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Measurements of heat current and its fluctuations in superconducting quantum sys-
tems

Ludvig Nordqvist
Department of Microtechnology and Nanoscience
Chalmers University of Technology

Abstract

As the quantum systems we can control and manipulate increase in size, under-
standing heat dynamics becomes increasingly important. In this master’s project,
we study the heat currents flowing between two out-of-equilibrium reservoirs across
a superconducting quantum circuit composed of two mutually coupled, flux-tunable
qubits. Electrical noise applied to the flux line of a qubit induces incoherent cou-
pling between the modes in the single excitation manifold. Each mode is coupled
to a thermal bath, realized with microwave waveguides. By coherently driving one
of the modes to its first excited state, a heat current is induced. We measure heat
currents on the scale of a few attoWatts, along with the fluctuations in said cur-
rent. The results are compared to simulations that use full counting statistics to
compute the currents and fluctuations of the process. These findings pave the way
for demonstrating advantages of quantum systems over classical ones in quantum
thermodynamics.

Keywords: Quantum, Quantum Thermodynamics, Power measurements, Circuit
quantum electrodynamics, Current fluctuations, Thermodynamic Uncertainty rela-
tions, Heterodyne power fluctuations.
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1

Introduction

In the early twentieth century, physicists faced a problem where the theories of the
time were in contradiction with observed phenomena. Among these were the ultra-
violet catastrophe and the photo electric, effect neither of which could be described
by classical theories. The effort of fixing the problems predicted by classical theo-
ries culminated in the idea of quantization, where energies come in discrete packets,
called quanta, instead of existing in a continuum. The theory of quantum mechanics
has since revolutionised physics and engineering. It has paved the way for developing
new technologies such as the laser and transistor by providing a powerful framework
explaining phenomena such as quantum tunneling and superposition.

One potential application of quantum mechanics was theorised by Richard Feyn-
man In 1982. Feynman theorised that to more effectively simulate physics, which
inherently is quantum mechanical, quantum mechanics could be utilised [1]. This
sparked the idea of quantum computing, in which quantum mechanical coherence
and entanglement is exploited to gain a computational advantage over classical com-
puters. Mathematically this is represented as follows. The state of a general two
level system is described by a state ket |¢)) in a Hilbert space H.

W) = <g> : (1.1)

For a two level system this is typically referred to as a qubit, and in general a qudit for
a d-level system. A composite system containing multiple qudits is described by the
tensor product of the individual state kets. Taking the tensor product between two
kets the increases the dimensionality of the new state vector through multiplication
of the individual dimensions. For example, a system containing 2 qubits with states
|t1) and |1)) is represented by

ay

h =l 010 = (5) @ (3) = | 50 . 12
35

which is a 4-dimensional object. Herein lies the potential of quantum computing.
With a linear increase of the number of computational elements the computational
space grows exponentially. But controlling single qubits is complicated. their inter-
action with the environment is a necessity for control of quantum quantum systems,
but it causes their coherence times, the rate at which information is lost to the
environment, to decrease significantly.



1. Introduction

Peter Shor proved it’s possible for quantum systems to showcase computational
advantages over classical systems [2] being exponentially faster than classical systems
at integer factorisation. This sparked a major interest in quantum computing. Since
then quantum computing has gained much interest, both as a theoretical curiosity
and as a potential new paradigm of computing. The first milestone towards building
quantum computers was laid by Serge Haroche when he successfully isolated single
photons and measured their interaction with atoms [3]. Since then larger quantum
systems have been realised that can compute real world problems [4].

As quantum computing is explored it has been demonstrated that quantum systems
can be operated as thermal machines that generate useful work [5]. And even experi-
ence thermal advantages over classical systems through violations of thermodynamic
uncertainty relations or kinematic uncertainty relations [6, 7]. For this reason, the
field of quantum thermodynamics has gained much attention in recent years.

Quantum thermodynamics is the study of quantities such as energy, currents and
entropy production in quantum systems. It explores how quantum systems obey or
deviate from classical thermodynamic principles. The field bridges the gap between
quantum and classical systems by investigating how quantum effects such as co-
herence, entanglement, and superposition change thermal processes. Furthermore,
quantum thermodynamics has significant implications for the future development
of quantum computing. As we are able to control larger systems it is becoming
increasingly important to understand how energy is distributed and transported
in nanoscale devices. By understanding the thermodynamics of quantum systems
we can better understand how quantum mechanical resources like superposition,
coherence and entanglement can be utilized i quantum thermal machines.

In conclusion, the connection between quantum computing and quantum thermody-
namics is not just a theoretical curiosity. To advance both fields the insights gained
from further exploring quantum thermodynamics using superconducting qubits will
play an essential role as we continue to engineer larger quantum systems to realise
the full potential of quantum technologies.

1.1 Superconductivity

In 1911 Heike Kamerlingh Onnes discovered that when solid mercury is cooled to
4.2K it loses all electrical resistance. This is since known as superconductivity and
is a phase transition that many metals can undergo. Materials that can transition
into a superconducting state have been since been thoroughly studied and showcase
many interesting phenomena. One such property of a superconductor is the Meissner
effect which causes a superconductor to trap any magnetic flux which in present in
when it surpasses the critical temperature [8]. Effectively expelling the magnetic
field, as shown in figure 1.1.
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T>T, T <T.

Figure 1.1: Magnetic field in a superconductor above and below the critical tem-
perature.

According to BCS (Bardeen-Cooper-Schrieffer) theory, superconductivity is caused
by the electrons forming Cooper pairs. Each Cooper pair consists of two electrons
(fermions) that form a composite boson, condensing into a Bose-Einstein condensate
at ultra-low temperatures. Although superconducting qubits are not the only way
of realising isolated two level systems, it is one of the top contenders for near term
large scale quantum computing due to the coherence times and energies associated
with the SC-qubits being in the MHz range. Thus making the superconductor a key
element in experiments with quantum systems.

1.1.1 The Josephson effect

The Josephson effect is a remarkable quantum phenomenon that occurs in super-
conducting materials, describing how currents move across thin insulating barriers
in superconductors. It was originally theorised by Brian Josephson in 1962 [9]. The
effect is derived by considering two superconductors isolated by a thin barrier as
visualised in figure 1.2. This is called a Josephson junction. When a material un-
dergoes a phase transition to its superconducting state, it can be described by a
macroscopic wave function as a Bose-Einstein condensate.

Superconductor 1 Barrier Superconductor 2

U1 = /nge Py = \/nge’®

Figure 1.2: A schematic of a Josephson Junction, consisting of two superconductors
separated by a thin insulating barrier.

We define the relative phase of the two superconductors as ¢ = 6, — 5. By solving
the coupled Schrodinger equation of the two wave functions the expressions for the
voltage and current across the junction are derived and given in given in equations

1.3 and 1.4 [8].
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I = 1.sin(p(t)) (1.3)
Jdp 2e
i gV(t) (1.4)

1. is the critical current at which the superconductor loses its superconducting prop-
erty. It’s a parameter dependent on the material and geometry of the junction. Com-

bining the two equations we find that the inductance, L = 47, across the junction
dt
is given by.

L) = I. sz(go) '

What is noteworthy about this is that the inductance is not linear. Allowing us to
create non-linear circuit elements which, as we will see in section 2.2.4, is essential for
engineering artificial atoms that are used to study quantum systems in this project.

(1.5)



2

Theory

In this chapter the needed theoretical knowledge for this thesis will be presented.
The theory of quantum mechanics is introduced and used to quantize the circuit
elements present on the device measurements are performed on. The interaction
between light and matter is then explained and related to the area of quantum ther-
modynamics. Lastly the theoretical background for the measurements techniques
applied in this thesis are presented.

2.1 Open quantum systems

The time evolution of a quantum mechanical state, often called a state ket, is gov-
erned by the Schrodinger equation [10]

L0
i ) = M) (2.1)

While this equation correctly describes the evolution of a pure state [¢) it is does not
capture how mixed states evolve. A mixed state is described by it’s density matrix
p = i pi |wi) (1], where p; is the probability of the system being in the state [1;).
To this end the “Von neumann” equation is used [11]. The time evolution of the
density operator p of a system is given by

d 1

7= g0l (22)
where and [A, B] = AB — BA represents the commutator between two operators.
Despite being an improvement over the Schrodinger equation the Von neumann
equation still has limitations. Namely it’s limited by the being computationally dif-
ficult to solve for large quantum systems as the degrees of freedom increases quickly
with the size of the system. An example of such a system is a quantum system in
contact with an environment, which can be infinitely large. To this end the evolution
of such systems is modeled by the “Gorini — Kossakowski — Sudarshan — Lindblad”
(GKSL) equation instead [12]. The GKSL equation describes how a quantum sys-
tem in contact with a Markovian environment evolves in time. Where a Markovian
environment is equivalent to the environment being memory less. This is usually
referred to as an open quantum system. In deriving the equation the Hamiltonian
is split into 3 parts. One part describing the system, a bath representing a large
environment to which information is lost and term that captures the interaction
between the bath and system

H = Hs + Hp + Hz. (2.3)

5



2. Theory

Under the assumption that the system and bath are weakly coupled, and the Marko-
vian approximation is valid, the evolution of the density operator is then given by

dp

=i+ YDl (2.4

where the super operators D[La]p = LapL!, — 3{L! La, p} are the dissipators model-
ing loss of information to the environment. This dissipator is said to be on Lindblad
form. If there are no dissipators, i.e. no information of the system is lost to the en-
vironment, the Lindblad equation is reduced to the Von Neumann equation. Each
dissipator has an assosciated decay rate I'; representing the rate at which infor-
mation is lost to the environment. This is the most general form of a Markovian
master equation[13]. If we consider a two level system coupled to an environment
the dynamics of it and it’s interaction with the environment is fully captured by the
operators o, 07, 0, that span the vector space C**? corresponding to dephasing,
excitation and relaxation of the system.

