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Optimal Encoding of Quantum Information into a Propagating Mode
CECILIA ERNEMAN
Department of Microtechnology and Nanoscience
Chalmers University of Technology

Abstract
This thesis studies how quantum information can be encoded into a propagating
microwave mode in a superconducting-circuit setting, with particular emphasis on
traveling two-component cat states and cat qubits. The work focuses on how such
states can be prepared, released into a transmission line, and characterized after
emission. To do this, numerical protocols were developed for state preparation and
release, identification of the dominant temporal output mode, and reconstruction of
the captured propagating state using a cascaded virtual-cavity approach.
Two different confinement mechanisms were examined: a Kerr-nonlinear parametric
oscillator (KPO) and an alternative model based on engineered two-photon dissipa-
tion. The captured traveling mode was evaluated using fidelity to ideal cat-qubit
target states, state purity, and the efficiency of the dominant temporal mode; in par-
ticular, fidelities above 0.96 was obtained for cat states with photon numbers up to 5.
For the Kerr model, the results show that high-fidelity propagating cat-qubit states
can be generated while still remaining strongly concentrated in a single temporal
mode. Across the target photon numbers considered here, the low-pass-filter order
pair (np, nε) = (3, 2) gave the best overall performance, and shortcut-to-adiabaticity
was found to noticeably improve the preparation-and-release protocol. The domi-
nant extracted mode also showed good agreement with the intended reference mode
shape.
The two-photon dissipative model was also able to generate traveling cat-like states,
although its performance depended strongly on the strength of the two-photon loss.
Increasing the dissipative confinement improved fidelity, purity, and mode selectiv-
ity. This indicates that the dissipative-confinement model provides a comparatively
robust state-generation process relative to the Kerr-confinement model, possibly due
to quantum-Zeno-like suppression of unwanted dynamics.
In addition, noise analyses including pure dephasing and one-photon loss showed
a systematic decrease in performance in both models, while also indicating that
the protocols remain qualitatively functional in the weak-noise regime. Overall, the
results show that high-quality propagating cat-qubit encodings can be generated
numerically in superconducting-circuit-inspired models, and that both pulse design
and the choice of confinement mechanism play an important role in the quality of
the transferred state.

Keywords: Quantum communication, circuit quantum electrodynamics, bosonic en-
coding, cat qubits, Kerr-nonlinear parametric oscillator, two-photon dissipation,
propagating microwave modes, virtual cavity.
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Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

cQED Circuit quantum electrodynamics
KPO Kerr-nonlinear parametric oscillator
LPF Low-pass filter
RMSE Root-mean-square error
RWA Rotating-wave approximation
STA Shortcut to adiabaticity
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Nomenclature

Below is a list of the most frequently used symbols in this thesis.

Operators and states

â Annihilation operator for the resonator mode
â† Creation operator for the resonator mode
|α〉 Coherent state with complex amplitude α
|C±(α)〉 Even/odd cat state with amplitude α
ρ Density matrix
ρv Density matrix of the captured virtual mode

Control and model parameters

α Complex coherent-state amplitude
A Two-photon pump amplitude
εx Normalized one-photon-drive amplitude
K Kerr nonlinearity
Kham Hamiltonian Kerr strength
Kth Threshold Kerr scale used for normalization
λp Two-photon pump-time scaling factor
λε One-photon-drive time scaling factor
κex External coupling rate to the transmission line
κ1 One-photon loss rate
κ2 Two-photon loss rate
κφ Dephasing rate

Performance metrics and derived quantities

Nout Target output photon number
Nfeed Two-photon pump feed quantity
p+ Fitted even-cat weight
p− Fitted odd-cat weight
ηtop Efficiency of the dominant temporal mode
Feo Fidelity with the ideal even/odd cat-qubit target state
Fmin

eo Minimum even/odd cat-qubit fidelity over a specified interval
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1
Introduction

This chapter introduces the motivation for the thesis, describes the aim and delim-
itations, and outlines the structure of the report.

1.1 Background and motivation

The state space of a quantum system grows exponentially with system size, making it
di�cult to simulate the dynamics of such a system on a classical computer [1], [2]. A
quantum computer naturally represents and processes quantum states, and it can (in
principle) simulate certain quantum states more e�ciently than classical computers,
with major relevance for chemistry and materials design [3]. Furthermore, quantum
algorithms can o�er speedups for speci�c computational problems; such an example
is Shor's algorithm used for integer factoring, with importance in cryptography [4].
Today's quantum computers have limited numbers of qubits and the stored quantum
information is easily disturbed by noise [5]. To perform long and reliable computa-
tions, future quantum computers will need quantum error correction [6], [7]. The
basic idea is to encode one logical qubit into many physical qubits so that errors can
be detected and corrected repeatedly while the computation runs [6]. Building an
error-corrected processor with many qubits then becomes not only a question of im-
proving individual qubits, but also of solving major architecture challenges related
to scaling up the hardware [7].
Building one very large quantum processor introduces engineering problems such as
increased complexity in design and control, and the need to accurately characterize
and tune many interacting components. Unwanted interactions (cross-talk) between
di�erent parts of the circuit can also become signi�cant, and fast control and read-
out must be integrated without destroying the fragile quantum states, which places
strong demands on isolation and shielding [7]. One promising way to overcome these
issues when scaling is to build smaller quantum processors and connect them, known
as distributed quantum computing, instead of putting everything on a single device
[8]. In this kind of architecture, the connection must be able to carry quantum infor-
mation without destroying it, which turns reliable quantum state transfer between
nodes into a central requirement [8].
In superconducting circuit platforms quantum information can be stored in mi-
crowave resonators and processed with superconducting qubits. Furthermore, mi-
crowave pulses in transmission lines can act as carriers between di�erent parts of
the system [7], [9]. This means that a practical building block for a distributed
superconducting system is to prepare a desired quantum state in a device, release it
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into a traveling pulse, and capture it elsewhere [9].
Instead of encoding information only in two-level systems, one can encode a so
called logical qubit in an oscillator mode, known as bosonic encoding, which can
o�er advantages for noise protection and hardware e�ciency [9], [10]. In particular,
speci�c superpositions of coherent states, so called cat states, provide a natural
bosonic basis and have been demonstrated in superconducting systems [10], [11].
For modular superconducting architectures, it is therefore interesting to generate
traveling cat-qubit states that can carry logical information between nodes [9].
In general, the emitted radiation can occupy several independent temporal wavepack-
ets (temporal modes). Since any receiver e�ectively couples to a speci�c mode, it is
essential to characterize how close the emitted pulse is to a single mode and to quan-
tify the fraction of the radiation that can be collected in a chosen target wavepacket
[12].

1.2 Aim

The aim of this master's thesis project is to investigate how quantum information can
be encoded into a propagating microwave mode in a superconducting circuit setting.
Prior work establishes generation and mode-selective readout of nonclassical pulses.
This thesis will extend this to logical qubits in traveling modes. More speci�cally,
the aim of this project is to develop and evaluate protocols to generate, shape, and
read out propagating bosonic code states, speci�cally two-component cat states,
and quantify their suitability for quantum communication between superconducting
nodes.
More concretely, the objectives are to simulate the preparation and release of non-
classical states into a transmission line for both a Kerr-nonlinear parametric oscil-
lator (KPO) and an alternative model based on engineered two-photon dissipation.
The study then quanti�es how strongly the emission is concentrated into the dom-
inant temporal output mode, models mode-matched capture of the selected prop-
agating mode using a cascaded (virtual-cavity) approach and extracts its density
matrix, and benchmarks the captured mode against ideal cat(-qubit) target states
using state �delity.

1.3 Delimitations

This thesis is a theoretical and numerical study of quantum-state emission and
mode-selective capture in superconducting circuit-inspired models. The work does
not include an experimental implementation, and practical aspects such as device
fabrication, calibration procedures, and experimental data analysis are therefore
outside the scope of the project. The dynamics are modeled using open-quantum-
system methods together with input-output and cascaded-systems formalisms.
The analysis focuses on extracting and characterizing the most populated propagat-
ing temporal mode. Populations emitted into other temporal modes are treated as
multimode leakage rather than being actively captured and used. The target states
considered are bosonic encodings based on cat(-qubit) states, and other bosonic
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codes are not being studied. Finally, results are primarily evaluated using mode
selectivity and the state �delity of the captured mode with respect to optimized tar-
get cat(-qubit) states, additional hardware-speci�c imperfections beyond the chosen
model are not exhaustively included.

1.4 Thesis outline

The remainder of this thesis is organized as follows. Chapter 2 presents the theo-
retical background relevant to the study, including bosonic encodings in harmonic
oscillators, two-component cat states and cat-qubit encoding, e�ective models for
driven resonators, and the open-system description of emission into a transmission
line. It also introduces temporal-mode decomposition and the virtual-cavity ap-
proach used to characterize propagating states.
Chapter 3 describes the methods used in the numerical study. This includes the full
system model for both Kerr-based and dissipative con�nement, the parametrization
of the control pulses, the numerical implementation, calibration procedures, and the
metrics used to evaluate the captured traveling mode.
Chapter 4 presents the results. First, results are shown for the Kerr (Hamiltonian-
con�nement) model, including intracavity cat formation, LPF-order optimization,
captured-state Wigner functions, mode-shape comparisons, pulse-time optimization,
Kerr-scaling e�ects, and initialization in a logical superposition state. The chapter
then compares these results with the two-photon dissipative-con�nement model and
�nally investigates robustness against dephasing and one-photon loss.
Chapter 5 summarizes the main conclusions of the thesis and discusses the over-
all implications of the results for encoding quantum information into propagating
bosonic modes in superconducting platforms.
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2
Theory

This chapter introduces the theoretical framework underlying the thesis. It begins
with a brief review of quantum states, qubits, and bosonic encodings in harmonic os-
cillators, with particular focus on two-component cat states and cat-qubit encoding.
The chapter then presents the e�ective description of driven nonlinear resonators,
including the Kerr-nonlinear parametric oscillator, shortcut-to-adiabaticity, and log-
ical rotations induced by a one-photon drive. Furthermore, an alternative model to
the Kerr-nonlinear parametric oscillator, based on two-photon dissipation is de-
scribed. Finally, the open-system description of emission into a transmission line
is introduced together with the temporal-mode and virtual-cavity formalisms used
later to analyze and characterize the propagating quantum state.

2.1 Quantum states, qubits, and logical qubits

A qubit is a two-dimensional quantum system with computational basis fj0i ; j1ig.
Any pure qubit state can be written as j i = c 0 j0i + c 1 j1i with c 0; c1 2 C and
jc0j2 + jc 1j2 = 1. In practice, physical qubits are imperfect, the stored quantum
information is disturbed by interactions with the environment and control errors.
In the near term, this limits the complexity of quantum computations that can be
performed reliably and motivates strategies for protecting quantum information [5].
A central protection strategy is called quantum error correction, where logical qubits,
which encodes quantum information into a larger Hilbert space, are introduced [6].
The main idea is to distribute the information across many physical degrees of free-
dom such that errors can be detected and corrected repeatedly while preserving the
encoded state [6]. The computational basis of the logical qubit is then represented
by two orthonormal states fj0L i ; j1 L ig.
Apart from two-level systems, logical qubits can also be encoded in the Hilbert
space of a harmonic oscillator mode, such as a microwave resonator, these types of
encodings are referred to as Bosonic codes [9]. This approach is particularly natural
in circuit quantum electrodynamics (cQED), where long-lived cavity modes can
store quantum states, while superconducting qubits provide a convenient interface
for control and measurement of the oscillator state [9].
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2.2 Qubit encoding in a Quantum harmonic os-
cillator

A single bosonic mode is described by the annihilation and creation operators â, ây,
which satisfy the commutation relation [â; ây] = 1.
The Hamiltonian of an ideal harmonic oscillator can be expressed as Equation (2.1)

Ĥosc = ~!
�

âyâ +
1
2

�

(2.1)

where ! is the angular frequency of the oscillator. The eigenstates of̂Hosc is the
Fock states jni, with n = 0; 1; 2; :::, which obeys Equation (2.2)

ây jni =
p

n + 1 jn + 1i

â jni =
p

n jn � 1i

âyâ jni = n jni :

(2.2)

In cQED, these states correspond to having n microwave photons stored in the
resonator [9].
Many bosonic encodings are expressed using coherent states, j�i, de�ned in Equation
(2.3)

j�i = e � j�j 2

2

1X

n=0

� n

p
n!

jni ; � 2 C: (2.3)

Furthermore, the coherent states are de�ned as an eigenstate of the annihilation
operator, i.e. â j�i = � j�i.
The complex coherent state amplitude, �, can be parametrized in polar form as
Equation (2.4)

� = r � ei� � ; (2.4)

where r� = j�j � 0 is the magnitude and � � = arg(�) 2 [0; 2�) is the phase of the
coherent-state displacement. Equivalently, in Cartesian coordinates, the coherent
state amplitude can be parametrized as Equation (2.5)

� = Re(�) + i Im(�); (2.5)

where Re(�) = r � cos �� and Im(�) = r � sin � � . A graphical illustration of this
parametrization in the complex �-plane is shown in Figure 2.1.
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Figure 2.1: Parametrization of the coherent-state amplitude � in the complex
plane. The displacement � is written in polar form � = r � ei� � , where r� = j�j and
� � = arg(�), with axes Re(�) and Im(�).

2.3 Two-component cat states and the 2-cat qubit

This section introduces the two-component cat states and the associated two-component
cat-qubit encoding, which form the conceptual basis for the numerical and theoret-
ical analysis in the remainder of this thesis. First, the even and odd cat states
are de�ned as superpositions of coherent states and their overlap properties are
discussed. Next, the Wigner function is introduced as a phase-space representation
used to visualize cat states and to identify nonclassical interference features. Finally,
the logical cat-qubit basis and Bloch-sphere parameterization are de�ned, and the
role of photon-number parity in error detection under single-photon loss is brie�y
reviewed.

2.3.1 Two-component cat states

One type of bosonic encoding, which is the main focus of this thesis, is the two-
component cat states. These states are superpositions of coherent states j�i and
j��i, where � 2 C denotes the coherent state amplitude. In Equation (2.6) the
even (jC+ i) respectively odd (jC� i) two-component cat states are de�ned

jC+ (�)i =
1

q
2(1 + e�2j�j 2 )

(j�i + j��i)

jC� (�)i =
1

q
2(1 � e �2j�j 2 )

(j�i � j��i):
(2.6)

The overlap between the coherent states, h�j��i = e �2j�j 2
, decays exponentially

with j�j 2, so for su�ciently large j�j the states j�i and j��i become nearly or-
thogonal, enabling a well-separated logical subspace. However, this improved dis-
tinguishability comes at the cost of increased sensitivity to photon loss for larger cat
amplitudes [9], [10].
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2.3.2 Wigner function and phase-space representation

A common phase-space representation of a single bosonic mode is given by the
Wigner function, a real-valued quasi-probability distribution over the complex phase-
space coordinate � 2 C. For a state described by the density operator �, the Wigner
function can be expressed in the displaced-parity form presented in Equation (2.7),

W(�) =
2
�

Trf D̂(��)� D̂(�) �̂g; (2.7)

whereD̂(�) = exp
n
�â y � � � â

o
is the displacement operator and̂� = exp

n
i�â yâ

o
is

the photon number parity operator [13]. Equation 2.7 makes explicit that W(�) is
proportional to the expectation value of parity after displacing the state by �.
The Wigner function is particularly useful for cat states, where the two coherent
components appear as separated phase-space peaks, while coherent superpositions
exhibit oscillatory interference fringes with regions of negative W(�) between the
peaks [10]. Such interference features are used throughout this thesis as a visual
signature of nonclassical superposition in the two-component cat-qubit manifold.

