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Advanced thermal regulation of muffler using MPC and preview data
JOHAN EKENVI, NICLAS PERSSON
Department of Electrical Engineering
Chalmers University of Technology

Abstract
Tighter legislation on emissions, such as the upcoming EURO-7, puts increased pres-
sure on manufacturers to further decrease emissions from their vehicles. This study
address Nitrogen Oxides (NOx) emission from heavy-duty trucks. For the selective
catalytic reduction catalyst, an important component of the exhaust after-treatment
system to properly react NOx into pure nitrogen and water, is that the temperature
needs to be sufficiently high in the muffler. During extended periods of low engine
load, such as downhills or idling, the muffler cools down as colder exhaust enters the
muffler, as a result NOx emissions increases.

To address this, the study investigates a thermal property of the muffler’s dynamics
that allows the use of time normalization, which simplifies the dynamics. Time nor-
malization was then utilized in the design of the resulting model predictive controller.
Furthermore, the impact of incorporating preview information was investigated to
determine what benefits could be gained by using a model predictive controller with
preview, compared to one without.

The results demonstrated that it was possible to utilize the structure of the dynamics
to construct a controller in a linear time-invariant environment, to control the linear
time-varying system. Additionally, incorporating preview information improved the
performance in cases where the exhaust temperature drops fell outside the region
of which the controller could compensate. In such cases the controller pre-heated
the muffler to maintain a sufficient temperature, thus extending the duration of
constraint satisfaction but at the cost of increased energy consumption. However,
when the temperature drop was within the region of what the controller could supply,
the controller without preview performed equally well.

Keywords: Diesel engine, Model predictive control, Time normalization, Exhaust
after-treatment system , muffler, Thermal regulation, EURO-7, SCR,
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List of Acronyms

Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

DOC Diesel Oxydation Catalyst
DPF Diesel Particle Filter
EATS Exhaust Aftertreatment System
EMF Exhaust Mass Flow
HDV Heavy-Duty Vehicle
LTI Linear Time Invariant
LTV Linear Time Varying
LQ Linear Quadratic
MPC Model Predictive Control
NOx Nitrogen Oxides
SCR Selective Catalytic Reduction
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Nomenclature

Below is the nomenclature of indices, sets, parameters, and variables that have been
used throughout this thesis.

Signals and Constraints

x State vector x

ẋ(t) Derivative of x with respect to t
xmin, xmax Lower and upper limit of x

u Control input vector
umin, umax Lower and upper limit of u

y Output vector
ymin, ymax Lower and upper limit of y

emf(t) Exhaust mass flow [Kg/s]
Texh(t) Exhaust temperature [°C]
Tin Inlet temperature to muffler, sum of Texh(t) and u(t)
Tlim Lower temperature limit of SCR [°C]

Matrices & vectors

A, B, C, D State-space matrices
An, Bn, Cn, Dn Normalized state-space matrices
Ad, Bd, Cd, Dd Discrete time state-space matrices
Ac, Bc, Cc, Dc Controller state-space matrices

Independent variables
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t Natural time, [s]
τ emf normalized time, [s’]

Optimal control symbols

VN Cost function over horizon N

u∗(0 : N − 1) Optimal sequence of future control
u∗ Optimal control at current time
x∗(0 : N) Optimal sequence of future states

Constants

α 0.5, Time constant, [1]
emfnom 0.1, Nominal emf value, [kg s−1]
Cg Specific heat capacity muffler section, [J kg−1 K−1]
Cp Specific heat capacity muffler section, [J kg−1 K−1]

MPC variables and parameters

N, M Prediction and control horizon
ϵ Slack variable
Wϵ Linear slack weight
W 2

ϵ Quadratic slack weight
Wu Linear control weight
W 2

u Quadratic control weight
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1
Introduction

In this section, we provide an overview of key concepts and challenges related to the
thermal control of core components in the Exhaust Aftertreatment (EATS) systems
of diesel engines. We begin by discussing the role of the EATS in reducing harmful
emissions and the importance of maintaining optimal operating temperatures for
effective nitrogen oxide conversion. Next, we introduce the challenges associated
with thermal regulation and motivate the use of Model Predictive Control (MPC)
as a promising approach, highlighting the potential benefits of utilizing preview
information to improve temperature management. We also explore the concept of
time-scaling, which simplifies the handling of system dynamics. Finally, the purpose
and objectives of this work are presented.

1.1 Background

1.1.1 Exhaust Aftertreatment System (EATS)
The commercial transportation industry is a vital part of society’s infrastructure,
but the use of fossil fuels leads to undesirable emissions. In addition, regulations,
such as the EURO-6 [1] standard and the upcoming EURO-7, impose increasing
pressure on manufacturers to adopt alternative fuels or further reduce emissions.
The need to comply with constantly tightening emission regulations drives the de-
velopment of advanced strategies for emission control.

Today’s EATS is a complex assembly comprising several components, such as the
Diesel Oxidation Catalyst (DOC), the Diesel Particulate Filter (DPF), and the Se-
lective Catalytic Reduction (SCR) catalyst. These components must be carefully
coordinated to effectively reduce harmful emissions such as carbon monoxide, partic-
ulate matter, and nitrogen oxides (NOx), mainly NO2 and NO. This work focuses
in particular on the SCR, which is responsible for converting NOx. The SCR uses
a urea solution (NH3), commonly known as AdBlue, and heat to convert NOx to
pure nitrogen and water.

NOx Conversion : NOx + 2NH3 + HEAT ⇒ 2N2 + 3H2O

During normal operating conditions, the conversion is nearly complete, and the
muffler is kept warm by a steady supply of heat from the engine. However, certain
situations, such as prolonged low engine load while descending hills or idling, can
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1. Introduction

cause the muffler to cool down. These periods are often followed by a sudden increase
in engine load and exhaust flow, but the EATS is not sufficiently warm to convert
the NOx. As a result, even with urea injection, conversion is incomplete due to
inadequate temperature. These transient conditions are responsible for a significant
share of NOx emissions. Low temperatures can also lead to crystallization, which
reduces the effective surface area of the SCR and increases back pressure, negatively
affecting engine performance [2].
To maintain optimal temperatures, additional heating is therefore sometimes re-
quired, either by adjusting combustion parameters or using an electrical heater to
increase the gas temperature entering the muffler. However, adding heat increases
fuel consumption, making accurate control essential for balancing emission reduction
with fuel efficiency.

1.1.2 Thermal Control of EATS
Due to the complex dynamics of both engine combustion and the exhaust aftertreat-
ment system, thermal control presents a significant challenge. Finding an effective
control strategy is not trivial and analytical solutions, if they exist, are difficult to
derive, and most related work relies on numerical methods, which are more tractable.
However, under certain assumptions, analytical solutions can be derived as shown
by Holmer [3].

One challenge in muffler thermoregulation arises from the asymmetry in actuation:
while heat can be added to the system, there is no mechanism for actively removing
it. This leads to a control problem with a hard constraint on the control input,
which must remain positive. That said, excessively high temperature is rarely an
issue, as component damage typically occurs only at very high temperatures.

Another difficulty lies in the muffler’s slow and time-varying thermal dynamics,
caused by its large physical dimensions and thermal inertia. By the time the SCR
temperature sensor detects a drop in temperature, it is often too late to take correc-
tive action. The significant lag between heat input at the muffler entrance and the
resulting temperature change at the SCR motivates the use of preview information.
Given the hard constraints on both control and temperature, combined with the de-
sire to incorporate preview capabilities, Model Predictive Control (MPC) emerges
as a promising control strategy.

1.1.3 Model Predictive Control (MPC)
Extensive research has already been conducted to minimize fuel consumption and
NOx emissions [4, 5, 6], and further improvements continue to emerge. In the pre-
viously mentioned papers, various MPCs were implemented, which will also be the
focus of this work. MPC is an advanced control method widely used in various
industries, such as process control and path planning. More recently, it has gained
traction in the automotive sector due to the increase in computational power avail-
able in modern vehicles, enabling the real-time optimization which MPC requires.
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1. Introduction

Furthermore, the thermal dynamics in the EATS are very slow, which creates further
incentive for predictive control.
The main advantage of MPC lies in its built-in ability to handle both actuator and
state constraints, critical for our application, where the control input and system
temperature must remain within strict limits. In addition, MPC naturally allows
for the integration of preview information, enabling the controller to anticipate and
respond to future disturbances. We will develop and evaluate the performance of an
MPC that incorporates preview information for both the exhaust temperature and
exhaust mass flow. The use of preview data has demonstrated improved performance
in related domains, such as vehicle suspension [7, 8] and transmission control [9]. As
real-time computation is a requirement in the automotive and heavy-duty vehicle
(HDV) industry, it is desired to develop an efficient formulation, which we in this
work achieve by time-scaling.

1.1.4 Time-Scaling

A method used in this thesis is time-scaling. Time-scaling refers to the method of
redefining the time axis of which a system evolves. Normally, the axis is the physical
time, but the system dynamics can be reformulated with respect to another, artifi-
cial independent variable, commonly denoted "τ ". This method was originally intro-
duced to simplify non-linear dynamics [10]. The main benefit of time-scaling is that
complex behaviour appears more tractable or even linear when viewed through this
artificial axis, making the system easier to both analyse and control. For instance,
in certain batch crystallization processes, time can be normalized with respect to
the crystal growth length rather than physical time, leading to more intuitive and
manageable system models [11]. Other works where this also has been used is for
example in [12] and [13]. Although commonly applied to simplify non-linear dy-
namics, the method can also be applied to linear time-varying systems to yield a
time-invariant representation, which is the approach taken in this work.

