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Using machine learning to improve a column generation framework for a
tail assignment optimizer

Lukas Enarsson and Karthikeyan Jeganathan
Department of Mathematical Sciences
Chalmers University of Technology and University of Gothenburg

Abstract

While the research effort spent on algorithms for solving optimization problems
appearing in an airline industry is vast, the use of machine learning for improv-
ing these algorithms is a new and under-explored topic. A popular and widely
researched problem in the airline industry is the tail assignment problem. This
problem aims to assign a set of aircrafts to a set of flights such that constraints
like pre-planned maintenance activities, destination restrictions, curfews and turn
time rules are respected and some objective function like fuel costs or robustness is
optimized to get a schedule for an airline. At Jeppesen Systems, the tail assignment
problem is solved using a column generation framework which uses a subgradient
optimizer to solve the Lagrangean dual problem. In this thesis, machine learning is
being used to determine whether to start each iteration of the column generation
framework from the previous iteration solution (warm start) or from scratch/origin
(cold start). The choice of starting procedure has a significant effect on the solution
time and overall quality of the solution. The problem is investigated by proposing
predefined strategies with different types of starts which can be used to solve a tail
assignment problem. After studying the performance of the strategies, it turned out
that some of them perform better than the current heuristic employed at Jeppesen
Systems for certain problem instances, implying that the machine learning model
could improve the column generation framework. Five supervised learning models
were then implemented to learn the patterns for selecting the right strategy for a
given tail assignment problem instance. The implemented models were then eval-
uated against a baseline model using accuracy and F)-score as evaluation metrics.
The results from the analysis of the models suggest that all the selected features of a
problem instance allow four of the five models to perform better than just randomly
guessing the strategy. In the future, the models can be improved by developing
models on a larger data set with more problem instances, having more diverse, dy-
namic strategies and by analyzing the effect of the choice of input features for each
tail assignment problem.

Keywords: tail assignment, column generation, subgradient optimization, airline
optimization, aircraft routing, shortest path problem, machine learning, supervised
learning, classification.
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1

Introduction

This chapter presents an overview of the problem that this thesis aims to solve.

1.1 Background

An important optimization problem in the airline industry is the tail assignment
problem (TAP) [1]. This thesis will mainly focus on the tail assignment problem
and has been done in collaboration with Jeppesen Systems. Jeppesen Systems offers
flight planning products, operations planning tools and provide software solutions
in airline industry. When planning the routes of aircraft for a given set of flights,
each flight is first assigned to a particular aircraft type by solving what is known
as the fleet assignment problem. After assigning the flights to aircraft types, each
individual aircraft is assigned to a subset of the flights while minimizing some objec-
tive and considering certain constraints. This is the tail assignment problem which
Jeppesen Systems usually solves separately for each unique aircraft type. The con-
straints that are usually considered include those of respecting flight maintenance
and flight time, but other constraints can also be included. With the help of tail
assignment, one can improve aircraft utilization by factoring in crew connections,
maintenance, fuel usage, operational costs, and constraints for each aircraft in the
fleet. By optimizing the objective, one can fly more before maintenance checks and
align maintenance cycles to reduce the fleet maintenance costs.

At Jeppesen Systems, the tail assignment problem is formulated using a Dantzig—
Wolfe reformulation [2] where the flight routes and the decision of leaving a flight
unassigned are used as decision variables which helps in modelling constraints like
regular maintenance, noise limitations, and the time needed between two flights.
The major drawback of having flight routes as decision variables is that the number
of variables in the problem grows exponentially with the number of flights. The tail
assignment problem is solved using a column generation framework [3] which gen-
erates aircraft schedules. This helps in efficiently planning the available resources
in an airline company. Also in case of disruptions, it can be rescheduled with less
additional cost.

The column generation framework is solved by starting with an initial restricted
master problem (RMP) formulated by leaving every flight unassigned [1]. After
finding an optimal solution to the dual problem of the RMP, the dual values are
used to generate potentially improving routes which are added to the restricted mas-
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ter problem. The updated RMP is then resolved and the process repeats until no
improving routes can be found. The dual solution of the RMP itself is found by
using subgradient optimization, since the RMP will be hard to solve optimally.

One step in the subgradient algorithm is to decide whether we let the initial dual
solution be the dual solution from the previous restricted master problem (warm
start) or if it should be the origin (cold start). Currently, a heuristic is employed at
Jeppesen Systems to identify whether to use warm start or cold start when solving
the current restricted master problem using this subgradient algorithm.

However, it has been found that this heuristic does not always seem to suggest a
good choice. Therefore, an interesting question is if it is possible to improve the
decision of using warm start or cold start by using machine learning.

1.2 Aim

The aim of this thesis is to investigate the possibility of using machine learning to
decide whether warm start or cold start should be used while solving the restricted
master problem in each iteration of the column generation framework for the tail
assignment problem in order to improve the solution quality and the running time.

1.3 Limitations

During this thesis, the ethical aspects will not be taken into consideration as all the
work is done with already collected test data of flights by Jeppesen Systems. The
investigation of the tail assignment problem will not affect any real life solutions of
the tail assignment problem until it is found that the solution quality and running
time of the column generation framework improves, and the machine learning algo-
rithm is implemented in the current framework.

Instead of selecting between warm start and cold start at every iteration, a decision
on the strategy of how to select the starts is made before starting the column gen-
eration framework. While considering the time available for this thesis, only a few
predefined strategies with various combinations of warm start and cold start which
could potentially improve the solution quality will be used and decided between.
This thesis will only revolve around improving the selection of warm start and cold
start and will not be concerned about improving the performance of any other part
of the subgradient optimizer or any other component of the overall Tail Assign-
ment algorithm. With many machine learning algorithms available in usage, only
five algorithms, namely decision tree, random forest, Naive Bayes, Support Vector
Machine, and artificial neural networks will be investigated in this thesis.
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1.4 Research questions

o Is it possible that only using warm start or only using cold start is a better
strategy than the current heuristic?

o Could a choice between a set of predefined strategies based on the input char-
acteristics of the problem before the first iteration of the column generation al-
gorithm work by predicting a strategy from a trained machine learning model?

e Do the proposed strategies perform better than the current heuristic?

o Which ML model works the best for improving the subgradient optimizer?

1.5 Thesis outline

Chapter 2 is dedicated to some of the optimization theory behind Jeppesen Systems’
tail assignment solver and the machine learning theory that is used during the rest of
this thesis. Chapter 3 contains the various methods used in this thesis and Chapter
4 contains the results of the methods. Finally, the thesis is concluded in Chapter 5
with discussions and a conclusion.
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Theory

In the following sections, the main theory that is used for the rest of the thesis will
be presented.

2.1 Tail assignment problem

Within the airline industry, an important aspect is to plan what aircraft to use on
each flight. According to Gronkvist [1], planning consists of three different steps.
The first step of planning is to determine when flights will occur and at what air-
ports. After that, aircraft types are assigned to each flight and the crew is planned
according to the types of aircraft that are assigned to the flights. The final step of
planning is to assign an individual aircraft to each flight, which is known as aircraft
assignment, which looks very different for each airline. Gronkvist describes the tail
assignment problem as a specific approach of aircraft assignment [1]. In this ap-
proach, the aircraft are assigned to the flights such that constraints applying to all
aircraft as well as individual aircraft, e.g., maintenance and restrictions during flight
are fulfilled while minimizing some objective function. The aircraft are assigned over
a fixed period of time. The purpose of this is to be able to handle a large variety of
constraints and objectives that occur during planning.

Some of the constraints that may occur as part of the TAP are described both by
Gronkvist [1] and by Fuentes, et al. [4] and include maintenance activities for generic
and individual aircraft, noise limitations preventing aircraft from being operated at
some airports at certain times, or considering the time that it takes to switch crews
between arrival to and departure from an airport. An example of an objective that
can be optimized is one that encourages aircraft to stay at airports between flights
and maintenance for either a long time or a short time so that they are either used
well, or can be used between planned activities if an unexpected event occurs [4].

2.1.1 Formulating the tail assignment problem

The most intuitive way of formulating the tail assignment problem would be to for-
mulate it as an integer multi-commodity network flow problem [5] with maintenance
constraints on the path with each arc contributing to the objective. However, [1]
instead formulates the TAP by using path-flows, in order to combine the constraints
of individual aircraft into the decision variables. This means that entire flight routes
become the variables. This can be considered as a form of Dantzig—Wolfe decompo-
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sition [2]. Let R denote the set of possible individual aircraft routes with respect to
the individual constraints and let x, = 1 if route r € R is used and z, = 0 otherwise.
Let ¢, be the cost of using route » € R. While planning the various flights, only
one aircraft should be used for each flight, meaning that only one route can include
a given flight. Let F denote the set of all flights and other activities, and define
ay, to be one if the route r € R covers activity f € F and zero otherwise. Then
the constraint making sure that each activity is included in exactly one of the used
routes, can be formulated as > .. ar,x, = 1 for every activity f € F. It is also
possible to leave an activity unassigned if routes that cover a single activity each at
a high cost are added to R. The formulation of the problem is then:

Z=min Y ¢, (2.1a)
reR

st Y apa =1, fewrF, (2.1b)
reR

z, € {0,1}, reR. (2.1¢)

As the decision variables cover all the constraints for individual aircraft implicitly,
the number of explicit constraints are linear with respect to the number of activi-
ties. However, the number of variables is exponential with respect to the number of
activities and connections between activities, and the problem is a set partitioning
problem, which is NP-Hard [1].

2.2 Lagrangean relaxation

As the optimization problem formulated in Equation (2.1) is a large-scale optimiza-
tion problem, techniques which are used in optimization at a large scale are needed.
One of these techniques include Lagrangean relaxation, where the idea is to relax
some complicating constraints and add them as penalized terms in the objective
function. In the following subsection some general theory and description regarding
Lagrangean relaxation is presented (see [6]).

2.2.1 Lagrangean relaxation for linear programs

Consider a general linear program (LP) [7]:

z* =minc’x, (2.2a)
s.t.Ax > b, (2.2b)
re X, (2.2¢)

where x,c € R", b € R™, A € R™"™ and the set X C R" is polyhedral, nonempty
and bounded. Assume also that the set {x € X : Ax > b} is nonempty, which

6
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since X is bounded implies that there exists an optimal solution to the problem. The
problem is created in such a way that it would be easier to solve if the constraints
Ax > b were removed.

In order to make the problem simpler, the constraints (2.2b) are relaxed by giving a
cost to violations of the constraint instead of requiring the constraint to be satisfied.
For this purpose, define the Lagrangean function £ : R™ x R™ — R as [8]:

L(x,u) = c’'x +u’ (b - Ax). (2.3)

Note that in the case when u € R}, the minimization of £(x,u) with respect to
x € X is a relaxation of the original LP.

The minimization of the Lagrangean function w.r.t. x allows the definition of the
Lagrangean dual function [7]:

h(u) = min £(x,u) = b'u + min(c — ATu)"x. (2.4)

xXEX xXEX

The inner minimization problem minyey(c — ATu)?x is called the Lagrangean sub-
problem [8]. Denote the optimal set of the Lagrangean subproblem for a given
u € R™ as X(u). The Lagrangean dual function provides some useful properties
that can be used to find solutions to the original LP. One such property is that for
any u € R and x € & such that Ax > b, it holds that:

h(u) < c'x. (2.5)
This property is known as weak duality [7]. Weak duality implies that every value of
the Lagrangean dual function, for non-negative values of the multipliers u, provides
a lower bound on the objective value. Thus, it is of interest to try to maximize
this function to get the best possible lower bound, leading to the definition of the
Lagrangean dual problem to find:

h* = l?el%)é h(u). (2.6)
As the original optimization problem is linear and as such is convex, strong duality
holds for the problem, where h* = 2*, though if the problem is non-convex, the
duality gap z* — h* > 0 can be non-zero [7]. Another property of the Lagrangean
dual function is that it is concave, implying that the Lagrangean dual problem is
always a convex problem [7], suggesting that it is relatively easy to solve, provided
that evaluating h(u) is easy.

There exists conditions on the optimal solution that makes it easy to check if a given
primal-dual pair x and u is optimal in the primal and dual problem, respectively.
Provided that there is no duality gap, the pair x* and u* is optimal in the primal
and dual problem if and only if x* € X, Ax* > b, u* € R, and (u*)"(b—Ax*) =0
[6]. In other words, x* and u* have to be primal and dual feasible, respectively, and
they have to satisfy what is known as complementary slackness.
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2.2.2 Subgradient optimization

One method of solving the Lagrangean dual problem is called subgradient optimiza-
tion, an inner point method that relies on the subgradient of the Lagrangean dual
function. A subgradient of a concave function h at u € R™ is defined as any vector
v € R™ where:

h(v) < h(u) +77 (v — ), (2.7)

holds for all v € RY'. The set of all subgradients at the point u is known as the
subdifferential and is denoted as dh(u) [9]. There is a proposition [9], Prop. 6.20,
that states that for convex problems like problem (2.2), the subdifferential of the
corresponding Lagrangean dual function, as defined in (2.4), is equal to the convex
combination of the points Ax — b where x € X (u). It can be shown that if there
is ay € Oh(u) where v < 0, u’y = 0, and u > 0 then u is the optimal dual point [8].

Subgradient optimization starts at a point uy € R’ and then searches for a new
dual point in the direction of a subgradient, as it always points no more than 90
degrees away from the direction towards an optimal solution [6], thus it will always
move closer to an optimal solution. In other words, u is updated with the formula:

U1 = [ui —+ C(i(AX — b)]RT’ (28)

where ; are the step lengths and [V}RT is the projection of v.€ R™ onto the set R
These updates occur until u is optimal in the dual problem or when the subgradient
is small enough. Given that lim; ..o a; = 0, 332, a; = oo and 332, a? < oo, the
iterative scheme in (2.8) will converge to the optimal solution of h(u) [10]. The choice
of the initial point uy affects how fast the subgradient optimization converges, which

will be important when solving the tail assignment problem.

2.3 Column generation

This section provides an overview on column generation [3], a method used to solve
linear programs with a large number of variables.

2.3.1 Dantzig—Wolfe decomposition and the master prob-
lem

In Section 2.1.1, it was mentioned that Dantzig—Wolfe decomposition was the basis
for the formulation of the tail assignment problem. To explain what Dantzig—Wolfe
decomposition is, consider the linear program (2.2). The set X can be redefined as
a convex combination of its extreme points x,, for each p in the index set P [7] [9].
The variables may be rewritten as x = 3° p X,\,, where A, > 0 for all p € P and
> pep Ap = 1. Substitute ¢ and A for ¢, = {c"x,} and a’, = {Ax,} for each p € P.
This gives us the Dantzig—Wolfe decomposition of the original problem, which is
known as the master problem (MP) [3]:
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Z¥=min Y A, (2.9a)
peEP
st Y a',A\, >b, (2.9b)
peEP
Yo =1, (2.9¢)
peEP
Ap >0, peP. (2.9d)

2.3.2 The restricted master problem and pricing problem

As the size of the set P is likely to be exponential compared to the number of
variables in the original problem, solving (2.9) is going to be very hard. This is
mitigated by first solving the problem while only considering the variables in a
subset of extreme points P’ C P, add variables to P’ that can improve the solution,
solve it again with the new variables and repeat until the optimal solution is found.
Through this, the restricted master problem (RMP) is defined as:

28 < Zpyp =min Y A, (2.10a)
peP’
st Y a',\, > b, (2.10D)
peP’
=1, (2.10c)
peEP!
AN >0, pePl (2.10d)

Once the RMP has been solved, let z},,p be the optimal value of the RMP for the
primal solution Xpy,p = > ,cp XpAp and let 7 and ¢ be the optimal dual values
corresponding to the constraints (2.10b) and (2.10c), respectively. After this, the
duals are used to find the point in X with the minimum reduced cost. This is also
known as the pricing problem [11]:

¢ =min{(c” — 7T A)x — ¢} (2.11)

zeX
Let x,; be the solution to the pricing problem. Note that x, will be an extreme
point to X, since the pricing problem is still linear like the original master problem.
If ¢* < 0, then adding the extreme point p’ = x,; to P’ will improve the objective
value of the master problem, so the cost c;, and the column a’y is calculated and
the variable )\, is added to the RMP. The RMP is then solved again to find more
improving extreme points. If ¢* > 0, no extreme point will improve the solution, so
the optimal solution to the master problem is x%,,p with objective value z5,,p = 2*.