2.3.3 Two-component cat-qubit encoding

By restricting the logical qubit to the two-dimensional subspace spanned by the
even and odd cat states fjC+ (�)i ; jC � (�)ig, the standard two-component cat-qubit
encoding presented in Equation (2.8) can be adopted

j0L i � jC + (�)i

j1L i � jC � (�)i :
(2.8)

With this choice of logical basis, an arbitrary encoded state can be parameterized
on the Bloch sphere as Equation (2.9)

j L (�; �; ')i = cos
�
2

jC+ (�)i + sin
�
2

ei' jC� (�)i , with � 2 [0; �]; ' 2 [0; 2�]: (2.9)

Any pure logical state j L (�; �; ')i in Equation (2.9) corresponds to a point on the
unit sphere with spherical coordinates (�; '), where � is the angle measured from
the +Z L axis and ' is the angle measured in the XL -YL plane. With the convention
presented in Equation (2.8), the north and south poles of the sphere correspond to
jC+ (�)i and jC � (�)i, respectively, de�ning the logical Z L axis.
The remaining logical axes are de�ned by the eigenstates of the logical Pauli oper-
ators. In particular, the logical XL and YL states are presented in Equation (2.10)

j� L i =
j0L i � j1 L i

p
2

j�i L i =
j0L i � i j1 L i

p
2

;
(2.10)
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which, in the cat basis, correspond to j�iL � j��i and j�ii L � j�i � i j��i =:
jC�i (�)i (up to normalization and an �-dependent overlap). A visualization of this
logical Bloch sphere, together with Wigner functions for the six cardinal logical
states, is shown in Figure 2.2.

Figure 2.2: Bloch-sphere representation of the two-component cat logical qubit.
The logical computational basis is chosen as j0L i � jC + (�)i and j1 L i � jC � (�)i,
de�ning the �Z L axis. The remaining cardinal states correspond to eigenstates
of the logical Pauli operators: j�i L � j��i (along �X L ) and j�ii L � jC �i (�)i /
j�i � i j��i (along �Y L ). The red arrow shows a general logical state j L (�; �; ')i =
cos(�=2) jC+ (�)i + sin(�=2)e i' jC� (�)i with spherical angles � and ' measured with
respect to the logical axes. The �gure also shows the Wigner functions correspond-
ing to each eigenstate (red/blue indicate positive/negative values and interference
fringes). For j��i an open circle marks the phase-space location of the opposite
coherent amplitude ��.

The even and odd two-component cat states contain only even and only odd photon-
number (Fock) components, respectively. They are therefore eigenstates of the
photon-number parity operator �̂ = e i�â yâ with eigenvalues +1 and �1, respectively
[9], [10].
One of the main reasons for the two-component cat qubit being of interest to study
in superconducting circuit platforms is that they have properties useful for quantum
error detection and correction. A single-photon loss event corresponds to applying
the annihilation operator â to the state, and because â removes exactly one exci-
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tation, the photon-number parity switches from even to odd (or vice versa). For a
two-component cat encoding, this means that a single-photon loss typically moves
the state from the even-cat subspace to the odd-cat subspace, or the other way
around. This means that by monitoring the photon-number parity one gains in-
formation whether a photon-loss event has occurred, which is a key ingredient in
cat-code error detection and correction schemes [9], [10].

2.4 E�ective models for driven resonators

Parametrically driven microwave resonators exhibit dynamics on multiple time scales.
They display fast oscillations at microwave frequencies set by the bare resonator and
pump, but also slower evolution associated with e�ective detunings, nonlinearities,
dissipation, and shaped control envelopes. A standard strategy in circuit QED is
therefore to reformulate the problem in a rotating frame and subsequently apply
the rotating-wave approximation (RWA), which yields an e�ective Hamiltonian in
terms of slowly varying operators and drive envelopes [13], [14], [15]. These tools will
be used throughout this work to motivate e�ective models for the Kerr-nonlinear
parametric oscillator (KPO) (see Section 2.5.1 for details) and its control drives.

2.4.1 Rotating frame

Formally, the rotating frame is introduced as a time-dependent change of picture
implemented by a unitary operator. Consider a quantum system with Hamiltonian
Ĥ(t) and a state j (t)i obeying the Schrödinger equation, presented in Equation
(2.11)

i~
@
@t

j (t)i = Ĥ(t) j (t)i : (2.11)

The state in the rotating frame can then be de�ned as Equation (2.12)

j 0(t)i = Ûy(t) j (t)i (2.12)

where Û(t) is unitary, i.e. Ûy(t) Û (t) = I. Using the product rule and unitary, one
�nds that j 0(t)i satis�es a Schrödinger equation of the same form, presented in
Equation (2.13)

i~
@
@t

j 0(t)i = Ĥ 0(t) j 0(t)i ; (2.13)

with the transformed Hamiltonian presented in Equation (2.14)

Ĥ 0(t) = Ûy(t) Ĥ(t) Û (t) � i~ Ûy(t)
@̂U(t)

@t
(2.14)

which is the standard rotating-frame transformation [15].
In many driven-resonator problems it is convenient to separate the Hamiltonian as
Equation (2.15)

Ĥ(t) = Ĥ0 + V̂ (t); (2.15)

10
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where Ĥ0 is the bare resonator Hamiltonian that makes the �eld rotate rapidly in
phase at the reference frequency even when no drive is applied.V̂ (t), on the other
hand, contains the slower dynamics of interest. For a microwave resonator one
typically has Ĥ0 on the form de�ned in Equation (2.16)

Ĥ0 = ~! râyâ; (2.16)

where ! r denotes the (bare) angular resonance frequency of the resonator mode in
the laboratory frame. The rotating-frame frequency !rf is a freely chosen reference
frequency; often one sets !rf = ! r . Plugging in the corresponding unitaryÛ(t) =
exp

�
�i Ĥ0t=~

�
in Equation (2.16), the transformed Hamiltonian becomes Equation

(2.17)
Ĥ 0(t) = Ûy(t) V̂ (t)Û (t): (2.17)

In this frame the explicit free rotation is removed and the remaining terms appear
as e�ective detunings and slowly varying drive envelopes.
Furthermore, for the choiceÛ(t) = exp

�
�i! rf tâyâ

�
, the ladder operators pick up

phase factors, as shown in Equation (2.18) and (2.19),

â0(t) = Ûy(t)â Û (t)

= âe �i! rf t ;
(2.18)

â0y(t) = Ûy(t)â yÛ(t)

= â ye+i! rf t :
(2.19)

As a result, terms in the lab-frame Hamiltonian that oscillate rapidly at frequencies
near ! rf can become slowly varying (or time-independent) in the rotating frame,
which is the main practical advantage of this change of picture.

2.4.1.1 Choice of rotating frame for a parametric pump.

For a Kerr-nonlinear parametric oscillator (KPO) with a two-photon (parametric)
drive at angular frequency !p, a common choice is to rotate at half the pump fre-
quency, ! rf = ! p=2 [13], [14]. In this frame the resonant part of the two-photon drive
becomes slowly varying, while terms oscillating at frequencies near �!p are rapidly
rotating and can be neglected under the Rotating-wave approximation discussed
next (see Section 2.4.2) .

2.4.2 Rotating-wave approximation (RWA)

After transforming to a frame rotating at a chosen reference frequency !rf , the Hamil-
tonian still generally contains terms oscillating at �2! rf (and higher harmonics, i.e.
oscillations at integer multiples of the rotating-frame frequency). The rotating-wave
approximation (RWA) consists of neglecting these rapidly rotating contributions,
keeping only the near-resonant terms that vary slowly on the timescales set by the
e�ective dynamics. Physically, the discarded terms average to (almost) zero over
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many cycles of the fast rotation and therefore have a weak net e�ect on the evolution
[16].
As an example, consider a parametrically pumped Kerr resonator in the lab frame,
where the two-photon drive contains terms of the form / p(t)(ây2e�i! p t + â 2e+i! p t ).
In the frame rotating at ! rf = ! p=2, the resonant components become slowly varying,
while counter-rotating contributions oscillate at �2! rf = �! p and are dropped under
the RWA. The resulting e�ective KPO Hamiltonian then takes the form presented
later in Equation (2.21), with detuning � = ! KPO � ! p=2, where !KPO denotes the
relevant bare resonance frequency of the nonlinear oscillator mode [13].
The validity of the RWA requires a separation of time scales, more speci�cally, the
remaining dynamics must be slow compared to !rf . For the KPO this means that
the Kerr nonlinearity K, the pump amplitude jp(t)j, and relevant dissipation rates
should satisfy Equation (2.20) (see Section 2.5.1 for details regarding the parameters)

K; jp(t)j; � ex � ! rf ; (2.20)

and that the pump envelope p(t) varies slowly on the scale 1=!rf [13], [16]. When
these conditions hold, the RWA yields an accurate e�ective description in which the
parametric drive appears as a stationary two-photon term in the rotating frame [13].

2.5 Two-component cat-qubit Hamiltonian and log-
ical gates

This section introduces the Hamiltonian description and control primitives for a
two-component cat qubit realized in a two-photon-driven Kerr-nonlinear parametric
oscillator (KPO). Cat-state preparation via adiabatic pumping and acceleration us-
ing shortcut-to-adiabaticity (STA) are then reviewed. Finally, logical control within
the manifold is discussed.

2.5.1 E�ective KPO Hamiltonian

A two-photon-driven Kerr-nonlinear parametric oscillator (KPO) is a nonlinear res-
onator driven by a two-photon parametric pump. As the pump amplitude increases,
the system undergoes a bifurcation that gives rise to two stable, classically distinct
oscillation states that di�er in phase by �. In the quantum regime, an adiabatic in-
crease of the pump amplitude can prepare the oscillator in a coherent superposition
of these two states, corresponding to a cat-like state of the resonator �eld [13], [14],
[17].
A standard approach for generating a propagating microwave quantum state in su-
perconducting circuits is to �rst prepare the desired state in a harmonic-oscillator
cavity and subsequently release it into a transmission line through a nonlinear su-
perconducting element, typically a transmon-based interface. In such architectures,
the release process can be controlled and temporally shaped, allowing the outgoing
wave packet to acquire a desired envelope. This capability is useful both for high-
e�ciency quantum state transfer to a remote cavity and for generating entanglement
between stationary and propagating modes [18], [19].
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In the present context, however, a di�erent architecture is of interest. Although tun-
able couplers enable controlled release, the Josephson nonlinearity responsible for
tunability generally also induces e�ective nonlinear terms. As a result, the photon-
number content of the state may become coupled to its spatiotemporal structure,
such that the emitted radiation is no longer well described by a single propagating
mode. Instead, multiphoton states may acquire an inherently multimode charac-
ter, which is undesirable when the objective is to generate a well-de�ned traveling
quantum state [20].
To avoid this complication, the tunable coupler is omitted and the Kerr-nonlinear
parametric oscillator (KPO) is coupled directly to the waveguide. In this setting, the
cat-like quantum state is not �rst prepared as a stationary cavity state and subse-
quently released. Rather, the state is generated directly in the propagating mode of
the waveguide during the emission process itself. The KPO thereby constitutes the
nonlinear element that both supports cat-state physics and enables the formation
of the outgoing �eld [13].
Working in a frame rotating at half the pump frequency (!rf = ! p=2) and applying
the rotating-wave approximation an e�ective Hamiltonian for a two-photon-driven
KPO can be written as Equation (2.21) [13]

ĤKPO (t) =
p(t)

2
(ây2 + â 2) �

K
2

ây2â2 + �â yâ: (2.21)

Here â and ây are the annihilation and creation operators of the oscillator mode,
K is the Kerr nonlinearity, � is the detuning and p(t) is the two-photon pump
amplitude [13]. Physically, the Kerr term is responsible for the anharmonicity that
allows the oscillator to explore nonclassical states. The two-photon drive, in turn,
creates a double-well structure in phase space that supports cat-like superpositions
[13].
A key property of the Hamiltonian in Equation (2.21) is its symmetry under the
transformation â ! �â when � = 0. Equivalently, the Hamiltonian commutes with
the photon-number parity operator, since�̂â �̂ y = �â and therefore �̂â 2�̂ y = â 2

(and similarly for ây2). Because the Kerr term and the two-photon term contain only
even powers of â and ây, they preserve photon-number parity. Thus, on resonance
(� = 0) one has Equation (2.22)

[ĤKPO (t); �̂] = 0; (� = 0); (2.22)

and the dynamics do not mix even and odd Fock sectors.
The Hamiltonian in Equation (2.21) supports a low-energy manifold spanned (ap-
proximately) by two coherent states with opposite phase. This can be seen most
transparently in the resonant case � = 0, where (up to an additive constant) the
KPO Hamiltonian can be rewritten in the factorized form presented in Equation
(2.23) [13]

ĤKPO (t) = �
K
2

(ây2 �
p(t)
K

)(â2 �
p(t)
K

): (2.23)

This form makes it clear that states satisfying â2 j i � p(t)
K j i have low energy.

Coherent states j�i are eigenstates of â, and therefore also satisfy â2 j�i = � 2 j�i.
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Consequently, the coherent amplitudes �(t) that minimize the e�ective energy obey
Equation (2.24)

�(t) 2 �
p(t)
K

; ) �(t) � �

s
p(t)
K

: (2.24)

This relation is also useful for understanding how the energy-level spacings depend
on K and �. Writing the Hamiltonian in terms of � 2 � p=K shows that K sets the
overall energy scale of the spectrum, while � controls its dimensionless structure and,
in particular, the separation between the parity branches. As a result, increasing K
rescales all eigenenergies and hence all level spacings by the same factor, whereas
increasing j�j changes the relative spacing between the low-energy cat manifold and
the higher excited states. In the large-j�j regime, the gap from the cat manifold to
the �rst excited states grows approximately as 4Kj�j2, while the splittings between
the even- and odd-parity excited-state doublets become progressively smaller as j�j2

increases, with higher doublets requiring larger values of j�j before becoming nearly
degenerate [21]. This low-lying structure is illustrated schematically in Figure 2.3,
where �1 denotes the splitting within the �rst excited doublet and �E 10 denotes the
gap from the cat manifold to the �rst excited manifold.

