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On Definability and Normalization by Evaluation in the Logical Framework

Frederik Ramcke
Department of Computer Science and Engineering
Chalmers University of Technology and University of Gothenburg

Abstract

The question of definability asks to characterise what objects of the meta-theory
are definable by a given calculus; for example, the untyped \-calculus characterises
exactly the Turing-computable functions.

This thesis gives a characterisation of LF-definability—definability in a variant of
the Edinburgh Logical Framework—in terms of a notion of Kripke predicates. The
constructions in this thesis are heavily inspired by, and generalise, those by Jung
and Tiuryn, who gave a definability result for the simply-typed A-calculus in ‘A New
Characterization of Lambda Definability’.
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Chapter 1

Introduction

The notion of A-definability characterises those mathematical entities which can
be expressed in Church’s untyped A-calculus, i.e. those x for which a A-term
t satisfying (t) = x exists (where (t) is the interpretation of t). As one of the
earliest results in the field of theoretical computer science A-definability was
proven equivalent to Turing-computability [22], i.e. functions f : N — N are
A-definable if and only if they are computable (cf. the Church—Turing thesis).
This early line of research leads us to the problem of finding a similarly semantic
characterisation of definability for the various typed variants of the A-calculus,
in which the valid terms are restricted to those that are ‘well-typed’ according
to a chosen set of typing rules.

A semantic formulation for the corresponding notion of definability for the
stmply typed lambda calculus (STLC) was given in 1993 by Jung and Tiuryn
[17]. The STLC is arguably the most primitive of the typed A-calculi, with only
function types A — B and type constants . Not many definability results are
known for more powerful systems.

We are particularly interested in type systems with dependent types, which
are central to the use of type theory as a language for mathematics—the ultimate
goal of this line of research is to find a semantic formulation of definability for a
fully dependent lambda calculus (e.g. Mlw, the Calculus of Constructions). Such
a result can be expected to hold some philosophical value, in that it would give us
a deeper intuitive understanding of this calculus; on the practical side of things
it would likely involve novel technical constructions that could be independently
useful as tools in reasoning about dependently typed lambda calculi.

This thesis makes a small step towards that overarching goal. We derive a
semantic characterisation of definability in the Edinburgh Logical Framework
(LF):

Theorem (Main theorem). An object is definable in LEF iff it satisfies all Kripke
predicates.

The Edinburgh Logical Framework [15] features a dependent type system
without universes, where quantification is limited to small types (and where
types may only depend non-computationally on values), corresponding to Al in
Barendregt’s A-cube [6].
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1.1 Inspiration and Prior Work

The main inspiration for this thesis stems from Jung and Tiuryn’s work on
STLC-definability [17], in which they proved it equivalent to satisfaction of all
‘Kripke logical relations with varying arity’. The idea to apply Jung and Tiuryn’s
ideas to the LF calculus came from Andreas Abel; Andreas Abel had formalised
the STLC-definability result completely in Agda [1], which made the structure
of the constructions and proofs more obvious, and he proposed an extension to
dependent types as an interesting problem for future work.

‘Kripke logical relations with varying arity’ are an extension of the earlier
notion of logical relations, which were already employed by Plotkin in 1973 [21]
in analysing the decision problem of STLC-definability (i.e. deciding for a given
object & whether a defining STLC term ¢ exists). Jung and Tiuryn’s Kripke
relations generalise plain logical relations to Kripke models, which are a well-
known way of assigning a semantics to the simply-typed A-calculus, introduced
by Mitchell and Moggi [20].

The second key piece to the definability result is a formulation of evaluation
as a Kripke predicate, which turns out to correspond to the algorithm now known
as Normalisation by Evaluation (NDbE) [8]. Coquand gave a version of the NbE
algorithm using a Kripke model for the STLC with explicit substitutions [12]
which we will extend to the case of LF (without explicit substitions).

1.2 Contribution

The main contribution of this thesis lies in the derivation of a novel charac-
terisation of LF-definability. Central to this result is a novel ‘semi-semantic’
formulation of LF. As a by-product of our efforts we also obtain an elegant
normalisation proof for LF.

It is important to point out that the proof ideas in this thesis are not
fundamentally novel, but are adapted from Jung and Tiuryn [17].

1.3 The Structure of this Thesis

The first part of this thesis summarises Jung and Tiuryn’s STLC-definability
result. Its function is to convey an idea of the ‘bigger picture’, that is, to introduce
the reader to proof ideas that will later reappear in the second part in a much
more technically involved setting.

Part II comprises the heart of this thesis work—it contains the proof of the
LF-definability theorem (in Section 7.3). The structure of this part mirrors Part
I to a large extent. Note that Part II constitutes novel work while Part I consists
entirely of a presentation of previously known results.



Chapter 2

Preliminaries

2.1 Expectations from the Reader

This thesis assumes from the reader familiarity with:

e Type theory as a foundation of mathematics; this thesis document is set in
an informal, extensional type theory, while the accompanying code contains
formal proofs in Agda, an intensional type theory.

e Agda; the reader is advised to read the technical developments in Part 2 in
tandem with the accompanying Agda code. Furthermore, the presentation
on paper makes use of several Agda-isms (in particular as far as notation
is concerned).

e The simply-typed A-calculus (STLC); the first part of the thesis briefly
summarises a result on STLC-definability, but does not give much intuition
to the definitions. The reader is expected to be familiar with the usual
intrinsically-typed presentation of the STLC (cf. for example Section 5 in
Altenkirch and Reus [4]).

e De Bruijn indices [11]; both the simply-typed calculus in Part 1 as well as
the presentation of LF in Part 2 use de Bruijn indices to encode variables
in their syntax.

2.2 Informal Type Theory

Throughout the thesis we will work in an informal, extensional type theory. If
you like, you can think of this as Agda plus extensional equality (and some
amount of handwaving); this allows us to skim over some of the complications
plaguing the Agda code, which is based on an intensional type theory [18] where
the wrangling of type equalities incurs a lot of syntactical and mental overhead.
The notational conventions we are going to follow are meant to mirror Agda’s
syntax. We are additionally going to take a few liberties in our notation:

e We will sometimes write arguments as subscripts. For example, we write
[A]r instead of [A]T.
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o We will use set-theoretic notation when working with subsets.

— Given a predicate P : S — Set we write x € P to mean P x.

— We will also informally quantify over set-elements, i.e. we write (x €
P)— ... instead of {x : S} - Px — ....

— Finally, we will confuse elements and witnesses of element-hood, i.e.
if f:(x € P)— X (informal for f: {z: S} - Pz — X),x: S
and p: x € P, we will write fz to mean f {z} p, leaving the witness
implicit.

2.3 Agda

The code accompanying the thesis is written in Agda, an implementation of an
intensional type theory [10, 23]. The properties of Agda’s type theory are heavily
customisable. Our code uses the following particular features of Agda:

Pattern matching Agda allows the user to write definitions by pattern match-
ing. This allows us to translate the informal definitions we might write on
paper into Agda code in a natural way.

Note that Agda’s pattern matching allows us to prove Aziom K (equival-
ently: uniqueness of identity proofs). Our code makes use of this feature,
that is, we are implicitly assuming Axiom K in our meta-theory.

Customisable syntax Agda allows us to define custom mixfix operators; this
allows us for example to define and use semantic brackets the same way we
do on paper. Furthermore, Agda’s customisable syntax allows us to swap
the order of function arguments even in the case of dependencies between
them.



Part 1

Review of Definability in the
Simply-Typed Lambda
Calculus



Chapter 3

STLC

The main result of this thesis, a characterisation of LF-definability in terms of
Kripke predicates, is heavily inspired by Jung and Tiuryn’s work on definability
in the simply-typed A-calculus (STLC) [17]. In order to provide context to the
second part of the thesis, as well as to guide the reader, we will review (a variant
of) the results of Jung and Tiuryn in this first part of the thesis. Note that we
didn’t formalise this part of the thesis in Agda.

This chapter comprises a definition of the simply-typed A-calculus along with
its semantics, as well as a notion of Kripke models.

3.1 Syntax

The types of the STLC consist of base types (or type constants) and function
types. Note that we will not make the notion of a base type fully precise; in
general one would parameterise the calculus over a set of base types and their

semantics.
¢ base type A/ B: Ty

Ty : Set t: Ty A= B:Ty

A context consists of a list of types representing term variables.

:Cxt A:Ty
Cxt : Set 0 : Cxt (T, A) : Cxt

Variables are simply de Bruijn indices into the context.

':Cxt A:Ty vp:Varl'A B:Ty
Var : Cxt — Ty — Set vp : Var (', A) A Vpt1: Var (I, B) A

The terms of the simply-typed A-calculus are given by variables, abstraction
(corresponding to the A-binder) and application.