2.2 Circuit quantisation

Circuit quantum electrodynamics (circuit QED) is the study of 2-dimensional electri-
cal circuits with where quantum mechanical effects significant impact the dynamics
of the system. In circuit QED the properties of superconducting materials are ex-
ploited to realise quantum mechanical phenomena. The device used in this thesis is
such a device, realised on a circuit QED platform. In this section the quantisation
of the circuit components of the device of interest are computed and their equations
of motion derived. The qubits on the sample are of the “transmon” type. The trans-
mon, first theorised by Koch et al. in 2007 [14] and realised in the same year [15],
is a candidate for realising scalable quantum computers as the coherence times of
the transmon are long and gate times short, allowing both control and measurement
of the device of interest. In this section quantisation of electrical circuits will be
introduced and the dynamics of the relevant circuit elements derived. These include
the LC-oscilator, the Transmon and the waveguides used for interacting with the
circuit elements.

2.2.1 Linear circuit elements

To determine the equations of motion of a circuit it is desirable to find the generalised
coordinates of the system. We first consider the energy and magnetic flux stored in
a circuit element [16]

B(t) = /_t GG (2.5)

o) = | " v, (2.6)

—0o0

Combining equation 2.5 and 2.6 with V' = L%&t) and [ = C’d‘;—it) we find the energy
stored in a capacitance and inductance given in table 2.1 .

6
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Circuit Element Symbol Energy

Capacitance ﬂ{ }» %C’ $?
L5000

Inductance 5= ¢?

Table 2.1: Linear circuit elements and the energy stored in them.

In analogy to classical mechanics the energy stored in a capacitance is interpreted as
a kinetic energy and the energy stored in a inductance as a potential energy. With
this in hand we are ready to quantise circuit elements.

2.2.2 Quantisation of the LC oscillator

With the energies of the inductance and capacitance as described in table 2.1 we
consider the LC circuit shown in figure 2.1. Consisting of a capacitor and inductance
in series the Lagrangian takes following form:

1., 1
L= 08~ ¢ (2.7)

Figure 2.1: Circuit diagram of a LC circuit. ¢ represents the node flux in that
point as defined in equation 2.6.

As the equations of motion in quantum mechanics typically are given in a Hamil-
tonian formalism we are interested in the Hamiltonian of this system. The Hamil-
tonian H is a function of the canonical momentum and the node flux. To this end
a Legendre transformation is performed to find the canonical momentum p,, of the
system [17]. The Hamiltonian is related to the Lagrangian through the Legendre
transformation:

H=> pup,— L. (2.8)
i=1
Where p,, is the canonical momentum defined as
oL
On
In the case of the LC circuit, where there is only one node flux, we find that
oL .
w=p=—=Co. 2.10
=P ¢ (2.10)
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and
- p2 ¢2
H=C0p—L= 7+ 7 (2.11)
The form of this Hamiltonian is much like that of the harmonic oscillator H =
% + %21’2 By interpreting the capacitance as the mass we find the frequency of
the circuit as w = \/% The variables p and ¢ are promoted to quantum mechanical

operators as

p—=p
R (2.12)
¢—¢
and the canonical commutation relation is imposed on them such that:
(6, p] = ih. (2.13)

We define a set of operators usually referred to as “ladder operators” or annihilation
operators a,a’. They are defined in terms of p and ¢ where:

b= ,/Qg,w(d +a) (2.14)
p=if hgw(af —a). (2.15)

The ladder operators fulfil the the following eigenvalue equations:
aln) =+vnln—1) (2.16)
a'ln) =vn+1|n+1) (2.17)

where n represents the number of quanta in the circuit. By combining equations
2.16 and 2.17 a third eigenvalue equation is found

a'aln) = N|n) = n|n). (2.18)

This is an important since N is an hermitian operator such that N = NT. Meaning
that the eigenvalues represents observable quantities that can be measured. It is
convenient to rewrite the Hamiltonian in terms of this operator. Using that the
commutator between the ladder operator fulfills the bosonic commutation relation
[a,a’] = 1 the Hamiltonian for quantum mechanical LC oscillator takes the following

form: 1
H = hw(N + 5) (2.19)

2.2.3 Quantisation of an infinite transmission line

The circuit elements are controlled using room temperature electronics that gener-
ate microwaves. The microwaves travel through a transmission line to the circuit
in the dilution refrigerator, where they interact with the device of interest. The
transmission line, or wave guide can be considered to be a infinite line of capacitors
and inductances coupled in parallel as shown in figure 2.2.

8
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¢O (SiL'L(] QS (591:L0 5.’13L0 ¢ 5.I'L0 ¢n—1 Ck
(523CO - (S.TCO ©o o o 5.’1300 (53700

W LT I

Figure 2.2: Circuit representation of a transmission line of length d. Each capaci-
tance is separated by a distance dx.

The Lagrangian of the system is equivalent to a series of coupled LC-oscillators
where the Lagrangian is the sum taken over all energy contributions [17].

L= ( AzCod? — 2%) (2.20)

By going in to the continuum limit where dxz — 0 the sum is replaced by an integral

such that )
0p(z,t) 1 (0¢(x,t)
L= / dv ( ) +2L0< = ) . (2.21)

The equations of motion are regained by applying the Euler-Lagrange equation. We
find that

Po(x,t)  ,0%¢(x,t)
ez ¢ o
which is just the wave equation of light, where ¢ corresponds to the speed of light in
the medium. Once again performing a Legendre transformation of the Lagrangian,
[2.8, 2.9 | we regain the Hamiltonian in the continuum limit as

1 (0¢(x,t)
H= / dg;QCO 1) + 2L0< - ) (2.23)

Where the canonical commutation is imposed on p, ¢ such that

[6(x, 1), p(a’, )] = [p(x, 1), p(a’, )] = O (2.24)

—0 (2.22)

and
[d(z,t), p(2!, )] = ihé(z — 2")o(t — t'). (2.25)

By expressing the flux field ¢ and charge density p in terms of their Fourier transform

o(z,t) \/_/ o(k,t) exp (ikx) (2.26)

p(z,t) = \}5 /_o:op(k, t) exp (ikx) (2.27)
the solution of ¢(k,t) is
8%’; V) 4 el t) = 0, (2.28)
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where wy, = ck = ﬁ and k is the wave number. By introducing annihilation and
creation operators that obey the bosonic commutation relations,
lai, a}] = 0y (2.29)
[(IZ', (Zj] =0. (230)

The flux and charge operators can be expressed as

ok, t) =4/ 5 szwk (ab (1) + ax(t)) (2.31)
p(k,t) = iq/hOQMC(aTk(t) — an(t)). (2.32)

Inserting these in to 2.26 and 2.27 we find that

o0 1 oo 1
H = h/_ dk (aLak + §[ak, aL]) Wy, = h/_ dk (azak + 26(0)) Wk (2.33)

The Hamiltonian is the sum of an infinite set of electromagnetic modes plus the zero
point energy of each mode. Mathematically this is equivalent to a bath of harmonic
oscillators supporting all mode frequencies equally. The zero point energy has no
meaningful contribution to the dynamics of the system and can thus be disregarded
going forward.

2.2.4 The transmon

For realising near term quantum computing the transmon is one of the most promis-
ing candidates. Originally theorised by Koch et al. [14] it has since been thoroughly
studied and major advances in quantum computing have been achieved using it.
The transmon, whose energy spectrum resembles that of an atom, is an LC os-
cillator where the linear inductance is replaced by a Josephson junction. Due to
the non linearity of the energy spectrum, the transmon is can also be referred to
as an artificial atom. The behaviour of the Josephson junction is captured by the
two Josephson relations found by Brian Josephson described in detail in chapter
1.1.1. The non linearity in the energy spectrum is important because it makes the
higher level transitions have a different transition frequency than the first excited
state. Essentially, creating a two level system that can be manipulated. Below is
the circuit representation of a transmon qubit.

b1

P2

Figure 2.3: Circuit representation of a transmon. The component on the left is a
Josephson junction shunted by a capacitance.
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The Josephson inductance can be defined as

1 % 1
7 2ml. cos(2md/do)

(2.34)

If the linear inductance of the LC-oscillator is replaced by the Josephson inductance
this causes the energy levels to shift as a function of the flux variable ¢. The energy
stored in the Josephson inductance is [18]

T

_ d¢ . 2 ¢OIc 27T¢ 27T¢
E = ]C/dﬂﬁ) sin( 5

= — coS = —F,cos(—). 2.35
0) o (¢0) y (%) (2.35)
By replacing the linear inductance energy term in the Hamiltonian of the LC-
oscillator with this and adding the shunting capacitance C to the total capacitance,
Cy, = C + (4, the Hamiltonian of the circuit reads

_ 2
H = @20(;25’) — Ejcos(p) =4E.(n —n,) — Ejcos(p), (2.36)
where ¢ = %, E. is the capacative energy defined as F,. = %, n is the number

operator and n, is an offset in the energy caused by the shunting capacitance.
For a qubit to the operationally viable we wish for it to have large anharmonicity
o = wpp — Wi as a means to be able to drive the first transition without risk of also
exciting to the second excited state.

3 .
:5 [ ]
e
E| EBol\———_ |f)
= e)
N hwq]
@ lg)
-2 0 2
@

Figure 2.4: Energy spectrum of a transmon (Blue line) and a L.C oscillator (dashed
lines) showing how a JJ alternates the energy spectrum of an LC-oscillator. Image
taken from [18].

There is also a need for it to be insensitive to varying values of n, as this value,
dependent on the tunneling of cooper pairs through the JJ, cannot easily be con-
trolled. The qubits susceptibility to the charge offset is captured by the ratio of E;
and F¢.
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Figure 2.5: Frequency dependence of the first three energy levels of the transmon
as a function of n,. For larger values of E;/E¢ the energy levels are less sensitive to
changes in n, while the anharmonicity also decreases with this ratio. Image taken
form [18].

As shown in figure 2.5 the ratio g—é is crucial for having a stable qubit whose fre-
quency doesn’t shift due to cooper pairs tunneling through the junction.