Figure 2.3: Schematic illustration of the low-lying energy-level structure of the
resonant KPO. The two lower gray levels represent the even- and odd-parity states
forming the cat manifold, while the two upper red levels represent the �rst excited
even/odd doublet. The quantity �1 denotes the splitting within the �rst excited
doublet, �1 = jE �

1 � E +
1 j, where E�

1 are the �rst excited odd- and even-parity
eigenenergies. The quantity �E10 denotes the gap between the cat manifold and
the �rst excited manifold. In the large-j�j regime, �E 10 grows approximately as
4Kj�j 2, while � 1 decreases as j�j2 = p=K increases [21].

BecauseĤKPO (t) preserves photon-number parity on resonance, the eigenstates
in the low-energy sector can be chosen to have de�nite parity. The correspond-
ing even- and odd-parity superpositions of the two coherent components are the
two-component cat states introduced in Equation (2.6), with parity eigenvalues
�̂ jC � (�)i = � jC � (�)i. For su�ciently large j�j the overlap h�j��i = e �2j�j 2

is exponentially small, and jC+ (�)i and jC � (�)i form an approximately orthonor-
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mal basis for a two-dimensional manifold [13]. Throughout this thesis, this manifold
will be referred to as the cat manifold.

2.5.2 Adiabatic preparation of cat states

A common approach to generate two-component cat states in a KPO is to initialize
the resonator near the vacuum and adiabatically ramp the two-photon pump am-
plitude p(t) from 0 to a �nal value p0 [13], [14]. If the ramp is slow compared to the
inverse energy gap separating the low-energy manifold from higher-lying excitations,
the dynamics are well described by the adiabatic approximation, meaning that the
state remains close to an instantaneous low-energy eigenstate of the time-dependent
Hamiltonian ĤKPO (t) throughout the ramp.
Because the resonant KPO Hamiltonian preserves photon-number parity, the even
and odd sectors evolve independently. Starting from the vacuum state, which has
even parity, an adiabatic ramp of the pump therefore prepares an even cat state at
the �nal pump strength, p0, as presented in Equation (2.25) [13]

j0i
p:0!p 0��������!

adiabatic ramp
jC+ (� 0)i ;

� 0 =
q

p0=K;

p0 = p(t 0):

(2.25)

Similarly, if the system is initialized in the odd-parity sector (e.g. j1i), the adiabatic
ramp connects to the odd cat state jC� (� 0)i [13]. In this way, adiabatic pumping
provides a direct route to preparing parity-de�ned cat states that form the logical
basis, presented in Equation (2.8), of the two-component cat qubit.
According to Goto et al. leakage during the cat-state preparation can degrade the
state �delity for the traveling cat and it is therefore of interest to speed up the
preparation [13]. On the other hand, if the two-photon pump is ramped up too
quickly, the evolution is no longer adiabatic and the state can su�er from non-
adiabatic excitations. Goto et al. demonstrated this e�ect explicitly by increasing
the bandwidth of the pump-shaping �lter which yielded oscillations in the intracavity
observables and reduced the �delity of the generated cat state [13]. This motivates
the use of acceleration techniques, such as shortcut-to-adiabaticity (STA), discussed
in the next subsection (see Section 2.5.3).

2.5.3 Shortcut-to-adiabaticity (STA) for accelerated prepa-
ration

Goto et al. introduces the Shortcut-to-adiabaticity (STA) technique to reproduce
the outcome of adiabatic evolution without requiring an extremely slow ramp of the
pump [13]. The general idea of STA is to add a counterdiabatic term̂Hcounter (t) to
the Hamiltonian, designed to suppress the unwanted transitions that would other-
wise occur for a �nite-speed ramp. In Equation (2.26) the general de�nition of such
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a counterdiabatic Hamiltonian is presented

Ĥcounter (t) =
i
2

X

n
(
�
�
� _� n

E
h� n j � j� n i

D
_� n

�
�
�); (2.26)

where j� n i is the nth instantaneous eigenstate of the reference Hamiltonian. This
Hamiltonian is essentially compensating for the eigenbasis change in time and sup-
presses unwanted transitions between eigenstates [22].
In the two-photon-driven KPO model used by Goto et al. an approximate counter-
diabatic Hamiltonian of the form presented in Equation (2.27) is used

Ĥcounter (t) = i
p0(t)

2
(ây2 � â 2)

p0(t) =
_p(t)
p(t)

tanh
p(t)
K

;
(2.27)

where p0(t) acts as an imaginary pump amplitude added to the usual real pump
p(t) [13]. Numerically, Goto et al. shows that including this STA term suppresses
the non-adiabatic oscillations and improves the �nal cat-state �delity, especially for
faster pump ramps [13].

2.5.4 Logical X L and equatorial rotations from a one-photon
drive

BecauseĤKPO (t) conserves photon-number parity, it cannot on its own drive transi-
tions between jC+ i and jC � i. A logical X L rotation therefore requires an additional
control term that breaks parity, such as a one-photon drive [17], [23]. A one-photon
drive on the oscillator mode can be modeled as Equation (2.28)

Ĥ " (t) = "(t)(â + â y); (2.28)

where "(t) is a real-valued envelope [10]. Since â changes the photon number by
one, Ĥ " (t) does not conserve parity, instead mixing even and odd Fock sectors and
thus couples the logical basis states j0L i � jC + (�)i and j1 L i � jC � (�)i.
To understand the logical action ofĤ " (t), one can project Equation (2.28) onto the
cat manifold. Using â j�i = � j�i and the de�nitions of jC � (�)i, the annihilation
operator approximately maps even and odd cats into each other for su�ciently large
j�j, as presented in Equation (2.29)

â jC� (�)i � � jC � (�)i (2.29)

(and similarly for ây). Neglecting small corrections due to the �nite overlap h�j��i
and leakage outside the manifold, Equation (2.29) implies that the one-photon drive
acts approximately as a Pauli X-operator in the logical basis.
The approximation in Equation (2.29) is valid when the one-photon drive is su�-
ciently weak so that it does not signi�cantly populate states outside the cat manifold.
This requires the one-photon drive to be weak compared to the mechanism that con-
�nes the dynamics to the cat manifold (e.g. the two-photon stabilization rate), so
that leakage outside the manifold remains negligible [10].
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2.5.5 Two-photon dissipative con�nement

Subsections 2.5.1-2.5.4 described Kerr Hamiltonian con�nement of a cat mani-
fold using the Kerr-nonlinear parametric-oscillator (KPO) Hamiltonian in Equation
(2.21), where the interplay of a two-photon drive and a Kerr nonlinearity generates
an e�ective double-well structure in phase space and yields cat-like eigenmanifolds.
The present subsection introduces the complementary concept of two-photon dis-
sipative con�nement, where appropriately engineered dissipation together with a
two-photon pump can stabilize a cat-qubit manifold as an attractor (steady-state
manifold) of the open-system dynamics, rather than relying exclusively on Hamil-
tonian spectral structure [10], [21].
The dynamics are generated by the same time-dependent Hamiltonian as in Equa-
tion (2.21), but with the Kerr term neglected (i.e. K = 0), while a two-photon loss
channel is added to the Lindblad master equation, as presented in Equation (2.30),

_�(t) = �i[ Ĥ(t); �(t)] + � exD[â]�(t) + � 2D[â2]�(t): (2.30)

Here � 2 denotes the e�ective two-photon loss rate (its relation to the collapse-
operator normalization used in simulations is speci�ed in Subsection 3.1.2). See
Section 2.6 for de�nition of � ex.
The two-photon loss term models irreversible processes in which photons are re-
moved pairwise from the oscillator. Since â2 changes the photon number by 2, it
preserves photon-number parity. Parity preservation is naturally compatible with
cat encodings, where logical states are supported predominantly on (approximately)
even/odd superpositions [10].
In the two-photon dissipative-con�nement case, the STA correction can be under-
stood as acting in a phase-rotated two-photon quadrature relative to the Kerr-
con�ned case. While the Kerr STA term is proportional to i(ay2�a 2), the dissipative
expression is proportional to (ay2 + a 2), and the counterterm changes to Equation
(2.31) [24],

Ĥ diss
counter (t) =

p0(t)
4

(ây2 + â 2): (2.31)

In the two-photon dissipative-con�nement picture, the cat-qubit manifold is not
protected by an energy gap, but is instead stabilized as the steady-state manifold
of an engineered two-photon loss process. In this setting, weak one-photon driving
can still induce logical rotations, but the underlying mechanism di�ers from the
Kerr case: the dynamics can be understood in terms of quantum Zeno dynamics,
where the continuous two-photon dissipation acts as a measurement-like process
that continuously drives the state back toward the cat-qubit subspace while the
weak drive generates an e�ective evolution within that subspace [10]. This picture
requires the applied drive to remain small compared to the two-photon dissipation
rate in order for the logical dynamics to remain approximately unitary within the
protected manifold [10].
This distinction is important when comparing dissipative and Hamiltonian con�ne-
ment for driven logical operations. In a purely dissipative gate, the Zeno mechanism
keeps the state close to the cat manifold, but higher-order corrections can lead to
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e�ective phase decoherence and associated nonadiabatic phase errors [21]. By con-
trast, in a Hamiltonian-con�nement scheme such as the Kerr model, the cat-qubit
manifold is a gapped eigenspace, so su�ciently smooth driving can suppress tran-
sitions outside the logical subspace exponentially in the gate time [21]. Purely
dissipative con�nement is therefore highly e�ective as a stabilization mechanism,
but it generally imposes stronger constraints on coherent gate performance than a
gapped Hamiltonian con�nement scheme [21].

2.6 Emission into a transmission line: open-system
description

A key ingredient in this work is that the KPO is not perfectly isolated, but is
intentionally coupled to a one-dimensional output channel. This coupling allows
photons to leak out at an external coupling rate �ex, thereby converting an intra-
cavity quantum state into a propagating microwave �eld. Goto et al. uses a standard
system-bath model and writes the total Hamiltonian as Equation (2.32) [13]

Ĥ(t) = ĤKPO (t) + Ĥout + Ĥc: (2.32)

Here, Ĥout is the Hamiltonian of the continuum of transmission-line modes, pre-
sented in Equation (2.33), wherêb and b̂y are the annihilation and creation opera-
tors for photons of frequency !p=2 + ! in the output mode. Furthermore, Ĥc is the
the coupling between the KPO mode â and the output �eld modes, presented in
Equation (2.34) [13]

Ĥout =
Z 1

�1
! b̂y(!) b̂(!)d! (2.33)

Ĥc = i
r

� ex

2�

Z 1

�1
[b̂y(!)â � â yb̂(!)]d!: (2.34)

In this description, � ex sets the energy decay rate of the intracavity mode due to
emission into the transmission line [13]. Throughout, Goto et al. uses units where
~ = � p = 1, with � p the phase velocity of the propagating output �eld [13].
If one is primarily interested in the intracavity state, the output channel can be
traced out, where the reduced density matrix of the KPO mode obeys a Lindblad
master equation of the form presented in Equation (2.35)

_�s(t) = �i[ ĤKPO (t); � s(t)] + � exD(â)� s(t)

D(â)� s(t) = â� s(t)â y �
1
2

(fâ yâ; � s(t)g):
(2.35)

Here, the emission channel is described by the Lindblad jump operatorL̂ =
p

� exâ
[13]. Physically, the dissipator D[̂L] describes irreversible energy �ow from the
intracavity mode into traveling modes of the line. In the absence of coherent driving
and other dissipation channels, Equation (2.35) implies that the mean intracavity
photon number decays as Equation (2.36)
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d
dt

hâyâi(t) = �� exhâyâi(t); (2.36)

i.e. hâyâi(t) / e �� ex t , which corresponds to emission into the line.
To connect this intracavity loss channel to the propagating output �eld, one uses
input-output theory. In the Markov approximation, the coupling of a localized
quantum system to a one-dimensional continuum yields the boundary condition in
Equation (2.37) [25]

b̂out (t) = b̂in (t) + L̂(t); (2.37)

whereb̂in (t) and b̂out (t) are the incoming and outgoing traveling-�eld operators and
L̂(t) =

p
� ex â(t) is the jump operator associated with emission into that port.

Goto et al. emphasize that any quantum state inside a linear cavity is released into a
traveling pulse in the same quantum state, with an exponentially decaying temporal
envelope set by the cavity decay [13]. This motivates the picture that the outgoing
radiation from a linear cavity can be well described by a single dominant temporal
mode.
For a KPO, the above linear-cavity intuition does not automatically apply. During
emission, the intracavity state continues to evolve under the nonlinear Kerr Hamil-
tonian, which can imprint photon-number-dependent phases and thereby distort the
state of the emitted traveling pulse [13]. Goto et al. propose to avoid this distortion
by shaping the two-photon pump amplitude p(t) during the release such that the
KPO behaves e�ectively as a linear cavity [13].
Goto et al. show that once the intracavity cat state has formed, its coherent com-
ponents j��i approximately satisfy � 2 � p=K [13]. Under external damping, �(t)
decays as �(t) = � 0e�� ex (t�t 0 )=2. If one simultaneously chooses the pump to decay
as Equation (2.38)

p(t) = p(t 0)e�� ex (t�t 0 ) ; (2.38)

then the relation �(t) 2 = p(t)=K is maintained during the release and the factor-
ized structure in Equation (2.23) implies that the photon-number-dependent phase
evolution generated by the Kerr nonlinearity is strongly suppressed while photons
leak out. As a result, the prepared intracavity cat state can be emitted into the line
with high �delity [13].
A related physical picture is given by Khanahmadi and Mølmer, who show that in
direct generation of traveling non-Gaussian states, the temporal pro�le of the drive
can determine the shape of the propagating wave packet. While their setup di�ers
from the KPO considered here, this supports the expectation that the dominant
emitted mode should be closely connected to the pump-de�ned intracavity amplitude
rather than being selected arbitrarily by the capture procedure [24]. In the present
setting, this suggests using the pro�le associated with �(t)2 = p(t)=K as a physically
motivated reference for the emitted wave packet.
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2.7 Temporal-mode decomposition and virtual-cavity
capture

This section introduces the temporal-mode framework used to characterize the radi-
ation emitted from the KPO and to extract the quantum state of a selected outgoing
wavepacket.

