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Entropies of weakly adsorbed molecules beyond the harmonic approximation
OLOF CRONQUIST
Department of Physics
Chalmers University of Technology

Abstract
Adsorption processes and reaction kinetics are described by the free energy. While
the enthalpy contribution to the free energy can be evaluated with reasonable ac-
curacy thanks to the developments of density functional theory (DFT), methods
to accurately describe the entropy contributions are in many cases missing. One
important example is adsorption in zeolites where some adsorbates are physisorbed,
which is a state where the common harmonic approximation, as well as more sophis-
ticated methods, can not accurately describe the entropy. Zeolites are crystalline
microporous materials and have many applications, for example as catalysts. An
important catalytic reaction over a zeolite material is selective catalytic reduction
of NOx with ammonia as reducing agent (NH3-SCR).

In this thesis, the entropy of species related to the NH3-SCR reaction is explored
using two different methods, namely Complete Potential Energy Sampling (CPES)
and Thermodynamic Integration (TI). Both methods rely on potential energy sur-
faces that are obtained with DFT calculations. In CPES, the full multidimensional
potential energy surface is sampled by, for example, metadynamics. In TI, the
starting point is the harmonic reference system to which calculates anharmonic cor-
rections to the free energy are evaluated. Successful implementation of each method
was demonstrated by reproducing results from previous works. When applicable,
entropies were compared to experimental data, where only CPES showed to be in
good agreement. However, free energy is the primary result of TI and our results
are in good agreement with experimental data for the free energy and it is uncer-
tain whether the entropy extraction, underlying method, or simulation setup is the
culprit of TI. The results presented in the thesis increase the general understanding
of entropies of weakly adsorbed molecules and, in particular, the understanding of
entropy changes along the NH3-SCR reaction.

Keywords: entropy, free energy, adsorption, anharmonicity, van der Waals, zeolites,
Complete Potential Energy Sampling, Thermodynamic Integration
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1
Introduction

Utilizing catalysis to enhance desired chemical reactions is important to our society,
and understanding the underlying mechanisms of catalysis is desirable to be able to
tune the materials properties of the catalysts. A promising group of catalysts is zeo-
lites, a crystalline microporous material. Zeolites are used in heterogenous catalysis
while having some properties of homogenous catalysts, so they have high e�ciency
and selectivity and are also easily separated from the reactants and products [13].

However, in comparison to a surface substrate, the description of the adsorbate state
and the free energy of adsorption is more complicated because the adsorbed molecule
is con�ned inside the three-dimensional cage-like framework structure of the zeolite
substrate. When con�ned in a zeolite pore, some adsorbates are merely bound to
the zeolite with weak van der Waals (vdW) interactions [1]. Those adsorbates have
larger translationally and rotationally mobility than that of an adsorbate that is
bound to a surface with a strong, chemical bond, i.e. a covalent or ionic bond.
Thus, it is di�cult to accurately determine the entropy, a quantity very much de-
pendent on the freedom of the adsorbate. For example, it seems as the harmonic
approximation that is often used, for some adsorbates fails to describe the entropy
of a molecule in a zeolite [32].

Entropy is part of the free energy, which is the main descriptor of stability of states
and phases and is required to explain, for example, reactions kinetics. Reaction ki-
netics explains which reactions that take place and at which rate the reaction occurs.
In other words, accurate entropies are essential to model and describe the adsorption
process. The in�uence of entropy is illustrated in �g. 1.1. Two phase diagrams are
shown in which the adsorbed molecule keeps30%and 60%of its gas phase transla-
tional and rotational entropy when adsorbed. The diagrams di�er vastly, indicating
the need for accurate entropies.

An application of zeolites is the Ammonia assisted selective catalytic reduction
(NH3 SCR) where NH3, NO and O2 are transformed to N2 and H2O. NH3 SCR is,
for example, used to control emissions from "lean burn" engines. The zeolite used as
catalyst is the copper exchanged SSZ-13 (denoted Cu-CHA). Unfortunately, a side
reaction of NH3 SCR is the production of N2O, a potent greenhouse gas [13]. We
want to accurately understand the mechanisms of the reaction so that the zeolite
material can be tuned to limit the production of this unwanted side product.
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1. Introduction

Figure 1.1: Phase diagrams illustrating the sensitivity on entropy. Adapted from
[9].

1.1 Current methods to evaluate entropy

Various methods to calculate the entropy of adsorbates exist, ranging from simple to
more advanced. As mentioned earlier, the harmonic approximation (HA) is a simple
and common method to estimate the entropy, where translational and rotational de-
grees of freedom are approximated as vibrations [32]. Other approximations are the
free translator (FT) and hindered translator (HT) approximations [33]. These are
illustrated in �g. 1.2, along with the more sophisticated method Complete Potential
Energy Sampling (CPES). With CPES, the full multidimensional potential energy
surface is constructed, here in two dimensions, from which the entropy can be de-
termined. A visualization of the models HA, FT, HT and CPES for CO adsorbed
on a Pt surface is seen in �g. 1.3.

An additional method is Thermodynamic Integration (TI). The implementation of
Thermodynamic Integration by Amsler et al. (2021) [1] utilizes translationally and
rotationally invariant internal coordinates. The method starts from the harmonic
approximation and calculates the harmonic free energy. Molecular dynamics sim-
ulations are in a second step used to evaluate anharmonic corrections to the free
energy. Further, vibrational modes are also used by Galimberti and Sauer (2021)
[21], where they �nd the vibrational density of states (VDOS) from molecular dy-
namic simulations and integrate the VDOS to gain more accurate vibrational free
energies of adsorption.

A pragmatic approach by Feng (2021) [14], involves �tting a scaling factor to ad-
sorption experimental data, in this case temperature programmed desorption, and

2



1. Introduction

Figure 1.2: Schematic illustration of the potential energy landscape for translation
in (a) the free translator model, (b) the harmonic approximation, (c) the hindered
translator model, and (d) CPES. With permission from ref [31]. Copyright 2019
Mikkel Jørgensen.

Figure 1.3: Illustration of di�erent models the models HA, FT, HT and CPES
used to calculate the adsorption entropy of CO adsorbed on a Pt surface. With
permission from ref [33]. Copyright 2017 American Chemical Society.

scaling the gas phase entropy accordingly for all adsorbate states to get an estimate
of the entropy.

1.2 Aim of thesis

In this thesis, emphasis is put on estimating adsorbate entropies where anharmonic-
ity is accounted for with the more advanced methods CPES and TI. The aim is
to implement these methods satisfactorily and evaluate their accuracy and suggest
further improvements. Speci�cally, zeolites and molecules associated with the am-
monia assisted selective catalytic reduction (NH3 SCR) over Cu-SSZ-13 (Cu-CHA)
will be considered. However, as the description of adsorbate entropies in zeolites is
a general issue, understanding will a�ect a range of reactions such as, methane to
methanol, and a range of selective transformations.

CPES speci�cally, builds upon the work of Jørgensen, Chen and Grönbeck (2018)
[32] and Edenborg (2019) [12]. Where, in the �rst paper, CPES for zeolite systems
in combination with sampling the PES with help of Monte Carlo sampling was intro-
duced. In the second paper, molecular dynamics, and in particular metadynamics,
were used to sample the local minima of PES. In this thesis, combining metadynam-
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1. Introduction

ics and CPES will be continued. While for TI, the aim is to successfully reproduce
the results in the TI reference article [1], as well as implement the method for the
more complex system [Cu(NH3)2]

+ @CHA .

1.3 Scope

This thesis is limited to calculating the entropy for the selected systems N2 and
[Cu(NH3)2]

+ adsorbed in SSZ-13 with Si/Al ratio 11/1. Although, the primary
result of TI is the free energy and is therefore also calculated. To demonstrate
the implementation of the methods additional systems are also studied, that are
reproduced from previous implementations. N2 adsorbed in chabazite silicalite, N2
@CHA SiO2, is also studied with CPES, and an HF molecule with TI.
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2
Theory

In this chapter, the fundamentals of statistical physics and speci�cally the concept
of entropy will be presented. The two methods investigated, CPES and TI, are
introduced. Moreover, molecular dynamics (MD) which both methods use is intro-
duced, as well as metadynamics (MTD) which is an extension of MD and is used in
CPES. Furthermore, the theory behind density functional theory used for electronic
structure calculations is brie�y discussed.

2.1 Molecular dynamics

Molecular dynamics (MD) is a numerical tool to calculate the time evolution of the
movement of atoms and molecules by solving the classical equations of motion. For
example, equilibrium and transport properties can be simulated using MD [18]. In
other words, one does "experiments" on a computer. With positionr , velocity v
and accelerationa of an atom at time t and with an integration time step � t, the
most common integration scheme is the velocity Verlet algorithm, given by [18]

v(t + � t=2) = v +
1
2

a(t)� t

r (t + � t) = r (t) + v(t + � t)� t

v(t + � t) = v(t + � t=2) +
1
2

a(t + � t)� t:

(2.1)

The accelerationa(t) = F =m, whereF is the force acting on the atom andm its
mass. The forces can be given by some analytical functions, also known as force-
�elds. If the potential is V(r ), the force on an atom is given byF = � @V(r )

@r . The
forces can also be determined quantum mechanically using density functional theory
(DFT), described below in section 2.2. Molecular dynamics driven by forces from
DFT is called ab initio MD (AIMD), while MD with potentials is called classical MD.

