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Impact of Coulomb exchange interaction exciton diffusion in 2D materials

MARNE VERJANS
Department of Physics
Chalmers University of Technology

Abstract

Transition metal dichalcogenides (TMDs) are a promising class of materials for
future technologies due to their remarkable optical and electronic properties. In
contrast to their bulk form, monolayer TMDs are direct bandgap semiconductors,
which makes them promising candidates for optoelectronic devices. Furthermore,
their atomically thin structure implies a reduced dielectric screening, resulting in a
pronounced Coulomb interaction. This creates strongly bound electron-hole pairs,
called excitons. These excitons can interact in many ways, which accounts for
the rich exciton physics observed in monolayer TMDs. One example of possible
interaction is the Coulomb exchange coupling. In this process, an exciton in the
K valley is exchanged with an exciton in the K’ valley and vice versa. It has been
shown that the exchange coupling results in the entangling of K and K’ excitons,
creating a novel excitonic band geometry.

In this thesis we use the framework of density matrix theory to investigate the im-
pact of the exchange coupling on exciton-phonon interaction and exciton diffusion
in TMDs and in particular MoSe2. Moreover, we generalise the band geometry to
include a detuning, e.g. induced by a magnetic field, and study how this changes the
impact of Coulomb exchange coupling. We find that the exciton-phonon coupling
becomes dependent on excitonic phase and exciton momentum. Furthermore, we
reveal that the momentum-resolved exciton-phonon scattering rates show new scat-
tering channels arising from the modified band geometry. Finally, the knowledge of
the excitonic band structure and exciton-phonon scattering rates is used to calculate
excitonic diffusion. We find that the diffusion coefficient can be controlled with a
magnetic field-induced detuning of K and K’ exciton states.
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1

Introduction

Transition metal dichalcogenides (TMDs), known by the chemical formula MX,, are
semiconducting materials consisting of a transition metal M, e.g. W or Mo, and two
chalcogen atoms X, e.g. Se or S. TMDs have been known for a long time, going
all the way back to 1923, when their crystal structure was determined [1]. Most of
these materials exhibit a layered structure held together by Van der Waals forces.
With the advent of graphene in 2004, a bunch of atomically thin materials have
been discovered. Due to their layered and well-studied structure, TMDs became the
first materials after graphene to be produced in monolayers. In the following we will
introduce some important concepts of TMDs that are important for this work.

1.1 TMD lattice

Figure 1.1a shows the crystal structure of a TMD monolayer. Like graphene, TMDs
have a honeycomb lattice with two sublattices: one for the metal atoms (blue) and
one with chalcogen atoms (green). The lattice has a unit cell spanned by the fun-
damental lattice vectors R; and R,, which allows all lattice vectors to be expressed
as R = n1Ry + nyRy, with n; and ny integers. In contrast to graphene, TMDs
also have an out-of-plane structure, shown in Figure 1.1b, with lattice constant d.
The TMD lattice is symmetric under three-fold rotations and in-plane mirror sym-
metry. However, the TMD lattice lacks inversion symmetry, which is an important
difference with graphene.

The TMD Brillouin zone is given in Figure 1.1c. In this thesis, we will focus on the
high-symmetry points of the first Brillouin zone, refferred to as K- and K’ points.
At these points, the valence band has a global maximum and the conduction band
has a global minimum. Note that the K and K’ points are related by time-reversal
symmetry. The Brillouin zone principal lattice vectors are ¢g; and g,. With these,
one can construct a general reciprocal lattice vector G = myg1 + mags.
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Figure 1.1: (a) Top view of TMD lattice with M atoms in blue and X in green. b;
denote the nearest neighbour vectors and ag the in-plane lattice constant. The unit
cell is marked in red, spanned by the lattice vectors R;. (b) TMD crossection with
dy the out-of-plane lattice constant. (c) First Brillouin zone with high-symmetry
points T" and K/K'. Vectors g; denote the principal reciprocal lattice vectors of the
Brillouin zone.

1.2 Electronic Structure

The main contributions to the valence and conduction bands in TMDs come from
the transition metal d-orbitals and chalcogen p-orbitals. The conduction band edge
at the K and K’ points knows a major contribution of the M-d,» orbital, whereas the
valence band edge at the same points mainly consists of transition metal d,2_,2, dg,
orbitals. The chalcogen atoms give a minor contribution of p,, p, orbitals to both
valence and conduction bands [2]. Besides, because of the three-fold rotational
symmetry of the Billouin zone, the band structure in proximity of the high-symmetry
points must be isotropic under rotational symmetry.

1.3 Optical Selection Rules and
Spin-Valley Locking

An important consequence of the rotational and mirror symmetry of the lattice are
the valley optical selection rules for TMDs [3, 4]. More specifically, the rotational
symmetry determines the transitions between electronic bands that are allowed.
Further, the mirror symmetry tells which optical chirality belongs to each state.
Considering these together, one obtains valley optical selection rules that dictate
that optical transitions in the K(K’) valley only happen by o, (c_) circularly po-
larised light. [5]

2



1. Introduction

Besides the valley optical selection rules, TMDs also exhibit a strong spin-orbit
coupling (SOC) because of the transition metal d-orbitals. This results in a spin-
splitting of the bands in the K/K’ valleys, which is reversed in both valleys due
to time-reversal symmetry. As he SOC is strongest in the valence band, resulting
in a large spin-splitting, one can say that the spin is coupled to the valley index.
As a consequence, the optical selection rules become spin-dependent. The resulting
optical selection rules are shown in Figure 1.2a. For the work in this thesis only the
lowest energy transitions are regarded. This allows us to simplify the band structure
to the picture shown in Figure 1.2b.

(a) / v (b)

T~ 7 TN d
¢ N e

Figure 1.2: (a)Optical selection rules and spin-splitting for Mo based materials.
Blue denotes spin up, red spin down. (b) Simplified picture used in this thesis.

V)

KI

1.4 Exchange coupling

Due to the strong Coulomb interaction, electrons in different high-symmetry points
can interact. In particular, exchange interactions occur between electrons in the
K/K’ valleys, exhibiting an exchange of momentum. There are 10 possible exchange
interactions in TMDs, from which 5 can be retrieved from time-reversal symmetry
[6]. These are summarised in Figure 1.3. Different particle interactions are involved
here. I and V denote electron exchange interactions, whereas III-IV denote electron-
hole exchange interactions. This thesis focuses on process IV, i.e. the intervalley
Coulomb exchange interaction. An analytical expression for it was calculated by Yu
et al.[7], where they predicted that this interaction results in an effective coupling
of the K and K’ valleys. Also, they predicted that interaction of those excitons
with linearly polarised light results in a spatially isotropic distribution of injected
excitons, which can be experimentally verified by photoluminescence experiments.
The goal of this work is to include phonons, i.e. quantised vibrations of the crystal
lattice, and study the impact the of exchange coupling on the excitonic diffusion
coefficient. Because the diffusion coefficient is a measurable quantity, this could
provide an alternative way for verifying the presence and strength of the exchange
coupling in TMDs.
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(a)

Figure 1.3:
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Off-diagonal
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TMDs exhibit 5 different exchange interactions from which (a) 3 in-
teractions exhibit no difference between in initial and final state. (b) 2 interactions
result in a change in valley pseudo-spin. Figure taken from [6].
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Theoretical Basics

2.1 Second Quantisation

The formalism of second quantisation or canonical quantisation is introduced in
order to describe many-particle systems. Here follows a short summary of the for-
malism. In quantum mechanics there exist particles with integer spin, called Bosons,
and with half-integer spin, called Fermions. An important property of these par-
ticles is their symmetry: N-particle Bosonic wave functions are always symmetric,
N-particle Fermionic wave functions are always anti-symmetric. Due to the symme-
try properties, a many-particle wavefunction can be fully described by its occupation
number, together with a symmetrisation factor for permutations of the particles in
the case of Fermions. Since a state only is described by symmetry and occupation
number, the formalism can be simplified. therefore the Fock space is introduced, i.e.
the subspace of Hilbert space whose states are defined by the occupation number
and symmetry properties. A general N particle state is then represented as:

In) = |ng,ni,ne,...). (2.1)

