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Symmetries of Mathematical Models in Biology
FELIX AUGUSTSSON

Department of Mathematical Sciences
Chalmers University of Technology

Abstract

In biology, a common type of mathematical model is systems of first order ordinary
differential equations (ODE:s). In general, large non-linear systems of ODE:s have no
analytic solutions. Mathematical symmetries can however still be used to analytically
study differential equations, without the need to find explicit solutions. Symmetries are
transformations that map solutions of a differential equation to other solutions, and thus
contain a lot of information about the system. However, due to the historical development
of the theory of symmetries alongside physics, the literature on finding symmetries of the
type of large systems of first order ODE:s usually found in biology is sparse.

In this thesis, four biological models using first order ODE:s are studied using Lie point
symmetries: the Hill equation, the Gompertz model, the Lotka—Volterra predator—prey
model and the Yildirim—Mackey lactose operon model. Symmetries of all models are found
using ansédtze. Additionally, symmetries are found using a repurposed method based on
parameter independence. It is also shown that, using both methods for finding symmetries,
sophisticated computer algorithms are needed for the calculation of symmetries of bigger
systems to be viable.

Additionally, the general structure of symmetries is investigated for different for-
mulations of the Gompertz model. It is shown that the two scalar Gompertz model
formulations found in literature are symmetrically special cases of the original system
formulation, and the consequence for model building in biological systems is discussed.

It is concluded that due to the generality of the mathematical theory, symmetries
show promise of being a useful tool when studying mathematical models in biology.
However, several mathematical problems have to be solved before symmetries can be
used in day—to—day biological modeling.

Keywords: Lie symmetries, Lie point symmetries, First order ODE:s, Gompertz model,
Lotka—Volterra predator—prey model, Yildirim—Mackey lactose operon model, Lie algebra
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Introduction

In many scientific fields the concept of symmetry is important. Symmetries bridge the
gap between the qualitative and the quantitative; it is both a statement about what
a system is, and how a system can be measured. In most cases when symmetries are
discussed, the symmetries in question are simple, geometric symmetries. These can be
mirror symmetries, as that of a face, or rotational symmetries, as that of a dice. But
from a mathematical point of view, the concept of symmetries is far broader.

This more general view of symmetries is used in physics to describe the fundamental
properties of the universe. These properties are called conservation laws, and are one
of the many tools that have given physics its stable theoretical basis. Establishing an
equally solid theoretical framework for other fields, such as biochemistry and ecology, is
of great interest. In these fields the systems studied are of great complexity, just as in
physics, but the design of experiments poses other challenges to those whishing to study
them. Since the studied subjects are often alive, distinct phenomena can not be entirely
isolated when designing experiments. While great progress has been made in the fields,
the question still stands: which properties are inherent of these living systems, and which
properties simply emerge in the modeling of the systems?

Symmetries could be one of the keys to answering this question. However, the
mathematics involved when studying these types of symmetries are involved, especially
when applying them to systems unlike those found in physics, around which much of the
mathematics has evolved. This thesis therefore tries to chart some ground when it comes
to applications of these methods to specific models. Several models, stemming from both
biochemistry and ecology, are studied. The models vary in complexity, which allows the
strength of the techniques to be displayed for simpler models, while still highlighting the
obstacles of applying the methods to the complex models used at the edge of current
research.

The common denominator for the models investigated in this thesis is that they are
based on first order ordinary differential equations (ODE:s). ODE:s are the most common
type of models in biology [1, 2], and first order ODE:s in particular are the norm. These
models are mathematically distinct from the higher order partial differential equation
(PDE) models used in physics. This means that the use of symmetries in the domain
of biology is not merely a superficial question of applying known methods to problems
from new fields. Instead, even just the initial problem of finding symmetries brings up
mathematical questions that are often disregarded in the literature, as first order models
are viewed primarily as as a theoretical stepping stone to the higher order models that
are traditionally studied.

This thesis focuses on the problem of finding symmetries of mathematical models
in biology based on first order ODE:s. Current literature on the computational aspects
of symmetries of first order ODE:s is sparse, and mainly aims at finding a particular
amount of symmetries [3, 4]. This is due both to there always being an infinite amount of
symmetries for first order ODE:s, and due to the intended use of the found symmetries.
While one purpose of finding symmetries is to fundamentally understand the studied



systems by for example finding conservation laws, another common purpose is integrating
problems that are hard to solve. For first order ODE:s, the purpose in the literature
almost always falls in the latter category while our interest lies in the former. The focus
of this thesis thus centers on finding all symmetries of a first order system given some
restriction, so that biological properties can be systematically studied.

Further this thesis aims at framing questions of importance to more widespread adop-
tion of similar techniques in biological fields. These involve both biologically interpreting
symmetries, and understanding what the symmetries can be used for. The discussion
centers around the studied models, using them as examples to get a better grasp of larger
questions. A special focus is put on the Gompertz model, the simplest of the models not
previously studied using symmetries.

In chapter 1, a general overview of the use of first order ODE:s as models in biology
is given. The four models studied in this thesis are also introduced: the Hill equation,
the Gompertz model, the Lotka-Volterra predator—prey model and the Yildirim—Mackey
lactose operon model.

In chapter 2, the mathematical theory of Lie point symmetries is introduced. The
text is aimed at being accessible to readers who have no prior experience of mathematical
symmetries. The first three sections presents and explains the tools necessary for finding
Lie point symmetries of systems of first order ODE:s. The sections should act as sufficient
background to understand the calculations performed in chapter 3 and 4, given that
the reader has a prior understanding of the fundamentals of ODE:s. The last section
concerns the underlying algebraic structure of Lie point symmetries. It is significantly
more mathematically involved than previous sections out of necessity, and a reader
inexperienced in abstract algebra might want to put off reading this section until after
chapter 3 and 4.

In chapter 3, symmetries are calculated for the four models presented in chapter 1
using the standard method for first order ODE:s: ansétze. The chapter mostly consists
of traditional symmetry calculations, and can thus safely be skimmed if the reader is
already familiar with Lie point symmetries.

Chapter 4 contains calculations of symmetries for the latter three models using
a method novel in this setting. The method is based on parameter independence,
and is repurposed from the subfield of group classification. The method of parameter
independence is more systematic than using ansétze, and thus offers a distinct alternative
approach to finding symmetries of systems of first order ODE:s.

In chapter 5, different ways of interpreting and using symmetries are discussed in brief.
Two such uses are explored further: invariants and the general structure of symmetries.
In particular, different formulations of the Gompertz model are compared by looking at
the general structure of their respective symmetries.

The thesis ends on a discussion in chapter 6, where the results of are reviewed and
put into a more general context. The discussion is aimed at being as non-mathematical
as possible, so that readers with any mathematical background can get a feeling for the
role symmetries could play in mathematical modeling in biology.



Chapter 1

Modeling in biology

In biology, ordinary differential equations (ODE:s) are a common tool for modeling
systems mathematically. The systems are modeled to contain several interacting species,
and observable states of the different species. The states vary from field to field, but
common types are the concentration of a chemical species in biochemistry, the volume
of organs or growths in medical science and the size of populations of certain animal
species in ecology. The interaction of the different species is modeled over time, and thus
differential equations are a suitable tool. The restriction to ODE:s is often due to the fact
that the models required to describe biological phenomena are complex enough, without
taking spatiality into account, to be at the boundaries of what is viable to simulate and
compare to experiments. There is therefore a large amount of models in these fields that
take the form

1
% =wi(t, AL,... A% 0)
d;i = wi(t, AL, ..., A% 0),

where Al(t),..., A%(t) are the states at time ¢, and § = (',...,0™) are a collection
of parameters. The parameters allow the models to be adopted to a vast variety of
circumstances. They can be related to environmental factors, inherent properties of the
species involved or a measurement of a species assumed to be constant for the duration
of the experiment.

One major obstacle in modeling and predicting the behavior of biological systems is
the ability to correctly estimate these parameters. The reliance on estimated values in
models is not unique to biology in the natural sciences, but unlike most other natural
sciences the models in many biological fields are constructed based on these types of
experiments. While one can in physics isolate different parts of a larger system, and part
by part build a theoretical model that is then tested on larger systems, the same approach
can not be used in biology as the systems studied are large and intertwined enough that
isolation of phenomena becomes nigh on impossible. Instead chemical principles, research



on simpler but similar lifeforms and biological intuition is used to build models, which
can then be tested against data from living test subjects (in vitro or in vivo). Not only
does this affect the speed at which good models can be constructed; it also means that
the parameters values that can not be directly measured can not be estimated before
any simulation of the model is run, since there is no underlying fundamental model to
predict the values with.

To solve these problems, a number of advanced methods have been developed with such
sophistication that entirely new fields, such as systems biology, have developed around
them [5, 6]. Still, many problems and challenges remain. In this thesis, mathematical
symmetries are explored as a possible tool to solve some of these challenges. In order
to tackle such a broad question as “Can symmetries be used to enhance biological
modeling?”, several concrete models from biology have been selected as examples. These
examples serve both as a familiar setting for those working in biological modeling to
learn about symmetries of differential equations, and as a way to concretely discuss the
uses of these symmetries as modeling tools.

The models have been selected to cover a range of biological disciplines, and to cover
model complexity ranging from models simple enough to solve by hand to those used
in current research. In this chapter the models will be introduced, along with some
biological context where necessary.

1.1 The Hill equation

The Hill equation is a scalar ODE that was originally used to model the binding of oxygen
to hemoglobin [7]. Since then, it has been used to describe many binding phenomena
such as ligand-receptor and substrate-enzyme reactions [8]. It takes the form

dy yn

5, — T Umax :Qn 7Y7 ) 1.1
at MR Ty (tY), n>0 (1.1)

where Y is the concentration of the substrate that binds to the enzyme. The parameter
Umax models the maximum reaction speed, K, is a dissociation constant and n is the Hill
coefficient. The biological interpretation of the Hill coefficient n has historically been a
contentious matter, but it is roughly a measure of the cooperativity among binding sites.
The Hill equation has been studied using symmetries of differential equations, using its
nondimensionalized form [9]. By nondimensionalizing both the substrate concentration
with

Y
y= Kml/n
and the time with ;
T = Umava
eq. (1.1) simplifies to its nondimensionalized form
dy y"
%:—1+yn:wn(7,y), n>0 (1.2)



which will be studied in this thesis.

1.2 The Gompertz model

In several fields in- and outside of the life sciences, growth in general plays an important
role. In particular, when measuring different phenomena ranging from cell growth to the
growth of cities, the concept of exponential growth often appears. Exponential growth
stems from a species growing with a rate that is proportional to its size. Written in
mathematical terms:

AW
— = W), (1.3)

where W (t) is the size of the species (volume of a tumor, weight of an animal, individuals
in a population etc.) at time ¢t and c is a constant. While exponential growth accurately
models the initial stages of the growth process for many systems, eventually some external
factor will limit the growth. The external factor might be simple, like limited availability
of food in the case of an animal population, or complex, like limitations of infrastructure
in the case of cities. Correctly modeling the external limitations is crucial when studying
the long term behavior of the system.

The Gompertz model is one such model that has seen success in many areas. It was
first proposed in 1825 as a means of predicting the mortality rate of populations in order
to accurately prize life insurances and annuities [10]. Gompertz formulated his model as

the differential equation

% = —aq”L(x) (1.4)

where L(x) is the number of people living at age z. It is worth noting that for small
values of z and ¢ = —a, the ODE (1.4) behaves like eq. (1.3). In retrospect this similarity
is not surprising as Gompertz modeled the decay of a population, which can be seen as
“negative growth”. However, this connection was not made at first.

Around a hundred years after the conception of the model, it saw its first use as a
growth model in the modeling of economic growth [11, 12]. It was first mentioned in
the life sciences in 1926 as a suggestion for an alternative growth model [13], and a few
years later saw its first concrete use modeling the weight of cattle [14]. In the century
since, the Gompertz model has been used to model the size of a wide range of animals
(for a good summary, see [15]). The breadth of animals (and parts of animals) where
the Gompertz model can be fitted well to growth data has made this one of the life
sciences where the model is most used. The other branch of the life sciences where the
Gompertz model has seen success is in modeling tumor growth. The model was first
used (apart from as a tool for making graphs [16]) for this purpose in 1964 [17]. It has
since become one of the most widely used models for tumor growth [18] (for a summary
of applications, see the introduction of [19]). When studying both organism and tumor
growth, the same question has been asked about the Gompertz model, namely what the
biological interpretation of the model is. In this chapter, this question will be tackled
using the theory of Lie point symmetries.



1.2.1 Finding a standardized ODE description

Even though Gompertz first stated his model as the ODE (1.4), the differential form is
not the most commonly used. Instead the Gompertz model is usually formulated as the
solution to the ODE (1.4). In Gompertz’ original paper [10], this function takes the form

L(z) = dg? (1.5)

where g = exp(—a/In(q)) in the ODE (1.4). Note that the parameter d is not included in
the differential equation but instead stems from the constant of integration. By replacing
Gompertz’ L(x) (number of people of age =) with W (t) (the size of a species at time ¢)
the function can be used to model growth without any structural changes to the function.
The function form of the model is not only sufficient as description when the goal is
to fit the model to some data; the third parameter d is necessary since it relates to
the initial value needed to solve the ODE (1.4). However, as will be seen in the next
chapter, eq. (1.5) is not a form where the type of symmetries used in this thesis can be
employed. Additionally, the function is not parametrized consistently across literature,
varying depending on field and taste. To analyze the model with Lie point symmetries it
is therefore necessary to determine two things. Firstly it must be established what is
meant by “The Gompertz model” when viewing the model as an ODE through a life since
lens. Secondly, a standardized and meaningful parametrization of the model in ODE
form must be established in order to gain insight from the later symmetry treatment.