_v:Varl'A
Tm : Cxt — Ty — Set varv: TmI A

t:Tm(T',A)B t:TmI'A=B) u:TmT A
abst: TmI' (A= B) apptu: TmI'B
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3.1.1 Context Inclusions and Weakening

The natural notion of inclusion of contexts is given by order-preserving embed-
dings T' C A.
I': Cxt i: T CA
I‘eﬂweak T C T \Lweak i T C (A, A) Tweak i (

A
-

Ihlﬂ

)

Given a term ¢t : TmI' A and an embedding 7 : I' C A one can construct a
correspondingly weakened term t|, : Tm A A by updating the de Bruijn indices
accordingly. Furthermore, one can define a corresponding semantic action on
contexts (i)Veak : [A]* — [[']*. (The detailed definitions are left for the second
part of the thesis.)

(A, 4)

3.2 Standard Semantics

The simply-typed A-calculus can be seen as a ‘sub-theory’ of our meta-type-
theory (i.e. Agda). We will refer to this natural embedding of STLC types and
terms into the meta-theory as the standard semantics.

The standard semantics of function types is given by the full function space
of the meta-theory, that is STLC functions will be denoted as proper functions.

[ ]:Ty— Set
[t] = (parameter to the theory)
A= B] = [4] - [B]

The semantics of a context (a list of types) is given by tuples of values of
the corresponding types. Note that T denotes the unit type with exactly one
inhabitant.

[ ]*: Cxt — Set
o =T
[, A]" = [T x [A]

Finally, the standard-semantic denotation of STLC terms is given by the following
well-known evaluation function:

(L)

(varvo) (v,a) =

(v (1.0) = v )
(apptu)y = () v ((u)y

(abst)y = Aa = (t) (y,a)

V{FA} — TmIlA— [[]" — [A]

Note that the question of definability ultimately concerns these standard
semantics: we want to characterise those meta-theoretic objects f : [I']* — [4]
for which there exists a defining term ¢ : TmT' A such that (t) = f.
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3.3 Kripke Models

Mitchell and Moggi [20] introduced Kripke-style models for the simply-typed
A-calculus in 1987 (the citation leads to a later version of the paper from 1991).
A Kripke model consists of the following data:

Worlds A set of ‘worlds’ ordered by a reflexive and transitive relation.

W : Set < W =W — Set

Type semantics A semantics of types indexed by worlds.

[_] :Ty—W — Set

Transport An operation that transports values to ‘later’ worlds.
7 V{Aww'} = [A]w = w < w' = [A]w
Application An application function at each world.
apply : V{(ABw} — [A = Blw — [A]w — [Blw
Term semantics A denotation function indexed by worlds,
():V{TAw} - TmI' A — [I'];, = [Allw

where [_]* is the pointwise extension of world-indexed type semantics to
contexts.

[_I" : Cxt — Cxt — Set
o, =7
[T, Al%, = [T x [Alw

*
w
*
w

The supplied data further need to satisfy a list of laws that ensure that the
structure does indeed constitute a model of the simply-typed A-calculus. Since
we are not going to talk about properties of Kripke models in general we do not
need to talk about these laws explicitely here.

3.3.1 Kripke Predicates

A Kripke predicate over a given Kripke model is an indexed family of predicates

Pl_] :(A:Ty) = (w: W) — [A], — Set
that is

e monotone at base types,
a€Plw— p:w=<w)— (] p)e€P[w,
e and has the ‘Kripke function space’ property,
fe€P[A= B]y, < Y(w' :W)(p:w <w')(a € P[A]w) — apply (f / p) a € P[B]w,

where ¢ <=’ stands for logical equivalence (if and only if).
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We extend such a P[] to environments pointwise as follows:

PL_I" « (T: Cxt) = (w: W) — [I]}, — Set
nePlel, =T
(n,a) € P[T, A]L, =n € P[T]:, Aa € PlA]w

Any Kripke predicate can be shown to satisfy the ‘fundamental lemma’ of
Kripke predicates.

Lemma (Fundamental Lemma of Kripke Predicates). Given t : TmI' A and
n € P[T]: we have (t) n € P[A]w-

Proof. For a proof see Mitchell and Moggi|20] (note that they use somewhat
different notations and definitions). O



Chapter 4

Normalisation by Evaluation
(NbE)

In this chapter we will briefly review the normalisation algorithm [8] known as
normalisation by evaluation (NDE). This turns out to be a key part of Jung and
Tiuryn’s [17] STLC-definability result (which we will summarise in Chapter 5).

The key idea of NbE is to define a particular Kripke model that contains
normal forms at base types, and that allows weakening at function types. One
then defines reflection and reification functions mutually recursively, respectively
‘reflecting’ meutral terms into the model and ‘reifying’ normal terms out of the
model.

4.1 Normal Forms

A term is in (8- )normal form if it contains no S-redexes, i.e. subterms of the form
app (abst) u. We define normal forms mutually with neutral terms as subsets
of (predicates over) the type of all terms: Ne,Nf : (I' : Cxt) — (A : Ty) —
TmT' A — Set.

Note that we use set-style notation informally here, leaving out the witnesses
of element-hood. Note further that A and B are intended to be quantify over all

types.

v:Varll' A tGNeF(A:B) u € NfI' A
varv € NeI' A apptu € Nel' B
teNel' A teNf(I',A)B

teNITA  abste N[ (A= B)

4.2 NbE Kripke Model

The Kripke model used by the NbE algorithm is defined as follows.

Worlds Worlds are given by the set of contexts, i.e. W = Cxt, ordered by
order-preserving embeddings I' C A. Transitivity of the C relation is

witnessed by a composition operation e I'CA ->ACQ—->T CQ.

13
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Type semantics The key to constructing the NbE model is to define the
indexed type semantics to allow for weakening at function types. We add a
superscript N to denote that we are in the NbE model.

[[_]]/:[ : Ty — Cxt — Set
[N = {t|t € NeT' 1}
[A= B ={A:Cxt} = (i: T CA) = [A]N = [B]Y

Transport The previous definition ensures that we can ‘transport’ values
along context embeddings:

] T AAY S AN =T C A — [AIY
{A=.} t]i=tli
{A=(A=DB)} fli=Xa— f(iei)a

Application Application in the NbE model is simply meta-application after
applying the identity weakening.
apply’V : V{ABT} — [A= BI¥ — [A]Y — [BIY

applyy fx = frefi™e® ¢
Term semantics FEvaluation into the NbE model is defined recursively:
(VY :V{TAAY - TmT A — [TV — [AIN
(var vo)™ (1,
(var v, 1) (1,

(app t u)™ n = apply™ (1D n) ()™ n)
(abst)N n = Xia — ()N (n / i,a)

a) =«
@) = (varv,)V n

Here n / ¢ is the environment that we obtain by transporting the values in 7
along ¢ pointwise. (We reuse the same notation as we used for transport of values,
for typographical reasons.)
. *N * N
] Y TAAY = [T]XY = ACQ—=[T]S
{T' =g} tt /i = tt
{T'=@,A4)} (ne)/i=@n/iali

4.3 Normalisation

The heart of the NbE algorithm consists of two mutually defined functions:
‘reflect ” injects neutral terms into the model while ‘reify’ extracts normal forms
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out of the model.

reflect : {I': Oxt} — (A : Ty) — Ne[' A — [A[Y
reflect, t =t
reflect sooo gt = M a — reflect g (app (¢4;) (reify 4 a))

reify : {I': Cxt} — (A: Ty) — [AJY = NfT' A
reify, t =t
reify o g f = abs (veify g (f (J¥*F refi™**¥) (reflect 4 (varvg)))

To normalise a term ¢ : TmI" A all we have to do is evaluate it in the identity
environment freshr : [I]Y and reify the result:

fresh : (T : Cxt) — oY
freshy = tt

fresh(p 4y = (freshr / (JVeak peflveak) reflect 4 (var vg))

norm : V{I' A} - TmI'" A — NfI" 4
normt = reify 4 ((t)"" freshr)

This concludes the computational story behind the NbE algorithm; what
remains is to prove the procedure sound, i.e. that normalisation preserves the
computational behaviour of terms. This will follow as a by-product of the
definability result in the next chapter.



Chapter 5

STLC-Definability

This chapter contains a proof of a slightly restricted version of Jung and Tiuryn’s
[17] STLC-definability result, characterising STLC-definability in terms of Kripke
predicates. The original theorem uses the more general notion of ‘Kripke logical
relations with varying arity’, which does not readily generalise to the LF calculus.

In this chapter we skip almost all of the technical details since we are going
to revisit them in the next part in great detail; the results in this chapter can
intuitively be seen as special cases of the results for LF in Part 2 (if one identifies
the STLC with a subset of LF).