2.4 Column generation applied to the tail assign-
ment problem

In this section, the application of column generation to the tail assignment problem
is presented, which also provides an explanation of the warm start and cold start

9
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that will be controlled by machine learning later in the thesis.

The tail assignment problem as formulated in (2.1) is a binary linear optimization
problem with an exponential number of variables. The solution method used at
Jeppesen Systems is called linear optimization branch-and-price [11]. In this method,
the binary requirements are first relaxed, turning the TAP into the linear program:

Z*=min Y _ ¢, (2.12a)
reR

st> apx, =1, f€eF, (2.12Db)
reR

0<z, <1, reR. (2.12¢)

This LP is then solved using column generation. To provide a set of initial extreme
points for the first restricted master problem, the extreme point corresponding to
using all decision variables in R that correspond to leaving activities unassigned,
as mentioned in Section 2.1.1 is added. The RMP is then solved using subgradient
optimization to get a dual solution 7 for the pricing problem, corresponding to the
constraints (2.12b). An example of using subgradient optimization along with col-
umn generation can be seen in [12].

When using subgradient optimization, the constraints (2.12b) are relaxed and an
initial feasible solution in the dual space is selected. One initial solution that will
always work is the origin. Using the origin as an initial solution will be called using
cold start. Another possible initial solution that can be used after solving the RMP
and having to re-solve it with more columns is the optimal dual solution from the
previous RMP. Using this initial solution is known as using warm start.

The pricing problem can be interpreted as finding some new route that has a minimal
reduced cost with respect to the dual vector m = {7s}scr. The total reduced cost
of a route is then:

Cr = Cp — Z ap, Ty (2.13)

fer

Since ay, is only equal to one if activity f is in route r, define the set F, to be
the subset of activities encountered during route r. Then 3 cray,mp = X per, 7y
Under the assumption that the cost of a route ¢, is the sum of the costs d; of each
activity f € F within the route, this turns the reduced cost of a route r into:

&= Y (dy —my). (2.14)

feF:
This means that if the connections between activities are known, the pricing prob-
lem becomes a shortest path problem about finding the route in R with the lowest
cost where the cost of traversing a connection leading into activity f € F is dy — 7y
[1]. Due to the route having to be valid with respect to the individual constraints
to be in R, (2.11) becomes a resource-constrained shortest path problem, which is

10
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NP-Hard. A solution method to the pricing problem is outside the scope of the
thesis, but it can be found in [1].

Note that when subgradient optimization is used for a fixed number of iterations, a
non-optimal dual solution is likely found. However, close-to-optimal dual values do
perform well when generating new routes [11] [12], and since subgradient optimiza-
tion usually performs faster on these types of problems compared to the simplex
method, which is another solution method for linear programs, it is still worth using
subgradient optimization instead. However, due to the dual values not necessarily
being optimal, using warm start or cold start might give different dual values to the
pricing problem which may affect what columns are generated by the pricing prob-
lem and thus affect the solution quality and running time of the column generation.

As for which start is the best for a given iteration, it’s difficult to say. Brevis [13]
claims that while there are theoretical conditions where warm start is always better
than cold start, there are also occurrences when warm start does not really affect the
solution time compared to cold start. This motivates the thesis’ aim of investigating
if machine learning can at least improve the decision between warm start and cold
start.

2.5 Machine learning

This section describes the machine learning theory and algorithms that will be used
in the thesis.

2.5.1 Data sets

A data set [14] D is a collection of data or information. Each row ¢ in a data set
is called as an instance or observation. An observation i consists of an input vector
x; = {®;;}jer where F' is the set of features. The number of features |F'| will be
denoted as m. In other words, x; ; contains the data corresponding to feature j in the
observation 7 and x; can be written as an m-dimensional vector. The observation x;
may also contain an associated label or class y; chosen from a set L. If L is discrete,
the size of the set will be denoted by L. If none of the observations in the data set
has a label associated with them, the data set is called an unlabelled data set [15].
If all observations in the data set have labels, it is called a labelled data set. In other
words, if the size of the data set is n, then for an unlabelled data set, D = {x;},
while for a labelled data set, D = {(x;, y;) }1-;.

2.5.2 Types of machine learning

Machine learning [16] is a branch of artificial intelligence [17] that aims to let ma-
chines learn automatically and improve the solution of a task from experience with-
out being explicitly programmed to deal with the task. All machine learning models
take x; as the input while the output of the model varies depending on the task
which the machine learning algorithm is trying to solve. The two main types of
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machine learning are supervised learning [18] and unsupervised learning [19]. In su-
pervised learning, a labelled data set is used to train the machine learning algorithm
to predict y; based on x; for unknown x;. In unsupervised learning, an unlabelled
data set is used. The model is then instead trained to find the underlying patterns
in the data. This can sometimes be used to preprocess data for a supervised learn-
ing problem. There is also semi-supervised learning [20], a variation of supervised
learning where only some of the data have labels, and reinforcement learning [21],
where the machine is given rewards when it selects actions and it learns to select
actions that give the maximum long-term reward. For the rest of the thesis, the
focus will be on supervised learning, with a bit of unsupervised learning being used
when preprocessing the data.

Supervised learning is divided into two types, namely regression [22] and classifi-
cation (23], based on the type of label set y; is in. In regression, the label set L is
continuous and the model estimates what value each input x; should have. On the
other hand, if £ is discrete, the problem is a classification problem, and the model
is instead used to classify x; as one or more of the existing labels. Classification is
further divided into binary classification where there are only two class labels and
x; can only be of one class, multi-class classification where there are more than two
class labels but x; can still only be of one class, and multi-label classification where
X; can be of any number of classes.

2.5.3 Common terminologies in Machine learning

A model is a function which maps the input features with the output labels. It
represents the relation between the input features and output labels of a data set.
The model has parameters, which are internal configuration variables which decide
the exact mapping of input features. The parameters are fit to the data by using a
data set known as the training data set. How they are fitted depends on the model,
but fitting the parameters with a training data set is known as training the model.
Hyperparameters are external configuration variables which helps in controlling the
learning process and to estimate the model parameters. They are often set by using
heuristics prior to the training and not changed during the training which affects
how quickly and reliably the model trains, but can also be fine tuned by a data set
separate from the training data set known as the walidation data set. Parameters
and hyperparameters are unique for a specific machine learning algorithm.

A testing data set is a data set which is used to test whether a trained model gen-
eralises well for previously unseen data which is separate from the training and
validation data set. The purpose of the testing data set is to see if the model gener-
alizes well to observations it has not been trained on. An outlier is an observation
which deviates largely from the other observations in the data set. Outliers may
affect the training of the model in a way that goes against the purpose of the model.

The difference between observed value and the expected predicted value when train-
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ing the model on different data sets is called the bias, which is simply the assumptions
made by the model. A low bias model makes fewer assumptions whereas the high
bias model makes more assumptions on the target function. Variance is defined by
how much predictions change when trained by different data sets [24]. Owverfitting
models are models which are highly dependent on the training data and gives a good
performance on training data but a poor generalization for new unknown data. Such
models usually have a high variance and low bias. On the other hand underfitting
models have poor performance on both training data and poor generalization for
new unknown data. Usually underfitting models have a high bias and low variance.
Bias and variance are inversely related to each other, so a good model balances the
bias and the variance.

2.5.4 Machine learning workflow

The Machine learning workflow mainly consists of five steps. Defining the problem,
building the data set, training the model, evaluating the model and using the model.
Initially, the problem has to be clearly defined and has to be a specific question rather
than a general question. For example, instead of defining the problem as 'How
can the solution quality of the column generation framework be improved using
machine learning?’ Even though this is a valid question, it is a generic question and
not a specific one. Instead specific tasks can be defined as "How could formulating
different strategies with different variations of start improve the solution quality of
the column generation framework?”. This helps to solve the problem in an easier
and faster way by identifying what machine learning task can be used to solve this
problem. Also, it helps in better understanding the data which is needed for solving
the problem. Along with this, the type of machine learning task has to be correctly
identified as it also helps in understanding what kind of data is required for solving
the defined problem. Building an appropriate data set is one of the most crucial
steps in machine learning since the model can only solve a task well if the data
represents the task well. Building the data set involves both collecting the data and
preprocessing it. Preprocessing mainly consists of taking care of missing data and
other things that will make the data easier to understand, like feature scaling or a
principal component analysis. Understanding the data helps in determining suitable
machine learning models which can give effective solutions.
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Define the Problem

l

Build Dataset

l

Train Model

|

Evaluate Model

l

Use Model

Figure 2.1: The workflow for any given machine learning problem.

The data set is split into a training data set and a testing data set after preprocessing.
A machine learning algorithm is selected and the model is trained with the training
data to learn the model parameters. The learned model is tested against the testing
set to see how well the model generalizes for previously unseen new data. The model
is evaluated using the different evaluation metrics to determine the quality of the
model. Based on the results, the hyperparameters can be modified to improve the
model training. Once a good quality model is created, the model can be used to
solve the defined problem. The model is continuously monitored and improved by
adding new data to the data set. A full view of the workflow can be seen in Figure
2.1.

2.5.5 Data preprocessing

2.5.5.1 Feature scaling

Most machine learning algorithms are dependant on the size of the range of values
on each feature, so it’s important to make sure that each feature is considered on
the same scale. An example is that any algorithm that uses the Euclidean distance
between data to classify will consider features that is on a larger scale more impor-
tant than features on a smaller scale. To fix this, feature scaling [25] is implemented.
Feature scaling is a method of putting features on different scales, onto the same
scale. The main two feature scaling methods are normalization and standardization.

In normalization, the features are scaled to be within the interval [0, 1] using the

transformation
norm ‘ri:j — xminj (2 15)

X

VA ’
Tmaxj — Lminj

where Tmin; and Tmay; is the minimum and maximum value of feature j € F in the
data, respectively.
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While normalization could be considered useful since it puts features in a bounded
interval, in practice, standardization is used more often. In standardization, the fea-
tures are scaled to have mean 0 and variance 1. This is done with the transformation

xstand — xivj — /J“]7 (216)

7:7j
o
J

where p; and o; is the sample mean and standard deviation, repectively, of the data
for feature j € F. The main advantage of standardization is that the overall shape
of the distribution does not change.

2.5.5.2 Principal Component Analysis

When using machine learning, the number of input features m could be so large that
the model takes too long to train and predict. As a result, it is sometimes desirable
to lower the dimension of the input to reduce complexity. The goal is to reduce the
dimension of the data while retaining as much information as possible. A technique
that can be used to reduce the dimension of the vector is a statistical method known
as a principal component analysis (PCA) [26]. PCA finds the principal components
of the input data in D. The first principal component is the unit vector o within
the m-dimensional space where the variance of:

m

j=1

is maximal, where x is a random observation x; from D. The second component is
defined by being the unit vector ap which is uncorrelated with a; and where ol x
has maximal variance. In the same vein, the p:th principal component is the unit
vector ay, which is uncorrelated with the vectors a;, ag, ..., a,—1 where agx has max-
imal variance. The reason why one would want to find the principal components of
a data set is that by using the first couple of principal components as the inputs
in the data set, the dimension of the input can become a lot smaller while keeping

most of the variance of the data set.

To provide a visual example of this, Figure 2.2 shows data sampled from the multi-
nomial Gaussian distribution with mean around the origin and the covariance ma-

. 1 3 . o .
trix X = 3 5| along with the principal components of the data. In this case,

a; = (0.47,0.88) and ay = (—0.88,0.47). It can be observed that «; points in the
direction that the data varies most in, which is easier seen in Figure 2.3, which is the
same data but transformed linearly so the axes are along the principal components.
Another thing to note is that a; and «s are orthogonal to each other. This is a side
effect of the vectors being uncorrelated. In fact, the first p principal components
will always provide an orthogonal p-dimensional basis of the data.
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Figure 2.2: Plot of sampled example data with the first and second principal
component in blue and red, respectively.

Figure 2.3: Plot of the same example data transformed with respect to the
principal components.

In order to find the principal components, the covariance matrix X is defined as the
m X m matrix where ¥, is the covariance between feature j and feature k. The
p:th principal component turns out to be the eigenvector of ¥ corresponding to the
p:th largest of ¥’s eigenvalues [26]. The proof that this applies to the first principal
component is obtained by first noting that the variance of af'x can be rewritten as
alSa;. Thus, finding the unit vector that maximizes the variance is equivalent to
solving the problem:
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maximize o] Yay, (2.18a)
stalop =1. (2.18b)

This is solved by using Lagrangian relaxation to see that this is equivalent to max-
imizing:
h(\) = ol Ya; — AMala; — 1), (2.19)

which when derived with respect to a; gives the necessary local optimality condition:

2041 — /\041 = (Z - /\In)Oél = 0. (220)

This equation is only satisfied when A is an eigenvalue and a4 is the corresponding
eigenvector. That the eigenvalue has to be the largest eigenvalue in particular to
have a global optimum can be seen by noting that:

al Yoy = aldag = Malfa; = A\ (2.21)

By induction, it is possible to show that this also holds for p = 2,3, ...,m. A proof
for p = 2 is found in [26], which can be generalized to hold for all p < m.

Usually, ¥ is unknown, so the sampled covariance matrix S is calculated instead

from:
n

Sik = i — T3)(Tik — Tk), (2.22)

where z; = % 2 (i ). After calculating the sampled covariance matrix, the eigen-
vectors of it are found by using the single value decomposition of the matrix. More
details about how this is obtained is found in [26].

2.5.6 Multi-class classification algorithms

This section describes the multi-class algorithms that will be used for analysing the
data in Chapter 3.

2.5.6.1 Naive Bayes

Naive Bayes [27] is a multi-class classification algorithm which is based on the Bayes
theorem [28]. Bayes theorem gives the probability of an event, based on the prior
knowledge of probability of another event related to it. It states that the probability
of an observation x = x1, xs, ..., ,, belonging to the class y is defined as below:

Py)P(x|y)
Px)
In (2.23), P(y) is the probability of an event y, without any reference to the data

known as the prior probability of y. This can be estimated by simply taking the
percent of the training data belonging to class y. P(x|y) is the probability of the

Plylx) = (2.23)
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observation x given that it belongs to class y known as the likelihood. P(y|x) is the
probability of an observation belonging to the class y given an observation x known
as the posterior probability.