Since the function form of the model is sufficient and necessary to match the model to
data, the ODE form is only found in the literature as a means of providing a background
to the model. The ODE formulation thus often lacks proper references, rendering the
origin of the formulation hard to trace. All formulations of the ODE found in the
literature can however be sorted into one of three families.

The ODE:s in the first family can all be written on the form

aw
—_— . 1.
e W (t) (1.6)

These ODE:s are reparametrizations of Gompertz’ original ODE (1.4), often emphasizing
the expected behaviors of the model in the growth context by choosing parameters that
should be positive. In the parametrization seen in the ODE (1.6), r should be positive
for the species size W (t) to grow (as opposed to shrinking or decaying) and b should be
positive for the growth to reduce over time (and thus limiting the growth). Solutions to
this family of ODE:s can be seen in fig. 1.1.

The first family of ODE:s is tightly related to the second family, which can be written
on the form

dW
— =G)W(t
;‘fﬁ; OW(t) )

This system of ODE:s could also be argued to be the original Gompertz ODE, since the
original differential equation (1.4) was motivated by Gompertz in the following way:
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Figure 1.1: Example solutions curves of the classical Gompertz model with varying initial
values for W.
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Figure 1.2: Example solutions curves of the system Gompertz model with varying initial
values for W.

If the average exhaustions of a man’s power to avoid death were such that at
the end of equal infinitely small intervals of time, he lost equal portions of his
remaining power to oppose destruction which he had at the commencement
of those intervals, then at the age his power to avoid death, or the intensity
of his mortality might be denoted by ag®, a and ¢ being constant quantities;
([10, p. 518])

The intensity of mortality can be seen as v(t) in the ODE (1.7), with v(t) = a¢” serving
as a solution to the lower equation in the ODE (1.7) when In(q) = —b. Solutions to
this family of ODE:s can be seen in figs. 1.2 and 1.3. Since the ODE (1.6) is a partial
solution to the ODE (1.7), the formulations that can be written on the form of the former
equation will henceforth be referred to as “classical Gompertz ODE:s”, while the latter
formulation will be referred to as “classical Gompertz ODE:s on system form” or simply
“system Gompertz ODE:s”. The classical Gompertz ODE is the form used in the first
paper on biological growth [14].

The third family of ODE:s appear slightly later in the literature. They can all be
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Figure 1.3: Example solutions curves of the system Gompertz model with varying initial
values for G.

Figure 1.4: Example solutions curves of the autonomous Gompertz model with varying
initial values for W.

written on the form - W
t

While solutions to this ODE are all Gompertz curves, it is important to note that this
formulation is fundamentally different than the classical ODE (1.6). This is clear from
the fact that while the ODE (1.6) is directly dependent on time, the ODE (1.8) is not.
We will therefore henceforth refer to the family of ODE:s that can be rewritten as the
ODE (1.8) as “autonomous Gompertz ODE:s”. Solutions to the autonomous Gompertz
model can be seen in fig. 1.4. The first time an autonomous Gompertz ODE appears in
the literature on biological growth is in a review of the new use of the Gompertz curve in
1932 [20]. In the review (which also features a classical Gompertz ODE) the autonomous
form is used to liken the Gompertz curve to another popular growth curve, the logistic
growth curve, in order to generalize the Gompertz model.

In order to better understand what separates the classical and autonomous ODE:s,
a consistent parametrization is required. Due to the sporadic use of the ODE form,
no such standardization has been made. The function form, on the other hand, has
seen efforts of standardized parametrization. [15] (concerned mainly with the growth



of organisms) shows that most parametrizations found in the literature belong to two
parametrization groups. Both parametrizations groups have in common that they have
two shape parameters and one location parameter, where this third parameter only
controls how far the curve is shifted in the time direction. In both groups the shape
parameters serve the same purpose, but the location parameter can serve two distinct
useful purposes, resulting in the two forms of parametrization: the T;- and Wy-forms [15].
These two forms can be canonically parametrized by

—eikG(t*Ti)

W (t) = Ae (1.9)

and kot

W(t) = A(WO> (1.10)

A

respectively. These two parametrizations are useful, since the parameters A, kg, T; and
Wy have clear interpretations. A is the value of the upper asymptote, also known as
the carrying capacity of the system. kg, although lacking in interpretation itself, is
proportional to ky = kg/e, where ky is the relative (to A) maximum slope during the
process. Together, A and kg control the shape of the curve. T; or Wy depending on
the formulation control the localization of the curve. T; is the point in time where the
curve achieves its maximum slope, also known as the point of inflection. Wj on the other
hand is the size at t = 0. Depending on application either of these two parametrizations
might be useful. It is therefore necessary to reparametrize both the ODE (1.6) and the
ODE (1.8) using both forms.

To reparametrize the ODE:s using Gompertz curve parametrizations, the solutions
of the ODE:s must be found. The classical Gompertz ODE:s (1.6) and (1.7) are most
easily solved using the fact that the classical ODE is separable to integrate over W and ¢
separately. The solutions are thus

W(t) = ce /e (1.11)

where c is an arbitrary constant. The autonomous Gompertz ODE (1.8) is most easily
solved using the variable substitution y(t) = In(W(¢)/K) where the resulting ODE is
readily solved. The solutions are thus on the form

W(t) = Ke (1.12)
where ¢ is an integration constant. Comparing the solutions in egs. (1.11) and (1.12) to
the T;- and Wy-formulations in egs. (1.9) and (1.10), the relationships

b=kg
r = kgetaTi
Wo
= In[ —
r=kqg n<A>
a=kg
K=A



between the parameters can be found. The classical Gompertz ODE:s (1.6) and (1.7)
and the autonomous Gompertz ODE (1.8) can thus be reparametrized as

Classical, T; : aw — —kg(t=T;) 1.1
o kge W (t) (1.13)
Classical, Wy : aw _ ke 1n<VVO>e—thW(t) (1.14)
dt A
) aw W (t)
Autonomous, 7T; and Wy : AN R | () 1.1
o kg In " W (t) (1.15)
aw
— =G)W(t) (1.16a)
System, T; and Wy : ZE
o= —kaG(t). (1.16b)

There are two important notes worth highlighting: Firstly, all of the classical and
autonomous formulations have a two-dimensional parameter space (even eq. (1.14) since
Wy and A only appear in the composite form Wy/A). This must be the case since only a
two parameter ODE can produce three parameter solutions (which the Gompertz curves
are). Secondly, it should be stressed that eqgs. (1.13) and (1.14) are just two different
parametrizations of the same differential equation. They will thus share symmetries, and
calculations need only be performed on one form.

1.3 The Lotka—Volterra predator—prey model

A classic model for predator-prey dynamics is the Lotka—Volterra model, modeling two
populations where one species feed on the other according to

% =aN —bNP (1.17a)
‘Z—I; = cNP —dP, (1.17b)

where N is the prey population size and P the predator population size [21, 22]. The
parameter a is the rate at which the prey population grows without interference, b and ¢
how the predator and prey populations affect each other and d the rate at which predators
die without prey to hunt. Solutions to egs. (1.17) can be seen in figs. 1.5 and 1.6. The
Lotka—Volterra model is by no means the most modern or correct model to use in most
situations, but the model is important from a historical perspective [23]. Variations of the
model have been analyzed using symmetries [24, 25], but there is a lack of interpretations
of the symmetries in such literature as well as studies of the original model.

1.4 The Yildirim—Mackey lactose operon model

A more modern model in the style and scope of those used today in biology is the
Yildirim—Mackey model for the Lactose Operon [26]. It models the biochemical reaction
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Figure 1.5: Example solutions curves of the Lotka—Volterra predator—prey model with
varying initial values for N.
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Figure 1.6: Example solutions curves of the Lotka—Volterra predator—prey model with
varying initial values for P.
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to lactose in Escherichia coli with a delay differential equation. Since this thesis only
covers ODE:s, the slightly simplified ODE model used in [27] will instead be analyzed,
which is modeled by

dM 1+ K A"

— = — 4+ Iy — M 1.1

at - MR LR A T M (1.182)
dB

dL L. L L

— =q P—-7-— — P— — B—— —~.L 1.1

g~ Py, el o Pk o e (1.18¢)
dA L

— = — BaB — A A 1.18d
@ BT Ba KitA 4 ( )
dP

i apM —vpP, (1.18e)

where M is mRNA production, B is the concentration of -galactosidase, A is the
concentration of allolactose, L is the concentration of intracellular lactose and P the
concentration of permease.
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Chapter 2

The mathematical theory of
symmetries

In this chapter, the mathematical theory used in the thesis will be presented. The
theory mostly concerns symmetry groups in the setting of ordinary differential equations
(ODE:s), and systems thereof. To aid readers new to this subject and with varying
familiarity with related mathematical subjects, the theory is presented in a straight
forward fashion, avoiding unnecessary generalizations and proofs of most results. The
mathematical theory and notation used in this and subsequent chapters is based on the
works of three authors. For readers wishing to explore the subject further, the sources
are presented here in short.

The first source [28] by Hydon, serves as a great introductory text on the subject
of symmetry methods. For readers unfamiliar with the fields of differential geometry
and Lie algebras wishing to use methods similar to the ones in this thesis, the book
can be helpful for getting off the ground. This is mainly due to fact that theory is only
introduced on a need to know basis throughout the book, and as such readers seeking
the mathematical rigor lacking in this text will not find it there.

The second sources [29, 30] by Olver, on the other hand treats the subject stringently
and serves as good reference points for readers wishing to understand the theory in more
depth. While [29] focuses more on the specific application to differential equations, [30]
puts more focus on the geometric concepts involved.

The third source [31] by Ovsiannikov, deals with group classification, a slightly more
advanced subject on which the technique developed in chapter 4 is based. Roughly, group
classification is about finding which specializations of a differential equation with some
arbitrary function in its formulation share symmetries. Due to its earlier publication date,
the book treats some subjects in a less modern way than the works by Hydon and Olver,
and is therefore not recommended for readers unfamiliar with the concerned theory.

The notation in this thesis will be based on the notation in [28], employing partial
notational concepts from [30] and [31] when further clarity is desired.
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Figure 2.1: Rotational symmetries of an equilateral triangle.

2.1 Point symmetries

In mathematics, a symmetry is a transformation that preserves some structure. The
word symmetry is used since the mathematical concept of symmetry encompasses what
is meant by symmetry in everyday speech. A symmetric face is a face such that when
mirrored it looks the same. Here, mirroring is the transformation and “looking the same’
is the structure. In mathematics, however, the structure must be well defined, or in more
common language, must be a statement that has a clear distinction between being true
or false. The transformation can also be chosen more freely, beyond the transformations
usually implied when talking about symmetries in everyday speech.

The most common example of a mathematical symmetry is rotating and flipping a
triangle. The structure of the triangle can be stated as the location of all the vertices
and the length of the edges between specific vertices. Rotating an equilateral triangle
120 or 240 degrees around its center, as seen in fig. 2.1, will change the location of each
individual vertex, but the positions of the set of all vertices will remain the same. Since
the edges are unchanged relative to the points, these rotations constitute a symmetry of
the triangle. It is worth noting that the rotational transformations map points from the
2-dimensional plane to the two dimensional plane or, stated in mathematical terms, the
rotations are mappings I' : R? — R2.

In the methods used in this thesis, transformations similar to such a I' are considered,
but the structure of a triangle is instead replaced with the structure of a differential
equation. Initially, assume the differential equation is an ODE of the first order and can
thus be written on the form

)

Z—i =w(z,y). (2.1)

The structure of a first order ODE is thus defined by the function w. w is hence related
to an infinite set of solutions u(z) that all fulfill the ODE (2.1). Geometrically, a solution
(or any scalar function of = for that matter) can be thought of as a set =, of points in the
xy-plane, which constitutes a curve, for which y = u(z) holds for all z. Not every curve
in the zy-plane corresponds to a function however. A curve corresponds to a function if
and only if it is transverse to the y-axis, that is: the tangent of the curve never points in
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only the y-direction. Additionally for a given ODE, every point in the zy-plane belongs
to exactly one such curve -,: the curve of the solution that runs through that point.

A symmetry of a first order ODE (2.1) is a transformation that preserves the solution
curves. This means that if two points (z1,y1) and (z2,y2) belong to the same solution
curve 7, the transformed points I'(x1,y1) and I'(z2, y2) must belong to the same solution
curve, denoted by I'y, for the transformation I' to be a symmetry. This property can be
defined as:

Definition 2.1 (Point symmetry). A transformation

T (z,y) > (2(z,y),9(x,y))

is a point symmetry of the ODE (2.1) if

dy dy A
—_— = W :L" — - = w(T .

The “point” in the term “point symmetry” refers to the fact that the transformation
T" only acts on the points belonging to the solution curves and nothing else. This must
not always be the case when generalizing the theory, but those generalizations will not

be touched upon in this thesis.

2.1.1 Jet spaces

The observant reader might have already noted that there is some need for clarification of
definition 2.1. While the transformation I' treats y as a point in R, the ODE (2.1) treats
y as a differentiable function of z, or in other words an element y(z) of the set of once
continuously differentiable functions C!(IR). In many contexts this abuse of notation could
be accepted without further remarks, but when using symmetry methods the subtlety of
this operation is key to the calculations performed. To avoid confusion while introducing
the subject in this subsection, the point representation will be denoted by y while the
function representation will be denoted by f(x).