5.1 Kripkefied Standard Semantics

The first part of the definability theorem consists of a presentation of the standard
semantics of the STLC as a Kripke model (marked by a superscript ©).

Worlds Like in the NbE model the worlds are given by contexts, ordered by
order-preserving embeddings.

Type semantics The type semantics are simply the functions [A]§ = [[]* —
[A], which means that for a given term ¢ : TmT A we have (¢) : [A]2.

Transport Transport is implemented by composing with the semantic action
of weakening (here we are leaving out the superscript for typographical
reasons)

] [AIE »TC A= [AR
x ] i=xo (i)veak,
where
(_yweak wITAY 5T C A — [A]F — [T
<reﬂr>weak y=r
<\Lweak Z->weak ((5, Cl) — <Z->weak 5
<Tweak i>weak (5 ) _ (<i>weak 5, a)

,Q

Application Kripkefied application is given by apply® fz = Ay = fvy(zy).

16
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Term semantics The term semantics is defined as (t)° 7 = (t) o (n)*, where
(n)* casts the environment 7 into a function on contexts:

(L) DAY = [T — [A]" — [I]°
{T=0y ()T =x—=7f
{=TA)} (0" == ((n)"6,a0)

5.2 Definability as a Kripke Predicate

The NbE Kripke model from Section 4.2 gives rise to the following Kripke
predicate on the Kripkefied standard semantics:

NI_] :(A:Ty) — (I': Cxt) — [A]f — Set
x € Nifr =X(t € NeT'v)(z = (1))
feN[A= B]r =VA(i:T C A)(z e N[A]a) — apply® (f / i)z € N[B]a

Into this ‘sub-model’ we can again ‘reflect’ neutral terms, as well as ‘reify’ normal
forms:

reflect : V{I' A} — (t € NeT[' A) — (t) € N[A]r
reify : V{T' A} — z € N[A]r — Z(t € NIT A)(z = (t))

Given a term ¢t : TmI' A the fundamental lemma of Kripke predicates states
that () 7 € N[A]a whenever n € N[T']4 . Since (t) 1 = (t)o(n)* by definition
and since freshp € N[I']f with (freshr)* = id we have that for any ¢ : TmT" A,
(t) € N[A]r (the definition of freshr is left out). This means that we obtain a
correct-by-construction normalisation function as follows:

norm : V{[' A} — (t: TmT A) — X(¢' € NfT A)((t) = (t'))

norm = reify 4 ((t)® freshr)

5.3 STLC-Definability Theorem

Using the NbE predicate we can prove that STLC-definability is in fact equivalent
to ‘satisfying all Kripke predicates’. Note again that this theorem is a slightly
restricted version of the one given by Jung and Tiuryn [17]. The LF-definability
theorem that we are going to arrive at in Chapter 7 will mirror this one.

Theorem. An object x : [A] at A : Ty is definable in the simply-typed A-calculus
iff it satisfies all Kripke predicates. In other words, there exists a t : Tm @ A
such that (A_ — x) = (t) iff for every Kripke predicate P (on the model defined
in Section 5.1) we have (A_ — z) € P[A].

Proof. (Sketch) In one direction, if x is defined by some term ¢ then (¢) € P[A]»
follows directly from the ‘fundamental lemma’ of Kripke predicates. In the other
direction, if x satisfies all Kripke predicates it also satisfies the NbE predicate;
reify then gives us a term defining x. O



Part 11

LF Definability

18



Chapter 6

The Edinburgh Logical
Framework (LF)

The LF system [15] consists of three levels: kinds, type families and terms.
Objects at each of these levels are indexed by contexts, which are lists of term
variables. This makes LF a dependently typed A-calculus—LF’s types depend on
(are indexed by) values (terms). Note that as far as dependently typed A-calculi
are concerned, LF (corresponding to AIl in Barendregt’s A-cube [6]) is not very
powerful: it does for example not allow terms to depend on types, or types to
depend on other types.

This chapter is structured as follows: in the first section we summarise a
somewhat standard formulation of LF, roughly following Harper, Honsell and
Plotkin [15]. We will then use this more standard presentation as motiviation
in defining another, non-standard variant of LF in Section 6.2. Throughout the

rest of the thesis we will be working with this second, non-standard presentation
of LF.

6.1 An Intrinsically Typed Sketch of LF

In this section we have a brief look at the Edinburgh Logical Framework fol-
lowing its original presentation by Harper, Honsell and Plotkin. Amongst other
differences, we are going to ignore any technical issues concerning type equality
(and the corresponding conversion rules). We are also going to pretend we can
make the syntax intrinsically typed as this makes the definitions much easier to
follow—we are not claiming this can be made formal!!

Recall that the Edinburgh Logical Framework consists of objects at three
levels: kinds, type families and terms. We can think of these as inductive data
types

Kind : Cxt — Set, Fam : (I' : Cxt) — KindI" — Set

and Tm: (T': Cxt) - FamTI Type — Set,

1 Author’s note: I was struggling to get an intuition for the LF calculus as presented in
Harper et al. [15], and found that adding types in an informal sketch helped a lot since it made
the structure of the calculus more obvious.

19
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respectively, where Cxt : Set is the set of contexts (or telescopes) of term
variables.

Kinds The kinds of LF are rather restricted; in particular, we do not have

abstraction or application at the level of kinds.

T Cxt A:FamT Type K :Kind (T, A)
Type : Kind T’ PiAK : KindT

Note that all kinds are of the form PiA; (... (PiA, Type)...), where the 4,
are type families.

Type families At type level we do have abstraction and application. Let K/, t
denote the substitution (where the subscript x is part of the operator name and
not a variable) of the term ¢ for the first free variable (i.e. de Bruijn index 0) in
the kind K.

K :Kind(T,B) A:Fam(I,B)K  A:Fam[(PiBK) t:Tm[B
Abs A : FamT (PiBK) App At : FamT (K/, t)

Note that we don’t bother to define the substitution operator in this sketch —
our intuition shall suffice.

The constructor for function types in LF gives rise to dependent functions
since the return type B is allowed to depend (in its context) on the value of the
argument.

A:FamI' Type B :Fam (T, A)Type
piA B : FamT Type

Terms The terms of LF are given by the usual triad of abstraction, application
and variables. Let B/, u denote substituting the term v for the first free variable
(which has type A) in the type B.

t: Tm(T,A)B t: TmI'(piAB) w:TmT A
abst: TmT (pi A B) apptu: TmI' (B u)

Term variables are given by indices into the context,

v:Varl' A
varv: TmI' A

defined using the auxiliary notion Var : (T' : Cxt) — FamT Type — Set.

A : FamT Type v:Varl' A B :FamTI Type
vzero : Var (I', A) Al vsucv : Var (T, B) A}

Here we let Al : Fam (T, A) Type denote the appropriately weakened A : FamT,
where all references to variables in I" are replaced by the corresponding variables
in (I, A), shifting the de Bruijn indices by one. The definition is again left out
in this sketch.
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Constants The calculus as presented above is not particularly useful—so far
there aren’t even any types! In order to be able to remedy this situation we
would want to be able to inject constants into our syntax, both at type as well
as at term level.

We parameterise our calculus over a set of type constants Const : Set together
with their kinds x : Const — Kind (). These we embed into our calculus with
a corresponding type constructor. (k(C)| denotes the kind of the constant,
appropriately weakened to fit the context.)

C:Const I':Cxt
ConC : FamT k(C)|

In order to have any types at all one would probably want a ‘unit’ type,
corresponding to Agda’s T : Set. We can add such a type by defining a name
Unit : Const and choosing «(Unit) = Type; this allows us to form types like
pi (Con Unit) (Con Unit) corresponding to functions T — T.

To encode term constants we similarly parameterise over a set const : Set
with typing information 7 : const — Fam () Type and add a corresponding term

constructor.
c:const I':Cxt

conc: TmI 7(c))

To inhabit our unit type we can now add a term constant unit : const with
7(unit) = Con Unit.

Example. To motivate how we could make use of the dependent types in this
calculus, let us try to express natural numbers and vectors (i.e. lists indexed by
their lengths) of natural numbers through appropriate constants.

To embed natural numbers into the calculus we need a type constant
Nat : Const and two term constants zero and suc : const, along with
the following typing information: x(Nat) = Type, 7(zero) = ConNat and
7(suc) = Pi(Con Nat) (Con Nat).