2.7.1 Temporal-mode decomposition and single-modality

To characterize the temporal structure of the emitted radiation from the KPO, one
can introduce the �rst-order correlation function of the output �eld, presented in
Equation (2.39)

g(1) (t; t 0) = hb̂y
out (t) b̂out (t 0)i: (2.39)

In the common case where the input is vacuum in the relevant output channel, the
output correlations reduce to Equation (2.40)

g(1) (t; t 0) = hL̂ y(t) L̂(t 0)i: (2.40)

which can be evaluated from the system dynamics, by the quantum regression the-
orem [12].
A traveling quantum �eld generally occupies a continuum of temporal degrees of
freedom. A convenient discrete description is obtained by introducing normalized
temporal mode functions v(t) on a time interval [0; T ] (chosen long enough that the
emission is essentially complete) and de�ning the associated wavepacket annihilation
operator as Equation (2.41) [12]

âv =
Z T

0
v� (t) b̂out (t)dt

Z T

0
jv(t)j 2dt = 1:

(2.41)

If the set, fv i (t)g, are orthonormal,
RT

0 v�
i (t)v j (t)dt = � ij , then the corresponding

âvi satisfy bosonic commutation relations, as presented in Equation (2.42), and
represent independent temporal modes

[âvi ; ây
vj

] = � ij

[â(y)
vi

; â(y)
vj

] = 0:
(2.42)

The mean photon number in the mode v is given by Equation (2.43)

nv = hây
vâv i

= h
Z T

0
dt

Z T

0
dt0v(t) b̂y

out (t)v
� (t 0)b̂out (t 0)i

=
Z T

0
dt

Z T

0
dt0v(t)g (1) (t; t 0)v � (t 0)

(2.43)

Kiilerich and Mølmer shows that the autocorrelation function can be rewritten in
eigenmode decomposition, presented in Equation (2.44)
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g(1) (t; t 0) =
X

i

ni v�
i (t)v i (t 0); (2.44)

where ni � 0 is the mean population (photon number) in the temporal mode vi (t)
[12]. From now on, the mode with the largest eigenvalue, (n1; v1), will be referred
to as the dominant temporal mode.
A compact measure of how close the emission is to single-mode is the modal purity,
de�ned in Equation (2.45),

� mode �
n1

P
i ni

; (2.45)

which approaches unity when nearly all emitted photons populate a single temporal
mode and decreases as the �eld becomes multimode [12].

2.7.2 Virtual-cavity capture and state diagnostics

The autocorrelation function g(1) (t; t 0) reveals the temporal mode structure and pop-
ulations of the emitted �eld, but obtaining the density matrix of a speci�c mode
requires an extended description. Kiilerich and Mølmer introduce a powerful con-
struction for this purpose, a virtual cavity placed downstream of the source and
coupled in a time-dependent way such that it absorbs a chosen outgoing temporal
mode [12].
Let's consider vi (t) to be the target mode and âvi to denote the annihilation op-
erator of the virtual cavity mode that will store the captured state. In the ideal
unidirectional setting, the virtual cavity is driven by the output of the source, but
it does not feed back into the source. The required time-dependent coupling rate is
presented in Equation (2.46)

gvi (t) = �
v�

i (t)
q Rt

0 dt0jvi (t 0)j2
; (2.46)

which ensures that the incoming wave packet is absorbed without re�ection in the
ideal limit [12].
The virtual cavity construction can be implemented by using the theory of cas-
caded quantum systems [12]. For a source system with coupling operatorL̂ s and a
downstream virtual cavity mode âvi , the combined (source 
 virtual-cavity) state,
� sv, obeys a Lindblad master equation where the cascade produces an interference
between emission from the source and absorption by the virtual cavity [12]. The
joint jump operator and Hamiltonian for the casacaded systems are presented in
Equation (2.47)

L̂ sv(t) = L̂ s + L̂ v(t)

=
p

� exâ + g �
vi

(t)â vi ;

Ĥsv(t) = Ĥs(t) + Ĥcross(t)

= Ĥs(t) +
i
p

� ex

2
(g�

vi
(t)â yâvi � g vi (t)â vi â);

(2.47)
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where the cascaded Hamiltonian cross term,̂Hcross(t), enforces unidirectional cou-
pling [12].
Solving the cascaded master equation, presented in Equation (2.48), yields the joint
density matrix � sv(t)

_�sv(t) = �i[ Ĥsv(t); � sv(t)] + D( L̂ sv(t))� sv(t): (2.48)

The quantum state stored in the virtual cavity at the end of the emission (at time
T) is then obtained by tracing out the source degrees of freedom, as Equation (2.49)
shows

� v(T ) = Tr sf� sv(T )g: (2.49)

By construction, � v(T ) is (ideally) the quantum state of the outgoing temporal mode
v(t), represented in a discrete Fock basis of the virtual cavity [12].
A useful scalar measure of the mixedness of a quantum state is the purity. For a
density operator � on a �nite-dimensional Hilbert space, the purity is de�ned as,
Trf� 2g, and satis�es 0 < Trf� 2g � 1 [26]. The upper bound Trf� 2g = 1 holds if and
only if � is a pure state (� = j i h j), whereas Trf� 2g < 1 indicates a mixed state
(� =

P
i pi j i i h i j) [26].

The purity is particularly informative when the overall state is (approximately)
pure, in that case, a reduction in Trf� 2

KPO g (equivalently Trf� 2
vg) directly re�ects

entanglement between the KPO and the virtual mode.
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3
Methods

This chapter describes the models, numerical methods, and evaluation procedures
used in the thesis. First, the full open-system model is introduced for both the Kerr-
con�nement and two-photon dissipative-con�nement cases, including the description
of the emitted �eld and its capture into a virtual cavity. Next, the parametrization
of the control pulses is presented, including the low-pass-�lter based pulse shapes for
the pump and and one-photon drive as well as the STA contribution. The chapter
then summarizes the numerical implementation, truncation choices, calibration of
pulse amplitudes to target output photon numbers, and the metrics used to quantify
�delity, mode selectivity, and state quality of the captured propagating mode.

3.1 Full system model

This section speci�es the open-system model corresponding to the full setup shown
schematically in Figure 3.1.
The system consisted of a KPO coupled to a one-dimensional output channel (trans-
mission line) which in turn was coupled to a virtual cavity. The transmission line
was treated as a Markovian bath and was traced out, resulting in a Lindblad mas-
ter equation for the reduced state of the KPO, as given in Equation (2.35). To
obtain a density-matrix description of a selected propagating temporal mode of the
emitted �eld, the model was extended by introducing a downstream virtual cavity
that absorbed the chosen mode. The virtual cavity was included explicitly as an
additional bosonic degree of freedom and was coupled to the KPO in a cascaded
(unidirectional) manner as described in Section 2.7.
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Figure 3.1: Schematic of the e�ective model used in the simulations. A Kerr-
nonlinear parametric oscillator (KPO) is driven by shaped pump pulses and emits
into a one-dimensional output channel, producing a propagating quantum state.
Dissipation is represented by Lindblad channels, wherêL s denotes coupling of the
KPO to the monitored output port (source emission into the transmission line).
In the alternative dissipative-con�nement model (where Kerr nonlinearity is set to
zero), two-photon loss is included via the channel̂L2. To obtain a density-matrix
description of a selected traveling temporal mode, a downstream virtual cavity is
introduced and coupled in a cascaded (unidirectional) manner;̂L v denotes the time-
dependent absorption channel that maps the chosen output wave packet onto the
virtual-cavity state � v(T ).

3.1.1 KPO Hamiltonian and dissipative coupling

The coherent KPO dynamics were governed by the e�ective Hamiltonian̂HKPO (t)
introduced in Equation (2.21). In addition, the model optionally included a one-
photon rotation drive Ĥ " (t) (Equation (2.28)) and a shortcut-to-adiabaticity (STA)
correction Ĥcounter (t) (Equation (2.27)). The explicit construction of the time-
dependent envelopes that entered these Hamiltonian terms is given in Section 3.2.
Coupling to the monitored output channel was treated within the Born-Markov
approximation and is described by the Lindblad master equation in Equation (2.35).
The emission into the output channel was modeled by the collapse operator in
Equation (3.1)

L̂ s =
p

� exâ; (3.1)

where �ex is the external coupling rate and â is the KPO annihilation operator.
When included, pure dephasing and one-photon loss was modeled by two additional
collapse operatorŝL � respectivelyL̂1, de�ned in Equation (3.2) respectively (3.3),

L̂ � =
p

� � âyâ; (3.2)
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corresponding to a dephasing dissipator �� D[âyâ] in the master equation, and

L̂1 =
p

� 1â; (3.3)

corresponding to a one-photon loss dissipator �1D[â] in the master equation.

3.1.2 Two-photon-loss (dissipative-con�nement) model

In addition to the Kerr-based reference model, a two-photon dissipative-con�nement
model was studied in which the Hamiltonian con�nement mechanism was replaced
by engineered two-photon loss. More speci�cally, the coherent dynamics were de-
scribed by the same time-dependent Hamiltonian contributions as in the Kerr model,
the detuning, the two-photon pump p(t), and, when enabled, the one-photon rota-
tion drive "(t), while the Kerr nonlinearity was omitted from ĤKPO (t) and the STA
contribution was instead taken to be the counterterm in Equation (2.31).
The open-system evolution was then extended with a two-photon loss collapse op-
erator, presented in Equation (3.4),

L̂2 =
p

2� 2â2; (3.4)

which corresponded to an additional dissipator 2�2D[â2] in the master equation.

3.1.3 Temporal-mode description of the emitted �eld

The emitted traveling �eld was characterized in terms of temporal modes using the
�rst-order correlation function de�ned in Equation (2.39), which, for vacuum input
in the monitored line, can be expressed in terms of the system coupling operatorL̂ s

via the input-output relation (Equation (2.37)). In the numerical implementation,
g(1) (t; t 0) was evaluated as a two-time system correlation hL̂ y

s(t) L̂ s(t 0)i on a discrete
time grid.
The temporal modes fvi (t)g and their mean photon numbers fni g were obtained by
diagonalizing the correlation kernel as introduced in Equation (2.44), with ni � 0
and vi (t) following the normalization condition in Equation (2.41). Unless otherwise
stated, the subsequent capture procedure targeted the most populated mode v1(t)
corresponding to the largest eigenvalue n1.

3.1.4 Virtual-cavity capture model

To obtain a density matrix for a selected propagating temporal mode, the source
system (KPO) was coupled to a downstream virtual cavity mode. The virtual cavity
was designed to absorb a chosen temporal mode v(t) of the outgoing �eld and thereby
map the traveling-mode state onto an intracavity state at a �nal time T (see Section
2.7).
Given a normalized target mode v(t), the mode-matched capture coupling gv(t) is
de�ned in Equation (2.46). The total Hilbert space was extended to a tensor product
of the KPO (dimension d1) and the virtual cavity (dimension d2), with virtual-mode
annihilation operator âv.
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The cascaded (unidirectional) coupling between the KPO and the virtual cavity was
implemented using the cascaded master-equation structure given in Equation (2.47)
and (2.48).
After time evolution to t = T , the density matrix of the captured mode was obtained
by tracing out the KPO subsystem (Equation 2.49). The captured photon number
was computed as presented in Equation (3.5)

Ncap = hây
vâv i t=T : (3.5)

3.1.5 Hilbert-space truncation and initial states

The KPO mode was simulated in a truncated Fock basis of dimension d1. The initial
KPO state was selected either as a Fock state jninit i or as a superposition in the
fj0i ; j1ig subspace, presented in Equation (3.6),

j (0)i =
p

p0 j0i + e i� init
p

p1 j1i ;

p0 + p 1 = 1:
(3.6)

When the virtual cavity was included, the initial state of the virtual mode was
vacuum j0iv, and the joint initial state was j (0)i 
 j0i v.

3.2 Control pulses and parametrization

This section describes how the time-dependent control pulses entering the Hamilto-
nian were constructed and how the main simulation parameters were de�ned. The
time dependence was introduced through the two-photon pump envelope p(t) in
ĤKPO (t) and, when enabled, the one-photon rotation envelope "(t) in̂H " (t). When
STA was enabled, an auxiliary envelope p0(t) appeared in Ĥcounter (t).

3.2.1 Time discretization and spline representation

All time-dependent quantities were evaluated on a uniform grid ti 2 [0; T ] with N T

points, as presented in Equation (3.7)

t i = i�t

i = 0; 1; : : : ; N T � 1

�t =
T

NT � 1
:

(3.7)

Discrete pulse samples were represented by spline interpolants to provide smooth
time dependence in the QuTiP solver. When time-rescaling was applied (see Equa-
tion (3.11) and (3.14)), spline evaluation was clamped to [0; T ] to avoid extrapola-
tion.
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3.2.2 Two-photon pump pulse p(t) of order n p

The pump envelope was generated by an npth-order low-pass �lter (LPF) cascade
driven by the input in Equation (3.8),

pin (t) = K th Ae�� ex t ; (3.8)

where A is a dimensionless pump amplitude parameter, and Kth a Kerr threshold
scale, de�ned in Subsection 3.3.1. By letting p0(t) � p in (t), one can de�ne, for
m = 1; 2; : : : ; np, Equation (3.9),

pm (t) =
Z t

0
Be�B(t�� ) pm�1 (� )d�; (3.9)

where B is the �lter bandwidth. The resulting pump envelope of order np is then
p(t; np) � p np (t).
To compare pulse shapes independently of the overall amplitude, a peak-normalized
pulse was introduced as presented in Equation (3.10),

~p(t) �
p(t)
pmax

;

pmax � max
t2[0;T ]

jp(t)j:
(3.10)

For example, if a pulse had pmax = 2:2 (in the chosen units), the normalization
corresponded to the rescaling p(t) ! p(t)=2:2, yielding maxt j~p(t)j = 1. Unless
explicitly stated otherwise, the simulations used the unnormalized pump p(t), while
normalized pulses ~p(t) are only used here for visualization. In Figure 3.2 two-photon
pump pulses of di�erent orders np are visualized.
An optional pump time scaling was introduced by Equation (3.11)

p� p (t) = p(� pt); (3.11)

where �p > 0 and with endpoint clamping of the spline evaluation as described
above.
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Figure 3.2: Two-photon pump pulse shapes generated by the npth-order LPF
model. To emphasize di�erences in temporal shape rather than overall scale,
each curve shows the peak-normalized pulse ~p(t) = p(t)=pmax de�ned in Equa-
tion (3.10), such that maxt j~p(t)j = 1. Colored curves correspond to LPF orders
np 2 f1; 2; 3; 4; 5; 6g. Unless stated otherwise, parameters are �xed to Kth = 1,
� ex = 0:2K th , B = 2:5 � ex, A = 4:45, and total duration T = 70=K th . The horizon-
tal axis is shown in dimensionless units tKth and the vertical axis as ~p(t)=Kth

3.2.3 STA auxiliary envelope p 0(t)

When the STA correction term Ĥcounter (t) was enabled, an auxiliary envelope p0(t)
was constructed from the pump shape p(t). On the discrete grid, _p(t) was approx-
imated using a �nite-di�erence gradient. Equation (2.27) was applied pointwise to
compute p0(t) while avoiding division by values near zero. Additionally, negative
values of _p(t) were suppressed by setting p0(t) = 0 whenever _p(t) < 0, such that the
STA correction primarily acted during the pump turn-on and did not introduce an
additional quadrature during the release stage.

