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Towards cavity optomechanics with integrated multi-element mechanical resonators

Johan Kolvik
Department of Microtechnology and Nanoscience
Chalmers University of Technology

Abstract

Cavity optomechanics describes the interaction between an intracavity light field and a
mechanical resonator. This mutual coupling allows for a means to optically control me-
chanical motion down to the quantum regime. Using an optomechanical device to observe
non-linear quantum effects, such as direct generation of non-classical states, requires the
strong single photon-phonon coupling regime, which is yet to be experimentally realized
for chip-based devices. Coupling light to the collective motion of an array of highly re-
flective mechanical resonators has been predicted to increase the coupling strength and is
therefore a promising way forward in achieving this goal.

In this thesis, I present the first steps towards realizing cavity optomechanics with multi-
element membrane-type resonators fabricated from an AlGaAs heterostructure. The op-
tical and mechanical properties of single- and double-layer resonators are characterized,
showing resonance frequencies in the 100 kHz regime and room temperature mechanical
quality factors of 104 at high vacuum. The reflectivity of the AlGaAs heterostructure is
measured to be > 95 % at telecom wavelengths. The membrane devices are subsequently
inserted as the back mirror of a 10 mm long Fabry-Pèrot-type cavity. This membrane-at-
the-edge geometry shows a cavity linewidth of 6.38(8) MHz, corresponding to a finesse of
2370(30). Finally, an experimental setup for characterizing optomechanical properties is
discussed, and its performance is analyzed in terms of cavity mirror impedance mismatch
and membrane clipping loss.

Keywords: Cavity optomechanics, AlGaAs heterostructures, Micro-mechanical resonators,
Optical measurement.
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1. Introduction

1.1 Radiation pressure

Optomechanics is a �eld of physics that focuses on the interaction between a mechanical

resonator and the light �eld. This mutual interaction can for instance mediated by radia-

tion pressure. Radiation pressure is a force acting on a body shined on by a source of light

and originates from the momentum carried by the electromagnetic �eld. This momentum

can be derived classically through Maxwell's equations. It can also be intuitively explained

by the quantum description of light and its energy carrying particle, the photon. A photon

carries the momentump = hf=c which is given by its frequencyf weighted by the speed

of light c and Plank's constant h. An elastic scattering process where a photon re�ects o�

an object will thus transfer the momentum � p = h(f + f 0)=c where f; f 0 is the frequency

of the light before and after re�ection, see Figure 1.1.

Figure 1.1: An incident photon of frequency f scatters on an object with massm.

Momentum and energy is conserved in the elastic process which leads to the exchanged

quantities � p and � E .

The change in the momentum indicates that a force has been exerted on the object.

However, the interaction is very weak due to the magnitude ofh and can thus be omitted

in all circumstances. The radiation pressure of the sunlight hitting earth has a magnitude

of about 10 pN=m2, meaning that the face of a typical smartphone experiences a radiation

pressure force equivalent to supporting a yeast cell against gravity. But even though

the interaction is weak, it can still be observed in systems at appropriate mass and time

scales. The �rst observation of the e�ect was made by Johannes Kepler as early as 1619

by studying the tails of comets in our solar system. The comets seemed to have two

3



1. Introduction

Figure 1.2: A schematic of the canonical cavity optomechanical system. Laser light

is incident on a pair of mirrors forming a cavity. The back mirror of the cavity is

allowed to move and is held in place by a spring, its motion in time described byx(t).

The light that enters the cavity circulates between the mirrors and, through radiation

pressure, interacts with the back mirror.

di�erent tails, one parallel to the comet velocity and one pointing away from the sun, as

if pushed by some invisible force [1]. It was not until the early 1900s, however, that the

e�ect would be experimentally shown in works done by Lebedev [2] and Nichols and Hull

[3]. In the late 20th century, research on controlling the motion of small objects with light

was gaining momentum. Starting in the 1970s, focused laser beams were utilized to trap

atoms and ions [4] and the ability to cool ions with laser sidebands was demonstrated by

Neuhauser in 1978 [5].

1.2 Cavity optomechanics

When increasing the mass of a mechanical object beyond the size of atoms and ions, the

e�ect of the radiation pressure is very weak. Therefore, to study how light can control

the motion of larger bodies, the intensity of the light �eld must be increased. This task

can be performed by a cavity that con�nes electromagnetic radiation into a small region

of space and enhances its intensity. Coupling this �eld to the mechanical motion thus

allows for the study of light-matter interaction beyond the scale of atoms and ions. The

interaction between an intracavity �eld and a mechanical resonator is described by cavity

optomechanics [6].

The canonical cavity optomechanical system is shown in Figure 1.2 in which a laser is

incident to an optical cavity, which is comprised of two mirrors. Crucially, the back

mirror of the cavity is allowed to move and is attached to a spring, forming the mechanical

resonator part of the system. In this con�guration, photons entering the cavity are allowed

to travel back and forth between the mirrors and interact with the mechanical resonator

once every round trip. The strength of the radiation pressure exerted on the back mirror

4



1.2. Cavity optomechanics

Figure 1.3: Examples of optomechanical systems.(a) . GaAs photonic crystal pat-

terned micro-membrane. The �gure shows the type of membranes studied in this

thesis. (b) GaAs micro-disc resting on a pillar serving as an optomechanical res-

onator. Optical and mechanical modes are co-localized within the disc and interact

through radiation pressure. Figure taken from [8]. (b) . Lithium niobate (LN) op-

tomechanical crystal. As for the microdisc, the structure co-localizes mechanical and

optical �elds that interact within the structure. Figure taken from [9].

is thus increased proportionally to the number of round trips that are allowed for each

photon before it is lost to scattering, absorption, or transmission. The movement of the

back mirror introduces another interesting interaction between light and matter. When the

back mirror is displaced, the resonance frequency is shifted which reduces the intracavity

intensity. Thus, a natural coupling between light and mechanical motion is realized, which

results in interesting static and dynamic phenomena [6]. The mentioned e�ects could, for

example, be used to cool mechanical resonators down to their quantum ground state of

motion [7].

The �eld of cavity optomechanics has seen a lot of activity since the �rst study of the

optomechanical interaction with a macroscopic mirror in 1983 [10]. In general, the work is

centered around performing studies of fundamental physical phenomena, such as observing

macroscopic mechanical quantum states or investigating novel sensing applications. To

achieve this, di�erent types of highly isolated optomechanical systems which favor strong

light-matter interaction are investigated. Advances in microfabrication techniques in the

21st century have allowed for the realization of precise micromechanical systems with

promising optomechanical capabilities.

Figure 1.3 shows three types of realizations that are, among many others, used to study

cavity optomechanics. Panel(a) displays a micromechanical mirror which can serve as

the back mirror of an optical cavity, similar to the system presented in Figure 1.2. This

type of system has been investigated by several groups in the late 2000s and has been

used to demonstrate optomechanical cooling [11], [12]. Panel(b) shows a micrometer-

scale optomechanical resonator in which breathing mechanical modes in the micro-disc
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are coupled to a whispering gallery mode of the electromagnetic �eld. The coupling

can be understood by noting that light circulating in the disc exerts radiation pressure

against the resonator inner walls, pushing it outwards. Deformations in the disc increase

the e�ective length of the resonator which mediates the mutual light-matter interaction.

Micro-resonators have the advantages of high mechanical frequencies which allows for

sideband-resolved optomechanics as well as design solutions to minimize clamping losses

[8], [13]. Another realization is the optomechanical crystal (OMC) which trap optical

and mechanical energy into highly con�ned regions of space. A lithium niobate OMC is

shown in panel (c) of Figure 1.3. Silicon OMC's has been used to cool nanomechanical

breathing motion to the quantum ground state [7]. The design also allows for interesting

photonic-phononic circuitry applications such as bidirectional optical to microwave photon

transduction which is crucial for quantum information technology [9], [14].

Figure 1.4: Comparison of di�erent optomechanical systems utilizing micromechan-

ical membranes. (a) SiN membrane utilized in a membrane in the middle (MIM)

setup. Figure taken from [15] (b) . Two SiN membrane deposited on each side of a

silicon wafer designed for multi-element MIM optomechanics. Photonic crystal pat-

terns increases membrane re�ectivity for a given wavelength. Figure taken from [16]

(c) . Double-layer GaAs membrane grown using molecular beam epitaxy (MBE) on a

distributed Bragg re�ector (DBR) mirror forming a multi-element membrane at the

edge system. This geometry is studied in our group and allows for integrated on-chip

optomechanics devices.

Within the micromechanical membrane geometry, several works have investigated systems
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1.2. Cavity optomechanics

where the resonator is placed in the middle of an optical cavity leading to a dispersive

optomechanical coupling. This was demonstrated by Thompsonet al. in 2008 and o�ers a

way to perform quantum non-demolishing measurements of mechanical resonator phonon

numbers [15], see panel(a) of Figure 1.4. In addition, theoretical work by Xuereb et al. in

2012 suggests that a stack of identical mechanical resonators placed within a high �nesse

optical cavity has the potential to increase the optomechanical coupling strength by several

orders of magnitude [17]. This is of great interest since systems where the coupling strength

exceeds losses to the environment enter the realm of single-photon strong coupling. This

regime allows for the study of interesting single-photon statistics as well as quantum states

of motion for micromechanical systems [6].

1.2.1 Multi-element cavity optomechanics with GaAs membranes

With the promise of reaching strong optomechanical coupling strengths with multi-element

mechanical resonator stacks, several groups have investigated the phenomenon in recent

years. In 2018, two di�erent works centered around double-layer mechanical resonators

were published. Piergentili et al. reported on two SiN membranes with tuneable separa-

tion in a macroscopic cavity for which they demonstrated an increase in optomechanical

coupling strength by a factor of 2.47 compared to the single-layer case [18]. A crucial

challenge with their system is the fact that two individual chips of SiN are glued together

to form the stack. This introduces an unwanted degree of freedom in mutual membrane

tilt. In addition, the re�ectivity of the dielectric slabs is not high enough to create high

coupling strengths for multi-element stacks [19]. A solution to both of these problems was

presented by Gärtneret al. in the same year [16]. In their work, SiN membranes deposited

on either side of a 200� m thick Si wafer were used in a membrane in the middle optome-

chanical setup, see panel(b) of Figure 1.4. The membranes were suspended by removing

the silicon between the membranes by wet etching from both sides of the chip. The re-

�ectivity of the membranes was increased by perforating the membranes with a lattice of

holes which forms a photonic crystal. The crystal de�nes a photonic bandgap that restricts

the transmission of a certain wavelength e�ectively increasing the membrane re�ectivity.

Similar to the work of Piergentili, an increase in optomechanical coupling strength to the

center of mass motion of a factor of 1.3 was demonstrated. However, the coupling to the

relative motion of the membranes was predicted to be increased by 120.