The reason being that the charge-sensitivity is exponentially suppressed while the
anharmonicity is only linearly suppressed. Allowing for qubits with low charge sen-
sitivity while retaining a anharmonicity in the range of ~ 100s of MHz. So for
practical purposes it’s useful to work in a regime where this ratio is large [14] . To
better understand the behaviour of the transmon it is useful to express the Hamil-
tonian in terms of the ladder operators. This is done by taylor expanding the cosine
term in 2.36 to fourth order and expressing the operators ¢, n in terms in ladder op-
erators and approximating the terms with unequal number of createion/anihilation
operators to be 0. This leads to the Hamiltonian taking the following form:

E.
H = hw,a'a — ?aTaTaa, (2.37)
where w, = /8EcE; — E..

2.3 Light matter interaction

With the transmon and wave guide introduced we are now ready to discuss how they
interact and the many interesting phenomena that can be studied in such systems.
We will first introduced the Jaynes-Cummings model that captures how a transmon
and transmission line interact. We will then derive the emission spectrum of a a two
level system and explain it in terms of both the eigenmodes of the Hamiltonian and
spectral density. Lastly the theory of two artificial atoms interacting is covered.

2.3.1 The Jaynes-Cummings model

The Jaynes-Cummings model was developed in the 1960s by Edwin Jaynes and
Fred Cummings. It’s an effective theory for describing an atom interacting with a
single mode of a electromagnetic field. The case generally considered is an atom

12
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coupled to a cavity with a single quantised mode of a electromagnetic field [2]. The
Hamiltonian of this system is [19]

hewa
H= — 0: hwea'a + hg(oy +o_)(a' +a). (2.38)

The Hamiltonian has three parts to it. The first term is the familiar two level-system
atom with frequency w,. The second term is a single mode of the electromagnetic
field of the cavity, and the last term is the interaction between the atom and cavity.
By moving in to a rotating frame and applying the rotating wave approximation
(RWA) |, where quickly rotating terms oscillating with frequency +(w, + w.) are
disregarded, the Hamiltonian takes the following form:

3 hi,
H—Hge = — 0 + hwea'a + hg(ora+o_al). (2.39)

This is the famous Jaynes-Cummings Hamiltonian. The interaction term describes
the events that can take place between the coupled systems. It allows for exchange
of photons between the cavity and the atom through the states |g) [n + 1) <> |e) |n),
captured by o_a! and its hermitian conjugate oya . The other terms in the interac-
tion Hamiltonian that where approximated be zero in the RWA describe two photon
processes where the number of photons is not conserved. The RWA approximation
is justified as the quickly rotating terms average to 0 in a weak coupling regime
(9 < w,) where the atom and cavity are near resonance (w. ~ w,). The Jaynes-
Cummings Hamiltonian conserves the number of quanta and it’s Hilbert space is
spanned by the states with eigenvalues

1. h
Bui = huog(n+ 5) £ 5\/AZ +4g2(n+1) (2.40)

corresponding to the states
[n, +) = cos(bh) e, n) +sin(0) [g,n+ 1) , (2.41)

In, —) = —sin(6,) le,n) + cos(6,) |g,n + 1) (2.42)

where A is the detuning between the atom and field and 6,, is the mixing angle
defined as 6,, = arctan(222+1) [20].

2.3.2 Power spectral density of an atom

The emission spectrum of an atom subject to a source of light differs from that of
an atom in vacuum, as can be understood in terms of the eigenvalues of the Jaynes
Cummings Hamiltonian. See equation 2.40. By considering the Hamiltonian of a two
level atom coupled to a coherent light source the emission spectrum, or resonance
fluorescence can be calculated as the Fourier transform of the two point correlator
(07 (7)o(0)) . The Hamiltonian is in a frame rotating at the cavity frequency w, is
given by
A

Q
H:§UZ+§(O'++O'_). (243)

13
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A is the detuning between the driving field and the atom frequency A = w, — w,.
By assuming a thermal population of 0 (N = 0) and solving the master equation

% p = ~ifH.p] + T\DloJo+ - 2Dlo.lp (2.44)
the two point correlator can (o7 (7)o (0)) be determined. The steps includes going in
the long time limit and applying the quantum regression theorem to the expectation
values of o_, 0, extracted from p. The interested reader is referred to [17] and
the supplementary material in[21] for a an in depth derivation. By assuming a
high pump power (2 > I'1,I'y) the resonant fluorescent spectrum is in a reflection
measurement analytically expressed as

Sz(w) ~

1 hw,T, T, o, T,
Tor 4

. (24
(Ot QZ 412 (0w 112 | (e — 2 1 rg} (2.45)

The expression in equation 2.45 is remarkably simple as it’s just a sum of 3 Lorentzians
centered around the atom frequency w,, with a common pre-factor. This is com-
monly referred to as the “Mollow triplet”. The units of the resonant fluorescent
spectrum, or power spectral density (PSD) is [Energy/Hz/S]. A s the name sug-
gests, it describes the density of the power of the atoms photon emission in the
frequency domain. The center and side bands are separated by {2 as can be seen in
equation 2.45

Mollow Triplet of a Two-Level System driven on resonance at varying powers

1000 | =~ o =1
Qry=3
— Q=5
800 -
S 600 -
<
[m)]
wn
& 400+
200 1
0_

—0.0100 —0.0075 —0.0050 —0.0025 0.0000 0.0025 0.0050 0.0075 0.0100
6

Figure 2.6: Plot of the mollow triplet driven at varying powers 2.

The expression for the fluorescent emission of a two level system can also be under-
stood by considering the energy levels of the atom coupled to coherent light source.
The energy levels of this system are described by the number of photons and the
state of the atom. In a given energy manifold the vector space is spanned by the
states

e(n) ={lg,n+1),le,n)}. (2.46)
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As was shown in section 2.3.1 these eigenstates are shifted when subject to a strong
coherent field. The new eigenstates in the dressed basis when A = 0 are given by

_lg,n+1) +le,n)

|£,n) = 7 .

The energy diagram of this Hamiltonian is shown in figure 2.7 where the possible
transitions are indicated with arrows. This is in agreement with the expression for
the fluorescent emission derived in equation 2.45 which indicates emission centered
at 3 frequencies.

(2.47)

Dressed states

Bare states

)

Wy

)

Figure 2.7: Figure showingcasing the possible transitions in a given energy man-
ifold of a TLS subject to a coherent field. Transitions with the same color have of
the same frequency.

By considering the dressed states it becomes clear that in the frequency domain 3
peaks will be visible. Each centered at w = w, & €2 and one between, centered at
W = Wg.

2.3.3 Atom-atom interactions

The system investigated in this thesis consists of two interacting flux tunable arti-
ficial atoms. The flux tunability of the qubits is realised by exchanging the single
Josephson junction of the transmon with a Superconducting Quantum Interference
Device (SQUID) [16]. The SQUID operates much like a JJ with the difference that
the inductance is dependent on an external magnetic flux ¢. The Hamiltonian of this
scenario resembles that of the Jaynes-Cummings Hamiltonian with the modification
that the bosonic creation/annihilation operators describing the light are exchanged
with its qubit equivalence. The resulting Hamiltonian is given by

=1

oloy + hg(oloy + oloy). (2.48)
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To find the eigenvalues the Hamiltonian is diagonalized by introducing the operators
o5 = (01 +09)v2 and 04 = (01 — 03)/v/2. The subsript A/S indicates whether the
operator is symmetric/anti-symmetric under the parity operator. Expressed in this
basis the Hamiltonian is

H = iy (@)ohog + By (d)oloa. (2.49)

Where the new frequencies of the modes are given by

51(6) = 5 (w1(6) +w2(9) + /A2 + 4g?) = s (2.50)
Gn() = ;(wl(qb) +un(d) — JA? +4g?) = wa. (2.51)

These will henceforth be referred to as the symmetric and anti-symmetric modes.
This is an important result as the only measurable in quantum mechanics are eigen-
states of hermitian operators. So when probing the system these are the qubit
frequencies that will be measurable. From this it’s possible to determine the cou-
pling strength g between 2 qubits by through a measurement of the dressed state
frequencies, as wg and w4 differ by two times the coupling strength 2¢ on resonance.

ws(¢) —wa(9) = [A = 0] = 2g. (2.52)

2.4 Input-output theory

Input-output theory is a framework for connecting the output of a quantum system
to the input. It’s a powerful tool which helps in understanding how to probe a
quantum system. Within the scope of this thesis, it is used to characterize the
device and find its eigenmodes and decay rates. The derivation of the input-output
relations for a reflection measurement closely follows those given in [17, 22, 23]. In
input output theory we consider a system given by the Hamiltonian

H=Hs + Hp + Hr. (2.53)

Capturing the dynamics of the system, the bath which the system is connected
to and the interaction between the system and bath. When modeling a two-level
system coupled to a transmission line as in 2.33. The Hamiltonians are given by

Mg = h";a (2.54)
My = / ~ duwwbl (@)b(w), (2.55)
0

Hy = /0 - dw\/l;(:) (b (w)o + 0ub(w)). (2.56)

bf(w), b(w) are the bosonic creation/annihilation operators that create an excitation
at w and H; captures that the system can either absorb a photon from the environ-
ment or emit a photon to the bath. The rate at which this occurs given by I'(w).
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To find the relation between the input field and the output a few assumptions are
made. T'(w) is assumed to be independent of w and the lower integration limits are
extended to —oo. These assumptions are justified because w, > I' and only terms
with frequencies close to w, are relevant. The Heisenberg equations of the operators

F [e'e)
— 1 _ 4+ — ) 2.
iWe0— + 101/ o [00 dwb(w) (2.58)

The operators b, (w, t), byt (w, t) are defined that describe the bath at a previous or
future time. They depend on ty or t;, where ty < t and t; > t and are given by

bin(w, t) = J_ / dewb(w, to)exp (—iw(t — to)) (2.59)

bout (w, t) \/_/ dwb(w, t1)exp (—iw(t — t1)). (2.60)

combined with the Heisenberg equations of motion and a bit of algebra we are able
to relate byyi(w,t) to by, (w,t) as

bout(w, 1) = bin(w, t) — ivVTo_. (2.61)

This is an important result as it can be used to probe the system. When considering
a coherent probing tone on the steady state of the system the field operators are
modified to @ipjout = (binjour) and equation 2.61 is modified to

Qout(w, 1) = in(w, t) — iVT{o_), (2.62)

where (o_) can be calculated from the steady state solution of pas (o) = Tr{o_p} =
Po1-

2.4.1 Spectroscopy

For probing the system we need to interact with the system and have some way of
determining how that interaction changes the output. In this project the system
is characterized by sending coherent tones to the system and measuring the reflec-
tion. This is realised using a Vector Network Analyzer (VNA) which measures the
reflection

Doyt
= 2.63
. (2.63)

of a coherent tone. The case of a waveguide coupled to a qubit is shown in figure
2.8.
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Figure 2.8: A waveguide populated with a field coupled to a two level system
with radiative decay rate I', and non-readiative decay rate I',,,. The field operators

Qiin/our TEPTEsent the incoming/outgoing field of a coherent tone that are measured
using a VNA.