1.2 Aim

This work aims to contribute to the ongoing research of minimizing harmful emis-
sions from the transportation industry by the following:

• Find an efficient way to formulate the problem of muffler thermoregulation
as MPC.

• Develop a framework for muffler thermoregulation that allows utilization of
preview information within a moving preview window.

• Analysing the impact of preview information for the thermoregulation prob-
lem.

3
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1.3 Limitations and Assumptions
This section aims to bring up the limitations of this work and give a transparent
and critical assessment of its content. The limitations include different aspects,
such as the chosen method, data selection, theoretical assumptions, and resource
limitations.

• Heat source considerations: While potential sources of added heat are dis-
cussed, the practical constraints and feasibility of these sources in a real-world
setting are not analysed in detail.

• Assumed inputs: The model assumes that both the exhaust mass flow and
exhaust gas temperature are known quantities. The process of estimating or
measuring future values of these variables is not within the scope of this work.

• Model simplifications: The proposed framework is based on a model that
includes several assumptions: ideal heat exchange, no conduction in the sub-
strate, no exothermic or endothermic reactions, and perfectly insulated sur-
faces. These assumptions may limit the accuracy of the simulation results in
more complex or real-world scenarios. However, the model is widely used in
industry and validated to sufficiently well reflect a real system.

• Simulation scope: The controller is tested exclusively in a simulated en-
vironment. As such, its real-world performance may differ, and the results
should be viewed as indicative of the potential of the proposed methodology,
rather than definitive proof of its effectiveness.

• Evaluation of emissions: Although the motivation for controlling the muf-
fler temperature is rooted in improving emission conversion, the controller is
evaluated solely based on its thermal performance. Emission-level effects are
not assessed, as this would require either a significantly more complex emis-
sion model or implementation and testing on a real engine setup with emission
measurement capabilities. Furthermore, the trade-off between increased fuel
consumption and improved NOx conversion efficiency is not evaluated. There-
fore, the overall emission impact of the proposed control strategy remains an
open question.

• Resource constraints: The work has been conducted under limited time
(20 weeks) and computational resources, which influenced the scope of testing
and the depth of the analysis.

1.4 Data disclaimer
In this work, several simulations were performed. Due to confidentiality require-
ments, certain data used in the simulations, such as exhaust temperature, exhaust
mass flow, and system constraints have been modified. These modifications do not
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1. Introduction

affect the validity of the methodology or the conclusions drawn from this work.

1.5 Ethical and sustainability aspects
The commercial transportation industry is one of the main sources of pollution
today. A reduced NOx emission caused by commercial trucks would benefit the well-
being of all humans since these emission caused several problematic environmental
and health effects. For example, NOx in the atmosphere reacts with water and
creates acidic rain which harms both animals and humans [14]. When the ground
becomes more acidic, vital nutrients are lost which hinders crop and forest growth
[15]. NOx is considered poisonous and may irritate the repository tract and mucous
membranes [16]. It has also been shown that long exposure to NOx lead to increased
symptoms of bronchitis in asthmatic children [17].

Alignment with United Nations Sustainability Goals
This work helps improve the following sustainability goals, as defined by the United
Nations:

• Goal 3 Good Health and Well-Being:
Working to decrease NOx emissions will directly benefit this goal, as both
human and animal health are negatively impacted by these pollutants. By re-
ducing NOx emissions, this project aims to lower the incidence of respiratory
issues and promote a healthier living environment.

• Goal 6: Clean water and sanitation
NOx directly acidifies our sources of water, compromising water quality. This
project addresses this goal by working to limit NOx emissions, thereby helping
to preserve clean water and protect aquatic ecosystems.

• Goal 9: Industry, Innovation, and Infrastructure
Commercial transportation is a crucial part of global infrastructure and sub-
stantial efforts are put into making it more sustainable. While the long-term
goal is to replace fossil fuels with sustainable energy sources (such as electricity
and hydrogen), in the meantime the harmful emission needs to be minimized
to make the current fleet of commercial vehicles more sustainable. This study
will be another step in this direction, making commercial vehicles more sus-
tainable by aiming to decrease the emissions of NOx.

Ethical risks
The authors of this work found no ethical risks in this work. However, in future
work or when implementing preview information into trucks there arises a privacy
concern that require handling of sensitive customer data such as GPS location, which
probably will be needed to accurately estimate the exhaust temperature and exhaust
mass flow.

5
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2
Modelling and Problem

formulation

In this section, the underlying dynamics of the thermodynamic model will be de-
scribed in detail, which is the foundation for this paper. Furthermore, the problem
formulation is presented mathematically to describe the nature of the problem and
its constraints.

2.1 Thermal Model

The thermal model of the muffler is inspired by [3]. The system is divided into n
identical sections (denoted as "stones"), with the assumption that each section has
the same mass and material properties. Each stone propagates the inlet gas further
in the system until the last stone (the output). Furthermore, we assume that the
temperature of each stone and the temperature of the exiting gas are the same (ideal
heat exchange), with no conduction in the substrate, no exothermic or endothermic
reactions, and perfectly insulated surfaces. A single-stone’s equation is presented
below.

CpmṪi = Cgemf(t) (Ti−1 − Ti) (2.1)

where Cp is the specific heat capacity for the ceramic, m is the mass, Cg specific
heat capacity for the gas and the emf(t) is the exhaust mass flow which varies over
time making the system time dependent. Ti−1 is the previous stone’s output and
temperature and Ti is the current stone’s output and temperature. Figure 2.1 gives
an overview of the system where each stone depicts a lumped thermal mass.

7



2. Modelling and Problem formulation

Figure 2.1: Overview of the modelled muffler, showing the stones and Texh as the
exhaust temperature, u the control input and Tscr the temperature at the SCR (the
output).

If the emf is assumed to be constant, an LTI-system is obtained. Consequently, a
transfer function can be formulated which yields a first-order system for a single
stone.

Ti = 1
s

αemf
+ 1Ti−1 (2.2)

where α := Cg
Cpm

for shorter notation. To model the entire muffler we may then
chain a single stone’s transfer function with the number of stones that the muffler
has been divided into and then describe that system as

y(s) =
 1

s
αemf

+ 1

i

︸ ︷︷ ︸
G(s)

Ti−1︸ ︷︷ ︸
u(s)

= G(s)u(s) (2.3)

Hence an n-order system is obtained. However, the assumption that the emf should
be constant is a simplification, as the emf will vary. Therefore, the system needs to
be represented in state space form of order n as below.

xn×1(t) =
[
T1(t) T2(t) . . . Tn(t)

]T
(2.4)

An×n(t) =


−αemf(t) 0 . . . 0
αemf(t) −αemf(t) 0 . . .

0 αemf(t) −αemf(t) 0
... 0 . . . . . .

 (2.5)

bn×1(t) =


αemf(t)

0
...
0

 (2.6)

c1×n =
[
0 0 . . . 1

]
(2.7)

Furthermore, the emf(t) enters on all non-zero elements in the A matrix and b
vector. A(t) is a sparse matrix with a negative main diagonal and a positive lower
off-diagonal, while b(t) is a column vector with only a positive non-zero value on the
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2. Modelling and Problem formulation

first element. Additionally, only the last state of the n-order system is considered
the output from the system as seen in equation (2.7), as the SCR is located at the
end of the muffler.

Thus, the model can be described in state space as a n-order linear time-varying
(LTV) system as below.

ẋ(t) = A(t)x(t) + b(t)u(t) + b(t)Texh(t) (2.8)
y(t) = cx(t) (2.9)

Where u is the control signal, Texh is the exhaust temperature, which will act as a
disturbance on the system. All other variables are defined as presented in equations
(2.4)-(2.7).

By analysing the structure of the system, it can be seen that the system is stable,
all eigenvalues will be negative as the A matrix has a negative diagonal and a lower
triangular structure and emf(t) is strictly positive.

Furthermore, the system has an inherent lag from the input to the output, depend-
ing on the emf, this lag can range from 1 minute up to 10 minutes, which makes
it challenging to control the output. If the controller is purely reactive to the cur-
rent output and only applies heat when below the threshold, it will lead to poor
performance due to the possible long lag.