The aforementioned attempts at creating Membrane In the Middle (MIM) optomechanical

geometries with SiN membranes show that larger coupling between the electromagnetic

�eld and the center of mass and relative motion of a membrane stack is possible. How-

ever, to reach even higher optomechanical couplings, the gap between the membranes

in the multi-element stack requires �ne-tuning in the nanometer range. To achieve this,

semiconductor heterostructures grown using Molecular Beam Epitaxy (MBE) can be uti-

lized which allow for precision growth of device and sacri�cial layers. This is however

not compatible with SiN's non-crystalline structure that doesn't allow for MBE growth
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of consecutive layers. A solution to this problem, proposed by our group, is to use the

crystalline material GaAs for the membranes which can be grown by MBE. Additional

layers of AlGaAs can be added in between membranes which in turn are etched away with

hydro�uoric acid [20].

In this work, I present the characterization of an optomechanical system utilizing GaAs

membranes grown on top of a Distributed Bragg Re�ector (DBR) forming a membrane at

the edge geometry, see panel(c) of Figure 1.4. This system uses the power of MBE-grown

heterostructures which has the potential to form a fully integrated on-chip optomechanical

system with the potential to reach high optomechanical coupling strengths.

1.3 Thesis organization

The work of this thesis is focused to developing a platform for optomechanical characteri-

zation of single- and double-layer micromechanical resonators. The structure of the thesis

aims to introduce the relevant concepts, both theoretical and experimental, that are used

here to investigate and analyze the optomechanical system. The chapters divide the thesis

into manageable pieces and are organized as follows:

Chapter 2. aims to make the reader familiar with the system under study by �rst in-

troducing the basics description of the optical and mechanical degrees of freedom which

together make up the optomechanical system. With understanding of the ingoing subsys-

tems, the optomechanical Hamiltonian is derived, and some system dynamics is explored

in terms of optomechanical damping and optical spring e�ect.

Chapter 3. presents the experimental techniques and setups used during the production

of this thesis. The techniques discussed are Pound-Drever-Hall cavity frequency lock-

ing and homodyne detection which enables sensitive readout of micromechanical motion.

These techniques are implemented in the optomechanical readout setup that was developed

during this work.

Chapter 4. covers the results of the thesis, categorized in three main parts. First,

the optical and mechanical properties of the micromechanical membranes are presented.

Secondly, the properties of optical cavities with integrated mechanical resonators are in-

vestigated. Lastly, the performance of the optomechanical readout setup is discussed.

Chapter 5. contains the conclusion of the thesis, which summarizes the presented work

and discusses the outlooks for the future of this project.

8



2. Theory

In this chapter, the basic theory needed for understanding this thesis is presented. I

begin by introducing the optomechanical system which is studied in this work. To this

end, both the optical and mechanical subsystems are described, after which I introduce the

optomechanical Hamiltonian. Next, the concept of how the optomechanical interaction can

be increased through means of multi-element mechanical resonators is described. Finally, I

discuss the concept of using photonic crystals to increase the re�ectivity of the mechanical

resonator. High membrane re�ectivity is one requirement for reaching strong light-matter

interaction within the multi-element optomechanics framework.

2.1 Mechanical resonator

The harmonic oscillator is a fundamental physical concept with widely applicable mod-

elling capabilities, describing phenomena ranging from thermal baths to the electromag-

netic �eld. In this work, we will use it to model both the optical and mechanical sub-

systems. Starting with the mechanical resonator, an introduction to the classical and

quantum setting is given.

2.1.1 Classical description

The one-dimensional mechanical resonator in its simplest form is described by a point mass

m attached to a spring with force constant k, viscous damping� m and time dependent

external force Fext (t). The resonance frequency of this system is de�ned by the mass and

force constant alone and is given by
 m =
p

k=m. Another �gure of merit is the quality

Figure 2.1: The classical mechanical resonator described by a point massm attatched

to a spring with force constant k. The motion x is damped with viscous damping� m

and driven by the external force Fext .
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2. Theory

factor Qm of the mechanical mode, given by

Qm =

 m

� m
(2.1)

which is a measure of the energy loss of the system. It is roughly corresponding to the

number of coherent oscillations performed by the system during the ringdown motion after

excitation by a delta pulse.

For this system, Newton's equation of motion for the time dependent positionx(t) of the

point mass reads
d2x(t)

dt2 + � m
dx(t)

dt
+ 
 2

mx(t) =
Fext (t)

m
: (2.2)

To explain the frequency response of the mechanical motion with respect to the external

forceFext we perform a Fourier transform of (2.2) de�ned by ~x(! ) =
R1

�1 x(t) expf� i!t gdt.

Solving the equation for ~x(! ) gives

~x(! ) = ~Fext (! )� (! ) (2.3)

where � (! ) is the linear response or susceptibility of the mechanical motion with respect

to the force Fext (t) and reads

� (! ) =
1

m(
 2
m � ! 2 + i� m ! )

: (2.4)

The susceptibility is a complex valued quantity with real and imaginary parts correspond-

ing to the system phase response to the external force. The real part is the in-phase

response, whilst the imaginary part describes the response which is�= 2 out-of-phase with

the applied force [21]. By ergodicity, taking the square average of (2.3) over an ensemble of

trajectories x(t) with di�erent initial conditions gives the power spectrumof the mechanical

motion describing the mechanical energy distribution as a function of frequency,

Sxx (! ) = h~x(! )~x � (! )i =

�
�
� ~Fext (! )

�
�
�
2

m2((
 2
m � ! 2)2 + � 2

m ! 2)
: (2.5)

This quantity is crucial when analyzing mechanical motion, telling us what frequency

components are present for a given dynamical system.

Consider a special case of the above system in which a mechanical resonator is in thermal

equilibrium with an external environment of temperature T and is not subject to any

additional external forces. The coupling to the environment will induce a stochastic �ow

of energy between the resonator and the external thermal bath. This stochastic process

can be modeled by letting the resonator be subject to viscous damping� th and time

dependent stochastic forceFth (t) [22]. The equation of motion thus becomes

•x(t) + � th _x(t) + 
 2
mx(t) =

Fth (t)
m

; (2.6)
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2.1. Mechanical resonator

which has the same form as (2.2). The stochastic nature of the thermally induced param-

eters � th and Fth makes this problem similar to that of a particle experiencing thermal

Brownian motion, the di�erence here being the additional spring force term
 2
mx(t) anchor-

ing the motion to the origin. To see how the thermal bath interacts with the mechanical

motion we make use of the expressions derived above along with results from statistical

physics.

Firstly, the �uctuation dissipation theorem states that [21]

Im[� (! )] =
!

2kB T
Cxx (! ) : (2.7)

which links the imaginary part of the susceptibility to the Fourier transform of the equal

time correlation function

Cxx (! ) =
Z 1

�1
hx(� )x(0)i expf i!� gd� : (2.8)

Next, for a stationary stochastic processx(t) 1, the Wiener-Khinchin theorem gives that

Sxx (! ) = Cxx (! ): (2.9)

Finally, we make use of (2.4) and (2.5) in conjunction with (2.7) to get an expression for

the Fourier transform of the thermal force
�
�Fth (! )

�
�2 = 2kB T� th m ; (2.10)

telling us that the bath interaction is independent of frequency2.

We can now approximate the power spectrum (2.5) by noting that around the mechanical

frequency ! � 
 m we can write 
 2
m � ! 2 = (
 m � ! )(
 m + ! ) � 2
 m(
 m � ! ), yielding

a simpli�ed form of the power spectrum is given as

Sxx (! ) �
kB T

2m
 2
m

� th

(! � 
 m)2 + (� th =2)2 : (2.11)

The above expression states that the power spectrum of the mechanical motion in thermal

equilibrium can be approximated as a Lorentzian at the resonance frequency
 m with Full

Width Half Maximum (FWHM) given by the mechanical damping � th . We emphasize

that the above describes a resonator with only one resonant mode
 m . However, it is also

valid for a system with an arbitrary number of uncoupled modes given that � th � �


where �
 is the smallest frequency spacing between individual oscillating modes.

From this analysis, another important result can be derived. By inverting the Fourier

transform in (2.9), and setting � = 0 we see that

hx2i =
Z 1

�1
Sxx (! )

d!
2�

; (2.12)

1A stationary stochastic process x(t) has time independent mean and second order moment [23].
2The white noise nature of the thermal force originates from the Markovianity of the bath dynamics

hF (t � � )F (t)i / � (� ).
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which states that the mean square value of the mechanical displacement can be obtained

by integration of the power spectrum. This is a powerful result which allows to study the

average mean displacement of a mechanical oscillation by observing its frequency response.

Solving this integral for the power spectrum (2.5) with thermal interaction gives [24]

hx2i =
kB T
m
 2

m
; (2.13)

which is what we would expect when assuming equipartition for a mechanical resonator

coupled to a thermal bath at temperature T.

2.1.2 Quantum description

To describe the quantum mechanical nature of a mechanical resonator, one starts by

deriving its Hamiltonian. We consider a single, undamped, harmonic oscillating mode

with mass m described by the positionx and momentum p, oscillating at frequency 
 m .

The energy of the system is given by

Hm =
1
2

m
 2
mx2 +

p2

2m
: (2.14)

We now continue by promoting the coordinates to quantum mechanical operatorsx ! x̂,

p ! p̂ and invoke the canonical commutator relation

[x̂; p̂] = i ~ : (2.15)

To �nd the eigenstates to this Hamiltonian we insert it into the Schrödinger equation

i~
d j i

dt
= Ĥm j i ; (2.16)

which is most conveniently solved by introducing bosonic creation and annihilation oper-

ators
b̂y =

1
2xZPF

�
x̂ +

i
m
 m

p̂
�

;

b̂ =
1

2xZPF

�
x̂ �

i
m
 m

p̂
�

;

[b̂;b̂y] = 1 ;

(2.17)

where xZPF is the zero-point �uctuation given by

xZPF =

s
~

2m
 m
: (2.18)

In this coordinate system we express the harmonic oscillator Hamiltonian as

Ĥm = ~
 m

�
b̂yb̂+

1
2

�
; (2.19)

where the operator b̂yb̂ = n̂b is the number operator for the quanta of oscillation in the

harmonic mode, also known as phonons. From (2.19) it is apparent that the energy
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eigenstates are simultaneous eigenstates of the number operator which indicates that the

number of phonons is a measure for the energy in an oscillating mode. Solving (2.16) in

the position basis gives a set of eigenstates obeyinĝHm j n i = En j n i with eigenenergies

En given by the creation operator [25]

j n i = ( b̂y)n j 0i ;

hxj 0i =
1

(2� )1=4p
xZPF

exp

"

�
1
4

�
x

xZPF

� 2
#

;

En = ~!
�

n +
1
2

�
:

(2.20)

From the second line in (2.20) we see thatxZPF de�nes the spatial extension of the quantum

mechanical ground state of the oscillator. Note that in this description we have considered

an isolated harmonic oscillator mode which does not interact with its environment. To

introduce a coupling to an environment one can, for instance, couple the system to an

ensemble of harmonic oscillators which is further explored in works such as [22].

2.2 Optical cavity

The second subsystem we look at is the electromagnetic �eld, which interacts with the

mechanics through radiation pressure. As discussed in Section 1.1, the radiation pressure

is usually omitted due to the small magnitude of the force. To increase the magnitude

of this interaction, we will make use of a Fabry-Pérot (FP) cavity which enhances the

strength of the electromagnetic �eld, from now on referred to as the optical �eld even

though microwaves can be utilized in optomechanical systems as well [26].