The state without any particles is called the "vacuum state" and is referred to as
|0). The Fock states are incredibly useful in the sense that they allow to describe
particle dynamics very easily. Indeed, using Fock states, it is easy to define so-called
creation-annihilation operators, which add or destroy a particle in the N-particle
state. The Bosonic creation-annihilation operators b', b are defined by their action
on the N-particle state:

bL|n0,n1,...,nk,...) =ng+ 1|ng,ny,...,npg+1,...) (2.2)
bk\no,nl,...,nk,...) = /N ]no,nl,...,nk— 1,> (23)

where bl (by) creates (destroys) a particle at position k. The fundamental commu-
tation relations for the Bosonic creation-annihilation operators read

(b, bl = G (2.4)
b}, bL] = [bg, bw] = 0. (2.5)

For the Fermionic operators cf, ¢, one needs to take into account the anti-symmetrisation
of the wavefunction when defining creation-annihilation operators:
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k—1
bl 0y = (D)X L ) (2.6)
E].Ciln-
ol gy Y= (=12 | Opy ) (2.7)
el 0 Y =ch].. . 1g,..) =0 (2.8)

where the last equation comes from the Pauli exclusion principle. Due to the anti-
symmetry property of Fermionic states, the Fermionic operators follow the anti-
commutation relations

{Ckv CL’} = 5kk’a (29)
{cl, cl} = {er v} =0. (2.10)

Using the creation-annihilation operators, we can redefine the principle of wave
function and introduce quantum field operators in real space:

() =>"yal (2.11)
w

where 9, are the wave functions from first quantisation. These field operators follow
similar (anti-)commutation relations depending on the nature of the particle:

[T (r1), W' (rz)]

U (ry —rz) Bosons (2.12)
{(r1), U'(rz)}

=0
= J(r; —rz) Fermions (2.13)

Lastly, we need an expression for general operators from first quantisation. Using
the field operators, one finds that a single particle operators AM) are defined as

A(l) = Z Akk/a,tak/ (214)
Kk’

where the matrix element Ay = (K| A|k). A two-particle operator is defined as

A(2 ksk
A® = Z Akikgalzla};akzakl (2.15)
k1kakska
with the matrix element AZ?}S = (ks, ka A |k1, k2). For more information about

second quantisation, read [8].
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2.2 Density Matrix Formalism and
Heisenberg Equations of Motion

The definition of the creation-annihilation operators in equations 2.2, 2.3 and 2.6,
2.7, relates to the number of particles in the state. This makes it convenient to define

a density matrix pg\ = <a}aj>, which relates to the occupation probability of state
1. The density matrix-formalism can be applied to electrons and phonons, with the

carrier occupation probability of state k in band A defined as f; = <a,t’\a2> and the

phonon occupation probability of mode v and momentum ¢ defined as ng <bTa °‘>
Extending the formalism to off-diagonal terms, one can introduce the microscopic
polarisation

/ A . . . . .
Py = <CL;T€ a2,>, which describes the coherence between carriers in different states

and bands.

Within the field of quantum mechanics, two different but equivalent pictures co-exist:
the Scrodinger picture and the Heisenberg picture. The former describes dynamics
by the time evolution of the state vectors, given by the Schrodinger equation. In
contrast, the latter uses time dependent operators to describe the system dynamics,
described by the Heisenberg equation of motion. This allows us to describe the
dynamics of any of the microscopic quantities that were introduced in this section.
The Heisenberg equation of motion reads

0 (A o
ihgt> = (A, ) (2.16)

where any operator in second quantisation (e.g. the microscopic polarisation) is
represented by A. The Helsenberg equation relates the time evolution of the operator
to the commutator of A with the system Hamiltonian H.

A downside of the Heisenberg equation is that it can give rise an infinite chain of
coupled equations. Indeed, by taking a closer look at the equation, one observes that
the time evolution of single particle operator depends on the system Hamiltonian,
which can contain multi-particle interactions. Hence, also the equations of motion
of the higher-order particle operators are needed to find a solution to the equation.
In this way, one arrives at an infinite chain of coupled differential equations. The
solution to this problem is to perform a correlation expansion, i.e. to truncate the
system at finite order by assuming that higher orders are negligible [9]. The theory
used in this work is based on the Hartree-Fock approximation, which approximates
a two-particle quantity as

< f Takal> <a*al> <a}ak> — <a1ak> <a al> + C’kl, (2.17)

l]N

where we assume that C}; ~ 0. This provides us with a useful tool to describe the
motion of many-body systems at a microscopic scale.



3

System Hamiltonian

In quantum many body theory, the system Hamiltonian can be subdivided in energy
contributions due to the interaction between all the particles of the system. In this
thesis we consider interactions between electrons/holes and phonons. The system
Hamiltonian is described as the sum of all interactions

H = Hyee + Heo + He.,,. (3.1)

Hpreo describes the energy contributions of the free, non-interacting particles; H,..
the two-particle carrier-carrier interaction and H, the carrier-phonon interaction.
In the following we will give a description of these Hamiltonians.

3.1 Free Particle Hamiltonian

The free particle Hamiltonian contains the contributions of non-interacting carriers
and phonons. For the electronic Hamiltonian, we use the electronic operators a;,
where the compound index | = (A k, &, s) was introduced, with the A the electronic
band, k the electronic wave vector, ¢ the valley pseudo-spin, and s the electron spin
(which couples to the pseudo spin). Moreover, we treat the electronic energy in a
parabolic approximation, i.e. the eigenenergy ¢, = E; + 7122;1‘[2, with Ej the energetic

separation from the Fermi level and m!' the effective electronic mass [10]. The free
particle Hamiltonian is then expressed as

Hc_free = Z GICL}LCLI. (32)
l

The dynamics of the crystal lattice is quantum mechanically described by phonons.
These are quantised vibrations of the crystal lattice, which are treated as a quasi-
particle. For describing phonons, we use the phonon operators by with momentum
q. Different modes of phonons exist, which depend on the material. Generally,
there exist acoustic and optical modes. The phonon mode index is given by «
and the phonon eigenenergy for a specific mode and momentum we will define as
wg- The free phonon Hamiltonian can be derived by quantisation of the classical
description of lattice vibrations, for which we refer to literature [9][10]. The free
phonon Hamiltonian reads

& a(ptapa 1
Hp—free = qu(bg bq + 5) (33)
aq



3. System Hamiltonian

3.2 Carrier-carrier Hamiltonian

Electronic interactions are largely determined by the Coulomb interaction. We use
the electronic operators A, X', where A = {c,v} to make a distinction between the
electronic bands, i.e. the conduction band ¢ and the valence band v. The Coulomb
Hamiltonian reads [11, 12]:

Hee =3 Y VA Mo MMMk (3.4)
ANkk'qid’ j

where A the band index. The Coulomb matrix element is defined as

Viddq = V(a)F(q)Fy (—a), where the potential V(q) denotes the Fourier trans-

form of the Coulomb potential and F(q) is the form factor, defined as

F2(q) = (AN k+q| e T |\ k). An example of how this is treated in TMDs is found

in the derivation of the Coulomb exchange coupling (Appendix A).

The electron-phonon Hamiltonian is given by [11] [12]

Aeppan = Y DS NE QN (Bl +1%) (3.5)

kg

with Dgg the electron-phonon coupling, which reads

’ FL )\ésla
Dggq - WGI{A . (36)

where p is the mass density of the unit cell. The deformation potential G’\)‘ “ depends
on the derivative of the potential between electrons and ions [10]. In thls work,
only 5 phonon modes are relevant: the longitudinal and transverse acoustic modes
(LA, TA) and longitudinal, transverse and out-of-plane optical modes (LO, TO,
A1) [13]. For the acoustical phonons, the form factors are approximated by a first

order effective deformation coupling |ij§/o‘| = DI'|q| [14]. Optical phonons are

approximated by a zeroth order deformation coupling |Gf§°‘| = D' [10]. The
values of these coeflicient can be found in Appendix B.

3.3 Excitonic Hamiltonians

The electronic formalism as described before is very useful for describing single elec-
tronic properties of semiconductors. However, for describing excitonic phenomena,
which are dominant in 2D materials, this becomes tedious. therefore, it is useful to
redefine the formalism in an excitonic picture. We will use the semiconductor Bloch
equations to derive the Wannier equation. This is the excitonic counterpart of the
Schrodinger. The wave functions originating from the Wannier equation can then
be used to create excitonic operators from the Fermionic operators used until now.