2.2 Problem Formulation
In this section, the thermal regulation problem will be shown formally and mathe-
matically to clarify the nature of the problem. The main objective of this thesis is
to find an efficient way to keep the muffler and especially the SCR sufficiently warm
to facilitate a good conversion of NOx. This can be expressed as

y(t) ≥ Tlim

where the limit, Tlim comes from the chemical reaction and the properties of the
material within the SCR. To ensure this limit is adhered to, we can apply additional
heat in the form of u(t), which is bounded by

0 ≤ u(t) ≤ umax

The maximum value depends on the actual actuator and is kept generic for now, and
the lower is zero as we cannot remove any heat from the system. Applying additional
heat increases fuel consumption, which is undesirable and should be minimized. The
total amount of added energy applied to the muffler becomes

9



2. Modelling and Problem formulation

∫ ∞

0
mCspu(t)emf(t)dt

Meanwhile, the system dynamics must be adhered to, which is defined by

dx

dt
= A(t)x(t) + b(t)u(t) + b(t)Texh(t)

With this, we can mathematically formulate the problem as shown below with the
addition of the initial condition and defining the output:

min
∫ ∞

0
mCpu(t)emf(t)dt (2.10)

dx

dt
= A(t)x(t) + b(t)u(t) + b(t)Texh(t) (2.11)

y(t) = cx(t) (2.12)
y(t) ≥ Tlim (2.13)

0 ≤ u(t) ≤ umax (2.14)
x(0) = x0 (2.15)

10



3
Time normalization

Transforming the time-axis can be used when analysing non-linear systems, the idea
is to make a non-linear system appear to be linear on the new time-axis. This ap-
proach is closely related to the concept of orbital flatness introduced by M. Fliess[18]
where changing the time-axis was used to simplify the analysis of the system. Time
normalization can similarly be used to convert an LTV system into an LTI in its new
time domain. This idea serves as the foundation for introducing time normalization
in this work, as it is significantly easier to construct an MPC for an LTI model than
for an LTV.

3.1 Concept of Time Scaling

Consider a standard system with a single natural variable (t), defined as dx
dt

=
Ax + Bu. This system can be transformed to evolve on a new time-axis by intro-
ducing a time scaling function.

dt

dτ
= s(t, x) (3.1)

Equation (3.1) is a function that depends on both time and state, it can be used to
transform a system to a different time-axis, by substituting the independent variable
"t" with the fictitious variable τ . It is important to note that s(t, x) must be chosen
such that 0 < s(t, x) < ∞. Meaning that the new time τ must be monotonically
increasing with respect to the natural time t, as the new time should not move
backwards [10].

Lastly, the transformation must be bijective to ensure that we can map between
natural time and τ -time as well as from τ -time back to natural time, with a one-to-
one correspondence in both directions.

By substituting (3.1) into the model we can replace t with τ , hence the normalized
system evolves in the fictitious time τ .

dx

dτ
= dx

dt

dt

dτ
= (Ax + Bu)s(t, x) (3.2)

Notice in the new formulation, the transformation enters on the right side as a mul-
tiplier, which often is chosen such that it cancels out undesired behaviours in the
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3. Time normalization

dynamics. The result of this is that the new time-axis will evolve non-uniformly.
Below is an example taken from [12] of how this concept can be utilized to simplify
a non-linear system into a linear one formed in the new normalized time τ .

Example of time normalization
Consider the two systems A and B which are presented below in state-space form.

System A

d

dt

[
x1
x2

]
=
[

x2
−x1 − 0.5x2

]

System B

d

dt

[
x1
x2

]
=
[

x2(1.5 + sin(16x1))
(−x1 − 0.5x2)(1.5 + sin(16x1))

]

In Figures 3.1 and 3.2 the phase plot of both System A and B can be seen.

Figure 3.1: Phase portrait of System A,
with initial condition [0.5,0.5] highlighted
in blue.

Figure 3.2: Phase portrait of system B,
with initial condition [0.5,0.5] highlighted
in blue.

Even though the state-space equations differ, the trajectories in the phase planes
are equivalent.

So let us introduce the new time scale, denoted as τ . The time transformation
function s(t, x) is chosen as:

dt

dτ
= 1

1.5 + sin(16x1)

12



3. Time normalization

By applying this time transformation to system B, the system can be expressed in
terms of the new variable τ .

dx

dτ
=
[

x2(1.5 + sin(16x1))
(−x1 − 0.5x2)(1.5 + sin(16x1))

]
1

1.5 + sin(16x1)

Effectively transforming the system’s dynamics, the state-space representation of
System B takes the same form as System A:

d

dτ

[
x1
x2

]
=
[

x2
−x1 − 0.5x2

]

Thus given any initial conditions, the trajectory of the states for both System A (in
natural time) and System B (in τ -time) will be identical but evolving at different
rates, or formally

xA(t) = xB(τ(t)) ∀ xA(0) = xB(0)

3.2 EMF Based Time Normalization

The same concept can be applied to the thermal model presented in Section 2.1,
which is linear but time-varying. By time normalization, the system can be repre-
sented as an LTI system with a different independent variable. Consider the thermal
model developed in Section 2.1, presented below again for convenience.

dx

dt
= A(t)x(t) + b(t)u(t) + b(t)Texh(t)

Notice that the only time-varying variable is emf(t), and it enters the model as a
multiplier on all non-zero elements of both the A(t) and b(t) matrix.

dx

dt
= emf(t) (Anx(t) + bnu(t) + bnTexh(t)) (3.3)

emf(t) can therefore be extracted. The notation for both An and bn indicate that
the matrices are now constant as shown below.
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3. Time normalization

An =


−α 0 . . . 0
α −α 0 . . .
0 α −α 0
... 0 . . . . . .

 (3.4)

bn =


α
0
...
0

 (3.5)

(3.6)

The time-varying emf(t) can now be absorbed into the time axis by introducing a
time scaling function containing emf, under the assumption that emf(t) > 0 ∀t to
satisfy the conditions described earlier.

s(t) = dt

dτ
:= emfnom

emf(t) (3.7)

Where emfnom is added to closer reflect to the original system, meaning when emf(t)
is the nominal value s(t) = 1 the systems evolves at the same rate. By moving the
system to the τ -domain, the time-varying dynamics is removed.

dx

dτ
= dx

dt

dt

dτ
(3.8)

dx

dτ
= emfnom

����emf(t)�
���emf(t) (Anx(t) + bnu(t) + bnTexh(t)) (3.9)

dx

dτ
= emfnom (Anx(τ) + bnu(τ) + bnTexh(τ)) (3.10)

Under the assumption that the derivatives are smooth functions the chain rule can
be utilized and we can from there derive the system dynamics in τ -domain. The
resulting system in τ becomes an LTI system, as seen in Equation (3.10). In a sense,
the result will be that τ compresses or stretches time depending on emf. Large emf
will cause time to move "faster" while small emf will make it "slower".
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3. Time normalization

Figure 3.3: Simulation of time normalized system during a cooldown period.

Figure 3.4: Simulation of system during a cooldown period.

The system is then simulated both in τ -time and natural time, where the system in
τ -time is an LTI and in natural time LTV. In Figure 3.3 the simulation in τ -domain
can be seen and in Figure 3.4 the simulation in natural time with time-varying
dynamics and the same output as the previous figure but artificially plotted against
natural time. It is evident that the output from the simulation in τ is compressed
during the period of low emf but unchanged when emf is nominal.
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3. Time normalization

3.3 Application of Closed-Loop Design

Time normalization can be used to simplify a plant, synthesize a controller, and
then transform both back to the original time domain. This is done using the time
scaling function to move between the normalized time domain (τ -domain) and the
actual time domain (t-domain). Throughout this section, we assume emfnom = 1 for
notational simplicity. In this section, it will be shown that the stability and perfor-
mance of an LTI-controller synthesized in tau will be preserved when transformed
back to natural time.
Plant model:

dx

dτ
= Anx + Bnu + Bωω (3.11)

y = Cnx + Dωω (3.12)

Which describe the plant dynamics in τ -domain. Consider a general LTI controller
in τ -domain can be defined using controller states.

Controller model:

d

dτ
xc = Acxc + Bcy (3.13)

u = Ccxc + Dcy (3.14)

We may substitute and get 4 equations which will describe the closed-loop system

dx

dτ
= Anx + BnCcxc + BnDcCnx + BnDcDωω + Bωω (3.15)

dxc

dτ
= Acxc + BcCnx + BcDωω (3.16)

y = Cnx + Dωω (3.17)
u = Ccxc + DcCx + DcDωω (3.18)

Which can be put to state-space form as

d

dτ

[
x
xc

]
=
[
An + BnDcCn BnCc

BcCn Ac

] [
x
xc

]
+
[
BnDcDw + Bω

BcDω

]
ω(t) (3.19)[

y
u

]
=
[

Cn 0
DcCn Cc

] [
x
xc

]
+
[

Dω

DcDω

]
ω(t) (3.20)

The inverse transformation can then be used on the system in τ -domain, yielding
the resulting system in natural time.
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3. Time normalization

dτ

dt
= emf(t) (3.21)

dx
dt

= dx
dτ

dτ

dt
(3.22)

d

dt

[
x
xc

]
= emf(t) ·

([
An + BnDcCn BnCc

BcCn Ac

] [
x
xc

]
+
[
BnDcDw + Bw

BcDω

]
ω(t)

)
(3.23)[

y
u

]
=
[

Cn 0
DcCn Cc

] [
x
xc

]
+
[

Dω

DcDω

]
ω(t) (3.24)

It can be seen from the above equations that a controller constructed in τ -domain
will also be scaled properly in the time-domain. The closed-loop structure is un-
changed between t and τ . The only difference is the scaling factor, emf(t), meaning
that performance and stability are preserved, only stretched or compressed in time.
As such it is meaningful to construct a controller in τ and then map it back and use
it in natural time.

In this thesis, we aim to use an MPC, since MPC is not an LTI-controller it cannot be
expressed in state-space form. Thus, it is not possible to apply the same formulation
as presented above. However, as will be presented in a later chapter, the principles
discussed above are indeed applicable to the MPC as well.