This algorithm works mainly on a naive assumption that each feature in the data
set contributes independently and equally to the class label. With P(x) being a
constant, it can be changed to a proportionality.

n

P(x|y) = P(x1,z9, ..., x,]y) = I:IIP(xi]y), (2.24)

P(ylx) o< P(y) [] Pwily)- (2.25)

i=1
Here, P(z;|y) is the probability of x; having its current value, given the label y. This
can be estimated by making assumptions on the overall distribution of the data. For
example, one can assume that z;|y is Gaussian, estimate the distributions using the
sample mean p;; and standard deviation o;; for each feature j € F and label [ € L.

In real world scenarios, it is quite difficult to get different features which are com-
pletely independent of each other, but still this naive assumption works well in
practice. It is usually easy to build and performs well in multi-class predictions.

2.5.6.2 Support Vector Machine

A supervised learning algorithm which can be used for both regression and clas-
sification tasks is the Support Vector Machine (SVM) [29]. SVM finds a decision
boundary which can separate the m-dimensional space into two classes. The decision
boundary is in the form of a (m—1)-dimensional hyperplane. The hyperplane always
tries to maximize the distance between the data points. The data points which are
used to determine this hyperplane are called support vectors. The distance between
the support vectors and the hyperplane is the margin. The optimal hyperplane is a
hyperplane with the maximum possible margin and the algorithm aims to determine
one such hyperplane.

Consider the data set D containing n observations {x;}” ; in a vector space of the
features F, V € R™, with associated output labels in the binary set y; € {—1,1}™.
The support vector of class 1 will be denoted by x, and the support vector of class
—1 will be denoted by x_ [30].

In the feature space V, the algorithm identifies the optimal hyperplane h in the
vector space V, which can be represented by a normal vector w and a parameter b
with the hyperplane residing at the point w’x +b = 0. and with the support planes
residing at w/x +b =1 when x = x, and w/x + b= —1 when x = x_.

Since the optimal hyperplane is supposed to maximize the margin, which is the

distance between the support vectors projected onto the direction of w, the goal is

T
to maximize HTln(XJr —x )Tw= x*ﬁwﬁ*w. By the definitions of the support planes:
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xtw=1-1b, (2.26)
x'w=—1-0b, (2.27)
meaning that the margin can be rewritten as:
xIw —xTw _ 1-b—(—-1-0) _ 2 ‘ (2.28)
[Iwl| 1wl [Iwl|
So overall, the goal is to maximize HQTH In order to simplify the problem, the prob-

lem is inverted and multiplied with the positive value ||w]|| to make the equivalent
problem to minimize ||w|* = sw’w.

Since the support vectors are supposed to be the closest of their respective class
to the hyperplane, this means that all of them have to exist on one side of the
supporting hyperplane of their class. For observations which belong to class 1, this
means that w/x+b > 1 and for the observations which belong to class —1 it means
that wl'x+b < —1. This can be summarized as y;(w' x;4+b) > 1 foralli € {1,...,n}.
This, combined with the calculation of the margin leads to the optimization problem:

1
min §WTW, (2.29a)
st oy(wix; +b) > 1, ie{l,..,n}, (2.29b)

where the solution gives the w and b defining the optimal hyperplane.

Sometimes however, the data does not allow all points to be outside the margin. To
counter this, let (; > 0 denote the amount that data point ¢ is allowed outside the
margin and let C' > 0 be the cost of a data point being outside the margin. Then
the problem instead becomes:

1 n
min §WTW +CY G, (2.30a)
=1
st y(wix;+0) >1-, ie{1,...n}, (2.30Db)
G >0, i€{l,.,n} (2.30c)

The description so far of SVM only constructs a linear boundary, which will not fit
problems that are linearly separable. To fix this, one uses kernels [30]. A kernel is a
function k(x,x’) that outputs some measure of similarity to them. Some examples
are the dot product x7x’, the polynomial kernel (x7x’ + ¢)¢ for some ¢ > 0 and
positive integer d and the radial basis kernel (RBF) e 11" for some v > 0. The
important thing about kernels is that they can be viewed as the dot product of x
and x’ after being transformed into some, possibly higher dimensional, vector space.
In other words the kernel can be written as:

k(x,x') = o(x)To(x). (2.31)
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Thus, nonlinear problems can be handled by replacing the dot product in Constraint
(2.30b) by the function w’'¢(x) to create the problem:

min ;WTW +CY G, (2.32a)
i=1

sty (wlo(xi) +0) > 1—¢, ie{l,..,n} (2.32D)

G >0, ie{l,..,n}. (2.32¢)

After deciding the separating hyperplane, new data points are classified by calcu-
lating their relation with the hyperplane using w? ¢(z) + b and choosing the sign as
the final class prediction.

Observe that unlike the supervised learning algorithm above and below, SVM is in
its most basic form a binary classifier and not a multi-class classifier. However, it
can be extended to handle multi-class problems through either a one-versus-rest or
one-versus-one approach [31]. In the one-versus-rest approach, one trains L binary
classifiers on each data point representing each class. Each classifier tries to separate
its represented class from the rest. However, this may cause the binary classifiers
to say that the data belongs to more than one class. The binary classifiers will also
likely suffer from an imbalanced data set, as for example normally balanced data
set with five classes gives all classifiers data consisting of % positive and % negative
examples. In the one-versus-one approach, L(L — 1)/2 classifiers are trained to
separate data points of each pair of classes. Then, the classifiers vote which class in
their pair the data should be classified as and the most voted on is picked as the final
class. However, this takes a longer time to train and classify than the one-versus-rest
approach and can still lead to the votes concluding that the data belongs to several
classes.

2.5.6.3 Decision tree

A decision tree is a model based around recursively partitioning the input space and
defining another model in the respective region in the form of a tree [31]. Consider
that the input data {x}? , has feature values 7;, j € F. Then a tree is constructed
by splitting the data set based on whether the variable j* € F is above or below
value t* € 7; where j* and ¢* minimizes:

COSt({Xi, Y; - (L’,;’j* S t*}> + COSt({XZ‘, Y; : xi,j* > t*})7 (233)

where the cost function is a function that measures how well the split separates the
different labels. In this case, either the Gini impurity [31] defined by:

c
G(D)=1->_#2, (2.34)
c=1
or the entropy defined by:
c
H(D) == Zﬁ—c lOQ(?ATC), (235)
c=1
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is used where 7, is the fraction of the data set D that is of class ¢c. The Gini impurity
encourages data sets where each label is either used often or used as little as possible,
with the best value found when the data set is pure, that is, it only consist of one
label. After splitting the data set into two, the same splitting is done on two new
data sets recursively until either a fixed depth set as a hyperparameter beforehand
is reached or until the data has been separated into only pure data sets at each
leaf. An example of a decision tree can be seen in Figure 2.4 for a data set with
four entries. The full data set contains (x1,41) = ([1,1],1), (x2,v2) = ([-1,1],0),
(x3,y3) = ([1,—1],0) and (x4,y4) = ([—1,—1],1). In the decision tree it first splits
the data set in two at x; 9 < 0 so z and x4 end up in the left branch while x; and
x3 end up in the right branch, with both branches having one data point from each
label. Both of these are then split at x;; < 0 to create a leaf for each of the data
points where each leaf is completely pure.

When classifying a new input, one simply traverses the tree using the splits to deter-
mine which branch to take until a leaf node is reached, with the most common class
in the leaf node being chosen as the class of the input. For example, if x = [3, —5]
and the tree in Figure 2.4 is used, the first branch will see that xq > 0 and pick the
right branch and then choose the left branch since xz; < 0. It then ends up in a leaf
node that only contains data with label 0, so the label chosen ends up being 0.

X[0] == 0.0
gini = 0.5
samples = 4
value = [2, 2]

i N

X[1] == 0.0
gini = 0.5
samples = 2
value =[1, 1]

/N

X[1] == 0.0
gini = 0.5
samples = 2
value =[1, 1]

/ N\

gini = 0.0
samples = 1
wvalue = [0, 1]

gini = 0.0
samples = 1
wvalue = [1, 0]

gini = 0.0
samples = 1
wvalue = [1, 0]

gini = 0.0
samples = 1
wvalue = [0, 1]

Figure 2.4: Example image of a decision tree taken from the sklearn Python
package.

The main advantage to decision trees is that they are easy to interpret and they scale
well with large data sets [31]. However, they are not as accurate as other models
and decision trees have a higher variance than most models since small changes in
the data can have a large impact on the construction of the tree.

2.5.6.4 Random forest

A random forest [31] is an ensemble method which aims to reduce the large variance
of the decision trees by combining the results of many separate decision trees. This
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is done by training a set of M decision trees on different subsets of the original
data which are chosen randomly with replacement and constructed by only using a
random subset of the variables at each branch. The purpose of this is to try to make
the decision trees as uncorrelated as possible. An example of this when M = 6 can
be found in Figure 2.5. Since the data is chosen randomly with replacement, it leads
to the different trees having different distributions of the labels and along with the
random features to consider at each branch causes the splits to occur differently for
each tree.

Estimator: 0 Estimator: 1 Estimator: 2
X[0] <= -0.235 X[1] <=-1.618
[gi]ni<= 0.42 [gi]ni<= 0.48 X[3] <=-2.419
samples = samples = 7 gini = 0.5
value 7, 3] value = [4, 6] samples = 7
value =[5, 5]

4
X[2] <= -1.989
- - glm I0375 / \
samples X[0] <= 0.563
value [2 6] - gini g 0-408
x[3] <=4.235 samples = 5
-- value = 12,51
samples
value [2, 1]

Estimator: 3 Estimator: 4 Estimator: 5
X[3] <= -0.999 X[2] <= 0.933
gini = 0.48 X[2] <= -1.989 gini = 0.42
samples = 6 gini=0.5 samples = 6
value = [6, 4] samples =6 value = [7, 3]

/ N value = [5 5]

X[3] <= 5.239
gini = 0.444
samples = 3
value = [2 4]

Figure 2.5: Example of a random forest with six trees.

The trees then vote on what class a new input x should be classified as and the
most commonly picked voted label is then picked as the label for x. This model has
the advantage of having a smaller variance compared to the decision tree. Unfortu-
nately, since we use multiple, mostly uncorrelated trees, the decisions made by the
trees collectively is hard to interpret, compared to the simple interpretation of the
decision tree.

Another aspect of the random forest classifier is that it can be used to analyze the
importance of features by looking at the average decrease in the Gini impurity for
all the decision trees in the forest that is associated with each feature [25]. This
helps in developing a model which will focus mainly on the relationship between the
most important features and the output label.
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2.5.6.5 Artificial neural networks

An artificial neural network is a computing model inspired by the neural network in
the human mind [32]. The formulation of the model in our report comes from [32]
and [33]. Artificial neural networks consists of elements known as neurons which are
bound to each other by directed connections which have given weights. Some of the
neurons will be input neurons that take in values from other data and the values
are then propagated to the network until it reaches some neurons known as output
neurons which output the final prediction.

A neuron is sent a variable input x = {x1,...,x,,} from all connections directed to
it with the associated weights w = {wy, ..., w,, }, as well as a constant input zo = 1
with weight wg. The constant input together with it’s weight is known as the bias
of the neuron. These inputs and weights are then aggregated by a function f(x,w)
to a value u which is known as the signal. Usually this function is the weighted
sum f(x,w) = > w;x;. The signal is then put through an activation function
s = g(u) to determine the activation level of the neuron which is then sent as the
output to all outgoing connections from the neuron. The activation function can
either be linear or nonlinear, but the most common are nonlinear. Some choices
for the activation function include the sigmoid function o(u) = ==, and tanh(u),
since they limit the possible values of s to the intervals [0, 1] and [—1, 1], respectively.
Another common activation function is the Rectified Linear Unit (ReLU) function:

0, u<0,

2.36
u, u>0. ( )

ReLU(u) = {

There are many ways that the neurons can be connected to each other, but the
architecture that will be the focus of this thesis is what is known as a multi-layered
perceptron. In this network, the neurons are structured in layers [ € {0, ..., L}, where
all connections from neurons within a layer are only connected to neurons within
the next layer. Layer 0 consist of the input neurons and is known as the input layer
while layer L consists of the output neurons and is called the output layer. The
layers between the input and output layer are known as hidden layers. The goal
is then to set the weights on the connections in such a way that data given to the
input gives an output close to the desired output.

Before discussing how the multi-layered perceptron learns these weights, there are
some extra notations that will be useful both to understand how the weights are
learnt and how the perceptron itself predicts the output. Let n; denote the number
of nodes in layer [ € {0, ..., L}. The weights that connect nodes in layer [ to nodes
in layer [ — 1 will be put in the matrix W' of size n; x (n;_; + 1). Element wéz is
then the weight of the connection between node j in layer [ and node 7 in layer [ — 1
for j € {1,...,m} and i € {0,...,m_1}. Note that the weights of the connections
from the biases of the neurons in layer [ — 1 are included in the weight matrix. Let
]Jl~ be a vector consisting of the signal value given to nodes j € {1,...,m} in layer
l€{1,...,L} and let Y} be the vector with the output value of nodes j € {1,...,n;}
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in layer [ € {1, ..., L}. These can be defined recursively by:

no

I} =Y Wl (2.37)
1=0

l l

Vi=g(I}),, 1e{l,.. L}, (2.38)
n

L= Wiy le{2,..,L} (2.39)
=0

where ; is the input given in the input layer and Y ' =1 for [ € {1,...L. — 1}.

Figure 2.6 provides an example of a multilayered perceptron with L = 3, an input
layer, two hidden layers and an output layer. First, the input data {z;}?_, in layer 0
is sent alongside the bias xy through the connections to the nodes in layer 1 with the
weights Wﬁi. These are then summed up to calculate 1 } which is then put through
the activation function g to obtain Y;-l for j € {1,2,3}. These are then sent to layer
2 alongside the bias Y which are then summed with the weights W} to obtain I?
and Y7 for j € {1,2}. This process is then repeated to get Y}’ for j € {1,2,3} which
is the final output of the network.

@ Wwn2_{1,0}

WA27{1J1} 1 ’ -
@ | WA27{1,2}
@ . WAZ_{1J3} - | *

Figure 2.6: Picture of a multilayered perceptron with one hidden layer and its
connections. The weights going into node 1 in the second hidden layer is explicitly
mentioned as well.

In order to let the neural network learn the proper weights, a function that measures
the deviation of the current prediction and the desired output is employed. This
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function is known as a loss function [30]. In this case, the square error is used for a
single training instance. It is defined as:

1 &

E(k) = 5 2 (;(k) = Y7 (k)% (2.40)

j=1

where y;(k) is the desired output of node j and Y]L(k) is the actual output from the
neural network for the k:th training instance, respectively. In the case where a set
of p training instances is used as a batch, the mean square error is used instead:

Z E(k (2.41)

pkl

The goal of the training is to adjust the weights so that £ is minimized. This can
be done in many different ways, but it is usually based on algorithm known as back-
propagation [33], which is based on gradient descent. Two that will be used in the
thesis is stochastic gradient descent (SGD) [32] and Adam [34].