To encode vectors we need a type family constant Vec : Const and term
constants nil and cons : const. We set k(Vec) = Pi(Con Nat) Type, corresponding
to Vec : N — Set in our meta-theory. Similarly, 7(nil) = App (Con Vec) (con zero)
corresponds to nil : Vec0. Finally, the type of cons, corresponding to cons : (n :
N) - N — Vecn — Vec(n + 1), is:

7(cons) = pi(Con Nat) (pi (Con Nat) (pi (App (Con Vec) (var (vsuc vzero)))
(App (Con Vec) (app (consuc) (var (vsuc (vsuc vzero)))))))

After adding these constants we could now write down LF types corresponding
to the Agda types N and Vec 42, as well as terms inhabiting those types.

6.2 A Semi-Semantic Variant of LF

In this section we will define the ‘semi-semantic’ variant of LF that we are
going to base our LF-definability theorem in Chapter 7 on. The reason for us
to work with this non-standard variant is that it will allow us to translate the
constructions of Jung and Tiuryn, giving rise to an LF-definability theorem
following the same recipe as their STLC-definability theorem. The key property
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of our LF variant that enables this correspondence is the fact that we define
types such that convertible (i.e. computationally equivalent) types will already
be equal, that is, the representation is sufficiently semantic that type equality
coincides with the meta-equality of our type theory.?

The contents of this section (excluding the introductory exposition up to
and incl. Section 6.2.1) are to be read as formal definitions, and are to be
considered in parallel with the corresponding Agda code. Some of the more
technical details are left entirely for the Agda formalisation, and are only referred
to in this section. Note that in this written document we are going to work in
an extensional meta-theory; as a result, the following definitions are somewhat
more readable than the corresponding Agda code (for example, we get to ignore
all the transports that type equalities introduce).

Getting rid of kinds Before we get into the technical definitions of our
calculus, let us motivate the key change that we are going to make compared
to a standard presentation of LF: getting rid of the book-keeping level of kinds
entirely. Considering the standard presentation of LF in the previous section,
what would the denotations of kinds, type families and terms look like? We
would presumably end up with something like the following:

[ ]*: Cxt — Set
[ ]¥ind T Cxt} — KindI' — [I']* — Set,
[ ]:{D:Cxt} = {K :KindT} = FamD K — (v : [[]*) — [K]Kind 4
( ):{D : Cxt} - TmT A — (v : [I") = [A] v

Remember now the remark we made earlier, that the LF kinds are all
of the form PiA; (... (PiA, Type)...), where the A, are type families. Their
denotation are therefore functions of the shape 7 — Set, where T corresponds to
the context given by the sequence of arguments Ay, ..., A,. In fact, one can see
that the denotation of such a kind is going to be isomorphic (via currying) to a
function [A]* — Set, where A = (... (0, A1) ..., A,) is the context corresponding
to the arguments.

Using the above observation we can get away with only dealing with type
families of kind Type, that is, we don’t need to define syntax for any of the
FamT' K with K # Type. We can encode fully applied type family constants by
carrying around a (semantic) substitution into their index sets leading to the
following type former:

C:Const o:[I* = IdxC
dat C o : FamTI Type

To close this sketch, consider the example of natural numbers and vectors we
looked at previously: in this new formulation, the constant type family N : Set
can be encoded by Nat : Const by setting Idx Nat = T. The equality of our
meta-theory now ensures that any two occurrences of Nat in the same context are
propositionally equal in the meta-theory, that is we have dat Nat o = dat Nat o”,

2Qur approach shares some similarities with McBride’s ‘Outrageous but Meaningful Coin-
cidences’ [19], though this only became clear in hindsight.
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since necessarily o = o’ (since T is the terminal type). Similarly, for Vec : Const
we now set Idx Vec = N, which is precisely the index set of the corresponding
Agda type Vec : N — Set.

6.2.1 Overview

In order to not lose track of the bigger picture amongst all the technical details
that are going to follow, let us start by enumerating the key notions that we are
going to define.

Contexts We need to define contexts and their denotations. We will use the
symbols ', A and 2 for context variables.

Cxt : Set [ ]*:Cxt — Set

Types We also need to define type families and their denotations. We will use
A and B for types. (Note the lack of kinds.)

Fam : Cxt — Set [ ]:FamT — [T]* — Set

Terms We will define terms and their denotations. We will use ¢ and u for
terms.

Tm: (T': Cxt) » Fam I — Set ( y:TmTA— (y:[I") — [A]y

Terms will be defined using the auxiliary notion of variables, with corres-
ponding denotation.

Var: (I' : Cxt) = FamI' — Set ()™ :VarT' A — (v: [I]") — [Aly

Type Constants As motivated earlier, type family constants are encoded
using a set of names and semantic index sets.

Const : Set Idx : Const — Set [ ]C°nst: (C': Const) — Idx C' — Set

They are going to be embedded into the syntax of types with a corresponding

type former:
C:Const o:[I* —IdxC

datC o : FamT

Term Constants Term level constants are given by names and types, together
with their denotations,

const : Set 7 : const — Fam () (_)eomst . (¢ : const) — [r(c)]

as well as a corresponding term former.

c:const I':Cxt
conc: TmI'7(c))
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6.2.2 Contexts and Type Families

The Agda code corresponding to the definitions in this subsection can be found
in Types.agda. Note that we believe the following inductive-recursive definitions
to be well-defined (and Agda 2.6 thinks so as well), but we do not prove this
formally.

We start by assuming a set of names for type-level constants together with
their index sets and denotations.?

Const : Set Idx : Const — Set [ ]Comst . (C': Const) — Idx C' — Set

We define contexts Cxt : Set and type families Fam : Cxt — Set mutually
inductively along with their denotations in an inductive-recursive definition:

I':Cxt A:FamT

Cxt : Set f:Cxt (T, A) : Cxt
A:FamT B :Fam(T,A) C:Const o:[I* —1dxC
Fam : Cxt — Set piAB :FamT datCo : FamT
[ ] :Cxt — Set [ ]:9Y{T'} - FamT — [I']" — Set
=T piAB]y = (a:[A]v) = [B] (v, a)

[T, A" =S(y: I1)([4]7)  [dat C o]y = [C]7™ (o)

6.2.3 Weakening and Subtitutions in Types

In order to define the terms of our calculus we will already need to use the
notions of weakening and substitution (in types). To motivate this, consider a
function ¢ : A = B and an argument u : A in the simply-typed case; the type of
the application of ¢t u is simply tw : B . In the case of LF we have ¢ : pi A B and
u : A; since the result type is allowed to depend on the value of the argument
we need to propagate the applied argument into the type! More specifically, to
obtain the resulting type of tu we need to substitute any occurrence of the
top-most variable in B by u.

Substitution The Agda code corresponding to the following definitions and
lemmas can be found in Substitution.agda.

In our semi-semantic formulation of LF the appropriate notion of type
substitution is wholly semantic. That is, we express a substitution of the open
variables in a type A : FamT' via semantic maps o : [A]* — [[']*, yielding a
resulting type A/c : Fam A. In the special case where A = () we can think of
A/o : Fam () being an instance of the type family A.

We define the action of substituting in types recursively,

3Note that instead of parameterising the theory over the set of constants we chose to
postulate them in the Agda development. The reason for this is that later, when we add term
constants to the mix, we would have ended up with a mess of stacked modules had we gone
down the route of module parameters: the types of those later parameters depend on previous
constructions, that in turn depend on other parameters. (Author’s opinion) Using postulates,
while stylistically questionable, ended up being significantly easier to work with.
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_/_V{T'A} - FamT — ([A]* — [I]*) —» Fam A
(piAB)/o =pi(A/o) (B/lift o)
(datC'o’)/o =dat C (o' o o)

where lift 0 = A(d,a) — (00,a) : [A, A/o]* — [, A]* lifts the substitution. Note
that intensionally we only have A\(d,a) — (0d,a) : X(0 : [A]*)([A] (c6)) —
[T, A]*; to witness the fact that these types are extensionally equivalent we need
the following substitution lemma.

Lemma (sub-den). For every type family A : FamT' and substitution o : [A]* —
[[]* we have [A/o] = [A]oo.

Proof. In Agda. O

Two additional facts about substitutions that we will need later are the fact
that they compose and that the identity substitution behaves like one would
expect.

Lemma (sub-comp). For A :FamT, o : [A]* — [[]* and o’ : [Q]* — [A]* we
have that (A/o)/o’ = A/(c 0 d’).

Proof. In Agda. O
Lemma (sub-id). For A:FamT we have that A/id = A.
Proof. In Agda. O

Weakening The Agda code corresponding to the following definitions and lem-
mas can be found in Weakening.agda. This file contains a use of the TERMINATING
pragma, which is justified by a termination proof in the appendix in Section 9.

The fact that we need to deal with weakening at all is an artefact of our types
and terms being intrinsically well-scoped. In an unscoped representation, a term
(or type) t can be considered in any environment that assigns a meaning to all
of its free variables—in particular, we can interpret ¢ in any ‘larger’ environment
that mentions more variables than just those appearing free in ¢!