3.4 Problem Formulation in Normalized Time
As previously demonstrated, time normalization simplifies the thermal control prob-
lem by transforming the LTV system into an LTI system in τ -domain. This trans-
formation alters the problem formulation and its parts. First, the objective function
is transformed,

s(t) = dt

dτ
= emfnom

emf(t) =⇒ dt = emfnom

emf(t) dτ (3.25)

VN(u) :=
∫ ∞

0
mCgu(t)emf(t)dt (3.26)

Which gives the corresponding objective function in normalized time,

VN =
∫ ∞

0
mCgemfnomu(τ) dτ. (3.27)

As one can see, the objective function simplifies, as the time-varying emf(t) is re-
placed by the constant emfnom. In a similar manner, the system dynamics are
transformed as described in Section 3.2, where the A and B matrices are no longer
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3. Time normalization

time-varying.

dx

dτ
= emfnom(Anx(τ) + bnu(τ) + bnTexh(τ)) (3.28)

y(τ) = Cx(τ) (3.29)
(3.30)

Finally, the constraint remains the same as they are amplitude invariant and the
transformation does not alter them.

y(τ) ≥ Tlim

0 ≤ u(τ) ≤ umax

x(0) = x0
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4
Model Predictive Control

In this chapter, we evaluate two different approaches to implementing an MPC
for the thermal regulation of the muffler, one traditional implementation and one
utilizing emf based time normalization as described in Chapter 3. MPC is well suited
for our application due to the constraint-oriented nature of SCR thermal regulation
and the inherent constraint handling of MPC.

4.1 Introduction to Model Predictive Control

MPC relies on an internal model of the system it aims to control and operates by
repeatedly solving an optimization problem over a finite prediction horizon. At each
time step, the controller minimizes a cost function subject to system dynamics and
constraints, applies only the first control action, and then re-optimizes at the next
step. One of the key advantages of MPC - compared to traditional control methods is
its explicit handling of constraints on both the system states and control inputs [19].

The foundation of MPC is the internal model of the dynamics, describing how the
states interact and how they are affected by disturbances and control actions. To-
day’s available MPC toolboxes support various models, including LTI, LTV, and
non-linear models. However, most toolboxes rely on discrete models, and therefore
the dynamics must be discretized.

As MPC performs an optimization, a cost function (V ) must be defined. This func-
tion can vary depending on the application, but common terms to penalize via the
cost function are control action and state deviation from reference. The solver then
tries to minimize the cost function by means of control action, u, which is a free
variable in the optimization. Each optimization returns an optimal sequence of con-
trol input and state trajectory (x∗) where the first control action of the sequence is
the optimal action to take at the current time step, denoted as u∗. The length of
these vectors depends on the prediction horizon, which is a tunable parameter.

u(0 : N − 1) = {u(0), u(1), . . . , u(N − 1)} (4.1)
x∗(0 : N − 1) = {x(0), x(1), . . . , x(N − 1)} (4.2)

u∗ = u(0) (4.3)

19



4. Model Predictive Control

4.2 MPC formulation in natural time
In this section we try to formulate an MPC for the thermal regulation problem
described in Section 2.1 in natural time.

4.2.1 Discretization
We first need to discretize the system from a continuous time system into a dis-
crete time system. The simplest discrete time approximation is the zero-order-hold
discretization (ZOH) illustrated in Figure 4.1 below.

Figure 4.1: Illustration of zero-order hold.

The assumption ZOH relies on is that the signals and dynamics remain constant
within each sampling interval. Discrete signals generated by ZOH are equivalent to
the continuous time signal at each sampling point from which the digital signal is
generated, as illustrated in Figure 4.1 above. A drawback of ZOH is that it may
introduce approximation errors if the signal changes rapidly, this can readily be seen
in Figure 4.1 by comparing the left-most discretization step to the right-most.

For an LTI-system, ZOH is well defined and there exists an analytical solution that
can be used.

Consider a continuous model which we wish to discretize.

ẋ = Ax(t) + Bu(t)

The derivation for ZOH’s analytical solution relies on the use of the derivative of
the matrix exponential as
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4. Model Predictive Control

d

dt
eAt = AeAt (4.4)

However, as our system is LTV we in fact have ẋ = A(t)x(t)+B(t)u(t). As such we
must consider that, unlike in the time-invariant case, the matrix exponential does
not behave in the same straightforward manner. Specifically, we must note that:

d

dt
eA(t)t ̸= A(t)eA(t)t (4.5)

Continuing the derivation from Equation (4.5) without making an assumption on the
emf(t) is impossible. To continue the derivation, we can assume that the emf(t) is
piece-wise constant, then denoted as emf(k), we can now use Equation (4.4). From
here it is then straightforward as the derivation follows the LTI-case, eventually the
ZOH’s analytical solution falls out as

x(k + 1) = eemf(k)An∆t︸ ︷︷ ︸
Ad

x(k) +
∫ ∆t

0
eemf(s)Ansds emf(s)Bn︸ ︷︷ ︸

Bd

u(s) (4.6)

Which can be used to discretize our system. Note that now both the emf(t) and
control are assumed piecewise constant as

emf(s) = emf(k∆t), k∆t ≤ s < (k + 1)∆t

u(s) = u(k∆t), k∆t ≤ s < (k + 1)∆t

This discretization relies on one problematic assumption. It assumes emf(t) is con-
stant during each sampling interval, which can be a good approximation with a small
interval and a slowly varying emf(t) . However, emf(t) changes quite fast, requiring
a small sampling interval which is computationally expensive or the model becomes
less representative of the true dynamics(illustrated generically in Figure 4.1).

4.2.2 Constraints
The constraints are the most important part of the problem formulation as they are
the main goal of thermal regulation. There are two inequality constraints, one on
the output and one on the input which reflect the nature of the underlying problem.
For now, they are kept general but will in later chapters be given numerical values.

y(k) ≥ Tlim (4.7)
0 ≤ u(k) ≤ umax (4.8)
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4.2.3 Cost Function
In typical MPC formulations, the primary control objective is often reflected directly
in the cost function. However, in this case, the main objective is instead enforced
through a hard constraint, while the cost function tries to minimize the added
thermal energy. This formulation is non-standard and reflects the unique nature of
thermal regulation in the SCR. The thermal energy is expressed as a linear function
of both the emf and the control input u, as shown below.

min
u(0:N−1)

VN :=
N∑

k=1
mCgu(k)emf(k) (4.9)

An important observation here is that the time-varying emf is part of the thermal
energy, meaning that the cost is also time-varying.

4.2.4 Practical Considerations For MPC
In the previous sections, the common steps for formulating an MPC were shown
for the LTV system. Implementing an MPC directly for the LTV system revealed
several problematic areas, such as the discretization and cost function. In addition
to these problems, one additional issue arises in the tuning process of the MPC, and
that is the choice of prediction horizon.

The prediction horizon, as described in Section 4.1, specifies the time window for
which the solver optimizes. It is important that the time window is sufficiently long
for the controller to see the effect of applied control action. Otherwise, the solver
will not be able to see that adding extra control improves constraint performance
therefore instead apply minimal control action. The required prediction horizon can
therefore be formulated:

Tlag(emf(t)) ≤ NTs (4.10)

Where Tlag(emf(t)) is the closed-loop response time, which depends on the emf(t),
N is the length of the prediction horizon and Ts is the length of a single time step.
The issue, once again is that the emf(t) has a great impact on the response time,
meaning that at times the system can respond very fast to an input but also very
slow another time. One could assume the worst-case scenario and choose a very
long prediction horizon accordingly, but this would increase the computational load
drastically. Another alternative is to choose a horizon based on the nominal emf,
but that would lead to unpredicted control behaviour when the emf(t) is low and
the response is longer than the horizon.

4.3 MPC Formulation Time-Normalized System
Using the time-scaling method described in Chapter 3, the system simplifies to an
LTI system. This results in a trivial MPC formulation which will be shown below.
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4.3.1 Discretization
The discretization becomes trivial after time-normalization is applied since the nor-
malized system is an LTI system and is not affected by the varying emf(t). Thus
the ZOH’s analytical solution can be used directly to discretize the system.

x(t + ∆t) = eAn∆tx(t) +
∫ ∆t

o
eAnsBnu(s)ds, where eA =

∞∑
k=0

1
k!A

k (4.11)

Assuming a piecewise constant control signal

u(s) = u(k∆t), k∆t ≤ s < (k + 1)∆t,

x(k + 1) = eAn∆t︸ ︷︷ ︸
Ad

x(k) +
∫ ∆t

o
eAnsds Bn︸ ︷︷ ︸

Bd

u(s) (4.12)

Hence no assumptions on system dynamics needs to be made.

4.3.2 Cost Function in Normalized Time
The cost function also simplifies and is no longer dependent on emf(t) which was
the case in Section 3.4.

min
u(0:N−1)

VN :=
N∑

k=1
mCgu(k)emfnom (4.13)

Where the minimization is with respect to the sequence of control inputs as before.

u(0 : N − 1) = {u(0), u(1), . . . , u(N − 1)} (4.14)
(4.15)

4.3.3 Prediction
The prediction horizon should still be chosen to exceed the closed-loop response as
discussed in Section 4.2.4. However, this choice is now simplified as the closed-loop
response time is constant in τ .