Define n € (0,1) as the learning rate, that is, the length of the gradient descent
steps. Divide the training data into batches of size p and feed the data in the batch
forward to the network to predict the output of the data. The backpropagation
algorithm calculates the gradient of the weights of each layer based on the

awl
error function and then update the Welghts according to

o€ 1
WHit+1)=WQO,, —nerr— = - : 2.42
],z( + ) ( )J,z nav[/]lﬂ(t) VK pkzl an ( ) ( )
For [ = L, the chain rule is used to find the gradients:
oF ok 8YjL anL (2.43)

OWk(t) — oYl oIk owlk(t)

Note that F, Y}L and [ jL depend on both the instance k£ and the iteration ¢, since
the weights update every iteration. The first factor is (y;(k) — Y}*) according to
Equation (2.40), the second factor is ¢/(1]) according to (2.38) and the last factor

is Y;*~! according to (2.39). In other words:

or
_ 7= _ylL-lsL 2.44
awi = .
where 5L gﬁ = (y;(k) — Y-L) /(I'L)

The previous layers gradient is calculated recursively by assuming that 6IL D =

5§+1(l{:) is known and using the chain rule again analogously to the calculation of the
final layer:

OF  OE dY] 9Y]
OW!,(t) oy} oIl ow!,’

(2.45)
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The latter two factors are the same as previously. The derivative of the first factor
is obtained by using the chain rule again:

ni41 1+1 ni+1 o nl+1 Wl+1 ni41
=X ey = e S U S, 2as)
! ! f

7 o=1 o yi o=1

Thus, the gradient of the non-final layers are:

oF
OW}(t)

where & = Y00 6L W g (1),
By inserting this into Equation (2.42), the updates are then

-1l
=y} 1o, (2.47)

Wit +1) = W(t), + oy . (2.48)

One potential issue with backpropagation is that due to the heavy use of the chain
rule, different values of ¢’ are multiplied repeatedly. This runs the risk of either
causing the gradients to explode or vanish if there are many layers, affecting the
learning of the first few layers. An example of the gradient vanishing is the function
g(u) = tanh(u), as ¢’'(u) = 1—tanh(u)? € [0, 1], where the derivative is less than one
unless u = 0 where it is equal to one. Thus, repeated multiplications of ¢’ will lead
to smaller and smaller values, meaning that the early layers barely learn anything.
This problem is known as the vanishing gradient problem [24]. One possible solution
to this is to use the ReLLU activation function, as it can only have the derivative
zero or one, depending on the sign of the signal.

While being able to predict a given output vector is nice, the question is how it
can be used to determine which class to use. The answer is to let layer L — 1 have
as many nodes as the number of labels and let the final activation function be the
softmax function [24]:

e}/ijl

= Softmax(Y); = (2.49)

nLlYLl
Zzle

The reason why the softmax function should be the final layer is to let the output
be an estimate of the probability of each label being chosen, as the sum of the nodes
in the layer after the softmax function is one. To translate the labels of the training
data into an output that the neural network can work with, the label is transformed
into a "one-hot" vector where the entry corresponding to the chosen label is one and
the rest of the entries are zero.

2.5.7 Grid search

Model tuning is an important task after developing a machine learning model. Each
machine learning model works differently and has its own set of parameters and
hyperparameters. The models can predict better results only when the right values
are assigned to the parameters and hyperparameters for the problem being solved.
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One such way to fine tune the models to find the better values for those parameters
is by using a grid search method [25]. In this method, a set of parameters associ-
ated with the machine learning model is chosen and a list of values associated with
each of the parameters is selected. An exhaustive search over all of the specified
parameter values for an estimator is done in order to find the best values for a pa-
rameter which helps in making better predictions using that model. For example,
if a machine learning model takes p hyperparameters for training, and each of the
p hyperparameters get a list of three values each, 37 combinations of the hyper-
parameters are tested and evaluated, and whatever combination is given the best
performance according to the evaluation is used as the hyperparameter for the model.

2.5.8 Multi-label classification

While multi-class classification allows only one label to be given as the output for a
piece of data, multi-label classification is a generalization of multi-class classification
that allows a piece of data to have more than one label [35]. This can be represented
by replacing the label y with a binary vector y € {0, 1}l where each entry in the
vector represents if a label in £ is used for the data point or not.

In order to train a machine learning model, one can either transform the multi-
label problem into one or more multi-class or binary classification problems and
solve them with one of the algorithms above, or generalize the model to handle
multi-label classification. Neural networks is an example that can already handle
multi-label classification well, since normally the output is already a vector. The
only difference between the multi-label method and the multi-class method described
above is that the softmax layer for multi-class classification is replaced by a sigmoid
layer to let the values of the output be between zero and one, representing the prob-
ability that the label is used. Another model that can be adapted is decision trees,
where the Gini impurity for a label to be zero or one is calculated for each label and
the cost is instead the average Gini impurity for each label.

There are four transformations of the problem that will be used in the thesis. The
first is binary regression [35], where one assumes that the labels are independent
and trains a model for each label to predict if the label is used or not for an ob-
servation and then combines the result for the final multi-label. The second is the
classification chain, which also trains a model for each label, but instead of being
trained independently on the observation, they are trained sequentially, with the
prediction for label j using x and the prediction of the previous label as the training
input. Next is the label powerset, which views the binary vector as a label set with
2l different labels for each combination of labels in y and trains a machine learning
model to predict the exact label set. Finally, a somewhat naive transformation is
to let one of the labels of y be randomly selected and be considered the label of the
input x which will then be solved as one multi-class problem with L labels.
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2.5.9 Evaluation metrics

Once the model is trained, the quality of the model has to be evaluated to find out
how well the model performs and generalises for previously unseen data. Some of the
more common evaluation metrics [36] used in machine learning include accuracy, pre-
cision, recall and F—score. Accuracy is the percentage of correct predictions made
by a classification model. It can be defined as the ratio of number of correct pre-
dictions to the total number of predictions. It works well when there is a balanced
data set where most classes have equally many observations, but might not work
well if the distribution of classes is imbalanced. For example, if there are two classes,
where one class is used 99% of the time, a model that only predicts that class has
an accuracy of 99%, but it wouldn’t be a good model if the purpose was to detect
the minority class.

A confusion matriz is performance measurement for classification models which
summarizes the prediction results of a binary classifier. It gives information about
four possible prediction results, namely true positive (TP), true negative (TN), false
positive (FP) and false negative (FN). True positives and true negatives are cases
where the classifier correctly predicts the positive class and negative class, respec-
tively. False positives and false negatives are cases where the classifier incorrectly
predicts the positive class and negative class, respectively.

TP+TN
TP+TN+ FP+ FN
Using the values from the confusion matrix, other metrics such as precision and
recall are calculated.

Accuracy = (2.50)

Precision is the measure of the model’s performance to classify positive instances.
It is the ratio of positive class predictions which really belongs to the positive class:

2 . .

stances. It is the ratio of instances in the positive class which are correctly predicted:

TP
Recall = m (252)

The so-called F-score is an evaluation metric which makes use of weighted average of
precision and recall in binary classification systems. It uses both false positives and
false negatives while evaluating the model and usually works better than accuracy
in case of uneven class distribution:

(1 + ?)Precision - Recall

FB— —
B = score B2 Precision + Recall

(2.53)

The [ parameter used while calculating the F-score controls the extent which pre-
cision is weighed into the F-score. When 8 = 1, the score is known as the F}-score,
and is simply the harmonic mean of the precision and recall:
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2(Precision - Recall)

=S = .
! core Precision + Recall

(2.54)

While these metrics by themselves only work for binary classifiers, they can be
generalized to both multi-class and multi-label classifiers [25]. This is done for a
multi-class classifier by first considering for each class a "one vs rest" classification
and calculating the number of true positives, false positives, etc. for each class. For
a multi-label classifier this is done by considering each label a binary classifier like
the binary regression and similarly calculating the true positives, etc. Afterwards,
one can either use a micro-average by summing the prediction results over each class
and calculating the metric from this sum, use a macro-average by calculating the
metric for each class and then averaging over it or use a weighted macro-average
by using a weighted average of the metric for each class where the weight comes
from the number of observations with the given label. For multi-label classification
in particular, one can instead use the Hamming loss [35], which is the number of
mistakes made for each label in all instances divided by the number of labels times
the number of instances. Unlike the previous metrics, where the quality is best when
it is close to one, the Hamming Loss should be as close to zero as possible.

C'ross wvalidation is a method which is used to estimate how well a model generalizes
to new data. In this method, a small part of the data set is not included in training
the model which is then used to evaluate the performance. One of the main method
of performing cross validation is k—fold cross validation. In k-fold cross validation,
the training data set is divided into k£ parts and the model is trained and evaluated
k times. The models are trained in such a way that each of the k-folds will be used
as a test set while all other folds will be collectively used as a training set.

A baseline model is a model that can be used as a baseline for evaluating models [24].
These may be simple machine learning models or naive models with no intelligence.
One such naive predictor for performing the multi-class prediction is to randomly
guess a strategy label. The accuracy of such a naive predictor when using n classes
is % Another example would be a model that would always pick one label all the
time. The main purpose of baseline models is to give some lower bound on the

evaluation metric for the machine learning model that it should strive to improve.
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Methods

This chapter presents the methods used within this thesis project. This includes the
choices and motivations behind the proposed strategies, how the data is collected,
how the collected data is then used in the machine learning algorithms and how the
implemented algorithms are evaluated.

3.1 Selecting strategies

As mentioned in Section 1.3, instead of deciding between warm start and cold start,
predefined strategies were proposed which the machine learning algorithms will learn
to predict from a set of input features/structure of the problem instance. As a
quick reminder, the decision was whether the initial dual solution of the subgradient
method for the next iteration of column generation should be the last dual solution
obtained in the previous iteration of column generation (warm start) or the origin
(cold start). Some of the problem instances at Jeppesen Systems took around nine
hours to run with the current heuristic and some of the proposed strategies took a
lot longer than the current heuristic. For the cases where strategies were param-
eterized, a single parameter was chosen with a single reasonable value in order to
minimize the number of strategies. In this thesis, nine such different strategies were
selected including the current heuristic in use at Jeppesen Systems. For more clar-
ity, Table 3.1 shows the list of the nine strategies which have been proposed and
experimented within this thesis. As mentioned earlier, different strategies can be
formulated with different variations, but the list of strategies from Table 3.1 was
chosen as they potentially cover various different paths.

Index | Strategy

1 Current heuristic.
Only use warm start.
Only use cold start.
Start with warm start and switch starts every 10th iteration.
Cold start every 20th iteration, else warm start.
Cold start first 10 iterations, then switch every 10th iteration.
Cold start first 15 iterations, then use the current heuristic.
Warm start first 15 iterations, then use the current heuristic.
Dynamic strategy based on the lower bound.

© 00 1 O U = W N

Table 3.1: Table of the nine strategies investigated within the thesis project.
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The current heuristic first performs one subgradient step for both warm start and
cold start to see what objective value is obtained for the first step and selects the
start with the highest objective value. Two other simple strategies that were pro-
posed uses only warm start for all iterations and only cold start for all iterations,
respectively. The next strategy proposed was to move in a zig-zag pattern, starting
with one start and switching which start is used every couple of iterations. It was
decided that this strategy would start with warm start and switch every tenth iter-
ations. Next, a strategy which mainly used one start but on occasion used the other
start was proposed. The decision was to use cold start every 20th iterations and
otherwise use warm start. An example of how these look in practice can be found
in Table 3.2.

Iteration | Strategy 1 | Strategy 2 | Strategy 3 | Strategy 4 | Strategy 5
1 WS WS cs WS WS
2 cs ws cs ws WS
3 cs WS cs WS WS
4 cs ws cs WS WS
5 cs WS cs WS WS
6 cs WS cs WS WS
7 \£ WS cs WS WS
8 ws WS cs ws WS
9 WS WS cs WS WS
10 WS WS cs WS WS
11 WS WS cs cs WS
12 ws ws csS cs ws
13 ws WS cs cs WS
14 WS WS cs cs WS
15 WS WS cs cs WS
16 WS WS cs cs WS
17 WS WS cs csS WS
18 ws ws cs cs WS
19 WS ws cs cs WS
20 WS WS cs cS cs

Table 3.2: The first twenty choices of warm start or cold start for the first five
strategies for one of the problem instances.

The next three strategies was proposed based on an observation within the current
heuristic where the cold start was initially used a lot before using warm start. An
example can be seen in the first strategy in Figure 3.2 where after the first iteration,
cold start is performed for the next five iterations, followed by warm start. The
idea was to replicate part of the choices in the heuristic without having to solve the
two subgradient steps for each iteration. If it worked, it would help in saving time
and computing power. The proposed strategies were to use cold start for the first
ten iterations followed by using cold start every 10th iteration and otherwise use
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warm start. Another strategy used cold start for the first 15 iterations and switches
back to the current heuristic afterwards. Similar to the previous strategy, another
strategy used warm start for the first 15 iterations and then switches back to the
current heuristic.

The final strategy proposed was based on lower bound of the problem instance
that is calculated by the framework before applying the subgradient optimization.
The proposed idea was a variation of the current heuristic where the objective of
warm and cold start for the first subgradient step is calculated and then the warm
start objective is compared to the lower bound. If it is larger, the start with the
lowest objective is selected, while if the objective is lower, the start with the highest
objective is selected. These four strategies can be seen in Table 3.3.

Iteration | Strategy 6 | Strategy 7 | Strategy 8 | Strategy 9
1 cs cs WS WS
2 cs cs WS cs
3 cs cs ws cs
4 cs cs WS cs
5 cs cs WS S
6 cs cs WS S
7 cs cs WS WS
8 cs cs ws WS
9 cs cs WS WS
10 cs cs WS WS
11 wSs cs ws WS
12 WS cs WS WS
13 WS cs WS WS
14 WS cs WS WS
15 ws cs WS WS
16 WS WS WS WS
17 WS WS WS WS
18 WS WS WS WS
19 ws ws ws WS
20 cs WS wSs WS

Table 3.3: The first twenty choices of warm start or cold start for the last four
strategies for one of the problem instances.

3.2 Collecting data

After defining the nine strategies in Table 3.1, each of those strategies were imple-
mented in the column generation framework so that they can be used to solve the
tail assignment problem. The column generation framework code was modified to
extract parts of a given problem instance as possible input features, along with the
name of the problem instance in a separate XML file. Similarly, the output features
which are the results for a given problem instance when using one of the nine strate-
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gies were collected in another XML file, along with the problem instance name and
strategy used to solve that problem instance. The name of the problem instance was
then used to match the input features with the same problem instances output fea-
tures for each strategy. The problem instances that Jeppesen Systems had were then
ran for each of the nine strategies to collect the data. For each problem instance,
the input features were collected from one of the runs, as the input features are only
dependent on the problem instances, while the output features were collected for

each strategy.

Feature number

Input Features

© 00 O Ul Wi+~

—_ =
— O

12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

Number of flight legs.

Number of aircraft.

Number of global constraints.

Number of soft cumulative rules.

Number of hard cumulative rules.

Number of unassigned tasks.

Number of tasks preassigned to flights.

Number of connections between tasks.

Number of starting tasks.

Number of end tasks.

Mean of the standard deviation of connection cost
for each aircraft.