In our case, in order to make sense of a type A : FamT in a ‘bigger’ context
A DT (for some notion of ‘bigger’), we need to explicitly transform (i.e. weaken)
the type into a corresponding type A’ : Fam A. As far as comparing contexts
goes, it turns out that for our purposes it suffices to consider A as ‘bigger than’
T, iff there exists an order-preserving embedding of I into A, that is we define a
binary predicate ~ C  : Cxt — Cxt — Set as follows. (We will later drop the
superscript V°** when it is clear from the context what is meant.)

1:I'CA A:FamA 1 :I'CA A:FamT
ref*** . D CT ek T C (A, A) pweak - (T, A) C (A, Aly)

This definition depends on the mutually defined action of weakening along such
an embedding

4 V{'A} = FamI' = ' C A — Fam A
(dat C 0)); = dat C (o o (i)V2K)
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which in turn depends on the semantic action of embeddings, which are substi-
tutions.

(_yweak V{F A} T CA = [A]* — [T
< ﬂwedk>weak
<J/weak Z>weak < >Weak om

< weak i weak __ hft< >weak

The following lemma proves that weakening is a special case of substitution.
Lemma (weak-sub). For A :FamT andi:T C A we have that Al; = A/{(i)we*.
Proof. In Agda. O

We will later also use the following weakening lemma which follows directly
from the corresponding substitution lemma.

Lemma (weak-den). For every type A : FamT and embedding i : T C A we have
(L] = [A] o (i) ek
Proof. In Agda. O

We can compose embeddings; this witnesses the transitivity of C

i V{TAQ}S>TCASACQ—-TCO
i reflveak =
i- \Lwcak i/ _ l{wcak (Z . 7,/)
reﬂweak . Tweak i = Tweak i
\Lweak i Tweak i/ — iweak (’L . Z/)
Tweak i- Tweak i/ — Tweak (Z . ’i/)
Note that the very last clause is not intensionally well-typed. The left-hand side
has type (I'; A) C (2, (A};){+) while the right-hand side is of type (I, A) C
(2, Al;.i7). The fact that these types are extensionally compatible is witnessed
by the following lemmas.

Lemma (weak-comp-den). Giveni:T' C A and i’ : A C Q we have (i ') =
<Z'>weak' ° <Z-/>weak

Proof. In Agda. O

Lemma (weak-comp). Given A : FamT, i : T C A and i : A C Q we have
(ALl = Alsar.

Proof. In Agda. O

Finally, we also observe that composition with the identity embedding on
the left does nothing.

Lemma (weak-id-comp). For anyi:T C A, refl™™ . = .

Proof. In Agda. O
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6.2.4 Variables and Terms

The Agda code corresponding to the definitions and lemmas in this section can
be found in Terms.agda.
Variables are simply de Bruijn indices, and their denotations projections.

Var: (I' : Cxt) — FamI' — Set

A:FamTD v:Var'A B:Fam[l
vzero : Var (I', A) Al | eq vsucv : Var (T, B) Al |,

(v 'V{I‘A} —VarT' A — (v: ") = [A]ly
(vzero)'™ (v,a) =

{vsucv)™ (v,b) = ( )y

We assume a set of term constants together with their types and denotations.
Note that tt : T is the empty environment (T = [2]*).

const : Set 7 : const — Fam & ()" : (c: const) — [T(c)] tt

Let ep = ...l refl : @ C T" be the embedding of the empty context in any
other context. We define terms mutually with their denotation.

Tm: (T : Cxt) - FamI' — Set

c:const T':Cxt v:Varl' A
conc: TmI'7(c)l. varv: TmI' A
t: Tm(I',A)B t: TmI'(piAB) w:TmI A
abst: TmT (pi A B) apptu: TmT (B/y(u))

Here B/, (u) = B/(My — (v, (u)~)) is the result of substituting the top-most
variable in B by the denotation of .

(_):V{T A} —» TmD A — (v: [[]*) — [4]y
(conc)y = (¢)*"
(varv)y = (v)*"y
(abst)y = Aa = (t) (v, a)
(apptu)y = ()7 ((u)7)

6.2.5 Weakening of Variables and Terms

The Agda code corresponding to the definitions and lemmas in this section can
be found in TermWeakening.agda.

In addition to the weakening of types we will later also need to weaken terms,
i.e. given an embedding ¢ : I' C A and ¢ : TmI" A construct the corresponding
tl;, :TmA A,

Since variables are represented syntactically in terms, we first need to define
a corresponding reindexing of the de Bruijn indices.
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_d V{IT'AA} = VarI'A — (i : ' C A) — VarA A},
Vel = U
vly; = vsuc (vi;)

VZETrol4; = VZero
(vsucv)lqy; = vsuc (vl;)
This satisfies the weakening lemma.

Lemma (weak-var-den). Given v : VarT'A and i : I' C A, (v];)"* = (v)"*" o
<Z->weak.

Proof. In Agda (incomplete?). O

The weakening of terms is then defined as follows:

| V{TAA} S TmlA— (i:TCA)— TmA Al

(conc conc

(3

(varvig var (vl
(abst)d; = abs (tl4;)
(apptu); = app (t};) (ul;)
This also satisfies the corresponding weakening lemma.
Lemma (weak-term-den). Givent: TmT A andi:T C A, (t];) = (t) o (i)wek.
Proof. (No Agda proof.)

1. Case t = con c. Remains to show ((con c)l};) = {con c) o (i)weak,

(a) (&) =(A_ = (")
(b) (t;) = (A_ = {&)*")

(c) Thus (t];) = (t) o (i)Veak,
From (a), (b).

2. Case t = varv. Remains to show (v],;)V®" = (v)Va o (4)Weak,

(a) <@\Li>var = (v)* o <Z’>Weak

From weak-var-den.
3. Case t = abst’. Remains to show ((abst')|;) = (abst') o (i)Weak,
(a) (t) =(ya—(t') (v,a))
(b) (tdi) = (Ada — (t'ly;) (6,a))

() (¢'dpi) = (') o (i) Vet
By induction hypothesis.

4A prose proof of the remaining holes in the Agda proof can be found in Section 10 of the
appendix.
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(d) Thus (tl,) = (&) o (iyeek.
From (a), (b), (c), unfolding (13)¥e8& = X\(8,a) — ({i)"*k 6, a).

weak

4. Case t = appt’ u. Remains to show ((appt’ «) J;) = (appt’ u) o (i)

(a) () = (M = (') v ((u) 7))
(b) (i) = Ay = (i) v ((udi) 7))
() (¢'di) = (') o (i)™eak
By induction hypothesis.
(d) (ul;) = (u) o (i)™
By induction hypothesis.

(&) Thus {tl;) = () o {i)<2k.
From (a), (b), (¢), (d).

(t
(t



Chapter 7

LF-Definability

In this chapter we will finally state and prove our main result, the LF-definability
theorem. All of the definitions and most of the proofs in this chapter are formalised
in Agda.?

The structure of our LF-definability result will follow the ideas of Jung and
Tiuryn’s [17] work on STLC-definability; correspondingly, the structure of this
chapter mirrors that of Chapter 5. Note that there is one key difference in
our presentation of LF-definability compared to that of STLC-definability in
Chapter 5: due to our particular formulation of LF we are not able to define a
general notion of Kripke semantics of LF, and as a result we are not able to
give the ‘NbE’ algorithm for LF in isolation. Instead we will work with Kripke
predicates over a ‘Kripke-style presentation’ of the standard semantics of LF
directly.

7.1 A Kripke-Style Presentation of LF Semantics

The Agda code corresponding to the definitions and lemmas in this section can
be found in Kripke.agda.

We will now lay the groundwork for our LF-definability theorem by defining
a Kripkefied version of the LF standard semantics. As mentioned previously, we
are not able to define a general notion of Kripke semantics of LF, thus making
our constructions seem a bit more ad-hoc than in the STLC case.

We consider each of the parts that make up our ‘Kripkefied standard semantics
of STLC’ in turn and define a corresponding notion for LF. We will end up with
constructions that have the same computational content, but with somewhat
more complicated types.?

Worlds In the Kripkefied STLC semantics we chose the worlds to be contexts.

1A zip file containing the code is attached to this pdf here.

2Note that we mix proofs that are fully formalised in Agda’s intensional theory with our
extensional ‘paper theory’. This is unproblematic if we consider our paper theory to be Agda +
extensionality, which should be consistent (at least for the reasonably well-understood subset
of Agda we actually use).

3This is not at all surprising, since in some sense LF is computationally equivalent to STLC
(via the erasure of type dependencies [16]).

30
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This carries over directly to LF, and we will think of contexts
Cxt : Set

as worlds, ordered by the order-preserving embeddings C  : Cxt —
Cxt — Set.