3.2.4 One-photon rotation pulse "(t) of order n "

The one-photon rotation pulse "(t) entered the Hamiltonian viaĤ " (t) (Equation
(2.28)). The rotation pulse "(t) was generated using an independent LPF order n"

and a dimensionless input parameter "x , which de�ned the rotation-drive strength
via an L2-normalization relative to the pump pulse. First, a raw envelope "raw (t) =
p(t; n " ) was constructed using the same LPF procedure as for the two-photon pump
(Equation (3.9)), but with order n " . The raw envelope was then rescaled such that
the integrated pulse energy satis�ed Equation (3.12),

Z T

0
j"(t)j 2dt = " 2

x

Z T

0
jp(t; n p)j2dt; (3.12)

yielding Equation (3.13),
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"(t) = " x

vu
u
t

RT
0 jp(t; n p)j2dt

RT
0 j" raw (t)j 2dt

" raw (t): (3.13)

With this convention, " x = 0:1 corresponded to a one-photon drive pulse whose
integrated intensity was 1% of the two-photon pump intensity over the interval
[0; T ]. For the special case n" = n p, this construction reduced to the proportional
relation "(t) = " xp(t; np).
A separate time scaling for the rotation pulse was introduced by Equation (3.14)

" � " (t) = "(� " t); (3.14)

where � " > 0 and with spline clamping to [0; T ] under rescaling.

3.3 Numerical implementation and evaluation

This section summarizes the numerical con�guration used for time evolution and
correlation calculations. Furthermore, it outlines validation checks, and de�nes the
metrics used to evaluate emission, mode selectivity, capture and state quality.

3.3.1 Units and normalization

All simulations were performed in dimensionless units by introducing a �xed refer-
ence Kerr scale Kth as the frequency unit, which will be referred to as the threshold
Kerr scale. Times were therefore reported in units of K�1th , i.e. the dimension-
less time variable was Kth t. Unless explicitly stated otherwise, all rates and drive
amplitudes were expressed as fractions of Kth , for example �=K th , � ex=K th , and
� 2=K th .
To distinguish between the reference scale used for normalization and the Kerr
coe�cient appearing in the Hamiltonian, the Kerr coe�cient in the Hamiltonian
was denoted by Kham.

3.3.2 Default simulation parameters

The simulation time window was chosen as T = 70=Kth . The external coupling rate
was set proportional to the reference scale, �ex = 0:2K th and the LPF bandwidth
was chosen as a �xed multiple of �ex, B = 2:5� ex. Unless otherwise stated, the KPO
was initialized in vacuum in the simulations, i.e. jninit i = 0.
The KPO and virtual cavity Hilbert spaces were truncated to d1 = d 2 = 20 in
the Kerr con�nement simulations and d1 = d 2 = 14 in the two-photon dissipative
con�nement simulations. The time evolution was discretized into NT = 1000 time
steps. The detuning was parametrized as a fraction of the reference scale, � =
� fracK th , with default � frac = 0. By default, no additional dissipative channels were
enabled, i.e. �1 = 0, � 2 = 0, � � = 0. In the Kerr (Hamiltonian) con�nement model
K ham was set to the threshold value by default, i.e. Kham = K th . In the two-photon
dissipative-con�nement model, the Hamiltonian Kerr term was omitted by setting
K ham = 0, and con�nement was instead introduced via a nonzero two-photon loss
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rate � 2 > 0. Furthermore, � 2 was speci�ed as a fraction of Kth (i.e. � 2 = � 2;fracK th ).
In all simulations the Kerr threshold scale was set to Kth = 1.
The time-scaling parameters for the two-photon and one-photon drives defaulted
to unity, i.e. � p = 1, � " = 1. The shortcut-to-adiabaticity (STA) correction was
disabled by default. When enabled, an additional imaginary quadrature drive term
proportional to p0(t) was included in the Hamiltonian.

3.3.3 Time evolution and correlation calculations

Time evolution of the reduced density matrix was performed using the QuTiP master
equation solver mesolve on the time grid in Equation (3.7). The �nal joint state
� sv(T ) was stored for post-processing, whereas storing the full trajectory of density
matrices was disabled to reduce memory usage.
Two-time correlations, g(1) (t; t 0), required for the temporal-mode analysis were com-
puted using QuTiP's two-time correlation functionality. In the implementation, the
solver returned the correlation on a triangular (t; � ) domain with � = t 0 � t; the
Hermitian was constructed by enforcing g(1) (t; t 0) = [g (1) (t 0; t)] � .

3.3.4 Convergence and numerical sanity checks

The truncation dimension (d1; d2) and the time resolution NT were chosen such that
reported observables were insensitive to further increases. Convergence was assessed
by verifying negligible changes in key quantities such as hâyâi(t), hâ y

vâv i(t), mode
populations fn i g, the captured photon number Ncap, and state �delities.
Trace preservation of the Lindblad evolution and positivity of the density matrices
were provided by the master-equation solver up to numerical tolerance. Hermiticity
of the reconstructed correlation matrix was enforced explicitly by symmetrization.

3.3.5 Amplitude calibration for a target captured photon
number

In scans where a �xed captured photon number, Ncap, was desired, the pump am-
plitude A was determined by solving for the value that achieved Ncap � N out . This
was formulated as the root-�nding problem in Equation (3.15),

f (A) = N cap(A) � N out ; (3.15)

where each evaluation of Ncap(A) consisted of a full temporal-mode extraction fol-
lowed by the cascaded capture simulation. A bracketing stage was used to obtain
an interval [A lo; Ahi ] satisfying f(A lo)f (A hi ) < 0, which guaranteed (for continuous
f) that at least one root lied within the interval.
The root was then computed using Brent's method, which combines the guaranteed
convergence of bisection with the faster convergence of interpolation-based updates.
Speci�cally, Brent's method maintained a bracketing interval containing the root
and adaptively chose between a bisection step and an interpolation step. When the
interpolation step was expected to be reliable it was used to accelerate convergence;
otherwise the method fell back to bisection to preserve robustness. The procedure
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terminated when the interval width and/or the function value satis�ed speci�ed
absolute and relative tolerances, and the �nal bracket together with the achieved
value of Ncap was stored. In the implementation, the Brent solver ran with absolute
and relative tolerances xtol = 10 �6 and rtol = 10 �6 and a maximum of maxiter =
100 iterations.

3.3.6 Evaluation metrics and state-quality benchmarks

Photon-number and e�ciencies were de�ned from the pump and mode decomposi-
tion. The pump feed was de�ned as Equation (3.16)

N feed =
Z T

0
jp(t)j 2dt; (3.16)

the total emitted photon number was Nget =
P

i ni , the selected-mode population
was Ntop = n 1, and the captured photon number was Ncap (de�ned in Equation
(3.5)). From these quantities, emission, mode selectivity and capture e�ciencies
were computed according to Equation (3.17),

� emit =
Nget

N feed
;

� top =
N top

Nget
;

� cap;total =
Ncap

Nget
;

� cap;top =
Ncap

N top
;

(3.17)

with appropriate safeguards against division by zero.
To quantify the quality of the captured-mode state �v(T ), �delities with respect to
cat-qubit target families were evaluated by maximizing Equation (3.18),

F(�) = h (�)j � v(T ) j (�)i ; (3.18)

over the parameters � specifying a chosen target-state ansatz. Two target families
were considered.
First, an even/odd cat-qubit target family was considered. The ansatz state was
de�ned as Equation (2.9), with the coherent amplitude expressed in polar form
as in Equation (2.4). The �delity maximization over this family was carried out
with respect to the amplitude parameters (r; �� ) and the Bloch-sphere angles (�; ')
specifying the superposition within the fjC+ i ; jC � ig basis. The resulting maximized
�delity was denoted by Feo.
Second, an extended four-component cat ansatz was considered. The target state
was de�ned as Equation (3.19),

31



3. Methods

j extended(�; u 1; u2; u3; #; #0)i = N
�

x(j�i + j��i)

+ ye i# (j�i � j��i)

+ x 0(j�i + i j��i)

+ y 0ei# 0
(j�i � i j��i)

�

;

(3.19)

where � was de�ned according to Equation (2.4) and N was a normalization con-
stant. The nonnegative weights (x; y; x0; y0) satis�ed x 2 + y 2 + x 02+ y 02 = 1 and were
parametrized by angles u1; u2; u3 2 [0; �=2] according to Equation (3.20),

x = cos u1;

y = sin u1 cos u2;

x0 = sin u1 sin u2 cos u3;

y0 = sin u1 sin u2 sin u3:

(3.20)

For this extended ansatz, the �delity maximization was performed over the param-
eter set (r; � � ; u1; u2; u3; #; #0), and the resulting maximized �delity was denoted by
Fextended.
The maximization of Equation (3.18) was recast as a minimization problem by
optimizing the negative �delity. In both cases, this optimization was carried out
numerically using a two-stage strategy. First, a global search was performed with
SciPy's differential_evolution algorithm in order to reduce sensitivity to ini-
tial conditions and lower the risk of convergence to suboptimal local minima in the
high-dimensional parameter space of the cat-state ansatz. Second, the best param-
eter vector returned by the global stage was used to initialize a local constrained
re�nement with SciPy's minimize under bound constraints.
This combination provided a practical balance between robustness and e�ciency:
the di�erential-evolution stage enabled reliable exploration of the parameter space,
while the subsequent local re�nement improved convergence in the vicinity of the
optimum and typically produced a more accurate estimate of the maximum �delity
together with more precise best-�t parameters.
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4
Results

This chapter presents the main results of the thesis. It begins with the Kerr-
con�nement model, where the formation of intracavity cat states, optimization of
pulse-shape parameters, properties of the captured traveling mode, and the e�ects
of pulse-time and Kerr-strength scaling are investigated. The analysis then extends
to the two-photon dissipative-con�nement model in order to compare Hamiltonian
and dissipative mechanisms for generating propagating cat-qubit states. Finally,
the robustness of both approaches is examined in the presence of dephasing and
one-photon loss, with emphasis of how these noise mechanisms a�ect �delity, mode
selectivity, and purity of the captured mode.

4.1 Kerr (Hamiltonian) Con�nement

This section reports results for the Kerr-nonlinear parametric oscillator, where con-
�nement in phase space arises from the Kerr term in the Hamiltonian combined
with a two-photon pump.

4.1.1 Intracavity cat formation

The intracavity dynamics of the KPO were examined in simulations where the vir-
tual cavity and the mode-extraction procedure were omitted. In this setting, the
master equation was solved for the reduced intracavity state �KPO (t) under the same
pump pulse p(t) and STA protocol as in the full simulation pipeline, but without
performing temporal-mode decomposition or virtual-mode capture. This isolated
the intrinsic intracavity dynamics and provided a direct phase-space picture of how
the intracavity state evolved during the protocol. The purpose of this analysis was
to assess how closely the KPO follows the intended even-cat reference during the
evolution, independently of the later emission and capture stages.
The instantaneous adiabatic reference amplitude was de�ned as, �ad(t) =

q
p(t)=K,

and the state �(t) was compared to the corresponding ideal even cat state jC+ (� ad(t))i
via the �delity presented in Equation (4.1),

F cat;� ad (t) = hC + (� ad(t))j �(t) jC + (� ad(t))i : (4.1)

For the three representative pump amplitudes A = f2:5058; 3:4699; 4:4798g, cor-
responding to Nout = 2; 3; 4 (STA enabled, "x = 0), the intracavity cat �delity
exhibited a characteristic transient reduction during the early stage of the protocol,
followed by a recovery to near unity at later times. As summarized in Table 4.1,
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the depth of the transient �delity reduction increased systematically with pump
amplitude. The minimum �delity decreased from Fmin

cat;� ad
= 0:66797 for Nout = 2

to F min
cat;� ad

= 0:53404 for Nout = 4, while the corresponding recovery time shifted
slightly later. In all three cases, however, the �delity recovered and remained close
to unity at late times, with recovery times trecK th 2 [43:37; 46:74] and �nal values
F cat;� ad (T ) � 0:999992.

A, (N out ) F min
cat;� ad

tmin K th t recK th F cat;� ad (T )
2:5058, (2) 0:66797 8:55 43:37 0:999996
3:4699, (3) 0:57743 8:27 45:34 0:999994
4:4798 (4) 0:53404 7:43 46:74 0:999992

Table 4.1: Intracavity cat-formation �delity metrics extracted from KPO-only sim-
ulations (STA enabled) for three operating points corresponding to target captured
photon numbers Nout 2 f2; 3; 4g. For each pump amplitude A, the minimum �-
delity F min

cat;� ad
= min t F cat;� ad (t) is reported together with the time tmin K th at which

it occurs, and the recovery time trecK th de�ned as the �rst time after the minimum
where Fcat;� ad (t) � 0:999. The �nal-time �delity F cat;� ad (T ) quanti�es how closely
the intracavity state matches the instantaneous adiabatic cat reference at the end
of the protocol.

Photon-number diagnostics are summarized in Table 4.2. The maximum intracavity
population increased monotonically with the two-photon pump amplitude A, while
the �nal residual population remained on the order of 10�5 in all investigated cases.
The integrated occupation It likewise increased with A, re�ecting the larger transient
intracavity population associated with stronger pumping. At the same time, the
root-mean-square deviation (RMSE) with respect to the instantaneous adiabatic
prediction j� ad(t)j 2 decreased modestly over the investigated range, indicating that
the photon-number evolution remained in good overall agreement with the adiabatic
expectation.

A, (N out ) maxthayai(t) hayai(T ) I t =
RT

0 hayai(t) dt RMSE
�
hayai; j� adj2

�

2:5058, (2) 0:99724 5 � 10 �6 10:119 0:05968
3:4699, (3) 1:43072 7 � 10 �6 15:120 0:05177
4:4798, (4) 1:91428 9 � 10 �6 20:116 0:04678

Table 4.2: Intracavity photon-number and adiabatic-tracking diagnostics from
KPO-only simulations (STA enabled) for the same operating points as in Table
4.1. The maximum intracavity population over time is denoted as maxthayai(t) and
the �nal residual population is denoted as hayai(T ). The integrated population I t

summarizes the total intracavity occupation over the protocol. The RMSE quanti�es
the deviation between the simulated photon number hayai(t) and the instantaneous
adiabatic reference j�ad(t)j 2.