Number of connections of duration - 0—10 minutes.
Number of connections of duration - 10—20 minutes.
Number of connections of duration - 20—30 minutes.
Number of connections of duration - 30—45 minutes.
Number of connections of duration - 45—60 minutes.
Number of connections of duration - 60—90 minutes.
Number of connections of duration - 90—120 minutes.
Number of connections of duration - 2—3 hours.
Number of connections of duration - 3—4 hours.
Number of connections of duration - 4—6 hours.
Number of connections of duration - 6—8 hours.
Number of connections of duration - 812 hours.
Number of connections of duration - 12—16 hours.
Number of connections of duration - 16—24 hours.
Number of connections of duration - >24 hours.
The time period that the aircraft are optimized during.
Average length of flights.

Table 3.4: Input features extracted for each problem instance.
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Feature number | Output Features
1 Number of unassigned flight legs.
Total running time.
3 Objective value.

Table 3.5: Output features extracted for each strategy and each problem instance.

The input and output features that were relevant to this thesis that were collected
for all the problem instances for each of the strategy are shown in Tables 3.4 and
3.5 respectively. To explain what each of the features mean, the number of legs
and vehicles are the number of flight legs and aircraft used in the problem instance,
respectively. Global constraints [1] are constraints that are defined over multiple
aircraft routes. For example, if one wanted a limit on the total amount of exhaust
fumes of the aircraft to be more environmentally friendly, the exhaust fumes would
be a global constraint. Cumulative rules are constraints on resources of a single
aircraft which limits the use of the resource. An example of this would be a limit on
the flying time or the number of landings an aircraft can do in the period optimized
for. These can either be hard rules, which are not allowed to be broken and thus
limit the set of valid routes, and soft rules, which can be broken but incur a penalty
for the violation, which affect the cost of certain routes. A task is either a flight or
some maintenance on an aircraft, where some are preassigned. Start tasks and end
tasks are tasks which an aircraft can start and end a flight route with, respectively.
Another way to look at the tasks is that they correspond to the nodes of a graph.
The connections can be explained as arcs in the graph where the tasks are nodes.
There is also a cost for each aircraft and a time associated with each connection.
The time is the time an aircraft spends on the ground between the two tasks, and
the cost is the cost for the corresponding flight or maintenance in Equation 2.14. In
order to combine all the costs into a single feature, each aircraft had the standard
deviation of the costs of all connections calculated, and then the mean over these
standard deviations were calculated to provide the mean standard deviation men-
tioned in Table 3.4.

While collecting the data, there were two major challenges that were encountered,
namely the number of problem instances available at Jeppesen Systems based on
real life tail assignment problems that data could be collected from and the amount
of time required to collect the data for those available instances. The number of
available tail assignment problem instances which used subgradient methods were
around 245 which is very small from a machine learning perspective. Another major
issue was the time required for running the 245 problem instances with the nine
different proposed strategies using the Tail Assignment optimizer. With the avail-
able tests being large-scale instances with up to 200 000 flights and 300 vehicles, as
well as the preparations done by Jeppesen Systems’ optimizer before running the
column generation also taking time, most of the problem instances took a long time.
In addition, while some of the strategies may work better than the current heuris-
tic, others might be worse than the current heuristic. In any case, solving the 245
instances using the nine strategies took several weeks, with some instances taking
around three days for non-optimal strategies.
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If there was the risk of having too few problem instances, one could augment the
input features of the given instances to create more problem instances. However,
creating flight schedules that can satisfy a constraints of the aircraft routes while also
being balanced is itself a non-trivial task, meaning that augmenting the input fea-
tures could have easily make the new problems infeasible. This could have resulted
in the machine learning model being trained to learn the patterns of an infeasible
problem instance rather than improving the solution quality of the algorithm, mean-
ing that this was not considered. In order to address the long running time, the 120
instances which takes less than ten minutes to run in total with the current heuristic
were collected first in order to create a reasonable data set to develop models before
having all the data. Since the time taken for collecting the problem instances was
quite high, the data was collected only for the instances which takes at most nine
hours to run the optimizer with the current heuristic. The distribution of the total
solving time with the current heuristic for the instances collected are shown in Table
3.6.

Index | Computation time of instances | Number of instances
1 Less than 10 minutes. 120
2 10-60 minutes. 39
3 1-2 hours. 23
4 2-3 hours. 30
5 3-4 hours. 9
6 4-5 hours. 6
7 5-6 hours. 7
8 6-7 hours. 5
9 7-9 hours. 6

Table 3.6: Distribution of computation time of the problem instances using the
current heuristic.

3.3 Labeling data

As mentioned in the previous section, the input features of each problem instance
and output features for each instance and strategy pair were collected. In order to
label the data set with which strategy works the best for each problem instance, the
three output features, total running time, objective value and number of unassigned
legs were used along with the combination of all three features. The four different
ways in which the output features were analyzed using various methods to apply a
label. These methods will hereby be called labellers and are listed below:

o Selecting strategies which has the minimum objective value cost.

e Selecting strategies which has the minimum total running time.
o Selecting strategies which has the minimum number of unassigned legs.
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o Selecting strategies which uses a combination of all three output features by
prioritizing unassigned legs, followed by running time and finally objective
value.

In order to develop good machine learning models, the training data set should have
enough data for each of the classes. The distribution of the problem instances across
the different strategies chosen were analyzed to see if the training data set is good for
developing machine learning models. After analyzing the output features for some
of the problem instances, it was found that there were multiple strategies which
were considered good for the same problem. This could be because when a problem
instance only needs a few iterations, some strategies may lead to the same decisions.
For example, using the strategy of using only warm start leads to the same decisions
as using cold start every 20th iteration if the instance requires less than 20 iterations.

Due to this, the problem of selecting a strategy would be considered as a multi-
label classification problem, where each label represents each of the strategies. To
create a set with only one label per problem instance for multi-class classification,
the strategies that were suggested for a problem instance was randomly selected
several times to create multiple multi class data sets. The Gini impurity, which was
described in Section 2.5.6.3 was then calculated for each of the data sets, and the
one with the highest Gini score was chosen as the final data set. This was done in
order to balance the distribution of data across the different classes, as having the
classes balanced is more likely to give good results. The multi-label vector was also
kept for each of the labellers as well to use for multi-label classification.

3.4 Creating the data set

When creating the data set, all the input features and output features mentioned
in Tables 3.4 and 3.5 were extracted from the XML files and placed in separate csv
files. These csv files were then used to create separate data frames for the input and
output features, respectively.

In the input data frame, the soft and hard cumulative rules were divided by the
total number of cumulative rules, if there were any, in order to instead show what
percentage of the rules were soft and hard, respectively. Similarly, the number of
connections of each duration were divided by the total number of connections to
have them written as a percentage as well. This was done to make both sets of
features independent on the size of the problem instance. This especially holds for
the connections, as the number of connections is already a feature, meaning that
having the number of connections of each duration contains redundant information.
The active period was also converted into a duration in minutes, as the active period
was originally written as the start of the period and the end of the period. The main
changes to the features in Table 3.4 are then that features 4-5 and 12—26 had their
total number replaced with a percentage while the time period optimized during is
renamed to active period time:
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Similarly, the output data frame was analyzed as mentioned in Section 3.3 to get
the multi-class output labels y and the multi-label labels y. The multi-label labels
were also analyzed to see as how often each strategy was recommended as well as
how many best strategies each problem instance contained. The input data frame
and the labels were then combined based on the instance name to create a data set
of 245 problem instances. This data set was then randomly split into a training
set and a test set where 80% of the data was in the training set and 20% was in
the testing set [24]. Since the data set only consisted of 245 observations, which is
very small for developing a machine learning model, the decision was made to not
use a validation set for hyperparameters in order to have more data for testing and
training.

Finally, in order to let every feature be of equal importance, the features of both data
sets were standardized based on the mean and standard deviation of the training set.
Similarly, two new data sets were also created in order to check the effects of PCA
and feature importance and how efficient dimension reduction can be. The first new
data set contained only the data of the five most important features according to a
random forest classifier run beforehand on the training set. The method for this was
previously discussed in Section 2.5.6.4 For the multi-labelled data, the trees in the
random forest uses the average Gini impurity for each label to split the tree. The
second data set has the data transformed into the first five principal components of
the training data. The two new data sets are expected to provide a lower accuracy
due to some information being lost, but will generally be faster and may even make
some of the information in the input more clear.

3.5 Implementing the models

The main focus of this thesis is to investigate how machine learning models can
help to improve the solution quality of the column generation framework and not
to implement or develop new machine learning models, meaning that the thesis will
mainly use pre-implemented models. The sklearn library in Python which contains
efficient tools for machine learning and statistical modelling, along with tensorflow
which contains tools for neural networks. With these libraries, the five models in
Table 3.7 were chosen and analyzed in this thesis. Each of the models were trained
for each of the different labellings and data sets by using the GridSearchC'V method
from the sklearn library to fine tune the hyperparameters on the training set be-
fore fitting the model on the testing set. This method uses a combination of Grid
Search and five-fold cross-validation to determine the best hyperparameters based
on a given metric, which for this thesis was the Fij-score, in order to balance preci-
sion and recall. Unfortunately, this method does not work on the neural network,
so instead, all the hyperparameter combinations were tested on the training and
test data, and the combination that gave the best Fj-score was the one that was
used. The parameters and their corresponding values used in the grid search for the
various models are listed in Table 3.8.
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For the multi-label classification problems, y was transformed into multi-class prob-
lems through binary relevance, classification chain and label powerset before train-
ing using GridSearchC'V. The exception to this was the neural network, which was
instead trained directly without any transformation, as that already has a clear
multi-label implementation. Besides the Fj-score, the accuracy was calculated for
the multi-class labellings, and the Hamming loss was calculated for the multi-label
labellings, in order to see how often the correct label is picked and how often a label
is correctly chosen as good or not, respectively.

In order to have a benchmark to compare the other models to, two baseline models
was employed for both multi-class and multi-label classification. One randomly
selects among the nine different labels for the multi-class classification uniformly,
and uniformly chooses among each of the possible multi-label vectors for multi-
label classification. The other baseline instead picks only the current heuristic for
multi-class classification and picks the multi-label vector of only ones for multi-label
classification. Both the baseline models were evaluated with the entire data set as
the test set in order to have a good benchmark.

Index | Machine Learning Model
1 Decision tree

Random forest

Naive Bayes

Support Vector Machine

Neural network

Ol i~ W N

Table 3.7: The machine learning models implemented and analyzed in the thesis.

Model Parameter Values tested
Decision tree Cost function (2.33) [Gini impurity (2.34), entropy (2.35)]
(Section 2.5.6.3) | Max depth [3,4,5,6,7, No limit]
Random forest | Cost function [Gini impurity, entropy]
(Section 2.5.6.4) | Max depth [4,5,6]
Number of trees [50,100,150,200,250]
SVM C (2.30) 1, 10, 100]
(Section 2.5.6.2) | Kernel (2.31) [Linear, Polynomial, RBF, Sigmoid]
Number of hidden layers | [1,2,3]
Neural network | Number of neurons [16,32,64]
(Section 2.5.6.5) | Optimizer [Adam, SGD]
Activation function [ReLU (2.36), tanh]
Number of epochs [100,150,200]

Table 3.8: Machine learning models along with different parameters tested in grid
search and references to the relevant sections and equations.
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3.6 Predicting with 120 problem instances

The machine learning model is as good as the data used in training the model. It
depends on both the quantity as well as the quality of the data which is used to
train the machine learning model. Since this thesis mainly revolves around investi-
gating how machine learning can be used to improve the solution quality of a tail
assignment problem which basically has a major drawback of less number of data
points. In order to validate the use of such a small data set to do the machine
learning, an idea of training the model with problem instances which takes less than
10 minutes is used to predict the strategies for instances which takes hours to run.
The main idea behind this approach was to test whether the model trained with
instances which usually takes less than 10 minutes to run could help in predicting
the right strategy for larger instances.

A training data set comprising of 120 problem instances which takes less than 10
minutes to run was used to train the machine learning models. Similarly, the in-
stances which usually take more hours to run were selected as the testing data set.
The instances in the testing data set were selected as mentioned in Table 3.9. Then,
the results were compared with the baseline models.

Index | Computation time | Number of instances
1 1-2 hours 23
2 3—4 hours 9
3 5—6 hours 7

Table 3.9: Computation time using the current heuristic for the 39 problem
instances used in the testing data set.
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Results and discussion

This chapter presents the results within this thesis project. This includes how the
data is distributed across the different classes and the results from the various ma-
chine learning models with the data set and variations of it.

As mentioned in Section 3.3, four different labellers, namely the running time la-
beller, the cost labeller, the unassigned legs labeller and the combination labeller
that uses all 3 output features have been used to determine the best multi-label label
for each problem instance in the data set which were then turned into a multi-class
label using a random choice between the candidate strategies for some iterations
to get a balanced data set. The five different machine learning models were then
trained on the input features paired with each of the four labellers for both multi-
class and multi-label classification on three different sets of the features, namely
using all 28 input features, using the five first principal components according to a
PCA, and using the top five most important features according to a random forest
(represented as feature selection, or F'S for short). This section will only show the
results of the best models and not for every model. More detailed results can be
found in Appendix A.

4.1 Data distribution

Figures A.1 and A.2 represent the data distributions of all the input features as
histograms. It can be seen clearly from the images that the data distribution of
multiple features like the number of legs, the global constraints, the pre-assigned
tasks, the mean standard deviation of connection costs, and the average length of
flights contains data which can be considered as outliers. Even though they have
huge deviations, such values are not treated as outliers because they might corre-
spond to values which are derived from large-scale tail assignment problem instances,
which are the more important problem instances to determine good strategies for.

4.1.1 Feature correlation

When having data with a lot of features, some of the features may correlate with each
other and thus contain very similar information. To examine this, the correlation of
all pairs of features according to the data set were computed with the results found
in Figure 4.1
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Figure 4.1: Heat map of the correlation between the various features.
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Figure 4.1 suggests that some of the input features are correlated with each other.
The number of flight legs had some correlation with both the unassigned tasks and
the active period of the flights, which makes sense as the flights make up a large
part of the tasks and more flights will eventually increase the period the flights end
up on. The active period is also negatively correlated with the number of aircraft,
which is likely due to more aircraft being able to fit more flights in the same period
of time. The number of aircraft also affects the number of tasks and connections
along with having a large number of connections being 3—12 hours. It was also found
that all the task-based features were heavily correlated with each other.

The number of global constraints affected the percentage of soft cumulative con-
straints, likely due to soft constraints being more common than hard constraints.
Both the total number of constraints and the soft constraint percentage were corre-
lated with the percent of the connections take under ten minutes, which might be
how soft constraints affect the connections. A similar thing can be seen with the
hard constraints, which was correlated with the percent of 20—30 minute connections.

Finally, the average flight time was correlated with the length active period, and
interestingly enough the percentage of connections between 60 and 90 minutes and
the variance of the connections costs. The former could be expected since a longer
period of flights could lead to some longer flights being able to be put in the period,
but the other ones are a bit more surprising.

4.1.2 Principal components

After performing a PCA on the training set of the data that was used for the rest
of the machine learning, the first five principal components can be found in Figure

4.2. The signs of the most influencing features of the first five principal components
is found in Table 4.1.

Table 4.1 shows that the first principal component ended up having large positive
values for the number of vehicles, most of the task-based features and percentage of
connections between three and 24 hours. As most of the task features are correlated
with the number of vehicles, it could be that this component represents the overall
size of the problem instance. The second component is very negative towards the
percentage of connections between one and twelve hours while it was more positive
towards the amount of percentage over 24 hours, this could be perhaps be inter-
preted as a contrast of the lengths of the connections.