2.2.1 Classical description

We begin the classical analysis by considering two identical and perfectly re�ecting mirrors

of negligible thickness that are facing each other at a distanceL . The material in between

the mirrors is assumed to be homogeneous and is taken to be vacuum for simplicity. It is

assumed that the optical �eld inside the cavity is monochromatic and linearly polarized,

thus taking the form

E(r ; t) = A(r )ei!t ; (2.21)

whereA(r ) is the amplitude and ! is the single angular frequency of the light. Restricting

our analysis to one dimension, the cavity of lengthL de�nes the boundary conditions for

the electrical �eld E inside the cavity. With these assumptions, Maxwell's equations for

the electric �eld (2.21) inside the cavity are simpli�ed to a stationary Helmholtz equation

for the amplitude

@2

@x2
A(x) + k2A(x) = 0 ;

8
><

>:

A(0) = 0

A(L) = 0
(2.22)
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with k = !=c . Given that kL = �n , where n is an integer, the solution describes a linear

combination of standing waves inside the cavity

A(x) =
X

n
An sin

�
n�x
L

�
; x 2 [0; L ] and n = 1 ; 2; ::: ; (2.23)

with harmonic amplitudes An . This is equivalent to the classical �particle in a box�

example. The three �rst standing wave solutions are visualized in Figure 2.2.

Figure 2.2: The stationary solutions to the perfectly re�ecting mirror cavity presented

in (2.23) are electrical �eld amplitudes with �xed frequencies ! cav = �cn=L; n =

1; 2; ::: . The �rst three harmonics are shown above.

The cavity thus acts as a spectral �lter supporting only the harmonics of the resonant

frequency given by

! cav = �cn=L : (2.24)

The spectral spacing between two adjacent cavity harmonics is called the Free Spectral

Range (FSR) and is given by FSR= c=2L .

In all realistic cases the cavity mirrors will not be perfectly re�ecting, thus also having a

�nite transmission T 6= 0 and other intrinsic losses,e.g., scattering and absorption. The

losses are modelled by the parameter� , which is de�ned as an attenuation per unit length

of propagation within the cavity. Because of the �nite transmission it is possible to insert

power into the cavity with an external light source and thus populate the intracavity �eld.
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2.2. Optical cavity

Figure 2.3: Optical cavity with imperfectly re�ecting mirrors M 1 and M 2. The �eld

A in is incident on the cavity and populates the intracavity amplitudes A i with i =

0; 1; ::: . The leakage of the intracavity �eld contributes to the re�ected (transmitted)

amplitude A re� (A trans ).

Consider the system presented in Figure 2.3. An incident light �eld of amplitude A in

and angular frequency! impinges on the left side of a cavity with mirrors M 1 and M 2.

The intensity re�ection and transmission coe�cients of the mirrors are assumed to be Ri ,

Ti , respectively for i = 1 ; 2. The amplitude of the transmitted �eld into the cavity is

de�ned by the transmission coe�cient of M 1 and is given byA0 =
p

T1A in . Now, the �eld

inside the cavity will start to circulate between the two cavity mirrors and be attenuated

by subsequent transmissions through the cavity mirrors. The following derivation closely

follows that of [27] where it is shown that for each roundtrip i of the cavity, the amplitude

of the �eld is multiplied by a roundtrip factor g(! ):

A i = A i � 1g(! ) ;

g(! ) = gme� i �� (! ) ;

gm =
q

R1R2e� L� :

(2.25)

The roundtrip factor g(! ) accounts for the amplitude attenuation via transmission and

internal losses through the factor gm and the cavity roundtrip phase di�erence through

�� (! ) = ( ! � ! cav)2L=c. The total amplitude inside the cavity is the sum of the roundtrip

amplitudes which can be evaluated as a geometric series:

Acav =
1X

i =0

A i = A0

1X

i =0

g(! ) i =
A0

1 � g(! )
;

�
�g(! )

�
� < 1: (2.26)

The intensity of the �eld is given by the square of the amplitude

I cav = jAcavj2 =
T1jA in j2

(1 � gm)2

1
1 + (2F =� )2 sin2(��= 2)

; (2.27)

where F is the �nesse of the cavity and is given by

F =
�

p
gm

1 � gm
: (2.28)
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Considering equation (2.27) some important observations can be made. Firstly, at frequen-

cies! � ! cav the roundtrip phase di�erence is small i.e., j�� j � 1, and we can expand the

second factor on the right hand side using a small angle approximation. This gives the

intracavity �eld intensity as a Lorentzian in frequency space centered around! = ! cav,

I cav �
T1jA in j2

(1 � gm)2

(�= 2)2

(! � ! cav)2 + ( �= 2)2 : (2.29)

The parameter � is the FWHM of the Lorenzian, often referred to as the cavity linewidth,

and is given by
�
2�

=
c

2LF
=

FSR
F

: (2.30)

This means that the intracavity �eld does not vanish for nonzero cavity detunings, i.e.

� = ! � ! cav 6= 0 . The allowed frequency range is centered around! = ! cav with a width

de�ned by the cavity �nesse F . Secondly, the intensity of the �eld at resonance(� = 0)

is proportional to the incident intensity I in = jA in j2 and approaches in�nity when gm ! 1,

allowing us to create strong intracavity �elds with carefully chosen mirrors.

Turning our attention to the cavity re�ection and transmission, the relevant amplitudes

are given by
A re� = �

p
R1A in +

p
T1R2e� 2L� +i �� Acav;

A trans =
p

T2e� L� +i ��= 2Acav:
(2.31)

By inserting the intracavity amplitude (2.26) and normalizing to the incident intensity we

get the following relations
I re�

I in
=

�
�R1 � g(! )

�
�2

R1
�
�1 � g(! )

�
�2

;

I trans

I in
=

T1T2
�
�g(! )

�
�2

R1R2
�
�1 � g(! )

�
�2

:

(2.32)

For the special case of a lossless symmetric cavity (R1 = R2, T1 = T2, � = 0 ) excited by

a resonant incident �eld we obtain g(! ) ! Re� i�� (! ) . For this case, we can again invoke

a small angle approximation for the relative cavity re�ection when ! � ! cav giving

I re�

I in
� 1 �

(�= 2)2

(! � ! cav)2 + ( �= 2)2 ; (2.33)

which is a useful result when analyzing cavity re�ections. Additionally, we see that at

resonance,i.e. ! = ! cav, the lossless symmetric case givesI re� =I in = 0 and I trans =I in = 1 .

For arbitrary R < 1 the highly re�ective cavity is therefore totally transparent to the

incoming light due to the re�ection destructively interfering with the back-transmission of

the intracavity �eld. If the cavity is not symmetric, there is an impedance mismatch be-

tween the mirrors which decreases the cavity resonance. In Figure 2.4 the cavity re�ection

is calculated over two full FSRs at di�erent impedance mismatches.
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2.2. Optical cavity

Figure 2.4: a. Cavity re�ection spectra at di�erent levels of impedance mismatch.

For all traces R2 = 0 :7. For R1 = R2 the symmetrical case is achieved and the

re�ection vanishes for the resonant wavelengths. Note that the re�ection spectra

retains its Lorentzian shape for non-zero impedance mismatches.b. Magnitude

of cavity resonancee.g., re�ection spectrum minimum as a function R1 for �xed

R2 = 0 :9. Impedance mismatch is more severe for higher re�ecting mirrors.

2.2.2 Fabry-Pérot cavity architecture

We have seen that the FP optical cavity is comprised of two �at mirrors facing each other

at distance L . In practice, this con�guration is not desirable due to the strict alignment

conditions required to prevent intracavity light leakage. To con�ne the optical �eld inside

the cavity, spherical mirrors are used to trap the light. Important to note is that spherical

mirrors can be modeled as perfect lenses with focal distancef = r=2 where r is the radius

of curvature of the mirror, see Figure 2.5. This means that a cavity can be modeled as an

in�nite series of lenses which guides a certain spatial mode of light.

Having stationary ray paths inside the cavity using spherical mirrors puts restrictions on

the length of the cavity. A cavity, with mirror distance L and radii of curvature r1 and r2,

in which all light paths are closed loops is called stable and obeys the following condition

[28]

0 �

 

1 �
L
r1

!  

1 �
L
r2

!

� 1 : (2.34)

Special cases of stable cavities include

Concentric: r1 = r2 = L=2

Confocal: r1 = r2 = L

Hemispheric: r1 = 1 ; r2 = L :

(2.35)

In this work a hemispheric cavity is used and we will thus turn our focus to this special
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2. Theory

Figure 2.5: A spherical mirror with radius of curvature r focuses incoming light equiv-

alently to a spherical lens with focal distancef = r=2.

case of the FP cavity. WhenL ! r2 a perfect focus on the �at mirror is maintained by the

curved mirror due to the focus being at a distance2f from the focusing element, wheref

is the e�ective focal distance of M 2. Of course, there is no perfect focus in practice and

it can be shown that the beam radiusw for the focus on the �at mirror of a hemispheric

cavity satis�es [24]

w2 =
L�
�

r
r2

L
� 1: (2.36)

2.2.3 Cavity spatial modes

The waist radius w is the radial distance from the optical axis where the light intensity

has decayed by a factor ofe� 2. This is a parameter which describes the Gaussian nature of

propagating light rays. The electrical �eld of a Gaussian ray propagating in the z-direction

can be described by [27]

E(x; y; z) = E0
w0

w(z)
exp

(

�
x2 + y2

w(z)2

)

exp

(

� ikz � ik
x2 + y2

2R(z)
+ i� (z)

)

; (2.37)

where w0 is the beam radius at position z = 0 , w(z) = w0
p

1 + ( z=zr )2 with Rayleigh

range zr = �w 2
0=� , R(z) = z(1 + ( z=zr )2) is the radius of curvature of the propagating

wavefront, k is the wavenumber of the light. � (z) = � arctan
�
z=zr

�
is the so called Gouy

phase which is a phase shift that accounts for the transverse con�nement of the optical

mode. This is the fundamental spatial distribution of light �eld intensity and is the most

common output of single mode lasers and optical �bers. When the light �eld is not

strictly described by the precise transverse spatial distribution stated above it is called a

multimode �eld and it can be described by a linear combination of spatially orthogonal

optical modes. These optical modes arise from solving the paraxial wave equation in the

x; y-plane with de�ned boundary conditions [27]. A speci�c set of solutions is the so called
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2.2. Optical cavity

Hermite-Gauss set

E l;m (x; y; z) = E0A l;m
w0

w(z)
H l

 p
2x

w(z)

!