3.3.1 Semiconductor Bloch equations

The semiconductor Bloch equations of the microscopic polarisation

pﬁ; = <af\ka,\/k/> and the electronic occupation f = <ai\ka)\k> describe the dy-

9



3. System Hamiltonian

namics of electrons, holes and the optical polarisation near the semiconductor band
gap [11]. The Heisenberg equation of motion of the microscopic polarisation reads

zh@t <ai\ka,\/k/> = <[a1ka,\k/, ﬁ]> (37)

Using the definitions of the Hamiltonians and the fundamental commutation rela-
tions, one obtains the first semiconductor Bloch equation:

ihdpihe = (G0 = Gpe + (fid — fi)icie () (3.8)

with the renormalised energies:
A A AX A
Ek = Ek + Z V /,k’+q,qfk’+q (39)
q

and Rabi frequency Qﬁ/ﬁ, (t).
From the Heisenberg equation of motion for the band occupation f =< alT(ak >

one finds the second semiconductor Bloch equation:

~ XA % ’
hatfli\ == Z Im{(kakJ pﬁ’)\k/} (310)

ANk!

For a detailed derivation, see [11].

3.3.2 Wannier Equation

The Wannier equation describes the motion of joint electron-hole pairs, called ex-
citons. The electron-hole motion is analogous to an atom, at which the electron is
bound to the hole and "circles" around it in quantised energy levels. The equation
can be derived from the semiconductor Bloch equations, see [11] [10]. This results
in:

(Elc(e — Eih)q)(ke, kh) — Z Vke,kh+1,1q)(ke + l, kh + 1) = Elii,khq)(km kh)7 (311)
1

where 1 represents momentum and Ey”, the excitonic eigenenergy. Because the
Wannier equation describes excitonic states, it is good to go to a joint coordinate
systen for electrons and holes. By introducing the centre-mass momentum Q and
relative momentum q defined as

Q=ke—kyp (3.12)
q = ake + fkp (3.13)
with a = m’ijn - b= mﬁ’;n - In the end one arrives to the Wannier equation in
excitonic basis
h2q2
o) = NI (1 + q) = BP(q) (3.14)
m, ;

10



3. System Hamiltonian

where m, = m-' 4+ m; ! is the relative mass and EZ the excitonic binding energy.

The indices p and & represent the excitonic level (in this work always 1s) and the
valley index, respectively.Further, we assumed here that

®(Q,q) = exp(ify oq — iGZ_ﬁQ)\P(q), i.,e. the wavefunctions are not dependent
on the centre-of-mass momentum. Note that in this thesis, the dependence on the
topological phase 6; will be neglected. Finally, the equation of motion for the micro-
scopic polarisation can be transformed into excitonic basis using the eigenfunctions
from the Wannier equation, from which one obtains the excitonic eigenenergy

hQQZ
-

Ea =9y
with M¢ = m$ + m$ the excitonic mass in valley ¢ and A, the band gap. For the
full derivation, see [12].

+ Ag + EZ (315)

3.3.3 Excitonic Operators

The excitonic eigenstates ¥(q) from the Wannier equation can be used to construct
excitonic creation and annihilation operators. This is a summary of the derivation
in [12].

First we define pair operators

ALk/ - eL'Uk/ (316)

From the fundamental commutation relations for electron operators one finds com-
mutation relations for exciton operators

[Aklkm AL3k4] = 5k1k35k2k4 + Ukzvlt‘ldklks + CI(,?,Ckl 5k2k4 (317)
~ 5k1k35k2k4 (318)
The last step can be only done when assuming a low-excitation limit. These com-

mutation relations can be used to rewrite the electron-hole commutation relation
into excitonic operators, i.e.

ClT(Ck/ = Z AIT(IA}(/] (319)
1
vkvf{, = Z AIkAlk’ (320)
1
In the end we can develop the pair operators in excitonic basis
Aii;ekh = ZXE‘ikh\I/gM(Oégkh + 551{9) (321)
&

3.3.4 Excitonic Hamiltonians

A simple illustration of how the transforming of the Hamiltonians works, can be
found in the derivation of the exchange coupling element in Appendix A. Using
these operators, the carrier-carrier Hamiltonian transforms to

11



3. System Hamiltonian

H, o= EoX5X§ (3.22)
Q¢
where E¥ is the excitonic energy for the 1s state. The electron-phonon Hamiltonian
transforms to
Hen= Y g X& qXo g +bl) (3.23)
Qqé¢’a

with the transformed exciton-phonon coupling g%(/la = (gg(;a)c - (g%c;a)” and

(9 )* = DY U4 (k)T (k + feq) (3.24)
k

(9gq )" = D > U*(k) ¥ (k — aeq) (3.25)

Here it was explicitly assumed that we only work with K/K’ valleys and 1s excitons.

Note further that the sign convention about these matrix elements is unclear [10].

For this reason we neglect crossing term when calculating | gg(lf]?

12



4

Coulomb Exchange Interaction

The main focus in this thesis will be to use the formalism of the excitonic Hamil-
tonian to study the electron-hole intervalley Coulomb exchange interaction, illus-
trated by Figure 4.1. The Feynman diagram describes how a valence electron in K
exchanges the momentum q with a conduction electron in K.

@ occupied
') empty
>4 Ck+q k-q
V(q)
’..'

K K'
Figure 4.1: Schematic representation of the electron-hole exchange interaction
with the corresponding Feynman diagram.

The intervalley exchange Hamiltonian in electronic picture reads

H,, = > @x(k,k’,q)ciﬁqvgiqcf/vf + h.c. (4.1)
kK ,q
where 7..(k, k', q) represents the exchange coupling strength, k,k’ denote the initial
electronic wave vectors and q denotes the momentum that is transferred by the
exchange. Changing the coordinate system to joint electron-hole coordinates, the
Hamiltonian can be written in excitonic picture (see appendix A.1):

Hep =" JoX5 X +he (4.2)
Q

with the transformed exchange coupling jé = >k V- Jxkq and ¢y the exci-
tonic wave functions.

From the optical selection rules and the spherical symmetry of the system, an ana-
lytical solution for the exchange coupling can be derived [3]:

13



4. Coulomb Exchange Interaction

| 2q ¥ql* a?t?

A E?
where A denotes the sheet area, a the lattice constant, ¢ the hopping parameter, E,
the band gap and € the excitonic phase, i.e. due to the rotational symmetry of the
band structure, any momentum vector can be expressed as Q = (Q cos, Q) sin6).
The detailed derivation of this expression is found in Appendix A. In order to account
for the screening of electrons, the Rytova-Keldysh potential is used [15] [16] :

Jq =~ V(Q)Q%e ™ (4.3)

e? 1
2e06, A |QI(1 +19|Q))
The Keldysh potential depends on the unit charge e, the vacuum permittivity ¢y, the
dielectric constant of the substrate €, and the screening length 7y, defined by ry =
doq dy represents the thickness of the monolayer and e, the out-of-plane dielectric
constant Note that the dependence on €, means that encapsulation of a monolayer
can influence the exchange coupling. We will consider a freestanding monolayer
(¢, = 1) and a monolayer of with hexagonal boron nitride (hBN) encapsulation (e,
=4.5).

Having defined the exchange coupling, the complete Coulomb Hamiltonian reads:

V(Q) = (4.4)

H,_ O—ZEgQX XQ+ZJQX X§ +he. (4.5)

In order to determine the eigenstates and eigenenergies of the system, the Hamilto-
nian can be reduced to a matrix problem by introducing spinors:

XK = (é) LXK = (g) (4.6)

The Hamiltonian in this basis reads:

. EE
_ Q Q
foo,Q - <j6 EQ’) (47)

Diagonalisation of the Hamiltonian matrix results in new eigenenergies Ea = hi\cf +
0Jq. Here, the branch index o was introduced, with ¢ = —1 for the lower branch

and o = +1 for the upper branch. The corresponding eigenbasis is given by

1 , /
Y§ = ﬁ(Xg +oe®X§). (4.8)
Next, the exciton Hamiltonian can be generalised for a detuning A, which can be
induced by e.g. a perpendicular magnetic field. These terms will be considered
equivalent in this thesis. In the uncoupled case, the detuning results in the splitting
of the exciton bands s.t. Eg = EQM—QQ — A, EQ/ = E2Q2 + A. Following the same
derivation as before, the eigenenergies of the coupled system become

14



4. Coulomb Exchange Interaction

Ea = 52]\5;2 + 0/A? +|Jq|?. Figure 4.2a,b shows the modified band structure
for a freestanding and hBN encapsulated monolayer of MoSe,. It is clear that the
exchange coupling acts as a momentum-dependent splitting of the original parabolic

dispersion.