Often one is interested in doing the MD simulation at a speci�c temperature. The
velocity Verlet algorithm above describes dynamics in the microcanonical ensemble
(NVE), where the number of particles, volume and energy is kept constant. The
concept of ensembles is discussed more thoroughly later in section 2.4. To control the
temperature, the canonical ensemble (NVT) can be used, where the number of parti-
cles, volume and temperature are constant, and a so called thermostat is used for this
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2. Theory

purpose. It is important to allow the temperature to stabilize, known as equilibra-
tion, and discard this data in the analysis. In this thesis, two thermostats are used,
Andersen [2] and Nosé-Hoover [26, 27]. The Andersen thermostat is stochastic and
models particles from a �ctitious heat bath at a chosen temperature, that randomly
collide with particles in the system. The hit particles immediately get assigned a
new velocity from the Maxwell-Boltzmann distribution at the chosen temperature.
The collision probability parameter must be set by the user [19]. Nosé-Hoover on the
other hand is deterministic, where an additional coordinate in the Lagrangian and
Hamiltonian is introduced, that is coupled to a heat bath. The coupling strength is
a parameter [19].

2.2 Density function theory

The electronic structure of a system is within quantum mechanics described by the
time independent many-body Schrödinger equation

Ĥ 	 = E	 (2.2)

whereĤ is the Hamiltonian of the system,E the eigenvalues and	 the eigenfunc-
tions, also known as the wave function. To solve the Schrödinger equation for a
system more complex than a hydrogen atom is practically very di�cult, therefore
various approximations are used to solve this many-body equation [47]. A �rst ap-
proximation is the Born-Oppenheimer approximation where the heavy nuclei are
considered to be �xed while the low mass electrons move fast in the nuclei's electro-
static �eld. The electronic structure is left to be solved. However, the Schrödinger
equation is still di�cult to solve for more than one electron [47].

To get the actual DFT formalism, the work of Hohenberg, Kohn and Sham is re-
quired [25, 34]. In short, instead of solving for the wave function	 , the electron
density can be used to calculate the electronic energy while preserving the many-
body e�ects. Furthermore, the Kohn-Sham approach with one electron orbitals is
introduced, where the density is [47]

n(r ) =
X

i

j i j
2 (2.3)

and the energy is given by the functional

E[n] = T[n] + J [n] + Vext [n] + Vxc[n]: (2.4)

HereT[n] is the kinetic energy of the non-interacting particles,J [n] is the electron-
electron Coloumb interaction, Vext [n] is the nuclei-electron potential energy and
Vxc[n] is the exchange-correlation energy. The �rst three terms are known and have
explicit expressions, while the exchange-correlation term must be approximated.
The equation to be solved is the Kohn-Sham equation, which includes the energy
contributions just mentioned. The equation is solved self-consistently since the so-
lution n(r ) is required to calculate the energy, which in turn is required to calculate
the solution. The equation is therefore solved with an initial guess ofn(r ) and the
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2. Theory

solution is iterated in a self-consistent �eld (SCF) loop until a convergence criterion
of the energy is met [47].

The exchange-correlation termVxc[n] is di�cult to describe, and in this thesis, van
der Waals interactions are of great importance and are incorporated in this term.
As well as the description of highly localized electrons, in this thesis important for
the copper complex [Cu(NH3)2]

+ , is included in the exchange correlation term with
a so called Hubbard term [13], which is further described in the method chapter.

2.3 Metadynamics

Metadynamics (MTD) is an MD technique to enhance the exploration of the free
energy surface (FES) of some coordinate, or coordinates, of interest [39]. The coor-
dinates of MTD are called collective variables (CV), denoted� , and might consist
of combinations of primitive coordinates, such as interatomic distances, angles and
cartesian coordinates. By continuously adding, on-the-�y, gaussian bias potentials
to the FES of the CV during the MD simulation, local (and global) minima can be
escaped and other unfavourable meta-stable states might be reached, that otherwise
would be unvisited due to large energy barriers [7]. By adding bias potentials, the
particle/atom/molecule can be seen as �oating up from the bottom of its initial
energy well, so after some time being able to move to another well.

In practice, MTD is implemented with a time dependent potentialVbias(t; � ), where
t is time and � the CV, that is updated by adding a gaussian with a time increment
tG as the place of� at time it G as follows [30]

Vbias(t; � ) = h
t=t GX

i =1

exp

(

�
j� (t ) � � (i _tG ) j2

2w2

)

: (2.5)

In other words, where� often visit, most gaussians are added. In eq. (2.5),h is
the height and w the width of the gaussians. These parameters, as well astG can
be changed during the MTD simulation. The bias potentialVbias(t; � ) is added to
the Hamiltonian of the original, unbiased, systemH(r; p), wherer is position andp
momentum. The resulting Hamiltonian for the MTD is then [30]

H MTD (r; p; t ) = H(r; p) + Vbias(t; � ): (2.6)

MTD is mostly used to construct a FES, where the free energyA is reached as
t �! 1 , A(� ) = � lim t �!1 Vbias(t; � ) + C, where C is a constant. To succeed
with such MTD simulation, often meticulous care must be taken when choosing
CV and the parameterstg; h and w [7]. Adding too large gaussians too often will
result in a FES where not all details are captured. Adding instead adding too small
gaussians will require long simulation times. However, in this thesis the FES is not
of interest, but the potential energy surface (PES). Therefore, it is not crucial to
select the perfect parameters, since the PES is calculated separately from the added
bias potential, but still is it desirable to sample the PES as e�ciently as possible
and also avoid missing local minima.

7



2. Theory

2.4 Statistical mechanics and entropy

Systems in nature are often too large and complex to analyze exactly in detail.
Examples of such systems could be an ice cube, a magnet or a crowd of people.
However, it is not feasible to solve for the behaviour of every atom in the ice cube,
every electron in a magnet or every person in a crowd. Therefore, we use statistical
mechanics to explain the macroscopic behaviour of large complex systems and model
the microscopic complexities. In statistical mechanics, the behaviour of a single
system is not studied either, but a collection of identically prepared systems, a so
called ensembleof systems. The ensembles are isolated from the external world to
some degree and there are di�erent types of ensembles that di�er in their interaction
and coupling to the external world. An ensemble has an associated free energy that
describes the physical behaviour [45]. One important ensemble is the canonical
ensemble (NVT) with a constant number of particlesN , volumeV and temperature
T. What constant temperature means is that the ensemble is coupled to a heat bath
with constant temperature and that the ensemble is in thermal equilibrium with the
heat bath. The associated free energy to the canonical ensemble is Helmholtz free
energy

A = U � TS (2.7)

where U is the internal energy andS the entropy. Another ensemble is Gibbs
canonical ensemble (NPT), which is similar to the canonical ensemble but with
constant pressureP instead of constant volumeV, so in Gibbs canonical ensemble
the volume can change. The Gibbs free energy is given by

G = H � TS

= U + PV � TS

= A + PV:

(2.8)

The enthalpy H includes the internal energyU and a PV term. Properties of the
system are derived from the free energy and the free energy determines which state
of the system that is most favourable. The free energy describes macroscopically, for
example, reaction kinetics, phases and phase transitions, and solubility of mixing.
The reaction kinetics, i.e. the rate of a reaction, is phenomenologically determined
by Arrhenius equation [10]

r / e� � G=kB T (2.9)

where � G is the di�erence in Gibbs free energy between an initial state and the
transition state

� G = � H � T� S: (2.10)

Thus, both enthalpy H and entropy S are important properties to accurately de-
scribe reactions, particularly if there are competing reaction steps and pathways,
which there are in NH3-SCR [14, 15]. As the title of this thesis suggests, focus
will be on determining the entropy. However, the soon to be introduced method
Thermodynamic Integration determines the anharmonic free energy and requires to
some extent to calculate the internal energyU and the closely related enthalpyH ,
thus the internal energy is brie�y presented as well.