Figure 4.1 shows the time-resolved intracavity cat �delity and representative Wigner
snapshots for the case "x = 0 (no one-photon drive), with STA enabled and the two-
photon pump amplitude �xed to A = 2:505759, corresponding to the operating point
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optimized to yield Nout = 2. The �delity trace illustrates the same characteristic
behavior seen in Table 4.1, an initial decrease relative to the instantaneous even-
cat reference followed by a later recovery to near-unity values. The corresponding
Wigner snapshots show that the intracavity state evolves from a distribution local-
ized near the origin toward a more clearly two-lobed phase-space structure as the
protocol progresses. In the intermediate snapshots, for example around tKth = 6
and 12, two lobes begin to emerge, indicating the development of cat-like structure
in the intracavity �eld. However, the displayed Wigner plots do not show strongly
pronounced interference fringes of the type typically associated with an ideal, fully
developed Schrödinger cat state. Instead, the intracavity �eld appears as a coherent-
state-like or two-lobed distribution at the sampled times. The transient reduction
in intracavity �delity therefore suggests that, during the intermediate stage of the
protocol, the KPO �eld is not yet well described as an independent stationary cat
state. As discussed further in connection with Figure 4.2, this behavior is naturally
interpreted by considering the simultaneous build-up of correlations between the
intracavity �eld and the emitted output �eld during the release process.
To further illustrate the time-domain dynamics of the protocol, Figure 4.2 shows
representative trajectories for the case Nout = 2. The pump envelope p(t) and the
STA auxiliary term p0(t) are shown together with the instantaneous photon numbers
in the KPO and virtual mode, as well as the corresponding reduced-state purities.
The KPO population, nKPO , rises as the pump is increased and then decays as the
excitation is emitted into the output channel, while the virtual-mode population,
nv, builds up correspondingly. This provides a natural interpretation of the reduced
intracavity �delity seen in Figure 4.1, particularly around tK th � 8, at that point,
the intracavity �eld is not fully independent, but is expected to be entangled with
the emitted output �eld. The reduced intracavity state therefore need not to be
an ideal pure cat state, because part of the coherence is shared with the emitted
�eld during the release process. However, the fact that the reduced-state purities
remain close to unity throughout most of the protocol indicates that the dynamics
are still predominantly coherent, and that the observed deviations are not due to
strong mixed-state degradation.
Taken together, these results show that the transient reduction in Fcat;� ad (t) does
not correspond to a complete failure of intracavity state preparation, but rather to
a temporary deviation from the instantaneous even-cat reference during the build-
up and release of the state. The recovery to near-unity �delity in all investigated
cases indicates that, according to this quantitative metric, the STA-assisted pump
protocol keeps the KPO dynamics close to the desired even-cat manifold by late
times. At the same time, the representative Wigner snapshots for Nout = 2 do not
display the strongly pronounced interference fringes expected for an ideal stationary
cat state, and therefore do not by themselves provide direct visual evidence of a
fully developed intracavity textbook cat at the sampled times.
A natural interpretation of this apparent mismatch is that, in the present protocol,
the most relevant cat-state structure is not most clearly expressed as a stationary
intracavity state at each intermediate time, but rather as a propagating temporal-
mode state that is formed during the combined generation-and-release process. Since
the KPO is continuously coupled to the transmission line, the protocol does not �rst
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Figure 4.1: Intracavity cat formation for the Kerr (Hamiltonian-con�nement)
model. Top panel: time-resolved �delity Fcat;� ad (tK th ), where the instantaneous
adiabatic amplitude is de�ned as �ad(t) =

q
p(t)=K (real-valued in the chosen con-

vention). Bottom panel: Wigner-function snapshots W(�; t) of � KPO (t) at selected
times (indicated above each snapshot), plotted versus the complex phase-space co-
ordinate � = Re(�)+i Im(�). The one-photon drive was disabled (" x = 0), STA was
enabled and the pump amplitude was �xed to A = 2:505759, optimized to yield two
photons in the output �eld. The eight Wigner snapshots were chosen automatically
by sampling uniformly from t = 0 up to the �rst time at which the �delity returned
to within 10 �3 of unity after an initial drop.

prepare an ideal intracavity cat state and then release it in a separate step. Instead,
state generation and emission occur simultaneously. The intracavity Wigner snap-
shots therefore represent only the instantaneous residual �eld remaining in the KPO,
which can appear as coherent-state-like lobes or transient blobs without strongly pro-
nounced interference fringes, even while coherent cat-state structure is being formed
in the emitted wave packet.
A further indication of this is that the transient dip in F cat;� ad (t) follows the minima
of the reduced-state purities Trf� KPO (t) 2g and Trf� v(t) 2g, and occurs near the max-
imum of the two-photon pump pulse. This suggests that the largest deviation from
the ideal intracavity cat reference arises precisely when the protocol is most strongly
driving the combined generation-and-release dynamics, so that the intracavity state
is least well described as an isolated pure cat state.
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Figure 4.2: Full time-domain dynamics for a representative Kerr Hamiltonian-
con�nement run with N out = 2, STA enabled, LPF orders (np; n" ) = (3; 2), and " x =
0. Left axis: pump envelope p(t)=Kth and the STA auxiliary term p0(t)=K th . Right
axis: instantaneous purities of the reduced states, Trf�KPO (t) 2g and Trf� v(t) 2g,
together with the mean photon numbers nKPO (t) = ha yai(t) and n v(t) = ha y

vav i(t).

4.1.2 LPF Order optimization

The two-photon pump p(t) and one-photon rotation pulse "(t) were parameterized
using low-pass-�lter (LPF) pulse families of orders (np; n" ). These orders controlled
the smoothness and e�ective bandwidth of the applied envelopes and therefore in-
�uenced both the temporal-mode selectivity of the emission and the achievable state
�delity after capture. The purpose of this analysis was to identify LPF order pairs
that yielded a high and stable performance across the full logical-rotation interval,
rather than only at isolated operating points.
A discrete search over LPF order pairs (np; n" ) was performed for each target pho-
ton number Nout 2 f2; 3; 4; 5g. A full logical rotation from the even-cat branch
toward the odd-cat branch was realized within the interval "x 2 [0; 0:1], therfore
each candidate pair was evaluated over this full window. For each (np; n" ) and Nout ,
the even/odd cat-qubit �delity F eo(" x ) was summarized by its mean valueF eo over
" x 2 [0; 0:1]. To assess robustness over the full rotation path, the minimum �delity
F min

eo = min " x 2[0;0:1] Feo and the standard deviation �(F eo) were used as secondary
criteria.
The investigated LPF order pairs were (np; n" ) 2 f(3; 2); (3; 3); (4; 2); (4; 3); (4; 4); (4; 5)g,
and each case was simulated both with and without STA enabled. Figure 4.3 sum-
marizes the performance trends for the Kerr (Hamiltonian-con�nement) model at
Nout 2 f2; 3; 4; 5g with STA enabled. For a fuller comparison of the LPF-order
scans, including the cases with and without STA across all investigated target pho-
ton numbers, see Appendix A.1.
Across all investigated targets Nout 2 f2; 3; 4; 5g with STA enabled, the pair (np; n" ) =
(3; 2) provided the best overall performance. In each case, this order pair yielded
the highest mean �delity over the full rotation window while also maintaining a high
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Figure 4.3: LPF-order optimization and performance trends for the Kerr
(Hamiltonian-con�nement) model. For each target output photon number Nout 2
f2; 3; 4; 5g, the pair of LPF orders (np; n" ) is selected by maximizing the mean
even/odd cat-qubit �delity F eo over the scanned parameter set. In all cases STA
is enabled. The selected LPF orders are (np; n" ) = (3; 2) for N out = 2; 3; 4; 5. The
�gure includes (a) even/odd cat-qubit �delity F eo versus one-photon drive strength
" x , (b) F eo versus �tted odd weight p� , (c) �tted even weight p+ versus "x , and (d)
top-mode e�ciency � top versus "x .

worst-case �delity and a low standard deviation. The corresponding mean �delities
are presented in Equation (4.2)

F eo =

8
>>>>><

>>>>>:

0:983143; Nout = 2;

0:983578; Nout = 3;

0:984620; Nout = 4;

0:983752; Nout = 5;

(4.2)

with corresponding worst-case values presented in Equation (4.3)

F min
eo =

8
>>>>><

>>>>>:

0:961363; Nout = 2;

0:966250; Nout = 3;

0:967130; Nout = 4;

0:964387; Nout = 5:

(4.3)

The associated standard deviations remained below 1:1 � 10�2 in all cases. These
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results show that the performance is not only high on average, but also comparatively
uniform across the scanned logical-rotation interval.
In addition to state �delity, the dominant temporal-mode fraction remained high
throughout the sweep. Its mean values are presented in Equation (4.4)

� top =

8
>>>>><

>>>>>:

0:9817; Nout = 2;

0:9860; Nout = 3;

0:9891; Nout = 4;

0:9904; Nout = 5;

(4.4)

showing a slight increase with target photon number over the investigated range.
The capture e�ciency of the dominant temporal mode, �cap;top , remained essentially
unity across the sweeps, with mean values presented in Equation (4.5)

� cap;top =

8
>>>>><

>>>>>:

0:99969; Nout = 2;

0:99965; Nout = 3;

0:99963; Nout = 4;

0:99961; Nout = 5:

(4.5)

This indicates that, once the dominant mode is identi�ed, the virtual-cavity capture
itself remains essentially lossless over the full parameter sweep.
Taken together, these results indicate that relatively low-order LPF pulse families
are su�cient to achieve high-�delity cat-qubit control in the present protocol. In
particular, the fact that (n p; n" ) = (3; 2) is optimal for all investigated values of
Nout suggests that increasing the LPF order does not automatically improve perfor-
mance. Rather, the results suggest that lower-order LPF pulse families may be ad-
vantageous, possibly because higher LPF orders produce more temporally extended
pulses, which can make the state-generation and emission process less compact and
allow small deviations from the intended evolution to build up over time. The com-
bination of high �delity, low variation, high top-mode selectivity, and near-unity
dominant-mode capture further suggests that the main limitation is not the capture
stage itself, but the quality of the emitted state and its control during the rotation
process. Since the same LPF order pair performed well across all considered target
photon numbers, (np; n" ) = (3; 2) is adopted as the baseline choice in the remainder
of this chapter unless stated otherwise.
Figure 4.4 compares the baseline Kerr-model protocol without STA to the corre-
sponding protocol with the STA correction included (see Equation (2.27)). The
inclusion of STA led to a clear improvement in performance for all investigated
values of Nout . In particular, both the branch-averaged �delity and the top-mode
e�ciency increased substantially relative to the no-STA case, and the improvement
became more pronounced as Nout increased. The virtual-mode purity also remained
higher with STA enabled over the relevant branch of the sweep. This shows that
non-adiabatic e�ects remain an important source of error in the baseline protocol,
especially at larger target photon numbers, and that the STA correction plays a
central role in maintaining both state quality and mode purity during the emission-
and-capture process. A quantitative summary of the comparison between protocols
with and without STA is given in Appendix A.2.
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Figure 4.4: Comparison of STA disabled and enabled for the Kerr (Hamiltonian-
con�nement) model using the baseline LPF orders (np; n" ) = (3; 2). Columns cor-
respond to target output photon numbers Nout = 2; 3; 4, and rows show (top to
bottom): �tted even weight p+ versus normalized one-photon-drive amplitude "x ,
even/odd cat-qubit �delity F eo versus �tted odd weight p� , top-mode e�ciency � top

versus p� , and virtual-mode purity Trf� v(T )2g versus p� . The two curve sets cor-
respond to no STA and with STA enabled. For the rows plotted against p� , the
curves are truncated at an Nout - and variant-dependent cuto� in "x , chosen to retain
approximately one e�ective rotation branch.

The �nal virtual-mode states were also benchmarked against the extended target
family introduced in Subsection 3.3.6. However, no noticeable increase in �delity
was obtained compared with the even/odd target family. This indicates that the
reported �delities are not signi�cantly limited by a mismatch between the simulated
states and the restricted even/odd target ansatz, and therefore supports the use of
the simpler target family as the primary benchmark in the following analysis.
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4.1.3 Wigner functions of the captured states

To visualize how the captured virtual-mode state evolves as the e�ective logical
X-rotation is increased, Wigner functions of �v1 (T ) were plotted for representative
points along the "x sweep. The purpose of this analysis was to provide a qualita-
tive phase-space picture of how the captured state changes as the one-photon drive
moves the system along the logical rotation path. In this subsection, the Wigner
representation serves primarily as a visual complement to the quantitative cat-qubit
�t parameters and �delity measures introduced earlier.
For each Nout , eight representative points were selected such that the �tted odd
weight p� approximately spans the interval [0; 1] in near-uniform steps. This choice
makes the progression from an even-like cat state (p� � 0), through intermediate
superposition states (p� � 0:5), toward an odd-like cat state (p � � 1) directly
visible in phase space. Figures 4.5, 4.6, 4.7, and 4.8 show the resulting phase-
space distributions for Nout = 2; 3; 4; 5, with STA enabled and the optimized LPF
orders. The Wigner functions are plotted versus the complex phase-space coordinate
� = Re(�) + i Im(�).
To enable consistent visual comparison across the sweep, each state was rotated in
phase space according to � 7! R(�� )�R y(� � ) with R(� � ) = e �i� � n̂ , where �� is the
�tted coherent-state phase from the cat-qubit �t. This rotation aligns the cat axis
with the Re(�) axis and makes the change in phase-space structure across the sweep
easier to compare from panel to panel.
The Wigner plots show a systematic evolution of the captured state across the "x

sweep for all investigated values of Nout . At small �tted odd weight p � � 0, the
phase-space distributions are most similar to even-like cat con�gurations, while at
large �tted odd weight p� � 1 they approach odd-like structure. For intermediate
values, especially around p� � 0:5, the Wigner functions display states that interpo-
late between these two limiting cases. After phase alignment, the dominant phase-
space lobes remain oriented along a common axis for all four values Nout = 2; 3; 4; 5,
making the progression along the logical-rotation path visually apparent. Across
the sweep, the overall cat-like structure remains recognizable.
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Figure 4.5: Wigner functions of the captured virtual-mode state � v1 (T ) for N out =
2 using the optimized LPF orders (np; n" ) = (3; 2) and the Kerr (Hamiltonian-
con�nement) model with STA enabled. The eight panels are selected along the "x

sweep by matching approximately uniform values of the �tted odd weight p� , from
p� � 0:0 to p � � 1:0. The labels above each panel show the �tted p� and the
corresponding "x . Each state is phase-rotated before plotting so that the cat axis is
aligned with the Re(�)-axis.

Figure 4.6: Wigner functions of the captured virtual-mode state � v1 (T ) for N out =
3 using the optimized LPF orders (np; n" ) = (3; 2) and the Kerr (Hamiltonian-
con�nement) model with STA enabled. The eight panels are selected along the "x

sweep by matching approximately uniform values of the �tted odd weight p� , from
p� � 0:0 to p � � 1:0. The labels above each panel show the �tted p� and the
corresponding "x . Each state is phase-rotated before plotting so that the cat axis is
aligned with the Re(�)-axis.

These phase-space results support the interpretation that the one-photon drive pro-
duces a continuous evolution of the captured state along the intended logical mani-
fold, rather than generating only isolated endpoint states. The smooth visual change
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Figure 4.7: Wigner functions of the captured virtual-mode state � v1 (T ) for N out =
4 using the optimized LPF orders (np; n" ) = (3; 2) and the Kerr (Hamiltonian-
con�nement) model with STA enabled. The eight panels are selected along the "x

sweep by matching approximately uniform values of the �tted odd weight p� , from
p� � 0:0 to p � � 1:0. The labels above each panel show the �tted p� and the
corresponding "x . Each state is phase-rotated before plotting so that the cat axis is
aligned with the Re(�)-axis.