Hm

 p
2y

w(z)

!

exp

(

�
x2 + y2

w(z)2

)

�

exp

(

� ikz � ik
x2 + y2

2R(z)
+ i� l;m (z)

)

; l; m = 0 ; 1; 2::: :

(2.38)

In this equation H l (x) = ( � 1)l exp
�
x2

�
dl

dx l exp
�
� x2

�
are the Hermite polynomials and

A l;m are normalization constants. The Gouy phase is also dependent on the spatial mode

and is given by [29]

� l;m (z) = � (2 + l + m) arctan z=zR : (2.39)

In Section 2.2.1 we have seen that the resonant condition of an optical cavity is that the

roundtrip phase di�erence �� (! ) mod 2� = 0 . Now, looking at the phase of an Hermite-

Gauss mode at the optical axis(x; y = 0) that is allowed to propagate within one cavity

roundtrip we get the condition for the resonance frequency

�� l;m = 2Lk � (� l;m (0) � � l;m (2L))

=
2! l;m L

c
� � � l;m = 2 �n

,

! l;m = ! cav + FSR� � l;m :

(2.40)

Here � � l;m = � l;m (0) � � l;m (2L) and ! cav = cn�=L is the resonant frequency for a plane

wave inside the cavity. From (2.40) we see that the spectral seperation between two spatial

modes with Hermite-Gauss indicesm; l and m0; l0 is de�ned by

� ! m0;l 0

m;l = FSR
�
�
� � � l;m � � � l0;m 0

�
�
� ; (2.41)

which originates from the di�erence in Gouy phase of the spatial modes. Another thing to

note is that the separation is independent of frequency and will be same for all harmonics.

This result is remarkable, not only does the cavity work as a spectral �lter, allowing a

band of frequencies around the resonance to pass through, but in the process also acts as

a spatial �lter by �ltering out the resonant spatial mode. The phenomena is depicted in

Figure 2.6 where the transmission spectrum of an FP cavity with an incident multimode

�eld is shown. The amplitudes of the resonances is determined by the linear combination

of spatial modes in the incident �eld. To access only the fundamental Gaussian mode,

a perfect single mode �eld has to impinge with correct alignment and focusing which,

in practice, is performed by aligning a single mode laser output with a set of lenses and

mirrors. A measure of how well aligned the incident laser �eld is to a certain cavity mode

is the ratio of its transmission to the sum of transmission in all modes present in one FSR.
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2. Theory

Figure 2.6: The intensity transmission spectrum of a FP cavity with an incident

multimode �eld normalized to the incident intensity. Harmonics are separated by the

FSR whereas the separation between spatial modes with Hermite-Gauss indicesm; l

and m0; l0 is de�ned by � ! m0;l 0

m;l . The amplitude of the resonances is determined by

the spatial composition of the incident �eld.

2.2.4 Quantum description

In Section 2.2.1, we introduced the optical cavity as a classical system with parameters

such as resonance frequency! cav and linewidth � . These parameters de�ne the frequency

behaviour of an excitation within the optical �eld, not unlike how we viewed the mechanical

resonator in Section 2.1.1. The similarities between optical and mechanical resonances is

a motivation for thinking of the electromagnetic �eld as a harmonic oscillator. In fact, it

is not even necessary to consider a cavity to conclude that the electromagnetic �eld can be

quantized as harmonic oscillator modes with frequencies given by the relevant geometry.

The derivation showing how the electromagnetic �eld can be quantized is given in basic

quantum mechanics textbooks such as [25] and starts from Maxwell's equations and ends

up in a quantum mechanical Hamiltonian describing the energy in the electromagnetic

�eld as

Ĥem =
X

k ;p

~! k ;p

�
ây

k ;pâk ;p +
1
2

�
; (2.42)

where k and p is the wavenumber and polarization of the quantized modes with frequen-

cies ! k ;p and bosonic operatorsak ;p and ay
k ;p obeying [ak ;p; ay

k 0;p0] = � k ;k 0� p;p0. As in the

mechanical system described above the bosonic operators govern the quantized energy in

the given mode, this time referring to photons. The number of photons in a given mode

f k ; pg is given by the number operatorn̂k ;p = ay
k ;pak ;p. As seen in the classical description,

the consequence of an optical cavity is a restriction of the allowed optical modes within

a geometry which will reduce the amount of terms in the sum of (2.42). Consider an op-

tical cavity of high �nesse which adequately separates the cavity harmonics in frequency

space, allowing for approximating the modes as non-interacting. The energy in one of the
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2.3. Optomechanical coupling

Figure 2.7: Canonical optomechanical system. A laser is shined on an optical cavity

with resonance frequency! cav and loss� which is connected to a mechanical resonator

via the harmonic movement x of the back cavity mirror with frequency 
 m and

damping � m .

resonances with frequency! cav = c�=L can thus be reduced to

Ĥo = ~! cav

�
âyâ +

1
2

�
; (2.43)

which is the Hamiltonian we consider when exploring the dynamics of the optomechanical

system in the coming sections.

2.3 Optomechanical coupling

In this section, we discuss the optomechanical interaction between a cavity mode and a

mechanical resonator through radiation pressure. We begin by analyzing the energy of

the coupled system and derive the optomechanical Hamiltonian. Using the Hamiltonian,

the equations of motion for the coupled system are derived which allows for studying the

consequences of the coupling such as optomechanical cooling. Lastly, the optomechani-

cal system is expanded by introducing multi-element mechanical resonators, allowing for

stronger light-matter interactions.

2.3.1 Optomechanical Hamiltonian

We start o� by introducing the Hamiltonian which governs the dynamics of the coupled

system. In this derivation we assume a single mechanical mode interacting with a single

optical mode which is an accepted approximation for high quality mechanical and optical

resonators. For now, we omit the coupling to the optical and mechanical environments

which makes us consider a closed system. The system under study is the canonical op-

tomechanical setup shown in Figure 2.7 where one of the end mirrors of an optical cavity

is allowed to oscillate with frequency 
 m . The length of the cavity now depends on the

position of the back mirror x. We assume thatL is the cavity length at the rest position

21



2. Theory

of the back mirror and thus have

L(x) = L + x ; (2.44)

where it is assumed thatjxj=L � 1. Taking the �rst harmonic of (2.24) (n = 1), we have

that a shift in the cavity length will cause a shift in cavity resonance frequency

! (x) =
�c

L (x)
=

�c
L + x

� !
�

1 �
x
L

�
; (2.45)

where ! = �c=L is taken as the unperturbed cavity frequency. We are now ready to

formulate the basic optomechanical Hamiltonian by again promoting the position of the

mirror to a quantum mechanical operator x ! x̂. The Hamiltonian consists of the energy

in the optical and mechanical systems given in (2.19) and (2.43)

Ĥ = Ĥm + Ĥo = ~
 m b̂yb̂+ ~! (x̂)âyâ

� ~
 m b̂yb̂+ ~! âyâ � ~
!
L

x̂âyâ ;
(2.46)

where we use (2.45) and omit vacuum �uctuations. In this Hamiltonian the last term

describes the nonlinear interaction between the two modes. From (2.17) we have that

x̂ = xZPF (b̂+ b̂y) which gives the interaction term the following form

Ĥ int = � ~g0(b̂+ b̂y)âyâ : (2.47)

In this expression,g0 is the single photon-phonon coupling given in frequency units as

g0 =
!
L

xZPF : (2.48)

This coupling is a crucial quantity which describes the cavity frequency shift corresponding

to one zero point displacement of the mechanical resonator. When looking at parameters

relevant for the systems described in this thesis,i.e. 
 m � 100 kHz, L � 10 mm, m � 0:1

pg, ! � 200 THz, gives g0=2� � 100 Hz. Reaching the strong single-photon-phonon

coupling regime, i.e. � < g 0 thus requires extremely low loss cavities.

Finally, we introduce an optical drive with frequency ! l which adds another term to the

Hamiltonian. Adding this term and going to a rotating frame 3 that rotates at the laser

drive frequency gives the �nal optomechanical Hamiltonian [24]

ĤOM = ~
 m b̂yb̂ � ~�^ayâ � ~g0(b̂+ b̂y)âyâ + i~E(ây � â) ; (2.49)

where E is related to the power P of the laser drive jE j =
p

P �= ~! l and � = ! l � ! is

the cavity detuning.

3Ĥ rot (t) = i~@R̂ ( t )
@t R̂(t)y + R̂(t)Ĥ (t)R̂(t)y where R̂(t) = exp

�
i! l ây ât

�
.
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2.3. Optomechanical coupling

2.3.2 Linearized coupling and the Langevin equations

Given the optomechanical Hamiltonian (2.49) we are now ready to study the dynamics

of the system at hand. However, complications arise from the nonlinear nature of the

interaction which makes analytical treatment of the system cumbersome. To tackle this

we study the system by using a semi-classical approach in which the optical amplitude of

the cavity â is given by

â = � + � â : (2.50)

Here it's assumed that the input �eld has a strong, time independent coherent amplitude

denoted � with only small time dependent �uctuations � â where
p

h� â2i � j � j. In this

description � is a complex number but is without loss of generality taken to be real and is

connected to the intracavity photon number � =
p

ncav. Using this approach prevents us

from analyzing nonlinear quantum e�ects such as optomechanical parametric instability

[6].

Given this assumption, the interaction term can be simpli�ed to [6]

Ĥ int,lin = � ~g0
p

ncav(� ây + � â)( b̂y + b̂) (2.51)

From this equation we see that the coupling is now dependent on the strength of the

intracavity �eld, therefore we de�ne the optomechanical coupling strength as g = g0
p

ncav.

This interaction term describes four possible processes a system state can evolve according

to, described by the terms in (2.51)

� âyb̂ transfer of phonon to photon,

� âb̂y transfer of photon to phonon,

� âyb̂y creation of phonon and photon pair,

� âb̂ annihilation of phonon and photon pair.

(2.52)

Solving the Heisenberg equation for the uncoupled motion of the operators� â and b̂ gives

[30]
� â(t) = � â(0)ei� t ;

b̂(t) = b̂(0)e� i
 m t ;
(2.53)

which allows for invoking the rotating wave approximation for the terms in (2.52) when

the cavity detuning � = � 
 m . For red cavity detunings i.e., � � � 
 m , the last two

terms of (2.52) can be omitted due to fast oscillationsexp
�
� i(� � 
 m)

�
� exp(� 2i
 m).

For this detuning the interaction reads

Ĥ int,BS = � ~g(� âyb̂+ � âb̂y) (2.54)

and is sometimes called �Beam Splitter� interaction which describes two harmonic oscil-

lators exchanging energy quanta at the rateg.
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The linear nature of the presented Hamiltonian is not at �rst glance apparent due to

the �eld operator products in (2.52). However, the linearity will become clear when

studying the dynamics of the system. Due to the two quantum systems being in contact

with environments, the e�ects of the bath has to be taken into account. The evolution of

quantum operators under the in�uence of stochastic forces is neatly described by Langevins

equations which, for an operatorÔ, is formulated [23]

@̂O
@t

=
i
~

h
Ĥ; Ô

i
+ N̂ : (2.55)

where Ĥ is the system Hamiltonian and N̂ is the corresponding stochastic noise terms

for the operator Ô. In addition, the coupling to the environment will also open up a

channel for energy in the optomechanical system to dissipate. Regarding the quantum

system as open, input-output theory gives the rates at which dissipation and coupling to

external forces takes place [31]. The interaction between systems, external noise and drive

is depicted in Figure 2.8.