0.12

(a) freestanding Fo - (b) hBN | -

0.1}

Energy (eV)

15 1 05 0 05 1 15-15 1 05 0 05 1 15

momentum Q (1/nm)

Figure 4.2: (a)-(b): excitonic band structure with exchange coupling for a free-
standing and hBN encapsulated monolayer of MoSe2 respectively.(c)-(d): excitonic
band structure for different detunings in a freestanding and hBN encapsulated mono-
layer of MoSe2 respectively.

At zero momentum, the band structure is degenerate as the lower and upper branches
are equal. This results in a Dirac-like dispersion in the limit of small momenta. In
this limit, the band structure can be approximated by Eg = oJo(), with
Yal? a2¢2e2

Jo = _|Z(,14 2 O};g Qeésr
ative dielectric constant. This means that for a hBN encapsulated monolayer with
e, = 4.5, the exchange coupling is 4.5 times weaker than a freestanding monolayer.
This explains the difference in splitting between Figures 4.2a and 4.2b. When mo-
mentum increases, the band structure takes on a parabolic shape. In the limit of
(@ — oo, the splitting becomes constant with g = 54 + o22.
In presence of a detuning, the band structure deforms. This is shown in Figures
4.2c,d. By taking the limiting case A >> Jg, the branches should split by A.
This implies that a magnetic field effectively decouples the K and K’ valleys. The
detuning pushes the local maximum down, deforming the branch to a parabola.
The critical magnetic field Ay at which this happens can be derived by taking the
second derivative of the lower branch. One then finds Ay = J327. For a freestanding

. The slope of the curve depends on the inverse of the rel-
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4. Coulomb Exchange Interaction

monolayer this means that Ay = 344 meV. With hBN encapsulation this number
reduces to Ag = 14 meV.

4.1 Bloch Sphere and Eigenstates

Due to the exchange coupling, excitons become a coherent superposition of the K
and K’ valleys, as we saw in equation 4.8. The phase factor contains a winding
number 2, which means that the valley pseudospin rotates with 4x for one rotation
in momentum space [6] [17]. This is illustrated in Figure 4.3. Note that this result
is the same as in [6].

|K)—i|K”)
V2
[K)+|K”)
V2
|[K)—|K") |K)+i|K)
V2 V2

Figure 4.3: Crossection of the lower branch. Arrows denote the valley pseudospin.
Figure inspired on [17].

Until now, the eigenstates with detuning remained undiscussed. They are given by

X§ + taeil’exg"

Y§ = (4.9)
? 1+ [t
o/ A2 2 . . . . .
with ¢g = %. The best way to visualise the eigenstates is by using the

Bloch sphere. A general state of a two-level system on the Bloch sphere is expressed

by

) = cosz |K') + sin geid’ |K") (4.10)

with 6 the azimuthal angle (not the mix up with the excitonic phase ) and ¢ the in-
plane phase. According to equation 4.8, the eigenstates in the absence of a detuning
are a coherent superposition of K and K’ states. The azimuthal angle § = 7 is
constant, so the states are located on the equator of the Bloch sphere. The phase ¢
is important for optical experiments, where the location on the equator determines
the light polarisation [6], but will also play a role in scattering with phonons as will

be shown in the next chapter.
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4. Coulomb Exchange Interaction

In presence of a magnetic field, # becomes

1
0 = 2arccos ————— (4.11)

NSENTE

The azimuthal angle is a measure for the proportion of the state mixture. It was
noted that detuning results in a decoupling of the K and K’ valleys. This means
that for A >> Jq, Y§ = X&, Y4 = X§'. This is nicely reflected in the states on
the Bloch sphere in Figure 4.4. Note that the states in Figure 4.3 correspond to
rotations on the equator of the Bloch sphere.

|K)

A = 100 meV
.y N A = 60 meV
/ = 30 meV
L \ = 10 meV
c‘ / A =0 meV

|K7)

Figure 4.4: Figenstates for the lower branch at Q = 1.

In presence of a magnetic field, the length of the eigenstates also depends of the
exciton momentum. Figure 4.5a shows the proportion of K excitons in the eigen-
states of the lower branch, denoted as |[U%(|?. Tt is clear that the eigenstates are
a coherent mixture at all Q except Q = 0. The latter follows from the fact that
the exchange coupling must be zero at the origin. A detuning however imposes a
momentum dependence on the eigenstates. Because the detuning counteracts the
exchange coupling, the eigenstates must transform towards a pure K or K’ state. In
the limit of large A, the eigenstates are purely K or K’ excitons. Also 6 follows this
pattern, as demonstrated in Figure 4.5.
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4. Coulomb Exchange Interaction

1 I I I I 3I00 V 2% A=0 V|
A= me =0 me
(a) ol (D) d
0.9 A = 30 meV 70 A =10 meV
m
D60t
~ 0.8 5
< gso;

) @ 40l = |
0.7 A 10 | 240 A =30 meV
= meV =

£30f
0.6 20
a=omevl Ol A =300 meV]
0.5 - - - - - | . , , . |
-3 2 0 1 2 3 5= 71 o0 1T 2 3
momentum Q (1/nm) momentum Q (1/nm)

Figure 4.5: (a) Amount of K-likeness contributing to the eigenstates of the lower
branch for a freestanding monolayer of MoSe2. (b) Azimuthal angle of the eigen-
states in fucntion of momentum for different detunings.
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Impact on the Exciton-Phonon
Interaction

In this chapter the eigenstates from the exchange Hamiltonian are used to study
the impact of the exchange coupling on exciton-phonon scattering. In order to do
so, a transformation matrix is introduced that helps to perform a basis transform
to the new eigenbasis {YgY, Y§}- In this way, a modified exciton-phonon coupling
is obtained, which can be used to calculate the excitonic outscattering rates. These
are discussed in the second part of this chapter.

5.1 Exciton-Phonon Coupling

In the previous chapter the eigenenergy and eigenstates were derived for the excitonic
Hamiltonian with exchange coupling. These eigenstates can be used to write the
excitonic operators Xg, Xé in function of the transformed basis {YTU, Y§}- This is
done by introducing a unitary matrix U, defined as

P S (5.1)
T+
te e?i@
= (5.2)
1+ [tg]?
Using Ugf, with £ = K/K’, one can express the excitonic operators as
§ _ oly o
Xq = Z UgYq- (5.3)

By inserting equation 5.3 into the exciton-phonon Hamiltonian, one obtains the
transformed exciton-phonon Hamiltonian

Hopn= > G&LOYEL Y (bg + b)) (5.4)

oo’'aQq

where exchange exciton-phonon coupling is expressed by
G&q" = 94 2. U§raUg" (5.5)
3

19



5. Impact on the Exciton-Phonon Interaction

The exciton-phonon coupling element gives the probability for an exciton in band o
and momentum Q to scatter to band ¢’ with momentum Q + q. Interesting is the
fact that the coupling element becomes dependent on the centre-of-mass momentum
and the excitonic phase. The square of the exciton-phonon coupling can be expressed
as |GF 2 ? = 19312 Ag (), i.e. the coupling is modulated by a factor which depends
explicitly on the phase. We will refer to this element as the 'modulation factor’
As an illustration, we consider the case A = 0. The exciton-phonon coupling then
simplifies to:

|g(37(;a 2 _ ‘gg|2 1+ chs(2A9)
where 6 = —1 if 0 # ¢, interbranch scattering and & = +1 if o = ¢/, intrabranch
scattering. The argument of the cosine is defined as A0 = Oqiq — Oq, i.e. the
exciton-phonon coupling depends on the phase difference between initial and final
state. Making a distinction between intrabranch scattering (6 = —1) and inter-
branch scattering (6 = 1), one finds that AZ (6) = cos® Af, AZ (0) = sin® A6,
respectively.

The phase-dependence is visualised in Figure 5.1. More specifically, the figure shows
the acoustic part of the exciton-phonon coupling, normalised to the highest value.
The exciton-phonon coupling is a measure for the probability of an exciton scattering
out of state (@, Q,) with a phonon of momentum q. It is clear that at small centre-
of-mass momentum, the exciton-phonon coupling exhibits a strong phase-selectivity
which depends on the phonon momentum as well. Figure 5.1 shows the coupling
element for three different values of the phonon momentum q. It is clear that the
larger the phonon momentum, the further the phase-selectivity extends in exciton
momentum space.