Tlag ≤ NTs (4.16)

4.3.4 Equivalent Trajectory in Time and Tau with MPC
In Section 3.3 it was shown that an LTI controller can effectively be constructed in
the normalized τ -domain and scaled to natural time and ensure equivalent perfor-
mance and stability. In this section, we extend this by proving that the same ap-
plies to an MPC. The proposed framework, utilizing emf-based time-normalization
is powerful, but the drawback is that the controller becomes abstract, its relation
to reality and how to apply the given control action must therefore be made clear.
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Below we prove that by transforming the control signal via the integral of emf and
calling the optimizer with a non-uniform call-rate, equivalent trajectory in natural
time as in τ is guaranteed.

Remember, emf(t) > 0, defines the time-normalization

τ(t) =
∫ tend

t0
emf(t) dt (4.17)

An and bn are the constant matrices, as defined in (3.4)-(3.5), and consider the
LTV system

dx

dt
= emf(t) (Anx(t) + bnu(t)) , x(0) = x0. (4.18)

Define the normalized-time state x̃(τ) as the solution to the LTI system.

dx̃

dτ
= Anx̃(τ) + bnũ(τ), x̃(0) = x(0) = x0. (4.19)

The control inputs are related by

u(t) := ũ(τ(t)), (4.20)

where ũ(τ) is piecewise constant over unit-length intervals:

ũ(τ) = uk for τ ∈ [k, k + 1), k ∈ N. (4.21)

Then the solution to the LTV system (4.18) satisfies

x(t) = x̃(τ(t)) ∀ t ≥ t0. (4.22)

In particular, applying a control sequence {uk} for real-time intervals defined im-
plicitly by

∫ tk+1

tk

emf(t) dt = 1 (4.23)

yields an equivalent trajectory as the normalized-time LTI.

Remark 1. The non-uniformity of the control durations in real-time is implicitly
defined by the mapping τ(t). While ũ(τ) is held constant for fixed intervals in nor-
malized time, the corresponding u(t) is held for intervals [tk, tk+1) of varying length
determined by emf(t). This construction ensures that the two systems evolve identi-
cally under the same control sequence.

24



4. Model Predictive Control

As a simple example, imagine the emf-normalized system states evolving at twice
the speed of the LTV. Intuitively, one can imagine applying the control action on
the emf-normalized system for half the amount of time as when applying it to
the LTV would result in equivalent trajectories. This is essentially what this time-
varying call rate to the optimizer does. The final implementation for the LTV can
be summarized as follows,

u(t) =

ū(τk), if
∫ tk

t0
emf(t) dt ≥ τk

uprev, otherwise
(4.24)

4.4 Preview information
A key objective of this work was to evaluate whether the preview of external signals
can improve thermal control of the exhaust after-treatment system. To explore this,
preview capabilities are implemented within the MPC framework under idealized
conditions, assuming perfect knowledge of future disturbances over the prediction
horizon. This setup provides a first step for assessing the potential value of preview.
The following subsections describe how preview is used in this context and the
assumptions made in its absence.

4.4.1 Utilizing Preview Information
In this work, the exhaust temperature is used as the preview signal, as it is the main
driver of the system’s dynamics. Having information about future temperatures and
upcoming cold periods may therefore be beneficial.

As a first step in evaluating the impact of exhaust temperature preview, we assume
perfect knowledge within a sliding window (the MPC prediction horizon). While
not practically realistic, this assumption allows for an initial investigation into the
effectiveness of preview. If the results prove promising, they create an incentive for
modelling and estimating the preview.

One important remark is that when using time normalization based on exhaust
mass flow, is that preview signals must also be mapped to the normalized time
domain. This requires a perfect preview of emf as well, since the transformation to
the τ -domain depends on emf.

4.4.2 Assumption on Disturbance When Not Using Preview
Since the MPC should be able to operate without preview information, the assump-
tion of disturbance in the absence of preview information becomes an important
consideration. Several plausible assumptions can be made, each with different im-
plications for the controller’s behaviour and performance. One straightforward ap-
proach is to assume that the current exhaust temperature is constant for the entire
prediction horizon.
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d̂(k + i) = d(k), ∀i = 1, 2, . . . , N (4.25)

This assumption is simple to implement but can lead to reactive control actions
depending on how the exhaust temperature changes throughout run-time. For in-
stance, a brief drop in the exhaust temperature might result in the controller un-
necessarily engaging actuators to compensate, despite the disturbance being short
and momentary.

An alternative assumption is to take a conservative approach and assume that the
exhaust temperature will remain below the temperature constraint throughout the
prediction horizon.

d̂(k + i) = ylim − C, ∀i = 1, 2, . . . , N (4.26)

Where C is an arbitrary constant set to get the desired offset. While this might
result in a controller that will remain above the constraint at most times, it will also
yield a controller that is cautious, leading to poor energy efficiency and suboptimal
performance.

Another method is a sliding mean of previously observed temperature values and
assuming that the mean will be the exhaust temperature through the prediction
horizon.

d̂(k + i) =
M−1∑
j=0

wjd(k − j), ∀i = 1, 2, . . . , N (4.27)

This method could be implemented in different ways, for example by applying higher
weights to recently observed values to emphasize that more recent values are more
relevant or no weights at all could be used. In the case of using weights, one could
use different types of weights to emphasize how fast the relevance should decay,
using linear or exponential decay. However, how well this performs depends on the
window size and the nature of the temperature variation.

The aforementioned assumptions have their own compromises, naturally there exist
more choices on disturbance assumptions than what has been presented above. The
choice of disturbance assumption should, in the end, be guided by the application’s
requirements and available computational resources. Since none of the presented
methods is guaranteed to have a better, general performance than the other, we
implemented the first mentioned one (4.25). This assumption is easy to implement
and neither optimistic nor conservative.

4.5 Optimization Solver: ODYS Embedded MPC
For this work, ODYS Embedded MPC [20] was utilized as the numerical solver and
tool to evaluate our framework and the impact of utilizing preview information. The
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toolbox fulfils the requirements for this project which were the following:

• Fast, real-time MPC solver
• Embedded deployment capability
• Offer debugging and post-process analysis

Solving the optimization fast is vital for automotive and HDV applications to ensure
good performance, especially in our application due to the slow system response time
leading to a long prediction horizon. ODYS is both very fast and memory efficient,
utilizing sparsity and reoccurring structures in the optimization. The solver is highly
flexible and supports LTI, LTV, and non-linear systems. In addition, solver settings
and behaviour, such as cost function, tolerance, constraints, and weights, are highly
customizable which gives a solid foundation to expand and improve upon this work.
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5
Application & Analysis

This chapter presents the practical application of the developed model and con-
troller, including the numerical parameters used in their implementation. It begins
by analysing how variations in the exhaust mass flow affect the model’s response
time, offering insights into the implications of time-varying emf. To support the
proposed EMF-based time normalization approach for model predictive control, a
numerical verification is conducted through simulation. Finally, the chapter eval-
uates the controller’s performance under various disturbances and emf conditions,
highlighting its robustness and examining interesting behaviours.

5.1 Model Parameters
In Section 2.1 the thermal model was introduced. The system was divided into
n-stones where each stone propagates the inlet gas further in the system until the
last stone. The equation is repeated below for the reader’s convenience.

CpmṪi = Cgemf(t) (Ti−1 − Ti) → Ṫi = αemf(t) (Ti−1 − Ti)

Where the variable α was defined as α := Cg
Cpm

, m is the weight of a single stone. Cg
is the heat capacity for the exhaust gas and Cp is the corresponding heat capacity
of the ceramic, an average of the whole muffler. In this thesis, a value of α = 0.5
was used, which corresponds to a time constant of 20 seconds for a single stone with
nominal emf (emfnom = 0.1). A time constant of 20 seconds is used as it reflects the
real system dynamics accurately. Since the simulated system consists of 15 stones,
the resulting model is of order 15, with a rise time of approximately 300 seconds for
nominal emf.

The muffler model was then presented in state-space form as below.

ẋ =


−0.5emf(t) 0 . . . 0
0.5emf(t) −0.5emf(t) 0 . . .

0 0.5emf(t) −0.5emf(t) 0
... 0

. . . . . .




T1(t)
T2(t)

...
Tn(t)

+


0.5emf(t)

0
...
0

u +


0.5emf(t)

0
...
0

Texh

(5.1)

y(t) =
[
0 0 . . . 1

]


T1(t)
T2(t)

...
Tn(t)

 (5.2)
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With the corresponding matrices presented in equations 2.4- 2.7, u being the control
signal and Texh, the exhaust temperature which acted as a disturbance on the system
by cooling or heating up the system. Furthermore, the matrices are time-dependent
due to the time-varying emf(t) which affects the system by slowing down or speeding
up the dynamics. Lastly, only the last stone was considered the output as the SCR
is located at the end of the muffler.

5.2 EMF Impact on Model Lag

The emf is a time-varying multiplier that alters the characteristics of the plant dy-
namics. It speeds up or slows down the dynamics, which is illustrated in Figure 5.1.
The response time of an open-loop step response has been simulated with three dif-
ferent emf values (0.05, 0.15, 0.29), which closely reflects the range of values in the
different simulation scenarios presented.

Figure 5.1: Comparison of system response with different exhaust mass flow.

