch constraint scheduler
This dispatch constraint scheduling algorithm is non-preemptive, meaning once a
subtask is assigned to a processor it completes its execution on that processor. Dur-
ing scheduling, ready subtasks from the ready queue are dispatched to idle processors
if two conditions are met. Before presenting these conditions the following notation
and definitions are needed.

Each node (vj) of a task (τi) has a set of predecessor nodes (Pj). The nodes in
the Pj set all have precedence constraints to the node vj. Each node also has a set
of nodes (DPj), containing the predecessors that have dispatch constraints to the
node. The Pj set and the DPj set cannot overlap for one node. A node is called
active at time t if it has been released but not finished executing. For a node to
be considered active both the Pj set and the DPj set must be empty. A subset of
the active nodes is the ones that have been dispatched but not finished execution
at time t and is denoted by DAt. The nodes in the ready queue are active but have
not been dispatched yet, denoted by RQt. The set of DAt ∪ RQt contains all the
active nodes at time t.

Assuming the system starts at time t = 0, all processors are idle and RQ0 only
contains the root of the task DAG. The scheduler makes a new scheduling decision
at time t when the following scheduling event SE occurs:

• Scheduling Event SE: when t = 0 or some task completes its execution
while not all nodes in the system have been dispatched.

The scheduling algorithm stops when, at time t, the SE event occurs but all proces-
sors are idle and all nodes have finished executing. When an event SE happens at
least one processor will be idle and a new node needs to be selected to be dispatched.
For a node to be put in the ready queue and therefore available for scheduling both
the following conditions are required to be met:

• All nodes in the Pj set must have completed executing.

• All the nodes in the DPj set must have completed executing or be dispatched.

A more detailed description of the scheduling used for tasks with dispatch constraints
is presented in Algorithm 1.

The scheduler takes the task DAG and the number of processors m as input. It
dispatched the nodes of the DAG to idle processors based on the sets of predecessors
Pj and predecessors with dispatch constraints DPj for each node. The active nodes,
that have not been dispatched, are put in the RQ (line 3). Once a node is active (in
the ready queue), which means all its predecessors have completed their execution
and it does not have any dispatched constraints, the node gets scheduled when a
processor becomes idle, lines 4-5. After a node has been dispatched it is removed
from all the other nodes’ sets of predecessors Pj and dispatched predecessors DPj,
line 6. Line 4-6 in Algorithm 1 is repeated until the ready queue is empty. For the
cases when the ready queue is empty but not all nodes have been dispatched yet
and there are idle processors lines 8-11 are performed. What happens then is that
all other nodes in the DAG are checked, one at a time based on index order. If a
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Algorithm 1 The dispatch constraint scheduler
1: procedure Scheduler(DAG, m)
2: if SE then
3: RQ ← active nodes
4: while there is an idle processor & nodes yet to be dispatched do
5: if RQ is not empty then
6: Dispatch node x from RQ
7: for All nodes y in DAG do
8: if DPy contains x then
9: Remove x from DPy

10: end if
11: end for
12: else
13: for Every node z not dispatched do
14: if isempty(Pz) and all nodes in DPz are dispatched then
15: Dispatch node z
16: for All nodes y in DAG do
17: Remove z from DPy

node has an empty Pj set, the DPj set is checked (if both the P set and the DP
set are empty the node will have already been put in the RQ). If all the nodes in
the DPj set are dispatched or have finished executing, the node can be dispatched
as well. The steps in lines 8-11 are repeated until there are no idle processors left at
time t or there are no nodes that meet the conditions.

In this thesis the dispatch constraint scheduler (algorithm 1) will be used to compute
the makespan, by taking a dispatch constraint DAG as input and scheduling it. The
total execution of the DAG will be the makespan of the task.

Formal proof of the dispatch constraint scheduler being timing anomaly free is left as
future work. The schedule can be ensured to be timing anomaly free by adding addi-
tional dispatch constraints to the simulated schedule. A set of dispatch constraints
added to the original DAG is used to, by simulation, calculate the makespan of the
DAG on a multiprocessor platform. However, during simulation some nodes may
be released earlier than in the original dispatch constraints DAG. This out-of-order
execution can be captured by adding additional dispatch constraints after the sim-
ulation is over. By adding these additional constraints the subtasks are guaranteed
to execute in this particular order, and is therefore timing anomaly free.

3.2.2 The classic scheduler

The state-of-the-art scheduling algorithm, the dispatch constraint scheduler in sec-
tion 3.2.1 is based upon, is a non-preemptive breadth-first-search algorithm.
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Algorithm 2 The classic scheduler
1: procedure Scheduler(DAG, m)
2: if SE then
3: RQ ← active nodes
4: while idle processor & nodes yet to be dispatched do
5: if RQ is not empty then
6: Dispatch node from RQ
7: Remove from all other nodes P

Just like the dispatch constraint scheduler in section 3.2.1, the classic scheduler
described in algorithm 2 also takes a DAG and the number of processors m as input.
This DAG is unmodified, without the added dispatch constraints. This means the
nodes do not have DP sets. When an event SE happens at time t all the active
nodes are put in the RQt set, line 3. If there are any idle processors the nodes
get dispatched from the RQt set, in the same order they were added, which is the
increasing index (lines 5-6). Once a node gets dispatched it is removed from all
other nodes P lists (line 7).

A note on real implementation: An example of the implementation of prece-
dence constraints in real systems is OpenMP’s task dependencies. OpenMP is a
parallel programming model based on the fork-join model. Task dependency is a
part of OpenMP’s tasking concept, which enables the parallelization of applications.
Parts of the application’s code are defined as different tasks that can execute in
parallel. The task dependency enables you to introduce additional constraints on
the scheduling between tasks. The tasks can for example be while-loops or recur-
sive functionality. When it comes to dispatch constraints in OpenMP the priority
clause can be used. The priority clause specifies the task execution order by assign-
ing priority values to the tasks. Among all tasks ready to be dispatched the ones
with the highest priority value will be prioritized. Source nodes of the dispatch con-
straints having higher priority than the receiver nodes mean they will be scheduled
first, thus creating an executing order and relation between the nodes. Exploiting
different options for real implementation is left as future work.
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Constructing Dispatch

Constrained DAG

The purpose of this thesis is to explore and analyze the data structure of DAGs
representing tasks. This is to add additional internal constraints between nodes in
the DAGs. These constraints are dispatch constraints with properties intended to
improve the scheduling. The main objective is to find the source and destination
nodes to add dispatch constraints between them. To do this effectively an algorithm
has been constructed that is presented later in this chapter.

The proposed algorithm will take the original DAG and return the modified DAG
with the dispatched constraints added. The modified DAG will have the number
of parallel paths minimized so that it is never more than the number of processors.
Minimizing the number of parallel paths ensures that, at runtime, there are no
more nodes ready for execution than there are available processors. This means
that unpredictability in the form of timing anomalies has been eliminated from the
schedule. The ready queue will not have nodes waiting. As a part of the proposed
algorithm, different heuristics have been included to add dispatch constraint to the
DAG (the heuristics are explained in chapter 2.6). Two heuristics are considered,
one for selecting the source node and one for selecting the destination node for the
dispatch constraints.

The proposed algorithm has been constructed to limit the number of parallel paths
for each task. To eliminate timing anomalies the number of parallel paths at each
time instant cannot be more than the number of processors in the system. This
is to eliminate the possibility of multiple different schedules. As mentioned in pre-
vious sections this will eliminate pessimism introduced in the algorithm presented
by Melani et al in [11]. Because of this approach, the makespan of the tasks will
be equal to the longest path in the DAG, even when not using the scheduling algo-
rithm to calculate the makespan(presented in the previous chapter). When using
the algorithm the makespan can be made smaller.