(5.6)

Acoustic mode (a.u.)

g 0.75 1
= q = 0.05/nm

.

o 05

&

S

T 0.25

]

g

= o 0

0 0.25 0.5 0.750 0.25 0.5 0.75 0 0.25 0.5 0.75
Momentum Q, (1/nm)

Figure 5.1: Normalised acoustic mode of | 6‘fq|2, for three different phonon mo-
menta. A relative dielectric constant of 1 was used. It is clear that the coupling
element depends on the excitonic phase and momentum. The

Scattering changes when a magnetic field is imposed. Figure 5.2 shows the modula-
tion factor AZ,(¢) for 3 different values of the detuning. From the earlier discussion,
we know that at A = 0, the modulation factor is a cos? Af. With magnetic field, the
modulation factor changes, i.e. the phase-selectivity is no more centred at the origin
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5. Impact on the Exciton-Phonon Interaction

and decreases with magnetic field. To see this better, one can compare the colour
scales between the subfigures in Figure 5.2. The with increasing magnetic field, the
colours become darker, i.e. the lower bound of the modulation factor moves to 1.
At A = 50 meV, the modulation factor the lower bound of the modulation factor
will already have increased to 0.75. This indicates that the coupling goes back to
l9G|. This is a direct consequence of the decoupling of the K and K’ valley by means
of a magnetic field.

—~0.75 1
e

C

~~

—

2. 05

p >
g D
2025 At
C

)

E

QO o

= o 025 05 0.75 0 0.25 05 075 0 025 05 0.75

Momentum Qx (1/nm)

Figure 5.2: Modulation factor Ag,(¢) with q=1/nm for a freestanding monolayer
A = 0,10,50 meV. From the colour scale one can see that the coupling element
shifts to 1 with increasing magnetic field.

5.2 Scattering Rates

Due to the transformed band structure and exciton-phonon coupling, one can ex-
pect that the exciton-phonon dynamics changes. In order to study the influence of
the exchange coupling on the exciton dynamics, we introduce the phonon-assisted
excitonic scattering rates [9]. The excitonic scattering rates can be derived from
the semiconductor Bloch equations, using a Born-Markov approximation [10]. The
result is an equation that resembles Fermi’s golden rule:

2m / 1 1 ~ ~
Fg =7 ; 98P (5 + 5+ 1)d(Ed.q — EQ + hwy), (5.7)
o’'+aq

with ng the phonon occupation number, defined by the Bose distribution. The sum
over + expresses the emission (+) and absorption (-) of phonons. Note that the
emission contains (14 ng), where the 1 stands for spontaneous phonon emission
and ng for stimulated phonon emission. The -function in the end accounts for the
conservation of energy.
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5. Impact on the Exciton-Phonon Interaction

5.2.1 Numerical Treatment

A standard procedure for treating equation 5.7 numerically is to transform the sum
to an integral and rewrite the -function as:

Z 5(@ B Qz)

(f(Q)) = R
i Qi

(5.8)

where @); denotes the zeros of the argument f(Q). However, this rule can only be
used as long as the derivative of the argument is nonzero for all (). This poses
problems on the treatment of the scattering rate as the derivative of the argument
can vanish in the acoustic terms.

An alternative way to treat the problem is to assume a constant broadening of the
energy conservation, i.e. the d-function is replaced by a Lorentzian with broadening
~. In fact, this treatment lies closer to experiment, as in reality a broadening will
occur. The equation for the scattering rate then becomes

a' oo’ 1 1 a o’ (o a
_ e zi; w /dqd&\g (5% 5 + LB — BG £ ). (5.9)

with A the sheet area. As a reasonable and numerically less intensive value for the
broadening, we take v = 1 meV. In order to numerically implement the equation,
the integral can be expressed as a Riemann sum so that the equation becomes:

cr AQAQ cro’a 1 1 o o’ (o o
Iy %: A%@ 12 9Qq 2(5 + 5t Ng) Ly (B q — EQ £ hwg).  (5.10)
! o q

5.2.2 Discussion

In order to understand the impact of the scattering rate on the scattering rate, it is
good to shortly look at the result of the scattering rate without exchange coupling,
shown in Figure 5.3. The scattering rate has two main regions: at small momentum,
scattering is dominated by acoustic absorption of phonons. At larger momentum,
excitons reach the point at which their energy equals the optical phonon energy.
This means that they can emit phonons to the bottom of the band, resulting in a
large increase in scattering due to optical phonon emission.
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70 ;
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Figure 5.3: Scattering rate of the parabolic band structure.

The results for the case with exchange coupling are shown in Figure 5.4a. More
specifically it shows the scattering rates for the lower branch (LB) and upper branch
(UB). The dashed line denotes the case where the valleys are uncoupled, which we
will refer to as I'°. By looking at equation 5.7, we see that two factors differ from the
uncoupled case: the modified band structure in the Lorentzian, which will account
for new scattering channels, and the modified exchange-phonon coupling. There are
three regions in momentum space that differ significantly from I'’, denoted with A,
B and C. Figure 5.4b visualises the scattering channels in the band structure.

100 @ : ‘ : : 0.12
90} P o1
= 80F
2 0.08}
3 70}
S 60l 13 0.06f
o )
>
o 50} 1 ©0.04f
= Q
(0] 40 F i1 C
o] 8]
5 0.02}
g 30¢
20F or
10 ' ' ' ; L . . ' ' '
0.5 1 1.5 2 25 005 0 05 1 15

Momentum Q (1/nm) Momentum Q (1/nm)

Figure 5.4: (a)Scattering rate of the modified band structure at 300 K. The red
line denotes the scattering rate of the lower branch, blue the scattering rate of the
lower branch and the dashed line the scattering rate of the uncoupled case. (b)
the origin of the peaks in the scattering rate can be found in the band structure.
The arrows denote possible types of scattering channels which are also rotational
symmetric. A1,A2 B and C are the scattering channels that belong to the peaks
indicated in (a).

Region A consists of 2 hills arising from scattering with acoustic phonons. In contrast
to I'°, both absorption and emission of phonons are important here, as Figure 5.5
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5. Impact on the Exciton-Phonon Interaction

shows. Obviously, at the band minima, no phonons can be emitted, so there only
absorption occurs. From considering conservation of energy, two different types of
acoustic emission channels can be recognised. A1 denotes the emission of an acoustic
phonon from the lower branch to the band minimum in the same 'valley’ of the lower
branch. Besides, energy conservation allows excitons at one side of the lower branch
to emit acoustic phonons to the opposite band minimum, denoted by A2. However,
note that due to the Lorentzian broadening, the maxima of the emission peaks are
shifted.

T

10

" LB total
ac. absorption
8} ac. emission

Scattering rate '8 (1/pm)

06—01 02 03 04 05 06 07 08

Momentum Q (1/nm)

Figure 5.5: Total LB scattering rate in the low momentum regime at 100 K. The
shape of the scattering rate is determined by the acoustic phonon emission and
absorption.

At higher momenta, the optical phonons start to play a role, analogous to I'°.
Remember that the optical dispersion is constant and that there are three optical
modes from which the two largest are approximately equal, see appendix B. Because
of the shift in the exchange band structure, the point at which the optical phonon
energies are reached, occurs is different for the LB and UB. This explains the shift
in the optical emission peaks in the modified scattering rates compared to I'’. Note
that the LB emission peaks come from optical intrabranch emission whereas the
UB emission peaks come from optical interbranch emission. Finally, channel C
denotes the elevation in the tail of the scattering rate. For the lower branch, the
scattering comes from the optical emission of phonons to the upper branch, whereas
the elevation in the UB scattering rate is due to the intrabranch emission of optical
phonons to the bottom of the upper branch.
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5. Impact on the Exciton-Phonon Interaction

5.2.3 Influence of the phase and magnetic field dependence

An important fact that we have not discussed so far is the fact that the LB scattering
rates lie below I'’. By only considering conservation of energy, one would expect an
increased scattering rate because of the extra scattering channels. However, this is
not the case. The answer to this paradox is to find in the exciton-phonon coupling.
Figure 5.6a shows the acoustic region of the scattering rate, calculated with and
without the phase-dependence (A6 = 0).
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Figure 5.6: (a) Acoustic part of the LB scattering rate for a freestanding monolayer,
300 K: comparison between scattering rate with and without phase-dependence. (b)
Modulation factor for intraband scattering at A = 0,40 meV. The ellipses denote
the crossection of the acoustic dispersion cone, starting at the point of the band
minimum denoted by the red dot. The dashed line denotes the global band minimum
of the band structure.