The third principal component seems to contrast the number of soft constraints and
longer connections with the number of tasks and short connections. The fourth
component is along the number of flights and percent of cumulative rules along
with 90—120 minute connections and active period duration. Since the active period
duration is correlated with the number of legs, this component is mainly alongside
the number of legs. The fifth component have large values for of the number of global
constraints and really short connections, which have some correlation with the global
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constraints, meaning that the global constraints might be the main contributor to

the principal component.

Heat map of the values of the first five principal components vs the
original features for the training set.

Figure 4.2
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Feature o Qg | a3

Number of legs

Number of vehicles + (+)

Global constraints

Soft cumulative rules % ) |G| - (+)
-)

(67

n
+|2

/I—\/—\
— —

Hard cumulative rules %
Unassigned tasks + + (+)
Pre-assigned tasks

Connections +

Start tasks +

End tasks +

MSD of connection costs (+)
0—10 minute connections % ) | ) +
10-20 minute connections % | (-) | (-) +
20-30 minute connections % | (-) (+)
30-45 minute connections % - ) | +
45-60 minute connections % | (-) | (-) | +
60—90 minute connections % - +
90-120 minute connections % - +

2—3 hour connections % - +

3—4 hour connections %

4-6 hour connections %

6—8 hour connections %

8-12 hour connections %

12-16 hour connections %

16—24 hour connections %

>24 hour connections % + | (+)

Active period duration + | (+)
Average length of flights L E) )|+

o~~~
~—
I
/\/I'\
~— —

s

~—
I

Table 4.1: Table of the signs of the first five principal components {a}?_;. A
feature having + or - means that the absolute value is over half the maximum
absolute value of the component and is positive or negative, respectively, while a
feature has (+) or (-) if the absolute value is between 25% and 50% of the
maximum and is positive or negative, respectively.
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4.1.3 Label distribution

As the number of problem instances used for training the machine learning models
were only 245 and there are nine different strategies, the problem instances dis-
tributed across each label plays a crucial role in machine learning. The number of
labels that exist in each problem instance for each of the labellers found in Section
3.3 can be seen in Table 4.2

# labels | Running time | Cost | Unassigned legs | All 3 features
1 195 126 17 201
2 14 21 9 12
3 9 15 20 5
4 1 11 16 2
5 6 5 5 5
6 5 8 11 >
7 9 3 8 9
8 1 3 17 1
9 5 53 142 5

Table 4.2: Number of possible labels for each problem instance in the data set
based on four different ways of labelling.

Table 4.2 shows that the running time labeller and the so-called combination labeller
that uses all three output features has most of the problem instances with exactly
one single label, with a few instances having more than one label and has only five
instances having all nine labels. By a simple observation it can be seen that the
combination labeller has fewer problem instances with more than one label for every
number of labels except the last one. This is likely due to the running time playing a
role in the combination labeller, meaning that it is more specific about what labels
to give each problem instance compared to the running time labeller. The other
two labellers have more labels per problem instance, with the cost labeller having
around 70 fewer instances than them with only one label and 53 instances have all
nine labels. The unassigned legs labeller gives all labels for 142 observations and
only 17 observations has exactly one label. Due to this, the data sets made from
running time labeller and combination labeller using all three features should be
given more priority when evaluating the models.

While labelling the multi-class classification data set, the number of possible la-
bels for each problem instance gives an indication of how the model will perform.
Whenever the problem instances have exactly one label, the model tends to be de-
terministic where it will be evaluated fairly based on the true positive values. But
whenever the instance has more than one label, there is a high chance that the model
predicts any one of the labels and it is highly possible that the model is evaluated
without considering this possibility. Due to this nature of the data set used for multi-
class classification, the trained models tend to have a smaller accuracy where the
model is unfairly penalised in spite of making a right prediction in most of the cases.
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The number of times each strategy is used as a label for each labeller can be found
in Table 4.3. Refer back to Table 3.1 for each of the strategies.

Strategy | Running Time | Cost | Unassigned legs | All 3 features
1 7 108 213 75
2 55 109 211 49
3 56 73 173 50
4 40 84 176 37
5 50 97 199 56
6 28 84 171 28
7 30 99 193 33
8 60 128 217 61
9 34 70 167 30

Table 4.3: Data distribution of 245 problem instances across nine classes for each
of the four labellers.

Table 4.3 suggests that the distribution of the running time labeller and combination
labeller are quite similar to each other. They are equally distributed compared to
the other labellers. For both of these labellers, the current heuristic is the most fre-
quent label followed by starting with cold start and then using the current heuristic
(Strategy 8). On the other hand, the strategy that starts with cold start and then
mostly uses warm start (Strategy 6) has the fewest problem instances. With each
label being assigned to less than a third of the total problem instances, any model
will be likelier to not predict a label that should be given.

The data obtained from the unassigned legs labeller has notably more problem in-
stances that recommends all strategies with 142 problem instances. In the case of
multi-label classification, due to the large number of labels for each problem in-
stance, models trained on this data set will likely have an easier time deciding if an
instance has a label, but a harder time deciding if an instance should not have a
label in the label vector. Since the unassigned legs labeller gives labels to problem
instances that give the minimum number of unassigned legs regardless of the run-
ning time, it might easily assign labels to instances that run for a really long time
when there are strategies that gives a similar solution faster. The same can be said
to a lesser extent for the data using cost as the labeller as it has 53 observations
with all nine labels. However, the overall number of observations that recommends
each strategy is around half that of the unassigned legs labeller. The overall num-
ber points towards the cost labeller considering a strategy good more often than the
running time or combination labeller, but not as often as the unassigned legs labeller.

In order to understand the proper distribution of the strategies before randomly
selecting a strategy from the possible candidates to create a multi-class classifictaion

data set, the number of times a strategy is uniquely identified as the best strategy
can be found in Table 4.4.
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Strategy | Running Time | Cost | Unassigned legs | All 3 features
1 48 13 0 49
2 19 10 0 16
3 26 13 1 21
4 17 9 1 14
5 20 24 9 31
6 9 6 1 9
7 11 17 5 16
8 30 24 0 33
9 15 10 0 12

Table 4.4: Number of times a strategy is the only best label for the 245
observations.

Table 4.4 suggests that the running time labeller and the combination labeller has
more problem instances listed than the other two labellers. This table also suggests
that for these two labellers, the current heuristic (Strategy 1) is in general a good
choice, followed by starting with cold start and then using the heuristic (Strategy
8). The least used strategy for both is the strategy to initially use cold start and
then switch to mostly warm start (Strategy 6). Since the unassigned legs labeller
had very few observations with exactly one label, there isn’t a lot that can be gained
from that column except that most of the strategies will be picked randomly when
creating the multi-class labels. On the other hand, the cost labeller has a much
smaller number of problem instances where the current heuristic, using only warm
start or using only cold start are the best strategies compared to the running time
labeller, while the other strategies has approximately the same number of problem
instances where they are the best for.

Table 4.5 represents the final distribution of data points for the multi-class classifi-
cation problem with the nine strategies where one of the labels given by the labeller
is randomly selected several times. The most balanced labelling was then picked as
the final labelling.

Strategy | Running Time | Cost | Unassigned legs | All 3 features
1 57 32 30 5%}
2 27 30 30 25
3 33 25 25 28
4 20 22 30 18
5 31 30 39 35
6 12 16 16 12
7 13 29 27 18
8 34 43 30 39
9 18 18 18 15

Table 4.5: Data Distribution of 245 problem instances across the nine classes
after selecting a random label from the candidate labels.
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A quick look shows that for all labellers, strategy six is the least picked label for
a problem instance with slightly more than 5% for the cost and unassigned legs
labellers, and slightly less than 5% for the other two labellers. The running time
and combination labellers have over 20% of the observations which has the current
heuristic as the label, which makes the data set unbalanced. On the other hand, the
other two labellers have almost equal distribution of problem instances across all
the nine strategies. The imbalanced data set might affect the results of the machine
learning models later.

4.1.4 Feature importance

In order to see which features the models would consider important, a random forest
classifier was trained on the data set using the four different multi-class labellers to
find which features minimized the Gini impurity the most. The results for each
labeller are found in Figures A.3 — A.6.

It can be seen that for all of the figures, the mean standard deviation of the connec-
tion costs were the most important for all of the labellers. This could be because
this is one of the few features that describes the mathematical formulation of the
tail assignment problem beyond just the dimension of the problem instance. All
of the labellers also either had the active period duration as an important feature,
or the number of legs, which is correlated with the period duration. There were
also connection percentages in all the labellers, aside from the labeller that used
all the output features, as well as some feature related to the number of tasks like
the connections, unassigned tasks or end tasks in all labellers except the cost labeller.

However, it should be noted that the five most important features only make up
about 25% of the weight in the random forest classifier for all the labellers. Since
the five most important features make up % ~ 18% of the total features, it points
towards most of the features being similar in importance. This theory is supported
by the second to fifth feature having almost equal importance, with only the most
important feature deviating from them for all labellers except the combination la-
beller where the most important feature is also similar to the other four.

As for the features of each labeller, certain features seem to be related to what
is used as the label. The running time labeller has the number of connections
and the active period duration among the important features, both features that
would increase the complexity of the problem, and thus the running time of the
column generation framework. For the cost labeller, a lot of the features revolve
around shorter connections. The unassigned legs labeller has the number of legs as
a feature, along with the unassigned tasks, which are correlated to the number of
legs. The combination labeller seems to have a combination of the features from
the other three labellers, with the active period duration from the cost and running
time, connections and average flight time from the running time, and while the end
tasks is not in any of the others, it is correlated with the unassigned tasks from the
unassigned legs labeller. The reason why most of the features are also found in the
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running time labellers important features is likely because as shown in Tables 4.2 —
4.3, the two labellers are very similar to each other.

4.2 Hyperparameters

Before showing the optimal hyperparameters for the models, an example of the
importance of good hyperparameters is found in Figure 4.3, which shows the different
values which are assigned for the five different parameters for one of the neural
network models.

num_units optimizer num_epochs activation num_layers accuracy 1_score

80
55
50
45
40
35
30
25

20 -

Figure 4.3: TensorBoard showing the accuracy and Fj-score for various neural
network parameters for multi-class classification using running time labeller and all
features.

The last two columns in that image gives the information about the accuracy score
and the Fj-score of the neural network models when they are trained using the dif-
ferent parameter values as shown in the first five columns in that image for a neural
network. From the figure, it is clear that different choices of the hyperparameters
give different Fj-score, which is why grid search is used to find the best hyperpa-
rameters among several instead of just using one set of hyperparameters.

The best hyperparameter values for each of the machine learning models using the
four different labellers can be found in Tables A.1 — A.8. By looking at the tables
it can be seen that when it comes to creating the models, it seems that for decision
trees and random forests, most of the decision trees have a depth of six or seven,
while the random forest uses a depth of five or six. This suggests that deeper trees
being better for these two models. Another thing to note is the cost function, which
is the function used to split the trees that is suggested for the decision trees and
random forests uses both entropy and Gini impurity for about the same number of
models. It could mean that neither of the two cost functions work best for every
labeller so both need to be considered when constructing the classifiers.

For the Support Vector Machine models, all of the models suggest the radial basis
function, pointing towards the relation between the strategies and input features to
be more complex than some polynomial function, if there is such a relation at all.
It also generally recommends a high cost on the slack variables, which also suggests
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that separating the data set by some metric is difficult to do. Finally, the neural
network model always recommends the Adam optimizer, suggesting that it is a good
choice for the problem instances, while also suggesting 150 or 200 epochs often. This
implies that the training might not be enough in the cases of 200 epochs or it is
around the right number of epochs. It also recommends more than one layer for all
but one model, which could point towards the model being complex.

4.3 Results from the model using entire dataset

4.3.1 Multi-class classification

The Fij-score and accuracy from testing the machine learning models on the data
set for the optimal hyperparameters with the different labellers when transformed
into a multi-class classification problem can be found in Tables A.9 — A.12. The
best model results for each of the three feature sets can be found in Tables 4.6 —
4.8. The Fi-score and accuracy plots of the best models can be found in Figures 4.4
and 4.5, respectively.

Baseline | Baseline Best
Labeller Model | Accuracy | Fi—score | Accuracy | model
(Random, | (Random, F'—score
Heuristic) | Heuristic)
Running Neural 0.0776 0.0814 0.2653 0.2490
time network 0.2327 0.0878
Total Neural 0.1265 0.1232 0.2857 0.3026
cost network 0.1306 0.0302
Unassigned | Neural 0.1224 0.1206 0.2040 0.2267
legs network 0.1224 0.0267
Combination | Neural 0.1061 0.1134 0.2244 0.1952
network 0.2245 0.0823

Table 4.6: Best machine learning models for multi-class classification using all
features.
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Baseline | Baseline Best
Labeller Model | Accuracy | Fi—score | Accuracy | model
(Random, | (Random, F)—score
Heuristic) | Heuristic)
Running Neural 0.0776 0.0814 0.2449 0.2421
time network 0.2327 0.0878
Total Decision 0.1265 0.1232 0.2653 0.2611
cost tree 0.1306 0.0302
Unassigned SVM 0.1224 0.1206 0.1837 0.2035
legs 0.1224 0.0267
Combination | Random 0.1061 0.1134 0.2041 0.2101
forest 0.2245 0.0823

Table 4.7: Best machine learning models for multi-class classification using PCA.

Baseline | Baseline Best
Labeller Model | Accuracy | Fi—score | Accuracy | model
(Random, | (Random, Fi—score
Heuristic) | Heuristic)
Running Decision 0.0776 0.0814 0.2653 0.2265
time tree 0.2327 0.0878
Total Random 0.1265 0.1232 0.3265 0.2806
cost forest 0.1306 0.0302
Unassigned | Random 0.1224 0.1206 0.1633 0.1781
legs forest 0.1224 0.0267
Combination | Random 0.1061 0.1134 0.2041 0.1942
forest 0.2245 0.0823

Table 4.8: Best machine learning models for multi-class classification using the
five most important features.

F1-Score of best multi-class classification models using all features, pca and feature selection
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Figure 4.4: F)-Score of the best multi-class models.
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Accuracy of best multi-class classification models using all features, pca and feature selection
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Figure 4.5: Accuracy Score of the best multi-class models.

By looking at the accuracies and Fj-scores of the models in Tables A.9 — A.12 and
comparing them with the baseline models, most of the models perform at least better
than the baseline models. Overall, the random forest classifier with feature selection
gave the highest accuracy of 32.65% when using cost as the labeller. When F}-score
was considered as the main evaluation metric, the neural network gives the highest
score of 30.26% when all features are used with cost as the labeller. These results
might point towards machine learning at least being able though not by too much,
which could be stem from the data being smaller. The decision trees, random forests
and neural networks generally perform the best out of the models, while SVM is
generally a bit worse but can reach similar levels occasionally. Naive Bayes on the
other hand tends to perform worse than all the other models, and even gets worse
results than the two baselines sometimes. In particular, with the cost labeller and
all features, it has an accuracy and F}-score of zero.