The zy-plane previously mentioned can be seen as consisting of two components: the
space of independent variables B ~ R, also known as the base space, and the space of
dependent variables F' ~ R, also known as the fiber.! The plane then is the product
space E = B x F ~ R?. It is in this plane E, commonly called the total space, that
the curves v live. To be able to formulate first order differential statements, the space
Fi ~ R is used. The elements of F} will be denoted ¢/ or y), implying that the elements
correspond to the first derivative f’(z) of the function f(x). It is however important to
note that F is no more the space of derivative functions f/(z) than F' is the space of
once continuously differentiable functions f(x); the implied relation between the two
is merely aesthetic so far. Together with the fiber F', I} forms the prolonged fiber

!The symbol ~ is used here to mean that the space must only be similar to the real numbers. This
means that, for example, only the positive real numbers could be used as the space B.
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];” = F' x Fy. The prolonged fiber }17’ can be combined with the base space B to create
Ji=JhE=FExF =BxX }17 ~ IR3, the first order jet space of E.
All differentiable functions f : B — F' have a unique equivalent function f: B — }17’
1

called the first prolongation of f(x), defined as

@) = (@), 2L @),

In extension to this concept, a smooth transverse curve v C E has a prolongation which

is a curve v C J; defined by
1
1 {(eg) - 2e8)
1 1

where f is the function corresponding to the curve ~.

Using these tools, the ODE (2.1) can be reformulated using jet spaces. The purpose
of the ODE is to define some set of solutions, and as such the reformulation should define
that same set of solutions. Using jet-notation, the problem can be formulated as finding
curves v in Jp satisfying

1

A(%) = y/ - w<m7 y) =0, (22)

as well as the condition that the curve is a prolongation of some curve - corresponding to
a continuously differentiable function. The curves v will then correspond to the solutions
u(z) of the ODE (2.1). This can be seen in fig. 2.2, where the prolongations of the
solution curves lies on the jet-surface defined by eq. (2.2).

While only first order ODE:s are studied in this thesis, some basic knowledge of
symmetry methods for higher order ODE:s is required to be able to understand how the
process of finding symmetries differ between first and higher order ODE:s. An ODE of
degree k can be written on the form

dk"y dy dk—ly
ok _w<x’y’d:z’”"dx’f—1>’
while higher order jet spaces Ji = JiE take the form
Jo=BXF X F| X X F},
with elements

z= (x,y,y’,...,y(k)).

An ODE of degree k can thus be formulated as finding curves in J that satisfy
Az) =y —w(zyy,... .y D) =0

as well as the condition that the curves should be k:th order prolongations
du
=dz=(z* ! (k) . ) = 22 * _
’zfu— {i_ (x Y Y ) oy = dxl(:r ), z" € B, l—O,...,k}
of curves ~y corresponding to functions u(x) € C¥(B). Here y(©) =y and 4% = u(x).
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Figure 2.2: The surface ¥’ = y, and solution curves to the corresponding differential
equation both prolonged to the jet space and projected on the z-y-plane.

2.1.2 The total derivative

Since the jet space Jj, treats the variables y, ¢/, ..., y®) as independent coordinates,
differentiation in x, denoted as 0., will not affect those terms. While this is the desired
behavior of a jet space, there is also a need to be able to mirror the behavior of
differentiation of the functions y(z), 4/ (z), ..., y¥)(z) in 2. Thus a differential operator

Dy =04y 0y +y" 0y +- +y* 0 0

on J is introduced, called the total derivative. D, will act on expressions in Ji in
the same way that % would act on corresponding expressions consisting of x, y(z) and
derivatives of y(x) in x.

A change of variables

& =2(z,y(z))

9 =19z, y(x) =9(2)
in the function space can be represented in the jet space using the total derivative. Due
to the chain rule,

A 09 Ogdy
@ 8m+8ydx

4 [oks oz dy
v G+ 5
in the function space. In order to keep the correspondence between the function view
and the jet view, viewing the change of variables as a transformation

I':(z,y) = (2(z,y),9(x,y)),
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the first prolongation of that transformation defined by

Dy j(, y))

I: / T 0
) (z,9,y") — (x(af,y),y(x,y), D, i(z.y)

will retain the correspondence to the ODE in the changed variables.
Using the prolongation of the transformation, definition 2.1 of a first order symmetry
for the ODE (2.1) can be restated in the first order jet space J; for the corresponding

eq. (2.2).
Lemma 2.1.1. A diffeomorphic transformation T : (x,y) — (Z(x,y), §(x,y)) is a point
symmetry of the ODE (2.1) if and only if
aﬂﬁﬁ + W(IL', y)ayg —
Op + w(z, y)0y

w(Z,7) (2.3)

holds.

Given a transformation I', it is therefore easy to check whether it is a point symmetry
of the ODE (2.1). The reverse process (finding point symmetries of the ODE (2.1)) is
on the other hand not easy, as eq. (2.3) will in all but the most trivial cases result in
a non-linear PDE with two unknown functions. However, by restricting attention to a
specific type of point symmetries, these conditions can be simplified.

2.2 Lie point symmetries

A common restriction when studying symmetries is to limit the scope of sought symmetries
to Lie groups of symmetries. A Lie group is a mathematical group?, where the members
of the group can be parametrized by one or several continuous parameters. A Lie
group of transformations on F is thus a group with composition as the operator, where
the transformations are parametrized by one or several continuous parameters. If the
transformations can be indexed by a single real parameter € € R, the Lie group is said to
be a one-parameter (real) Lie group of transformations. The transformations in such a
Lie group can be parametrized as

Le: (z,y) = (Ze(2,9), e (2, ),

where both Z(x,y) and .(z,y) are smooth (and therefore differentiable) in € when fixing
z and y. Additionally, the transformation parametrized by ¢ = 0 will be the identity
transformation Iy : (z,y) — (z,y).

If all transformations in such a group are symmetries of a differential equation, the
group is said to be a Lie point symmetry of the differential equation. The following is a
simple example of a one parameter Lie point symmetry.

2For readers unfamiliar with abstract algebra: a group is a set (collection of elements), together with
some operation that is associative. A group must also have an identity element, and all elements must
have an inverse. An example of a group is the set of real numbers R, together with the operation + (it is
associative since (a +b) + ¢ = a + (b+ ¢)). The identity element is then 0, and all elements have inverses
(the inverse of a is —a).
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Example 2.2.1. The ODE
dy _
dr

has several symmetries. One group of symmetries is

y =w(z,y) (2.4)

Le(z,y) = (2c(2,9),9e(z,y)) = (x +ey), VeeR (2.5)
This can be shown by considering eq. (2.4) in the jet space Jj, resulting in

Opfe +w(z,y)0yJe Y
== =9 = w(Ze,Pe), VeeR.
Ope + w(x,y)0ye 1 e = w(ie, Ge) ¢

So by lemma 2.1.1 the transformations are point symmetries. By fixing (x,y) = (z*, y*),

d di* dij*
7/\6 *a * ,AG *7 ") = ) = 17
et e ) = (G0 ) = (1,0)

for any (z*,y*). This shows that the transformations are smooth in €, and thus constitute
a one parameter Lie point symmetry.

While the Lie groups of point symmetries can be parametrized explicitly such as in
eq. (2.5), it is more useful to characterize the Lie group by its associated vector field

&(x,y),n(z,y)),

also known as the tangent field of the transformation group. The tangent field can be
calculated pointwise by

dA * kA * ok * % * %
&xe(fﬂ ), O (2%, y%) T &=, y"),n(z*,y"))

for every fixed point (z*,y*) € E. The tangent field can be thought of as the vector field
that points in E flow along when the parameter € of transformation I'¢ is increased.

2.2.1 The linearized symmetry condition

Using the tangent field of a one-parameter Lie symmetry group, the symmetry condition
as formulated in lemma 2.1.1 can be further simplified.

Lemma 2.2.1. A one-parameter Lie group of point transformations constitute a Lie
point symmetry of the ODE (2.1) if and only if

9xn + (Oyn — Ox&)w — 8y(§)w2 — &0pw — noyw = 0,

where (§(xz,y),n(x,y)) is the tangent field of the Lie group.
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Proof. By lemma 2.1.1, the transformations I'c are point symmetries of the ODE (2.1) if
and only if

029(z,y;€) +
02 (x,y;€) +

(
(

Differentiating with respect to e,

z,y)0y4(, y; €)
.’IJ, y)ay'@(xa y7 6)

w ~ ~
" = w(@(x,y;€),0(x,y:€)).

0.5 +wo, 8 (o w0, )0y + 0@ )0 ar, dy,

= —0. (26
0, + w(w, y)0yd (02 + w(z,9)8,)" de “ (2:6)

It is sufficient to show that this expression holds at € = 0 for all  and y, since evaluation
in any € # 0 will be equivalent to the expression for ¢ = 0 in the point I's(x,y).
Evaluation at € = 0 yields di/de = £ and djj/de = n. Additionally, Z(z,y;€)|._, =«
and g(z,y;€)|._, = y since the transformation parametrized by € = 0 is always the
identity transformation in a one-parameter Lie groups of transformations. Equation (2.6)
evaluates to

83077 + (3y77 - aac§>w - 8y(€)w2 - gazw - nayw = 07

and hence the proof is complete. O

2.2.2 Invariant solutions and trivial symmetries

An important property of a Lie group of symmetries is which, if any, solution curves -,
are invariant under all transformations I'c. A solution curve being invariant means that
the transformed solution curve

Feyy ={Tez: 2z €7}

is equal to the solution curve =,. It should be noted that this does not mean that every
point in v, need be transformed to itself; the equivalency must merely hold for the entire
set vy.-

The invariance of a solution can be studied using the characteristic

Q(xa y7y,) = 77(% y) - y,£($ay)

of a Lie group of symmetries with tangent field (£(x,y),n(x,y)). The characteristic can
be seen as the magnitude of the cross product between the direction of solution curves

Dy (z,y) = (1,¢)

and the tangent field. As is known from linear algebra, the cross product of two vectors in
three dimensions has magnitude 0 if and only if they are parallel. So if the characteristic
is equal to zero in a point z*, y*, 3y’*, the tangent field is parallel with the tangent of the
solution curve in that point. If this hold for all points (z,y,y’) € vlu, the points of the
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solution curve 7, will thus always be transformed to other points of the same solution
curve. For a solution v, to eq. (2.2)

’Ylu = ($ay7w($ay))7

and hence the reduced characteristic

Q(z,y) = n(z,y) — w(z,y)é(r,y)

must be equal to 0 for all (x,y) € 7, for the solution curve 7, to be invariant under the
Lie point symmetry with tangent field (&(z,y), n(z,y)).

A Lie group of symmetries for which all solution curves 7, of eq. (2.2) are invariant is
called a trivial symmetry group. For such a symmetry group, the reduced characteristic
will be zero everywhere, or in other words

Q(z,y) = 0. (2.7)

Trivial symmetries are called trivial, since finding one is easy. Simply, let the tangent
field (&{(z,y),n(z,y)) = (1l,w(z,y)). The Lie transformation group is a point symmetry
group, since lemma 2.2.1 is fulfilled. Furthermore, it is a trivial symmetry group since
eq. (2.7) is always fulfilled. Intuitively, a trivial symmetry can be understood as a group
of transformations that transforms points along the solution curves of the ODE.

2.3 Generalization to higher orders and systems

The theory so far discussed has dealt with single ODE:s of the first order. Most systems
of interest are however not modeled in this way. As mentioned earlier, the theory can be
extended to deal with higher order ODE:s. Additionally, many other types of differential
equations can be treated with further generalizations, among them systems of ODE:s. In
this section the previously stated theory will be generalized to include both higher order
ODE:s and systems of first order ODE:s. The motivation for these generalizations are
quite different.

The generalization to higher order ODE:s will as previously mentioned be used as
a foil for the theory used in this thesis. As it turns out, first order ODE:s are quite
unique in that there is no clear process to find all the symmetries of the ODE:s. Since
the theory of symmetries of differential equations in applications has mostly developed
around physics, a subject where higher order differential equations are the norm, the
theoretical methods for finding symmetries of first order differential equations are not as
mature in the literature as compared to those for higher order equations. In this thesis
the limitations of techniques for first order ODE:s play a large role, and it is therefore
important for the reader to understand the context in which this discussion occurs.

On the other hand, the generalization to systems of ODE:s is purely practically moti-
vated, as most biological systems are modeled with several interacting states. Throughout
this subsection both generalizations will be presented simultaneously, as the required
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notation for the respective generalizations are more intuitive in tandem. In this section,
fewer intuitive explanations for the calculations are used, as the higher dimensional
geometry make such explanations harder to grasp. It will therefore be useful for the
reader to have the first order equivalents of the theory in mind to enhance intuition.

2.3.1 The infinitesimal generator and prolongations

To simplify the notation a differential operator

X =&(x,y)0 +n(x,y)0y

called an infinitesimal generator of the symmetry group with tangent field (£,7), can
be introduced. The infinitesimal generator acts on functions ¢ : E — S where S is a
vector space, and returns the action of the tangent field (£,7) of a Lie point symmetry
with elements I'c on the function. The action gives a measure of the change in ¢ when
continuously transforming the plane which it acts on, since

d

—¢ol. = X¢.

de e=0
Just as the tangent field characterizes the Lie point symmetry, so does the infinitesimal
generator, as it depends uniquely on the tangent field.

The infinitesimal generator can be prolonged, still entirely defined by & and 7, to act
on functions in any given jet space Ji. Here the requirement of the prolongation )k( is
that it should be the infinitesimal generator of the prolonged Lie point transformations
['c. Or in other words, for any function ¢ : J, — S,

k

d
S ol =X
dewo k e=0 kf/(/}

For first order ODE:s the jet space is Ji1, and thus the first prolongation is needed, which
takes the form

)1( = E(xa y)azv + 77(537 y)ay + 77(1) (l’, y)ay/?

where
1) (2. y) = nu(z,y) + (y(2,9) — Ea(2,9)y — &z, 9) (1),

where the subscripts of  and y denote the partial derivatives 0, and d,. The linearized
symmetry condition in lemma 2.2.1 can hence be rewritten using the infinitesimal operator.