Figure 2.8: Schematic of the driven optomechanical system. The mechanical (b̂) and

optical ( � â) modes are coupled by the optomechanical coupling strengthg. The

modes are coupled to environmental noise �eldŝbin and f̂ in through couplings � m ,

� 0, respectively. The optical �eld is also driven by � âin through the coupling � ext .

Finally, the modes dissipate with rates � m and � = � ext + � 0, respectively.

Now, taking the above system-environment interactions into consideration, we derive the

equations of motion for the linearized optomechanical system by inserting the optome-

chanical Hamiltonian with the linearized interaction (2.51) into (2.55).

_� â =
�

i � �
�
2

�
� â + ig(b̂y + b̂) +

p
� ex� âin +

p
� 0f̂ in ;

_̂b =

 

i 
 m �
� m

2

!

b̂+ ig(� ây + � â) +
p

� m b̂in :
(2.56)

These coupled di�erential equations model how the amplitudes of the mechanical and
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2.3. Optomechanical coupling

optical �elds evolve in time. The coupling between the optical and mechanical �eld is

the optomechanical coupling strengthg introduced above and is controlled by managing

the population of the intracavity �eld. The equations also describe how the modes of

interest are in�uenced by external �elds being the input optical drive � âin and optical

(mechanical) noise �eldsf̂ in (b̂in ). Finally, added to these equations are also damping terms

� �� â=2 (� � m b̂=2) for the optical (mechanical) �elds which is valid for small damping rates

� m � 
 m [6].

2.3.3 Optical spring e�ect and optomechanical damping

With the results from the previous section in terms of the linear equations of motion,

we are now ready to look at the consequences of the optomechanical coupling. Solving

Langevins equations (2.56) is most conveniently done in the frequency domain by the

means of the Fourier transform, similar to Section 2.1.1. Firstly, we go to the classical

averaged version of (2.56) by expressing the second equation in terms of the position

operator x̂ = xZPF (b̂ + b̂y) and then taking the average h�i. Utilizing that the vacuum

�uctuations and thermal bath noise has zero meane.g. ĥain i = hf̂ in i = 0 gives

_� = (i� �
�
2

)� + i Gx +
p

� ex� ;

m•x = � m� m _x � m
 mx + G~j� j2 :
(2.57)

with � = h� âi , x = 2xZPF Refhb̂ig and G = ! cav=L is the optical frequency shift per unit

length. Note that in going between the equations for̂band x̂ we require� m � 
 m . Finally

we can solve for the mechanical susceptibility in Fourier space yielding

� opt =
1

m(
 2
m + 2 !� 
 m(! ) � ! 2 � i! (� m + � opt (! )))

; (2.58)

which has the same appearance as the unperturbed mechanical susceptibility (2.4) up to

two additional terms

� 
 m(! ) = g2 
 m

!

 
� + !

(� + ! )2 + � 2=2
+

� � !
(� � ! )2 + � 2=2

!

;

� opt (! ) = g2 
 m

!

 
�

(� + ! )2 + � 2=2
�

�
(� � ! )2 + � 2=2

!

;

(2.59)

with quadratic dependence on the optomechanical couplingg. The terms in (2.59) are

responsible for two optomechanical phenomena known as optical spring e�ect and op-

tomechanical damping. Figure 2.9 visualizes the two terms at! = 
 m for a range of

detunings � . The interaction is visualized in two di�erent regimes: sideband resolved

(� < 
 m) and sideband un-resolved (� > 
 m) which visualizes the importance of these

ratios.
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Figure 2.9: Calculation of a. � 
 m and b. � opt with parameters g=2� = 1 kHz,

!= 2� = 
 m = 300 kHz and � = 10
 m (0:1
 m) visualizing the un-resolved (resolved)

sideband regimes. Inb. , optomechanical damping (heating) is achieved for detunings

� = � 
 m (+
 m).

The optical spring e�ect is an optomechanical shift in the frequency of the mechanical

mode. Intuitively, the force induced by the radiation pressure of the intracavity �eld

displaces the resting position of the mechanical resonator where the force constant of the

spring di�ers slightly, inducing a shift in the resonance frequency.

The nature of the optomechanical damping is a bit more intricate and originates from

an inherent delay in the optomechanical back-action due to the cavity decay rate� . In-

tuitively, it can be understood as Stokes- and Anti-Stokes processes. For negative (red)

detunings the Anti-Stokes process dominates and photons are scattered into a higher en-

ergy state when interacting with the mechanical resonator which extracts energy from the

mode, resulting in an e�ective cooling. The opposite is true for positive (blue) detunings

where incident photons scatter into lower energy bands (Stokes process), depositing energy

into the mechanical mode which e�ectively heats up the system. The e�ective temperature

of the mechanical mode is connected to the damping rate through [24]

Te� = T
� m

� m + � opt
(2.60)

where T is the unperturbed temperature. This can further be connected to the e�ective

phonon occupation in the mode according to the Bose-Einstein distribution

ne�.phon =
1

exp
�
~
 m=kBTe�

	
� 1

: (2.61)

The cooling phenomenon, known as sideband cooling, is not exclusive to this realization

of the optomechanical system and is used for example to reach ground states of motion in
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ion trap systems [32]. In the range of nano/micromechanics, this type of sideband cooling

has demonstrated close to ground state cooling of mechanical modes in both cryogenic

environments [7] and room temperature [33].

2.3.4 Optomechanics with multielement resonators

In the previous section, the optical spring e�ect and optomechanical cooling were intro-

duced having magnitudes proportional tog2 = ncavg2
0. Thus by increasing the intracavity

photon number, i.e. increasing the optical pump power, the interaction gets more pro-

nounced. However, there are other reasons to increase the interaction for weak pump

�elds. This is done by increasing the single photon coupling strengthg0.

To see why this is important we remind ourselves that the single photon coupling strength

g0 = xZPF @!cav=@xis a measure of how much the zero-point-�uctuations of the mechanical

mode a�ect the cavity frequency. Now, visualize a thought experiment where a stream

of photons with frequency ! is incident on an unoccupied optomechanical cavity with

resonance frequency! cav = ! . The �rst photon reaching the cavity is resonant with

the optical mode and is allowed to enter. Inside the cavity the photon interacts with

the mechanical mode of the optomechanical system via the coupling strengthg0. If the

optomechanical coupling is strong enough to displace the optical resonance frequency by

more than a cavity linewidth � , the next incident photon is no longer resonant with the

cavity and is not allowed to enter. This e�ect is called photon blockade e�ect which is

a single-photon nonlinear optical e�ect [34], [35]. It allows for studying single photon

correlations with relevance in e.g. quantum information processing [36]. The photon

blockade e�ect is enabled by a quantum optomechanical system which acts non-linearly

i.e. enabling Gaussian input states to be mapped onto non-Gaussian output states. This

non-linearity also allows for using light to generate non-classical mechanical states such as

Fock-states and Schrödingers cat states. This is of fundamental physical interest in the

realm of micro-mechanics due to its large mass and length scales, but can also open doors

for novel ultra-sensitive sensing applications [6].
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Figure 2.10: (a) Proposed multi-element optomechanical system withN dielectric

membranes separated byd in a cavity of length L . (b) Depiction of collective me-

chanical modes to which the optical �eld is coupled to. (c) Stack re�ectivity for N = 6

non-absorbing resonators as function of the seperationd (blue) and the single-element

re�ectivity (dotted green). Figure taken from [17]

.

One proposed way of increasing the single-photon coupling strengthg0 to be greater than

the cavity decay � and thus enter the single-photon strong coupling regime is by using

multi-element mechanical resonators, introduced in 2012 by Xuerebet al. [17]. The sug-

gested setup is depicted in Figure 2.10 where a stack ofN independent and identical

mechanical resonators is placed within a cavity and is collectively interacting with the in-

tracavity �eld. As opposed to other membrane in the middle approaches [15], the distance

d between individual resonators is such that the stack behaves transmissively for arbitrary

single element re�ectivities R < 1 which allows for long range optomechanical interactions

in the stack.

The mechanical mode to which the intracavity �eld couples to is a collective motion of the

independent membranes of the stack called supermodes, examples of which are shown in

Figure 2.10(a). Due to the non-zero re�ectivity of the membranes, the optical �eld strength

between the membranes is increased which enhances the optomechanical coupling to the

supermode. The coupling to a sinusodial supermode of a transmissive stack ofN elements

is given by

gsin =

vu
u
t

NX

j =1

(gj )2 ; (2.62)

where gj is the coupling to the motion of the individual resonators.
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Figure 2.11: Optomechanical coupling strengths for di�erent numbers of elements in

the transmissive stack normalized to the perfectly re�ecting single element coupling.

The number of elements for the blue curve is optimized for highg0 at eachR whereas

N = 2 (1) for the dot-dashed red (dotted yellow) curves. ForR ! 1, N = 2 is enough

to achieve a several orders of magnitude increase ofg0. Figure taken from [19].

The optimal number of elementsN which yields the largest coupling of the transmissive

stack is dependent on the re�ectivity of the individual membranes which is shown in Figure

2.11. The blue curve shows the optomechanical coupling to a stack with the optimal

number of membranes in the stack whereas dashed red (yellow) shows the coupling to

two (one) membranes. The graph is normalized to the coupling to a perfectly re�ecting

back mirror of a canonical optomechanical system. For single-element re�ectivitiesR ! 1,

N = 2 is enough to achieve a several orders of magnitude increase ofg0 which can allow

for reaching the g0 > � strong coupling regime in a high �nesse optical cavity.

2.4 Photonic crystals

Achieving high optomechanical coupling rates by the means of multi-element mechanical

resonators requires either a large number of elements in the mechanical resonator stack,

high single element re�ectivities or a combination of both [17]. While high re�ectivities can

be achieved in stacks of alternating dielectric �lms (distributed bragg re�ectors) [12] these

devices are several micro-meters thick which makes them hard to incorporate into mul-

tielement stacks. On the other hand, sub-micron dielectric �lms such as SiN membranes

provide stackable geometry but lack in re�ectivity, R � 0:4 [15]. However, using mod-

ern microfabrication techniques, thin dielectric �lms can be periodically patterned with

photonic crystals (PhC) allowing to create highly re�ective nanometer-thin membranes by

engineering photonic band gaps in the desired wavelength range.

The fundamentals of propagating electromagnetic waves in photonic crystals are very sim-
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ilar to that of moving electrons in periodic potentials caused by atomic crystal structures.

When solving for the electron dynamics within an atomic lattice, the periodicity of the

boundary conditions is utilized to express solutions as Fourier expansions in reciprocal

space. This allows for �nding dispersion relations for the electron propagation inside the

structure that most commonly are visualized as electronic band diagrams.