The system we are probing is a qubit coupled to the end of a wave guide. The
equations connecting the input and output of such a system were derived in section
2.4. Combining equations 2.62 and 2.63 we find that

NS (2.64)

Uin

Combining the expression for (o_) derived in the supplementary material of Lu
et. al. [21] with a coherent probing field described by «;, = % , the reflection
becomes

iI‘Tfl (5(4) — ZFQ)

QT + Ty (6w? +T3) (2.65)

r =

where dw = |w, — w,| is the detuning between the probing field and the atom,
and I';, 'y are the decoherence rates of the atom defined as I'y = I', + I',,, and
Iy = % + I'y. The reflection is shown for varying probing power in figure 2.9. It’s
worth noticing that there is a power at which the reflection is almost equal to zero
on resonance. This is called the magic power. The reason for this is that at this
power the atom is coherently driven to it’s excited state. The qubit then emits
photons back to the wave guide with an exact opposite phase of the incoming field
that destructively interact with the incoming field, resulting in the reflection begin
nearly equal to zero.

The phase of the reflection is shown in figure 2.10. As can be seen the phase does
a complete phase shift when the qubit is probed at the “magic power” or lower.
As the power increases the phase is closer to 0 as the incoming field “overpowers”
the emission of photons from the qubit. This can be understood by looking at the
second term in equation 2.65. As 2 increases the ratio becomes smaller and the
total reflection approaches unity.
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Reflection coefficient | vs 6w

1.0

0.8
0.6
=
0.4
0.2
0.0
-6 -4 -2 0 2 4 6
Bw 1e6

Figure 2.9: The magnitude of the reflection |r| as a function of the detuning
between the atom and probe frequency at varying probing powers.
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Figure 2.10: The phase of the reflection |r| as a function of the detuning between
the atom and probe frequency at varying probing powers.
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2.4.2 Primary Thermometry

Each mode is coupled to a waveguide with some temperature 7', usually in the range
of 10s of mili-Kelvin. Using a reflection measurement it is also possible to measure
the temperature of the environment of a qubit, that is the waveguide, as was shown
by M. Scigliuzzo et. al in [24]. The reflection of a coherent probing tone on resonance
with the qubit can in the low power limit be expressed as

12 r T,  4(Q/T,)
n, +4-2 12 (/T,)

=1+~ e el 2 Y
r(0) T2 T, T, "1+il,/]of

(2.66)

Where « is the anharmonicity of the mode and n, the thermal occupancy in the
waveguide. From the thermal occupancy it is possible to extract the temperature
of the waveguide as T' = hw/(kylog(1/ng + 1)) by assuming a that the photons in
the waveguide follow a Bose-Einstein distribution.

2.5 Quantum thermodynamics

2.5.1 Heat flows in quantum systems

In a classical environment the flow of heat between is well described by Fouriers law
of heat conductivity

J = —kVT, (2.67)

formulated by Joseph Fourier in the 1800s [25]. In a quantum environment, Fourier’s
law does not hold as the currents are caused by stochastic quantum jumps between
states. However, in analogue to the classical equation it is possible to define heat
currents in quantum systems. By considering the Hamiltonian of a system in contact
with multiple reservoirs:

Hiot = Hs + ZHa + Von (268)

where H,, and V, are independent of time with V, describing how the system and
reservoir interact. Each reservoir has some temperature 7, and chemical potential

[l
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Energy

Particles

T

Figure 2.11: A system coupled to a set of reservoirs. The system can exchange
particles and energy with each reservoir. Figure taken from [26].

The state of this system is given by a density matrix p;,; which is assumed to be of
the form

Ptot = Ps Ra Pa (269)

such that the system state of the system is independent of the state of the reservoirs
at time ¢ = 0. In analogy to a classical system a heat current to a reservoir can be
defined as

8t <Ha> = TI'{HQ 0tpt0t} = 8t <Ha — /LaNa> -+ Mo <Na> = Ja + Pa. (270)

J, represents the heat current going in to the reservoir, N, is the number operator
and P, the power that enters the reservoir [26]. Since the reservoirs considered
within the scope of this project are bosonic and occupied only by non-interacting
photons the chemical potential vanishes and we find that

Ja = at <H(X> =Tr {Hoz‘cozptot} . (271)

With £, being the Liouvillian of the bath that the current is flowing in to which
describes how the system and bath interact. With this notion of a heat flow it is
also possible to recover the first law of thermodynamics for a quantum system. The
first law states that the change of energy in a system is given by the change in heat
of the system (@), minus the work done by the system (W)

AU =Q —W. (2.72)

By considering the time derivative of the total Hamiltonian of the system 0; (H;())
we find that

O (Hion()) = 0, (Ho(D) + 0 (Ha) + 0 Y (Vi) — (2.73)
00 (Ha()) = Pult) = 3 (Ja(t) + Pa(t) — 0,3 (Va)

which is an equivalent way of expressing the first law of dynamics.
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2.6 Thermodynamic uncertainty relations

The second law of thermodynamics states that the entropy produced in a thermo-
dynamic process is always larger than 0. Mathematically this is ensured by the
Clausius relation [26]

d
A =dS+> ;1,2“ > 0. (2.74)

(6

It simply states that the total entropy production d¥ of any process for a system
in contact with thermal reservoirs is larger than 0. dS is is the entropy production
in the system and %> QO‘ is of the entropy produced in each reservoir. This can be
interpreted as the most fundamental resource of any thermal process, be it an engine
or a refrigerator, is the entropy, as it is not possible to reduce the entropy in a
closed system. From the laws of thermodynamics it is possible to derive a so called
Thermodynamic uncertainty relations (TUR) of stochastic currents [27, 28]. TURs
quantify how the signal-to-noise ratio of an observable is bounded by the dissipation
needed to generate the signal. They can also be considered inequalites that provide
a bound on the precision in a current and the associated thermodynamic cost [[29],
[26]], that is the entropy produced in the process. One way of expressing a TUR
inequality is as

7 <[>2> > 9. (2.75)
ky (I)

Where o is the entropy production rate associated with the process and ((I)) and
(I) are the variance and mean of a stochastic current. The current I can virtually
any kind of current. A current of particles, heat current or even spin currents.
The current considered in within the scope of this thesis is a current of photons,
equivalent to a heat current. When considering a heat current in the long time limit,

it can instead be expressed as
oD > 9 (2.76)
kyJ2 — 7 '
where .J is a heat current and D its diffusion coefficient. In classical systems fluctu-
ations are present but in the thermodynamic limit the mean is usually much larger
than the variance of a current in accordance with the central limit theorem. In quan-
tum systems however this is not the case. In quantum systems currents are an effect
of the stochastic nature of the transitions between states [28], mediated by stochas-
tic jump operators We consider the two limits of a TUR. If we have an infinitely
precise current in which there are no fluctuations, that is @ — 0, the entropy
produced in the process tends towards infinity as the product of the two is bounded
from below by 2. In the same manner we consider a process where no entropy is
produced. In this limit the precision tends toward infinity such that % — 00. This
can be interpreted as that a TUR provides us with a fundamental trade-off relation
between the entropy produced in a process and the amount of noise in the current I.

However it has in recent years been show that it is possible to surpass the lower
bound of this inequality in quantum systems. This could be due to the presence

of coherence and entanglement [7]. The system considered by Kalaece, Wacker and
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Potts in [6] is a Scovil & Schulz-DuBois (SSDB) three-level maser. They show that
under the assumption of a Markovian time evolution governed by a Lindblad master
equation the SSDB engine can violate the classical TUR inequality. Indicating the
possibility of realising quantum machines that experience an advantage to their
classical counterpart. The system investigated in this is a Delta system consisting
of two strongly coupled qubits, each coupled to a transmission line.

2.6.1 Delta system

In this project we wish to realise a system that resembles the A-system discussed in

[6].

10)

Figure 2.12: Illustration of energy levels and allowed transitions of an ideal delta
system.

The system we use to investigate such a system consists of two strongly coupled
qubits, described by the Hamiltonian

H=> woio;+g(ofor+0501) (2.77)
i=12

In the symmetric/anti-symmetric basis and a frame rotating at wy the Hamiltonian
is given by
H = (wa —wy)o4oa+wsodos. (2.78)

Where the transformation operator is U, = exp [iwd(ajaA)t] To this system a
coherently driven field is added that couples only to the anti-symmetric mode, driven
at frequency wy = wy. This enters as a term Hy = Q7"‘(0 A+07}) into the Hamiltonian,
where €24 represents the Rabi driving strength of the coherent field. The total
Hamiltonian is then given by

H=wsodos + Q;(UX +04). (2.79)
To allow for transfer of photons between the symmetric and anti-symmetric modes a
source of noise is introduced to the system that mediates population transfer between
the two modes |A) , |\S). This is achieved by introducing a thermal bath that couples
to the o, operator of one of the bare modes, centered at w = wg—w 4 = 29, effectively
bridging the energy gap between the two modes. This affects the time evolution of
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the system in the form an additional dissipator that couples to the o7 channel with
a rate I'y. Expressed in the symmetric/anti-symmetric basis

1
= 5(02 +0%) +ohos+odoa. (2.80)

As the nosie is centered around 2¢g the first term can be disregarded. The operator
entering the Liouvillian describing this interaction is then given by

r
O =Ty(of — 03) = (0§05 + ofoa). (2.81)
With the associated transition rate I',/2, representing the rate at which photons
are exchanged between the symmetric/anti symmetric modes. Only considering the
first two excited states |A),|S) and disregarding the higher excitations the thermal
process taking place in the system is visualised in figure 2.13.

Figure 2.13: Illustration of energy levels and driven transitions of the system and
the thermal environment it is coupled to with occupation n,. The spontaneous
emission from the symmetric state to the ground state and absorption is shown in
blue. Shown in red is the coherent field driving the |0) — |A) transition and in green
is the dephasing noise mediating the population transfer back and forth between the
two modes.