Lemma 2.3.1. A Lie group of point transformations is a symmetry of the ODE (2.1) if
and only if

)f(y’ —w(z,y)) =0, (2.8)
y’=w(m,y)

where )1( is the first prolongation of the infinitesimal generator of the Lie group of point

transformations.
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On this form, the linearized symmetry condition is easier to interpret: Since the
transformations of solution curves must be solution curves in order for the transformations
to be a symmetry group, the value of A(%) =y —w(z,y) = 0 must not change. By

evaluating the expression at y' = w(z,y), it is ensured that this holds for any solution to
the ODE (2.1).

By finding further prolongations of X, the linearized symmetry condition can be
extended to ODE:s of higher degrees. The k:th order prolongation of the infinitesimal
generator is

X = §(z,y) 0 + n(x, y)Oy + n1y (2, 9)9y + - -+ + Ny (T, Y) Oy vy
where 7)) is defined recursively by
Moy =1
Mo (2, y) = Da (e—1)) — y ™ Dy €.

Lemma 2.3.1 will hold for higher order ODE:s, given that 3/ is replaced by y*) and
w(x,y) with w(kzl), and that the infinitesimal generator is prolonged to the k:th degree.

The infinitesimal generator also holds as a valid construction for systems of ODE:s.
A system of s first order ODE:s has the form

yp =w' (2,9, 0)
(2.9)
vy = (@, yts oY),
which can be seen as existing in the jet space J; = J1F = B x F x F} with coordinates
reB~R
(yl,...,ys) € F~R?®
(yi,...,yi) € F ~R°

Elements in the total space E = B x F' can similarly to before be denoted z = (z,y),
where the vector notation y = (y',...,y*) is used. Equation (2.9) can be written more
succinctly as

Y, = w(z), (2.10)
where
Yo = (yglm"'ayysc)
w(z) = (wl(z), e ,ws(z)>.

The tangent fields of transformations on E take the form



and the infinitesimal generator thus has the form
X =€(2)00 + ' (2)0y1 + - +17°(2)0ys = £(2)00 +1(2) - Dy,

once again employing the vector notation

By = (ayl,...,ays)
to shorten the expression. The infinitesimal generator can be prolonged by defining
nfy(@.y) = Den® — ' Dy €,
where the total derivative is defined as
Dy =0y 4y, Op 4 +ys 0 +...

(the second dots are due to the fact that the total derivative technically acts on the
derivatives of the y*:s, which does not concern us).

Using these tools, the earlier results for scalar ODE:s are easy to reformulate for first
order systems of ODE:s, and whose generalization to higher order (systems of) ODE:s
should be clear.

Definition 2.2 (Point symmetry). A transformation
Iz 2(2)
is a point symmetry of a system of first order ODE:s (2.10) if

dy _
dr

ay

w(z) = o

=w(2).

Theorem 2.3.2. A one-parameter Lie group of point transformations constitute a Lie
point symmetry of eq. (2.10) if and only if

Xy, ~w(z)| =0,
Yp=w(z)

where X is the infinitesimal generator of the Lie group.

2.3.2 Trivial symmetries of first order systems

The concept of trivial symmetries can also be generalized, but only for systems of first
order ODE:s. The reason for this is quite simple: if a higher order ODE had a symmetry
which was trivial, all solutions of the ODE would flow along the tangent field of the
symmetry. But since the tangent field of a Lie point symmetry only depends on the
total space, that would mean that there was an expression for the first derivative of all
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solution curves of the ODE only dependent on the total space. Thus the ODE would not
truly be of higher order, as it could be rewritten as a first order ODE. This fact is not of
great concern here, as this thesis only deals with first order systems.

For a system of ODE:s, the characteristic becomes a function

Q(z) = (Ql(g), > -,Qs(f))
with components defined by

Q"z) =1 (e) ~é(e), k=1,

A solution curve =, of a system of ODE:s is an invariant of a symmetry with characteristic
qQ if
Q") =0, Vz€ru

For a system of first order ODE:s (2.10) the condition can be simplified, using the reduced
characteristic Q(z) = Q(z,w(z)), to

QF(2) = 1"(2) —wM(2)E(2) = 0, Vz €.
The concept of a trivial symmetry can thus be generalized to first order systems.

Definition 2.3 (Trivial symmetry). A Lie point symmetry with tangent field (£, n) is a
trivial symmetry of a system of first order ODE:s (2.10) if

2.4 Properties of Lie point symmetries

Before moving on to the process of finding symmetries, some further results are of interest
in order to better understand and interpret the symmetries found. Up until this point,
the definition of a Lie group has been consciously avoided. This is mainly due to the fact
that the specifics are quite involved, and do not play a large role in finding symmetries
of the type found in this thesis. To evaluate the results of such calculations, however,
some of this theory must be explained. Since a complete understanding of the theory is
neither necessary nor viable in this thesis, only the aspects relevant to calculations will be
explained. Readers wishing to understand the theory itself are once again recommended
[29, 30] as discussed in the beginning of this chapter.

2.4.1 Lie groups and Lie algebras

So far, only one-parameter Lie groups of transformations have been considered. In
practice, the collection of all symmetry transformations of a differential equation will
almost always include a multiparameter Lie group of transformations. An n-parameter
Lie group is a group that also has the structure of an n-dimensional smooth manifold.
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The Lie group being a group means that it has elements, and those elements can be
multiplied together in some manner. When the group G has transformations I' : £ — E
as elements, the multiplication is defined as the composition o of elements, defined by

Pol: 20 D(T(2)), (2.11)

where I,T' € G. The Lie group having the structure of an n-dimensional smooth
manifold means that operations such as differentiation of the elements are defined. This
structure appears earlier in this chapter when differentiation % in the parameter of the
one-parameter Lie group was used.

Just as a one-parameter Lie group of transformations is characterized by an infinitesi-
mal generator, an n-parameter Lie group can be characterized by a basis of n infinitesimal
generators. For an n-parameter Lie group of transformations with basis X1,..., X}, the

action at a given point can always be represented as
X =c X1+ +cnXp,

where ¢y, ..., c, are constants. The basis can be seen as the available directions in which
a derivative can be taken, in the same way that a partial derivative in multivariate
calculus can be taken in an arbitrary direction given by a vector constructed from a set
of base vectors.

It is of interest to be able to determine if a multiparameter Lie group of transformations
is a symmetry of a differential equation. Equation (2.10) can as in the scalar case be
rewritten as

A() =y, —w(z) =0 (212)

for the sake of convenience. Let X; and X5 be the infinitesimal generators of two
one-parameter Lie point symmetries of eq. (2.12). A two-parameter Lie group of trans-
formations with the basis X7, X5 will also be a Lie point symmetry, since

+e2 Xa(A(2)) =0

= aXi(Az))
A@=0 A(:)=0 A()=0

(1 X1 + 2X2)(A(2))

at any point z € E. This argument extends to any multiparameter Lie group of
transformations, as it is only dependent on the fact that the infinitesimal generator
is a linear differential operator. Thus an n-parameter Lie group of transformations
is a symmetry group if the one-parameter Lie groups corresponding to its bases are
symmetries.

However, an n-parameter Lie symmetry can not be constructed from the infinitesimal
generators of an arbitrary collection of one-parameter Lie symmetries. The fact that a
one-parameter Lie group always can be constructed from an infinitesimal generator is
a trivial case of a more general requirement. The correspondence between Lie groups
of transformations and infinitesimal generators is a special case of a more general
correspondence between Lie groups and Lie algebras. Every Lie algebra is equipped with
an operation called the Lie bracket, which for the infinitesimal generators is defined as

[X1, Xo] = (X1(&2) — X2(61))0z + (X1(ng) — Xa2(ny)) - Oy,
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where X1 = §10, + 1y - 0y and Xy = £20, + 15 - Oy. A Lie algebra is closed under the Lie
bracket, which means that

(X1, Xol €9, VX1, Xo€g (2.13)

if g is a Lie algebra. The Lie bracket is a bilinear operator, so it is not necessary to check
that eq. (2.13) holds for any X1, Xy € g; rather it is enough to ensure that eq. (2.13)
holds for the elements of a basis X1,..., X, of g. If that is the case, any X1, Xo € g can
be written as linear combinations X = ¢1 X7 + - - - + ¢, X, and will thus be closed under
the Lie bracket.

All Lie algebras have a corresponding Lie group, so in order to generalize the cor-
respondence between Lie groups of transformations and infinitesimal generators the
requirement becomes that a Lie algebra g, with the basis Xi,...,X,, always has a
corresponding n—-parameter Lie group of transformations. For one-dimensional Lie
algebras this correspondence was seen as trivial, since the Lie algebra g only has one
base generator, and the group must be closed under the Lie bracket since

X, X]=0¢cg
for any generator X and any group g = {¢X : ¢ € R} generated by X.

2.4.2 The structure of the group of all symmetries of first order ODE:s

Every infinitesimal generator X with corresponding tangent field (£,m) can, given a
system of ODE:s (2.12), be written on the form

X:§8x+(§w+é))-8y,

where Q is the reduced characteristic. Considering the infinitesimal generators

X1 =0 +w-0y (2.14a)

Xg=Q 0y, (2.14b)
X can thus be decomposed into

X =¢&Xr+Xq (2.15)

The linearized symmetry condition 2.3.2 then simplifies to
Qrtw-QF—Q-wh=0 k=1,...s. (2.16)
Using the Lie bracket, eq. (2.16) can be further simplified to
[XT, XQ} =0. (2.17)

This formulation reveals several properties of the space of all Lie point symmetries for
first order systems of ODE:s (2.12).
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The first result concerns the trivial symmetries of a first order ODE. If X is a trivial
symmetry, X5 = 0 since @ = 0. Since eq. (2.17) always holds if Xg =0, a one-parameter
Lie point transformation is a trivial symmetry of eq. (2.12) if and only if

X =&Xr

for any function § : E — R. Given two arbitrary trivial symmetry generators {Xr and
&X', the Lie bracket of the two is

[6Xr, €Xr| = (€6 + €w - & — €60 — dw - &) X,

which in turn is a trivial symmetry generator. Hence, the set of all trivial symmetry
generators form an algebra of their own, denoted g*. g* is a subalgebra of the Lie
algebra g of all infinitesimal generators corresponding Lie point symmetries of eq. (2.12),
since its elements are a subset of all elements in g, and g™ in itself is an algebra. Similarly,
all symmetry generators on the form n -9, = Q - 9y form a subalgebra g°, since

-0y, 71+ 0y) = (- iy — 71y ) Oy + -+ (- 71y — 7+ ) Oye

for arbitrary functions n,1 : E — R® The decomposition in eq. (2.15) can thus be
rewritten in more algebraic language as the fact that the algebra of all Lie point symmetries
g can be written as the direct sum

g=g7@g’

of subalgebras. Additionally, given an arbitrary infinitesimal generator X = EXr+Xp €y

and an arbitrary trivial Lie point symmetry generator X7 € g, the Lie bracket of the
two

X, x| = |eXn, EXr| + [Xg, EXn] =
= [fXT, éXT} +Q-&Xr+ 5[XQ, XT} = [éXT, EXT} +Q - & X

is a trivial Lie point symmetry generator; in algebraic language g* is an ideal of g.
Hence, the trivial component of any symmetry can safely be ignored when studying the
structure of the Lie algebra g, corresponding to the Lie group of all Lie point symmetries
of eq. (2.12), since the trivial component will only contribute to the trivial (and therefore
known) part of the structure.

The second, and far less trivial result from formulation (2.17) of the linearized
symmetry condition concerns the structure of the subalgebra g° containing the non-trivial
components of all symmetries of eq. (2.12). Finding this structure is analogous to finding
all functions Q : E — R® solving eq. (2.17), or in other words finding all reduced
characteristics corresponding to Lie point symmetries of eq. (2.12). To state this result,
two definitions are required.

The first definition relates to a generalization of the concept of invariants.
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Definition 2.4 (Invariant function). A function
I:E—-R"

is an invariant of a vector field corresponding to the infinitesimal generator X if and only
if

For a first order ODE, there is an equivalent vector field with corresponding infinites-
imal generator X as defined in eq. (2.14a). A function I is called an invariant of a first
order ODE if it is an invariant of its corresponding vector field.

The second definition relates to how those invariants can be combined.

Definition 2.5 (Functional independence). The functions
F,:E—>R, i=1,...,n

are called functionally dependent if there for each zg € F exists a neighborhood U and a
smooth function A : R™ — R that is not identically zero on any subset of R™, such that

h(Fi(2),...,Fn(2)) =0, VzeUl.

The functions are called functionally independent if they are not functionally dependent
when restricted to any open subset of E.

Functional independence thus serves as a generalization of linear independence: if the
function A is restricted to being linear, the definition will be equivalent to that of linear
independence. It can be proven that given a function J(z,y) = (Ji(z,y),..., Jn(z,y))
consisting of the functionally independent invariants Ji,...,.J, of a vector field on
E ~ R" any invariant I of that same vector field can be written as

I(z,y) = h(J(z,y)),

where h is a smooth function.? Such a function J can hence be seen as a “basis” with
dimension n for the invariants of a vector field on the (n + 1)-dimensional space E.*

Using these definitions, the following result pertaining to the solutions of eq. (2.17)
can be established.

Theorem 2.4.1. Let J(x,y) = (Ji(z,y),...,Js(z,y)) consist of the functionally in-
dependent invariants Ji,...,Js. A function Q is a solution of eq. (2.17) if and only
if

oyd - Q

is an invariant of the vector field corresponding to the infinitesimal generator X .

3In [31] such a function J is called a “universal invariant” This term is however also used for the
mathematical concept of a u-invariant [32], and will therefore be avoided here.