To understand how photonic band gaps emerge within periodic dielectric structures we

study a one dimensional photonic crystal by means ofplane wave expansion(PWE). The

derivation given here is similiar to the one presented in [37]. The electric permittivity

� (x) of the dielectric medium in which the equations are solved is assumed to have trans-

lational symmetry with lattice constant X i.e. � (x + X ) = � (x). We start out with a

stationary version of Maxwell's equations where the spatial distribution of the magnetic

�eld component H (x) is described by a Helmholtz equation similar to (2.22)

@
@x

1
� (x)

@
@x

H (x) +
! 2

c2 H (x) = 0 ; (2.63)

the di�erence being the position dependent permittivity � (x). We study the wave equation

for the magnetic �eld component due to it having a more convenient form as opposed to

when formulating the problem for the electric �eld. Assuming that the spatial extension

of the photonic crystal is in�nite, (2.63) is equivalent with �nding the eigenstate H (x) to

the operator �̂ = � @
@x

1
� (x)

@
@x with eigenvalue � = ! 2=c2. The boundary conditions of the

problem allow for invoking the Bloch theorem

H (x) = hk;n (x) exp(ikx ) : (2.64)

This ansatz expresses the eigenfunction as a plane wave with wave vectork multiplied

by a lattice periodic function4 hk;n (x) for the speci�c wave vector k and energy staten.

Now, expanding the periodic functions � (x) and hk;n (x) in the reciprocal lattice vectors

G = f gng1
n=1 ,

1
� (x)

=
X

g2 G

� (g) expf igxg;

hk;n (x) =
X

g2 G

hk;n (g) expf igxg;
(2.65)

allows for rewriting (2.63) as a matrix equation

M ~hk;n =
! 2

c2
~hk;n (2.66)

where

M =

2

6
6
6
4

M g1g1 M g1g2 : : :

M g2g1 M g2g2 : : :
...

...
. . .

3

7
7
7
5

; ~hk;n =

2

6
6
6
4

hk;n (g1)

hk;n (g2)
...

3

7
7
7
5

;

M gg0 = � (g � g0)(( k+ g0) � (k + g)) :

(2.67)

4meaning that the period is equal to that of the lattice hk;n (x + X ) = hk;n (x)
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2.4. Photonic crystals

This equation is called the �Master equation� for one dimensional PhCs. The solutions

to the master equation are the eigenvalues ofM which give the dispersion relation! (k).

The eigenvalue problem (2.66) can be truncated for a certain number of reciprocal lattice

vectors g and solved numerically [37].

Figure 2.12: Photonic band diagram of the 2D PhC structure shown in the left inset.

Dispersion relations for transverse magnetic (TM, red dashed) and transvers electric

(TE, blue) are shown for the k-path shown in the left inset, connecting the high

symmetry points of the Brillouin zone. A PBG is achieved for frequencies� 0:4 c/a

[38]

.

The dispersion relation ! (k) holds information of the eigenenergies of the guided modes of

the PhC which restricts waves of certain frequency to a speci�ck-vector in the PhC. The

dispersion relation is most commonly visualized in a band diagram, an example of which is

shown in Figure 2.12. The band diagram allows for identifyingphotonic bandgaps(PBG)

where an incident electromagnetic wave of a certain frequency does not have an available

wave vector in the material below the light line. In e�ect the energy of the wave is not

allowed to pass into the PhC and must therefore be scattered. Photonic crystal engineering

therefore allows for creating nano-meter thin broadband re�ectors for a desired frequency

range by carefully choosing photonic crystal patterns and lattice parameters [39]. The

choice of parameters is guided by simulations performed in a software calledS4 which

combines rigorous coupled wave analysis and scattering matrix formalism to calculate

PhC re�ectivities [20].
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3. Experimental methods

To study an optomechanical system, state of the art experimental equipment and tech-

niques are required, the principles of which will be discussed in this chapter. I begin by

introducing the techniques which allow for precise optical measurements of the system un-

der study. Next, the experimental setup is introduced, describing how micro-mechanical

resonators are incorporated into high �nesse optical cavities. Finally, the measurement

setup is described.

3.1 Optical measurement and locking techniques

Several experimental techniques must be mastered to measure the relevant optomechanical

quantities such as � , 
 m , � m and g0. In this section, two techniques involving precise

control of a laser are presented, allowing for stable readout of the optomechanical system.

3.1.1 Cavity frequency locking

As seen in Section 2.2, to populate the intracavity �eld of an optical cavity, the frequency

of an incident laser must fall within the linewidth of the cavity resonance frequency. To

�nd the resonance, one simply scans either the laser frequency! in or the cavity length L

over several free spectral ranges and looks for cavity transmission, as seen in Figure 2.4.

However, the cavity resonance frequency is highly sensitive to thermal and mechanical

noise, which makes stabilizing laser frequency at resonance paramount. In addition, the

narrow line width of high �nesse cavities impose further limits to frequency matching.

Locking the laser frequency to the resonance of the cavity is a system control problem,

which can be solved by a simple feedback loop given an appropriate error signal.

Consider the block diagram presented in Figure 3.1. Here, the input of the loop is a

signal setting the laser frequency! , which in this example is the control variable of the

problem. The laser passes through the system under study, producing an output which

is used to generate the error signal� (! ). The error signal is processed by a Proportional

Integral Di�erential (PID) regulator before the result is added to the input signal, closing

the feedback loop. The job of the feedback loop is to regulate the control variable around

the desired value, which in this case is the cavity resonance frequency! cav. The error

signal � (! ) of a feedback loop is generally a function with a distinct slope at a desired

value. For this problem, we thus require

� (! ) / ! for ! � ! cav : (3.1)
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Figure 3.1: Block diagram of the system control problem to regulate the output fre-

quency of the laser. The control variable! is fed an initial input signal before its

output gets sent to the system under study. The output of the system is used to gen-

erate an error signal� (! ) which goes through a PID servo before closing the feedback

loop.

The linearity of the error signal around the desired value allows for systematic regulation

of the control variable to stabilize the system output. The problem is thereby reduced to

�nding an error signal with the appropriate properties.

3.1.1.1 Side of fringe locking

The simplest form of an error signal generated as a cavity frequency response is the cavity

transmission/re�ection shown in Figure 2.4. The apparent problem of using this signal

is that the condition (3.1) does not hold due to the signal having a local maximum at

! = ! cav. However, the side of the cavityfringe can be seen as locally linearly proportional

to the frequency and a lock can therefore be found to a slightly detuned cavity resonance

frequency.

3.1.1.2 Pound-Drever-Hall locking

A more sophisticated method is required to lock the laser frequency to the center of the

cavity resonance. At �rst glance, the derivative of the transmitted signal should be able to

produce a signal that upholds the condition (3.1). The derivative can be accessed through

electronic derivation of the re�ected signal, but has risks of introducing phase shifts and

electronic noise. Alternatively, sampling the derivative can be done through modulation

of the laser phase, this is called the Pound-Drever-Hall (PDH) technique and is brie�y

introduced below. The following derivation follows closely that of [40].

We start out by looking at the amplitude re�ection coe�cient r of a symmetric, lossless

FP cavity with intensity re�ection coe�cient of the mirrors denoted by R. From (2.31) it

can be seen that

r (! ) =
A re�

A in
=

p
R

e� i �� (! ) � 1
1 � R � e� i �� (! )

: (3.2)
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3.1. Optical measurement and locking techniques

Measuring the intensity of the re�ected signal, normalized to the incident intensity, gives

access to
�
�r (! )

�
�2. As mentioned above, this signal is not an optimal error signal due

to it having a vanishing slope at ! = ! cav. However, we now look at the re�ection

of a phase-modulated incident light �eld, which can be achieved by using an Electro

Optical Modulator (EOM). The amplitude of a phase modulated incident light �eld can

be expressed as

A in (t) = A0ei!t +i 
 sin 
 t ; (3.3)

where A0 is the amplitude at t = 0 , ! is the frequency of the light, 
 is the modulation

depth and 
 is the modulation frequency. For small modulation depths
 , a small angle

approximation can be performed, which gives

A in (t) � A0ei!t (1 + i 
 sin(
 t)) = A0

�
ei!t +



2

�
eit (! +
) � eit (! � 
)

� �
; (3.4)

which describes an electromagnetic wave of frequency! modulated with sidebands at

frequencies! + 
 and ! � 
 . Letting this signal re�ect o� the cavity will give each band

a re�ection coe�cient at the appropriate frequency, i.e.

A re� = A0

�
r (! )ei!t +



2

�
r (! + 
)e it (! +
) � r (! � 
)e it (! � 
)

� �
: (3.5)

We now look at the intensity of the re�ected signal by taking the square of (3.5)

I re� =I0 =
�
�A re� =A0

�
�2 =

�
�r (! )

�
�2 +


 2

4

� �
�r (! + 
)

�
�2 +

�
�r (! � 
)

�
�2

�
+


 cos(
 t)Re
�
r (! )r (! + 
) � � r (! ) � r (! � 
)

	
+


 sin(
 t)Im
�
r (! )r (! + 
) � � r (! ) � r (! � 
)

	
+

2
 terms.

(3.6)

The above expression consists of two DC terms, two terms oscillating at the modula-

tion frequency 
 and additional terms oscillating at twice the modulation frequency not

explicitly written out for convenience.

Turning our attention to the term r (! )r (! +
) � � r (! )r (! � 
) � , we look at the case when

the modulation frequency is large compared to the line width of the cavity, i.e. 
 > � . In

this case, when the carrier wave is resonant with the cavity, the sidebands at! � 
 will

be totally re�ected and hence r (! � 
) � � 1, we thus have

r (! )r (! + 
) � � r (! ) � r (! � 
) � � 2iIm
�
r (! )

	
: (3.7)

Therefore, the term proportional to cos(
 t) in (3.6) can be neglected.
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Figure 3.2: Orange: Cavity re�ection
�
�r (! )

�
�2. The negative linear slope of the er-

ror signal around the cavity resonance frequency is used to stabilize the laser-cavity

system. Blue: Normalized Pound-Drever-Hall error signal for high modulation fre-

quencies
 > � .

Now, looking at the leftover term oscillating at the modulation frequency, plotted in Figure

3.2, we see that it successively produces a linear slope when! � ! cav and is thus a valid

error signal. This is the so called Pound-Drever-Hall error signal and can be extracted

by demodulation. Demodulation is performed by multiplying the cavity re�ection output

with a signal oscillating at the modulation frequency, which produces a DC component

proportional to the error signal. Finally, the DC component is singled out with a lowpass

�lter.

3.1.2 Homodyne detection

The micromechanical systems discussed in Section 3.3.1 exhibit oscillating motion with

amplitudes in the nm range. This motion has to be accurately monitored to examine the

mechanical properties of the optomechanical system. In this section, we discuss how the

motion of the micromechanical system can be mapped as phase noise on the optical �eld

and subsequently monitored usingHomodyne Detection.

We remind ourselves of the canonical optomechanical system in Figure 2.7 where the

intracavity �eld impinges parallel to the motion of the back mirror of the cavity. Due to

the time-dependent displacement of the mirrorx(t), the distance travelled by the light that

enters the cavity and re�ects o� the moving mirror will also depend on time. The di�erence

in path length is thus mapped onto the phase of the re�ected �eld � � (t) = 2 kx(t), where

k is the wave vector of the incident light and the factor 2 accounts for the re�ected wave

travelling the extra path length twice. This mapping allows for inferring the back mirror

movement by monitoring the phase of the re�ected light.
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3.1. Optical measurement and locking techniques

To measure the phase of the light re�ected o� the optomechanical system, an interferomet-

ric system using a reference beam referred to as thelocal oscillator (LO) is used. We now

introduce a detection scheme that uses an LO with strong coherent amplitude to monitor

the phase quadrature of a signal beam. When the frequency of the LO is equal to that

of the signal beam the detection scheme is called homodyne detection (HD), otherwise we

refer to it as heterodyne detection.