Figure 4.8: Wigner functions of the captured virtual-mode state � v1 (T ) for N out =
5 using the optimized LPF orders (np; n" ) = (3; 2) and the Kerr (Hamiltonian-
con�nement) model with STA enabled. The eight panels are selected along the "x

sweep by matching approximately uniform values of the �tted odd weight p� , from
p� � 0:0 to p � � 1:0. The labels above each panel show the �tted p� and the
corresponding "x . Each state is phase-rotated before plotting so that the cat axis is
aligned with the Re(�)-axis.

in the Wigner functions as p� increases is consistent with the �tted cat-qubit de-
scription and indicates that the protocol accesses a continuous family of logical states
between the even-like and odd-like limits. At the same time, the Wigner plots should
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be interpreted with appropriate caution. They provide qualitative visual evidence
of this evolution, but they do not by themselves determine how close each state is
to an ideal cat-qubit target. Taken together, the Wigner functions therefore sup-
port the conclusion that the captured states follow the intended logical rotation in a
qualitatively consistent way, while the quantitative �delity and �tted-weight metrics
remain the primary measures of performance.

4.1.4 Comparison of extracted and reference mode shapes

The virtual-cavity capture protocol is motivated by the expectation that the dom-
inant emitted temporal mode v1(t) should be closely related to the reference mode
associated with the pump-induced coherent amplitude �(t) =

q
p(t)=K. As dis-

cussed in Section 2.6, this expectation is physically motivated by the idea that when
state generation and release occur in the same process, the temporal pro�le of the
drive helps determine the shape of the propagating wave packet. The purpose of the
present analysis is therefore to test this expectation directly by comparing the dom-
inant mode extracted from the correlation-kernel diagonalization with the reference
pro�le �(t) and by quantifying their normalized overlap.
Figure 4.9 shows jv1(t)j and j�(t)j for N out = 2; 3; 4; 5 with STA enabled and the
optimized LPF orders, evaluated at representative points near p� = 0, p� = 0:5, and
p� = 1. In all displayed cases, the extracted dominant mode and the reference pro�le
agree closely. The normalized magnitudes almost completely overlap across the full
time window, both near the even-like limit, in the intermediate regime, and near
the odd-like limit of the logical-rotation sweep. The minimum overlap achieved over
the displayed points was j hv1j�i j = 0:991, indicating consistently strong agreement
between the extracted dominant temporal mode and the reference pro�le.
These results support the interpretation that the dominant emitted �eld is indeed
concentrated in a temporal mode set primarily by the pump-shaped state-generation
process inside the KPO. In this sense, the good agreement between v1(t) and �(t) is
not merely a numerical convenience of the virtual-cavity method, but is consistent
with the broader physical picture that the drive pro�le governs the shape of the
emitted wave packet. The high overlaps therefore strengthen the view that �(t)
provides a physically meaningful reference mode for the dominant output �eld. At
the same time, the small residual mismatch between v1(t) and �(t) indicates that
this identi�cation is not exact in a strict sense, but it remains an accurate practical
approximation for all cases shown here.
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Figure 4.9: Comparison between the extracted dominant output mode v1(t) and
the reference pro�le �(t) =

q
p(t)=K for the Kerr model. Both curves are L2-

normalized before plotting, and the reported overlap is jhv1j�ij after phase align-
ment. Rows correspond to Nout = 2; 3; 4; 5, and columns correspond to �tted odd
weights p� = 0; 0:5; 1 (selected as nearest available runs in the optimized LPF-order
dataset where STA is enabled).

4.1.5 Time-scaling optimization of the one-photon drive pulse

Beyond the discrete LPF-order choice, the relative time scale of the one-photon drive
pulse "(t) provides an additional continuous control parameter that can in�uence
how e�ciently a logical X-rotation is implemented before leakage and non-adiabatic
e�ects degrade the captured state. The purpose of this analysis was to determine
whether rescaling the temporal width of the one-photon drive pulse could improve
the quality of the logical rotation, and to assess how sensitive the Kerr-model per-
formance was to this additional control parameter.
The optimization results for Nout 2 f2; 3; 4; 5g with STA enabled and (np; n" ) =
(3; 2) are summarized in Figure 4.10, where the curves are grouped by the one-
photon-drive time-scaling factor �" 2 f0:7; 0:8; 0:9; 1:0; 1:1; 1:2; 1:3; 1:4; 1:5; 1:6; 1:7g.
Figure 4.10 shows that the time-scaling factor �" provides a meaningful additional
degree of freedom beyond the discrete LPF-order choice. When the full scanned in-
terval " x 2 [0; 0:10] was used as the comparison window, increasing �" systematically
improved the mean �delity and reduced the variation of Feo for Nout = 2; 3; 4 within
the explored range. The same overall trend was also seen for Nout = 5, although the
improvement there was somewhat smaller and the best-performing scanned value
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Figure 4.10: Optimization of the "-pulse time-scaling factor � " in the Kerr
(Hamiltonian-con�nement) model. STA is enabled, the LPF orders used are
(np; n" ) = (3; 2) and the two-photon pump time-scaling factor �p is set to one.
Columns show target output photon numbers Nout = 2; 3; 4; 5. Rows show (top to
bottom): �tted even weight p+ versus "x , even/odd cat-qubit �delity F eo versus odd
weight p� , top-mode e�ciency � top versus p� , and virtual-mode purity Trf� v(T )2g
versus p� . Curves are grouped by the "-pulse time-scaling �" (color). For the rows
plotted against p� , the curves are truncated at a Nout - and � " -dependent cuto� in "x

(approximately corresponding to one e�ective rotation cycle) to ensure a consistent
comparison.

shifted to � " = 1:4 rather than 1:6.
Table 4.3 compares the baseline choice �" = 1:0 with the value that maximized the
mean �delity over the full scanned "x interval. For N out = 2; 3; 4, increasing the time
scale to �" = 1:6 improved both the mean �delity and the worst-case �delity, while
for Nout = 5 the best scanned value was �" = 1:4. The mean �delity increased from
0:983143 to 0:991204 for Nout = 2, from 0:983578 to 0:989953 for Nout = 3, from
0:984620 to 0:988994 for Nout = 4, and from 0:983752 to 0:986565 for Nout = 5. The
corresponding worst-case �delity also improved in all cases. By contrast, the �delity
at the �rst balanced point p� = 0:5 changed only weakly, remaining close to 0:99 in
all cases and showing only marginal improvement or slight decrease depending on
Nout .
These results indicate that the timing of the one-photon drive is an important ad-
ditional control parameter for the Kerr-model protocol. In particular, the improve-
ment in mean �delity and worst-case �delity with increasing � " suggests that the
temporal scaling of the one-photon drive a�ects how well the logical rotation is
matched to the relevant dynamical time scales of the protocol, and thereby how ro-
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Nout � " F eo F min
eo Feo(p� = 0:5) � x (p� = 0:5)

2
1:0 0:983143 0:961363 0:987714 0:045870
1:6 0:991204 0:985398 0:989445 0:074299

3
1:0 0:983578 0:966249 0:991260 0:027544
1:6 0:989953 0:982375 0:991606 0:044584

4
1:0 0:984620 0:967129 0:992805 0:018708
1:6 0:988994 0:978550 0:992676 0:030304

5
1:0 0:983752 0:964387 0:992906 0:013659
1:4 0:986565 0:970972 0:992827 0:019076

Table 4.3: Compact comparison between the baseline time scaling �" = 1:0 used in
the main Kerr-model studies and the best-performing �" value within the scanned
set, evaluated over the full sweep "x 2 [0; 0:10]. The quantity Feo(p� = 0:5) was
evaluated at the �rst occurrence of p� = 0:5 as "x increased, using linear interpola-
tion between neighboring sampled points.

bustly the rotation can be implemented over the full sweep. At the same time, the
weak dependence of Feo(p� = 0:5) on � " shows that optimizing the full trajectory is
not equivalent to optimizing a single representative operating point. Since increas-
ing � " shortens the e�ective duration of the one-photon drive, the results further
suggest that a faster rotation pulse may better match the relevant emission-and-
capture time scale. In that case, the improved �delity could re�ect better timing of
the logical rotation relative to the state-generation and release dynamics.
In the remainder of this chapter, �" = 1:0 is retained as the baseline choice in order
to maintain a consistent parameter set across the main Kerr-model studies. This
choice should therefore be understood as a controlled reference setting rather than
the globally optimal value according to the full-sweep �delity criterion.

4.1.6 E�ect of Kerr-Term Scaling in the Hamiltonian

To separate the role of the Kerr nonlinearity as a con�nement mechanism from
parameters de�ned relative to the �xed Kerr threshold scale, the Kerr term in the
Hamiltonian was rescaled by a factor Kham=K th 2 f1; 2; 3; 4; 5; 6; 7g, while quantities
such as �ex were kept �xed in units of the reference scale Kth . The purpose of this
analysis was to determine how the protocol performance changes when the intrinsic
Kerr con�nement strength is varied independently of the remaining threshold-scaled
parameters.
Figure 4.11 shows how p+ , Feo, � top , and Trf� v(T )2g depend on Kham=K th for Nout 2
f2; 3; 4g with STA enabled and (np; n" ) = (3; 2). For the panels plotted versus p� ,
the curves are truncated to retain the �rst e�ective rotation branch of the even-to-
odd interpolation, thereby enabling a consistent comparison across Kerr scalings.
The results show that increasing the Kerr-term scaling changes not only the �delity
metrics, but also the drive conditions required to reach a comparable logical operat-
ing point. In Table 4.4, the dimensionless rotation parameter "x (p� = 0:5) decreases
systematically as Kham=K th is increased. For example, for Nout = 3, it is reduced
from 0:027547 at Kham=K th = 1 to 0:003956 at Kham=K th = 7, while for N out = 4
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Figure 4.11: E�ect of rescaling the Kerr nonlinearity in the Hamiltonian K ham for
the Kerr-con�nement model, while keeping the Kerr threshold scale Kth unchanged.
Here the Kerr term in the Hamiltonian is multiplied by K ham=K th 2 f1; : : : ; 7g, and
results are shown for Nout = 2; 3; 4 (columns), using STA and the optimized LPF
orders (np; n" ) = (3; 2). Top row: �tted even weight p + versus "x . Second row:
even/odd cat-qubit �delity F eo versus �tted odd weight p� . Third row: top-mode
e�ciency � top versus p� . Bottom row: purity of the captured virtual-mode state,
Trf� v(T )2g, versus p� . For the rows plotted against p� , the curves are truncated
at an Nout - and Kham-dependent cuto� in "x (approximately corresponding to one
e�ective rotation cycle) to ensure a consistent comparison across Kerr scalings.

it drops from 0:018717 to 0:002680. However, since "x was de�ned through the L2-
norm relation in Equation (3.12), this decrease should be interpreted as a reduction
in the required one-photon drive strength relative to the pump pulse, rather than
necessarily as a reduction in the absolute drive amplitude. Over the same parame-
ter range, the auxiliary quantities A and Nfeed increase strongly, indicating that the
pulse scale associated with the driven dynamics grows with Kerr scaling. Thus, the
data show that larger Kham=K th requires a smaller relative drive parameter "x to
reach the �rst balanced point, even though the overall pulse scale in the protocol
increases. The calibrated values of the two-photon pump amplitude A and feed
quantity N feed used in the Kerr-scaling study are listed in Appendix A.3.
In terms of �delity, the in�uence remains Nout -dependent: for Nout = 3, increasing
the Kerr scaling from 1 to 7 raises the branch-averaged �delity from 0:991013 to
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0:992469 and the worst-case �delity from 0:985701 to 0:988963, whereas for Nout = 4
the corresponding gain in branch-averaged �delity is very small, from 0:992186 to
0:992212, despite the pronounced shift toward smaller "x . For Nout = 2, the baseline
value Kham=K th = 1 remains optimal according to the branch-averaged �delity,
while larger Kerr scaling still substantially reduces the relative drive parameter at
the balanced point.

Nout K ham=K th F
(1)
eo F (1)

eo;min Feo(p� = 0:5) � x (p� = 0:5) � (1)
top

2
1.0 0.991589 0.986455 0.987732 0.045863 0.986776
6.0 0.986017 0.969728 0.988974 0.007687 0.983732

3
1.0 0.991013 0.985701 0.991278 0.027547 0.990809
7.0 0.992469 0.988963 0.992650 0.003956 0.992132

4
1.0 0.992186 0.989211 0.992720 0.018717 0.993788
7.0 0.992212 0.990881 0.992354 0.002680 0.993693

Table 4.4: Comparison between the baseline Kerr-term scaling Kham=K th = 1 and
a high-performing alternative for each Nout , evaluated on the truncated �rst-rotation
branch. For Nout = 2, the baseline value is also the best-performing one according to
the branch-averaged �delity F

(1)
eo , so the table instead shows the next-best distinct

scaling.

These results support the interpretation that the Kerr nonlinearity acts as a mean-
ingful Hamiltonian con�nement resource in the protocol. A natural interpretation
is that increasing Kham improves con�nement to the cat manifold by enlarging the
Kerr-induced energy gap, so that the driven evolution remains closer to the intended
logical subspace and requires a smaller one-photon drive relative to the two-photon
pump in order to reach the balanced point (p� = 0:5). This provides a physical ex-
planation for why the protocol becomes more drive-e�cient in the normalized sense
as the Kerr term is increased. At the same time, the modest �delity improvement in
some cases, especially for Nout = 4, shows that stronger cat-subspace con�nement
alone is not su�cient to guarantee uniformly better overall performance, which sug-
gests that other limitations, such as release dynamics or output-mode matching,
also become important once leakage out of the cat manifold has been reduced.

4.1.7 Initialization in a logical superposition state

As an additional test of the Kerr-model protocol, initial states prepared directly as
logical superpositions in the cat-qubit manifold were also considered, rather than
using vacuum initialization followed by generation of the superposition through the
applied one-photon drive. The purpose of this test was to examine whether the
protocol remained e�ective when the logical information was already present in the
initial state.
The results were found to be qualitatively stable across the scanned superposition
weights p1 2 [0; 1]. For Nout = 2; 3; 4; 5, the mean even/odd �delity remained in the
range 0:888-0:897, while the mean top-mode e�ciency �top remained in the range
0:912-0:955. The dependence on the initial superposition parameter p1 was relatively
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weak, with only a gradual decrease in �delity and capture e�ciency as p1 was in-
creased. This shows that the protocol does not rely strictly on vacuum initialization,
but can also transfer states prepared directly inside the logical cat-qubit manifold,
though with a modest performance penalty compared to the vacuum-initialized case.
A natural interpretation is that the protocol works best when the logical superpo-
sition is created gradually by the one-photon drive during the same evolution that
also emits and shapes the output �eld. When the system is initialized in vacuum,
the superposition between the logical cat-qubit components is built up continu-
ously as part of the driven emission process, so that state formation and temporal
wave-packet shaping occur in a coordinated way. By contrast, when the system
is initialized directly in a logical superposition state, this superposition structure
is already present at t = 0, and the subsequent pulse no longer creates the state
and shapes the outgoing mode in one uni�ed process. A plausible consequence is
a slightly less optimal matching between the intracavity dynamics and the target
output mode, which can explain the modest decrease in both �delity and top-mode
e�ciency as p1 is increased.
Taken together, these results indicate that direct initialization in the logical cat-qubit
manifold is fully compatible with the protocol at a qualitative level, but that the
best performance is still obtained when the superposition is generated dynamically
during the release process rather than being imposed entirely at the initial time.