4The invariants will not constitute a basis in the sense of a basis for a function space, but the intuition
behind them forming a “basis” will be useful in the scope of this thesis.
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Here 0yJ will for all intents and purposes be the Jacobian of J, excluding the
derivative in z. It can also be established that dy.J is invertible, and thus a general form
for the functions @Q that are solutions to eq. (2.17) exists.

Corollary 2.4.2. A function Q : E — R® is a solution to eq. (2.17) if and only if
Q = (ayJ)il : I7

where J(z,y) = (Ji(z,y), ..., Js(x,y)) consists of the functionally independent invariants
J1,...,Js and I : E — R? is an arbitrary invariant of the vector field corresponding to
the infinitesimal generator X .
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Chapter 3

Finding symmetries using ansatze

Finding symmetries of first order ODE:s is as previously stated different than finding
symmetries of higher order models. For the sake of simplicity, the problem will be shown
for scalar explicit ODE:s, or in other words ODE:s on the form

Yn) =w( 2 ), (3.1)

n—1

where y(,) is the n:th derivative in z. Since eq. (3.1) is of degree n, the linearized
symmetry condition is

Xy —( 2) —o. (3.2)

n —
Y(n) 7"‘)(”51)

Equation (3.2) is a partial differential equation (PDE) of degree n in the functions
§(w,y),n(z,y). The highest order jet variable y,) will not be present anywhere in
eq. (3.2) as the evaluation on eq. (3.1) removes all such dependence. For an ODE of
degree n > 1, jet variables y(1),...,yn—1) will still be present in eq. (3.2), and since
neither £ nor n has any dependence on those variables the equation can be decomposed
in those variables. This means that eq. (3.2) will be turned into a system of PDE:s,
still of degree n in the functions £(z,y), n(z,y), called the determining equations of the
symmetries. In general, such a system is solvable and thus all symmetries of the systems
can be calculated. Much theory in the literature is built around the assumption that the
determining equations exist, and that they (at least in theory) can be solved.

For an ODE of degree n = 1 such a decomposition is not possible, since no jet
variables except for x and y are present in eq. (3.2). Instead, the “determining equations’
is the same equation as the linearized symmetry condition. The common solution to this
problem is to use an ansatz for the tangent field £, n that turns the linearized symmetry
condition into a solvable system. Except for some common ansétze like polynomial
dependence in one or more variables, coming up with a good ansatz comes down to
intuition and luck. In this chapter symmetries of the biological models outlined in
chapter 1, all of which are of first order, are found using such ansétze.

Y
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3.1 The Hill equation

In this section, Lie point symmetries for the Hill equation will be calculated. Since this
work has already been done in [9], this will serve as a reproduction of their results. The
calculations are included here as an introduction to the basics of using an ansatz.

3.1.1 A useful infinitesimal generator
The Hill equation

=wp(1,y), n>0. (3.3)

clearly has at least the Lie symmetry generator X = 0. This can be seen by observing
that eq. (3.3) has no dependence on 7 (since the equation exists in the jet space Jj
where y and y, are independent of 7). However, one purpose of finding symmetries of
differential equations is to distinguish between models. Since the symmetry X = 0,
holds for all n, it can not be used to compare different degrees of Hill equations. Thus,
finding an additional one-parameter Lie symmetry group of the Hill equation is therefore
of interest.

The tangent fields of many Lie symmetries of ODE:s are linear in y. The Ansatz

€7, y),n(r,y)) = (A7) + B(r)y, C(7) + D(7)y)

is therefore used. Inserting the Ansatz into eq. (2.8), and using the fact that y =
—y" /(1 +y"), gives that

yn y2n n—1
- B =-nC+D
L+yr (1+yn)? ( v)

(C'"+ D'y) + (A + B'y — D)

Multiplication with (1 + 4™)? in turn gives that
(C"+D'y)(1+y")? + (A + By — D)y"(1+y") — By* = —n(C + Dy)y" . (34)

The equation can then be separated by powers of y into a system of equations. However,
since n is specified to be positive, care must be taken to ensure that the separation holds
for all n > 0.
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Case of n #1,2

When n > 0 and n # 1,2, all of the possible powers of y will be different. Equation (3.4)
can the be separated into the system

0 C'(t)=0 (3.5a)
! D'(r)=0 (3.5b)
ynt 0= —nC(1) (3.5¢)
y" 20" (1) + A'(t) — D(1) = —nD(7) (3.5d)
y" 2D'(1)+ B'(1) =0 (3.5¢)
Y C'(r)A'(t) — D(1) — B(t) =0 (3.5f)
y? D'(r)+ B'(t) = 0. (3.5g)
From eq. (3.5¢)
C(r) =0,
which renders eq. (3.5a) irrelevant. Equation (3.5b) gives
D(t)=qc

for a constant ¢; (constants will henceforth be denoted ¢;). Equation (3.5d) can be
reduced to
A'(T) = (1 = n)eq,
which means that
A(T) =c2+ (1 —n)eyr.

Using eq. (3.5e),
B(1) = cs,

which in turn renders eq. (3.5g) irrelevant. Lastly, eq. (3.5f) can be reduced to
(1 —=n)eg —ec1 —e3 =0,

which means that
C3 = —ncCy.

All tangent fields given the ansatz must therefore be on the form

(n(7,9), (7, 9)) = (c2 + c1((1 = n)T — ny), c1y). (3.6)
Case of n=1
When n = 1 several pairs of powers of y become equal. 3 = "~ ¢! = 9" and
y" 1 = 42" Equation (3.4) is therefore separated into the system
e C'(r) = —-C(7) (3.7a)
y' D'(t)+2C'(t) + A'(1) — D(r) = —D(7) (3.7b)
y? 2D (1) + B (1) + C' (1) + A'(7) = D(7) — B(1) =0 (3.7¢)
y? D'(r)+ B'(tr)=0 (3.7d)
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Using eq. (3.7d), the relation
D(r)=-B(1)+

can be established. Equation (3.7a) leads to
C(1) = coe™ .
Subtracting eq. (3.7b) from eq. (3.7¢) leads to the equation
D'(r) + B'(r) = C'(r) = B(r) = D(),

which by using egs. (3.8) and (3.9) can be simplified to

—T

coe T =cy.
This only holds if ¢; = ¢2 =0 so
C(r)=0
D(r)=—-B(71)

Finally, eq. (3.7b) simplifies to
D'(7) + A(r) =0,

which integrates to
D(t) = —A(1) + c3.

Thus, all tangent fields given the Ansatz must be on the form

(& (m,9),m(7,y) = (A(T) + (A(T) — e3)y, (—A(T) + c3)y).

Case of n =2

When n = 2, y! = y"~!. Equation (3.4) then separates into the system

y° C'(1)=0
y' D'(r) = —20C(7)
> 20"(1) + A'(1) — D(1) = —2D(1)
y? 2D'(t)+ B'(t) =0
y* C'(r)A'(r) = D(r) = B(1) =0
Y D'() + B'(r) = 0.

Subtracting eq. (3.13f) from eq. (3.13d) gives

D'(r) =0,
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which integrates to

D(7) = c1.
Thus eq. (3.13b) gives
C(r) =0,
which renders eq. (3.13a) irrelevant. Equation (3.13c) simplifies to
A1) = —cy,

which integrates to
A(T) =ca — 1.

Equation (3.13e) simplifies to
—c1 —c1 — B(1) =0,

which means that
B(1) = —-2¢1

and renders eq. (3.13f) irrelevant. Thus, all tangent fields must given the Ansatz be on
the form

(&2(7,9),m2(7,y)) = (c2 — (7 + 2y), cry).- (3.14)

3.1.2 General form

To unify notation for any n > 0, egs. (3.6), (3.12) and (3.14) can be summarized as

(&n(7,9), 0 (75 9)) = (&1 + E2((1 — n)T — ny), éay), (3.15)

where ¢; and ¢ are constants. For n = 1 this form can be achieved by specifying that
A(7) has a constant value and grouping the two resulting constants in the right way.
This constriction on A(7) when n = 1 also means that there are additional symmetries
in the case n = 1 which are not symmetries for formulations with all other n > 0.

The aim of this section was to find a useful symmetry group. That is, a symmetry
group that varies for different Hill coefficients n. The symmetry group in eq. (3.15)
clearly varies in such a way. Just from looking at the problem, it was also determined
that there is a symmetry group generated by (£,n) = (1,0) that does not vary with n.
As this generator is linear in y, it is part of the generator in eq. (3.15). By separating the
generator by the terms with ¢; and és, a basis for the vector space of symmetry groups
on the form in eq. (3.15) can be established. One natural basis is

X1 =0,

Xy = —((n — )7 +ny)0r + y0,,
where X generates the non-varying symmetry group observed. X, on the other hand
generates symmetry groups varying with n, and can thus be used to distinguish between
different Hill equations. As can be seen in [9], this fact can be used to select between

Hill equations when given data generated by the equation with a specific value of n, even
when other methods fail.
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3.2 The Gompertz model

Since there are 3 different formulations of the Gompertz model, symmetries for each will
be calculated separately.

3.2.1 The classical Gompertz model

For the classical Gompertz model, two parametrizations exist. As the success of the
ansatz method does not hinge on the parametrization, the T;-parametrization is chosen.
The ansatz

£=fH@1)+ LW
n=fs(t) + fa)W

is chosen, where f; for ¢ = 1,2,3,4 are arbitrary functions in ¢. This results in the
determining equation

_ WQk%fQ (t)€2Tik‘Ge—2th + Wzk'%fQ (t)eTik‘G e—th_
— W2kGeTikGekatfé(t) + Wkéﬁ (t)eTikGekat — WkGeT"kGekatf{ (t)+
+ W fi(t) = ke fa(t)e e 7Fet + fi(t) = 0.

Separating the system by powers of W, the ansatz determining equations are

W2 . kéfQ (t)eTikG e—th _ k%}fQ (t)e2TikGe—2k’(;t o kGeTik‘G 6_thfé (t) =0
W kg fi(t)elFoemrel — kgelihae it f(t) + fi(t) = 0
1: —ka fa(t)elikce=hat 4 fL(t) = 0.

This system of equations has solutions resulting in the general form for a tangent field
corresponding to a symmetry being

N f4 (t)e—Tik‘G Cth
kq

E(t, W) = W626(th6th+eTikG>e_th + crefet
n(t, W) =W fu(t) + 03676Tikceikct,

where ¢y, co, c3 are arbitrary constants. Thus, by separating the tangent field into terms
with independent arbitrary elements, the infinitesimal generators
Xc,l = ekctat
Xea = WekattelitGe
c,2 —
ik —k
Xeg =0 oy,

f(t)e—Ti ka ekgt
kq

kgt

O
Xef=

O+ W f(t)ow
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Figure 3.1: The vector field of generators X.; and X.o superimposed on a solution
curve. The dt- and dW-components of the vector fields are shown on a log(1 + x) scale.
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Figure 3.2: A representative transformation of the Lie group corresponding to the only
non-trivial non-local symmetry generator of the classical Gompertz model found using
an ansatz.

of Lie point symmetries of the autonomous Gompertz ODE (1.13) are found. The
generator X ¢ is easily shown to be trivial, and is therefore not very useful. Additionally,
both X.1 and X.o only generate local symmetries. This is due to their exponential
growth in t for the 0;-term, which can be seen in fig. 3.1. A representative of the only
remaining transformation group, corresponding to X 3, is shown in fig. 3.2.

3.2.2 The autonomous Gompertz model

The ansatz
W) = flt) + £y a7 ).

(e W) = FsOW -+ fa(0) (S )W
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can be taken, where f; for ¢ = 1,2, 3,4 are arbitrary functions in ¢. This results in the
determining equation

FOW + oS )w
+ (fg(t) +f4(t)<1 +1n<2/>) — (f{(t) + f5(t) ln(j))) -—kgln<‘jl/>W
— f;{(/t) (k‘G ln(z[l/) W)2 =

= (fg(t)W + fa(t) ln<IjI4/>W> -~k (1 + 1n<11/)>

which can be reduced to

2
oW + (lex(t) +kafi(t)) 1n<IjI4/>W + (f5(t) — kg f2(t)) ke ln<‘j‘4/> W =
= —ka f3()W

By separating the equation based on powers of ln(%), the system

W 74(6) = ke () (3.172)
ln<VAV)W : £ + ke i) = 0 (3.17D)

2
ko m(‘jl/) W B — kafalt) = 0 (3.17¢)

can be acquired. This system of equations has the solution
%4
E(L,W) = fult) + crehe’ ln<A>,

8 W) = coe™ MW+ (e — ke fu(0) In( S )

where c¢1, co and c3 are arbitrary constants. Thus, by separating the tangent field into
terms with independent arbitrary elements, the infinitesimal generators

Xa1 = ekat ln(W)at

A
Xa72 = e*’“Gth‘?W
w
Xa,3 = ll'l(A)WaW
w
X = 1000 k()05 ) Wy

of Lie point symmetries of the autonomous Gompertz ODE (1.15) are found. The
corresponding transformations can be seen in fig. 3.3.

38



3.0 ' .
2‘5- | yf

2.0 A

W
i

w

1.5 1

1.0 1

0.5 A

0.0 T T T T T T T T T T T T
00 25 50 7.5 10.0 00 25 50 7.5 100 00 25 5.0 7.5 10.0

Figure 3.3: Representative transformations of the Lie groups corresponding to symmetry
generators of the autonomous Gompertz model found using an ansatz.

3.2.3 The system Gompertz model

As models and ansétze grow in size, the determining equations grow. This becomes
particularly prominent for systems of ODE:s. For this reason, the calculations for the
remaining models in this chapter have been made using computer algebra using code
outlined in appendix A.