Figure 3.3: Standard homodyne detection setup. The power output of a laser is split

on a 99:1 BS, sending 99 % to the LO arm and 1 % to the signal arm. The signal

arm interacts with the system under study while the LO picks up a phase� before

they are recombined on a 50:50 BS and detected on PDs D1 and D2. The current

I � (t) is simultaneously monitored and used as error signal for locking to the phase

quadrature of the signal.

The standard HD setup is presented in Figure 3.3. The output of a laser diode is split on

a 99:1 beamsplitter (BS) sending 99% of the light to the LO arm and 1% to the signal

arm. The beams are redirected through separate paths, where the signal arm is allowed

to interact with the optomechanical system and the LO gathers a variable phase� , before

being recombined on a 50:50 BS. The output of the 50:50 BS is detected with two photo

diodes (PD) D1 and D2. The complex amplitude of the signal (LO) arm before hitting

the 50:50 BS is denoted� sig(t) (� LO (t)) and are given by

� sig(t) = � sig + �X sig(t) + i �Ysig(t) ;

� LO (t) =
�
� LO + �X LO (t) + i �YLO (t)

�
ei� :

(3.8)

In this description, we assume that both arms have large and time-independent coherent

amplitudes � sig; � LO 2 R compared to the associated amplitude and phase quadrature

noise terms�X; �Y . In addition, due to the 99:1 BS we have
�
� � sig

�
� � j � LO j. As discussed

above, the mechanical displacement noise of the optomechanical system is stored in the
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3. Experimental methods

phase noise of the signal arm�Ysig(t), which therefore is the variable of interest.

To calculate the intensities on the two PDs we propagate the amplitudes of the signal and

LO arm through the 50:50 BS which gives [27]

� D1(t) =
1

p
2

(� LO (t) � � sig(t)) ;

� D2(t) =
1

p
2

(� LO (t) + � sig(t)) ;
(3.9)

where the minus sign in the �rst equation is picked up due to the re�ected part of the

signal arm being assumed to re�ect o� a medium with high refractive index. Now, taking

the di�erence of the photo currents of D1 and D2 while only keeping terms proportional

to � LO due to the intensity di�erence between signal and LO arms we get

I � (t) =
�
� � D2(t)

�
�2 �

�
� � D1(t)

�
�2 = 2Re

n
� �

sig(t)� LO (t)
o

�

2� LO � sig cos(� ) + 2 � LO
�
cos(� )�X sig(t)) + sin( � )�Ysig(t)

�
:

(3.10)

Looking at the above equation we see that there are DC and AC signal components.

The DC component and the amplitude quadrature noise of the signal arm is proportional

to cos(� ), whereas the signal phase quadrature is proportional tosin(� ). Therefore, by

setting the tunable phase di�erence � = �= 2 by locking to the phase for which the DC

signal component vanishes, the currentI � (t) successfully monitors the phase noise of

the signal arm which, in addition, is proportional to the intensity of the strong LO arm.

Keeping the phase� constant at the desired value is, once again, a system control problem

that can be solved by a PID feedback loop as discussed in Section 3.1.1.

3.2 Experimental measurement setups

To successfully readout membrane mechanics under cavity optical in�uence, the experi-

mental techniques described in Section 3.1 must be properly implemented while monitoring

of all relevant information. Simultaneously, the setup must be isolated from external noise

sources which may interfere with measurement outcomes. In this section, the experimental

setup aimed to accomplish this is presented. A more detailed explanation of the free space

optics part of the setup is given in Appendix ??.

3.2.1 Optical characterization of photonic crystal resonators

The optical response of the devices must be investigated in order to locate the wavelength

regime of maximal re�ectivity. The relevant quantity to measure is the total device re-

�ectivity, which de�nes the quality of an optical resonator formed with the devices. To

characterize the optical properties an additional setup is used which was designed in a

previous work done by Karim Elkhouly [41] and Sushanth Kini [20].

The measurement setup is presented in Figure 3.4 and is designed to monitor the inten-

sity ratio between the light re�ected o� the device under study and a reference beam.
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3.2. Experimental measurement setups

Figure 3.4: Schematic of the re�ectivity measurement setup. A tunable laser is sent

through a Half Wave Plate (HWP) and PBS to split half of the incoming power to a

reference arm and half to the sample. Using a Quarter Wave Plate, the polarization

of the re�ected light is rotated 90 � allowing the re�ection to be redirected to the

re�ection arm. The power of the reference and re�ected signals are picked up by two

PDs and subsequently monitored by a PC. Figure taken from [20].
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Wavelength-dependent re�ectivity is recorded by varying the output wavelength of the

tunable laser. The results of measurements are normalized to the re�ectivity of a sil-

ver mirror with a known re�ectivity curve. For more information on the setup, see the

supplementary information of [20].

3.2.2 Mechanical characterization of photonic crystal resonators

Before investigating how coupling to an intracavity light �eld a�ects membrane mechan-

ics, the unperturbed system must �rst be fully understood. This is done by mechanical

characterization using homodyne detection, described in Section 3.1.2. The experimental

setup that accomplish this was developed in previous work done by Karim Elkhouly [41]

and Sushanth Kini [20].

The setup is presented in Figure 3.5 which adopts the homodyne detection technique to

read out mechanics of the micromechanical membranes while placed in a vacuum chamber

where pressures drop to� 10� 4 mbar. The device chips can be moved inside the vacuum

chamber by using a piezo-actuated translation stage, which allows for sub-micrometer

xyz-translations. Using the translation stage, the measurement laser can be focused on

the device where mechanics is to be measured. The homodyne signal is read by a balanced

photo diode and displayed on a spectrum analyzer (SA).

Figure 3.5: Schematic of the mechanical characterization setup. The measurement

laser is split up on a 99:1 beam splitter (BS) into signal and local oscillator arms.

The signal arm is focused down on the micromechanical membranes placed on axyz-

translation stage in high vacuum (� 10� 4 mbar) to reduce viscous damping. The

homodyne signal is generated by mixing the local oscillator and signal arms on a

50:50 beam splitter and reading with a balanced photo diode. The result is displayed

on a spectrum analyzer. Figure taken from [20].
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The measurement results are displayed as power spectral densities where the harmonic

motion of membrane eigenmodes are displayed as peaks in the spectrum, see Section

2.1.1. A typical spectrum is presented in Figure 3.6 where three di�erent traces can be

seen. The blue trace represents the noise level of the SA, while the cyan curve shows

the electronic noise level in the detector ampli�er circuit. Activating the laser output

and homodyne detection generates the orange trace, where three membrane mechanical

modes are visible above 500 kHz. Lower frequency peaks is assumed to originate from self

oscillations in the PID loop which stabilizes the length of the local oscillator arm.

Figure 3.6: Typical noise power spectrums for the mechanical characterization setup.

The blue trace represents the noise level of the spectrum analyzer, while the cyan curve

shows the electronic noise level in the detector ampli�er circuit. Activating the laser

output and homodyne detection generates the orange trace where three membrane

mechanical modes is clearly visible above 500 kHz.

3.2.3 Optomechanical readout

Presented in Figure 3.7 is the measurement setup performing optomechanical readout.

A continuously tunable telecom laser (Toptica CTL 1550-027126) outputs laser in the

1520-1630 nm wavelength range which is split into LO and signal arms by an in-line

50:50 BS. The signal arm is phase modulated in an in-line Electro Optical Modulator

(EOM, iXblue MPZ-LN-10) before getting coupled to free space for mode matching to

the cavity. The cavity re�ection is redirected by an optical circulator and sent to readout.

The readout beam is �rst split on a Polarizing Beam Splitter (PBS) which, along with a

�= 2-retardation plate, allows for variable power distribution between the PDH and HD

loops. This is crucial for keeping the ratio between the LO and signal arms in the correct

range as discussed in Section 3.1.2.
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Figure 3.7: Simpli�ed schematic for the experimental setup used to probe the optome-

chanical system. Blue lines correspond to in-�ber laser propagation, whereas red lines

depict free space propagation. The laser output is immediately split up into signal

and LO arms for HD readout. The signal arm is phase-modulated before being sent

to the cavity. The re�ection is split on a PBS for closing both the PDH and HD loops.

The phase noise of the signal arm is read out on a Spectrum Analyzer (SA). EOM =

Electro Optical Modulator, BPD = Balanced Photo Diode, BS = Beam Splitter.

The PDH loop is closed by detecting the laser power on a PD and feeding the output

to a mixer where it is demodulated by the signal generator driving the EOM (Keysight

33500B). The demodulated signal is fed to a PID which controls the laser wavelength

output (Toptica DLC pro) or the cavity piezo (Toptica Regulator PID110).

The other output port of the PBS is coupled back into optical �ber and is combined with

the LO on a Balanced Photo Diode (BPD) which converts the current I � (t) into a voltage.

The homodyne signal containing the phase noise of the signal arm is both monitored on

a Spectrum Analyzer (SA, Keysight MXA N9020B) and sent through a PID (Toptica

Regulator PID110) to control the in-line variable phase � of the LO.

3.2.4 Cavity optical mode matching

As discussed in Section 2.2.3, a high �nesse cavity operates as both a spatial and spectral

�lter. This fact implies that for the cavity resonant mode to be excited by an external light

source, the spectral and spatial conditions of the cavity must be met. An input optical

�eld which deviates from the spatial mode of the cavity will be decomposed into the basis

modes of the cavity and therefore only part of the input power will be resonant with the

cavity at a given frequency (see Figure 2.6). For a single Hermite-Gauss mode input �eld

to be fully coupled to the corresponding cavity mode, perfect mutual alignment between

the modes is required. The alignment can be broken down into three conditions required

for the input optical �eld:
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ˆ optical axis transverse aligned to cavity optical axis,

ˆ position of focus along optical axis matched to cavity resonant mode,

ˆ size of focus matched to cavity resonant mode.

Failure to reach the above stated conditions will split the input power into several spatial

modes, thus wasting optical power [42].

Figure 3.8: Cavity mode matching setup. The input mode size at the cavity back

mirror is controlled with a telescope with magni�cation M and a focusing lens with

focal length f . The transverse and angular alignment of the input beam is controlled

with two adjustable mirrors.

To satisfy the above conditions of the resonant cavity mode, a mode matching setup is

used. The principles of the setup are presented in Figure 3.8. A single-mode output laser

that excites the fundamental Gaussian mode (2.37) is coupled to free space for further

mode manipulation. The coupling between single-mode �ber and free space is performed

by a Triplet Collimator (TC12APC-1550) which outputs a collimated beam with radius

1.135 mm. To achieve angular and transverse alignment of the input �eld two mirrors

mounted on sensitive adjustable mirror mounts are used. To match the radius of the

cavity resonant mode, calculated to be 25� m, a telescope with magni�cation M = 3 is

used along with a focusing lens withf = 150 mm. The focal distance of the focusing lens

is lower bounded by the cryostat geometry that does not easily allow for additional optical

components in the sample chamber. With such a weak focusing lens, a large input beam

is required to achieve the desired focus at the cavity back mirror. This is not bene�cial

due to risks of clipping losses on free space optical components. This can be avoided by

integrating a small diameter focusing lens that can �t inside the cryostat sample chamber

in a future setup.