8



2. Theory

The concept of entropy was �rst introduced by Boltzmann in 1877 and formalized
by Planck for a system described by the microcanonical ensemble (NVE), where as
opposed to the previously introduced canonical ensemble (NVT) and Gibbs ensem-
ble (NPT), there is no interaction with the environment. In the NVE ensemble,

( N; V; E) denotes the number of available microscopic states, the multiplicity, of
a system. The entropy was formalized as the relation [48]

S = kB ln[
( N; V; E)]: (2.11)

Entropy has multiple interpretations. A common and intuitive interpretation is that
entropy is a measure of disorder [45]. A strongly adsorbed molecule, with very lim-
ited translational and rotational degrees of freedom, is in a sense ordered and has
a low entropy. In this situation, the harmonic approximation (HA) works as all de-
grees of freedom can be approximated as vibrations. In contrast, a molecule in the
gas phase has high disorder since all translations and rotations are free, and often
approximated with the ideal gas law. A third possibility is the species studied in this
thesis that are con�ned, physisorbed, in a zeolite structure with some translational
and rotational freedom, but not to the extent of the gas phase. Physisorption is the
phenomenon when an adsorbate is interacting with the substrate via van der Waals
forces, which is a weaker bond than that of chemisorption where the adsorbate form
a chemical bond, covalent or ionic, with the substrate [43]. The entropies of ph-
ysisorbed adsorbates are estimated to be somewhere between the HA and ideal gas
[32].

The probability of a system being in staten with energy En is proportional to the
Boltzmann factor

pn / e� �E n (2.12)

where� = 1=(kB T) with Boltzman's constant kB . The probability is normalized by
dividing by the corresponding partition function Z , which is the sum over all states
n

pn =
e� �E n

P
n e� �E n

=
e� �E n

Z
(2.13)

The partition function for N particles in the canonical ensemble written both as a
continuous sum and an integral [45], with positionr = ( r 1; :::; r N ) and momentum
p = ( p1; :::; pN ),

Z (T; V; N) =
X

n
exp(� En=kB T) =

1
h3N

Z
dpdr expf� � H (p; r )g (2.14)

whereh is Planck's constant andH the Hamiltonian of the system. In the canonical
ensemble, we have the Helmholtz free energy, which equivalently with eq. (2.7) can
be written

A = � kB T ln[Z ]: (2.15)

The thermodynamic identity for A is [46]

dA = � SdT � pdV + �dN: (2.16)

9



2. Theory

Holding the volumeV and number of moleculesN �xed yields,

S = �

 
@A
@T

!

V;N

: (2.17)

Inserting eq. (2.15) into eq. (2.17) yields the expression for the entropy

S = kB ln[Z ] + kB T

 
@ln[Z ]

@T

!

V;N

(2.18)

2.4.1 Gas phase entropy

The partition function Z for a gas molecule in the ideal gas approximation consists of
partition functions for translation, rotation and vibration. For the studied systems,
there is no electronic multiplicity, otherwise the total number of possible spin states
would also be needed to be accounted for. The partition function for a gas ofN
indistinguishable gas phase molecules is therefore

Zgas =
1

N !
(Z trans Zrot Zvib )N (2.19)

Using Stirlings approximation ln[N !] � N ln[N ] � N , N � 1, yields

ln[Zgas] = N (ln[Z trans ] + ln[ Zrot ] + ln[ Zvib ] � ln[N ] + 1) (2.20)

The translational partition function for one gas molecule is

Z trans = V

 p
2�mk B T

h

! 3

=
V
� Q

(2.21)

where V is the volume for a molecule, which isV = kB T=P for an ideal gas [46].
The expression is rewritten with the quantum volume� Q to facilitate the comparison
with the expression for the CPES partition function that will be introduced below.
With eq. (2.21) and the expression for the entropy in eq. (2.18) the translational
component of the entropy is

Strans = kB

�

ln[Z trans ] +
5
2

�

(2.22)

For the latter term, 5
2 , a 3

2 contribution comes from the derivative ofln T3=2 and
an 1 is the +1 in eq. (2.20) that stems from Stirling's approximation. Attributing
the +1 contribution from Stirling's approximation to the translational entropy is
the convention used in, for example, references [10, 14, 1]. Although the origin is
con�gurational entropy.

Rotation for a linear rigid body, with moment of inertia I and symmetry factor � ,
has the partition function [10]

Zrot, linear =
1
�

 
8� 2kB T

h2

!

I (2.23)
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from which the rotational entropy can be written using eq. (2.18)

Srot,linear = kB (ln[Zrot ] + 1) : (2.24)

Lastly, the quantum harmonic oscillator partition function, is [32]

Zvib =
N vibY

i

exp
�
� ~! i

2kB T

�

1 � exp
�
� ~! i

kB T

� : (2.25)

Where ! i is the angular frequency of modei . The number of vibrational modesNvib

is 3Natoms � 5 for a linear molecule, whereNatoms are the number of atoms. Once
again, inserted into eq. (2.18) the entropy is

Svib = kB

X

i

"
~! i

kB T(e~! i =kB T � 1)
+ ln

h
1 � e� ~! i =kB T

i
#

(2.26)

The entropy of one molecule in gas phase is found by lettingN = 1 in eq. (2.20),
and with eq. (2.24) the gas phase entropy for a linear molecule is

Sgas
linear = Strans + Srot,linear + Svib : (2.27)

Although N � 1 is assumed when arriving at eq. (2.20), here the contribution from
Stirling's approximation is included in the entropy for just one molecule. However,
in reality there are many molecules and statistical mechanics are based on macro-
scopic behavior. We study one molecule but the results are in practice implemented
for a large system. As mentioned earlier, this is also how other references treat the
translational entropy.

When later comparing the ideal gas partition function with the CPES method, it is
convenient to write the translational and rotation partition functions together

Z trans Zrot, linear =
1
�

 
8� 2kB T

h2

!

I
V
� Q

: (2.28)

2.4.2 Gas phase internal energy and enthalpy

The expression for internal energy is similar to entropy in eq. (2.18), namely [10]

U = kB T2

 
@ln[Z ]

@T

!

V;N

: (2.29)

Interestingly, one can note that in the calculation of free energyA = U � TS, U in
eq. (2.29) will be canceled by the second term in eq. (2.18). Just as for entropy,U
for translation, rotation and vibration of a linear gas phase molecule can be found
by inserting the partition function in eqs. (2.21), (2.28) (2.25) into eq. (2.29)

Utrans =
3
2

kB T; (2.30)

Urot :linear = kB T; (2.31)

11
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Uvib =
N vibX

i

1
2

~! i + kB T
N vibX

i

"
~! i

kB T(e~! i =kB T � 1)

#

; (2.32)

where the �rst term is denoted the zero-point energy

UZPE =
N vibX

i

1
2

~! i : (2.33)

Further, in the ideal gas approximationPV = kB T for a single molecule in gas phase
[10], givingH = U + kB T and consequentlyG = A + kB T. The internal energy also
includes the electronic energyUel. The sum ofUel and UZPE are also known as the
internal energy at0 K [10]. Opposed to the other terms including! i , UZPE depends
linearly on ! i , resulting in that soft/weak modes (low frequency) contribute less to
the energy than high frequency modes. All terms combined yield the internal energy

Ugas;linear = Uel + Utrans + Urot :linear + Uvib : (2.34)

2.4.3 Harmonic approximation

In the harmonic approximation all degrees of freedom are treated as harmonic vibra-
tions [32], namely the number of vibrational modesNvib = 3Natoms, in other words
are translations and rotations included. The entropy is written using eq. (2.26) as

SHA = kB

N vibX

i

"
~! i

kB T(e~! i =kB T � 1)
+ ln

h
1 � e� ~! i =kB T

i
#

(2.35)

and the internal energy

UHA = Uel +
N vibX

i

1
2

~! i + kB T
N vibX

i

"
~! i

kB T(e~! i =kB T � 1)

#

: (2.36)

The free energy is thereforeAHA = UHA � TSHA . There is also a classical counterpart
of the harmonic approximation free energy that will later be introduced in eq. (2.64).

2.5 Complete Potential Energy Sampling (CPES)

The restricted translations and rotations of an adsorbed linear molecule are de-
scribed by the partition function [32]

Z CPES
trans,rot,linear =

1
�

 
8� 2kB T

h2

!

I
1

� Q

Z

u:c:
e� U(r ;� )=kB T drd� (2.37)

wherer is the position of the center of mass of the adsorbed molecule,� the gener-
alized rotational angles (Euler angles)� = ( �=�; �= 2�;  = 2� ) describing rotations
of a rigid body, which the molecule is assumed to be. The integration is over the
unit cell (u.c.). The potential energyU(r ; � ) is the relative potential energy surface
(PES) of translations and rotations of the adsorbed molecule, i.e.

12
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U(r ; � ) = EA@S � ES � EA (2.38)

where S is the substrate in which the adsorbate A is adsorbed, and the combined
system is A@S, andE denotes the energy of respective system. Note that the vi-
brations are not included inU(r ; � ).