4.1 The construction of DC DAG
This section describes the first version of an algorithm to find a dispatch constraint
DAG.
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Algorithm 3 Construct a DAG with dispatch constraints
1: function DC_DAG(V,m) ▷ Where, V=DAG and m=number of processors
2: TANodes = empty
3: for vi ∈ V do
4: ownPathi ← SamePath(V, i)
5: parallelNodesi ← NotSamePath(V, i)
6: if length(parallelNodesi) + 1 > m then
7: TANodes = TANodes ∪ {vi}
8: end if
9: end for

10: if isempty(TANodes) then
11: return V
12: else
13: vS ← pickSourceNode(TANodes, ownPath, parallelNodes, V )
14: vR← pickReceiverNode(vS, ownPath, parallelNodes, V )
15: V ← edge from vS to vR
16: DC_DAG(V,m)
17: end if

The first version of the solution, presented in Algorithm 3, takes a DAG and the
number of processors m as input and produces an updated DAG with a limited
number of parallel paths as output. The algorithm works by first, for each node
(vi) in the DAG, dividing the other nodes in the DAG into either the ownPath
or the parallelNodes set (line 3-5). The ownPath set represents all the nodes that
cannot execute in parallel with vi, meaning all such nodes are in successor paths and
predecessor paths of vi. This is done using the function SamePath(V, i) presented
in Algorithm 4 and the function NotSamePath(V, i) presented in Algorithm 7.
The parallelNodes set contains all the nodes that can execute in parallel with vi,
all nodes in the DAG that is not a part of either the successor paths or predecessor
paths. Then, at line 6, the next step is checking the size of the parallelNodes set
for all nodes. This is because, if the size of the group +1 (add one to include the
node itself) is bigger than m, the number of parallel nodes is more than the available
processors.

When the number of parallel nodes is greater than m, timing anomalies can occur,
which means the longest path of the schedule cannot be used as the makespan
(meaning the approach in this thesis would not work). When the number of parallel
nodes is smaller than m, then for the worst case the entire task would be scheduled
sequentially. Sequential scheduling happens if we add dispatch constraints without
any consideration to the level of parallelism we are reducing, which would result in
the biggest possible makespan (the total workload of the DAG). Since the goal is to
improve over the state-of-the-art approaches, sequential scheduling is not desirable.
The ideal case is for the number of parallel nodes to be exactly equal to m because
then all processors are utilized, which would result in a smaller makespan. Because
of this, all nodes with more than m + 1 parallel nodes are put in the TANodes set,
line 7. If the TANodes set is empty the algorithm returns the DAG (V ), no more
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dispatch constraints need to be added (lines 10-11).

At line 13 the source node for the dispatch constraint is selected. This is done with
the function pickSourceNode(TANodes, ownPath, parallelNodes, V ). There are
many ways of choosing this node. The goal of the algorithm is to get the number
of parallel paths as close to the number of processors in the system as possible
while also keeping the total execution time (longest path) of the system as small as
possible. Because of this, there is no way of knowing what the optimal nodes to
select for adding dispatch constraints are. The pickSourceNode function represents
the first heuristic part of the algorithm, the different heuristics tested are presented
in section 4.3. The input for this is TANodes, ownPath, parallelNodes and the
DAG V . The TANodes set is the set of nodes with more parallel nodes than there
are processors, which is the group of nodes the source node will be selected from.
The sets ownPath and parallelNodes, for all the nodes of the DAG, and the DAG
itself V is used because the node will be picked based on the structure of the DAG.

When the source node for the dispatch constraint is chosen the next step, line 14, is
to select one of its parallel nodes as the receiver of the dispatch constraint. This is
where the second part of the heuristic method comes in because also this node can
be chosen in many different ways. The different heuristics for this are presented in
section 4.4.1. This function takes the already selected source nodes vS as input, this
is to know what node will be the parent of the receiver node. It also takes the DAG
and, the sets of ownPath and parallelPaths to use the structure when selecting the
receiver. On line 15 the edge between vS and vR is added to the DAG.

When the receiver has been selected and the dispatch constraint has been added to
the DAG the algorithm runs recursively, line 16. The calculations of ownPath and
parallelNodes require to be done recursively because adding a constraint can affect
the structure of the entire DAG. This means that the parallelNodes and ownPath
set may change for all nodes. To understand the total effect of the added dispatch
constraint and to determine if more dispatch constraints need to be added, all the
earlier steps require to be recalculated. The function returns the modified DAG, at
line 11, when there are no longer any nodes with a set of parallel nodes bigger than
the number of processors. The possibility of any timing anomaly has been removed
and the modified DAG can be scheduled without unpredictability.

Algorithm 4 All nodes in the same paths as node i

1: function SamePath(V,i) ▷ where V is the DAG and i is the index of the node
2: nodesInPath = empty
3: nodesInPath = nodesInPath ∪ PredecessorPaths(V, i)
4: nodesInPath = nodesInPath ∪ SuccessorPaths(V, i)
5: return nodesInPath

Algorithm 4 (SamePath(V, i)) takes the DAG (V ) and the index (i) of a node
as input. The function returns the set of all nodes that are in the same paths
as node i in the DAG (line 5). This is done by calling two other functions, one
that returns the set of all the predecessor nodes (PredecessorPaths(V, i)) and
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one that returns the set of all successor nodes (SuccessorPaths(V, i)), line 3-4
(presented in Algorithm 5 and 6).

Algorithm 5 All nodes in the predecessor paths of node i

1: function PredecessorPaths(V,i) ▷ where V is the DAG and i is the index
of the node

2: allPredecessors = empty
3: if pred(i) = NULL then
4: return allPredecessors
5: end if
6: for x = nodes in pred(i) do
7: allPredecessors = allPredecessors ∪ x
8: allPredecessors =allPredecessors ∪ PredecessorPaths(V, x)
9: end for

10: return allPredecessors

Algorithm 5 (PredecessorPaths(V, i)) takes the DAG (V ) and the index (i) of a
node as input and returns a set of all nodes in predecessor paths to node i. Each
node of the DAG has its own set containing its predecessors (pred(i)), all the nodes
with precedence constraints to node vi. Each of the node’s predecessors (line 6)
in this set, is put in the allPredecessors set (line 7). The function is then run
recursively (line 8) for all the predecessor nodes. That way all of the nodes from
node i to the root of the DAG will be added to the allPredecessor set. The function
returns when it gets to a node with no predecessors (which is the root), lines 3-4.

Algorithm 6 All nodes in the successor paths of node i

1: function SuccessorPaths(V,i) ▷ where V is the DAG and i is the index of
the node

2: allSuccessors = empty
3: if succ(i) = NULL then
4: return allSuccessors
5: end if
6: for x = nodes in succ(i) do
7: allSuccessors = allSuccessors ∪ x
8: allSuccessors = allSuccessors ∪ SuccessorPaths(V, x)
9: end for

10: return allSuccessors

Algorithm 6 (SuccessorPaths(V, i)) takes the DAG (V ) and the index (i) of a
node as input and returns a set of all nodes in successor paths to node vi. The
function is structured in the same manner as Algorithm 5 but instead of the set of
predecessors pred(i), each node also has a set of successors succ(i) that is used. Each
of the nodes with precedence constraint from node i is put in the allSuccessors set,
line 7. The function is then run recursively (line 8) for each of these nodes. The
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algorithm returns the set of all nodes from node vi to the sink node of the DAG (at
line 10).

Algorithm 7 All nodes in the DAG that are not in any of the same paths as node
i

1: function NotSamePath(V,i) ▷ where V is the DAG and i is the index of the
node

2: nodesInPath= empty
3: nodesInPath = nodesInPath ∪ SamePath(V, i)
4: nodesInPath = nodesInPath ∪ i
5: return allNodes - nodesInPath

Algorithm 7 takes the DAG (V ) and the index (i) of a node as input, and returns
the set of nodes that can execute in parallel with node vi. This is done by calling the
SamePath(V, i) function (line 3), which returns the nodes that share a path with
vi (presented in Algorithm 4). The node itself is then also added to the same set
nodeInPath on line 4. This is because the node can’t execute in parallel with itself.
All nodes in the nodesInPath set are then subtracted from the set of all nodes in
the DAG. The remaining nodes will be the nodes that can execute in parallel with
node i, which is returned at line 5.