Similarly to the classical Gompertz model, the ansatz

Et,W,G) = fi(t) + ()W + f3(t)G
n'(t, W, G) = fa(t) + fs()W + fe(t)G
(. W,G) = f2(t) + fs(OW + fo(t)G,

where f; are arbitrary functions in ¢, is used. The two determining equations can be
decomposed in W and G, resulting in 15 algebraic and ordinary differential equations.
By first solving the algebraic equations, followed by the differential for the arbitrary
functions f;, their form can be determined resulting in the general form

o ekgt

ka

Wese ket
ke

n?(t, W, G) = Gegehet 4 cseet,

E(t, W, G) = Gezelc? +¢; —

't W,G) = Weq —
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Figure 3.4: Representative transformations of the Lie groups corresponding to symmetry
generators of the system Gompertz model found using an ansatz.

Decomposition in arbitrary constants result in the basis

Xs,l = 8t
ek‘(;t

XS72 = —7&5 + Geth(‘)G
ka

Xs’g = Gethé?t

X4 = Wow
W —kgt
Xsp = —eiaw + e_thag.
ka

The corresponding transformations can be seen in fig. 3.4.

3.3 The Lotka—Volterra model

The Lotka—Volterra predator-prey model formulated in eqs. (1.17) has a right hand side
formulated as second order polynomial in the two states N and P. A good starting point

40



for anséatze is therefore polynomials, and arbitrary third degree polynomials in ¢, N and
P are chosen. The ansatz will thus have the form

E=c+tcat+casN+caP+ 0175152 + c16tN + 0177N2 + c1 8tP+ (3.18a)
+c19NP + ¢110P% + c1.11t% + 1,122 N + 113t N? + ¢ 1u N3+ (3.18b)
+c115t P + c116t NP 4 ¢117N?P + c118t P? + c119NP? + c120P®  (3.18¢)

n' = co1 + eaot + 23N + couP + cost® + cagtN + c27N? + co gt P+ (3.18d)
+ ea.9NP + ¢210P% + co.11t% + 2,122 N + 913t N? + co 1a N3+ (3.18¢)

+ 215t P 4 216t NP + co.17N2P + c9.15t P2 4 c2 19N P? 4 co00P?  (3.18f)

2= 31+ 3ot +c33N +c3aP + 0375t2 + c36tN + 03,7]\72 + c3gtP+ (3.18g)
+c39NP + c310P% + c3 11t + c3.192N + 313t N? + c3 1u N3+ (3.18h)

+ c315t2P + c316t NP 4 c317N?P + 318t P? + c319NP? + c320P3,  (3.181)

where ¢; ; are arbitrary constants. The linearized symmetry condition will thus consist of
two equations, each of which must hold for arbitrary ¢, N and P. The two equations can
thus be decomposed into 98 linear equations in the arbitrary constants c; ;. The solution
to this overdetermined system of equations gives that any symmetry generator on the
form of the ansatz can be written as a linear combination of the generators

X1 =0
—bNP +aN NP —dP
Xo = c+ oy + = . op
t —btNP + atN tNP — dtP
X3 = Eat + %a]v + Cf@p
N —beN?%pP N2 —bdNP + adN 2N2p — @2p
X, = Yo+ c + ac 2 +a 8N+C . op
C C C
P —bNP?2+aNP NP2 — dp?
X5 = 00+ C*“ oy + " ap

3.4 The Yildirim—Mackey lactose operon model

Since the lactose operon model formulated in egs. (1.18) is significantly larger than all
other models studied, the performance of the computer algebra system places restrictions
on the ansétze viable to test. Additionally, the decomposition of the linearized symmetry
condition becomes less straight forward as the right hand side of the lactose operon model
contains both fractions and arbitrary powers of the state A.

A simple ansatz is that the infinitesimal generator is linear in time and the states,
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formulated as

f =C1,1 + 017275 + 6173M + 6174B + 6175L + 0176A + 0177P

n' = ca1 + coot +cosM + caaB + cosL 4 cagA+ corP

n? =c31+caat +c33M +c34B + c35L + c36A + c3 7P
n® = ca1+ caot + cazM + caaB + casl + A+ carP

7]4 =c51 + 057275 + C573M + 6574B + C575L + C576A + 65,7P

1’ = g1+ coat + co3M + ceaB + c 5L + o6 A + co P,

where ¢; ; are arbitrary constants. The linearized symmetry condition will thus consist
of 5 equations, which will consist of sums of fractional expressions in the states. To
decompose the system, the sums in all equations are rewritten with a common denominator.
Additionally, since the power A™ appear in some of the equations, and all equations
sought should hold for an arbitrary n, the numerator of the equations written with
common denominators is decomposed in t, M, B, L, A, P and A™. The decomposition
results in 1901 equations, all linear in the arbitrary constants c; ;. The solution to the
overdetermined system of equations gives that the only symmetry generator on the form
of the ansatz is the manifest generator

Xi = 0.
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Chapter 4

Finding symmetries using
parameter independence

In chapter 3 the traditional approach of using ansétze to find symmetries of first order
ODE:s was used. There are two main problems with using ansétze.

Firstly, there is a lack of systematics in the process. There are algorithms that have
high success rates at finding symmetries of first order ODE:s that use a heuristic approach
[3, 4]. These methods are however not aimed at finding as many symmetries as possible,
but rather finding enough symmetries to integrate the system. If the goal is to draw
new biological conclusions from the symmetries, this is insufficient, as the algorithm is
considered equally good if it finds the time invariance generated by 0; as if it finds a
more biologically complex symmetry. Thus such schemes would have to be reevaluated,
focusing on metrics such as the number of symmetries, and run on collections of ODE:s
on forms common in biology.

Secondly, using ansitze to find symmetries gives information about systems unre-
liably. Unless the ansatz can be tied to some biological concept independently of the
system studied, solving the symmetry conditions using an ansatz only contributes to the
knowledge about the systems if new symmetries are found. Any negative information
about which symmetries exist will be hard enough to interpret that it will be discarded
in most cases.

In this chapter, a new approach to making the linearized symmetry condition viable
to solve for first order ODE:s is presented and used. The central concept of the method
is finding symmetries that are independent of one or more parameters of an ODE model.
It is heavily inspired by methods used in group classification introduced by Ovsiannikov
[31]. The group classification problem centers around models that contain parameters
which are not limited to being constants, but instead can be any arbitrary function in
the states of the model. The general biological models described in chapter 1 are special
cases of such models, where the parameters are limited to being constants. This chapter
has a description of the method of parameter independence for such models, followed by
application of the method to the models under study.
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4.1 The parameter independence method

Consider a system of first order ODE:s

d
d—’l: = w(t,u;0) (4.1)
with states w = (u!,...,u®), parametrized by constant parameters 6 = (!,...,0™). In

traditional symmetry calculations, the ODE (4.1) is seen as a single equation, where the
parameters @ have unknown but fixed values. Any symmetry found through calculations
is a symmetry of the equation defined by that specific set of parameters 8, which shows
itself in symmetry generators themselves containing the parameters. In contrast, an ODE
used in modeling is often seen as a collection of models. Some parameters might be fixed
at the same value in all valid uses of the model, but most parameters are intended to
vary over different use cases. To take biochemistry as an example, while some parameters
might indicate the reaction speed between two chemicals (which is seen as fixed), most
parameters are intended to vary between conditions the cells are in or between individuals
in a cell population.

When interpreting symmetries, the distinction between symmetries for specific in-
stances of the model and symmetries of certain families of the model becomes important.
While there are no known methods for finding all the symmetries of a specific system of
first order ODE:s, it is possible to find all symmetries common to a family parametrized
by one of the parameters §*, ..., 0™. Without loss of generality, the one-parameter family
of functions

Q={w -w(tub): 0'cSCRr}

with fixed parameters 62, ...,0™ can be considered. Call a Lie point symmetry with
infinitesimal generator X = {(z,u)0; + n(x,u) - 9, a symmetry of the family of ODE:s
defined by

A(z) =0, AecQ

X(A@O’ —0, VAeQ.
A(z)=0

Thus, an infinitesimal generator X of a family of ODE:s defined by 2 can not have any
dependence on #!. Evaluating the linearized symmetry condition, it takes the form

S S S
N — whe, + Zwinﬁi — Zwkwifui — wf{ — Zwﬁmi =0, Vk=1,...,s.
i=1 i=1 i=1

Since the parameter ' appears in at least one function w’, and every equation of
the linearized symmetry condition includes any w’ at least once, decomposition of the
equations in #' results in a set of at least 2s + 1 equations (taking the wkwk-term for
equation k£ = j into account), that will henceforth be called the parameter independence
determining equations. Just like the determining equations for higher order ODE:s, the
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parameter independence determining equations create a solvable system of PDE:s, whose
solution is the most general form of a symmetry generator for the problem.

This method addresses both previously mentioned weaknesses of using ansitze. Firstly,
the process of finding symmetries by parameter independence is highly systematic. The
method can be used for all parameters of a model, at which point calculations will
have revealed all Lie point symmetries independent of one or more of the parameters of
the model. This creates a clear stopping point for calculations. Secondly, calculations
resulting in no parameter independent symmetries being found can still be informative
to the modeler since most parameters tend to be connected to some natural concept.

4.2 The Gompertz model

To reiterate, the Gompertz models are

Classical, T; : dﬂ _ —ka(t-T;)
o kae W (t) (4.2)
Classical, Wy - diw = ko 1n<VV0)€thW(t) (4.3)

dt A

, ) dw W (t)

Autonomous, T; and Wy : oo AN
o ka ln( I )W(t) (4.4)
W _ awyw (4.52)

System, T; and Wy : th

o —kaG(t). (4.5b)

As was seen in chapter 3, several symmetries exist for each of the models. Some of
these symmetries were independent of one or more parameters, and should therefore be
found using the parameter independence method. It is however of interest to see if any
symmetries not found using the specific ansétze used in chapter 3 can be found using the
parameter independence method.

4.2.1 The classical Gompertz model

For the classical Gompertz model, two different parametrizations exist. For the purposes
of the parameter independence method, either of these parametrizations may be used
since the parameters 7; and Wy only depend on each other and the parameter kg,
but neither the time ¢ nor the state W. The T;-parametrization will be used in these
calculations.

The linearized symmetry condition (2.8) is for the classical T;-parametrized Gompertz
model

e+ kae P ETIW (ny — &) — (kg)?e e =ToWw2ey, +

+ (kg)2e ke t=TIWwe — gge Fkalt=Ty — 0. (4.6)
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For a generator (£,n) to be independent of a parameter, eq. (4.6) is decomposed by
functionally independent coefficients of that parameter.

kg-independent symmetries

Decomposition of eq. (4.6) in kg gives the parameter independence determining equations

1 . 7775 e 0 (47&)

ke ka(t=T) . Wnw —&)—n=0 (4.7b)
(kg)Qe’kG(t*Ti) : We=0 (4.7¢)
(kg )2e~2kc(t=T0) . W2 = 0. (4.7d)

From eq. (4.7¢) it is clear that
£=0,
and hence eq. (4.7d) must also hold. From eq. (4.7a) it is clear that
n=n(W)
is a function only in W. This leaves eq. (4.7b) that simplifies into the ODE
Wow —n =0

with the general solution
n=aW,

where c¢; is an arbitrary constant. Thus any kg-independent symmetry generator of the
classical Gompertz model (4.2) must have the form

£E=0
n=caW,

which is spanned by the generator basis
Xea = Wow.

T;-independent symmetries

Decomposition of eq. (4.6) in T; gives the parameter independence determining equations

1- N = 0 (48&)
ekeTi kae "W (nw — &) + (ka)?e "' WE — kge ¢y = 0 (4.8b)
kT —(kg)2e ket Wiy, =0 (4.8¢)
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From egs. (4.8a) and (4.8c) it is clear that

n=n(W)
£=¢£()
respectively. Dividing eq. (4.8b) by kge %t gives
W(nw — &) + keW&—n =0, (4.9)
which can be rewritten as 0
ke =& = 37 —nw- (4.10)
Separation of variables gives that
ke —&=a :%_UW (4.11)

for some constant c¢;, where both the left and right hand sides are straight forward
to solve since they are only dependent in one variable each. Thus any T;-independent
symmetry generator of the classical Gompertz model (4.2) must have the form

f = 2 + Cgekct
ka
n=—cWln(W)+ csW,
which is spanned by the generator basis

XC’1 = ethBt
Xea = Wow
Xes = 0 — kaW In(W)dy .

All of the found generators

The basis of all the generators found by the parameter independence method for the
classical Gompertz model are

XC71 = ethﬁt
Xc,4 = WaW
Xes = 0 — kaW In(W)ay .

The corresponding transformations can be seen in fig. 4.1.

4.2.2 The autonomous Gompertz model

For the autonomous Gompertz model there is only one parametrization of interest. The
linearized symmetry condition (2.8) is for the autonomous Gompertz model

kot ()W - €0 tkop? (P42 ) gy 4

cta((™) 1)a=o0
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3.0 1

2.5

2.0 1

1.0 A

0.5

0.0

00 25 50 7.5 10.0 00 25 50 75

Figure 4.1: Representative transformations of the Lie groups corresponding to symmetry
generators of the classical Gompertz model found using the parameter independence
method. For the generator X, i, a vector field is instead shown since the symmetry
generator only acts locally. The dt— and dW—components of the vector field is shown on

a log(1 + z) scale.

ka-independent symmetries

Decomposition of eq. (4.12) in k¢ gives the parameter independence determining equations

1: =0
o (5 Ywom -6+ () 4 1) =0
s ((2)) e -
From eqs. (4.13a) and (4.13c)
n=n(W)
§=¢(1).