Indexed Type semantics The type of the standard denotation function of
LF types [ ] : {[ : Cxt} — FamT — [I']* — Set already has a certain
‘Kripke flavour’ to it, with the (implicit) index appearing before the type
family. In order to make the correspondence with the simply-typed notion*
more obvious, we flip the visual order of the arguments when defining the
indexed semantics of LF types.

[_o] ,:(T:Cxt) = FamT — Set
[Alr = (v : [IT") = [A]lv

Transport Just as in the simply-typed case we can transport along order-
preserving embeddings.

/] _JAlr—= (@:T CA) = [Ali]a
ali=ao (i)vek
Compared to the simply-typed case® this bears the additional complication

that we have to simultaneously ‘transport’ (i.e. weaken) the resulting type
along the embedding.

Application Recall the type of the term constructor for applications in LF:

t: TmT (piAB) u:TmT A
apptu: TmT (B/;(u))

Accordingly, Kripke application needs to substitute the function argument
in the type of the result, with the difference that the argument is given
semantically (rather than syntactically).

apply : V{IIAB} — (f : [piA B]r) — (a: [A]r) = [B/za]r
apply fa = Ay — fy(av)

Environments The Kripke environments ” 1 : [[]% and their denotations®
(n)* are defined mutually.

[_]" : Cxt — Cxt — Set
[ela=T
[0, Al =D (= [FDA)([A/ () 1)

4(STLC) [_]S : Ty — Cxt — Set; [A]E = [T]* — [A].

5(STLC) _/ _:[A]I =T CA = [A]R; a/i=ao/(iyveak,

6(STLC) apply® : [A = B]g — [Alf — [BIg; apply fz =Xy — fvy(z7).

T(STLC) [_]* : Cxt — Oxt — Set; [2]:° =T, [[, AR = [T x [4]R.

8(STLC) (_)* : V{I' A} — [T]:5 — [A]* — [I7% (Nifzoy =1 a)fiepay =

A — ((7)*S 6,a0).
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(L) {IAY = [TA = [A] = [T
r=0 o=t
{T=TA)} (o) o= (n"6ad)
In presenting STLC Kripke semantics we skipped over the technical detail
of transporting environments. To transport a Kripke environment 7 : [}
along an inclusion i : A C ) we transport its elements pointwise:

) HTAQ = [ITaA — (G ACQ) — [T]§

{T' =g} n/i=tt
{L=@A} (e)/i=M0]iali

Term Semantics The Kripkefied semantics of LF terms® is given by:

(_):H{T AA} = TmT A — (n: [F]3) = [A/()]a
() n = (&) o (m*

7.1.1 Miscellaneous Facts

We will need to make use of the following fact, stating that the evaluation of
Kripke environments is compatible with the action of transport.

Lemma (transp-env-den). Given n: [I'R andi: A C Q we have that (n /' i)* =
<77>* o <i>weak'
Proof. In Agda. O

Furthermore, we are able to construct an identity environment freshr : [I']}:
whose denotation is the identity (freshr)* =1id : [[']* — [[']*. This connects our
Kripkefied denotations with the standard semantics of LF, since () freshr = (¢).

fresh : (I": Cxt) — [I']:
freshy = tt
fresh(p, 4y = (freshr /' ({ refl), 7o)

Lemma (fresh-id). For every I', (freshp)* = id.
Proof. In Agda. O

7.1.2 Kripke Predicates

The Agda code corresponding to the definitions and lemmas in this section can
be found in KripkePredicate.agda.

Like in the case of STLC-definability, our LF-definability theorem gives a
characterisation of definability in terms of (LF) Kripke predicates.

A Kripke predicate of LF is an indexed predicate

P[] ,:(T:Cxt) = (A:FamT) — [A]r — Set

that
9(STLC) (_)° :{T AA} = TmT' A — (n: [TT4) — [Ala; ()5 n = (t) o (n)*.
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e is monotone at base types,

a € PldatCofr = (A:Cxt) = (i : T CA) = (a /i) € P[(dat C o)l,] A,

e contains all constants,

(c:const) = (A — ()°") € P[7(0)] &,

e and has the ‘Kripke function space’ property!®

fePPIAB]r < VA — (i:T' CA) = (a € P[AL]A) = apply (f / i) a € P[(Blti) /za]a.

Such a Kripke predicate can be shown to be monotone at any type.

Lemma (mon). Given a Kripke predicate P[_], ifa € P[A]r and i : T C A
then a /' i € P[Al;]a.

Proof. In Agda (incomplete!!). O

We define the pointwise extension P[] C [I']a of a Kripke predicate to

environments, which satisfies monotonicity pointwise.
PILIA : [TTA — Set
nePlela=T
(n; @) € P[T, AJ; = n € P[TTA Aa € PIA/ () ]a

Lemma (mon-env). Given a Kripke predicate P[_], if n € P[I']x andi: A CQ
thenn /i € P[I]§.
Proof. In Agda. O

We are now able to prove the ‘fundamental lemma’ of Kripke-logical predicates
for LF.

Lemma (fund). Given a Kripke predicate P[_], t: TmT' A and n € P[I']L we
have (t)n € P[A/(n)*]a-

Proof. We proceed by induction on t.

1. Case t = varvzero, where t : Tm (I, A) Al |, .q. Write A" = A] |, .q/(n)* :
Fam A.

(a) Have n = (0, a) for some 0’ : [T and o« : [A/{n')*]a.
By definition of [_]*, with n : [I', A]A.
(b) Have (t)n = «

i. (t)n = A0 — (varvzero) ({n')*J,ad)
By definition of (_) and unfolding (n,a)* = Ad — ((n)* 4, ad).

10The Agda code instead takes the semantics of the predicate at base types as a parameter,
and defines the semantics at function types to be the ‘Kripke function space’; the resulting
notion is equivalent to the one presented here, while being slightly more convenient to work
with in Agda. Note that in order for Agda to accept the code we had to turn of the termination
checker. An informal termination argument can be found in the appendix.

LA prose proof of the remaining hole in the Agda proof can be found in Section 10 of the
appendix.



CHAPTER 7. LF-DEFINABILITY 34

ii. (A — (varvzero) ({(n')*,ad)) = (Ad — ad)
By definition of { ).
(c) Have a € P[A']a.
Since n € P[I', A]A by assumption and A’ = A/(n')*.
(d) Thus () n € P[A]a
By (b), (c).
2. Case t = var (vsucv), where t : Tm (T, B) Al | . and v : VarT" A.
(a) Have n = (1/, ) for some 7' : [T']} and o« : [B/{(n')*]a.
By definition of [_]*, with n : [I', BJA.
(b) Have ' € P[I]%
By assumption, since n € P[I', B]X.
(c) () n = (varv)n’
i. (thn = A0 — (var (vsucw)) ((n)* d, ad)
By definition of () and unfolding (', a)* = Ad — ({(n)* 4, a ).
il. -+ =X — (varv) ({(n')*0)
iii. -+ = (varv) n’
(d) (varv)n' € PIA/(n')"]a
By induction hypothesis.
(€) Al jren/ ()™ = A/(')"
Lo Alppen/ ()™ = A/ {Lrefl)/(n)*
i = A/(My,a) = 7)o (7, )
i, o= A/(Mv,a) =) 0 (A6 — ()"0, d))
v, .= A/(0)
(f) Thus (t)n € PIAL e/ (n)"]a-
By (c), (d), (e).
3. Case t = conc, where t : TmI'7(c)l,, i : @ C T and i = er.
(a) Let i/ =ea : g C AL
(B) (== :T) = (e)") 7
i, (17 = (conc) o (n)"
ii. (conc) o (m)* = A(6 : [A]") = (e)"
By definition of {_).
i, (A( : [A]*) = ()°") = (At : T) — ()°") o (i) ek
(©) Az :T) = (") € Plr(c)]e-
Because P[_] is a Kripke predicate.

(d) Thus (t)n € Pr(c)di]a
From (b), (¢) and monotonicity of P (mon).

4. Case t = abst’, where t' : Tm (T, A) B

(a) It suffices to show apply ((t)n / i)a € PI((B/Lft (n)*)1:)/zala,
given an a : [(A/(n)*){,;] in a future context Q with ¢ : I' C  such

that a € P[(A/(n)")Lilo-
By the ‘Kripke function-space’ property of P.
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(b) apply ({thn 7 i)a= (') (n 7 i,a)
i. apply ((t)n / i) a = apply ((t) o (n)* o (i)¥ak) q

ii. - =apply ((t) o (n/ 1)) a

By transp-env-den.
ifi. - =Adw =) ((n /i) w) (aw)
iv. - =dw — (abst’) ((n / i)*w) (aw)
v, —Aw—>< N7 i) w aw)

vie o= (') (n 7 i,a)
(c) n/ieP[lg
By monotonicity of P.
(d) (n/i,a) € P[L, AJg
By (a), (¢).
(e) (') (n/i,a) € PIB/(n /i a)"]a
By induction hypothesis.