In Figure 5.1 it is evident that higher emf yields a faster response time. The brown
trajectory, corresponding to a constant emf = 0.29kg · s−1, reached steady state
after roughly 840 seconds. On the other hand, the yellow trajectory has the slowest
response time with an emf of 0.05kg · s−1, and it reached steady state at 1750
seconds. As shown, the value of the emf has a great impact on the speed of the
system. However, we have seen in previous sections that the usage of EMF-based
time normalization can help to circumvent this issue.
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5.3 Parameters of Model Predictive Controller
As established in Section 4.3.4, the MPC was constructed entirety in the τ -domain,
i.e it does not operate in natural time but rather in the normalized τ -time. This
means that the internal model used by the MPC was simulated in τ -domain with
the unit [s’], which is normalized seconds. In τ -domain, emf does not vary with time
and the dynamics of the internal model are therefore time-invariant.

5.3.1 Constraints
The MPC includes two primary constraints, as previously discussed in the problem
formulation in Section 2.2.The first constraint applies to the control input, which
must remain positive (u > 0) and within a realistic upper limit based on commer-
cially available actuators. This upper limit was set to the nominal value of 60°C.
Thus, setting the constraint on u as;

0°C ≤ u ≤ 60°C

The second constraint is based on the system objective: to maintain the SCR’s inlet
temperature (the system’s output) above a critical threshold, below which the NOx
conversion drops significantly. This threshold was set to,

y ≥ 200°C

5.3.2 Tunable Parameters
Tuning an MPC is essential for achieving good performance, but is rather com-
plex since there exist several parameters and weights that significantly influence its
behaviour. Key tunable parameters include the length of the prediction horizon, for-
mulation of the cost function, cost term weights, and the number and distribution
of control moves during the horizon. While an initial estimate of suitable values can
be obtained from the problem formulation and system dynamics, empirical testing
is ultimately necessary to achieve good performance.

In this section, selected values will be presented and motivated. The cost function
which was used is presented below. Since there is only one control input and one
output constraint, the notation is reduced to the scalar case. In accordance with
the objective function presented in Section 4.2.3 and 4.3.2, which showed that the
added thermal energy was a linear function of u(t) with a weight of Wu = 1. The
cost function at its core is then simply a linear cost on control.

V =
p−1∑
k=0

ukWu (5.3)
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To improve the numerical conditioning of the optimization problem, a small quadratic
weight, (W 2

u = 0.01) was introduced. It ensures that the cost function is strictly
convex with respect to control input, which corresponds to a positive definite Hes-
sian. This helps the solver converge more reliably to a unique solution. To soften the
output constraint, both a quadratic slack weight W 2

ϵ and a linear slack weight Wϵ

were introduced. Relying solely on a quadratic slack term can often result in small
but persistent constraint violations. The addition of a linear slack weight helps drive
these violations to zero. The combination of both quadratic and linear penalization
of the slack variables ensures a strictly convex optimization with respect to slack and
results in a similar formulation as the Hubert loss[21]. Including slack variables is
essential to soften the constraints and ensure that the optimization problem remains
feasible and minimize the constraint violation.

V = 1
2ϵ2W 2

ϵ + ϵWϵ +
p−1∑
k=0

1
2u2

kW 2
u + ukWu (5.4)

The slack weights were set roughly two orders of magnitude higher than the weight
for control effort, to prioritize constraint satisfaction over minimizing control input.
Both Wu and W 2

u were normalized with respect to the length of the prediction hori-
zon in order to be able to compare different simulations where different prediction
horizons were used.

Additionally, the prediction horizon must be set appropriately. In Section 4.3.3,
Equation (4.16) provided the formulation for the minimum length of the predic-
tion horizon the controller needs to have in normalized time. Since the controller
is designed in τ -domain, the closed-loop response is constant, with a rise time of
approximately 300 s’ when 15 stones were used. Choosing a prediction horizon of
less than 300 s’ leads to unpredictable behaviours. Essentially, the controller cannot
see the effects of the applied control when simulating its internal model, such lengths
should therefore be avoided.

When determining the upper bound of the prediction horizon, the prediction horizon
should be chosen such that it minimizes the computational cost whilst still captur-
ing the entire necessary dynamics to properly control the system. For systems with
lag, a prediction horizon 2-3 times longer than the lag time is typically adequate for
predictable behaviour. This allows the controller to adequately observe and account
for the delayed effects of its control actions within its internal prediction.

An interesting observation of choosing the prediction horizon in τ -domain is that a
consequence of this is that the prediction horizon in natural time will vary depend-
ing on the emf(t). The final choice of prediction horizon will be further motivated
in the coming sections, but as of now, it is chosen to be 600 s’.

Finally, the number of free control variables, uj was set to 100 over the predic-
tion horizon, structured using blocking moves such that each control input is held

32



5. Application & Analysis

constant for 5 time steps. This accelerates the optimization and decreases the com-
putational load with minimal impact on performance.

To summarize all selected values for MPC setup and tuning variables, they are
presented in the table below.

Table 5.1: Selected MPC parameters

Parameter Value
Prediction horizon 600
Free control variables 100
Blocking moves 5
Quadratic control weight, W 2

u 0.01
Linear control weight, Wu 1
Quadratic slack weight, W 2

ϵ 1e4
Linear slack weight, Wϵ 2e4
umin (Hard constraint) 0°C
umax (Hard constraint) 60°C
ymin (Softened constraint) 200°C
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5.4 Numerical Verification of EMF Based Time
Normalization

In Section 4.3.4 it was proved that an MPC could be constructed in τ -domain,
similarly to what was shown in Section 3.3 for an LTI-controller. In this section,
we numerically verify that time normalization yields equivalent trajectories for an
MPC. The control strategy is outlined below and presented in the form of a flowchart
where full-state feedback is assumed.

Figure 5.2: Flowchart showing implementation of LTI (left) and LTV(right) sys-
tem, yielding amplitude invariant and equal trajectory.

The flowchart on the left illustrates the MPC formulation in normalized time, this
system has no time-varying aspects affecting the simulation and runs in τ -domain.
However, the emf is needed to extract the correct Texh-values in τ -time as it is given
in seconds. The system dynamics are integrated in the plant by using explicit Eu-
ler, and then a control action is computed in the MPC-block, which simulates its
internal model and outputs u∗, which is fed to the plant and applied in the next
integration. In this case, the internal model and plant are identical. Thus, in the
time normalized domain, this is a perfectly standard MPC formulation.

The right flowchart represents the real-time implementation which is affected by
emf(t). As with the normalized time simulation, we start at the plant where the
dynamics are integrated. This is followed by a condition block that checks whether
τ(t) ≥ τk. As shown in Section 4.3.4, the MPC is called only when this condition
is met, since the MPC operates entirely in the τ -domain. The condition block is
not needed in the normalized time implementation, as the plant and internal model
both run in τ -domain and therefore have the same pacing. If the condition-block
is satisfied, the MPC is called, else the previously computed value is reused. Yet
again, the MPC simulates its internal model which is in τ -domain and outputs u∗.
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However, correct Texh needs to be fed to the controller, hence emf preview is needed
if the preview of Texh is used.

As can be seen in Figure 5.2 and explained above, the implementations are inher-
ently different depending on the domain. The normalized time system is not affected
by the time-varying emf, whilst the real-time simulation is affected by it.

By simulating the system in both domains and post-processing the τ -domain result
and displaying it on the natural time axis, it can be seen that the trajectories are
equivalent, which is illustrated in Figure 5.3 below.

Figure 5.3: Cooldown-period simulation results from both normalized and real-
time system, to show that the trajectories given from both system are equivalent.

In Figure 5.3 both the closed-loop and open-loop responses are shown for the nor-
malized and real-time simulation. It can be seen that they have identical trajectories
(disregarding some numerical error), hence confirming what has been discussed be-
fore. The same analysis can also be done for a more complicated set of inputs, a
transient which is shown in the next three figures.
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Figure 5.4: Transient Cycle normalized time results, showing no stretching or
compressing of trajectories.

In Figure 5.4 system is simulated in normalized time with transient data. If the
results from this simulation are put on the real time-axis we get the following figure.

Figure 5.5: Transient Cycle LTI results on time-axis, showing stretching or com-
pressing of trajectories.

Equivalently, the results from simulating the system in real-time can be seen in
Figure 5.6.
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Figure 5.6: Transient Cycle results when LTV system was simulated.

Comparing figures 5.5 and 5.6 it is clear that the same control signal is applied
to both plants, closed and open-loop follow the same trajectory with equivalent
minimum and maximum values. As such equivalent trajectories between the two
domains have now been shown, both theoretically and numerically.

Consequently, this means that it does not matter in which domain the analysis of
the constructed controller is made, in the real-time or the fictitious time. The main
advantage of analysing the performance in the normalized time domain is that the
time-varying emf does not influence the system and a complete analysis can be done
in normalized time without losing any insights. The developed framework allows us
to use an MPC controller with an LTI internal model to control an LTV system,
providing an efficient formulation for muffler thermoregulation. This approach elim-
inates the need to use more complex methods such as robust-MPC or LTV-MPC.

5.5 Controller Performance

In this section, the performance of the controller is evaluated. A range of simula-
tion results are presented to illustrate the system’s behaviour and control reaction.
Including how the controller responds to challenges such as a too short prediction
horizon, a medium prediction horizon compared to a long prediction horizon. Both
cases with and without preview are also presented and analysed to emphasize what
is gained when using preview. The implications of these findings are explored to of-
fer insight into how model assumptions and preview length influence the closed-loop
behaviour and control quality.
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5.5.1 Impact of Prediction Horizon
In this section, we motivate the choice of prediction horizon more rigorously and
show why a prediction horizon equal to the closed-loop rise-time (300 s’) and below is
inadequate for an effective controller. The simulations in this section are performed
without utilizing preview information, and thus under the assumption that the
current Texh is constant during the prediction horizon.