Another trend that can be seen by comparing the same model with different fea-
tures, it can be seen that for both Naive Bayes and SVM, using PCA gives better
results than using all the features. This makes sense, as naive Bayes assumes that
all features are independent, and the principal components are independent with
each other, meaning that the features fit the model a lot better. A theory as to why
it gives better results for the SVM is that using PCA might orient the data in a way
that makes it easier to solve. For the other models, the Fj-score tend to be higher
when using all of the features, as using PCA and feature selection does remove in-
formation from the data, though there are exceptions like for the cost labeller where
the decision tree performs much better for PCA and feature selection than with all
features and the random forest has much better results with feature selection.

Finally, while it is a small thing, it seems that most of the models perform very sim-
ilarly regardless of what label set is used, which could be a result of all sets having
similar distributions of labels as seen in Table 4.5. The low Fj-score could come
from the number of problem instances being small while still having nine classes
to choose from. This means that the classes might not get enough data points to
learn the patterns correctly. For example, some of the classes might be assigned to
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more problem instances and some may be assigned to fewer problem instances as
can be seen in Table 4.5. The separation of the classes could probably be better if
only three or four classes were used for classification instead of all nine or if more
problem instances were added.

4.3.2 Multi-label classification

The Fi-score and the value of 1 minus the Hamming loss from the other multi-
label transformations can be found in Tables 4.9 — A.16. The result of the multi-
label neural network models can be found in Table A.17. The best model and
transformation for each of the three different types of features can be found in the
Tables 4.10 — 4.12.

Labeller Model (1 - Hamming F)—score
loss)

Running time | Random model 0.4939 0.3059
All strategies 0.1950 0.3493
Total cost Random model 0.4980 0.4531
All strategies 0.3864 0.5675
Unassigned legs | Random model 0.5016 0.6105
All strategies 0.7800 0.8791
Combination | Random model 0.5048 0.2985
All strategies 0.1900 0.3423

Table 4.9: Results of the baseline models for multi-label classification.

Labeller Model Transformation (- Iﬁ)asrsr;mmg Fi—score
Running Decision :
. Binary relevance 0.7755 0.4456
time tree
Total Random Binary relevance 0.8390 0.7628
cost forest
Unassigned Random Label powerset 0.8776 0.9294
legs forest
Combination | Decision tree | Classifier chain 0.7778 0.4252

Table 4.10: Best machine learning models for multi-label classification using all
features.

o4



4. Results and discussion

Labeller Model | Transformation (1 - Il{Oa:Sr;mmg Fi—score
Rupmng Decision Binary relevance 0.7732 0.4185
time tree
Total =} Random | =y iger chain 0.8299 0.7377
cost forest
Unassigned | Random Binary relevance 0.8639 0.9197
legs forest
Combination SVM Classifier chain 0.7664 0.4044
Table 4.11: Best machine learning models for multi-label classification using
PCA.
Labeller Model Transformation (1 - Ii)asrsmmg Fi—score
Running Decision Classifier chain 0.8322 0.5283
time Tree
Total Random Binary relevance 0.8503 0.7776
cost Forest
Unassigned | Random Label powerset 0.8776 0.9291
legs Forest
Combination | Decision Tree | Label powerset 0.7937 0.5140

Table 4.12: Best machine learning models for multi-label classification using top
5 features.

F1-Score of best multi-label classification models using all features, pca and feature selection
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Figure 4.6: F)-Score of the best multi-label models.
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Binary Accuracy of best multi-label classification models using all features, pca and feature selection
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Figure 4.7: 1 - Hamming loss for the best multi-label models.

If one looks at Tables A.13 — A.16, one generally sees that the Hamming loss and
the Fi-score is widely different across the the labellers, unlike the previous trans-
formation. In particular, the unassigned legs labellers baseline Fj-score is around
twice that of the running time and combination labeller. This is likely due to the
more plentiful recommended strategies causing the rate of possible false positives to
be much lower, which would increase the precision during a random choice, while
not affecting the rate of true positives and false negatives, which would increase the
Fi-score. This shows the usefulness of the Fi-score, as the Hamming loss between
the four labellers are much closer to each other compared to the Fj-score.

Otherwise, when comparing the scores within a labeller, a lot of the conclusions
about how the models perform are similar to the single label case, including that
most of the models aside from naive Bayes on occasion is better than the baseline
models, though there are some exceptions. For example, the naive Bayes classifier
has almost twice the Fj-score with all features compared to when it uses the PCA
for both binary relevance and label powerset when the running time or all three
output features determine the label.

Comparing the performance of all the machine learning models, the decision tree
gives the best Fi-scores of 44.56% and 42.52% when running time and combination
of all features were used as the labellers respectively. Similarly, random forest gives
the best Fj-scores of 76.28% and 92.94% when total cost and unassigned legs were
used as the labellers respectively. Interestingly, the results from the models when
using PCA and feature selection tend to give good results which are quite close to
the results from using all the features. This suggests that when any of those trans-
forms are done on the data set, the models tend to learn the patterns which they
learn when all the features are used. It also helps in making faster predictions and
saves significant computations.

Also, as can be seen in Figure A.17, the Fj-score for the neural network models,

are much lower than the other models for the multi-label set. In fact, it is much
closer to the multi-class data sets instead. This might be because it’s method of
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predicting the labels are much closer to the multi-class counterpart compared to
the other models. This holds especially true to the running time and combination
labelled data sets, which only uses one label for most of the data already.

4.4 Predictions from the trained models on data
of a different scale

After training the model on the 120 problem instances which were collected ini-
tially, the five machine learning models were trained using this data and were tested
against the 39 problem instances which were collected later. The prediction results
of the model for new unseen data are found in Tables A.18 — A.20. The best results
of the predictions are found in Tables 4.13 and 4.14. Figures 4.8 and 4.9 contains
the prediction results of multi-class classification and multi-label classification, re-
spectively.

Labeller Model Fi-score
Running time Decision Tree 0.2007
Total cost Neural Network | 0.1537
Unassigned legs | Neural Network | 0.0978
Combination Decision Tree 0.2339

Table 4.13: Best machine learning models prediction for multi-class classification
using all features.

F1-Score of best models training and prediction results for multi-class classification
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Figure 4.8: Fj-Score when predicting large-scale problem instances with
small-scale problem instances using multi-class classification.
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Labeller Model Transformation | Fj-score
Running time Decision Tree Label Powerset 0.1792
Total cost Decision Tree Label Powerset 0.4912

Unassigned legs | Random Forest | Label Powerset 0.8898
Combination | Random Forest | Label Powerset 0.2231

Table 4.14: Best machine learning models prediction for multi-label classification
using all features.

F1-Score of best models training and prediction results for multi-label classification
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Figure 4.9: F|-Score when predicting large-scale problem instances with
small-scale problems using multi-label classification.

By comparing the results of these models with the counterparts for the full data set,
one can see that the results are generally a lot worse. For the multi-class models,
the decision tree with the combination labeller has the best result of 23.39% and
the neural network with the unassigned labeller has the worst result of 9.78%. In-
terestingly, the results from the neural network using the combination labeller and
all the data points has a lower Fj-score of 19.52% than the decision tree using the
120 problem instances. This suggests that the model is able to generalize to unseen
instances to some extent. All multi-class models except the models using the unas-
signed labellers give better results than the random baseline model. However for
the multi-label models, only the unassigned legs labeller performs better than the
two baselines.

From Table A.19, it can be seen that some of the models using the running time
labeller has an Fj-score of zero in the multi-labelled case. This is likely due to the
input features being very different for large-scale problem instances in test set com-
pared to the small-scale instances used for training. Furthermore, in the multi-label
case, instances at a smaller scale are easier to solve, meaning that they are likely to
have more strategies that are considered good under the labelling conditions. For
example, it would be easy for a multi-label model to learn and consider a strategy
good, when that does not fit the larger scale problem instances. Also, the training
data set used is much smaller, which also makes it harder for the models to predict
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the labels correctly.

From Table 4.14 and Figure 4.9, it is clear that the label powerset transformation
works better for the multi-label classification. The results from the running time
labeller and the combination labeller are slightly lower than the baseline models.
This might be due to the fact that the input features for the training set and testing
set differs significantly because of the size of the problem instances.

4.5 Answers to the research questions

To answer the question of which model works best, there are different answers de-
pending on if multi-class classification or multi-label classification is used. In case
of the multi-class classification using all features, the neural networks has an edge
over the other machine learning models. While performing multi-label classification,
both the decision tree and random forest perform better than other models.

To answer if only using warm start or cold start is a better strategy than the current
heuristic, it is quite evident that there are instances for which the current heuristic
is not an optimal strategy for labellers using running time and total objective cost,
as shown in Tables 4.3 and 4.4. These tables also show that sometimes the best

strategy was to use only warm start (Strategy 2) or to use only cold start (Strategy
3).

Finally, to answer if a choice between predefined strategies based on the input fea-
tures is possible with machine learning, the answer is not quite clear. The results in
Section 4.3 show that most machine learning models learn the strategy choice better
than just a random guess, but with the data given, it is not yet enough reliable to
be used in practice.
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Conclusion

5.1 Future work

The results point towards machine learning at least being better than both of the
baseline models. There should be further investigation on using machine learning
for this problem. Some things that can be investigated are to try the same prob-
lem with fewer strategies or to formulate new strategies that work better. Some
ideas for the new strategies could be heuristics that perform better than the current
heuristic on some of the problem instances. One can also use only some of the bet-
ter strategies from the experimented nine strategies in this thesis. By having fewer
strategies, it should be easier to tell if there are patterns to be found that determine
the best strategy among those investigated. This would also reduce the time needed
to collect the data in the first place, as there are fewer output features that need to
be collected.

The results of training on smaller problem instances and testing on larger problem
instances which was implemented implies that it was not a fair idea as the machine
learning models has not seen the larger instances yet. This is likely because the larger
problem instances have a different input features compared to the smaller problem
instances. Because of this, if the goal is to improve the strategy choice for larger
problem instances, only problem instances that are of larger scale should be used.
This could also make it easier to formulate the machine learning as a multi—class
classification problem for larger problem instances. This is mainly due to more deci-
sions between warm start and cold start, leading to more problems having only one
of the strategies as the optimal strategy. This is good because multi—label problems
are generally more complex than multi—class problems. Due to using a combination
of labels instead of a single label, the results are a bit harder to interpret and that
it is much easier to have the data set be imbalanced.

An aspect that wasn’t considered in the results was how machine learning would af-
fect Jeppesen Systems’ column generation framework when implemented into it. An
idea of how to implement the machine learning into the column generation frame-
work is to have a pretrained machine learning model that has learnt patterns from
the previous data from the framework. When running the new framework, the input
features are collected and then sent to the pretrained model to determine the strat-
egy to use. Of course, some of the input features used in this thesis were extracted
from the data and not originally a part of the code, implying that extracting the
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input features will take some extra time. However, it would still be a good idea to
implement machine learning to decide the starting point since it might save a lot of
computation time. The overhead time of collecting features and running the model
should be negligible compared to possible gains in computational time.

Finally, this thesis did not investigate what start to use at each iteration, but instead
looked what strategy to use for the entire problem instance based on features of
the instance before solving it. If one were to determine what start to use at each
iteration, the choice within the problem instance would be a lot more complicated.
This is due to only being able to know the best choice by exhaustively looking
at every combination of choices until the optimizer terminates which needs to be
considered. Here, reinforcement learning could be a good approach as it learns from
the decisions it makes. However, this will still be a hard problem to solve.

5.2 Conclusion

Our results show that there might be something in the input data that the machine
learning models learn from. However, judging from the complexity of the optimal
hyperparameters of the Support Vector Machine and the feature importance giving
similar importance to all features, the decision is very complicated. If there is a reli-
able way to determine the correct strategy, the decision is very complex. With more
analysis regarding other input features, other types of machine learning models and
their hyperparameters, the choice of what strategies to look at and more collected
data, machine learning models can be an applicable approach for choosing starting
strategies in the column generation scheme. If reliable and robust methods would
be found and implemented these might reduce the computational time for Jeppesen
Systems considerably.
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Appendix - Tables of results

This appendix will contain more detailed tables of the results from Section 4
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Figure A.2: Data distribution of input features - set 2.

A.2 Feature Importances

Normalized Weights for First Five Most Predictive Features
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Figure A.3: Histogram of the importance of the most important features
according to a random forest classifier when using the time as a label.
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Normalized Weights for First Five Most Predictive Features
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Figure A.4: Histogram of the importance of the most important features
according to a random forest classifier when using the cost as a label.
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Figure A.5: Histogram of the importance of the most important features
according to a random forest classifier when using the unassigned legs as a label.
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Normalized Weights for First Five Most Predictive Features
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Figure A.6: Histogram of the importance of the most important features
according to a random forest classifier when using a combination of all three
output features as the label.

A.3 Optimal hyperparameters

Model Features Parameter Optimal value
Decision All Cost function Entropy
Tree Max depth 7
Cost function Entropy
Random Forest All Max depth 6
Number of trees 150
Support Vector PCA C 100
Machine Kernel RBF
Hidden layers 1
Neurons per layer 16
Neural network All Optimizer Adam
Activation function ReLU
Number of epochs 150

Table A.1: Optimal hyperparameters and feature sets using the running time
labeller for the multi—class classifiers.
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Model Features Parameter Optimal value
Decision PCA Cost function Gini
Tree Max depth No limit
Cost function Gini
Random forest FS Max depth 4
Number of trees 150
Support Vector PCA C 100
Machine Kernel RBF
Hidden layers 3
Neurons per layer 32
Neural network All Optimizer Adam
Activation ReLU
Number of epochs 200

Table A.2: Optimal hyperparameters and feature sets using the cost labeller for
the multi—class classifiers.

Model Features Parameter Optimal value
Decision All Cost function Entropy
Tree Max depth 7
Cost function Gini
Random forest All Max depth 5
Number of trees 100
Support Vector PCA C 100
Machine Kernel RBF
Hidden layers 3
Neurons per layer 64
Neural network All Optimizer Adam
Activation function tanh
Number of epochs 200

Table A.3: Optimal hyperparameters and feature set using the unassigned legs
labeller for the multi—class classifiers.
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Model Features Parameter Optimal value
Decision PCA Cost function Entropy
Tree Max depth 7
Cost function Entropy
Random forest PCA Max depth 6
Number of trees 150
Support Vector PCA C 100
Machine Kernel RBF
Hidden layers 2
Neurons per layer 32
Neural network PCA Optimizer Adam
Activation function tanh
Number of epochs 100

Table A.4: Optimal hyperparameters and feature sets using the combined output
labeller for the multi—class classifiers.

Model | Transfomation | Features Parameter Optimal value
Decision | Classifier chain FS Cost function Entropy
Tree Max depth )
Random Cost function Gini
Forest Classifier chain FS Max depth 5)
Number of trees 200
SVM Classifier chain PCA C 100
Kernel RBF
Hidden layers 2
Neural Neurons per layer 16
network - All Optimizer Adam
Activation function ReLU
Number of epochs 200

Table A.5: Optimal hyperparameters, transformations and feature sets using the
running time labeller for the multi—label classifiers.
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Model | Transfomation | Features Parameter Optimal value
Decision | Binary relevance FS Cost function Gini
Tree Max depth No limit
Random Cost function Gini
Forest | Binary relevance FS Max depth 6
Number of trees 50
SVM Label powerset All C 1
Kernel RBF
Hidden layers 2
Neural Neurons per layer 64
network - All Optimizer Adam
Activation function tanh
Number of epochs 200

Table A.6: Optimal hyperparameters, transformations and feature sets using the
cost labeller for the multi—label classifiers.