(£) (Bt (n)*)1i) fwa = B/(n ] i, a)"

i (Bt (n)*)ri) fea = (B/A(S,2) = ((0)* 6,2))d4i) fwa
i< = (B/AG,2) = ()" 6,2)/A(3 ) — ()% 5, 2)) ra
iii. - = (B/A\(y,z) — (<77>*(<> weaky), x)) [
By sub-comp.
iv. - = (B/A(y,2) = ((n)* (1)), 2)) /Ay = (v,a7)
v. o= B/Ay — () ()Y ~), ay).
By sub-comp.
vi. - =B/Ay = ((n ] 9 v,a7).
By transp-env-den.
vii. - =B/(n ] i,a)*

(g) Thus (t)n € P[(piAB)/(n)*]e.
By (3)7 (b)’ (e)v (f)

5. Case t = appt’' v/, where t' : TmT (pi A B) and v’ : TmT A.

(a) (appt’ ') n = apply ((t') n) ((«') 1)
i. aPPIY((] D) () n) = A0 — (#')nd ((w')nd)
ii. —A5—><t’>(<n> 8) ((u') ((m)* 9))
i, o= Ay = () y (W) 7)) o (m)*
iv. - =<appt’ u') o (n)*
v. o= (appt’u)n

(b) (') n € Plpi(A/(m)) (B/itt (n)*)]r, (&) n € P[A/{n)"Tr

By induction hypothesis.

(c) apply (') n 7 refl) ((u') n) € PI((B/Lift (1)*)drren) /o ((w/) n)]r
By (b) and the ‘Kripke function-space’ property of P.
(d) ((B/ft (m)* ) dtren) /2 (') 1) = (B/a(u'))/ (m)
io (BJIf (1)) brven = (B/Uft (n)*)/ {1 reflyveat
By weak-den.
ii. - = (B/lift (n)*)/id

35
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iii. --- = B/lift (n)*
By sub-id.
iv. (B/lift (n)*) /((u') )
= (B/(A(6,a) = ((n)* 6,a)))/ (A6 = 6, (u') ({m)" 5))
By unfolding lift, /. and (_|.
(

v o= BJ(A = ()" 8, () ()" 9)))

By sub-comp.
vi. - = B/((Ay = (v, (W) 7)) o (m)*)
vii. - = (B/e(u'))/(n)*

By sub-comp, folding /.

(e) apply ((¢') n / refl) ((u') n) = apply ((¢') n) ((«') n)
Since  /refl= o (refly¥erk =  oid.

(f) Thus (&)1 € P[(B/x(u))/(n) ]r
From (a), (c), (d) and (e).

O

The following two special cases of the fundamental lemma allow us to relate
Kripke predicates to the standard semantics of LF, which we are ultimately
interested in.

Lemma (fund-closed). Given a closed term t : Tm @ A and Kripke predicate
P[_] we have (t) € P[A]w.

Proof. (Proof also in Agda.)

The trivial environment tt : [@]}; is by definition contained in any predicate,
ie. tt € P[2]%. The fundamental theorem therefore gives us that (t) tt €
PIA/(tt)*] z, which, since (tt)* : [@]* — [@]* is the identity function, and since
(t) tt = (t) o (tt)* by definition, gives us that (t) € P[A]z. O

Lemma (fund-id-env). Given a term ¢t : TmI' A and Kripke predicate P[_], if
P contains the identity environment freshp € P[I]} then (t) € P[A]r.

Proof. (Proof also in Agda.)

From the fundamental lemma we have (¢ freshp € P[A/(freshr)*]r. Since the
identity environment freshp : [I']§ evaluates to the identity function, (freshp)* =
id : [[]* — [T]*, and since (t) freshr = (t) o (freshp)* by definition, this gives us
<t> S P[[A]]F O

7.2 Definability as a Kripke Predicate

The Agda code corresponding to the definitions and lemmas in this section can
be found in NbE.agda.

In this section we construct a particular Kripke predicate that captures exactly
the LF-definable objects, i.e. we will show that = € P[A]r holds if and only if
x is LF-definable. Note that this already gives us a possible characterisation
of LF-definability, but due to the inherent syntactic nature of the ‘definability
predicate’ (as we will see in the following) such an answer would hardly be
satisfying from a semantic perspective. To construct P we follow the same recipe
as outlined in Section 5.2.
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7.2.1 Normal Forms

Note that the question of definability is superficially not at all concerned with
normal forms—it only asks for the existance of some (not necessarily normal)
defining term. However, since we are going to use NbE at the heart of the
definability proof we will need normal forms anyway. This means that we obtain
a sound-by-construction normalisation algorithm as a neat by-product of our
efforts.

We define subsets of terms Ne, Nf : (I : Cxt) — (A : FamT') —» TmT' A — Set
that correspond to the neutral and normal forms. Remember that we use subset
syntax informally, e.g. writing a € P to stand for P a.

c:const I':Cxt v:VarT' A teNel'(pidB) ueNTA
conc € NeI'7(c)l. varv € NeI' A apptu € NeT' (B/;(u))
t € NeT (dat C' o) te Nf(I, A) B

t € NfT' (dat C o) abst € NIT' (pi A B)
We also prove that the neutral terms are closed under weakening.
Lemma (ne-weak). Givent € NeT' A andi:T C A, then t}; € NeA Al,.
Proof. In Agda. O

7.2.2 The NbE Predicate

We define the NbE predicate (or ‘definability predicate’) as a straight-forward
translation of the STLC definition:

x € P[dat Co]r = X(t € NeT' (dat C o)) (z = (t))
f € PIpIAB]r =V(A: Cxt)(i: I' € A)(z € P[AL]a) = apply (f /i)« € P[(Blyi)/fzz]a
Note that this is indeed a Kripke predicate (ne-weak proves monotonicity,
while the definition at pi-types is exactly the Kripke function space property).
We now prove reflection and reification by mutual induction. Note that we
implicitly make use of the fact that weakening and substitution do not affect

the size (in number of constructors) of types.!? This fact is particular to LF and
STLC, and does not readily extend to more advanced calculi (like Allw).

Lemma 1 (reflect). Whenever t € NeT' A we have (t) € P[A]r.

Proof. By induction on the size (in number of Fam constructors) of the type A.
We are given ¢t € NeI' A and need to show(t) € P[A]r.

1. Case t: TmTI (dat C o).

(a) (t) € Pldat Co]p iff (¢’ € NeI' (dat C 0))((t') = (t))
(b) Thus (t) € P[dat C o]r is witnessed by t € NeI" A.

2. Case t: TmI (piAB).

12See Section 9 of the appendix for a short elaboration of the termination argument.
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(a) It suffices to show for every A, ¢ : I' C A and a € P[A],;]a that
apply ((t) / i) a € P[(Bly;)/za]a-
(b) There is a v € Nf A A, such that a = (u).
By reification at Al,. (Note that Al; is structurally smaller than
piAB.)
(c) apply ((t) /' ) a = (app (t};) u)
L. apply ((t) / i) a = >\5 — (<t> ( >Weak)5(a5)
ii. (MG — ((t) o (i)yweak) t};)) 6 (ad).
By weak-term-den.
iii. (A0 — (tl;) 6 (ad)) = (app (t);) v)
(d) t1; € Ne A (pi (ALy) (BLr))
By assumption, ne-weak.
(e) app (t};) u € Ne A((Bly;)/x(u))
By (b), (d).

() (app () w) € P[(Bly;) /o (w)]a
By reflecting at (Bl;)/-a (has the same size as B and is therefore
structurally smaller than pi A B).

(g) Thus apply ((t) / i) a € P[(Bly;)/za]a-
By (b), (c), (£).

O

Lemma 2 (reify). For every x € P[A]r there exists a t € NfT' A such that
x = (t).

Proof. By induction on the size (in the number of Fam constructors) of the type
A. We are given © € P[A]r and need to construct ¢ : NfI" A such that = = (t).

1. Case z : [dat C o]r.
(a) There exists a t € NeT' (dat C o) such that z = (¢).

By definition of P at type family constants.
(b) Thus also t € NfT" (dat C o).