Figure 5.7: Cooldown-period simulation with a sufficiently long prediction horizon
of 600 s’. Top panel shows system response (both open and closed-loop), minimum
output constraint and exhaust temperature,while the bottom panel shows applied
control signal.

The controller effectively controls the system, as shown in Figure 5.7. With a pre-
diction horizon of 600 s’, the length of the prediction horizon is two times that of
the time constant of the normalized system. This is more than sufficiently long to
capture the dynamics of the system. As such, the controller is able to anticipate the
output behaviour accurately by simulating the response of its internal model.
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Figure 5.8: Cooldown-period simulation with a prediction horizon of 300 s’. Top
panel shows system response (both open and closed-loop), minimum output con-
straint and exhaust temperature, while the bottom panel shows applied control
signal.

Choosing a prediction horizon equal to the closed-loop response time (300 s’), the
controller still satisfies the constraint, but it becomes more aggressive as illustrated
in Figure 5.8 by the saturation of the control signal. We can observe that the system
output lies above the constraint, the most energy-efficient is to lie on the constraint.
Thus we are using excessive energy. This behaviour can be further analysed using
the post-processing tool from ODYS, which allows a more in-depth analysis of what
the controller does.
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Figure 5.9: 4 plots showing different stages of the internal optimal trajectory(green
line) and how last step in horizon lies on the output constraint (yellow line) despite
saturated control.

In Figure 5.9 this discrepancy can be explained as the controller within its horizon
observes that on the last prediction step it will lie on the constraint. Therefore,
we observe this distance to the constraint which we did not observe before. When
the prediction horizon is set equal to the size of the lag, the controller is unable to
observe the impact of the control actions beyond the delay. This, in combination
with the constraint on the control action results in unpredictable behaviour and a
suboptimal solution.

Decreasing the prediction horizon even further leads to increasingly unpredictable
behaviour, as the impact on the output from the control action further decreases.
The next figure illustrates the results when the prediction horizon is 150 s’.
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Figure 5.10: Cooldown-period simulation with a too short prediction horizon of
150 s’. Top panel shows system response (both open and closed-loop), minimum
output constraint and exhaust temperature, while the bottom panel shows applied
control signal.

The controller is not able to control the system adequately, as the constraints are
violated. The control signal resembles a "Bang-Bang"-controller with two intervals
where the control signal saturates. The observed closed-loop and control signal
are unexpected and to gain insights into why this behaviour occurs, ODYS post-
processing tool can once again be used. In figures 5.11-5.14 the optimal output
trajectory computed by the controller within its prediction horizon at the beginning
and end of each control actuation is illustrated. Each figure illustrates the start
and end of actuation in Figure 5.10, this corresponds to k∈ [707, 838] for the first
actuation and k∈ [964, 1076] for the second actuation. The green line represents
the MPC’s optimal output within the prediction horizon, the yellow line indicates
the output constraint and the gray line corresponds to the entire trajectory, which
aligns with the closed-loop in Figure 5.10.

Figure 5.11: Optimal output trajec-
tory at step k=707.

Figure 5.12: Optimal output trajec-
tory at step k=838.
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Figure 5.11 shows the step where the first control action is applied. The controller
reacts as soon as it predicts that it will violate the output constraint within the
prediction horizon. The controller continues to heat the muffler to minimize the
cost until the temperature starts to increase again within its horizon.

In Figure 5.12 we can see the moment at which the controller stops applying a con-
trol signal. At this point, it observes that the largest slack cost is within the horizon
(at the minimum of the predicted trajectory). As the cost function is driven by the
worst-case deviation, the optimal strategy to minimize the cost is to set u = 0. As
the controller cannot reduce the worst-case deviation within its horizon even if it’s
saturating the control signal, hence the controller stops applying any heat to the
muffler.

Figure 5.13: Optimal output trajec-
tory at step k=964.

Figure 5.14: Optimal output trajec-
tory at step k=1076.

In Figure 5.13 we can see which incentives are driving the controller to apply heat
again. Within the prediction horizon, the magnitude of the constraint violation
begins to increase. The previous minimum temperature is no longer the largest de-
viation, as the predicted trajectory now is concave and the predicted temperature
continues to decrease. It now tries to minimize the cost by applying heat to the
system again, this results in the second activation of the control signal.

Then, in Figure 5.14 the optimal trajectory is again convex, and the controller cannot
decrease the maximum deviation. Consequently, to minimize the cost the controller
should not apply any heat. However, at this stage, the disturbance has started to
heat the system again and no additional heat is required from the controller.

As demonstrated by the results above, when the prediction horizon is shorter than
the system’s lag, the controller cannot anticipate the long-term effects and gives
unpredictable behaviour. It starts to apply a control action too late but also for
too short of a period to accurately see its effects, which results in poor performance.
This motivates the reason to consider a prediction horizon of 600 s’ for the remainder
of this thesis, and why a horizon less than closed-loop response should be avoided.
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5.5.2 Impact of Preview Information

One of the main objectives in this thesis is how preview information can improve
control of the thermal regulation problem. As presented before, one assumption
that is needed to utilize preview information of Texh is that preview of emf(t) is
available. When using preview, we assume that perfect preview of both emf(t) and
Texh is available. Simulations that do not utilize preview information rely on the
assumption that the current Texh is constant for the entire prediction horizon, as
explained in Section 4.4.1.

(a) Not utilizing preview. (b) Utilizing preview.

Figure 5.15: Comparison between utilizing preview and not for Cooldown-period
simulation with a prediction horizon of 600 s’ and umax = 60°C. Top panel shows
system response (both open and closed-loop), minimum output constraint and ex-
haust temperature, while bottom panel shows applied control signal.

In Figures 5.15a and 5.15b the results of not using preview information and using
preview information are illustrated. Evidently, there is not a large difference between
the two figures. Both simulations meet the constraint of the minimum temperature
on the output, and both control signals appear similar.

An explanation for these results resides in the problem itself. As the Texh drops
to 150°C, which is within what the controller can supply as umax = 60°C. That
is, the disturbance is within the region of which the controller can compensate the
difference between the output constraint and disturbance, by applying some control.
Hence, no extra action is required to adhere to the constraint. This is confirmed in
the figure below.
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(a) Not utilizing preview. (b) Utilizing preview.

Figure 5.16: Comparison between utilizing preview and not for Cooldown-period
simulation with a prediction horizon of 600 s’, no constraint on umax and Texh =
130°C for cooling phase . Top panel shows system response (both open and closed-
loop), minimum output constraint and exhaust temperature,while bottom panel
shows applied control signal.

In figures 5.16a and 5.16b the simulation has been modified by lowering Texh during
the cooling phase to 130°C. In addition, the constraint on umax has been removed,
allowing the MPC to supply as high control signal as needed. Despite these changes,
the results are similar to the previous case. The controller compensates for the
disturbance to satisfy the output constraint. Since the control input is unrestricted,
the controller simply delivers the required action to offset the disturbance. When the
disturbance lies within the range the controller can handle, defined by the following
condition.

Texh + umax ≥ ymin (5.5)

The use of preview provides limited benefit for constraint satisfaction. The next
figure illustrates a case where preview information improves the performance as
condition 5.5 is not satisfied.
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(a) Not utilizing preview. (b) Utilizing preview.

Figure 5.17: Comparison between utilizing preview and not for Cooldown-period
simulation with a prediction horizon of 600 s’ and umax = 60°C. Top panel shows
system response (both open and closed-loop), minimum output constraint and ex-
haust temperature,while bottom panel shows applied control signal.

In Figure 5.17 the Texh is still decreased to 130°C, however the constraint on umax
has been reintroduced. It can be observed in Figure 5.17a that the controller sat-
urates the control signal for the duration of the cooldown period. The controller
also violates the output constraint as it cannot apply any more heat. As preview
information is not available, no proactive actions are taken, which align with what
has been observed before.

However, Figure 5.17b reveals an interesting behaviour. The controller proactively
begins to heat the muffler before the exhaust temperature drops, i.e it preheats. This
is illustrated by the fact that the control signal saturates almost immediately, as the
controller anticipates the upcoming drop in exhaust temperature. As a result, the
output temperature increases to counteract the decrease of Texh, yielding a longer
time above the output constraint. For the two previous simulations, preheating could
not be observed as condition 5.5 was satisfied. On the contrary, for preheating to
occur the following condition must be satisfied:

Texh + umax < ymin (5.6)

The drop in Texh needs to be larger than what umax can supply. In addition to
condition (5.6), the duration of the cold period needs to be sufficiently long for the
controller to deem it beneficial to preheat the muffler. In this case, condition (5.6)
holds and the cold period is sufficiently long. Hence the controller will try to pre-
heat the muffler before the cooldown period starts to minimize the cost. However,
preheating is not a guarantee that the output constraint will hold. In this case, the
cooling period is too long for the controller to be able to keep the constraint.
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(a) Not utilizing preview. (b) Utilizing preview.

Figure 5.18: Comparison between utilizing preview and not for Cooldown-period
simulation with a prediction horizon of 600 s’ and umax = 60°C. Top panel shows
system response (both open and closed-loop), minimum output constraint and ex-
haust temperature,while bottom panel shows applied control signal.