One limitation of the algorithm 3 (DC_DAG) is that it adds pessimism to the
result by only considering the number of parallel nodes, which ignores the internal
structure of the DAG. Figure 4.1b shows the parallel nodes (the subgraph), that
can execute at the same time as node v2 in figure 4.1a. There are five nodes in
the subgraph, assuming m = 4, the DC_DAG algorithm would result in (at least)
one added edge from v2 to one of these parallel nodes. Figure 4.1c shows the result
of running the DC_DAG algorithm with the DAG in Figure 4.1a as input (edges
between the node v2→ v3 and v4→ v3 have been added).

The method for selecting the source node for the added constraints in this algorithm
is presented in 4.3.1 and is based on the node with the biggest workload. The method
for selecting the receiver node for the added constraints is presented in 4.4.1 and is
based on selecting the node with the smallest workload. By looking at the figures
the observation can be made that all nodes have the same workload. Because of
this, the source and receiver nodes are chosen based on the order they are added
to the lists, which is the increasing order of the index. The structure of the DAG
did not contribute to the selection process. Counting the paths in figure 4.1b shows
there are three possible paths (v3− v6− v8, v3− v6− v9, v3− v7− v9), meaning
there are only three paths that can execute at the same time as node v2. Therefore,
no extra edge needs to be added from node v2 to one of the parallel nodes. Based
on this observation section 4.2 proposes our refined algorithm.
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(a) Task represented by a DAG. (b) The parallel nodes of node v2.

(c) DAG with added dispatch constraints
between nodes v2 → v3 and v4 → v3
(added with algorithm DC_DAG). The
longest path is 70.

(d) DAG with added dispatch constraints
between nodes v4 → v8 and v5 →
v8 (added with algorithm R_DC_DAG).
The longest path is 50.

Figure 4.1: Task represented by a DAG, the subgraph representing the parallel nodes
of node v2, and the modified DAGs for algorithms DC_DAG and R_DC_DAG.

4.2 Refined construction of DC DAG
Because the first version (DC_DAG) does not consider the internal structure it
was further refined to consider the parallel paths instead of the parallel nodes in
the TANodes set. This second version of the algorithm (R_DC_DAG) takes the
parallel nodes (the subgraph of the DAG) and counts the number of possible paths
(line 5), which often is smaller than the number of parallel nodes. For example
figure 4.1b shows five parallel nodes of node v2 but only three parallel paths. The
algorithm used for computing the number of paths is presented in Algorithm 9. This
is done for all nodes in the DAG V . If there are nodes in the DAG that have more
than m − 1 parallel paths a dispatch constraint needs to be added. The source
for the constraint is selected with the same method as for the first version of the
algorithm (further described in section 4.3). The receiver node is selected differently
compared to DC_DAG, at line 11. This is because the goal is to get the total
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number of parallel paths as close to m as possible to utilize as many of the available
processors. The minimumPathReduction function used is presented in Algorithm
13 (section 4.4.2). This algorithm iterates over all of the nodes in the subgraph
(for the selected source node) and temporarily adds a dispatch constraint to all of
them, one at a time. For each temporarily added dispatch constraint the number
of possible parallel paths is recalculated. The recalculations are then used to select
the node that adds a constraint to give the smallest reduction of the number of
paths. The reason for keeping the reduction of number of paths as small as possible
is to prevent the introduction of too much pessimism (less sequential execution), by
making processors idle.

An added dispatch constraint will lower the number of parallel nodes for the source
node by at least one. Just like in DC_DAG the effects of the added constraint,
on the structure of the DAG, can not be known without recalculation of the sets
ownPath and SamePath for each node. The refined algorithm, called R_DC_DAG,
will therefore run recursively until the number of parallel paths is smaller or equal
to the number of processors (line 8), for all time instants. Just like in algorithm
DC_DAG, the R_DC_DAG returns the modified DAG, at line 9, when the
TANodes set is empty (no node has more than m − 1 parallel nodes). There are
then no nodes in the DAG with more parallel paths than the number of processors
in the system.

Algorithm 8 Refined construction of DAG with dispatch constraints
1: function R_DC_DAG(V,m) ▷ Where, V=DAG and m=number of

processors
2: for vi ∈ V do
3: ownPathi ← SamePath(V, i)
4: parallelNodesi ← NotSamePath(V, i)
5: TANodes← computeNumPaths(parallelNodes, V, i)
6: end for
7: if isEmpty(TANodes) then
8: return V
9: else

10: vS ← pickSourceNode(TANodes, ownPath, parallelNodes, V )
11: vR← minimumPathReduction(vS, ownPath, parallelNodes, V )
12: add edge to V
13: R_DC_DAG(V,m)
14: end if

Figure 4.1d shows the refined DAG of the task presented in figure 4.1a. The
R_DC_DAG algorithm added dispatch constraints between node v4 → v8 and
v5 → v8. The result is the same number (two) of dispatch constraints added as
for the DC_DAG algorithm, but they are added between different nodes. The
difference is therefore that the longest path of the DAG is smaller for figure 4.1d
compared to figure 4.1c (50 compared to 70), which is an improvement.
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Algorithm 9 Computing the number of parallel paths
1: function computeNumPaths(parallelNodesi, V, i)
2: sinks = empty
3: roots = empty
4: for x ∈ parallelNode do
5: sinks = sinks ∪ isempty(V (x).succ)
6: roots = roots ∪ isempty(V (x).pred)
7: end for
8: pathNumber ∪ allpaths(roots, sinks)
9: return pathNumber

The computeNumPaths algorithm takes the index i of the node for which the
number of parallel paths should be computed as input. It also takes the DAG V
and the set parallelNodesi for the selected node as input. The set parallelNodes
together with the structure of the DAG V provided is used to calculate the number
of parallel paths. This is done by checking the nodes in the parallelNode_i set and
putting the nodes with no successors (in the subgraph) into one set sinks, line 5. On
line 6 the nodes in the parallelNodes_i set without predecessors in the subgraph are
put into the roots set. In Figure 4.1b the roots set would contain node v3 and the
sinks set would contain nodes v8 and v9. This is because it is between these "sink"
and "root" nodes the number of paths should be calculated. The number of paths
between each sink and root node is calculated and added to the integer pathNumber
(at line 8) and is then returned at line 9. To find all possible paths between two
nodes the ALLPATHS function from the "Introduction to Algorithms" textbook
[13] was used.
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4.3 Selecting the source node for the dispatch con-
straints

As previously mentioned, selecting the source node for the added dispatch con-
straints can be done in an infinite number of ways. The methods tested in this
thesis are selected to keep the longest path of the DAG as short as possible while
also utilizing as many of the available processors as possible. In this section, the
different heuristics for selecting the source nodes for the dispatch constraints are
presented and explained.

4.3.1 Biggest workload
The first method for selecting nodes is based on the workload of the nodes in the
TANodes set (see line 13 in algorithm 3). The node with the biggest workload is
selected as the source. The motivation for this is that since all subtasks in the task
have different-sized workloads it is preferable to schedule the nodes with the biggest
workload as early as possible, because if they are not then the entire system could
end up waiting for just one node to finish executing. This is to avoid situations
like the one described in figure 2.2, where a node with a big workload is scheduled
later (despite the total workload of the task being smaller). This could make the
longest path in the DAG longer (unbalanced scheduling), while also leaving other
processors in the system idle. The potential problem with this method is that it does
not consider the structure of the DAG. For example, if the node with the biggest
workload is placed at a deep level of the DAG using that node could create a very
long longest path, because it could block a big subgraph of the task. The overall
approach is presented in Algorithm 10.