It is clear that without the phase-dependence, the scattering rate would be highly
increased. The reason for the decrease is the fact that the modulation factor
A%9(0) = cos® A at zero detuning, removes a significant part of the available scat-
tering states. The upper part of Figure 5.6b shows the modulation factor at zero
detuning. The dashed circle is a sketch of the band minimum and the white el-
lipses denote scattering crossection of the lower branch with the conical acoustic
dispersion, starting at the band minimum indicated by a red dot. From this figure
it is clear that the modulation factor takes out a significant part of the available
scattering states. Next, when a magnetic field is imposed, we know from section 4
that the band structure narrows down and the eigenstates move towards pure K or
K’ states. Also the exciton-phonon coupling has a similar behaviour as was shown
in the beginning of this chapter. Figure 5.7 shows the behaviour of the acoustic
part of the scattering rate in function of detuning and centre-of-mass momentum.
Interestingly, the scattering rate knows an upward trend up to 45 meV, after which
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it decreases, denoted by the blue and green arrows respectively in Figure 5.7a. This
is a non-trivial result.

(a) (b)
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Figure 5.7: Acoustic part of the LB scattering rate for a freestanding monolayer,
300 K: (a)surface plot, arrows stress the increasing and decreasing parts in function
of detuning.(b) Heat map showing the scattering rate in a. Arrow denotes the shift
in the emission peaks due to the changing band structure.

In order to explain this behaviour we go back to Figure 5.6a. A key here is the fact
that the scattering rate without phase-dependence continuously decreases with mag-
netic field. Further, the difference between the phase-dependent and -independent
rates becomes smaller with magnetic field. The former must be explained by the
scattering crossection. Because the band structure narrows down, the number of
available scattering states decreases, as Figure 5.6b shows for 0 and 40 meV. The
latter implies is explained by the fact that the phase-dependence of the exciton-
phonon matrix element becomes weaker. As Figure 5.6b shows, the lower bound of
the modulation factor increases to 0.75. Also the shape of the modulation factor
blurs out, so that larger regions of the scattering crossection can contribute more
significantly. Therefore we can conclude that there is a competition between the
number of states and the modulation factor. At small detuning, the increase of
states due to the weakening of the modulation factor is larger than the decrease of
excitonic states due to the narrowing of the branch. This results in an increase of
the scattering rate. Then, when the modulation factor starts saturating, the de-
crease in the number of states takes over, hence the scattering rate decreases until
it saturates.

The last influence of the narrowing band structure is shown in Figure 5.7b. This
Figure shows the heat map of the scattering rate in function of momentum and
detuning. The black arrow indicates how the hills of the scattering rate move towards
the origin. Due to the narrowing band structure, the band minimum shifts to smaller
momenta until it coincides with the centre of the band structure. A similar thing
happens with the points from which emission of acoustic phonons can occur. Because
the hills of acoustic phonon emission relate directly to the band structure, the hills
shift towards smaller momenta until they disappear and the uncouled scattering rate
is retrieved.
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5.2.4 Influence of Encapsulation and Temperature depen-
dence

From Figures 5.8 and 5.9, we see that the scattering rate in an encapsulated mono-
layer is slightly different compared to the uncoupled case. Figure 5.8 shows the
scattering rates for (a) a freestanding monolayer of MoSe2 and (b) a monolayer with
hBN encapsulation, at different temperatures. The first thing that draws attention
is the fact that the increase at large momentum due to interbranch scattering (see
scattering channel C) occurs at lower momentum than the freestanding monolayer.
This is due to the fact that that the band structure is shallower than the freestand-
ing monolayer, which means that optical emission and interbranch emission occur
at lower momentum. Another interesting and important feature is the fact that the
acoustic hills lie above I'’. The argument for this increase is similar to the argument
for the magnetic field dependence. At zero magnetic field, the exciton-phonon cou-
pling is comparable to coupling of the freestanding monolayer. The band structure
however can be compared to the one of the freestanding monolayer with a small de-
tuning imposed. For this reason, fewer states lie in the region where the modulation
factor is minimum and by consequence the scattering is larger. Lastly, comparing
the temperature dependence for both cases, we observe a similar trend in function
of temperature. At low temperatures, the difference between the scattering rate
and I'? is small. However, when temperature increases, the difference becomes more
pronounced. An important thing to note is that the difference in scattering rate at
Q=0 with I'¥ increases, with the scattering rates going down with temperature.
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Figure 5.8: Influence of the temperature on the scattering rate of the lower branch
for (a) freestanding monolayer, (b) hBN encapsulation.

The magnetic field dependence of the freestanding monolayer and the encapsulated
monolayer is shown in Figure 5.9a and 5.9b. The behaviour of both monolayers is
explained as discussed in section 5.2.3. The important difference is the fact that the
valleys of the encapsulated monolayer decouple much faster with detuning, which
means that also the scattering rate moves back faster. Hence, the saturation of the
scattering rate occurs at significantly lower detuning than the freestanding mono-
layer.
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Figure 5.9: Influence of detuning on the scattering rate of the lower branch for (a)
freestanding monolayer, (b) hBN encapsulation.
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Diffusion Coefficient

Finally, we can use our knowledge about exciton-phonon scattering and apply it
to a measurable quantity, the diffusion coefficient. The diffusion coefficient can
be derived by calculating the equation of motion for the Wigner function. This is
described in the first section. The second section discusses the results of the diffusion
coefficients.

6.1 Wigner function and equation of motion

The diffusion coefficient can be microscopically derived by introducing the Wigner
function for excitons with exchange interaction:

NG =2 Vg-jaqria™” (6.1)

where N§ o = <YC§UY5,>, which can be seen as an off-diagonal density matrix. The
Wigner function was introduced by Eugene Wigner in 1932 to study the influence of
quantum mechanics on statistical mechanics theory [18]. Because of the uncertainty
principle of quantum mechanics, the Wigner function can assume negative values,
in contrast to classical distribution functions, it is classified as a quasi-probability
distribution. More on the Wigner function can be found in [19]. By integrating
the Wigner function over momentum, the spatial distribution is obtained (and vice
versa,):

N(r) = %: NG (6.2)

An equation of motion for the Wigner function can be found by applying the
Heisenberg equation of motion with the transformed exciton Hamiltonian to the
off-diagonal density matrix N§ g/, which results in

ihO;N? = (EQ — Eg )N (6.3)
In order to obtain the Wigner function, we transform the coordinates as
Q—-Q—-39,Q = Q+3q

Further, by taking the Fourier transform over q, one arrives at:
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6. Diffusion Coefficient

ihONg =3 (Eqi1q ~ Eai10Na-1aai 1 (6:4)
q
- VaEg YA seq. 1t (©5)
q

In the second step, the definition of the derivative was used to write the energy dif-
ference as a gradient. By using the quantum mechanical expression for momentum,
q= %Vr , the equation of motion for the Wigner function is found

ONG = —vd - Ve Ng(r) (6.6)

where vg = %VQE(‘Q is the group velocity. The next part of the derivation is a
standard procedure that includes the Boltzmann scattering term in the equation of
motion.

6.1.1 Boltzmann Scattering

To proceed with the derivation of the diffusion coefficient, exciton-phonon scattering
has to be included in the equation of motion. In a semi-classical picture, this is done
by including the Boltzmann scattering integral in the equation of motion [20, 21, 22].
Assuming small deviations from equilibrium, the Wigner function can be written as

Ng(r) = NQ (r) + 6Ng(x), (6.7)

where NS))U(I') = NO(r,t)e Fa/*sT i5 the near-equilibrium distribution and ONG(r)
the deviation from equilibrium. Further, kg denotes the Boltzmann constant and
T the temperature. An important property needed later is the conservation of
carriers, which means that Yq dNg(r) = 0. In relaxation time approximation, the
Boltzmann collision term contributes to the equation of motion with dNg:

NG

7

ONG — v - VeNG = — (6.8)

Inserting equation 6.7 in this expression and noting that , ;0 Ng can be neglected
as the departure of equilibrium is small, one arrives at a Boltzmann equation for

the exciton-phonon scattering:

ING = —7&(vd - N§(r) + NG (6.9)
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6. Diffusion Coeflicient

6.1.2 Diffusion Coefficient

Then, using the Boltzmann equation, conservation of particle number and equation
6.2, we can find an equation of motion for the the spatial distribution function

ON(r) = Y vd - Ve[vg - VaNG] (6.10)
Qo
where we used that I'§dNg is small, as well as the spatial and time derivatives of

the near-equilibrium distribution. A last important derivation from equation 6.2
gives an expression for the spatial distribution function:

EZ kT
0)o e
Ny = N(r)—5— (6.11)
with Z =3 q, e¥a@ the partition sum. Equation 6.10 becomes:
rat 6.12
e (6.12)

ON(r) =) vg - Vi[vd - Ve N(r)
Qo

Writing out the equation into vector components, and noting that the spatial deriva-
tive of the group velocity is zero, one arrives at

WN(r) =2 ON(r) Y e (6.13)
iy Qo Q

where the indices i,j denote the vector components in two dimensions. Because the

group velocity is an uneven function, the sum over the off-diagonal contributions

vanishes. Finally, one arrives at Fick’s second law of diffusion, which reads:

0N (r) = DAN(r) (6.14)
where the diffusion coefficient is defined as
1 ’U6’2 e*Ea/kBT
D=— Z > (6.15)
2 Qo 'y Z

—-EZ /kgT
with vg the group velocity, I'g the scattering rate and € C’;, " the exciton Boltz-

mann distribution with kg the Boltzmann constant, T the temperature and
Z=%qs e Ba/ksT the partition sum.
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6. Diffusion Coefficient

6.2 Results

Equation 6.15 gives the key to predict the impact of the exchange coupling on
the diffusion coefficient from microscopic quantities, i.e. the scattering rates, the
group velocity and the occupation number. Figure 6.1 shows the resulting diffusion
coefficient in function of detuning for a freestanding monolayer of MoSe2. The
dashed lines denote the diffusion coefficient without exchange coupling, referred
to as D°. Note that the equation for D° is the same as equation 6.15, with the
difference that there is just one branch in the band structure. Also, note that DO is
independent of detuning. Indeed, both I'° as well as the group velocity don’t depend
on detuning, D° must be constant in detuning.

In contrast, because of the changes in band structure and scattering rates due to the
exchange coupling, the diffusion coefficient with inclusion of the exchange coupling
varies with magnetic field. Furthermore, because the scattering rate increases with
temperature, the diffusion coefficient is expected to decrease with temperature in
both the coupled and uncoupled case.
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Figure 6.1: Diffusion coefficient in function of detuning for a freestanding mono-
layer of MoSe2.
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6.2.1 Magnetic field dependence

A first thing to note in the expression of the diffusion coefficient for the coupled case,
is the change in group velocity, shown in Figure 6.2a, compared to the uncoupled
case. Where the latter is zero at Q=0, the former is zero at the band minima of the
lower branch. Also, the group velocity of the modified case is highly increased at
Q=0. This means that the exchange coupling results in fast excitons in the centre of
the exchange band structure. When a magnetic field is imposed, the local maximum
of the lower branch starts smoothing out, by which the group velocity becomes zero
at the centre, though it is still large in the region around it. Also, note that the
excitons have no velocity at the band minima. The important contribution from
the scattering rate will be the tail at Q=0, which varies strongly with magnetic field
as Figure 6.2b shows. Because the diffusion coefficient is divided by the scattering
rate, it is useful to refer to its inverse, called the lifetime. As the scattering rate
is minimal at the centre, this mean that the excitons at the centre of the band
structure not only have a large group velocity, but also a large lifetime.
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Figure 6.2: (a) group velocity in for different magnetic fields. (b) scattering rate
for a freestanding monolayer at 100 K.

The last factor in the diffusion coefficient is the Boltzmann distribution, shown in
Figure 6.3. The Boltzmann distribution gives a weight to every part of momentum
space in accordance to the energy of that state. It is centered at the band minimum
and decays to zero at larger momenta. Note that the distribution is smaller at Q=0
due to the local maximum in energy, but it is not negligible. For this reason, the
increased group velocity will be able to play an important role. Note further that
the Boltzmann distribution increases with magnetic field until it reaches a maximum
at Q=0, equal to the uncoupled case. Note also that, because of the splitting of the
band structure, the Boltzmann distribution of the upper branch is negligible, which
allows us to leave it out of discussion.

33



6. Diffusion Coefficient

20 [T2300K
A= 0 meV
15 [ A= 10 meV

10 ¢

(9

Boltzmann distribution (a.u.)

o
o

Q5 1 15
Momentum Q (1/nm)

Figure 6.3: Boltzmann distribution for the lower branch for different magnetic
fields at 300K.

Now we can start with analysing the behaviour of the diffusion coefficient in function
of magnetic field. The curve can be split into three regions indicated by Figures 6.4a-
c. This figure shows the momentum-resolved diffusion coefficients over which one
integrates to obtain the final diffusion coefficient. The dashed line denotes D°(Q)
and is constant in magnetic field. Figure 6.4a shows an example of the first regime
in which the diffusion coefficient is maximal. It is clear that the increase comes
from the part at small momentum, which arises from the product of the exciton
lifetime and the group velocity. Because the excitons have large group velocity
and lifetime when A = 0, their diffusion is enhanced. When a small detuning
is imposed, the group velocity decreases and the scattering rate increases. Hence
the diffusion coefficient starts decreasing. The decreasing trend of the diffusion
coefficient continues as detuning increases. Figure 6.4b shows that the increased
part rapidly reduces for a detuning between 25-50 meV. This is the point at which
the group velocity become negligible at small momenta and the lifetime is minimal,
i.e. the scattering rate reaches its turning point. From then on the lifetime starts
increasing and the diffusion coefficient grows until it reaches D°, which Figure 6.4c
indicates.
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Figure 6.4: Momentum resolved diffusion coefficients for a freestanding monolayer
at 100K. Three regions in detuning can be separated (a) small detuning at which
the group velocity and lifetime are increased, (b) the transition where the group
velocity and lifetime become smaller than the uncoupled case , (c¢) the regime in
which the diffusion coefficient moves back to D°.

6.2.2 Temperature dependence

Figure 6.5a shows the Boltzmann distribution at different temperatures. It is clear
that the distribution gives more weight to states at low energy when the temperature
is small. When temperature increases, the tail of the distribution extends to larger
momenta, hence selecting a broader window. Figure 6.5b shows the scattering rates
at different temperatures. The scattering rates at Q=0 increase with temperature,
which means that the lifetime decreases. Hence, the increase in diffusion coefficient
at zero detuning becomes less pronounced. Further, the difference between the min-
imum of the diffusion coefficient with exchange coupling and D seems to decrease
with temperature, resulting in a faster saturation at higher temperatures. This is
explained by the fact that the Boltzmann distribution at larger temperatures is flat-
ter and extends to larger momenta. Hence the influence of the acoustic part of the
scattering rate is diminished. Now also, the optical part of the scattering rate plays
a role. This part only has a monotonous increase towards I'’, which means that the
diffusion coefficient in general saturates faster at larger temperatures.
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Figure 6.5: (a) Boltzmann distribution at different temperatures. (b) scattering
rates at different temperatures.
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6.2.3 Influence of encapsulation

The diffusion coefficient in function of detuning for an encapsulated monolayer is
shown in Figure 6.6. In contrast to the freestanding monolayer, the encapsulated
monolayer does not have a large increase; Instead, it starts about the value of D°.
The explanation is though similar to the freestanding monolayer. Because the scat-
tering rates already start at a level larger than or comparable to I'°, there is an
immediate decrease in the diffusion coefficient. Besides, the increase in group veloc-
ity is negligible compared to the uncoupled case. Lastly, the scattering rates also
saturate much quicker with magnetic field, which results in the diffusion coefficient
saturating quickly with detuning.
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Figure 6.6: Diffusion coefficient for a monolayer of MoSe2 with hBN encapsulation.
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Conclusion and Prospects