The di�erence between the partition function for translation and rotation in the
ideal gas in eq. (2.28) and for CPES in eq. (2.37) is that the volumeV has been
replaced by the integral

R
u:c: e� U(r ;� )=kB T drd� . As the angles describing rotations

(� ) are unitless, the unit of the integral is volume (m3). The integral can be in-
terpreted as the volume in which the adsorbed molecule is allowed to translate and
rotate. If, for example, the molecule is close to a steep potential energy wall, the
hindered rotation is captured by the integral. As the partition function otherwise
is exactly the same as for translation and rotation of an ideal gas, the integral can
also be seen as a scaling factor of how many con�gurations, or entropy, are lost
at adsorption in the con�ned zeolite. One can also observe that the lowest energy
U(r ; � ) con�gurations give the largest contributions to eq. 2.37.

Further interpretation of the integral is required since the volume is �xed in the
derivative in eq. (2.17). This might pose a problem if the value of the integral is
seen as the volume. First, we consider the important property ofZ CPES

trans,rot,linear that
the entropy is invariant to an arbitrary shift in the potential U(r ; � ). Let us imagine
a free gas molecule, whether the reference energy of the �at potential energy surface
is 0 or 100 eV should not a�ect the entropy, since the molecule experiences a �at
surface. This is shown by considering a shiftU0 for the energy in the exponent in
the integral in eq. (2.37) and using eq. (2.15) and (2.17). Since the entropy is
dependent on the logarithm of the partition function, it is enough to consider only
the integral of the CPES partition function in eq. (2.37) to show the invariance

S = �
@

@T

�

� kB T ln
� Z

u:c:
e� (U(r ;� )+ U0 )=kB T drd�

��

V;N
=

�
@

@T

�

� kB T ln
�

e� U0=kB T
Z

u:c:
e� U(r ;� )=kB T drd�

��

V;N
=

�
@

@T

�

� kB T
� � U0

kB T

�

� kB T ln
� Z

u:c:
e� U(r ;� )=kB T drd�

��

V;N
=

�
@

@T

�

� kB T ln
� Z

u:c:
e� U(r ;� )=kB T drd�

��

V;N
:

(2.39)

Thus, the entropy does not depend on the shiftU0. To investigate the e�ect of the
volume, we will see that the shown invariance leads to that the �xed volume in the
derivative in the entropy can be omitted for the integral. Consider the second term
in the expression for the entropy in eq. (2.18).

kB T

 
@ln[Z ]

@T

!

V;N

(2.40)
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and again only use the integral in eq. (2.37) with an energy shiftU0 for the partition
function, yielding

kB T
@

@T
ln

� Z

u:c:
e� (U(r ;� )+ U0 )=kB T drd�

�

=

kB T
@

@T

�

�
U0

kB T
+ ln

� Z

u:c:
e� U(r ;� )=kB T drd�

��

=

U0

T
+

R
u:c:

U(r ;� )
T e� U(r ;� )=kB T drd�

R
u:c: e� U(r ;� )=kB T drd�

(2.41)

This is equal to the ensemble averageh(U(r ; � ) + U0i =T, which obviously can be
zero if an appropriateU0 is chosen. The expression in eq. (2.41) is zero if we let the
shift be

U0 = �
R

u:c: U(r ; � )e� U(r ;� )=kB T drd�
R

u:c: e� U(r ;� )=kB T drd�
(2.42)

So, with the shift U0, we have that the contribution from the integral to the entropy
from the latter term in eq. (2.18) is zero, i.e.

0

@
@ln

hR
u:c: e� (U(r ;� )+ U0 )=kB T drd�

i

@T

1

A

V;N

= 0 (2.43)

which means that the volume, i.e. the integral, can also be kept �xed forZ CPES
trans,rot,linear

without omitting any contributions. In practice, however, the explicit value ofU0 is
not required since the entropy is independent of the choice of shift, as shown in eq.
(2.39).

Vibrations are treated with the harmonic approximation, i.e. the vibrational entropy
is the same as for an ideal gas, calculated with eq. (2.26). With eqs. (2.18) and
(2.37), we have the �nal adsorbate entropy with the CPES method

SCPES
linear = Svib + kB

0

@ln Z CPES
trans,rot,linear +

7
2

+

R
u:c:

U(r ;� )
kB T e� U(r ;� )=kB T drd�

R
u:c: e� U(r ;� )=kB T drd�

1

A : (2.44)

Furthermore, the entropy contribution from only CPES, i.e. translations and rota-
tions, can be de�ned for a linear molecule as

SCPES
trans ;rot ;linear = SCPES

linear � Svib : (2.45)

The entropy with CPES can also be described as a fraction of the gas phase entropy
as

SCPES
linear = Svib + 
 (Sgas

trans + Sgas
rot ;linear ): (2.46)

Note that 
 is a measure of how restricted the translations and rotations are.
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2.6 Thermodynamic integration (TI)

Within the canonical ensemble, it is the Helmholtz free energy di�erence that is of
interest. Thermodynamic integration (TI) is a method to compute the free energy
di�erence between two systems [48, 20], and two general systems will here be denoted
system A and B. Here is �rst the fundamentals of thermodynamic integration
presented. Secondly, the TI scheme in [1] implemented in this report is presented,
where TI is extended with a transformation to internal coordinates.

2.6.1 Fundamentals

Before introducing TI, a straightforward method to write the Helmholtz free energy
di�erence between systemsA and B is

� AA�!B = AB � AA (2.47)

and with A = � kB T ln Z

� AA�!B = � kB T ln
ZB

ZA
: (2.48)

Here,ZA and ZB are the partition functions

ZA (B) =
Z

dre� UA ( B ) (r )=kB T (2.49)

as the momentum contribution is cancelled in the ratio in (2.48) [48]. Access to
the partition functions is required to use (2.48), which for more complex systems
is di�cult. It is possible to rewrite the equation using perturbation theory to get
� AA�!B = � kB T ln

D
e� (UB � UA )=kB T

E

A
, but the convergence of this average is slow

when the overlap between the systemsA and B is small [48]. An approach to cir-
cumvent a direct switch between the systems is thermodynamic integration, where
the initial system (A) continuously merges into the �nal system (B).

The Hamiltonian that describe the intermediate systems betweenA and B is with
the coupling parameter� de�ned as

H � = � H B + (1 � � )H A ; (2.50)

with the intermediate potential energy

U� = �U B + (1 � � )UA (2.51)

and the kinetic energyK̂ , the intermediate Hamiltonian can be written as

H � = K̂ + U� : (2.52)

Note that for � = 0, the initial system is recovered and for� = 1, the �nal system
is recovered. By gradually increasing� , the system slowly switch fromA to B [48].
The canonical partition function Q� , which includes the partition function Z � from
eq. (2.49), is
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Q� =
1

N !h3N

Z
dpdr exp

(

� �

" NX

i =1

p2
i

2mi
+ U� (r 1; :::; r N )

#)

(2.53)

As earlier in section 2.4, we have positionr = ( r 1; :::; r N ) and momentum p =
(p1; :::; pN ). With this partition function, the Helmholtz free energy isA � = � kB T ln Q� .

Next, we note that the Helmholtz free energy di�erence can be obtained from

� AA�!B = A(� = 1) � A(� = 0) =
Z 1

0

@A(� )
@�

d�: (2.54)

The derivative @A� =@�can be written

@A�
@�

=
� kB T

Q�

@Q�
@�

=
� kB T

Z �

@Z�
@�

: (2.55)

As before, the kinetic energyK̂ (or momentum contribution) is canceled, we are
only left with the con�gurational partition function Z � in (2.49), yielding

� kB T
Z �

@Z�
@�

=
kB T
Z �

@
@�

Z
dre� U� (r 1 ;:::;r N )=kB T

=
kB T
Z �

Z
dr

 

�
1

kB T
@U�
@�

!

expf� U� (r 1; :::; r N )=kB Tg

=

*
@U�
@�

+

�

(2.56)

Using eq. (2.51), we see that

@U�
@�

= UB � UA (2.57)

The result from eqs. (2.55), (2.56) and (2.57) can be summarized

@A�
@�

= hUB � UA i � : (2.58)

With this expression, eq. (2.58), inserted into eq. (2.54) we have

� AA�!B =
Z 1

0

*
@U�
@�

+

�

d� =
Z 1

0
hUB � UA i � d�: (2.59)

Using equation (2.59), the free energy di�erence is found by calculating the ensemble
average of the energy di�erenceUB � UA for a system driven by the potentialU�

for a number of � -values. By de�nition of the ensemble average, we can write the
analytic expression for the ensemble average as [48]

hUB � UA i � =
R

dr [UB � UA ] exp (� U� (r )=kB T)
R

dr exp (� U� (r )=kB T)
: (2.60)

Since the ensemble average is to be sampled in this method, we need to shortly
discuss what is required from the molecular dynamics. From MD we can compute
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the time average. If we assume that the system is ergodic and that the selected
thermostat described the ensemble correctly, the time average will be equivalent to
the ensemble average [45].