Hence, since the only source of time dependence in eq. (4.13b) is &,

&e=a
where c¢q is an arbitrary constant, and thus

E=ct+co

(4.13a)
(4.13b)

(4.13c¢)

for an additional arbitrary constant ca. Equation (4.13b) can thus be rewritten as

ln(%) +1

nw — ln(%)W n—c =0,
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which is a scalar first order ODE with the solution

(%) (5 4 ot ()

Thus any kg-independent symmetry generator of the autonomous Gompertz model (4.4)
must have the form

n:clln(

E=ca+ct

1= (o) o <o

which is spanned by the generator basis

w
Xa,3 =In <A> WaW

Xa,4 = at
w w
Xajs =0 + 1n< ln(A) D ln<A>W6W.

A-independent symmetries

Decomposition of eq. (4.12) in A gives the parameter independence determining equations

1: e+ ken =0 (4.14a)
111(2;) : —keW(nw — &) +ken =0 (4.14b)

2
(m(‘j)) : —(kg)*W2&w = 0. (4.14c)

From eq. (4.14c¢)
§=¢(1).

Since 1 (and thus its derivative) are the only unknown sources of W-dependence in
eq. (4.14b),

1
= t
mw = 1 = &(t)
must hold. Integration in W gives
n=In(W)W&(t) + Wf(t)
for some arbitrary function f in time. Inserting this result in eq. (4.14a) gives

ln(W)W&t + Wi+ kg ln(W)Wft +EkcWf=0
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which can be decomposed by W into

S +ka&e =0
ft+kaf=0
with solutions
1
§= _01%6 ket +c
f= 03e*th.

Thus any A-independent symmetry generator of the autonomous Gompertz model (4.4)
must have the form

1
E=— %e_kct + co

n = cre "t In(W)W + cze ket
which is spanned by the generator basis

Xa’g = e‘thI/V@W
Xa,4 = 8t
Xag = e %610, — kge "t In(W)Way.

All found generators

The basis of all the generators found by the parameter independence method for the
autonomous Gompertz model are

Xa72 = e_thWOW

w
Xa,3 =In (A) WaW

Xa,4 = at
w w
ln(A) ) ln<A>W8W

Xag = e 7610, — kge et In(W)W oy

Xa’g, = t@t + hl(

The corresponding transformations can be seen in fig. 4.2.
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Xa,Z Xa,?) Xa,4

3.0 A E E
’/

2.5 A ;

2.0 A

1.0 1
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2.5 1

2.0 1

1.0 1

0.5 1

0.0 T T T T T T T T
00 25 50 7.5 100 00 25 50 7.5 100

Figure 4.2: Representative transformations of the Lie groups corresponding to symmetry
generators of the autonomous Gompertz model found using the parameter independence
method.

51



4.2.3 The system Gompertz model

For the system Gompertz model there is also only one parametrization of interest. The
linearized symmetry condition (2.8) is for the system Gompertz model

n+ WG (mlzv - §t) — kaGng — WG w+
+kaW GG — Gt — W2 =0

0 — koG (1 — &) + WG, + haW G2 —
—(ka)*G*¢ + kan® = 0.

(4.15a)

(4.15D)

ka-independent symmetries

Decomposition of egs. (4.15) in kg gives the parameter independence determining equa-
tions

(4.15a), 1 : nt + WG(nly — &) = W2G&w — Gn' = Win? = 0 (4.16a)
(4.15a), kg ~Gng + WG =0 (4.16b)
(4.15b), 1 : n? +WaGn? = 0. (4.16¢)
(4.15b), ke - ~G (g — &) + WG + 2 = 0. (4.16d)
(4.15b), (kg)? —G?%¢q = 0. (4.16e)
From eq. (4.16e) it is clear that
§=¢(t W), (4.17)
and thus from eq. (4.16Db)
nt=n'(t,W). (4.18)
From eq. (4.16a)
=l t G(nl —& - 1771) - WG
W 't w t W W,
and thus eq. (4.16d) can be written as
an + G& 4 2G*W ey = 0. (4.19)

Since both ¢ and n' are not functions in G, eq. (4.19) can be decomposed in G giving

& =0
Ew=0
= 0.
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Thus
E=c
n' =n'(W)
1
n? = G(n%v(W) - Wnl(W)),

where ¢; is an arbitrary constant, and eq. (4.16¢) reduces to

1
wc;?( N 1) 0.

w WU w
Thus the ODE

1 Ly

w — WU =
must hold for an arbitrary constant co, which has the general solution
L= coIn(W)W + c3W.

Thus any kg-independent symmetry generator of the system Gompertz model (4.5) must
have the form

£=a
0t = coln(W)W 4 c3W
n? = G

which is spanned by the generator basis

Xs,l = 8t
Xsa = Wow
X6 = (W)W + Gog.

The corresponding transformations can be seen in fig. 4.3.

4.3 The Lotka—Volterra model

The linearized symmetry condition 2.3.2 is for the Lotka—Volterra model

0+ (aN = bN)(nk = &) + (NP — dP)np — (aN — bN P)*én—

(4.20a)
— (aN —bNP)(cNP — dP)¢p — (a —bP)n' +bNn? =0
0t + (aN = bNP)ik + (NP — dP)(np — &) -
— (aN —bNP)(cNP — dP)¢y — (¢NP — dP)*¢p — cPp'— (4.20b)

—(eN —d)p? =0.

The only symmetry found in chapter 3 independent in any parameter is 0;. Thus the
parameter independence method should find that generator, and if any new symmetry
generators are found they will be new.
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Figure 4.3: Representative transformations of the Lie groups corresponding to symmetry
generators of the system Gompertz model found using the parameter independence
method.
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a-independent symmetries

Decomposition of egs. (4.20) in a gives the parameter independence determining equations

%V, 1: —~N?P?h*¢n — NPbny + NPb¢, + Non? + Pby + (4.21a)
+(NPe— Pd)np + (N2P%e — NP?bd)ép + 5} = 0 (4.21b)

%, a: 2N?Pbén + Ny — N& + (—NQPC + NPd)gp— (4.21c)
—nt=0 (4.21d)

%’ a? ~N%N=0 (4.21e)
%f, 1: ~NP3 — Pent 4 (—=Ne+ d)n*+ (4.21f)
+(=NPc+ Pd)¢& + (NPc — Pd)nh+ (4.21g)

+(N?P?be — N P?bd ) ex+ (4.21h)

+(~N2P2? + 2N PPed — P2d*)ép +nf = 0 (4.211)

%, a: N + (—N?Pe+ NPd)éy = 0. (4.21])

From eqs. (4.21e) and (4.21j) it is clear that

n* = n*(t, P) (4.22a)
E=¢(t, P), (4.22D)

and thus eq. (4.21i) can be written as

d d N d
1 2 2
=(-N+-— N — = -+ —
7 ( +C>§t+< C>77P+< P+Pc>n+
2 2
+ (—NQPC Y ONPd— Pd)gp + I
c Pc

Since neither ¢ nor n? depends on N, and n' thus only depends explicitly on N, the
remaining parameter independence determining equations (4.21b) and (4.21d) can be
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decomposed further in N resulting in the equations

—2Pctp
Pdép — &
Pigy iy dg di

c c c Pc Pec

—P?¢pp — Pc*p

2 2 2 2 0772

3P%cdépp + Penpp — 2Pckpy — enp + (ZP be + 3Pcd>§p + -
2d

—3P2d2¢pp + PbE, — 2Pdn’ p + APdEpy + 2dn + (b — P>n2+

2 2

+(=PPd — 3PE)ep — €+ 20y —

P23 Pbd Pd?n? 2Pd? b 2d
Spp  Pbd§y | Pdnpp St ( n )77752+
c c c c ¢ Pc
bd  d? 9 Pbd  d? 9 P2bd®>  Pd3
=+ +|-————|np+ |- + — |&p+
c Pc c c c c

d&y 2d77123t 771521:
+— 4+ =
c c Pc

Equations (4.23a) and (4.23b) gives that

52017

=0
=0

=0

=0

=0

=0.

(4.23a)
(4.23b)

(4.23c)
(4.23d)

(4.23e)

(4.23f)

(4.23g)

where ¢ is an arbitrary constant. Thus the remaining egs. (4.23c) and (4.23e) to (4.23g)

simplify to

—F -2 =0
c Pc Pc
2
cn
Penpp —cnp+ —5 =0
2d 22
_2Pdn%p+2dvﬁo+(b—P)n2+2m%t—tho
Plnbp (b 2d\ 5 (bd d*\ ,
@_dj o 2dnp, | My 0
c c np c Pe

(4.24a)
(4.24b)

(4.24c)

(4.24d)



for an arbitrary univariate function F'. Thus eqgs. (4.24b) and (4.24c) can be further
simplified to

Pcedt F" (Pedt) —cF’ (Pedt> + =0 (4.25a)
bF (Pet)e ! = 0, (4.25b)
Thus it is clear from eq. (4.25b) that

F=0

and hence the general solution to the parameter independence determining equations
(4.21) is

which is spanned by the manifest generator

X; =0,

b-independent symmetries

Decomposition of egs. (4.20) in b gives the parameter independence determining equations

CiT]Z’ 1: —N?%a*¢n + Nany — Na&; — an' + (NPc — Pd)nh+ (4.26a)

+(~N?Pac + NPad)p +n} =0 (4.26D)

%, b: 2N?Paéy — NPny + NP& + Nn? + Pnp'+ (4.26¢)

+(N?PPe— NPd)ép =0 (4.26d)

%V, b2 ~N?P%*N5 =0 (4.26¢)
dp 2 1 2

i Nany — Pen® + (—Ne+d)n° + (—NPc+ Pd)&+ (4.26f)

+(NPc— Pd)n} + (~N?Pac + N Pad)€x+ (4.26g)

+(~N2P2? 4 2N PPed — P2d*)ép + nf = 0 (4.26h)

%, b ~NPpj + (N?P%c— NP?d)¢y = 0. (4.261)
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From egs. (4.26e) and (4.261) it is clear that
E=¢(t, P) (4.27a)
n? = n’(t, P), (4.27b)
and thus eq. (4.26h) can be written as
nt = —N2Pcép + 2N Pdép + Nnb — N&—

_ Nt Pi6p dnp  dé&  dn’
P c c c Pc  Pc

Since neither ¢ nor n? depends on N, and 7' thus only depends explicitly on N, the
remaining parameter independence determining equations (4.26b) and (4.26d) can be
decomposed further in N resulting in the equations

P2d3¢pp N Pd*n}p  2Pd*¢p adgy |

1: 4.2
C (& C C ( 83)
a 2d\ o ad d*\ ,
— = — = 4.28b
+(-po+ C)m+<c C>77P+ (4.28b)
ad d*\ , (Pad®> Pd
— = — 4.28

+< Pc+Pc>n+< c + c Sp¥ (4.28¢)
d&i 2d77?3t 77752t

—t Py 4.28d

+ c c + Pc ( )

N: —3P%d*¢pp — 2Pdnbp + 4PdEps — a&y + 2dnb+ (4.28¢)
2dn?  2n?

+(Pad = 3Pd)&p — & + 2y — =5 = - =0 (4.28f)

NZ . 3P%cdépp + Penpp — 2Pcépy — enp+ (4.28g)
2

+(—2Pac + 3Pcd)ép + % —0 (4.28h)

N3 . —P%¢pp — Pp =0 (4.281)
P2d? Pdny  Pd&  dn® o}

b e Pdnp  PdG AT (4.28§)
& C C & &

Nb: —P%dép+ P&+ =0 (4.28Kk)
N?b: 2P%ctp = 0. (4.281)
Given eq. (4.281),

£p =0,
and thus eq. (4.28k) gives that
0’ =—Pg&
Since the only functional dependence left is in ¢ for the unknown function
§£=¢£(),
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eqs. (4.28d), (4.28f) and (4.28j) can be further decomposed in P, resulting in the equations

!/ ui
1- _ad¢ + (a+d)€,,_§ -0 (4.29)
c c c c
N : —al' —¢"=0 (4.30)
d ! 1
Pb: & — & =0. (4.31)
c c
Unless a = —d, which will not be the case as both parameters are strictly positive,
¢ =0,
and thus
§=a

for an arbitrary constant ¢;. Thus, the general solution to the parameter independence
determining equations (4.26) is

£=a
nt =0
i’ =0

which is spanned by the manifest generator

X1 =0,

c and d-independent symmetries

The only assumption about the parameters used in the calculations of a and b-independent
symmetries are that the parameters are non-zero and that all parameters have the same
sign (namely they are all positive). Using the variable and parameter substitutions

N=P
P=N
a=—d
b= —c
¢=—b
d=—a,

the same calculations will thus hold for finding @ and b-independent symmetries of the
model after substitution, as all parameters still are non-zero and have the same sign.
Substituting back to the original model, the manifest symmetry generator

X1 =0

must thus be the only ¢ and d-independent symmetry generator.
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M 1: 179 terms

dt

%47 Qe 79 terms
%, (anr)*: 3 terms
. 1: 112 terms
%, Qg 6 terms
d—%, 1: 529 terms
%, ap: 42 terms
%, 1: 307 terms
%, Qe 18 terms
%, 1: 112 terms
%, ajr: 6 terms

Table 4.1: Terms of the the parameter independence determining equations for ap-
independent generators.

4.4 The Yildirim—Mackey lactose operon model

As seen in the previous sections of this chapter, the naive approach to solving the
parameter independence determining equations requires guidance by a human; in general
systems of first order PDE:s are not solvable in any algorithmic manner. Additionally, as
was seen in chapter 3 the linearized symmetry condition grows quickly with additional
states. As a consequence, it becomes unviable to solve the parameter independence
determining equations for the Yildirim—Mackey lactose operon model the naive way.
Not only will the decomposed equations be hard to get an overview on, leading to time
consuming selection processes for the “next step” in the calculations. The amount of
calculations required will also grow as the amount of parameters of a model generally
grows together with the number of states.