It might occur that the cooldown phase is short enough for the controller utilizing
preview to not violate the constraint, whilst the controller which does not, violate
the constraint. This is the case in figures 5.18a and 5.18b. Where the cold period of
Texh has been shortened to 230s′(equivalent to 460 s) compared to 450s′ (equivalent
to 900 s) and Texh = 130°C.

The structure of the problem can give an indication of when preview information is
useful. What has been identified to give good insights regarding if the controller can
meet the constraint, is the temperature of the output before Texh decreases below
the output constraint. The duration of the cold period and how much Texh decreases
below the constraint during this period, linking back to conditions 5.5 and 5.6.

A decrease of Texh can be beyond what the controller can supply. However, if the
duration is short, the controller might still be able to preheat the muffler and thus
meet the constraint, as was illustrated in figure 5.18b. On the other hand, if the
decrease is within the limit of which the controller can supply the problem becomes
trivial, and utilizing preview is not beneficial in terms of improved constraint per-
formance. The problem becomes infeasible for the controller when condition 5.6 is
true and a sufficiently long cooling period occurs, then the controller is guaranteed
to violate the output constraint.

Realistic scenario: Driving cycle data

Up to this point, the results presented have been based on a simple example, where
the exhaust temperature (Texh) only has taken two distinct values. A more realistic
scenario is the driving cycle data, which is normalized data coming from test cells.
As we now will present performance metrics the following figures will illustrate the
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real-time simulation instead of the normalized time. Below is the driving cycle 1 data
presented without and with preview, followed by a table summarizing key metrics.

Figure 5.19: Simulation of driving cycle 1 data without preview. Top panel shows
system response (both open and closed-loop), minimum output constraint and ex-
haust temperature,while the bottom panel shows applied control signal.

Figure 5.20: Simulation of driving cycle 1 data with preview. Top panel shows
system response (both open and closed-loop), minimum output constraint and ex-
haust temperature,while the bottom panel shows applied control signal.
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Table 5.2: Performance comparison of simulations with and without preview

Scenario: Transient 1 Percentage Below Constraint (%)
Without preview 0.47
With preview 0

Energy Usage Reduction with Preview: 37.04%

Due to the assumption that is used when not utilizing preview, fast actuation can
be observed in Figure 5.19 compared to Figure 5.20. Table 5.2 illustrates the key
differences between the two simulations. From the table it can be seen that the con-
troller without preview violates the constraint for a small duration. Furthermore, it
appears that the controller with preview uses less energy.

To further validate what was shown for driving cycle 1 simulation the next figures
illustrate the driving cycle 2 data.

Figure 5.21: Simulation of driving cycle 2 data without preview. Top panel shows
system response (both open and closed-loop), minimum output constraint and ex-
haust temperature,while the bottom panel shows applied control signal.

48



5. Application & Analysis

Figure 5.22: Simulation of driving cycle 2 data. Top panel shows system response
(both open and closed-loop), minimum output constraint and exhaust tempera-
ture,while the bottom panel shows applied control signal.

Table 5.3: Performance comparison of simulations with and without preview

Scenario: Transient 2 Percentage Below Constraint (%)
Without preview 1.2
With preview 0.0

Energy Usage Reduction with Preview: 14.6%

In Figure 5.21 the transient is illustrated again with a controller that does not uti-
lize preview information. For both transient simulations without preview, it can be
observed that the controller does not try to preheat and thus violates the constraint.
Also, the controller reacts to quick changes in the exhaust temperature which the
controller using preview information did not react to. This is due to the assumption
of the disturbance, i.e. it is constant for the entire prediction horizon based on the
current disturbance value. By using a different assumption on the disturbance, the
spikes in the control signal could disappear. This is also the reason why it appears
that the controller without preview uses more energy, all the small actuations add up.

In Figure 5.22 the results with preview information are illustrated, we can readily
identify where the controller preheats the muffler to avoid constraint violation as the
open-loop violates constraint on four distinct time instances while the closed-loop
does not. Again it appears in table 5.3 that the controller with preview uses less
energy and that the controller without preview violates the constraint.

From this discussion, it is important to note that, the controller without preview is
using the previewing controller’s weights, shown in section 5.3.2. Thus the compari-
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son is not entirely fair, as it should be tuned for the case without preview as well. By
doing so the comparison becomes a bit more difficult. As it depends on the tuning,
by using the tuned controller as a baseline. It could be observed that by increasing
the weight on control, the controller would use less energy but this increased the du-
ration of constraint violation. If the weights were lowered for control, thus creating
an incentive to use more control, the energy consumption would increase but still
violate the output constraint to some extent. The controller without preview could
never reach 0% constraint violation by tuning, but it could be more energy efficient.

Even though the controller without preview information violates the constraint, it
still shows adequate performance. If the drop in the exhaust temperature is large,
it saturates the control to compensate. The performance would have been worse
if any of the controllers under-heated, which in fact none of the controllers do.
Both controllers with and without preview are functioning as intended, though the
controller with preview is better. Due to its ability to anticipate future events and
take them into consideration.

5.6 Persistent feasibility

From this discussion comes an important consideration, persistent feasibility. This
means that the controller should be able to find a feasible solution (satisfying con-
straints and limitations) at each time step, by avoiding control actions that could
lead the system out of the feasible region beyond the prediction horizon. For the
thermal regulation problem studied in this thesis, maintaining persistent feasibility
is not trivial due to the time-varying dynamics, actuator limitations, and distur-
bance acting on the system. Thus it is important to consider what happens with
the exhaust temperature beyond the horizon with and without preview.

If the exhaust temperature could be reasonably bounded, one could design a con-
servative controller by assuming a worst-case temperature drop beyond the horizon.
This would result in always ending the horizon by preheating the muffler. However,
in practice this approach has limitations, as the exhaust temperature cannot be
reliably bounded as the drop could be too large and as such satisfy condition 5.6
and having a large cooling period beyond the horizon. If that is the case, it has
been shown that the controller will be unable to maintain the minimum required
temperature, regardless of how much it preheats during the horizon.

This highlights a critical insight: for systems with hard constraints and bounded
actuation, persistent feasibility cannot always be guaranteed. It depends not only on
the length of the prediction horizon, but also on what happens beyond the prediction
horizon. However, since our prediction horizon is quite long, events beyond this
horizon are unlikely to become a problem for the controller.
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5.7 Main Findings
In the previous sections, important behaviours that the controller exhibits have been
investigated and are summarized below for convenience.

• Prediction length needs to be at least longer than closed-loop response to
ensure an adequate and predictable controller.

• Preview improves constraint performance in specific cases by preheating.
Mainly when the exhaust temperature decreases more than the controller is
able to supply. This comes at a cost of increased energy consumption.

• Quick drops in disturbance are ignored when using preview, which decreases
energy usage.
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6
Conclusion

This thesis has explored the challenge of maintaining sufficient muffler temperatures
in heavy-duty diesel vehicles to ensure effective NOx conversion in the SCR cata-
lyst. A novel approach was presented by leveraging EMF-based time normalization
to reformulate the thermal regulation problem into a time-invariant framework, sig-
nificantly simplifying controller design and improving computational efficiency.

Through modelling and analysis, we demonstrated that time normalization allows
an otherwise time-varying system to be expressed in a time-invariant form, making
it more tractable for model predictive control. Simulations confirmed that utilizing
preview information allows the controller to take proactive measures and prepare
the system for upcoming thermal disturbances, extending constraint satisfaction
even in challenging scenarios. This came at the cost of increased energy input in
general, though in certain scenarios it is actually able to save energy by neglecting
very short periods of cold exhaust, whereas the controller without preview would
instantly apply additional heat when the exhaust temperature would decrease.

In contrast, when preview information was absent, the controller performed compa-
rably in cases where disturbances remained within its ability to compensate, con-
firming the robustness of the baseline MPC design. However, the advantages of
preview were most evident in edge cases where proactive heating was necessary to
avoid constraint violation. Even though these situations might be rare, they have
to be taken into consideration when designing the EATS, which typically is over-
dimensioned. Therefore, implementing preview information can not only reduce
harmful emissions, but also reduce the cost of manufacturing the EATS.
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7
Future work

While this study provides significant insights into the benefits of time-scaling and
utilizing preview information in context of thermal regulation in EATS, several ques-
tions remain unanswered.

To begin with, one assumption in this work is the availability of complete preview
of both exhaust temperature and emf. These are not trivial to retrieve, but should
also be possible with the amount of data available today. With data such as road
inclination, traffic and continuous engine data, we believe one could formulate an
accurate model of at least future exhaust temperature and possibly exhaust mass
flow as well. The quality of preview information is vital as poor quality can lead
to a controller performing worse than when not utilizing preview. One possible
approach here is to add a uncertainty score to the preview information and take
it into consideration. Alternatively, more heuristic approaches such as improving
the assumption of constant exhaust temperature during the entire horizon could be
tested. Such assumptions could be weighted mean of previous values, gradient of
previous values, conservative/optimistic assumption, or a combination of several.

Lastly, Whilst we showed improved constraint satisfaction it is still debatable if the
overall impact on the environment is positive as it comes at a cost of increased fuel
consumption leading to more exhaust and emissions. This needs to be studied in
depth to fully understand the implications.
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