2.6.2 TI with a harmonic reference system

Thermodynamic integration is in ref. [1] implemented with a harmonic reference
system as the initial system and the fully interacting DFT-based system as the �-
nal system to compute the adsorption free energy. The harmonic reference system
is vibrations, rotations and translations described by harmonic potentials, i.e. the
harmonic approximation. By using thermodynamic integration, the anharmonic
contributions to the harmonic approximation can be calculated by switching to the
�nal system driven by DFT. The method is further extended to using internal co-
ordinates, denotedq, that aim to speed up convergence [1], which is presented in
more detail below in section 2.6.3.

To emphasize the speci�c implementation, compared to the more general theory
on TI in the previous section, and to be consistent with the TI reference [1], new
notation for the initial och �nal system is introduced. The harmonic reference system
in cartesian coordinates is denoted0; x , the harmonic reference system in internal
coordinates is denoted0; q and the true physical system computed with DFT is
denoted1. Re-arranging the terms in eq. (2.54) yields the Helmholtz free energy of
system1

A1 = A0;x + � A0;x �! 0;q + � A0;q�! 1 (2.61)

where A0;x is the free energy of the harmonic system in cartesian coordinatesx ,
� A0;x �! 0;q is the free energy contribution by the transformation from the system
harmonic in x to harmonic in internal coordinatesq. The last term � A0;q�! 1 is the
contribution when �nally switching from the harmonic system in q to the fully in-
teracting system1 that is described by DFT. Both terms� A0;x �! 0;q and � A0;q�! 1

is calculated using eq. (2.59).

The harmonic approximation inx gives the harmonic potential

V0;x (x ) = V0;x (x 0) +
1
2

(x � x 0)T H x (x � x 0) (2.62)

x 0 corresponds to the ground state structure andH x
i;j = @2V0;x (x )

@x i x j
jx = x 0 . The har-

monic free energy inx writes

A0;x = Ael(x 0) + Avib (2.63)

whereAel(x 0) is the electronic free energy and if the multiplicity of the ground state
is 1 then Ael(x 0) = V0(x 0), which is the case for our studied systems. The second
term Avib , contains all degrees of freedom and is here treated as vibrations within the
classical harmonic approximation, as the di�erence in adsorption free energy com-
pared to its quantum counterpart is negligible at the studied temperatures (above
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200 K) [1]. With number of modesNvib and angular frequency! i of mode i , the
classical vibrational free energy is [48, 45] in the classical limitkB T � ~!

Avib = � kB T
N vibX

i =1

ln
kB T
~!

: (2.64)

The second term in eq. (2.61),� A0;x �! 0;q, is the correction term belonging to the
coordinate transformation from cartesianx to the internal coordinatesq. The mo-
mentum part K̂ of the Hamiltonian driving the system is independent of coordinate
system [1], so we have the HamiltonianH � = � H 0;q + (1 � � )H 0;x = K̂ + V� for a
� 2 [0; 1] with the intermediate potential energy

V� = �V 0;q + (1 � � )V0;x : (2.65)

Using eq. (2.59), the correction is found as

� A0;x �! 0;q =
Z 1

0
hV0;q � V0;x i � d� (2.66)

Similarly for the third term in eq. (2.61), � A0;q�! 1, but now the MD is driven by the
Hamiltonian H � = � H 1 + (1 � � )H 0;q to switch the system from harmonic internal
coordinates0; q to the fully interacting, DFT driven, system 1. The corresponding
correction term is

� A0;q�! 1 =
Z 1

0
hV1 � V0;qi � d�: (2.67)

2.6.3 Internal coordinates

For systems as gas-phase molecules and weakly adsorbed molecules, direct use of
cartesian coordinates is not practical due to their energy insensitivity to overall
rotations and translations outside the region of their minima. This might lead
to di�culties reaching convergence of the averagehV1 � V0;x i � and required many
expensive DFT calculations. To circumvent this problem, translationally and rota-
tionally invariant internal coordinates q are implemented as an intermediate step
in the TI procedure to account for the translations and rotations of these systems.
Sampling hV0;q � V0;x i � is considerably computationally cheaper than involvingV1

(DFT).

The internal coordinates are bond lengths (interatomic distances), angles, torsions
and coordination numbers (CN). The extra correction term� A0;x �! 0;q is required
since the force�eld that is harmonic in the cartesian coordinatesx can be di�erent
than the harmonic force�eld in internal coordinatesq. Rules for choosing internal
coordinates are presented for the di�erent subsystems:

ˆ Molecules and special �exible sites, such as Brønstedt sites: bond lengths,
bond angles and torsion angles.

ˆ Substrate: For all atoms in the substrate, interatomic distances with atoms
from the �rst three coordination spheres.
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ˆ Adsorbed molecule: the position and rotation of the molecule are described
by coordination numbers (CNs) to atoms in the substrate.

For an atom i of the molecule with respect to an atomj in the substrate is the CN
de�ned as

CNi =
N subX

j

X

L

1 � (r ij; L =Rij )9

1 � (r ij; L =Rij )14
(2.68)

with all or selected substrate atomsNsub in a unit cell. The sum is also over transla-
tions, L = f� l1; l2; l3g, of the unit cell with lattice vectors a i . So the distancer ij; L

is between molecule atomi and substrate atomj translated by l1a1 + l2a2 + l2a2

from the original unit cell L = f 0; 0; 0g. L is truncated whenr ij; L exceeds30 Å.
Lastly, Rij is the reference distance between atomi and atomj . The CN is a smooth
function that is describing with a number between 0 and 1 depending on how close
atoms i and j are. Atoms that are close have CN near 1 and atoms far away have a
CN that is 0. Further rules are to exclude angles in the relaxed structure that are
above165� , to avoid numerical problems with straight angles (180� ) [1].

Figure 2.1: Coordination number CN plotted againstr with reference distance
R = 3:5 Å. Note, the CN in the �gure is a single term in the sum in eq. (2.68).

2.6.4 Special case: diatomic bond length

For the special case of having a diatomic molecule, the interatomic distance is the in-
ternal coordinate, hence an explicit semi-analytical solution of the correction term(s)
can be derived, see eqs. (2.69) and (2.70). The (harmonic) force�eld-force�eld trans-
formation term � A0;x �! 0;q is zero due to that an interatomic distance is phase space
conserving and a quasi one dimensional coordinate, which corresponds to theq co-
ordinate [1]. From earlier results in the fundamentals section, we can write the
reference free energyA ref with eq. (2.48) as in [1] using spherical coordinates and
noting the rotational invariance

� A ref
0;q�! 1 = �

1
�

ln

2

6
6
6
4

Z Rmax

Rmin

dRR2 expf� �V 1(R)g
Z Rmax

Rmin

dRR2 expf� �V 0;q(R)g

3

7
7
7
5

: (2.69)
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Using the expression in eq. (2.60) for the average in eq. (2.67) we can write

hV1 � V0;qi ref
� =

Z Rmax

Rmin

dRR2(V1(R) � V0;q(R)) exp f� �V � (R)g
Z Rmax

Rmin

dRR2 expf� �V � (R)g
(2.70)

The notation "ref" indicates the exact semi-analytical reference value.

2.6.5 Entropy from TI

A problem emerging due to the scope of this thesis is that the TI method results in
an anharmonic free energy, while we are interested in the entropy. Obviously, this
does not pose a problem if the end goal is to �nd accurate free energies which usually
is the case. However, to compare the results from TI with CPES, the entropy has to
be extracted from the free energy. To do this, �rstly the previous assumption to use
the high temperature approximation (classical) vibrational free energy is exchanged
to the non-approximated (quantum) counterpart presented in section 2.4.3, which
is required to separate the entropy and internal energy individually from the free
energy.

It is assumed that harmonic approximation with the unmodi�ed eigenvalues ap-
proximates UZPE well. In other words, the increase in the zero-point energy due to
the increased eigenvalues, where low frequency modes stemming from translations
and rotations gets increased frequency, are compensated fully by the anharmonic
correction terms.

Denote the combined correction term

� Acorr : = � A0;x �! 0;q + � A0;q�! 1: (2.71)

And the ZPE compensated correction term

� A0
corr : = � Acorr : + � UZPE (2.72)

where the di�erence in zero-point energy is de�ned as

� UZPE = UZPE ;mod: � UZPE ;unmod :: (2.73)

From HA internal energy and entropy in eqs. (2.36) and (2.35) and noting theTSHA

and UHA share a term, we de�ne

� S =

P N vib
i

h
~! i

kB T (e~! i =k B T � 1)
+ ln

h
1 � e� ~! i =kB T

ii

P N vib
i

h
2 � ~! i

kB T (e~! i =k B T � 1)
+ ln [1 � e� ~! i =kB T ]

i (2.74)

that represents the fraction of the anharmonic correction that will be attributed to
the entropy as
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TS1 = TS0 � � A0
corr :� S: (2.75)

Where, to reiterate, S1 is the anharmonic entropy from TI andS0 is the entropy
from the harmonic approximation with the modi�ed eigenvalues. In other words,
the fraction of the anharmonic correction is directly proportional to the size of the
vibrational contribution to the entropy compared to the internal energy. But once
again, the problem of requiring extraction of the entropy from the free energy gained
from the TI method is primarily due to the scope of the thesis.
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3
Methods

In this chapter, the studied molecular structures are shown. The software, methods
and parameters for the calculations are also presented, and lastly, the CPES and TI
methods are presented. Data analysis was done in Python with the packages Numpy
[24] and Scipy [49], via which the Qhull [4] algorithm was used for interpolation.
For plotting, matplotlib [28] and corner [17] were used. The atom structures were
handled with ASE [40].