The process is as follows: The anti-symmetric mode is coherently driven to its
excited state, from which a population exchange between the two modes |A) , |S) is
incoherently driven, mediated by the dephasing noise that couples to the o ; channel
of one mode. Spontaneous emission from the symmetric state to the symmetric
waveguide is monitored and the first two statistical moments are measured. The
Lindblad master equation describing the process is given by

T
p = —ilH.p] + 0T, Dloglo+ (n, + VT Dloglp+ D0l (2.82)

2.7 Full counting statistics

In order to extract the statistical moments required to calculate the TUR ratio we
employ Full counting statistics (FCS). FCS provides a framework for extracting any
statistical moment of a current of particles by providing a method of calculating
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how many times particles are exchanged between a system and the reservoirs it is
coupled to. For an in depth review of FCS in quantum thermodynamics [27] is
recommended. Here, only the methods employed within the scope of this thesis are
briefly touched upon and described.

When considering a current in a quantum system, the quantity of interest is how
many times a quantum jump has occurred. That is, how many times has the the
system transitioned from one state to another through some jump operator being
applied to the density operator. In the case of this project, we are interested ac-
quiring the statistics of the photon emission from a superconducting qubit, i.e how
many times did a transition from an excited state to the ground state take place,
and what is the variance of this current. Each jump is associated with a weight v.
and two “opposite” jumps, such as [0) — |S) and |S) — |0) have opposite weights
such that only the net current is calculated.

To analytically find the moments of a current using FCS, we consider the Liouvillian
L and Hamiltonian ‘H governing the time evolution of the system, and the net charge
N(t) describing how many quantum jumps that have occurred. N(t) can take any
value in the set N. To calculate the moments of N(t) we seek the probability
distribution P(n,t) = P(N(t) = n). As if P(t) is known it is simple to calculate
the current and diffusion coefficient associated with N(t) as J = EHO) and D =

dt
dVarC(lN(t)) [27]
i .
The state of the system is as usual described by a density matrix p that contains

all available information about the state of the system. As a mean to find the
distribution P(n,t) the n-resolved density matrix p,(t) is defined. Where p,(?)
holds the information about the system where n jumps have occurred and the full
density matrix can be regained as p = Y, p,(t). The n-resolved density matrix
evolves in accordance with the Lindblad master equation, and for a small step dt
the state of p,(t + dt) is given by the Kraus decomposition:

ot + dt) = Mop, ()M + 3" Myp,_,, () M]. (2.83)
k=1

Where the kraus operators Mj corresponding to the different channels in which
quantum jumps can occur and M, represents no jump happening in the time step
dt. The Kraus operators are related to the Lindblad jump operators by

M, = VdtL, (2.84)
My=1—i <7-[ - ;ZLLLk> dt (2.85)
k
where a normalisation condition of the Kraus operators is given by
MMy + " MM, =1+ O(2). (2.86)
k

as we consider only the possibility of a single jump happening in a time step. By
rewriting p in terms of its Fourier series with coefficient x

pelt) = e, 1) (2.87)
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and fourier transforming equation 2.83 it takes the following form:

dpx (t)
dt

— Lopy(t). (2.89)

Where x is the counting field and L, is referred to as the tilted Liouvillian given by
. ixv T 1 T
Lyp = —ilH, p] + 3 (¢ LipL — {LLLip}) . (2.89)
k

Equation 2.88 has the same form as that of a general quantum master equation.
Formally the solution of that equation is given by p,(t) = e“x'py from which the
probability distribution P(n,t) is recovered as

oo .
P(n,t) = / Q—Xemxtr{px(t)}. (2.90)

—oo 4T
The Fourier transform of a probability distribution is know as the characteristic
function M(x,t) of the probability distribution, in equation 2.90 given by tr{p,(t)}.
From the characterist function of a probability distribution P(n,t) all moments of
N(t) can be calculated as

((N(1)')) = (=i0)'C(x, ) = (—i0y)" In(M (x, 1)) (2.91)

evaluated at y = 0. Going in to the long time limit the cumulant generating
function can be approximated as C(x,t) &= \o(x)t where Ag(x) represents the largest
eigenvalue of the tilted Liouvillian. The scaled cumulant generating function can
then be defined as C'(x) = lim;00Ao(x). So the problem of finding the mean and
variance reduces to finding the largest eigenvalue of the tilted Liouvillian. Resulting
in

J = —i0,0(x) lxmo (2.92)

and

D = ~32C(x) |y=o - (2.93)

2.8 Measuring the mean and variance of a photon
current

In this section, the theoretical background for measuring the variance and mean
value of a photon current using input-output theory is presented. The assumptions
and limitations of the technique are presented and discussed. The derivation was
done by Dr. Mark T. Mitchison of Trinity College Dublin.

Like in section 2.4, we consider the input and output field of a wave guide. b;/,(?)
corresponds to the input/output field of the wave guide and L is the system operator
to which the wave guide is coupled. In the case of a transmon coupled to a wave
guide, L = y/ka. The output is then equal to

bo(t) = bi(t) + L, (2.94)
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Where the Canonical commutation relations are imposed on b so that
[bi/o(t), bl/o(t/)] = 0;o(t — 1) (2.95)
and
[bi/o(t) bifo(t')] = 0. (2.96)

And the input field is assumed to be in a vacuum state such that (b} (£)b;(t)) = 0,
where (-) represents the ensemble average of the operator. The signal at the output
of a chain of linear amplifiers with added noise is defined as:.

S'(t) = VGb(t) + VG — 1h1. (2.97)

h reperesent a bosonic noise field corresponding to white noise added by the am-
plification chain. It follows that [h(t), hT(¢')] = 6(t — t') and [h(t), h(t)] = 0 . The
signal is rescaled as S(t) = S'(t)/G and we go in the large limit of G.

S(t) = by(t) + Gglhf(t) — by(t) + (L), (2.98)

This is a good assumption as the amplification of a readout line typically ranges
between 80-100dB. The added noise by the amplification chain is assumed to be
Gassuian and equal to the number of thermal photons n in the readout line, such
that

(RY()R()) = nd(t —t)). (2.99)

Finally, to account for divergences a exponential response function is defined such
that

st = [ FE—1)S(). (2.100)

Where the response function is normalised

/OOO dtf(t) =1 (2.101)

and is assumed to have a response time much shorter than the integration time.
This allows us to define the response function as

f(t) = 2Ae™ M (2.102)

where A represents the detection bandwidth of the measurement apparatus.
We now wish to calculate the energy associated with the signal field S. We calculate
the integrated current

Q= /O 5t s, (2.103)

and its ensemble averages (Q)), where @) is a dimensionless quantity representing the
number of detected jumps during the integration time.

@ = [ [an [ dtp =) fle—) (L ) L)+ (Ltm) [ de [t G~ )P
(2.104)

27



2. Theory

The first-order correlation function is given by

et (L) L(t2))
W (¢ ¢ :/ dt dt <1—2 2105
g ( ) ) B 1 0 2 <LTL> ( )
In analogy to this the “smoothed correlation function” is defined as
¢ v L(t,) L(t
gl ) = / dt1/ daf*(t — 1) f(E — ta) LD LE)) (2.106)
0 0 (LTL)

and a function A\ which corresponds to the measured noise during a measurement is

defined as .
M) = [ dn|f)l. (2.107)

By going in the long time limit, where the measurement time is much longer than
the the typical decay rate of the sample we have

A(t) — /0°° dt|f(D)2 = A (2.108)

where it holds true that [;°dtf(t) = 1 in accordance with equation 2.101. Under
these assumptions we find that the integrated current is equal to

Q) = /OT (Jg“)(t,t) +(1+ n)A(t)) — ch2> =J+ /7; (2.109)

where due to the long time limit the correlation function only depends on the time
difference t — ¢/, g (¢,t') ~ gV (t — t') and 7 is the measurement efficiency of the
readout apparatus defined as n = %H

So by measuring () in an alternating fashion where the process of interest is be-
ing driven and where only the background is being measure the current J can be
extracted as

(Qon) — (Qosp) = J + P J. (2.110)

In a similar fashion the diffusion coefficient can be extracted by measuring the second
moment of the integrated current (Q?). By applying wicks theorem to the Gaussian
noise operator it’s found that

(R(t)h(t2)hT (t3)hT(ts)) = (1 +n?) (0(ty — t3)0(ty — ty) + 0(ty — t4)0(ta — t3))
(2.111)

resulting in

<Q2> = 2/0T dt /Ot dt’<§T(t/)S«T(t)g(t)g(t/»
:2/0Tdf;/0t at’ [ 725 (1,¢) + i AOAE) + 2| AL V)2

I IABGOE ) + Ty MGV (1) + 207 Re (A )GV (E 1)) -
(2.112)
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where §%(t,t') is the smoothed second order coherence function

/t dt /tdtg /t dts [ At fr(t — 1) FH(t — 1) F(E— 1) F(H — 1)
0 0 0 0

(L1(t,) LT (t2) L(ts) L(t4))
(LTL)

(2.113)

and A(t,t') = JmintE) s (t —t1)f(t' — t1). Using the definition of A(¢) as in equa-
tion 2.107 and as when measuring the first moment we once again assume a long
integration time such that g (t,t') — §@(t — ). This yields

Var(Q) A 2J 2J2/
L . dt/ a’ [t — 1) —1]. 2.114
- 2 Tt ] (2.114)

Where the diffusion constant D is defined as [27]

D=J+ 2J2/ dr [¢®(r) —1]. (2.115)
0
We calculate the diffision coefficient D as
1 2—n
D = 5 (Var(Qon) — Var(Qos)) — — (2.116)

Equipped with the necessary tools to measure fluctuations in a quantum system we
now move to the methods employed in this project.
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Experimental methods

Equipped with the necessary theory we now present the methods applied in this
project. The experimental setup and methods employed are explained in detail. The
device used was designed by Aamir Ali and is the same as was used in [30]. It was
fabricated by Claudia Castillo-Moreno at mu-labs, Chalmers. The measurements are
performed using Keysight Labber, a software for communicating with instruments
using different communication protocols.