2. Case z : [pi A B]r.

(a) Let i =l refl: T C (T, A).
(b) Let u = varvzero: Tm (T', A) Al,.
(c) (w) € P[AL;]r,a)
By reflection at AJ,.
(d) (Bl4i)/z(u) = B
L (Blyi)/a(u) = (Bly)/(A(v, a) = (v, a), (var vzero) (v, a))
By unfolding /. and .
iii. Bly; = B/(1) refl)veak
By weak-sub and unfolding of i.

iv. - = (B/(M(7,0a1),a2) = (7,02)))
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V. (Blyy)fo(u) = B/(A(v,a) = (7,0))
By (i)—(ii), (iii-iv) and sub-comp.
vi. --- =B
By sub-id.
(e) apply (¢ /i) (u) € P[B]r,a)
By the definition of P at pi types and (d).
(f) Have some t € Nf(T", A) B such that apply (z / ©) (u) = (¢)
By (e) and reification at B.

(g) = = (abst)

L (abst) = A(y : [IT")(a : [A]7) = (t) (7. a)
o= Ay [IT)(a: [A]y) = apply (z 7 i) (u) (v, )
fii. - = Ay : []")(a: [A]7) = ((z 7 9) (v,a)) () (v,a))
iv. o= Ay [I))(a:[A]7y) > xzva
using ¢ =] refl and u = var vzero.

O

Using reflection we can show that our predicate contains the identity envir-
onment freshr : [I']f.

Lemma (fresh-nbe). For each I': Cxt, freshp € P[T']}.
Proof. In Agda. O

We can now give a correct-by-construction NbE algorithm for LF. Note that
we do not actually need the full strength of this result, in particular the fact
that the terms are in normal form is of no relevance for the definability theorem;
this normalisation proof is merely an interesting by-product of the project.

Theorem (norm). Given a term t : TmI' A there exists a normal form t' €
NfT A with the same denotation, (t) = (t').

Proof. (Proof in Agda.) O

7.3 The LF-Definability Theorem

Having set up all of the pieces of the puzzle, we are now able to state and prove our
main theorem. As in the STLC-definability theorem in Section 5.3 one direction
of the proof is a corollary of the fundamental theorem of Kripke predicates, while
the other direction follows as a by-product of the normalisation-by-evaluation
algorithm.

Theorem 3. At A:Fam @, x : [A]tt is definable in LF iff it satisfies all Kripke
predicates. In other words, there exists a t : Tm @ A such that (A — x) = (t),
iff for every Kripke logical predicate P we have (A — z) € P[A]w.

Proof. (Proof also in Agda, in Definability.agda.)

If t : Tm @ A defines x the fact that x satisfies all LF Kripke predicates
follows trivially from the fundamental lemma of Kripke predicates. We proved
this in the lemma fund-closed.
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In the other direction, if = satisfies all Kripke predicates it also satisfies our
NbE predicate, i.e. (A_ — x) € P[A]w. The reification lemma then gives us a
term (in normal form) ¢ : Tm & A with (A — z) = (¢). O



Chapter 8

Conclusion

In Section 7.3 we derived a characterisation of LF-definability (i.e. definability
in the Edinburgh Logical Framework) in terms of Kripke predicates, adapting
Jung and Tiuryn’s work on STLC-definability. The fact that convertible types in
our version of the LF calculus were only equal up to propositional (rather than
definitional) equality created a lot of overhead in the Agda code. In discussion
with Nils Anders Danielsson he suggested that this could have been avoided by
following McBride’s approach more closely [19]; he demonstrates this by deriving
a definability result following our approach in one of his own Agda developments
[13].

Along the way, in Section 7.2, we obtained a correct-by-construction nor-
malisation procedure for LF. Most of the proofs are fully formalised in Agda,
barring a few holes and termination arguments that are dealt with informally
in the Appendix. Danielsson previously formalised NbE for (a subtly different
formulation of) LF [14]; more recently, normalisation using NbE has been shown
for variants of Martin-Lof type theory by Altenkirch and Kaposi [3], as well as
Wieczorek and Biernacki [24].

Looking back, the ‘semi-semantic’ representation of LF we used in deriving our
main result shares a certain similarity with McBride’s language in ‘Outrageous but
Meaningful Coincidences’ [19]; in both calculi the aim is to avoid having to deal
with type equality by appealing to the propositional equality of the meta-language.
Concerning the related problem of encoding different type theories in some meta-
type theory, Barras and Werner formalised the calculus of constructions (Allw)
in Coq [7], and more recently Anand and Rahli formalised Nuprl in Coq [5]; even
more recently, Abel, Ohman and Vezzosi managed to formalise a full dependent
type theory in Agda [2].

Recent work on full completeness (see for example [9]) also seems to be
related to our line of work, but I have not determined exactly how.
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Chapter 9

Termination Problems

9.1 Termination Measures

Define the following measures on type families and weakenings, respectively.

size : V{T'}(A : FamTI') - N
size (dat Co) =1
size (pi A B) = 1 + size A + size B

sizeS :V{TA}(i: T CA) =N
sizeS refl = 1
sizeS (1i) = 1 + sizei

sizeS (17) = size A +sizei, where A is fixed by i : ([, A) — (A, Al,)

Note that, by their definition, our sizes are compatible with structural recur-
sion, i.e. if B is a structurally smaller type than A, then size B < size A, and the
same holds for weakenings.

9.2 Weakening.agda: Weakening of Type Famil-
ies

The mutually recursive Agda definitions of | , (_)"e2k and weak-sub contain
the following recursive calls:

e (piAB)l; — A | i is structurally recursive.

e (piAB)l; — Bly;, where i : (I A) C (A, A) for some I' and A. Here
the size of the arguments decreases since

size (pi A B) + sizei = 1 + size A + size B + size
> size B + size (1) = size A + size B + sizei.

e (datCo)l; — (i)Ve*k. Here size (dat C o) + sizei = 1 + sizei > sizei.
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o (Li)yveak s (j)weak ig structurally recursive.

(1iyweak — (j)weak is structurally recursive.

(ti)yveak — weak-sub A4, where 14 : (I', A) C (A, A) for some I' and A.
Here the size of the arguments stays the same, since

size (1 1) = size A + size i

by definition. This is not a problem, since the termination measure decreases
in all other recursive calls (and hence there are no non-decreasing cycles).

e weak-sub (pi A B)i — Al; is structurally recursive.
o weak-sub (pi A B)i — Blq;, where 14 : (I, A) C (A, A). Here we have

again

size (pi A B) + sizet = 1 + size A + size B + size
> size B + size (114) = size A + size B + sizei.

9.3 KripkePredicate.agda: Kripke Predicates

We use the fact that weakening preserves our size measure of types.

Lemma. For every type family A : FamT' and order-preserving embedding
1: T CA, size(Al;) = size A.

Proof. The fact that substitution preserves sizes is immediate from the definition
of / . Since weak-den gives us that A}, = A/(i)"°** we have that weakening
also preserves sizes. O

The definition of P[_,]  :(I': Cxt) — I'(A : FamI') — [A]r — Set can
now be easily seen to be terminating since the recursive calls smaller arguments:

o PlpiAB]r=...P[Al]a ... Here size (A|;) = size A.

e P[piAB]r = ...P[(Bl;)/za]a ... Recall that _/,a was just syn-
tactic sugar for the substitution /(Ay — (y,a7)), and therefore
size ((Bl4;)/za) = size B.



Chapter 10

Paper Solutions to the
Remaining Holes in the Agda
Proofs

10.1 TermWeakening.agda: weak-var-den

Goal #0, line 93: It remains to show (ignoring intensional wrestling with equal-
ities) that
g = T2 O (<i>weak X ld)

Note that the two projections have different implicit arguments: on the left-hand
side we have

T 1 (p: B [A]"[AL]) — [AL] (m1p),
while on the right-hand side
m o (p: B{IT" [A]) — [A] (71 p).
In our extensional on-paper type theory the missing equality holds trivially:
my 0 (i) x id) = 7z 0 (Ap — (i)™ (71 p), 2 p)
= (Ap = m2p)
= 7q
Goal #1, line 132: It remains to show (again the projections have different
implicit arguments):
(V)" 0 (i)™ oy = (v)*™ o my o (i) x id)
Again trivial extensionally:
()™ o 7y o (i) x id)
= ()™ om0 (Ap — (i)™ (m1 p), ™2 p))
= ()" o (Ap = (i) (m1 p))

_ <v>var ° <,L~>weak om
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10.2 KripkePredicate.agda: mon
It remains to show
apply (f / (i-i')) @ € P[(Bly(s.iry) ol = apply (f 7 i /i) @ € P[(Blyidsi) @]
This follows from the following two observations:
L f7Gd)=F1ird
(a) f/ (i) = fo(i-if)yvek

(b) . — f ° <Z'>weak o <i/>weak
By weak-comp-den.
©) - =fri]7

2. Blyiny = Blpidyr

(@) Bltiry = Bhera.arr)

(b) B\L(Ti)(?i’) = Blyilywr
By weak-comp.