Model | Transfomation | Features Parameter Optimal value
Decision | Label powerset All Cost function Gini
Tree Max depth 6
Random Cost function Entropy
Forest Classifier chain FS Max depth 6
Number of trees 50
SVM Classifier chain PCA C 10
Kernel RBF
Hidden layers 2
Neural Neurons per layer 32
network - PCA Optimizer Adam
Activation function ReLU
Number of epochs 200

Table A.7: Optimal hyperparameters, transformations and feature sets using the
unassigned legs labeller for the multi—label classifiers.
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Model | Transfomation | Features Parameter Optimal value
Decision | Classifier chain FS Cost function Entropy
Tree Max depth No limit
Random Cost function Gini
Forest (Classifier chain FS Max depth 4
Number of trees 150
SVM Classifier chain PCA C 100
Kernel RBF
Hidden layers 2
Neural Neurons per layer 16
network - FS Optimizer Adam
Activation function tanh
Number of epochs 150

Table A.8: Optimal hyperparameters, transformations and feature sets using the
combination labeller for the multi—label classifiers.

A.4 Multi——class scores

Model Features | Accuracy | Fi-score
Random baseline - 0.0776 0.0814
Current heuristic baseline - 0.2327 0.0878
All 0.2857 0.2348
Decision tree PCA 0.2041 0.1804
FS 0.2653 0.2265
All 0.2041 0.1883
Random forest PCA 0.1837 0.1369
FS 0.2245 0.1605
All 0.0612 0.0787
Naive Bayes PCA 0.1224 0.0820
FS 0.1224 0.0684
All 0.0612 0.0456
SVM PCA 0.1633 0.1467
FS 0.1633 0.1131
All 0.2653 0.2490
Neural network PCA 0.2449 0.2421
FS 0.2244 0.2005

Table A.9: Results on testing set using the running time labeller for all the 245
observations in data set for the multi—class classification.
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Model Features | Accuracy | F;-score
Random baseline - 0.1265 0.1232
Current heuristic baseline - 0.1306 0.0302
All 0.2041 0.2042
Decision tree PCA 0.2653 0.2611
FS 0.2449 0.2459
All 0.2449 0.2281
Random forest PCA 0.2449 0.2263
FS 0.3265 0.2806
All 0.0000 0.0000
Naive Bayes PCA 0.1020 0.1103
FS 0.0816 0.0734
All 0.2041 0.1899
SVM PCA 0.2653 0.2354
FS 0.1633 0.1664
All 0.2857 0.3026
Neural network PCA 0.2449 0.2433
FS 0.2449 0.2381

Table A.10: Results on testing set using the cost labeller for all the 245

observations in data set for the multi—class classification.

Model Features | Accuracy | F;-score
Random baseline - 0.1224 0.1206
Current heuristic baseline - 0.1224 0.0267
All 0.1837 0.1656
Decision tree PCA 0.1429 0.1375
FS 0.0816 0.0923
All 0.1633 0.1795
Random forest PCA 0.1429 0.1218
FS 0.1633 0.1781
All 0.0816 0.0837
Naive Bayes PCA 0.1633 0.1518
FS 0.1020 0.0734
All 0.1429 0.1515
SVM PCA 0.1837 0.2035
FS 0.1429 0.1304
All 0.2040 0.2267
Neural network PCA 0.1632 0.1890
FS 0.2040 0.1650

Table A.11: Results on testing set using the unassigned legs labeller for all the
245 observations in data set for the multi—class classification.
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Model Features | Accuracy | F;-score
Random baseline - 0.1061 0.1134
Current heuristic baseline - 0.2245 0.0823
All 0.1633 0.1504
Decision tree PCA 0.1837 0.1932
FS 0.1837 0.1883
All 0.2041 0.1906
Random forest PCA 0.2041 0.2101
FS 0.2041 0.1942
All 0.0612 0.0529
Naive Bayes PCA 0.1837 0.1455
FS 0.1429 0.1020
All 0.1633 0.1720
SVM PCA 0.1837 0.1780
FS 0.1633 0.1532
All 0.2244 0.1952
Neural network PCA 0.2449 0.1994
FS 0.2040 0.1892

Table A.12: Results on testing set using the combination labeller for all the 245
observations in data set for the multi—class classification.
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A.5 Multi—label scores

(1 - Hamming

Model Transformation | Features loss) F;-score
Random baseline - - 0.4939 0.3059
All baseline - - 0.1950 0.3493
All 0.7755 0.4456
Binary relevance PCA 0.7732 0.4185
FS 0.7914 0.4818
All 0.7528 0.3983
Decision tree (Classifier chain PCA 0.7483 0.3737
FS 0.8322 0.5283
All 0.7823 0.4341
Label powerset PCA 0.7710 0.4048
FS 0.7868 0.4863
All 0.8141 0.4062
Binary relevance PCA 0.8163 0.3803
FS 0.8231 0.4581
All 0.8118 0.3904
Random forest Classifier chain PCA 0.8186 0.3762
FS 0.8413 0.4937
All 0.7823 0.3841
Label powerset PCA 0.7800 0.3978
FS 0.7982 0.4960
All 0.5782 0.4066
Binary relevance PCA 0.7551 0.0851
FS 0.5193 0.3726
All 0.5442 0.3944
Naive Bayes Classifier chain PCA 0.7710 0.1614
FS 0.4535 0.4483
All 0.7052 0.1780
Label powerset PCA 0.7415 0.2490
FS 0.7188 0.4142
All 0.7846 0.3777
Binary relevance PCA 0.7846 0.3706
FS 0.7370 0.2742
All 0.7959 0.3622
SVM (Classifier chain PCA 0.7619 0.4213
FS 0.6916 0.2870
All 0.7528 0.3576
Label powerset PCA 0.7460 0.3602
FS 0.7279 0.0955

Table A.13: Results on the testing set for the running time labeller for the full
245 observation data set with the other transformations.
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(1 - Hamming

Model Transformation | Features loss) F-score
Random baseline - - 0.4980 0.4531
All baseline - - 0.3864 0.5675
All 0.8186 0.7435
Binary relevance PCA 0.7460 0.6598
FS 0.8322 0.7654
All 0.7392 0.6868
Decision tree Classifier chain PCA 0.7415 0.6536
FS 0.7574 0.6897
All 0.7642 0.6788
Label powerset PCA 0.7166 0.6197
FS 0.7755 0.7276
All 0.8390 0.7628
Binary relevance PCA 0.7891 0.6743
FS 0.8503 0.7776
All 0.8277 0.7518
Random forest Classifier chain PCA 0.8299 0.7377
FS 0.8526 0.7739
All 0.7959 0.7417
Label powerset PCA 0.7710 0.7044
FS 0.8186 0.7571
All 0.6599 0.5478
Binary relevance PCA 0.7211 0.5193
FS 0.5374 0.5700
All 0.7256 0.5437
Naive Bayes Classifier chain PCA 0.7483 0.6130
FS 0.5147 0.5667
All 0.7166 0.5581
Label powerset PCA 0.7324 0.6320
FS 0.6667 0.5247
All 0.7438 0.6208
Binary relevance PCA 0.7528 0.6424
FS 0.6803 0.5889
All 0.7619 0.6289
SVM Classifier chain PCA 0.7755 0.6610
FS 0.6077 0.5742
All 0.6825 0.6703
Label powerset PCA 0.6009 0.6108
FS 0.6145 0.5948

Table A.14: Results on the testing set for the cost labeller for the full 245
observation data set with the other transformations.
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Model Transformation | Features (1- Il{OaSrSr;mlng F;-score
Random baseline - - 0.5016 0.6105
All baseline - - 0.7800 0.8791
All 0.8322 0.8973
Binary relevance PCA 0.8163 0.8835
FS 0.8345 0.8986
All 0.8390 0.9024
Decision tree Classifier chain PCA 0.8435 0.9023
FS 0.8050 0.8788
All 0.8662 0.9228
Label powerset PCA 0.8299 0.9003
FS 0.8141 0.8898
All 0.8617 0.9185
Binary relevance PCA 0.8639 0.9197
FS 0.8639 0.9190
All 0.8753 0.9285
Random forest (Classifier chain PCA 0.8458 0.9103
FS 0.8594 0.9193
All 0.8776 0.9294
Label powerset PCA 0.8594 0.9193
FS 0.8776 0.9291
All 0.6440 0.7440
Binary relevance PCA 0.7710 0.8625
FS 0.7710 0.8560
All 0.5488 0.6204
Naive Bayes Classifier chain PCA 0.6553 0.7666
FS 0.8345 0.8978
All 0.7642 0.8474
Label powerset PCA 0.7234 0.8219
FS 0.7914 0.8655
All 0.8254 0.8989
Binary relevance PCA 0.8073 0.8903
FS 0.8118 0.8868
All 0.7891 0.8690
SVM Classifier chain PCA 0.8322 0.9066
FS 0.8141 0.8886
All 0.8186 0.8858
Label powerset PCA 0.8481 0.9090
FS 0.7959 0.8729

Table A.15: Results on the testing set for the unassigned legs labeller for the full
245 observation data set with the other transformations.
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Model Transformation | Features (1- Il{OaSrSr;mlng F;-score
Random baseline - - 0.5048 0.2985
All baseline - - 0.1900 0.3423
All 0.7755 0.4061
Binary relevance PCA 0.7732 0.3865
FS 0.8141 0.5065
All 0.7778 0.4252
Decision tree Classifier chain PCA 0.7755 0.3736
FS 0.8073 0.4536
All 0.7642 0.3780
Label powerset PCA 0.7619 0.4009
FS 0.7937 0.5140
All 0.8141 0.3992
Binary relevance PCA 0.8186 0.3679
FS 0.8254 0.4587
All 0.8163 0.4110
Random forest (Classifier chain PCA 0.8141 0.3630
FS 0.8322 0.4784
All 0.7823 0.3932
Label powerset PCA 0.7800 0.3919
FS 0.7664 0.4490
All 0.6213 0.4128
Binary relevance PCA 0.7687 0.1500
FS 0.5420 0.3404
All 0.5805 0.4063
Naive Bayes Classifier chain PCA 0.7755 0.1673
FS 0.4966 0.3791
All 0.7279 0.1823
Label powerset PCA 0.7551 0.2962
FS 0.7574 0.4481
All 0.7710 0.3421
Binary relevance PCA 0.7732 0.3520
FS 0.7370 0.2925
All 0.7619 0.3507
SVM Classifier chain PCA 0.7664 0.4044
FS 0.7438 0.1123
All 0.7483 0.3272
Label powerset PCA 0.7460 0.3437
FS 0.7506 0.2256

Table A.16: Results on the testing set for the combination labeller for the full
245 observation data set with the other transformations.
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Labeller Features (1 - Hamming F;-score
loss)

All 0.8185 0.2550
Running time PCA 0.7845 0.2448
FS 0.7959 0.2387
All 0.7528 0.2328
Total cost PCA 0.6734 0.2263
FS 0.6644 0.1962
All 0.7845 0.2095
Unassigned legs PCA 0.8004 0.2129
FS 0.7324 0.1877
All 0.8185 0.2312
Combination PCA 0.7936 0.2355
FS 0.7936 0.2450

Table A.17: Results on the testing set for the multi—label neural network model

using the full 245 observation data set.

A.6 Predictions from the trained models on data
of a different scale

Labeller Model Accuracy | Fi-score
Decision tree 0.2564 0.2007
Random forest 0.1795 0.1364
Running time Naive Bayes 0.2051 0.1424
SVM 0.2308 0.1616
Neural network 0.1282 0.1576
Decision tree 0.1282 0.0570
Random forest 0.1538 0.0829
Total cost Naive Bayes 0.1538 0.1120
SVM 0.0769 0.0318
Neural network 0.2051 0.1537
tree 0.1795 0.0811
Random forest 0.1282 0.0444
Unassigned legs | Naive Bayes 0.1026 0.0636
SVM 0.1282 0.0815
Neural network 0.1282 0.0978
Decision tree 0.2821 0.2339
Random forest 0.2051 0.1645
Combination Naive Bayes 0.2308 0.1924
SVM 0.2564 0.1896
Neural network 0.1795 0.1537

Table A.18: Prediction results of machine learning models using the 120 problem

instances on 39 unseen problem instances - Multi—class classification.
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(1 - Hamming

Labeller Model Transformation loss) F;-score
Binary relevance 0.7777 0.0399
Decision Tree Classifier chain 0.8062 0.0000
Label powerset 0.8091 0.1792
Binary relevance 0.8547 0.0373
Random Forest | Classifier chain 0.8575 0.0000
Label powerset 0.8290 0.1752
Binary relevance 0.8319 0.1639
Running Naive Bayes (Classifier chain 0.8433 0.1183
time Label powerset 0.8347 0.1221
Binary relevance 0.7065 0.1596
SVM Classifier chain 0.7806 0.1386
Label powerset 0.8233 0.1611
Neural - 0.8063 0.1002
network
Binary relevance 0.6381 0.4387
Decision Tree Classifier chain 0.5897 0.3685
Label powerset 0.5099 0.4912
Binary relevance 0.6125 0.4509
Random Forest | Classifier chain 0.5811 0.3986
Label powerset 0.4188 0.4302
Binary relevance 0.5754 0.4441
Total cost | Naive Bayes Classifier chain 0.5783 0.4366
Label powerset 0.4501 0.4476
Binary relevance 0.2877 0.4322
SVM Classifier chain 0.2905 0.4363
Label powerset 0.2763 0.4485
Neural - 0.7236 0.0810
network

Table A.19: Prediction results of machine learning models for the running time

and cost labeller using the 120 problem instances on 39 unseen problem instances -
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(1 - Hamming

Labeller Model Transformation loss) F,-score
Binary relevance 0.6467 0.7494
Decision Tree Classifier chain 0.7122 0.8206
Label powerset 0.6752 0.7558
Binary relevance 0.7635 0.8643
Random Forest | Classifier chain 0.7521 0.8561
Label powerset 0.8091 0.8898
Binary relevance 0.6980 0.7718
Unassigned Naive Bayes Classifier chain 0.6866 0.7549
legs Label powerset 0.7293 0.8569
Binary relevance 0.6809 0.8207
SVM Classifier chain 0.6894 0.8271
Label powerset 0.7008 0.8369
Neural - 0.3447 0.1905
network
Binary relevance 0.7179 0.1342
Decision Tree Classifier chain 0.6923 0.1720
Label powerset 0.8034 0.1162
Binary relevance 0.8575 0.0755
Random Forest | Classifier chain 0.8660 0.0353
Label powerset 0.8376 0.2231
Binary relevance 0.8404 0.1880
Combination | Naive Bayes (Classifier chain 0.8575 0.1446
Label powerset 0.8347 0.1446
Binary relevance 0.7008 0.1234
SVM Classifier chain 0.7777 0.1158
Label powerset 0.8005 0.1171
Neural - 0.8177 0.1354
network

Table A.20: Prediction results of machine learning models for the unassigned leg
and combination labeller using the 120 problem instances on 39 unseen problem
instances - Multi—label classification.
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