3.1 Molecular structures

In this thesis, the terminology adsorbate and substrate will extensively be used. Ad-
sorbate means the molecule, here N2 and [Cu(NH3)2]

+ , that is adsorbed inside the
zeolite, where the zeolite is the substrate. The studied zeolites were the chabazite
silicalite, denoted CHA SiO2, of which a unit cell consists of 24 O and 12 Si atoms.
The SSZ-13 with a 1/11 Al/Si ratio with H+ as counter ion, denoted H-CHA, and
lastly the same structure as H-CHA but with the H+ removed, denoted CHA. A
rhombohedral unit cell was used for the chabazite structure with the experimentally
determined lattice parameters(� = � = 
 = 94:2� ; a = b = c = 9:42 Å) [14, 15].
During atomic structure relaxations, the lattice parameters were held �xed. Mass
of tritium (3u) has consistently been used for hydrogen through the work to allow
for a larger timestep, a substitution used in other references [1, 14].

The studied adsorption cases were N2 adsorbed in H-CHA and CHA SiO2, and
[Cu(NH3)2]

+ adsorbed CHA. The structures are seen in �g. 3.1a, 3.1b and 3.1c,
respectively. The atom color code is: oxygen O (red), silicon Si (beige), nitrogen
N (blue), aluminum Al (grey), hydrogen H (white) and copper Cu (brown). Addi-
tionally, a simple gas phase molecule, hydrogen �uoride HF was studied in the TI
method.

3.2 DFT and MD

The Vienna Ab initio Simulation Package (VASP) [35, 36, 37] was used for all den-
sity functional theory (DFT) calculations, including relaxation, vibrational analysis
and molecular dynamics (MD). VASP was therefore used in all CPES calculations
and simulations. The Thermodynamic Integration (TI) method is implemented in
VASP, meaning that the correction term � A0;q�! 1 was calculated using VASPs
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(a) (b) (c)

Figure 3.1: Studied adsorption structures. (a): N2 adsorbed in CHA SiO2. (b):
N2 adsorbed in H-CHA. (c): [Cu(NH3)2]

+ adsorbed in CHA. Atom colors are oxygen
O (red), silicon Si (beige), nitrogen N (blue), aluminum Al (grey), hydrogen H
(white) and copper Cu (brown).

MD. However, for the other correction term, the force�eld-force�eld transformation
� A0x �! 0;q, was a harmonic molecular dynamics (hMD) program used. The hMD
program was provided by Bu£ko [1], who also provided other programs to generate
the Hessian matrix from the vibrational analysis from VASP, as well as other utilities
to setup the internal coordinates and calculate di�erent free energy contributions
and averages.

In VASP, a plane wave basis set describes the valence electrons. A convergence test
of the plane wave basis cut-o� energy was performed and showed convergence at
480 eV, which is consistent with other relevant references [14, 15]. However, when
N2 in H-CHA is reproduced, a cut-o� of 400 eV [1] was used. The valence electron-
core electron interactions are described with the projector augmented wave (PAW)
method [6, 38]. The sampling of the Brillouin zone was restricted to the gamma
point.

As mentioned in the DFT theory in section 2.2, the exchange correlation is im-
portant and di�cult to describe. In this thesis the PBE [44] functional is used,
augmented with two di�erent approaches to account for the van der Waals interac-
tions, namely D2 [22] and D3 [23]. Accurate van der Waals forces are important due
to the physisorbed nature of the studied adsorption problems. Structures including
the [Cu(NH3)2]

+ complex has also a, so called, Hubbard [3] term added, where the
U parameters were set to 6 eV for Cu 3d [14], to describe highly localized Cu 3d
electrons [14]. For all CPES calculations and the HF molecule in TI was10� 6 eV
used as convergence criteria for the SCF loop, while10� 7 eV was used in the other
TI simulations. Once again, this was to be able to reproduce the results of the TI
reference [1] as close as possible. The conjugate gradient algorithm implemented in
VASP was used for the structure relaxations and the convergence criteria used for
the forces on each atom was 0.005 eV/Å.
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The vibrational analysis to �nd the eigenmodes, and mainly, the eigenvalues were
done in VASP using central �nite di�erences, where a displacement of 0.015 Å of
each atom in positive and negative cartesian coordinate direction, i.e. 6 displace-
ments per atom, to calculate the second derivatives of the Hessian matrix.

Other method speci�c parameters are presented in its corresponding method section,
as for example thermostat for MD and van der Waals correction. For molecules in
gas phase, the same unit cell size as for the zeolites was used. All simulations were
computed using Chalmers's C3SE computational resources.

3.3 CPES

For all CPES MD simulations the Nosé-Hoover thermostat was used to keep a tem-
perature of 473 K. A time step of 1 fs was used for all MD and MTD simulations,
except with regular MD for N2@H-CHA between 10 and 25 ps in the production
run, see �g. 4.6. In this time interval, a short time step of0:5 fs was used to do
a short investigation of any change in dynamics, but no di�erence could be seen,
which should be the case. Therefore, the trajectory data was deemed appropriate
to reuse in the sampling of the PES.

3.3.1 Framework

Earlier studies of adsorption entropy using CPES, with both a Monte Carlo (MC)
scheme [32] and metadynamics [12], have used a �xed zeolite framework, meaning
that all the atoms of the zeolite are �xed during MC or MD, while the adsorbate
is unconstrained in the zeolite. However, other studies show that the �xed zeolite
framework in�uences di�usion and adsorption energy. Having a �exible, dynamic,
zeolite framework is of importance and should not be neglected [41, 8]. A compari-
son of the distance traveled by the center of mass of a N2 molecule in H-CHA was
done with two MD simulations with the dynamic and �xed framework at 473 K,
seen in �g. 4.4.

The reasoning behind the �xed framework for MD was to eliminate the vibrations
of the zeolite from the total energy, although the vibrations from the adsorbate are
still present and need to be eliminated, which has been solved in other works with a
rolling average and a low pass �lter [12]. However, this post-processing was simple
for small molecules as N2 but showed to be tedious to perform on the simulation
data for large adsorbates with many vibrational modes as for example [Cu(NH3)2]

+ .

To include the dynamic framework and circumvent the post-processing with �lters,
an adapted approach to earlier implementations of CPES was implemented. After
an MD simulation with dynamic framework, the adsorbate was removed from the
zeolite and the instantaneous energy of the molecule (N2 or [Cu(NH3)2]

+ ) and
the clean zeolite substrate (CHA SiO2, H-CHA or CHA) was re-calculated, with
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the exact same atomic con�guration as in the MD simulation. This procedure is
demonstrated in �g. 3.2. Every 4th step, i.e. every 4 fs, was recalculated. This step
size was concluded to be su�cient, see �g. 4.3 in section 4.1.1. With the energies
of the three systems,EA@S; ES and EA , was the relative potential energy surface in
eq. (2.38) calculated.

Figure 3.2: Illustration how eq. (2.38) U(r ; � ) = EA@S � ES � EA is calculated
in this thesis. MD of the full dynamic system is �rst simulated, then the adsorbate
is lifted out of the zeolite substrate and for both systems are a static electronic
calculation done.

3.3.2 Sampling of the PES

Sampling the PES with regular MD is inherently ine�cient and computationally
expensive due to the fact that the adsorbate will tend to visit the lowest energy
states with regular MD, so the probability of visiting all relevant meta-stable states
and con�gurations of the PES is low. Therefore was metadynamics (MTD) imple-
mented, presented in section 2.3, to increase the e�ciency of sampling the PES. The
goal was to �nd local minima, meta-stable states, that otherwise have low probabil-
ity of being visited, but contribute non-negligible to the integral in (2.37). In other
words, the adsorbed molecule prefers to visit low energy con�gurations during MD,
and this search is enhanced with the help of MTD, the sampled con�gurations are
more likely to be relevant, as the high energy con�gurations will barely be visited
and if they are they have negligible impact on the �nal entropy.