3.1 The dilution refrigerator

For realising quantum computing it’s important to mitigate the environments im-
pact on the state of the qubit. For superconducting qubits this done by working
in an environment where the temperature is much lower than the typical qubit en-
ergy. That is hw > k/T. When using superconducting circuits, the platform that
the experiments are performed in is a dilution refrigerator. Dilution refrigerators
operate at temperatures close to absolute zero, with state of the art fridges reaching
temperatures around ~ 10mK. This is achieved by having a mixture of two helium
isotopes, *He and *He as the working medium where the low atom-atom bond of
3He enables cooling to sub 1K levels . The fridge is designed to have different stages
at different temperatures (figure 3.1).
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1K bath pump

3He pump and
purification system

liquid nitrogen (77K)

— vacuum

heatshield

- liquid helium (4.2K)

— vacuum

mixing chamber

Figure 3.1: Schematic image showcasing how a dilution refrigerator operates. The
image is taken from [31].

The different temperature stages in the dilution refrigerator play an important role in
cooling down the system to the desired temperatures needed for quantum computing
experiments with superconducting circuits. Typically, each stage include a series of
thermal and magnetic shields, built to reduce the temperature progressively from
room temperature to the milikelvin range. As the system reaches temperatures
below 1 K, the cooling is performed by mixing *He into *He. This process occurs in
the mixing chamber, where 3He atoms dilute into *He, absorbing heat in the process
and enabling that stage to reach temperatures below 10mK.

The mixing chamber is where the qubits are usually mounted. In this stage the
effect of thermal noise is minimized, thus reducing the effect of the environment on
the qubits and increasing the coherence times. The low thermal background makes
it possible maintaining quantum states over the time scales necessary for quantum
computation.

In summary, the dilution refrigerator is a key enabling technology for superconduct-
ing qubits, providing the ultra-low temperature environment necessary for control-
ling quantum systems.

3.2 experimental setup

In this section the experimental setup used for the measurements in this project is
presented. The room temperature devices used to control the sample and collect
data is also described.

The sample is mounted in the lowest chamber of a dilution refrigerator where the
temperature typically is ~ 10mK. Between the room temperature electronics used
and the sample are a series of filters, attenuators and other standard microwave
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components that alter the signals so that they are at appropriate energy scales
when they reach the sample.

AWG Arbitrary-waveform
= generator

@ —q |[AWG ADC ADC AWG| p— ADC Analog-to-digital
converter
VNA Vector network
analyzer (switchable)
300 K T
@ DC voltage source
|
LO ;
Q 1Q mixer
/\ AN @
RF
LA\ /N L B
T 3T Amplifier
sok [ [o] [ ] M B .
DC block
4« A A LF
800 mK I;]
Circulator
100 mK
) E Attenuator
L O
p Low-pass filter
10 mK
Bias tee
= 50-ohm terminator
[l?r Directional coupler
[ Power splitter

Traveling wave-
TWPA|  parametric amplifier

Figure 3.2: Simplified experimental setup. The different colors in the background
indicate the temperature of each stage in the setup. The characterisation of the sys-
tem is perfromed using the VNA coupled to the each of the waveguides input/output
line. The main measurements are performed using the AWG and ADC inside the
black boxes at the top of the figure. This instrument is the Quantum Machines
OPX+ which allows us to perform rapid calculations mid measurement using a
built in Field Programmable Gate Array (FPGA).

The sample installed in the fridge, shown at the bottom of image 3.2 is the same
as was used by Sundelin in [30]. It is a symmetry selective device that operates in
such a way that each of the wave guides couples strongly to only one of the modes.
The details of this interaction can be read about in [32].

33



3. Experimental methods

Figure 3.3: False color image of the symmetry selective device. In red is is the
symmetric wave guide that couples strongly to the symmetric mode and in blue
the anti-symmetric wave guide that couples strongly to the anti-symmetric mode.
The yellow transmission lines are the flux lines, one of which is populated with the
dephasing noise. Inset: a squids that introduces the non linearity in the circuit and
allows for flux tuning of the device. Image taken from [30].

3.3 Characterization of the system

Before performing the main measurements of the project, the device under test is
characterized. This includes finding the qubits, determining the working point of
the system with respect to the external flux sources, and calibrating the traveling
wave parametric amplifier.

3.3.1 Reflection Spectroscopy

Using a VNA wired as shown in figure 3.2 the spectroscopy of the system is started
to find the point where the qubits are fully hybridized. That is, the flux point at
which the distance between the modes (A = wg — w4) is minimized. The system is
characterised by performing a reflection measurements over a large frequency span,
while measuring the reflection (S11) off of the qubit while varying the power of the
probing tone. Once both qubits have been found where no external flux is applied
one of the flux sources is fixed at 0.75V while the other voltage source is swept. The
mode frequencies at each flux point are extracted as the points of lowest reflection.
From this the flux point where the qubits are fully hybridised is extracted as the
flux point where the difference in frequency, A = wg — wy is minimised. In figure
3.4 the spectroscopy is shown and in 3.5 the resulting detuning between the modes
is plotted.
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Figure 3.4: Measured mode frequen- Figure 3.5: The frequency difference
cies from both ASWG and SWG as A = wg — w4 between the two modes
functions of the voltage applied to the as a function of the voltage applied to

flux line. the flux line.

We find that the modes are fully hybridized at when 2.2 volts are applied to the
flux line. At this point we find the coupling strength between the qubits to be 2g ~
1127MHz. To more accurately find the mode exact mode frequencies and coupling
rates of each qubit to its respective wave guide and environment, an additional
spectroscopy measurement is performed where the power is swept while keeping the

flux fixed as described in the results.

3.3.2 1IQ mixing

An IQ mixer can be operated as both an up and down converter, allowing us to
generate and readout the desired waveforms using the OPX+. It’s a three wave
mixer allowing us to encode both I (in phase) and @ (out of phase) signals in
a converted signal. The output signal has frequency components at frequencies
WRr = wro T wir where the unwanted side band can be removed through calibration

of the phase of each quadrature, ¢r, ¢q.

S[ = Isin(wlpt + (b[)

Sq = Q cos(wirt + pg) —— Outpggslgnal

|

Sro = Ao cos(wrot)
Figure 3.6: Schematic image of an IQ-mixer operated as an up converter.

In a similar manner the IQ-mixer can be used for down conversion, where instead
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the output (channel I and @) will have frequency components w = wrr £ wro-

3.3.3 TWPA calibration

On the readout line for the symmetric mode a traveling wave parametric amplifer
(TWPA) is installed. A TWPA is a near quantum limited amplifier, meaning it is, in
principle, capable of adding only a half a photon of noise while amplifying the signal.
This is a mean of increasing the (SNR), where SNR = @. It is important to have
a high SNR as many of the measurements performed reamusiGIe many averages and by
increasing the SNR the measurement time can be reduced significantly. As seen in
the wiring diagram in 3.2 the TWPA is the first amplifier in the amplification chain
of the symmetric mode. The importance of having a low noise amplifier as the first
amplifier can be understood by considering Friis formula for the noise temperature

of a chain of cascaded amplifiers [33].

T T3
Te, =T+ — 3.1
q 1 + Gl + G1G2 + ( )
Ny Ny Ns
SNRin = ff:: Sin Sout SNRoutr = %
Nin Nout

Figure 3.7: Image of 3 cascaded amplifiers. Each amplifier amplifies the signal
and noise by a factor G; while also adding some thermal noise V;.

Looking at equation 3.1 it is clear that if the first amplifier in the chain has a large
gain while also adding few noise photons the noise at the output will be low. This
is why the TWPA is the first amplifier in the amplification chain.

The TWPA used in the experiments was fabricated by VI'T in Finland. It is a three
wave mixing amplifier that can be tuned by a external flux source and a pump signal.
As a means to find the optimal working point of the TWPA where the SNR at the
output is maximised we measure the gain and coefficient of variation (CV) while
varying said parameters. First the flux is swept while having a constant pump power
and frequency to find at what flux the gain is of the TWPA is highest. This is done
as the flux-bias in theory only should adjust the impedance of the TWPA, thus the
points with high gain should correspond to where the the impedance of the TWPA
and readout lines impedance are best matched. Next, while having a constant flux
the pump power and frequency is swept while sending a strong coherent tone at
frequency wg through the TWPA. For each point w,, {2, 100000 measurements are
performed where the I and ) component of each measurement is saved. From
the saved data a gaussian is fitted to the radial distribution r = /I? + Q? of the
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measurement from which the mean p and standard deviation o of each probing point
is calculated.

[-Q plot and IQ histogram with Gaussian fit
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Figure 3.8

This allows us to calculate the CV for each point, where a low value of CV corre-
sponds to a low thermal noise value at the last stage of the amplification chain.

Coefficient of variation o/u
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Figure 3.9: Coefficient of variation for varying values of the pump power 2p and
frequency w,.

We find that the CV lowest when the pump has a frequency of w,/2m = 10.1GHz
and power (2p = 3.5dBm. Although this method does not quantify the number of
thermal photons added by the quantum limited amplifier it gives a good indication
as to where the TWPA best operates. To that end a measurement of the Mollow-
triplet will be performed to extract the number of thermal photons present in the
symmetric waveguide.
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3.4 PSD measurements

The power spectral density measurements are performed using a quantum machines
OPX+. It’s an arbitrary waveform generator (AWG) and analogue-to-digital con-
verter (ADC) on the same system. The sampling rate of the OPX+ is 1GHz, which
means that in accordance with Nyqvist sampling theorem it can generate and sam-
ple arbitrary waveforms with a frequency of at most 500MHz without the effect of
aliasing being visible. As the frequencies of the modes of the system are in the GHz
regime we need a way of generating pulses at this frequency. To allow for this the
signals from the OPX+, which are limited to be at most 500MHz, are up/down
converted using [Q-mixers as shown in figure 3.2.