Algorithm 10 Selecting the source node with the biggest workload
1: function pickSourceNode(TANodes, ownPath, parallelNodes, V)
2: workload = empty
3: for i = nodesinTANodes do
4: workload = workload ∪ V (i).workload
5: end for
6: vS ← max(workload)
7: return vS

Algorithm 10 works by, for each of the nodes in the TANodes set (the nodes with
more parallel nodes/paths than there are processors in the system), their workloads
are put in the workload set (lines 3-5). The algorithm then selects the node with the
biggest workload, from the workload set, as the source for the dispatch constraint.
The selected node is returned, line 6.1

1the max function in line 6 in algorithm 10 returns the index of the node with the biggest
workload.
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4.3.2 Accumulated workload
Because the method of using the biggest workload to select the source node does not
consider the internal structure of the DAG other options to select the source nodes
were explored. This second approach examines the structure of the DAG, by taking
the positions of the nodes in the paths into consideration. This solution works by
adding the sum of the workloads of all the predecessors for each of the nodes (that
have more parallel nodes/paths than processors in the system). The node with the
smallest accumulative workload is then selected. The motivation for this method is
that the sum of the workloads gives a better idea of where the nodes will be placed
in the schedule, relative to each other. By selecting the node with the smallest total
workload, situations, where a node deep down (close to the sink node) in the DAG
are selected, can be avoided. The reason for wanting to avoid these situations is
that they are more likely to result in longer paths in the DAG. Since the longest
path in the DAG is the makespan, we want to avoid creating new long paths if it is
not necessary. The approach is presented in Algorithm 11.

Algorithm 11 Selecting the source node with the smallest accumulative workload
1: function pickSourceNode(TANodes, ownPath, parallelNodes, V)
2: predecessors = empty
3: accumulatedWorkloads = empty
4: for i in TANodes do
5: totalWorkloadi = empty
6: predecessors = predecessors ∪PredecessorPaths(V, i)
7: for j in predecessors do
8: totalWorkloadi = totalWorkload + V (j).workload
9: end for

10: accumulatedWorkload = accumulatedWorkloads ∪ totalWorkloadi

11: end for
12: vS ← min(accumulatedWorkloads)
13: return vS

Selecting the source node based on the smallest accumulative workload works by
first getting the predecessors for all the nodes in the TANodes set, using the
PredecessorPaths function (on lines 4-6). The workload for all predecessors to
the node is then accumulated on lines 7-9. The workload for each of the nodes in
the TANodes set is collected. The source node is then selected based on the smallest
workload in that collection, line 12. The source node is returned at line 13.

4.4 Selecting the receiver node for the dispatch
constraints

The methods for selecting the receiver nodes for the added dispatch constraints are
with the same goal and motivation as for the source nodes. Keeping the longest path
as short as possible and utilizing as many of the available processors as possible.
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In this section, the different methods for selecting the receivers of the dispatch
constraints are presented and described.

4.4.1 Smallest workload

The smallest workload method used for selecting the receiver node from the set of
parallel nodes for the dispatch constraint is presented in Algorithm 3. The incentive
of this approach is to avoid creating new longest paths in the DAG when adding the
dispatch constraints. By selecting the receiver node based on the smallest workload
making a relatively longer new longest path can be avoided. The function does not
consider the workload of the other nodes in the paths created, meaning it is not
guaranteed to not create new longest paths.

Algorithm 12 Selecting the receiver node with the smallest workload
1: function pickReceiverNode(vS, ownPath, parallelNodes, V)
2: workload = empty
3: for i in parallelNodes do
4: workload = workload ∪ v(i).workload
5: end for
6: vR← min(workload)
7: return vR

The function works by iterating through the set of parallelNodes for the selected
source node vS, line 3. For each of the nodes in the set the workload is put in the
workload set (line 4). Once all the workloads have been collected in the workload
set the node with the smallest workload is selected as the receiver node (vR), line
6. The chosen node is returned from the function at line 7.

4.4.2 The minimum path reduction

Recall that the aim of the refined Algorithm 8 is to consider the internal structure of
the DAG when selecting the nodes to add dispatch constraint between the method
described in this section is used. This function, described in detail in Algorithm 13,
returns a receiver node selected based on the reduction of the number of parallel
nodes/paths when a dispatch constraint is added from the source node vS.

29



4. Constructing Dispatch Constrained DAG

Algorithm 13 Selecting the receiver node with the minimum path reduction
1: function minimumPathReduction(vS, ownPath, parallelNodes, V)
2: OG_parallelPaths← computeNumPaths(parallelNodes, V, vS)
3: for x in parallelNodes do
4: Vtemp ←dispatch constraint from vS to x
5: ownPathtemp ← SamePath(Vtemp, vS)
6: parallelNodestemp ← NotSamePath(Vtemp, vS)
7: TANodestemp ∪ computeNumPaths(parallelNodestemp, Vtemp, vS)
8: end for
9: vR ←max(TANodestemp) that is smaller than OG_parallelPaths

10: return vR

Algorithm 13 takes the selected source node (for the dispatch constraint) vS, ownPaths,
parallelNodes and the DAG V as input. It returns the receiver node vS, which is
selected based on how much a dispatch constraint minimizes the parallel nodes of
vS. The function works by first calculating the number of parallel paths for the
source node vS before adding any dispatch constraint, on line 2. It then iterates
through each of the parallel nodes (line 3) and creates a new (temporary) DAG for
each of them where a dispatch constraint is added between the source node vS and
the parallel node. The number of parallel paths is then recalculated (lines 5-7) and
saved in the TANodes_temp set for each such dispatch constraint. After this step
has been done for all the parallel nodes the node with the smallest reduction in the
number of paths, that is smaller than the original number of paths, is selected as
the receiver node (line 9).

The motive for picking the receiver node this way is that the dispatch constraint
is added to reduce the number of parallel paths/nodes which means it needs to be
smaller than the original OG_parallelPaths. At the same time (as mentioned ear-
lier) the optimal case would be to utilize all processors at all time instants, meaning
keeping the number of parallel nodes execution at each time instant as close to m
as possible. Because of this, the number of parallel paths should not be reduced
too much, which would happen if the maximum number of reductions were selected
instead of the minimum. The receiver node is returned at line 10.
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5
Experimental Setup

This section presents the setup used to evaluate the algorithms presented. The
algorithms are applied to a DAG and the evaluation is based on whether or not the
modified DAGs makespan meet the deadline. The purpose of the experimental setup
is to create a simulation used to test each of the algorithms presented in this thesis
and to compare it with the state-of-the-art algorithm. The simulator evaluates each
heuristic for a certain number of iterations. For each iteration, the algorithms are
executed with randomly generated DAGs. The algorithms will then return pass or
fail depending on if the makespan meets the deadlines of the tasks. The algorithms
will execute on the same randomly generated task sets to ensure a fair comparison.

5.1 Simulation method
The simulation tool provides several parameters that can be manually set to influ-
ence the system that is generated and evaluated. These simulation parameters are
presented in the list below:

• m: number of processors the systems have.

• Umax : maximum value of utilization for the system, is the same as the number
of processors simulated.

• Umin: minimum value of utilization for the system, the starting value.

• stepU : step in the variation of utilization.

• Ucurr : the current utilization value of the systems.

Before the algorithms can be simulated the task parameters need to be generated
using the simulation parameters. The platform is generated based on the number
of processors, which is set with the m parameter. The system utilization will range
from 0 to m. At each utilization level, Ucurr, we generate 100 tasks. The parameter
Ucurr is then varied between Umin and Umax with the step size of stepU (Ucurr =
Ucurr + stepU).

5.1.1 DAG generation
The implementation for DAG generation is based on the work by Melani et al.,
see the paper [11] for further details. The DAG generation works by recursively
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expanding non-terminal vertices to either terminal vertices or parallel subgraphs
until a maximum recursion depth is reached (defined by the parameter rec_depth).
The subgraphs are created with the recursion depth rec_depth− 1 as a parameter.
The task generation function takes the source and sink nodes as parameters. When
a subgraph is created the node itself is the source node. The probability that a
created vertex is a terminal node is determined by the pterm parameter and the
probability that a vertex is a parallel subgraph is determined by the ppar parameter.
The two parameters require that the condition ppar + pterm = 1 is fulfilled. The
maximum number of parallel branches a subgraph can have is determined with the
maxParBranches parameter. For each subgraph created the number of parallel
branches is randomly selected in the interval [2, maxParBranches]. When the
nodes are created they get assigned a workload (WCET) randomly in the interval
[Cmin, Cmax].