The MD simulation of N2@CHA SiO2was 50 ps. In the MTD of N2@CHA SiO2,
two CVs were used and were the distance between an atom in the zeolite and the
center of mass of the N2 with parameters (h = 0:001; w = 0:05; tG = 50) and
(h = 0:05; w = 0:1; tG = 50). This was by any means an adequate choice of CVs,
since N2 was easily forced out of the zeolite pore and into another unit cell. This
had the unfortunate consequence of the whole zeolite being translated and therefore
the continued simulation was useless. Also, prior to the di�usion out of the cell,
the CVs seem to have negligible in�uence as N2 translated and rotated quite freely
during regular MD. The sampling was deemed to be adequate based on the large
exploration. New CVs were chosen for the other systems.
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The CVs used for N2@H-CHA and [Cu(NH3)2]
+ @CHA were the cartesian coordi-

nates of the center of mass (com) of the adsorbed molecule. For the linear molecule
[Cu(NH3)2]

+ , the Cu atom was assumed to be the com. As shortly mentioned in the
theory section on MTD 2.3, the added gaussian bias potentials were not used after
the MTD simulation to construct the free energy surface (FES) and therefore were
the CVs chosen to only enhance the exploration of the PES. If a too large gaussian
was added, meaning in the usual MTD context that it would cover a whole local
minimum, the calculation of the PES would still capture the adsorption energy of
this local minimum. If visited, of course. However, too large guassians added toVbias

led to visiting uninteresting, high energy, con�gurations. Therefore, the parameters
height h, width w and update time steptG were chosen carefully to slowly in�uence
the dynamics.

MD production runs for N2@H-CHA were done during the �rst 25 ps, of which the
last 15 ps was with0:5 fs time step as mentioned earlier. The remaining 30 ps of
the combined trajectory was with MTD with the following set of parameters used
(h = 0:02; w = 0:05; tG = 50).

In the case of [Cu(NH3)2]
+ in CHA, also additional metadynamics setups were used

after the �rst MD production run of 30 ps. MTD with center of mass CVs (same as
N2@H-CHA), a production run of 5 ps with the set of parameters(h = 0:02; w =
0:05; tG = 50) was used and then was the resulting bias potential used with no fur-
ther updates of the bias potential for a continuation run of 5 ps. A special probing
MTD run was also implemented with [Cu(NH3)2]

+ , due to its inability to visit a
speci�c corner of the zeolite. A CV de�ned as the distance between the Cu atom of
[Cu(NH3)2]

+ and a Si atom in the sparsely sampled corner with a gaussian added,
pre-simulation, with (h = 2; w = 0:01) 5 Å from the chosen Si atom. This was done
to hinder the [Cu(NH3)2]

+ to di�use too far away from the Si in the corner of inter-
est. The [Cu(NH3)2]

+ was placed near the Si atom and the system was equilibrated
shortly for 500 fs to avoid sampling unphysical structures, then a production run
with metadynamics parameters(h = 0:04; w = 0:05; tG = 50) was simulated for 10
ps. The total simulation time for [Cu(NH3)2]

+ @CHA was 50 ps.

3.3.3 Entropy with CPES

To evaluate the integral in eq. (2.37) and �nally compute the entropySCPES in
eq. (2.44), a PES on an evenly spaced grid was constructed using the sampled
coordinates and their corresponding relative potential energyU(r ; � ). N2 is a lin-
ear molecule and [Cu(NH3)2]

+ was approximated as a linear molecule, and rota-
tions around their linear axis were assumed to be negligible. Considering the NH3

molecules in [Cu(NH3)2]
+ , their electron density was almost invariant to rotations

of the H atoms (homogenous). Therefore, only 2 rotational coordinates are required
to (approximately) describe the full rotational space of the molecules so in � ,
de�ned in eq. (2.37) can be omitted since its contribution to the integral is a factor
1. The other two angles to describe the rotations are here de�ned as� and � are

27



3. Methods

for spherical coordinates, see �gure 3.3.� 2 [0; � ) is de�ned from the positive z-axis
to the negative z-axis, and� 2 [� �; � ) is de�ned from the negative x-axis,y < 0,
to the negative x-axis,y > 0, in the x-y plane. The vector~r points from the center
of mass to the N atom (for both N2 and [Cu(NH3)2]

+ ) with the largest cartesian
x-value.

Figure 3.3: Spherical coordinates. The angles� and � describe with the radius
j~rj = r the point vector ~r points to. The angles are used to describe the molecule's
rotation.

Using that both studied molecules are also invariant to permutation of the N atom,
this local symmetry was implemented by changing the integration range for� 2
[� �= 2; �= 2], and taking this into account by changing the symmetry factor as�= 2
in eq. (2.37).

The periodicity of the rotations, U(r ; � + �n; � + �m ) = U(r ; �; � ), wheren; m 2 Z,
were implemented in the interpolation by extending the sampled rotational coor-
dinates by �= 6 to each side of the rotational coordinates periods. Without this
extension of the coordinates, a con�guration with, for example,� near 0 and an-
other near � , and all other coordinates exactly the same, would still seem very
far apart in the eyes of the interpolation algorithm. Regarding validation of the
"model", calculations was done by ensuring its invariance to a shift in energy and
also reproducing the result of the ideal gas for a �at energy surface.

With the interpolated PES grid, Simpson's rule implemented in the Scipy package
[49] was used the integrate the PES. Points on the PES that were outside of the
coordinate samples, i.e. could not be interpolated, were assumed to be a high energy
section of the PES that could be, for example, very close to a zeolite atom. The
energy of these points was set to 10 eV, which compared to the adsorption energies
is very large and will give no contribution to the integral. A convergence test of the
number of coordinate samples was done with a grid 100x100x100x20x20 for N2 in
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H-CHA, see �g. 4.10. For producing the �nal results, a grid as large as possible was
used to interpolate the PES. The limitations were the fact the matrices in Python for
large grids use several hundreds of GB RAM.A grid size of 101x101x101x25x25 was
possible to implement without reaching the maximum memory limit of the compute
nodes, which is the grid size used for the results for all three adsorption systems
studied.

Spherical coordinates for the positionr were considered, but were left due to the
uneven spacing of the coordinate grid as well as di�culties implementing the peri-
odicity and interpolation near r = 0.

3.4 Thermodynamic Integration (TI)

First is the general procedure to implement the method presented. Initially some
results in methods original reference [1] reproduced to demonstrate that the imple-
mentation of the method is correct. This is done for the HF molecule at 2000 K and
N2 adsorbed in H-CHA at 200 K. Lastly is the new system [Cu(NH3)2]

+ adsorbed
in CHA at 473 K studied.

3.4.1 Implementation

The studied structures were constructed and relaxed with a tolerance of 0.005 Å/eV.
MD of the system and relevant subsystems, as the adsorbed molecule in gas-phase
and clean substrate, were performed to study degrees of freedom and dynamics of
the system(s).

From vibrational analysis of the relaxed structure using central �nite di�erences
could the force constants (eigenvalues) of the Hessian matrixH x in eq. (2.62) be
determined. For the zeolite systems the eigenvalues lower than a value were increased
to the value. This was done to avoid divergence in the MD in accordance with [1].
The value increased to was 1-2 eV/Å depending on the system. The increase of
eigenvalues can be viewed as the harmonic approximation where low energy modes
as translations and rotations have increased energy. Imaginary, soft, modes were dis-
carded. With the ground state electronic energy and the eigenfrequencies was the
classical harmonic Helmholtz free energyA0;x calculated with eqs. (2.63) and (2.64).

The procedure to calculate the ensemble averageshV1 � V0;qi � and hV0;q � V0;x i � to
determine � A0;q�! 1 and � A0;x �! 0;x , is in principle the same, although there were
some practical di�erences. For both averages, the Andersen thermostat was used.
The reason for using the Andersen thermostat is because the harmonic MD pro-
gram only has that thermostat, and to avoid any discrepancies between the hMD
program and VASP's MD, Andersen was used in VASP as well, which is also how
TI is implemented in the original work [1]. The collision probability per time step
parameter di�ered for each case and is stated in the corresponding section below.
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For the correction term for the transformation from the system harmonic inq to the
fully interacting system 1 (DFT), VASP was used and other than the usual input
parameters for MD, a parameter selecting the� -value must be supplied as well. The
Hessian matrix from the �rst step, vibrational analysis, and the internal coordinates
q were also required. The averagehV1 � V0;qi � was calculated for a discrete set of
� -values. In some cases, the average changed quickly with increasing� , which re-
quired high grid density for � near 1.

To calculate the correction term� A0;x �! 0;q the harmonic molecular dynamics (hMD)
program was used instead of VASP. Other than that there were only system spe-
ci�c di�erences. As mentioned in the introduction of this chapter, various tools to
construct the Hessian matrix, simplifying the process of constructing internal coor-
dinates and harmonic MD were provided by Bu£ko [1].

All integrals were computed using Simpson's rule. Simpson's rule requires an odd
number of points, to generate an even number of intervals, since Simpson's rule �ts
a second degree polynomial, which requires 3 points. In the cases of having an even
number of points, the trapeziodal rule is used for the last interval. This was chosen
due to large changes near� = 1, which �tting a second degree polynomial to might
lead to large errors when the points are unevenly spaced (which they are in the
implementation here), also known as over�tting. Although, a possible solution to
this would be to sample� more near� = 1.