3.4.1 Mollow triplet calibration

The PSD measurements form the foundation of this thesis, as they provide us with
a way of measuring the power emitted from the circuit. But, the signal measured
at the digitaliser is not the same as the signal that would be measured at the
output of the circuit as the signals have gone through a chain of amplification and
digital demodulation. As a means to find the true PSD of a signal, a calibration is
performed using the mollow triplet for which a theoretical expression is known. To
the measured data equation 2.45 is fitted where only the drive strength 2 and an
additional prefactor is fitted to find the gain of the readout line. This measurement
is performed on both the symmetric mode and the antisymmetric mode. On the
SWG the Mollow triplet is used as a mean to extract the gain of the amplification
chain so that future PSD measurement on the SWG can be related to this and the
measured signal can scaled to units of Watts. Whereas on the ASWG the quantity
of interest is Rabi drive rate that enters the Hamiltonian. To this end, multiple
Mollow triplets are measured while the drive strength of the AWG is varied and the
Rabi rate is extracted for each measurement.

PSD of signal with corrected amplitude
0.175

| = 9.68e+05 A\ = Fit
0.150 [./2 = 1.08+06 ' Scaled signal PSD
0.125
0.100
0.075

0.050

PSD [Photons/s/Hz]

0.025

0.000

-75 -5.0 -25 0.0 25 5.0 75 10.0
sw/2m (MHz)

Figure 3.10: Measured Mollow triplet on the SWG and fitted function. The shaded
region indicates the integrated current.
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We find that the “gain” of the fit is g, = 3.0317 - 10 and verify that this value is
correct by comparing the integral (shaded region in figure 3.10) is equal to % The
difference between the integral I and I',./2 is attributed to the finite bandwidth of the
measurement. The gain is used as a scaling factor on all future PSD measurements
from the SWG. We also find that the number of thermal photons present is ng, =
10.58012468, resulting in a quantum efficiency n = —— = 0.09451684.

1+ng,

3.4.2 Parsevals theorem

In order to reduce the measurement time of the when recording the heat flows and
variance measured we use Parsevals theorem. Parsevals theorem states that for two
square integrable functions wu, v related by a unitary transformation [34]

[ @ = [ )P (3.2)

In the case of the PSD measurements performed where we wish to measure the
current this means that the current

J=g, /_Z dwS(w) = A/_: dt |s(t)[? (3.3)

where |s(t)| is the square of the time trace of the measured signal and S(w) its
Fourier transform S(w) = |F{s(t)}|. The prefactor A is calculated by performing
the same measurement twice. Once using a PSD measurement and once measuring
the time trace and relating the two by through A. Thus the task of first calculating
the Fourier transform of the time trace and in post processing integrating it reduces
to taking the inner product of the time trace with itself. Significantly reducing
the computational time of the measurement as no Fourier transforms need to be
computed in the measurements.

3.5 Synthesised thermal fields

Both the SWG and the dephasing channels are populated with synthesised thermal
fields that are generated using a PXIe AWG. The white noise is generated at an
intermediate frequency between 100 — 500MHz with a bandwidth of 50MHz and up
converted using an IQ-mixer and LO as described in section 3.3.2 . The white noise
can be considered thermal baths as the they cover a relatively broad band (50MHz)
and are unaffected by the state of the system, i.e. the temperature of the baths is
unaffected by emission or absorption of photons occurring within the system. The
temperature of the thermal field populating the SWG is calculated by performing
a PSD measurement while sending in thermal baths and relating the height to that
of the Mollow triplet, which corresponds to one thermal photon.
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Figure 3.11: Synthesised thermal baths that are populating the SWG at varying
voltages. The fields can be considered thermal as their state is uncorrelated with
the state of the system (white noise) and its width extends well beyond the line
width of the symmetric mode [35].

Altough measured thermal baths in figure 3.11 appear to be normally distributed
around w; this is not the case. The shape of the measured signal is different from
the baths that are generated mainly due to the gain profile in the TWPA but is also
modified by the demodulation process taking place in the OPX+. The "peak" close
to dws = 0 is an effect of the gain profile of the TWPA, which has a significantly
higher gain in a narrow region around w, than elsewhere. In reality the shape of the
thermal baths sent to the SWG are square waves centered at ws. This was verified by
performing the same measurement using a spectrum analyser to measure the output
of the AWG. To determine the number of thermal photons the same measurement
setup used for the Mollow triplet measurement has to be used to be able to relate
the measured value to each other in a sensible way. The number of thermal photons
is extracted as the height of the PSD trace of the thermal field where dwgs = 0 and
fitted against the a quadratic function, as the power P o< V2.
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Figure 3.12: Quadratic fit to the temperature of thermal baths populating the
SWG.

The temperature of the thermal field, as anticipated, has a quadratic dependence
on the applied voltage.
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4

Results

In this part the results of the project are presented. We begin by presenting the
system characterisation and the parameters found. The calibration of the dephas-
ing noise and pump power is then presented. We then showcase the power transfer
between the modes and its dependence on the dephasing noise and coherent drive.
Lastly the results of the current fluctuation measurements are presented and com-
pared to simulations using full counting statistics.

4.1 Determining the coupling rates

To find the coupling rates of the qubits to the environment and exact mode frequen-
cies a reflection measurement as described in 2.4.1 is performed on each qubit while
varying the probing power to find the magic power at which the qubit is fully satu-
rated. When performing the fit of the reflection the pure dephasing I'y is assumed

to be 0 as the fit used provides no way of differentiating effects of pure dephasing
or non-radiative dephashing I',,,.

Fit of |r| at magic power
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Figure 4.1: Fit to the normalised re- Figure 4.2: Fit to the normalised re-
flection magnitude off the ASWG at flection magnitude off the SWG at the
the magic power. magic power.

As we expected the magnitude of the normalised reflection | r | is equal to 1 when
probing far from the mode and a narrow "dip" is observed at the mode frequency
where we are coherently driving the lowest transition. We find excellent agreement
between the theory and experimentally measure reflection of each mode. We see
that the reflection of both modes nearly completely destructively interacts with the
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incoming field at the extracted mode frequencies at their respective magic powers
in figures 4.1, 4.2.

Fit of reflection to data Fit of reflection to data
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Figure 4.3: Circle fit to ASWG re- Figure 4.4: Circle fit to SWG reflec-
flection at the varying powers. tion at varying powers.

From the figures where complex reflection is shown (figures 4.3 , 4.4) we note that
the reflection does a complete phase shift and approaches the unity circle at powers
lower than the magic power, as expected. The seemingly better fits to the SWG
reflection data is attributed to the TWPA installed on that line. As equation 2.65 is
in excellent agreement with the acquired data we can confidently extract the decay
rates of each mode. We determine the mode frequencies and coupling rates of each
mode, displayed in table 4.1.

ASWG | SWG
o/2n (GHz) | 531 | 6.44
[, /2m (MHz) 1.84 2.27
[y-/27m (MHz) 0.13 0.27
T /T 13.96 | 831

Table 4.1: The extracted mode frequencies and coupling rates of each mode.

We find that the isolation I, /T, of the anti-symmetric mode is close to 14 and 8 for
the symmetric mode. Allowing for decent control of each mode using it’s strongly
coupled waveguide without interfering with the other mode in an undesired way.

4.2 Calibrating the environment

4.2.1 Pump power calibration

We measure the power spectral density of the ASWG while varying the driving
strength of the of the pumping tone with frequency w, going in to the ASWG. For
each power a total of 18 million averages are acquired to which a Mollow triplet
is fitted, where the only free parameter is the drive strength 2 and a pre-factor
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as the coupling rates are know from the reflection fit of the mode. Before the fits
are performed the data is adjusted to account for the coherent tone that would
otherwise be visible as a very high peak at w,. To this end the single point at
w = w, is removed from the measurement data. The fitted Mollow triplets are
shown in figure 4.5. The drive strength )y corresponds to the driving strength
when the OPX+ pulse amplitude is 0.01V .

Mollow Triplet fit to ASWG Calibration Data
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Figure 4.5: Mollow triplets fitted to the measured PSD from the ASWG while
the |0) — |A) transition is driven at varying Rabi rates. The data and fits for
Q = 0.5, Q2 = 0.7502y have been offset in the y-axis for visibility.

To the fitted Rabi rates (€, Q, Q3) a linear fit is performed of to the applied voltage,
since the Rabi drive rate is proportional to the applied voltage: Q o« VP — Q o V.
The result is shown in figure 4.6.
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Linear fit to ASWG drive power Calibration Data

8 = Linearfit Qs = 7.7904 x [MHz] .

Qa/21 [MHz]
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Figure 4.6: Linear fit to the different fitted 2 values for each pump power.

The fit is quite good and as expected we see that the Rabi rate follows a linear trend
as a function of the applied voltage. The deviation from theory can probably be
accounted to the SNR of the ASWG. To this end more averages could be performed
for each point €2, or more points €2 could be added to the measurement. Alternatively
a different method of measuring the Rabi rate could be used. For example a reflection
measurement as was used for the reflection spectroscopy, but with more averages
performed to extract {2 more precisely.

4.2.2 Dephasing calibration

To find how strong the effect of the dephasing noise is a reflection measurement was
performed while varying the power of the dephasing noise. The dephasing noise is
sent in through one of the flux lines of the sample and couples to the system as
described in 2.6.1. In figure 4.7 we can see the effect of the dephasing noise on the
symmetric mode. The usually narrow minimum centered around wg is broadened
with increasing dephasing noise indicating that the non-radiative decay rates are
increased. The slight shift of the mode towards highers frequencies when more
dephasing noise is sent to the system could be an effect of the AC Stark effect, but
we are not certain about this. To draw any definite conclusions about this would
require further studies into how the dephasing noise potentially shifts the mode
frequencies.
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Reflection | r| from SWG
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Figure 4.7: Reflection from the symmetric mode close to the magic power while
sweeping power of the dephasing noise centered around 2g.

To the acquired data equation 2.65 is fitted against the power [V?] for each measured
dephasing power where I, is the only fitting parameter as the two decay rates I';, 'y,

are known. We find a linear dependency of the dephasing to the noise power.

Dephasing rate 'y against power
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Figure 4.8: Dephasing noise and linear fit as a function of the applied power of
the dephasing noise.

We see that the fitted dephasing noise of the SWG and ASWG match quite well but
that the noise close to 0 applied dephasing deviates from the otherwise linear trend.
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This could be due to the effect of the noise power being too small to observe in the
reflection measurement used. The better fit to the SWG data is probably an effect
of the TWPA installed on that line which increases the SNR.