Once all the nodes have been created and the maximum recursion depth is reached
the resulting graph is a series-parallel graph. To make a DAG that better represents
tasks with precedence constraints, there are additional edges added to the graph
randomly. This is done based on the parameter addprob. The parameter determines
the probability that an edge will be added between two vertices, providing the DAG
requirements are still fulfilled (e.g. not creating any cycles).

The following list contains the previously mentioned task parameters, that can be
adjusted to change the structure (and therefore the characterization) of the DAGs:

• maxParBranches: the maximum number of parallel branches for one node in
the randomly generated DAG.

• p_par : probability that a generated node is a parallel subgraph.

• p_term: probability that a generated node is a terminal vertex.

• Cmin: minimum worst-case execution time for the nodes.

• Cmax : maximum worst-case execution time for the nodes.

• rec_depth: the recursion depth for the DAG.

• addProb: probability that a vertex will be added between two nodes.
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Results

This chapter presents the results of the performed simulations. The results are com-
pared to the state-of-the-art [11]. The number of task set that can be scheduled is
used to measure the performance, given the multiprocessor platform. The results are
presented in graphs, where the x-axis presents the utilization values stepU and the
y-axis presents the number of schedulable task sets simulated (per each utilization
step). For each utilization level, 100 task sets have been generated and applied to
each of the algorithms. The number of schedulable task sets is counted and plotted
in the graphs. To compare the different algorithms the number of schedulable task
sets, also called the acceptance ratio, is used.

The performance is compared for the following four algorithms:

• Melani: the state-of-the-art by Melani et al. [11].

• DC_DAG, where the source node is picked based on the biggest workload (ex-
plained in section 4.3.1) and the receiver node is picked based on the smallest
workload (explained in section 4.4.1).

• R_DC_DAG_accw, where the source node is picked based on the accumu-
lated workload (explained in section 4.3.2) and the receiver node is picked
based on the minimum path reduction (explained in section 4.4.2).

• R_DC_DAG_bigw, where the source node is picked based on the biggest
workload (explained in section 4.3.1) and the receiver node is picked based on
the minimum path reduction (explained in section 4.4.2).

6.1 Results for different task structures
This section presents the results of the algorithms when varying both the simulation
parameters and the task parameters for the randomly generated DAGs. Note that
in this section each time a parameter is varied the other ones are kept fixed. The
default values used are the following: m = 4, maxParBranches = 4, p_par = 0.6,
p_term = 0.4, Cmin = 1, Cmax = 100, rec_depth = 2 and addProb = 0.4.

Figure 6.1, with the corresponding tables 6.1 and 6.2, display the results for the
algorithms when the makespan is calculated as the longest path of the dispatch-
constrained DAGs. This is compared to the acceptance ratio of Melani’s algorithm
with its makespan calculation. These makespan calculations are timing anomaly
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free and therefore guaranteed to be correct. In figure 6.1a, with only the DC_DAG
and the Melani algorithms the observation can be made that the Melani algorithm
performs better at most points. Although, at utilization level 1.25 the DC_DAG
algorithm performs better. Meaning there are cases where the DC_DAG performs
better than the state-of-the-art.

In figure 6.1b the other heuristics for adding dispatch constraints are presented. In
figure 6.1b the R_DC_DAG_bigw heuristics has a higher acceptance rate than
the other heuristics for most of the utilization values. This indicates that the
method of selecting source and destination nodes creates DAG structures with a
makespan less pessimistic than the state-of-the-art. The figure also shows that it
is important to select the source and destination nodes such that the makespan is
tighter. The R_DC_DAG_bigw algorithm performs the best, meaning creating
structures where the nodes with big workloads are dispatched early results in a
shorter makespan, thus utilizing the system resources more efficient.

(a) Makespan is the longest path. (b) Makespan is the longest path.

Figure 6.1: Results without using simulation-based makespan computation, the
makespan for the dispatch constraint algorithms is calculated based on the longest
path. This figure is generated using values from table 6.1 and 6.2.

Algorithms
Utilization 0,25 0,50 0,75 1.00 1,25 1,50 1,75 2.00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00

Melani 100 100 100 100 88 68 27 11 0 0 0 0 0 0 0 0
DC_DAG 100 100 100 100 92 56 20 3 0 0 0 0 0 0 0 0

Table 6.1: The number of schedulable task sets at each utilization level corresponding
to the 6.1a figure. Parameter m = 4.

Algorithms
Utilization 0,25 0,50 0,75 1.00 1,25 1,50 1,75 2.00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00

Melani 100 100 100 100 86 64 31 6 2 0 0 0 0 0 0 0
DC_DAG 100 100 100 100 94 61 17 3 0 0 0 0 0 0 0 0

R_DC_DAG_accw 100 100 100 100 76 39 7 1 0 0 0 0 0 0 0 0
R_DC_DAG_bigw 100 100 100 100 94 76 31 3 0 0 0 0 0 0 0 0

Table 6.2: The number of schedulable task sets at each utilization level corresponding
to the 6.1b figure. Parameter m = 4.
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Presented next are the results where the makespan is computed using simulation.
The following results assume the dispatch scheduling algorithm is timing anomaly
free. As mentioned before, this has not been formally proven. A formal way of
proving this would be adding new precedence constraints to the DAG based on how
the nodes were scheduled in simulation so that there is a total ordering of the nodes
on m processors.

Figure 6.2: Comparison of the schedulability for the different algorithms based on
makespan calculated with simulation scheduling, for the default settings of the sys-
tem. Parameter m = 4.

Algorithms
Utilization 0,25 0,50 0,75 1.00 1,25 1,50 1,75 2.00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00

Melani 100 100 100 100 89 60 27 8 1 0 0 0 0 0 0 0
DC_DAG 100 100 100 100 96 74 47 23 7 3 0 0 0 0 0 0

R_DC_DAG_accw 100 100 100 100 96 79 56 30 8 3 0 0 0 0 0 0
R_DC_DAG_bigw 100 100 100 100 96 78 59 32 13 6 1 0 0 0 0 0

Table 6.3: The number of schedulable task sets at each utilization level for the
different algorithms corresponding to figure 6.2.

Figure 6.2 shows the results for the default setting of the simulation parameters,
with the parameter values as per the description above. The general trend in the
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figure shows that as the utilization increases the acceptance ratio of the task sets
decreases, which is an expected trend because a higher utilization means a higher
demand for the processing power and it is therefore natural for the schedulability to
be dropping. However, comparing the state-of-the-art (’Melani’ in the graph) with
the heuristics-based algorithms, we can see that the dispatch constraint heuristics
perform quite well.

Table 6.3 presents the number of task set, at each utilization level, that are marked
as schedulable (out of 100) that figure 6.2 is based on. From this table, we can ob-
serve the difference in performance between the different algorithms. For example,
at utilization level 1.75 the Melani algorithm has an acceptance rate of 27% while the
best performing dispatch algorithm (R_DC_DAG_bigw) has an acceptance rate of
59%. This is an improvement of 32%. A reason for this could be the difference in cal-
culating the makespan (based on simulation). Since all the DC_DAG heuristics use
the simulation method to calculate the makespan, the simulation-based makespan
could be a reason for such improvement.

The added dispatch constraints introduce predictability, which means the makespan
can be calculated in a better way. The combination of adding dispatch constraints
and using simulation-based makespan computation that utilized the processors ef-
ficiently to calculate the makespan seems to be working well. By adding dispatch
constraints the DAGs can be restricted quite a lot, even making the level of paral-
lelism less than the number of processors. However, the simulation method relaxes
this because the dispatch constraints are not as strict as the traditional precedence
constraints. The simulation balances out the restrictions made because of the dif-
ferent characteristics the dispatch constraints imply.