3.2.5 Imaging

As discussed in previous sections, the size of the intracavity mode as well as the micro-

mechanical membranes are in the� 10 � m range which sets the scale on the alignment

conditions when investigating a certain membrane on a chip. To decide on which device to

perform measurements, proper imaging has to be implemented which allows for monitoring

the intracavity mode. This is a challenge due to the samples being positioned behind the

incoupler mirror of the cavity. However, the anti-re�ection (AR) coating of the incoupler
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mirror has its high re�ectivity band in the telecom wavelengths and is thus partially

transparent in the visible spectrum. This allows for using a camera to monitor the devices

inside the cavity. To achieve good image quality inside the cavity on the� m range a

Figure 3.9: Imaging setup using Köhler illumination. A white light source (LED)

is collimated by f 1 and subsequently focused byf 2 onto the back focal plane off 3.

The focusing lensf 3 collimates the image of the sample which is �nally focused by

the objective lens f 4 on the Complementary Metal Oxide Semiconductor (CMOS)

camera.

telescope with Köhler illumination is used, the principles of which is shown in Figure 3.9.

A white light LED is used to uniformly illuminate the sample inside the cavity. This is

achieved by �rst collimating the output of the LED with the lens f 1 and then focusing on

the back focal plane off 3 using f 2. This creates a collimated light beam which uniformly

illuminates the sample. The image of the sample is then collected byf 3 and redirected

through the 50:50 BS into the objective lens which focuses the image on the objective.

The image is picked up by a Complementary Metal Oxide Semiconductor (CMOS) camera.

The magni�cation M of this setup is de�ned by the lensesf 3 and f 4 and is given by

M =
f 4

f 3
: (3.11)

Because of the CMOS' insensitivity to telecom wavelengths which is used for mechanical

readout, the optical mode inside the cavity is not visible on the images. To solve this issue,

an additional laser is used which helps with orientation on the sample chip. The laser is

inserted into the �ber path of the signal arm before being coupled to free space using

a wavelength division multiplexer. The additional laser is a 980 nm LED with variable

output power. Due to the extensive free space optical path, optimized for 1550 nm, (see

Appendix A) the orientation laser is heavily attenuated due to scattering and requires

high input power for the CMOS to pick up a readable signal.

In the current setup, the focusing lens f 3 is multi-purposed, providing both focus for
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the imaging and the right mode matching conditions of the cavity coupling. Due to the

di�erence in wavelength, (telecom and visible) the optical components cannot be optimized

for all purposes. In this setup, the measurement setup is prioritized, and the lensf 3 is

thus AR coated for 1550 nm, which will cause re�ections in the visible spectrum. The

e�ective focal distance of the lenses will also vary between the arms due to the frequency

dependent index of refraction of the fused silica lenses. In addition, the 1550 nm optimized

incoupler mirror will induce aberrations in the image as well as additional re�ections. The

e�ect of this is a partly compromised image quality with a lot of potential improvements

such as �ltering the white light to reduce unwanted re�ections.

3.3 Optomechanical system design

In this section, I introduce the designs of the optical and mechanical systems that are used

throughout all measurements. We �rst present the GaAs micromechanical resonators made

from AlGaAs heterostructures and �nish with introducing the 10 mm long hemispheric

Fabry-Pèrot cavity in which the devices can be integrated to form the optomechanical

system.

3.3.1 Fabrication of high quality micromechanical resonators

The micromechanical systems used in this work are fabricated from AlGaAs heterostruc-

tures and are designed for high mechanical quality factors and optical re�ectivities. The

manufacturing process begins by epitaxially growing an AlGaAs heterostructure on a

GaAs substrate using molecular beam epitaxy (MBE). Firstly, a sequence of AlGaAs,

GaAs layers are grown to create a Distributed Bragg Re�ector (DBR) optimized for high

re�ectance at telecom wavelengths. Next, a 730 nm thick AlGaAs sacri�cial layer is grown

on top of the DBR. Lastly, the 100 nm device layer of GaAs is grown, which completes

the heterostructure. For wafers with double layer devices, another sequence of sacri�cial-

/device layers is grown on top of the structure. The thickness of the sacri�cial layer is

chosen to achieve a transmissive stack of re�ectors [17]. Following the MBE, the PhC

Figure 3.10: The process used to fabricate the GaAs PhC membranes on an epitaxially

grown AlGaAs heterostructure. Courtesy of Sushanth Kini.

membranes are patterned onto the 100 nm thick GaAs layers. The �nished devices are

circular, suspended GaAs membranes varying in size from 50 to 77� m in diameter. The

devices are fabricated by the process shown in Figure 3.10. The wafer is �rst spin-coated
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with resist (red) on which the device patterns are exposed using electron beam lithography.

The �rst etching process is a Reactive Ion Etching (RIE) where the devices are etched

into the upper layers of GaAs. After etching, the top resist is removed with a chemical

remover (MICROPOSIT Remover 1165). Next, the sacri�cial layers are removed with a

Hydro�ouric (HF) acid based wet etch. Etch remnant salts such as AlF and AlHO on

the device is removed by cleaning the sample in potassium hydroxide (KOH). The last

fabrication step is drying the sample with CO2 critical point drying, which protects the

membranes from collapsing due to surface tension forces while drying. The PhC pattern

is optimized for a high re�ectivity in the 1520-1540 nm wavelength range by choosing

appropriate PhC lattice constant and hole radius. The lattice has a square structure with

lattice constant a = 1081 nm and radius r = 455:5 nm.

Figure 3.11: a. Tilted SEM image of a 100 nm thick suspended GaAs membrane

attached to the surrounding substrate by eight tethers. b. Side view of a stack of

GaAs suspended double layer rectangular membranes with a vertical separation of

� 732 nm. Courtesy of Sushanth Kini and Anastasiia Ciers.

3.3.2 Optical cavity design

The optical cavity used during this work is a monolithic copper structure designed for

mechanical rigidity to provide stable optical resonances. A cross-section view of the cavity

is presented in Figure 3.12. The laser enters from the left and encounters the spherical

fused silica incoupler mirror. The left (right) side of the mirror is anti- (high) re�ection

coated for telecom wavelengths. The total losses through transmission and scattering of

the high re�ectivity coating for telecom wavelengths is � 10� 20 ppm.

Next, the laser encounters the5 � 5 mm2 AlGaAs sample containing a matrix of etched

membrane devices, see inseta. of Figure 3.12. The surface of the sample is on a distance

L = 9 :84 mm from the incoupler mirror, which allows for calculating the spotsize of the

intracavity Gaussian mode according to (2.36). Given the radius of curvaturer = 10 mm

of the incoupler mirror and a laser wavelength of 1550 nm, the radius of the intracavity

focus is calculated tow = 25 � m, which is in the same length scale as our devices. However,
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Figure 3.12: Cross-section view of the monolithic optical cavity design. The laser

input enters from the left and impinges on the Ø= 12:7 mm incoupler mirror (light

gray). The light entering the cavity focuses down on the sample chip (dark gray)

which is clamped to a copper adapter. The copper adapter is in turn glued along

with a ring piezo actuator (blue gray) to the cavity back wall. Insets: a. Optical

micrograph of device matrix b. Ring-piezo controlling the cavity length, length unit

= mm.

47



3. Experimental methods

due to the Gaussian nature of the beam, clipping lossesL cl are introduced [43]

L cl = e
� 2 D 2

(2 w ) 2 ; (3.12)

where D is the diameter of the membrane. For membranes studied the diameter isD �

80 � m which gives L cl � 6000 ppm. Note that this assumes that the �eld exceeding the

extent of the membrane vanishes, which most likely is not the case for our samples due to

the re�ectivity of the underlying DBR. However, phase di�erences in the �eld re�ecting

of the devices and sample substrate can induce similar losses.

The length of the cavity can be controlled electronically with the use of a piezo-electric

ring, see insetb. of Figure 3.12, that connects the sample adapter and the back of the

cavity. Connecting the piezo to a voltage source allows for scanning the cavity length by

up to � 4 � m at room temperature.

The back wall of the cavity is clamped onto the body of the cavity with four M3 screws

with concentric springs. The springs keep the back wall �xed to the cavity along the

optical axis of the incoming light. However, extra screw clearance in the back wall allows

for transverse movement of the back wall, o�ering a way of choosing between devices on

sample chips.

The cavity is placed within an attoDRY800 cryostat to allow for high vacuum environ-

ments, which reduces viscous damping of the membrane mechanics caused by atmospheric

molecules. During experiments, the pressure in the chamber is� 10� 4 mbar. The cryostat

can also be used to cool down the optomechanical cavity to cryogenic temperatures of� 4

K. This was however not the focus of this thesis.
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This thesis is centered on implementing the �rst steps towards realizing an optomechanical

system with micromechanical multi-element resonators. This chapter presents the mea-

surement results for the optical and mechanical properties of the devices. Furthermore,

I discuss the results gathered with the optomechanical setup. The performance of the

optomechanical system is analyzed and improvements are discussed.

4.1 Suspended photonic crystal structure resonators

The suspended GaAs membranes are an integral part of both the optical and mechanical

degrees of freedom in our optomechanical system. Thus individual membrane properties

must be well known before they are integrated into a macroscopic optical cavity for op-

tomechanical readout. In this section, the optical and mechanical characterization of two

devices are presented. Scanning electron micrographs of the considered geometries are

shown in Figure 4.1 . Panel(a) shows a Single-Layer (SL) device on top of a DBR mirror

whilst panel (b) depicts a Double-Layer (DL) device. The diameter of the devices are 77

� m for SL and 80 � m for DL, respectively. The DL device is not fabricated on top of a

DBR mirror and thus only has an underlying GaAs substrate. This is a crucial di�erence

between the two samples which will become apparent in the optical characterization of

the devices. Part of the characterization data was gathered before the start of this thesis

and is credited to Sushanth Kini and Anastasiia Ciers.

4.1.1 Optical characterization

As seen in Section 2.2.1, a high �nesse optical cavity is formed from two highly re�ective

mirrors. High �nesse cavities show narrow linewidths� which, along with high mechanical

frequency, would allow to reach the sideband resolved regime of optomechanics and achieve

e�cient sideband cooling of mechanical modes. If sideband resolution is not achieved,

feedback cooling can be utilized to reach the quantum ground state of motion. Regardless

of sideband resolution, knowing the re�ectivity of the devices is crucial to being able to

avoid impedance mismatch for the optomechanical cavity. Therefore, the re�ectivity of

the devices considered for optomechaincal experiments is characterized. The re�ectivity

spectrum is measured by methods described in Section 3.2.1.

The re�ectivity spectra for the considered devices along with a DBR mirror reference sam-

ple are presented in Figure 4.2. Solid lines represent measured data, whilst dashed lines
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