The statistical errors were estimated for each averageh:::i � and the integral (correc-
tion terms). For the average, the standard error� = �=

p
N , where� is the standard

deviation and N the number of samples, was estimated using a block averaging
method to eliminate time correlation [16]. The standard error of the integralI was
then determined with the error propagation estimation [1]

� I =

vu
u
t X

�

 
@I
@f�

� f �

! 2

(3.1)

wheref � = h:::i � and � f � is the corresponding estimated standard error, found with
the above mentioned block averaging method. A step of� f � = 0:001 and central
�nite di�erences was used for the numerical derivative of@I

@f�
.

3.4.2 HF molecule

The gas phase HF molecule was set up in a unit cell with edge length of 15 Å.
The internal coordinate q used for HF was the bond length. The correction term
� A0;q�! 1 was calculated with VASP's MD at temperature2000K, with an Andersen
thermostat probability of 0.05 and timestep 0.25 fs. The van der Waals correction
D2-method of Grimme was used and a SCF convergence criteria10� 6 eV. The sys-
tem was equilibrated for1:25ps and production runs to calculatehV1 � V0;qi � varied
between 5 and 16.25 ps, depending on at which speed the average converged. The
DFT potential to calculate the exact semi-analytical reference� A ref

0;q�! 1 was cal-
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culated by incrementing the distance between HF from 0.5 to 2 Å with a stepsize
of 0.01 Å and calculating the static electronic energy at each step/structure. The
parameters for the MD were chosen to be similar to the parameters used in the
TI reference article [1]. With the harmonic frequency from the vibrational analysis
Avib was calculated, and the �nal anharmonic vibrational entropy contribution to
the free energy could be found.

3.4.3 N 2 adsorbed in H-CHA

To calculate the Helmholtz free energy of adsorption,A1 for N2 in H-CHA, the
clean H-CHA and N2 in gas phase are required. For gas phase N2 , vibrations
were approximated as harmonic, eq. (2.26), and rotation and translation with the
rigid rotor, eq. (2.24), and ideal gas approximations, eq. (2.22), respectively. For
gas phase diatomic molecules the anharmonic contribution is small, therefore the
harmonic approximation is reasonable [1]. The (Helmholtz) free energy of adsorption
is then

� A = A1;N2@H� CHA � A1;H� CHA � A1;N2
(3.2)

where N2@H-CHA denotes N2 adsorbed in H-CHA. The internal coordinates were
set up as described in section 2.6.3 regarding internal coordinatesq. For the N2

molecule, the bond length was used. For the H-CHA substrate, interatomic dis-
tances to all atoms in the three coordination spheres were used, except for the
special Brønstedt site, which is treated as a �exible site. Therefore, for the hydro-
gen atom, the internal coordinates were the bond length to the oxygen it is bound
to, the angle to the atoms that oxygen is bound to, with the oxygen as apex, and
�nally the smallest torsion angle, in relaxed structure, to one oxygen bound to Al.
For the internal coordinates describing the translations and rotations of N2 in H-
CHA, coordination number CN was used for all N-Si and N-Al pairs, with reference
distance 3.5 Å, which is approximately the sum of their vdW radius. Also, at the
reference distance the N2 is in the center of the zeolite cage. The CN coordinates
in�uence the involved atoms when they are within the vdW interaction range. The
system's invariance of permutation of N atoms was implemented with a symmetric
linear combination of the CN coordinates between one substrate atom and both
N atoms. The eigenvalues of the clean H-CHA were increased to 1 eV/Å and for
N2@H-CHA they were increased to 2 eV/Å.

The temperature 200 K was realized with the Andersen thermostat with a collision
probability of 0.02. For all systems, i.e. for all values of� , the equilibration time was
5 ps and the length of production runs was in the range of 37 to 115 ps, depending
on how quick convergences were. The time step for the MD for the� A0;q�! 1 term
was 1 fs and the total production run length for all� combined was for N2@H-CHA
450 ps and for the empty H-CHA 183 ps, while the timestep was 0.5 fs in hMD for
the � A0;x �! 0;q with production run length for N2@H-CHA of 935 ps and the clean
H-CHA 315 ps. The vdW correction D2-method by Grimme was used to be able to
reproduce the results in the reference TI article [1].
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To compare the result with the reference [1], where the �nal resulting adsorption
free energy was presented as Gibbs free energy, the Helmholtz free energy for the
gas moleculeA1;N2

was required to be transformed to Gibbs free energyG1;N2
=

A1;N2
+ 7

2kB T, where the latter is the heat capacity contribution the enthalpy. The
PV term of both zeolite structures N2@H-CHA and H-CHA were assumed to cancel
[1].

3.4.4 [Cu(NH 3)2]+ adsorbed in CHA

The Helmholtz free energy of adsorption was calculated as in the previous section
with N 2 in H-CHA. The internal coordinates for [Cu(NH3)2]

+ were bond lengths for
all atoms, angles between the hydrogen atoms, and interatomic distances from Cu
to all H, and lastly an interatomic distance between the N atoms. The distance be-
tween the N atoms was required to keep the molecule linear, since the angle between
the atoms could not be used due to that it is larger than165� . All substrate internal
coordinates were described by interatomic distances to all atoms in the �rst three
coordination spheres for each atom in the substrate. The coordination number CN
coordinates to describe the translation and rotation of [Cu(NH3)2]

+ were for the N
atoms set up as for N2 in H-CHA in the previous section, with the linear combination
of CNs to account for the symmetry. CNs were also used for all Cu-Si and Cu-Al
pairs. The hydrogen atoms in [Cu(NH3)2]

+ were omitted from the translational and
rotational description of the molecule in the zeolite, since they always follow the N
atoms. The eigenvalues for both systems were increased to 2 eV/Å, if lower than
this value, i.e. the harmonic approximation.

The temperature 473 K was realized with the Andersen probability of 0.02. The
time step for the MD for the � A0;q�! 1 terms was 1 fs for both the full system
[Cu(NH3)2]

+ @CHA and the clean CHA with a total production run time of 440 ps
and 69 ps, respectively. The timestep was 0.5 fs in hMD for the� A0;x �! 0;q and
the production runs for [Cu(NH3)2]

+ @CHA were 760 ps and for the clean CHA 225
ps. For all correction terms and each� , 5 fs was deemed to be enough equilibration
time. The production run length varied in the range of 27 ps to 230 ps depending
on how quickly the average converged. Note, the vdW correction D3-method by
Grimme was used, in similarity with the CPES simulations.
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Results

First the results from CPES are presented, including the analysis of the �xed and
dynamic framework of the zeolite, the sampling of the PES and �nally the resulting
entropies. Then, TI is presented with the reproduced cases with HF molecule and
N2 in H-CHA, and next results for [Cu(NH3)2]

+ in CHA are shown. Lastly, the
resulting entropies from CPES and TI with each other and experimental values.

4.1 CPES

4.1.1 Framework analysis

The potential energy of MD simulations of the fully dynamic, no �xed atoms, ze-
olite systems N2 in H-CHA and [Cu(NH3)2]

+ in CHA is seen in �gure 4.1 to the
left respective right. It is clearly di�cult to distinguish between vibrations and the
translational and rotational relative potential energy. The overall appearance and
features of the PES are more clearly seen in �gure 4.2 where the zeolite frame is
�xed. For N 2 especially is the high frequency vibrational energy seen superimposed
on the energy of the slower dynamics of the molecule moving inside the zeolite.
These vibrations of N2 could, with some data processing, be �ltered out. However,
as seen for [Cu(NH3)2]

+ (right) this is not as simple because it is not as obvious what
corresponds to vibrations or translation/rotation of the [Cu(NH3)2]

+ molecule.

Lastly, the implemented procedure to calculate the PES from the MD simulation
is seen in �gure 4.3. Here, as described in section 3.3.1, the adsorbed molecule
is removed from the zeolite and their static energies are computed separately and
subtracted from the total system energy. In the case of N2 in H-CHA (left) the
vibrations are clearly eliminated and at this particular snapshot of the MD trajec-
tory an energy peak is seen which corresponds to the N2 hitting the inside wall of
the H-CHA. In the case of [Cu(NH3)2]

+ (right) the dynamics are faster than for N2

and some variations might correspond to vibrations but compared to [Cu(NH3)2]
+

in a �xed zeolite, seen in �gure 4.2, the energy is much smoother. Also, from this
analysis it was concluded that to capture the comparable slow translations and ro-
tations it is su�cient to compute the static energies for the adsorbate and substrate
separately every fourth step, i.e. every 4 fs for these simulations with 1 fs time step.

The dynamic method to compute the PES also makes it possible to capture the
dynamics of the zeolite framework and its interaction with the adsorbed molecule,
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