Figure 6.2 also shows that both versions of the R_DC_DAG algorithms
(R_DC_DAG_accw and R_DC_DAG_bigw) perform better than the DC_DAG
algorithm. The difference between the different versions of the algorithm is that the
refined version considers the internal structure of the DAG, which is the reason for
the difference in performance. Furthermore, looking at the two different versions of
the refined algorithm (R_DC_DAG), a difference in performance can be observed.
The R_DC_DAG_bigw algorithm performs better than the R_DC_DAG_accw
algorithm, at almost all utilization levels in the figure. Since the only difference
between these two algorithms is the method for selecting the source node to add
the dispatch constraints, making it clear that the method for selecting the source
node is critical for the performance. This could be because selecting based on the
biggest workload means the "bigger" nodes are more likely to be scheduled earlier
and therefore releasing a lot of parallelism and not becoming a sequential bottleneck,
enabling the makespan to be calculated more efficiently.
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(a) workload interval: [100-500] (b) workload interval: [1-1000]

Figure 6.3: Acceptance rate for DAGs created with different workload intervals for
the nodes.

Algorithms
Utilization 0,25 0,50 0,75 1.00 1,25 1,50 1,75 2.00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00

Melani 100 100 100 100 86 74 32 15 0 0 0 0 0 0 0 0
DC_DAG 100 100 100 100 92 85 56 21 2 1 0 0 0 0 0 0

R_DC_DAG_accw 100 100 100 100 92 87 66 34 16 3 0 0 0 0 0 0
R_DC_DAG_bigw 100 100 100 100 92 87 64 41 22 1 0 0 0 0 0 0

Table 6.4: Acceptance rate when the workload parameters are: Cmin = 100 and
Cmax = 500.

Algorithms
Utilization 0,25 0,50 0,75 1.00 1,25 1,50 1,75 2.00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00

Melani 100 100 100 100 90 65 27 14 0 0 0 0 0 0 0 0
DC_DAG 100 100 100 100 92 81 50 27 6 1 0 0 0 0 0 0

R_DC_DAG_accw 100 100 100 100 92 83 54 27 11 2 0 0 0 0 0 0
R_DC_DAG_bigw 100 100 100 100 92 83 55 34 15 4 1 0 0 0 0 0

Table 6.5: Acceptance rate when the workload parameters are: Cmin = 1 and
Cmax = 1000.

Figure 6.3 shows the impact of changing the interval of the workload. As mentioned
earlier the workload for each node in the DAGs is randomly selected from this
interval. The two graphs in the figure represent task sets where each node can get
assigned a bigger workload, than the nodes in figure 6.2. Each node gets assigned
a random value from the interval. The interval in figure 6.3a is [100 − 500], and
the interval in figure 6.3b is [1 − 1000]. Table 6.4 represents the acceptance rate
for figure 6.3a and table 6.5 represent the acceptance rate for figure 6.3b. Both
figures display similar results from the algorithms, relative to each other. From the
presented data the observation can be made that the Melani algorithm produces
similar results for both workload intervals. This shows that the makespan method
is consistent for different workloads for the nodes. The dispatch algorithms show
that both the DC_DAG and the R_DC_DAG_bigw algorithms produce better
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results in figure 6.3b than figure 6.3a, while the R_DC_DAG_accw is the opposite.
This can be because both DC_DAG and R_DC_DAG_bigw use the same method
for picking the source node for the dispatch constraint, the available node with the
biggest workload. When the workload interval is bigger, the method could have a
more significant positive impact on the result.

(a) p_par = 0.5, p_term = 0.5 (b) p_par = 0.4, p_term = 0.6

Figure 6.4: Different ratios for generating parallel and terminal nodes.

Algorithms
Utilization 0,25 0,50 0,75 1.00 1,25 1,50 1,75 2.00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00

Melani 100 100 100 100 84 50 25 6 0 0 0 0 0 0 0 0
DC_DAG 100 100 100 100 91 70 42 14 3 3 0 0 0 0 0 0

R_DC_DAG_accw 100 100 100 100 92 69 42 18 4 2 0 0 0 0 0 0
R_DC_DAG_bigw 100 100 100 100 92 72 50 26 8 3 2 1 0 0 0 0

Table 6.6: Acceptance rate when the p_par = 0.5 and p_term = 0.5.

Algorithms
Utilization 0,25 0,50 0,75 1.00 1,25 1,50 1,75 2.00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00

Melani 100 100 100 100 77 46 21 3 0 0 0 0 0 0 0 0
DC_DAG 100 100 100 100 84 75 44 4 2 0 0 0 0 0 0 0

R_DC_DAG_accw 100 100 100 100 85 75 49 16 6 3 1 0 0 0 0 0
R_DC_DAG_bigw 100 100 100 100 85 76 47 20 10 1 1 0 0 0 0 0

Table 6.7: Acceptance rate when p_par = 0.4, p_term = 0.6.

Figure 6.4 shows the results for different ratios between the probability of a node
being created as a parallel subgraph and a node being created as a terminal node
when creating the DAGs. The parameters p_par and p_term are the ones changed,
in figure 6.4a p_par = 0.5 and p_term = 0.5 and in figure 6.4b p_par = 0.4 and
p_term = 0.6. Just as the previously presented results, also these figures show that
the dispatch constraint algorithms achieve better results than the state-of-the-art.
These results, just as figure 6.3 (workload interval), show that the parameter change
does not affect the Melani algorithm much. The Melani algorithm produces very
similar results for both figure 6.4a and for figure 6.4b. The dispatch constraint

38



6. Results

heuristics, however, display similar results to each other. A reason for this could
be that as the p_term parameter increases and the p_par parameter decreases,
the number of parallel paths in the DAGs decreases. That, in its turn, means
fewer dispatch constraints need to be introduced, which means the simulations will
produce the same/very similar makespan calculations for the algorithms.

(a) addProb = 0.2 (b) addProb = 0.3

Figure 6.5: Different probability for adding random vertex between nodes.

Algorithms
Utilization 0,25 0,50 0,75 1.00 1,25 1,50 1,75 2.00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00

Melani 100 100 100 100 78 56 31 12 2 0 0 0 0 0 0 0
DC_DAG 100 100 100 100 86 74 58 25 5 2 1 0 0 0 0 0

R_DC_DAG_accw 100 100 100 100 86 74 61 31 10 2 1 0 0 0 0 0
R_DC_DAG_bigw 100 100 100 100 86 74 63 20 10 1 4 0 0 0 0 0

Table 6.8: Acceptance rate when the addProb = 0.2

Algorithms
Utilization 0,25 0,50 0,75 1.00 1,25 1,50 1,75 2.00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00

Melani 100 100 100 100 89 52 28 5 1 0 0 0 0 0 0 0
DC_DAG 100 100 100 100 92 71 49 23 12 2 0 0 0 0 0 0

R_DC_DAG_accw 100 100 100 100 92 72 55 29 11 2 0 0 0 0 0 0
R_DC_DAG_bigw 100 100 100 100 92 71 54 38 15 8 1 0 0 0 0 0

Table 6.9: Acceptance rate when the addProb = 0.3

Figure 6.5 shows the results of adjusting the addProb parameter. This parameter
controls the probability that a precedence constraint will be added between two
nodes randomly when creating the DAGs. This affects the structure of the original
DAG. As the probability increases more precedence constraints will be added, which
creates more paths in the DAG. Table 6.8 and 6.9 display the acceptance rate figures
6.5a and 6.5b are based on. The figures show similar relation between the algorithms
for the results. The dispatch algorithms perform better than the state-of-the-art.
There is not a noticeable difference in the performance for any of the algorithms as
the addProb parameter increases.
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6.2 Results for different system models
In this section, the presented results represent systems with a different number of
processors. This is done by changing the parameter for the number of processors
m, while also adjusting the task parameter for the maximum number of parallel
branches (maxParBranches) that is used when randomly generating the DAGs.
As the number of parallel branches increases so will the probability that the DAGs
have more parallel paths. Note that these results are with the simulation-based
makespan computation.