4.2.3 Base temperature of the SWG

To find the an approximate temperature of the SWG the method described in section
2.4.2 is applied. The power is swept while the reflection is measured using a VINA.

MNormalised reflection against Power
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Figure 4.9: Reflection measurement of SWG against the probing power. The
probing tone has frequency w = wg.

To the data equation 2.66 is fitted for low powers to extract the temperature of the
qubit. We find that the temperature is approximately 7,;, = 38mK. This is added
as a constant to the noise power of the background, whose measurements did not
include this temperature as it is removed when subtracting the background of those
PSD measurements.

4.3 PSD Power transfer

With the driving strength and dephasing noise calibrated we now measure the power
transfer from the anti-symmetric mode to the symmetric mode by performing a PSD
measurement at the SWG while coherently driving the |0) — |A) transition and
applying dephasing noise driving the population transfer between |A) <> |S). The
first measurement was performed while varying the strength of the dephasing noise
for a fixed driving strength €24. The SWG is not populated with any thermal field so
the temperature is approximately equal to 38mK. The raw data of the measured PSD
is scaled by the factor extracted from the Mollow tripled fit on the SWG. To each
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measured PSD a Gaussian is fitted to make the integrated currents less susceptible
to outlier data points. A Gaussian fit is chosen as this was the functional form
that best fits the data of the ones considered by comparison of the Residual Sum
of Squares between the fits and data. For a more accurate the emission spectrum
for this system would need to be calculated as was done for the Mollow triplet
measurements, as described in section 2.3.2.
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Figure 4.10: PSD measurements Figure 4.11: PSD measurements

for varying strengths of the dephasing
noise where a Gaussian (red) has been
fitted to each data set. The area in
shaded blue is the integrated current
corresponding to J. For each plot 1
million averages have been computed.

for varying pumping power where a
Gaussian (red) has been fitted to each
data set. The area in shaded blue is
the integrated current corresponding
to J. Each plot represents an average
of 1 million computations.

In figure 4.10 we see the the power transfers dependency on the amplitude of the
dephasing noise. We also note that at higher powers the emission spectrum i broad-
ened. Next we perform the same PSD measurement for a fixed dephasing strength
while varying the driving power €24 to see its effect on the power transfer, the result
of which is shown in figure 4.11. As expected we see that as the pump is increased
we see a larger power transfer taking place between the modes. We also note that
at very high powers the emission spectrum is being split into two distinct modes as
an effect of the strong pump. Indicating that the eigenmode at wg is being split into
two separate states emitting photons to the SWG. To these data sets two Gaussian
distributions are are fitted. The modes splitting at high driving rates will not be
an issue for later measurements where the fluctuations are measured as those are
performed at an intermediate driving strength.
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4.4 Measuring heat current and its fluctuations

With a setup identical as when measuring the PSD of the power transfer we now
measure the fluctuations in the current as described in section 2.8 and 3.4.2 utilizing
Parsevals theorem. As the demodulation of the time trace will differ from that of the
PSD measurements, one of the points of the time trace measurements is performed
at with the exact same parameters for the I'y, 24 and temperature 7" as one of the
PSD measurements. This as a means of relating the time trace measurements to
the Mollow triplet calibration previously performed and scale them to SI units. The
integration time of the measurement is set to 7 = 10us which is in agreement with
being in the long time limit, as T} = % = (0.0644us as assumed in section 2.8.

PSD measurement where 'y/2m = 1.12MHz,
Qp/2m= 3.12MHz and T = 192.20mK

% e Measured PSD data
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Figure 4.12: PSD measurement used to calibrate the time trace measurements.
Shown in red is a Gaussian fit to the measurement data which is integrated to
calculate the current J going into the SWG .

The time trace measurement was performed for the same fixed values of I'y and €24
as the PSD measurement while varying the amplitude of the synthesised thermal
field in the SWG. In addition to saving the integrated current (Qr), the square
of the signal, (Q3) is also computed and saved on the ADC. The measurement is
performed 60 million times per point and the ensemble average saved is saved for
the quantities (Qr),, , (QF).,+ (Q1)g, (QF) .5 as described in section 2.8. @ is the
integrated current of the signal and the subscripts indicates if the dephasing noise is
turned on mediating the population transfer or not. The measurement data is scaled
to SI units by relating them to the PSD measurement in 4.12, call this calibration
current Qcatipration- L he scaling by which the time trace measurements are multiplied
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is

(z)calibrationT
S = . 4.1
@rhon — Q1) 4

S relates the measured quantities to unitless quantities that can be added and
subtracted as is needed. We are now ready to calculate the (unitless) current .J,
diffusion coefficient D and entropy production rate o as

J = ({@r)on = (@1)og) 5; (4.2)

D = ({@)on = (Qr)a)S” = (@) = Qo) = — =T (43)

o = [Jhws. (4.4)

The measured integrated current in terms of number of photons and entropy pro-
duction are shown in figure 4.13 and compared to what FCS theory predicts.
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Figure 4.13: Experimentally measured photon current (left) and the associated
entropy production (right) plotted against the temperature of the SWG, both com-
pared against the theoretical predictions of each.

We see that the measured heat currents and entropy production follow the trends
that theory predicts very well except for at temperatures very close to 0K. The fact
that both the entropy and current match with theory is not surprising, since both
are dependent on J, where the entropy is in essence just a scaling of the current
with a factor % But it does indicate a correctly measured temperature of the SWG.
The visible trend is that the current decreases with temperature, possibly explained
by more photons being absorbed by the system from the symmetric waveguide. No
particular reason can be thought of that explains the slight deviation from theory
at very low temperatures. We then calculate the variance in the photon currents to
see how it compares to theory, shown in figure 4.14.
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Variance of particle current into the SWG
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Figure 4.14: Experimentally measured variance (left) compared to what FCS
theory predicts (right).

The difference between theory and the measured variance are significant. The two
differ both in the range of values, and visible trends as functions of the temperature.
With the theory predicting a higher variance with higher temperatures, whereas the
measured variance decreases with temperature. The measured variance does not
violate any known theory but seems to be an unlikely result as this would mean
that the standard deviation (std = y/Var(J)) of the currents is much larger than
the currents themselves. Due to the poor agreement between the simulations and
experiment we are unable to draw any conclusions as to what the TUR ratio klbvajg‘])
associated with this thermal process is.

Some uncertainty between theory and measurement is to be expected from the
extracted dephasing rate I'y, driving strength (24 and the temperature of the SWG
Ts. But the excellent agreement between simulations and the measured currents
and entropy production indicate that these are not the leading cause of disagreement
between theory and experiment. Another potential cause of error is the number of
averages per point. Despite the 60 million averages taken per point the low SNR of
the readout of SWG becomes even smaller when saving the squared second moment
(Q3). For this reason more averages, or a better calibrated TWPA, would help in
reducing the uncertainty of the measurement and potentially decrease the variation.

For further investigation of what causes the theory and experiment to disagree it
would also be worthwhile to verify that the master equation used in simulations is
correct. The lack of dissipators coupling the system to environment of the ASWG
could potentially cause the deviation we see from theory. It would also be interesting
to include higher excited energy states in the simulations to see if these make any
significant changes to the results.
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Discussion

In this project, we have implemented an experimental method for measuring currents
and their fluctuations in quantum systems using superconducting qubits cooled to
ultra-low temperatures. The results are promising for future measurements of cur-
rent fluctuations in quantum systems, as there is good agreement between the mea-
surements and theory when measuring the currents and entropy production in the
system. However, the large deviations between theory and experiment in the fluc-
tuation measurements indicate that there is much left to do to fully realize thermal
advantages in quantum systems through TUR violations. We have identified sev-
eral potential sources of error that could be causing the poor fit of the data to theory.

The isolation between the modes is not as high as previously demonstrated. In
earlier studies, the sample used had an isolation close to 30 for each mode. The
low isolation could potentially cause the emission from the symmetric mode to be
emitted into the ASWG, which is not monitored, leading to larger variations in the
measured currents.

There were clear indications of cross talk between the sample used and another
mounted in the same tower in the cryostat through their flux lines. The exact ef-
fects of this are not known, but it could introduce dephasing noise to the system.
This noise cannot be accounted for in the reflection fits performed when measuring
the coupling rates of each mode. Especially this would make the calibration of the
dephasing rate I', unreliable, as the assumption that I'y = 0 might not hold true
when no dephasing noise is sent to the device. To verify if this is the case a PSD
measurement where no dephasing noise is applied could be applied to see if any
population transfer is taking place.

The theoretical background for measuring current fluctuations could also be re-
visited and compared to a measurement of the second order coherence function
g®(7) to see how the two methods compare. A limiting factor of this would be the
measurement time, since computing ¢®(7) is computationally heavy and requires
significantly more averages than the performed PSD measurements. We could also
verify the validity of the measurement technique by measuring the variance of a sig-
nal with a know probability distribution, such as a coherent tone or a true thermal
field (one which is not synthesised using an AWG).

In conclusion, in this project, we have investigated the possibility of measuring cur-
rent fluctuations in a circuit QED environment with the goal of showcasing thermal
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advantages in quantum systems. A method for measuring fluctuations of photon
currents is presented and experimentally implemented. In state-of-the-art measure-
ments, heat currents of photons and their fluctuations are measured and compared
to theory, where we find some agreement. The findings raise several intriguing ques-
tions that can help guide us toward the realization of quantum thermal machines
that have precision advantages over classical systems.

5.1 Note added in proof

The issue related to measuring the variance of a photon current was resolved before
the publication of this thesis. The observed deviation from theoretical predictions
was caused by rounding errors in the DAC device, which significantly increased the
variance, as shown in Figure 4.14. Specifically, the DAC rounded a large proportion
of the measured values of (Qon/ofs)? and (Q2, ;) to zero because they fell below
the device’s numerical precision.

To address this, attenuation at the DAC input was removed, increasing the sig-
nal amplitude. Additionally, when necessary, the measured values were multiplied
by a scaling factor to ensure that (Qon/ofs)* and (@, ;) remained within the com-
putational range of the DAC. This effectively rescaled the scaling coefficient S in
Equation 4.1.

These adjustments have enabled accurate measurements of the variance of pho-

ton currents, aligning them with theoretical expectations. Consequently, this has
allowed for precise determination of the TUR ratio associated with the process.
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