4.2 Two-Photon Dissipative Con�nement

This section presents results for the two-photon dissipative-con�nement model, in
which the Kerr nonlinearity is removed from the Hamiltonian (Kham = 0) and con-
�nement of the cat manifold is instead provided by engineered two-photon loss at
rate � 2. The purpose of this analysis was to determine whether dissipative con-
�nement could reproduce the logical-rotation performance obtained in the Kerr-
con�nement model, and to compare the two approaches in terms of �delity, mode
selectivity, purity, and control requirements.
Unless stated otherwise, the pump and rotation pulses were parameterized using
LPF orders (np; n" ) = (3; 2) and STA was enabled. Figure 4.12 compares the two-
photon dissipative-con�nement model (colored curves) with �2=K th 2 f1; 2; 3; 4; 5; 6; 7g
against the Kerr-con�nement reference case, with Kham=K th = 1, (black markers)
for Nout = 2; 3; 4 while sweeping "x .
Figure 4.12 shows that the two-photon dissipative-con�nement model can achieve
captured states of comparable quality to those obtained in the Kerr reference model
over the �rst e�ective rotation branch. For all investigated values Nout = 2; 3; 4,
increasing the two-photon loss strength improved the performance of the dissipative
model, and the best-performing cases occurred at the largest or near-largest inves-
tigated values of �2=K th . The �tted odd weight varies smoothly along the displayed
branch, demonstrating that the dissipative-con�nement protocol can interpolate be-
tween predominantly even and predominantly odd cat-qubit states in the captured
mode. The corresponding �delities, top-mode e�ciencies, and virtual-mode purities
remain high throughout the displayed branch, showing that the emitted radiation
is still concentrated predominantly into a single capturable temporal mode.
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Figure 4.12: Comparison of two-photon dissipative con�nement (colored curves)
and the Kerr reference model (black diamonds) for Nout = 2; 3; 4 (columns), with
LPF orders (np; n" ) = (3; 2) and STA enabled. The dissipative-con�nement results
are shown for several two-photon loss strengths �2=K th (legend). Top row: �tted
even weight p+ versus drive strength "x . Second row: even/odd cat-qubit �delity Feo

versus �tted odd weight p� . Third row: top-mode e�ciency � top versus p� . Bottom
row: purity of the captured virtual-mode state, Trf� v(T )2g, versus p� . For the rows
plotted against p� , the curves are truncated using model- and parameter-dependent
cuto�s in " x (approximately corresponding to one e�ective rotation cycle), in order
to compare the same branch of the even-to-odd interpolation across di�erent �2=K th

values and against the Kerr reference.

Table 4.5 compares the Kerr reference model with the best-performing two-photon
dissipative-con�nement setting for each Nout , ranked by the branch-averaged �delity
on the truncated low-"x branch used in Figure 4.12. For Nout = 2 and 3, the
Kerr reference model retains a clear advantage in branch-averaged �delity, with
F

(1)
eo = 0:991589 and 0:991013, compared with 0:980863 and 0:988249 for the best

dissipative-con�nement cases. For Nout = 4, however, the best two-photon-loss
setting slightly outperforms the Kerr reference in both branch-averaged �delity and
balanced-point �delity, reaching F

(1)
eo = 0:993146 and Feo(p� = 0:5) = 0:993535.

Across all three values of Nout , the two-photon-loss model reaches the �rst balanced
point at substantially smaller values of "x than the Kerr reference model.
A further distinction between the Kerr model and the two-photon-loss model ap-
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Nout Model � 2=K th F
(1)
eo F (1)

eo;min Feo(p� = 0:5) " x (p� = 0:5) � (1)
top

2
Kerr � 0.991589 0.986455 0.987732 0.045863 0.986776

2ph loss 7.0 0.980863 0.949958 0.984875 0.004623 0.981746

3
Kerr � 0.991013 0.985701 0.991278 0.027547 0.990809

2ph loss 7.0 0.988249 0.976933 0.990768 0.002773 0.991477

4
Kerr � 0.992186 0.989211 0.992720 0.018717 0.993788

2ph loss 6.0 0.993146 0.989067 0.993535 0.002209 0.996243

Table 4.5: Comparison between the Kerr-con�nement reference model (denoted as
Kerr) and the best-performing two-photon dissipative-con�nement setting (denoted
as 2ph loss) for each Nout , where the dissipative case is ranked by the branch-
averaged �delity F

(1)
eo . All averages and minima are computed on the same truncated

low-"x branch used in Figure 4.12. The quantity Feo(p� = 0:5) was evaluated at the
�rst occurrence of p� = 0:5 as "x increased.

pears in the pump strength required to achieve a given output photon number. While
comparable �delities can be obtained in both models, the optimized two-photon-loss
branches require substantially larger values of both the �tted pump amplitude A
and the pump quantity Nfeed. In terms of branch-averaged values, Nfeed is larger
by factors of approximately 193, 194, and 143 for Nout = 2; 3; 4, respectively, while
the corresponding factors for A are about 13:9, 13:9, and 12:0. More speci�cally,
for Nout = 2; 3; 4, the branch-averaged values of Nfeed are 7:92, 15:88, and 26:67 for
the Kerr model, compared with 1530:89, 3076:51, and 3826:18 for the two-photon-
loss model. The corresponding mean pump amplitudes are 2:44, 3:45, and 4:48 in
the Kerr case, and 33:90, 48:08, and 53:62 in the two-photon-loss case. The corre-
sponding calibration data for the two-photon-loss model are collected in Appendix
A.4.
Taken together, these results show that engineered two-photon dissipation can serve
as an e�ective alternative con�nement mechanism for cat-qubit generation and ro-
tation. In particular, su�ciently strong two-photon loss rate allows the dissipative-
con�nement model to approach, and in the Nout = 4 case slightly exceed, the Kerr
reference on the truncated �rst-rotation branch.
A plausible interpretation is that the reduced �delity in the two-photon dissipative-
con�nement model is connected to the fact that the logical X-rotation is performed
in the presence of an active dissipative con�nement process. The state is therefore
not evolving under a purely coherent Hamiltonian rotation alone, but under a driven
open-system dynamics in which the two-photon dissipation continuously stabilizes
the cat manifold. This can make the e�ective logical evolution less ideal and more
sensitive to phase errors than in the Kerr-con�ned case.
The smaller values of "x (p� = 0:5) in the dissipative model should not be interpreted
as showing that the absolute one-photon drive is weaker. Rather, because "x was
de�ned through an L2-normalized intensity relation relative to the two-photon pump
pulse, the comparison shows that the dissipative model reaches the balanced point
with a smaller normalized one-photon drive fraction, while simultaneously requiring
much larger two-photon pump amplitudes and much larger injected two-photon
pump strength. The two con�nement mechanisms therefore di�er not only in how
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the cat manifold is stabilized, but also in the control resources required to realize a
given logical operation. Overall, the two-photon-loss model demonstrates that high-
quality logical rotation and good dominant-mode capture is not unique to Kerr
con�nement, but the large increase in two-photon pump requirements shows that
this alternative operates in a substantially di�erent control regime.

4.3 Noise Robustness: One-Photon Loss and De-
phasing

This section evaluates the robustness of the emitted-and-captured cat-qubit states
against two common noise channels: pure dephasing and one-photon loss. Both
channels were applied to the source oscillator during the protocol, and their impact
is quanti�ed on the captured virtual-mode state �v(T ) using the same �nal-state
benchmarks as in the noiseless sections. Detailed numerical values are listen in
Appendix A.5.

4.3.1 Noise e�ects in the Kerr (Hamiltonian-con�nement)
model

The purpose of this analysis was to evaluate how sensitive the Kerr (Hamiltonian-
con�nement) protocol was to two common noise channels, namely pure dephasing
and one-photon loss, and to assess whether simple pulse retuning could partially
compensate for the resulting degradation. In particular, the study examined how
these noise processes a�ected the logical rotation trajectory, the cat-qubit �delity,
the dominant-mode selectivity, and the purity of the captured virtual-mode state.
Figure 4.13 summarizes the e�ect of pure dephasing for Nout = 2; 3; 4; 5. For each
dephasing strength, �� 2 f0:0050� ex; 0:0075�ex; 0:0100�exg, the �gure reports the
resulting �delity, top-mode e�ciency, and purity along the even-to-odd interpola-
tion. In addition, the e�ect of the two-photon pump time-scaling factor � p was
investigated as a simple compensation mechanism under dephasing noise. A sweep
over � p 2 f0:7; 0:9; 1:0; 1:1; 1:3g was performed, and for each (Nout ; � � ) the best-
performing � p was selected according to the mean Feo over the scanned "x values and
plotted together with the corresponding baseline curve �p = 1:0. For Nout = 2; 3; 4,
the largest increase in mean �delity was obtained for �p = 1:1 for all investigated de-
phasing strengths, whereas for Nout = 5 the corresponding best value was �p = 0:9.
The dephasing results show a systematic degradation of performance as �� increases.
For all investigated values of Nout , increasing dephasing lowers the cat-qubit �delity
and the virtual-mode purity along the �rst rotation branch, while the dominant-
mode e�ciency remains comparatively less a�ected. The �tted interpolation from
even-like to odd-like states remains visible, but the corresponding states become
progressively less pure and less faithful to the ideal cat-qubit targets as the dephasing
rate is increased. The additional sweep over �p shows that modest retuning of the
pump time scale can partially mitigate this degradation, although the improvement
is small. For Nout = 2 and 3, the selected value �p = 1:1 yields a slight increase
in mean �delity and balanced-point �delity (F eo(p� = 0:5)) relative to the baseline.
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Figure 4.13: Dephasing e�ects in the Kerr (Hamiltonian-con�nement) model for
Nout = 2; 3; 4; 5 (columns), shown for STA enabled and LPF orders (np; n" ) = (3; 2),
and �xed "-pulse time scaling � " = 1:0. Rows show (top to bottom): �tted
even weight p+ versus drive strength "x , even/odd cat-qubit �delity F eo versus
�tted odd weight p � , top-mode e�ciency � top versus p� , and virtual-mode pu-
rity Trf� v(T )2g versus p� . Marker shape denotes the dephasing strength �� (here
� � = 0:5%; 0:75%; 1% of �ex), while color denotes the pump time-scaling factor �p.
The plotted dataset combines a baseline set with �p = 1:0 and, for each (Nout ; � � ),
the best-performing �p selected from the �p sweep according to the mean Feo over
the "x sweep. For the rows plotted against p� , the curves are truncated using Nout -
and � p-dependent cuto�s in "x to retain the �rst (one-rotation) branch of the even-
to-odd interpolation.

For Nout = 4, the improvement is negligible, and for Nout = 5 the selected value
� p = 0:9 slightly changes the performance but does not produce a clear gain on
the truncated branch. This indicates that simple pump retuning can provide only
limited compensation for dephasing-induced errors.
Figure 4.14 shows the corresponding trends for one-photon loss strengths �1 2
f0:0050� ex; 0:0075�ex; 0:0100�exg. As in the dephasing case, the results are pre-
sented along the �rst rotation branch to enable a consistent comparison across Nout

and � 1.
The one-photon-loss results show a similarly systematic degradation with increasing
� 1. For all investigated values of Nout , increasing one-photon loss reduces the branch-
averaged �delity, the worst-case �delity, and the �delity at the balanced point. The
e�ect is especially clear in the purity and �delity curves, which shift downward as
� 1 increases. By contrast, the top-mode e�ciency remains very high and changes
only weakly over the explored loss range. The position of the �rst balanced point,
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Figure 4.14: One-photon loss e�ects in the Kerr (Hamiltonian-con�nement) model
for Nout = 2; 3; 4; 5 (columns), shown for STA, LPF orders (np; n" ) = (3; 2), and �xed
pulse time scalings �p = � " = 1:0. Rows show (top to bottom): �tted even weight p+

versus drive strength "x , even/odd cat-qubit �delity F eo versus �tted odd weight p� ,
top-mode e�ciency � top versus p� , and virtual-mode purity Trf� v(T )2g versus p� .
Marker shape denotes the one-photon loss rate �1 (here � 1 = 0:5%; 0:75%; 1% of
� ex in the plotted sweep). For the rows plotted against p� , the curves are truncated
using Nout -dependent cuto�s in "x to retain the �rst (one-rotation) branch of the
even-to-odd interpolation.

as measured by "x (p� = 0:5), also remains nearly unchanged, indicating that one-
photon loss primarily degrades the quality of the state reached along the logical
trajectory rather than strongly altering the location of the trajectory itself in drive
space.
Taken together, these results show that the Kerr-con�nement protocol is meaning-
fully a�ected by both pure dephasing and one-photon loss, although the two noise
channels in�uence the protocol in somewhat di�erent ways. In the dephasing case,
increasing �� reduces not only the cat-qubit �delity and the virtual-mode purity, but
also the dominant-mode e�ciency, indicating that dephasing degrades both the co-
herence of the captured state and the concentration of the emitted �eld into a single
dominant temporal mode. By contrast, for the investigated range of one-photon loss,
the reduction is most clearly seen in the state �delity and purity, while the top-mode
e�ciency remains comparatively stable. This suggests that one-photon loss primar-
ily degrades the quality of the encoded state along the logical trajectory, whereas
dephasing has a broader impact that also weakens temporal-mode selectivity. The
limited improvement obtained by retuning � p under dephasing further indicates that
these noise e�ects cannot be fully compensated by simple pulse-scaling adjustments.
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Overall, the results show that the Kerr-model protocol remains qualitatively func-
tional under weak noise, but that its achievable performance is ultimately limited
by noise-induced degradation of state coherence and, in the case of dephasing, also
of mode quality.

4.3.2 Noise e�ects in the two-photon-loss (dissipative-con�nement)
model

The purpose of this analysis was to evaluate how sensitive the two-photon-loss
(dissipative-con�nement) model was to pure dephasing and one-photon loss, and
to assess whether the response to these noise channels depended on the strength
of the engineered two-photon con�nement. In particular, the study compared the
noise sensitivity of the dissipative model at �xed �2=K th = 1 and � 2=K th = 3, and
examined how the resulting degradation appeared in the logical rotation trajectory,
the cat-qubit �delity, the dominant-mode e�ciency, and the purity of the captured
virtual-mode state.
Figures 4.15 and 4.16 show the dephasing results for the two-photon-loss model
at �xed � 2=K th = 1 and � 2=K th = 3, respectively, for Nout = 2; 3; 4 and dephas-
ing strengths � � 2 f0:0050� ex; 0:0075�ex; 0:0100�ex; 0:0200�ex; 0:0300�exg. As in the
Kerr-model dephasing study, a sweep of �p 2 f0:7; 0:9; 1:0; 1:1; 1:3g was performed
and, for each (Nout ; � � ), the best-performing value was selected according to the
mean Feo over the full scanned "x interval. For all investigated Nout = 2; 3; 4 and all
considered dephasing strengths, this full-sweep optimization selected �p = 0:7 in the
� 2=K th = 1 case and �p = 1:3 in the � 2=K th = 3 case. In each �gure, the selected
curve is plotted together with the corresponding baseline curve at �p = 1:0.
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