Figure 6.6 show the results for systems with two processors m = 2. Figure 6.6a and
table 6.10 display the acceptance rate of the algorithms when the number of max
parallel branches is three maxParBranches = 3. Figure 6.6b and 6.11 display the
acceptance ration when maxParBranches = 4. The algorithms show similar trends,
relative to each other, as the previously presented results when maxParBranches
varies.

(a) maxParBranches = 3 and m = 2 (b) maxParBranches = 4 and m = 2

Figure 6.6: Results for when parameter m = 2 and parameter
maxParallelBranches varies.

Algorithms
Utilization 0,125 0,25 0,375 0,50 0,625 0,75 0,875 1,00 1,125 1,25 1,375 1,50 1,625 1,75 1,875 2,00

Melani 100 100 100 100 100 100 100 100 92 52 21 0 0 0 0 0
DC_DAG 100 100 100 100 100 100 100 100 93 72 35 11 4 1 0 0

R_DC_DAG_accw 100 100 100 100 100 100 100 94 83 66 20 7 2 0 0 0
R_DC_DAG_bigw 100 100 100 100 100 100 100 100 94 82 60 27 6 1 0 0

Table 6.10: maxParBranches = 3 and m = 2

Algorithms
Utilization 0,125 0,25 0,375 0,50 0,625 0,75 0,875 1,00 1,125 1,25 1,375 1,50 1,625 1,75 1,875 2,00

Melani 100 100 100 100 100 100 100 100 94 63 32 7 0 0 0 0
DC_DAG 100 100 100 100 100 100 100 100 97 83 47 18 1 0 0 0

R_DC_DAG_accw 100 100 100 100 100 100 100 100 99 91 66 34 7 1 0 0
R_DC_DAG_bigw 100 100 100 100 100 100 100 100 99 85 61 46 13 1 0 0

Table 6.11: maxParBranches = 4 and m = 2
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The same goes for the other results in figures 6.7 (with tables 6.12 and 6.13) and 6.8
(with tables 6.14 and 6.15), that represent systems with m = 3 respectively m = 4
processors. There is no unexpected variation in any of the systems, which indicates
that the algorithms are not sensitive to more or less parallelism. In figure 6.8 the
acceptance rate for the algorithms are closer to each other, for each utilization step.
The probable cause of this is that as the number of processors increases the need for
parallelism decrease, meaning timing anomalies are less likely to occur. This means,
the algorithms do not adjust the DAGs and therefore produce the same makespan
as each other more often.

(a) maxParBranches = 3 and m = 3 (b) maxParBranches = 4 and m = 3

Figure 6.7: Results for when parameter m = 3 and parameter
maxParallelBranches varies.

Algorithms
Utilization 0,1875 0,375 0,5625 0,75 0,9375 1,125 1,3125 1,50 1,6875 1,875 2,0625 2,25 2,4375 2,625 2,8125 3,00

Melani 100 100 100 100 100 93 63 19 8 0 0 0 0 0 0 0
DC_DAG 100 100 100 100 100 95 83 51 26 4 2 0 1 0 0 0

R_DC_DAG_accw 100 100 100 100 100 95 87 57 34 13 5 0 0 0 0 0
R_DC_DAG_bigw 100 100 100 100 100 95 87 57 46 14 2 0 0 0 0 0

Table 6.12: maxParBranches = 3 and m = 3

Algorithms
Utilization 0,1875 0,375 0,5625 0,75 0,9375 1,125 1,3125 1,50 1,6875 1,875 2,0625 2,25 2,4375 2,625 2,8125 3,00

Melani 100 100 100 100 100 92 70 45 19 4 0 0 0 0 0 0
DC_DAG 100 100 100 100 100 95 88 67 31 11 1 0 0 0 0 0

R_DC_DAG_accw 100 100 100 100 100 95 89 71 45 20 12 2 0 0 0 0
R_DC_DAG_bigw 100 100 100 100 100 95 89 70 47 23 13 3 1 0 0 0

Table 6.13: maxParBranches = 4 and m = 3
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(a) maxParBranches = 3 and m = 4 (b) maxParBranches = 4 and m = 4

Figure 6.8: Results for when parameter m = 4 and parameter
maxParallelBranches varies.

Algorithms
Utilization 0,25 0,50 0,75 1,00 1,25 1,50 1,75 2,00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00

Melani 100 100 100 100 83 50 13 1 0 0 0 0 0 0 0 0
DC_DAG 100 100 100 100 91 67 35 13 2 0 0 0 0 0 0 0

R_DC_DAG_accw 100 100 100 100 91 69 37 16 5 0 0 0 0 0 0 0
R_DC_DAG_bigw 100 100 100 100 91 69 43 17 4 1 1 0 0 0 0 0

Table 6.14: maxParBranches = 3 and m = 4

Algorithms
Utilization 0,25 0,50 0,75 1.00 1,25 1,50 1,75 2.00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00

Melani 100 100 100 100 89 60 27 8 1 0 0 0 0 0 0 0
DC_DAG 100 100 100 100 96 74 47 23 7 3 0 0 0 0 0 0

R_DC_DAG_accw 100 100 100 100 96 79 56 30 8 3 0 0 0 0 0 0
R_DC_DAG_bigw 100 100 100 100 96 78 59 32 13 6 1 0 0 0 0 0

Table 6.15: maxParBranches = 4 and m = 4

Figure 6.9 shows the results for systems with m = 8 and m = 16 (with tables 6.16
and 6.17). Like the previously presented results, the systems with a bigger number
of processors are predictable, the results do not vary much.
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(a) maxParBranches = 4 and m = 8 (b) maxParBranches = 4 and m = 16

Figure 6.9: Results for when parameter m = 4 varies and parameter
maxParallelBranches = 4 .

Algorithms
Utilization 0,5 1,0 1,5 2,0 2,5 3,0 3,5 4,0 4,5 5,0 5,5 6,0 6,5 7,0 7,5 8,0

Melani 100 100 63 31 5 0 0 0 0 0 0 0 0 0 0 0
DC_DAG 100 100 68 48 16 6 1 0 0 0 0 0 0 0 0 0

R_DC_DAG_accw 100 100 68 48 15 4 0 0 0 0 0 0 0 0 0 0
R_DC_DAG_bigw 100 100 68 48 17 6 1 0 0 0 0 0 0 0 0 0

Table 6.16: maxParBranches = 4 and m = 8

Algorithms
Utilization 1,0 2,0 3,0 4,0 5,0 6,0 7,0 8,0 9,0 10,0 11,0 12,0 13,0 14,0 15,0 16,0

Melani 100 36 4 0 0 0 0 0 0 0 0 0 0 0 0 0
DC_DAG 100 47 10 0 0 0 0 0 0 0 0 0 0 0 0 0

R_DC_DAG_accw 100 47 10 0 0 0 0 0 0 0 0 0 0 0 0 0
R_DC_DAG_bigw 100 47 10 0 0 0 0 0 0 0 0 0 0 0 0 0

Table 6.17: maxParBranches = 4 and m = 16
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6.3 Sensitivity analysis
This section compares the acceptance rate of the previously presented results, for
each of the algorithms. This is to see how sensitive the algorithms are to changes
in the systems and the structure of the tasks, relative to itself. The tables in this
section collect the algorithms’ results separately from the tests where the system
parameters are varied.

The first algorithm DC_DAGs results are presented in table 6.18. The table shows
the same trend in the numbers, starting high and then decreasing, for the different
utilization steps. The table shows that the parameters changing does not affect the
algorithm in any specific way. The different values for each of the parameters show
fluctuating numbers of schedulable task sets relative to each other. For example, the
acceptance ratio of the DC_DAG at utilization level 1.5 is 74% and 71% respectively
for addProb = 0.2 and addProb = 0.3. One parameter value is not consistently
producing higher or lower acceptance rate values than the other, for any of the
parameters. This indicates that the algorithm is not sensitive to system changes,
which shows the scalability/robustness of the algorithm.