In this thesis we introduced the concept of the intervalley Coulomb exchange cou-
pling in TMDs. The exchange coupling results in an exact superposition of the
K and K’ valleys, which is expressed by a two-branched band structure, which is
Dirac-like at low momenta and parabolic in the limit of large momentum. Besides,
we showed how a magnetic field can counteract the exchange coupling until the val-
leys are effectively decoupled and the band structure becomes parabolic. Secondly,
we introduced phonons to the system and studied the influence of the exchange cou-
pling on the exciton-phonon scattering. We found that the exciton-phonon coupling
is modulated by a phase-dependent factor which has a large impact on scattering.
By calculating the phonon assisted scattering rates, it became clear that the modi-
fication of the band structure gives rise to new scattering channels. Further, it has
been shown that the scattering rates are magnetic field-dependent. Starting at a
rate lower or comparable to the uncoupled case, they increase with small detuning
due to the lifting of the phase-dependence. A point is then reached at which this
effect is negligible and the decreasing number of states, due to the deforming band
structure, takes over. In this regime, the scattering rate decreases with detuning
until it is equal to the uncoupled case. Lastly, the excitonic diffusion coefficient was
calculated. Here we predict that the diffusion coefficient should change in function
of a magnetic field, which is not the case for a parabolic band structure. Due to the
modified group velocity and the magnetic field dependence of the scattering rates,
the diffusion coefficient knows a large increase at zero detuning, after which it drops
below the uncoupled case. This is a direct consequence of the increasing scattering
rates. When the latter starts decreasing, the diffusion coefficient increases until con-
stant and equal to the uncoupled case. In future works it would be interesting to
verify this phenomenon experimentally. This can be done by either measuring the
diffusion coefficient or spectral broadening of MoSe2 under excitation with linearly
polarised light.
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A

Exchange Coupling Element

A.1 Excitonic Hamiltonian

Here follows a derivation of the exchange coupling element according to Yu et. al.
[7]. We start with the exchange Hamiltonian:

= Y Julk X, )Ck+qv£{( S ok (A.1)
KK q

where the matrix element 7, is defined as

= [ dradrsulll el )V i - el e ), (A2)

with V' (r; — ry) the Coulomb potential. Note that due to spin-valley locking, spin
is implicitly included in the Hamiltonian by the valley-index. We use Bloch waves
to describe the electronic wave functions, thus defined as

1 3 ‘r, c/v
wa/”K(r) = ¢iK+a) uq/ K(r) (A.3)
! 1 - 1 !
1[1;/“( (r) = iK' ta) Ty c/vK (r) (A.4)

JA q

where A denotes the area of the 2D sheet. Now, we develop the Coulomb potential

I : : _ i(pr) V(P).
in its Fourier transform using V (r) = ¥, e'®P*) 2B

Tew = /drldr2wltc+lf1( 1) Bﬂ(rz)ei(p'(rrm) o (g (r1),  (AB)
P
Inserting the Bloch waves from equations A.3 and A.4 and separating the integrals,
we get:

K K’ —3
Tow = /dI‘1 IT(C—&—q lpta)ry,, /erUk/ 6 i(p+q)-r2 iK (1‘2)

p

(A.6)
The integration over space can be subdivided in integrals over the unit cell, i.e.
setting r = R,, + r,,, with R,, the lattice vector and r,, the space vector in the unit
cell, and summing over R,,. Using the translation symmetry of the Bloch factors
one obtains:



A. Exchange Coupling Element

V(p) i(p+a)RL L 1, tcK i(p+ vK .1
jex:%:A;e(p a) nA/Ucdr ully(r LyeiP a)-ry, nufrl)

(A.7)
1 - y
X E e~iPta) Ry / dr qufK 2)e’Z(p+q)'r%uﬁ( (r?)

TL

A useful property of the lattice vectors (without derivation) is g, €3®" = N 3¢ dg 4,
with G the reciprocal lattice vector and N the number of unit cells. Using this iden-
tity to convert the sums over R,, , results in:

Foo = Y O e () )
G (A.8)

N .
XZ - er TvK(’l(r2>€sz-r2ulcj(/(r2>

Lastly, recognising the integrals as inner products of the Bloch factors, we can write
Jew =Y ——— (il
G

iGr

e —iGr

K K’ K’
I Uy ><uﬁ,_q Uper > (A.9)
The next step in the derivation is to transform the Hamiltonian into excitonic ba-
sis. Using the fundamental anti-commutation relations, the Hamiltonian can be
rewritten into
K K' K
= Y Jelk K, a)c} i vl et (A.10)

k.k’,q

Now we introduce pair operators Ak Ky 7A1£<C,kv in valley ¢ = K/K', defined as

AEC K, = cfivk (A.11)
Aff o= (A.12)

These can be identified in the Hamiltonian, resulting in

K
= Y Tk X, QAL AR G (A.13)
kk',q
In order to go to excitonic basis, the Hamiltonian needs to be written in a joint
coordinate system for electrons and holes. Therefore we introduce the centre-of-
mass momentum Q and relative momentum q as

Q = kc - kv <A14)
Q= —" k4 — Kk, (A.15)
mv + mc mv + mC

with m./v the mass of an electron in the conduction/valence band. In these coor-
dinates, the Hamiltonian reads
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= Y Ju(Qa.d)A"g

Q.q,9’

AX 0 a (A.16)

q+Q +201

where the approximation was made that m,. ~ m,. Note also that the relative vector
q,q’ are the relative vectors, not to be confused with the momentum transfer q in
the Hamiltonian. Now we can develop the pair operators into excitonic eigenmodes
using the excitonic wave functions 1 (q):

Alig a9~ ¢<Q>X(]§ (A.17)
(A.18)

where {Xg , Xé} are excitonic operators, creating/destroying an exciton with mo-
mentum Q in valley £. The transformed Hamiltonian becomes

= JoXGXE +he. (A.19)

The transformed exchange couphng reads
Zw q)7..(Q,q,9") (A.20)
(Z vla) (ukqle

(D” )yl “3‘49)

A.2 Expression for the exchange coupling

G—l—Q

—Z

(A.21)

The sum over G can be split into a long-range part (G=0) and a short-range part
(G#0). Because we treat Wannier excitons, which are limited in momentum space,
nd for symmetry reasons, the short range part can be neglected:

ite)) (et (g uy) | aa

In order to proceed, one needs to use a k - p expansion [11] for the matrix element

Jq = Z (ZdJ <q+q

Q

cK vK .
<UQ+‘§ uq—?>'
A <uvK IA) UCK>
cK cK qa q vK 2
A <uvK IA) uvK>
vK _ |, vK 0. a a cK 2
uq<§> — )+ 5-Q B — e [ )+ 0(Q) (A.24)

ITT



A. Exchange Coupling Element

Inserting this in the equation gives:

i e ) = P L B ]
<uq§‘§ uql_<<§> = Q B +0(Q?) (A.25)

Note that because we consider small wave vectors, it is sufficient to go up to first
order in Q. In equation A.25 one can recognise the expression for the optical dipole
matrix element [11]:

10 <uc§ f) uv§>
devé — M. N alF[7a/ A .26
Doing similar for the factor in A.22, one obtains
Jo =V(Q)(Q-d)(Q - d¥]) (A.27)

where the excitonic optical matrix elements are defined as df, = ﬁ >q w(q)dg”K ,
d§(’) = ﬁZQ’ v (—q’ )da‘,’K . Now the valley optical selection rules become im-
portant. Because the K (K’) valley only couples to o+ (o—) polarised light, the
optical matrix element must take the form of the corresponding Jones vectors s.t.
T K T . T / Iy - e

df, = (d§7,dyY) = (d§r, —id%?) and df, = (d§",id%,"). Furthermore, due to
rotational symmetry of the K/K’ points and hence the band structure, the centre-
of-mass momentum is circularly symmetric, s.t. Q = (Q,,Qy) = (Q cosf,Qsinb).
Thus, the exchange coupling get the form

Jaq = V(Q)Q*(d5g)*e™" (A.28)

Because we treat Wannier excitons, the extend in momentum space is small. There-

fore, neglecting the momentum dependence of the non-transformed optical matrix
element, we get d§0 ~ d:;ZK >q¥(q). The previous definition of the optical matrix

uvK)

@ <ucK p

m Ey

the optical matrix element in [opticalselectionrules], one obtains d** = (i£-, £L),
g g9

with a the in-plane lattice constant of the monolayer and t the hopping amplitude.

Finally one arrives at the final expression

’Zq w(q)|2 2t2 —217
Ja=-""4 aEgg V(Q)Q%e" (A.29)

element simplifies to dK = , with E, the gap energy. Comparing to

IV
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Material Parameters MoSe2

Table B.1: Table with materials parameters used in this thesis. Sources: hopping
parameter [4], rest see [10]

lattice ap [nm)| do [nm] | €, € t
0.31854 0.64 16.5 7.4 0.94
electrons me [mo my [mo] | E, [eV]
0.6 0.5 1.928
acoustic phonons | vy, [nm/fs] | [DY| [eV] | |D| [eV]
4.1e-3 2.8 3.4
optical phonons | Q9[eV] QT%eV] | QM [eV] | |DY|[eV/nm | | |D¢|[eV/nm]
0.0361 0.0366 0.0303 49 92
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