DC_DAG 0,25 0,50 0,75 1.00 1,25 1,50 1,75 2.00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00
Default 100 100 100 100 96 74 32 7 3 0 0 0 0 0 0 0

Cmin=100, Cmax=500 100 100 100 100 92 85 56 21 2 1 0 0 0 0 0 0
Cmin=1, Cmax=1000 100 100 100 100 92 81 50 27 6 1 0 0 0 0 0 0

p_par=0.5, p_term=0.5 100 100 100 100 91 70 42 14 3 3 0 0 0 0 0 0
p_par=0.4, p_term=0.6 100 100 100 100 84 75 44 4 2 0 0 0 0 0 0 0
addProb=0.2 100 100 100 100 86 74 58 25 5 2 1 0 0 0 0 0
addProb=0.3 100 100 100 100 92 71 49 23 12 2 0 0 0 0 0 0

Table 6.18: Data for the DC_DAG algorithm.

The R_DC_DAG_accw algorithms results are displayed in table 6.19 and show
similar robustness against changing parameters as the DC_DAG algorithm, with
one exception. The table shows that changing the workload interval (Cmin and
Cmax values) consistently affects the result. When Cmin = 100 and Cmax = 500
the acceptance ratio is higher for all utilization values relative to when Cim = 1 and
Cmax = 1000. The reason for this could be that the nodes being assigned workloads
from a bigger interval means the schedule is more likely to be unbalanced at the
end, with multiple processors being idle while the systems "wait" for one node with
a large workload to finish executing. This relation between the different workload
intervals is reasonable and expected because of the non-preemptive scheduling.

R_DC_DAG_accw 0,25 0,50 0,75 1.00 1,25 1,50 1,75 2.00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00
Default 100 100 100 100 96 79 56 30 8 3 0 0 0 0 0 0

Cmin=100, Cmax=500 100 100 100 100 92 87 66 34 16 3 0 0 0 0 0 0
Cmin=1, Cmax=1000 100 100 100 100 92 83 54 27 11 2 0 0 0 0 0 0

p_par=0.5, p_term=0.5 100 100 100 100 92 69 42 18 4 2 0 0 0 0 0 0
p_par=0.4, p_term=0.6 100 100 100 100 85 75 49 16 6 3 0 0 0 0 0 0
addProb=0.2 100 100 100 100 86 74 61 31 10 2 1 0 0 0 0 0
addProb=0.3 100 100 100 100 92 72 55 29 11 2 0 0 0 0 0 0

Table 6.19: Data for the R_DC_DAG_accw algorithm.
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The results presented in table 6.20 correspond to the R_DC_DAG_bigw algorithm.
Just like the DC_DAG algorithm, this algorithm too is not sensitive to the param-
eters changing in the system. The two algorithms displaying similar behavior could
be because the selection method for the source node to add the dispatch constraints
from is the same.

R_DC_DAG_bigw 0,25 0,50 0,75 1.00 1,25 1,50 1,75 2.00 2,25 2,50 2,75 3,00 3,25 3,50 3,75 4,00
Default 100 100 100 100 96 78 59 32 13 6 1 0 0 0 0 0

Cmin=100, Cmax=500 100 100 100 100 92 87 64 41 22 1 0 0 0 0 0 0
Cmin=1, Cmax=1000 100 100 100 100 92 83 55 34 15 4 1 0 0 0 0 0

p_par=0.5, p_term=0.5 100 100 100 100 92 72 50 26 8 3 2 0 0 0 0 0
p_par=0.4, p_term=0.6 100 100 100 100 85 76 47 20 10 1 1 0 0 0 0 0
addProb=0.2 100 100 100 100 86 74 63 20 10 1 4 0 0 0 0 0
addProb=0.3 100 100 100 100 92 71 54 38 15 8 1 0 0 0 0 0

Table 6.20: Data for the R_DC_DAG_bigw algorithm.
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7
Conclusion, Discussion and Future

work

This chapter contains conclusion, discussion of the results and limitations of the
thesis including direction for future work.

7.1 Discussion, Limitations and Conclusion
In this thesis, the possibility to improve the makespan calculation of parallel tasks
for multi-processor real-time systems has been explored. This has been done by
introducing dispatch constraints among the subtasks of parallel tasks. The dispatch
constraints have different properties compared to traditional precedence constraints.
The constraints are added until there are no points in the task where the number
of parallel nodes, in the DAG, is bigger than the number of available processors in
the system. A heuristic method is used to introduce the constraints. The different
heuristics are used to evaluate the method’s effectiveness.

The work presented in this thesis shows that introducing additional constraints to
tasks does impact the makespan calculations. Comparing the results of the presented
algorithms also show that considering the internal structure matters for computing
the makespan tightly. In most of the tests, both of the refined R_DC_DAG algo-
rithms performed the best, leading to the conclusion that the method of selecting
the destination node for the dispatch constraints based on the minimum path reduc-
tion in combination with the simulation-based makespan computation, creates the
most balanced DAGs and the tightest overall makespan. Here the term "balanced"
means, restricting the DAG structure while also loosening it with the simulation
schedule.

One aspect of the presented algorithms, that could be considered a limitation, is
the cases when multiple nodes can be selected. For example, when multiple nodes
have the same biggest workload when the source node for the dispatch constraint
can be selected in multiple ways. In those cases, the current implementation selects
the node with the smallest index in the DAG. There is no evaluation or comparison
of the possibilities. Since the results of the different algorithms conclude that the
heuristics do impact the results, we can assume that also this is an aspect that may
affect the results and should therefore be considered.
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Although a prof sketch for the simulation-based makespan calculation is given in
this thesis a formal proof is left as future work. The makespan produced by only
considering the longest paths in the transformed DAGs does not perform better
than the state-of-the-art in most cases. Although these results do confirm that the
heuristic method does have a positive impact on the acceptance ratio in some cases.
Each algorithm produces different results, indicating that development and further
exploration of the heuristics could perform better.

Another limitation of the results is the fact that the randomly generated DAGs and
the experimental setup do not necessarily reflect real programs and tasks. Meaning
the algorithms have not been tested on real data. No conclusions on their perfor-
mance on real data can therefore be made. However, the results from changing the
parameters do confirm that the algorithms are not sensitive to different types of sys-
tem configurations. They produce similar results for most changes to the systems.
This allows for the assumption that the algorithms would also perform similarly on
data representing real parallel programs.

7.2 Future work
As stated in section 3.2.1 the work in this thesis assumes the simulation algorithm
for the DAGs with dispatch constraints is timing anomaly free. However, formal
proof of this is needed, but because of the time limitations of the project, this could
not be provided in this thesis. Therefore, proof that the simulation scheduling is
timing anomaly free is left for future work.

In this thesis, the heuristic method was chosen because the optimal option (testing
all possible combinations of nodes to add the dispatch constraints) is not computa-
tionally feasible. Testing all possible ways of adding dispatch constraints to a DAG
takes exponential time, while the heuristic method takes polynomial time. Because
of this, there are an endless number of heuristics that could be tested. Based on
the work in this thesis evaluating more of those possibilities is a future work. An
example is to add dispatch constraints between two groups of nodes rather than
from individual nodes.

Future work could also include extending the implementation to consider heteroge-
neous processor systems. The implementation in this thesis only considers homoge-
neous processor systems. The challenge with heterogeneous systems is to calculate
the makespan and scheduling when the processors operate at different speeds for
different subtasks.

In this thesis we have provided a framework for computing the makespan of a single
DAG on a multiprocessor platform. Many other research areas such as federated
scheduling and scheduling of mixed-criticality parallel tasks use the makespan of a
single task to do a schedulability analysis for multiple tasks. Therefore the results
of this thesis can also be applied to other domains such as federated scheduling and
mixed-criticality scheduling. Extending the work of this thesis to these domains is
possible for future work.
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