To exemplify this, the number of terms in the parameter independence determining
equations for ajs-independent generators is shown in table 4.1. In the process of refining
forms of the unknown functions &,n',...,n°, each of these terms might in the worst case
decompose into individual equations to be solved. This extreme case would of course be
easy to solve as all available undetermined functions and derivatives would have to be
zero everywhere, but it nonetheless gives an upper bound on the number of the equations
in the systems resulting from using the naive approach. For certain forms of equations,
some first steps of simplification can be done algorithmically. Looking at the earlier
calculations for the Gompertz and Lotka—Volterra models, most have a common first step
of eliminating dependence in one of the states for £ and all but one of the n’ functions
(see eqgs. (4.17) and (4.18) and egs. (4.22) and (4.27)). This pattern, which also fits for
aps-independence, holds when only one equation (eq. (1.18a)) of the system of equations
(egs. (1.18)) is dependent on a parameter (ays) linearly. If those conditions are true,
¢ and all but one of the equations n° will not be dependent on a state. In the case of
a-independence, only 1! can be dependent on M. While this knowledge simplifies the
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S

S 1o 170 terms
%, ap: 71 terms
‘if, 1: 100 terms
Cfl%, 1: 445 terms
%, 1: 271 terms
%3, 1: 100 terms

Table 4.2: Terms of the the parameter independence determining equations for ajs-
independent generators after an easy to find simplification.

parameter independence determining equations the determining system is still large, as
seen in table 4.2, and not viable to solve the naive way.
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Chapter 5

The interpretation and structure
of symmetries in biology

In the previous two chapters, two different methods were used to find symmetries of
parametrized first order ODE:s. However, finding symmetries has little to no value unless
they can be used to better understand biological processes. While some of the possible
uses for symmetries have been mentioned in passing in earlier chapters, this chapter
intends to explore these ideas more fully. The chapter consists of two parts. In the first
introductory part, an overview of how symmetries could fit into biological modeling is
presented. Most ideas are open ended, as they constitute one or several research projects
on their own. In the second part, one such use, namely the interpretation of symmetries
as relating to invariants of the differential system, is explored for the biological models for
which symmetries have been found. It turns out, based on the mathematics in section 2.4,
that the relation between invariants of the differential system and the symmetries thereof
is quite straight forward for first order ODE systems.

5.1 Symmetries as a tool in modeling

Three of the larger obstacles when constructing biological models are model construction,
model validation and model selection. There is potential for symmetries to be used to
address all these three areas of modeling.

Model construction is the process of going from biological knowledge to a mathematical
model. In this process, models are often built from first principles and are simplified by
making additional assumptions, also known as model reduction. If a proper theory of
symmetries in biology were to exist, symmetries could potentially be used to enhance
this process. The selection of appropriate first principles could be enhanced by knowing
invariant and symmetric properties of those first principles. Additionally, model reduction
could be better understood during model construction by looking at which symmetries
are preserved during reduction and which are broken. These and similar methods could
essentially act as a form of pre-screening for the model validation.

Model validation is the process of comparing the mathematical model developed in
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model construction to experimental data. In the case of ODE models such as those studied
in this thesis, the available data will be several time series of measurements of the system
studied. Even for non-parametrized ODE models, the process of obtaining predictive
estimates from the model is not trivial as non-linear systems of ODE:s do not generally
have analytic solutions. Instead, a numerical estimation must be performed, which
depending on the ODE system might be computationally costly. To further complicate
matters, such simulations are not possible to perform for general parametrized models,
as concrete parameter values are needed. Instead, the parameters must be considered
statistically at the same time as the model is simulated. This process is substantially
more computationally costly, and must be reperformed every time the model is changed.
As symmetries can be used to partially or completely solve differential equations, it would
be of interest to study if this could be used to reduce the computations involved in this
process. Symmetries could also be used as another form of pre-screening, comparing
symmetries of the model to symmetries of the data. This hinges on the calculations
of symmetries being significantly less computationally costly than those of parameter
estimation.

If that is not the case, symmetries could still be used during model selection, where
several models that all fit available data must be selected amongst. More costly symmetry
calculations could in this step be used to compare model fit to data transformed with
symmetries, thus differentiating between models where traditional methods fail [9].
Common to all of the applications of symmetries after the fact that data is introduced is
the question of how parameters should be treated. As previously mentioned there is an
uncertainty around the parameters that is taken into account when evaluating models.
Symmetries as treated in this thesis ignore all probabilistic properties of both the models
themselves and of parameters. To properly apply symmetries in these contexts, more
general theory has to be used to take such properties into account.

This also raises the question of whether parameters in symmetry generators are
desirable or not. When using and seeing symmetries as relating to fundamental biological
concepts, symmetry generators containing few or no parameters could be considered
more useful, as fewer parameters of the model has to be fixed for a generator to relate
to concrete transformations. Such symmetries would then correspond to more general
biological concepts. An example of this is the symmetry generated by 0y, corresponding
to time invariance. As the symmetry is not dependent on any parameter, a common
interpretation can be made for all models: the symmetry signals that the system evolves
independently of factors dependent on time. For every parameter in a generator, more
assumptions on the model in question are needed; a meaningful interpretation of the
symmetry can not be made until an interpretation of the parameters exist.

On the other hand, parameters in symmetry generators is what would make differen-
tiation between similar models in model selection possible. A productive way to think
about these concepts is to view parametrized models as sets of models. The question of
whether parameters in symmetry generators are desirable or not then simplifies to the
question of whether the use of the symmetry is to differentiate between subsets of this
set of models, or to describe properties of the entire set of models.

64



5.2 Invariant solutions under symmetry of the Hill equation

To better understand the underlying source of the Lie symmetry groups of the Hill
equation, it is of interest to find curves invariant under the solution. The reduced
characteristic of the generator

Xz = —((n— D + ny)d, + 99,

is

n

Q=n-wt=y- (11 )=V + ) =

1+ 42
A )
1+9y2 '

Since solutions are invariant under a symmetry if the characteristic is 0 on the entire
solution curve, invariant solutions must satisfy

n—Lin—17r+n
y(l_y ((1+1y)n+ y)>:O.

The solutions that meet this condition (aside from the trivial case y = 0) must thus be
on the form
Y (=1 +ny) =1+y",

which is more clearly stated as

(n—1) (Ty”‘l + y”) =1.

For all n > 0 except n = 1 such solutions exist, and take the form

Ty"_l +y" = (5.1)

n—1
Additionally, since 7 is (dimensionless) time, any application of the model will have an
initial condition on the form y(0) = yo. By fixing 7 = 0 in eq. (5.1), the initial condition
of an invariant curve given any n > 0,n # 1 is shown to be

1
y(0) = CE

5.3 The structure of the symmetry groups of the Gompertz
models

As discussed in section 2.4, all symmetries of first order systems of ODE:s can be
separated in to two parts: the trivial component and the characteristic component.
Furthermore, the characteristic component’s general form depends only on the invariants
of the differential system. Here this connection will be shown explicitly for all formulations
of the Gompertz model, serving both as a case study and as a further investigation of
the different formulations of the Gompertz model.
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5.3.1 The classical Gompertz model

The symmetries of the classical Gompertz model found using an ansatz in chapter 3 were

Xc,l = ekctat
TikGge—kat
Xeg = Wekettemoemcly,
_eTikg e—kat
Xeg=e """ oy

f (t)e—Ti ka ek‘ct

Xoy = "

Oy + W f(t)ow

and the symmetries found using parameter independence in chapter 4 were

Xc,l = ethat
Xc,4 = WaW
Xos = — kaW ln(W)dy.

The corresponding reduced characteristics of the symmetry generators are

Qc,l = _kGekGTiW

QC 2 = _kGekGTi‘i‘e_kG(t_Ti)WQ

Q 3= e—e_kG(t—Ti)

Qc,4 =W

Qcs = kW In(W) — kge Fet-TIpy
Qc,f =0.

Thus it is clear that the symmetry generator X s is a trivial symmetry generator. From
the mathematical theory the reduced characteristic of any symmetry generator can be
written as

Q = (OWJ)_lla

where J consists of functionally independent invariants and I is any invariant. As the
classical Gompertz model is a scalar first order ODE, the J is one-dimensional, and thus
the quotient of two reduced characteristics must be an invariant. Picking the reduced
characteristics QC,4 and QC;, that differ by more than a constant expression (assuming
the parameters are constant),

QC’S = —kqg (ln(W) + e_kc(t_Ti)) =71
c,4
is an invariant since
Xer(I) = I + kge FeETIW Iy, = k2 eket=T) _ k,Ge—kg(t—Ti)WkWG _ o
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For the particular case of scalar first order equations with known solutions such as the
classical Gompertz ODE, the above described methodology is not the most direct path
to finding such an invariant. The formulation

I + kge " =Tw ., =0

of the invariance condition can be solved using the method of characteristics, which

reformulates the problem as
dt dW

1 kge kaG—T)WW

which simplifies to
d(e—kc(t—Ti) + IH(W)) =0

leading to the equivalent invariant. Returning to the task of determining the general
structure of the group of all symmetries,

J(t, W) = e ket=T) L n(W)

can be taken. Thus 1

and
(B )"t =W

Similarly, an arbitrary invariant I of the differential equation can be written as
I(t, W) = F(e7 =) 4 In(W))

for and arbitrary function F'. Thus, the reduced characteristic of any symmetry generator
must have the form B
Q= WF(eFet=1) 1 m(w)) (5.2)

and the general form for a symmetry generator is
X — f(t, W)at + W(k,Geka(thi)é-(t’ W) 4 F(efkc(thi) + ln(W)))aw (53)

for arbitrary functions £ and F'.

5.3.2 The autonomous Gompertz model
The symmetries of the autonomous Gompertz model found using an ansatz in chapter 3

were
w
1 & n A 8t

Xa72 = e"“GtWE)W

w
a =1 —
X’g n(A)WOW

X = 1000~k f ) (5 ) Wy
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and the symmetries found using parameter independence in chapter 4 were

Xa72 = e*thWé?W

w
Xa3=In{ —
3 H<A>W8W

Xa,4 = 875
w %4

Xap = 6_kctat - kGB_th In(W)W Oy .

Xa75 =t0; + ln<

The corresponding reduced characteristics of the symmetry generators are

2
Gt (5)

Qeo = e ket

Qe = IH<Z>W

Qes = ko IH<Z>W

Qo5 = 1n< 111(3{) D m@f)w + thanX)W

QQG = —kg ln(A)e*thW
Qc.r = 0.

Just as for the classical Gompertz model, there are several ways to find a function J
consisting of functionally independent invariants of the autonomous Gompertz model.
Using the most straight-forward method,

Qes _ 1n< m(W) D + ket
QC,S A
is an invariant, and thus
W
J(t, W) = ln< ln(A) D + kgt
can be chosen. Thus
owd =

and W
(OwJ) = ln(A)VV.

Using corollary 2.4.2, the reduced characteristic of symmetry generators of the autonomous

Gompertz model thus has the general form
Q= ln<IjI4/>WF <ln( ln(j) D + th), (5.4)
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where F' is an arbitrary function, with the general form for a symmetry generator being

w

X = &(t,W)o, + 1n<>W(—ng(t, W) + F(ln(

A

for arbitrary functions £ and F.

5.3.3 The system Gompertz model

1n<VX) D + th)>6W (5.5)

The symmetries of the system Gompertz model found using an ansatz in chapter 3 were

Oow + ekatag

Xs,l = 81%
kgt
Xop = —o— 0, + Gekelag
ka
X573 = ethGat
Xea = Wow
We—k‘gt
Koo =T
G

and the symmetries found using parameter independence in chapter 4 were

Xs,l = 615
Xsa = Wow

Xo6 = In(W)Wayw + Goe.

The corresponding reduced characteristics of the symmetry generators are

C?s,l = (_WGa kGG)

Since the system Gompertz model has two equations, two functionally independent
invariants exist. While it is a bit more cumbersome than in the scalar case to calculate
invariants from the reduced characteristics, it is still possible. However, in the particular
case of the system Gompertz ODE, using the method of characteristics to solve the
invariance condition is also a viable approach. Both methods will be shown here to
exemplify how the calculations are made for non-scalar ODE:s.
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Using the reduced characteristics, one invariant can be found using the fact that
Q3 = 'G(-WG, kaG) = e*9'GQ

implies that eke!G is an invariant. Using this invariant, all of the reduced characteristics
Qs.15- - Qs 5 found using the ansatz method can be divided into two sets of vectors that
only differ by invariant coefficients.

= Q ,3 kgt
Qi = Joig = (ad™'G) Qs
ek’th _
k Qs,? QS,4

Since no function f could result in the relationship —QSJ = f(t, W, G)QSA,

(vov Kfa) = (ower7)”

must hold for some function J consisting of functionally independent invariants. Thus a
valid J is the solution to the differential equation

woowe \

Iw,eyd = (0 _ng> (5.6)

that also fulfills the original invariance condition

1
6(t7W7G)J . WG == 0
—kaG

Thus, finding a J consisting of functionally independent invariants using only the reduced
characteristics QSJ, ceey ng, found using the ansatz method is essentially the problem
of finding invariants, but with eq. (5.6) serving as a hint. But, using the reduced
characteristic Qsﬁ found using the parameter independence method, this calculation can
be avoided since

Quo= n(W)W.6) = (~2.6) + (mowyw + 5.90) =
= ]:GQSJ + (1n(W) + Z)QSA.

In(W) + % must thus be an invariant, and since e¥¢*G and In(W) + % are functionally
independent,

J(t,W,G) = (m(W) + ki,ln(ethG)> = <ln(W) + ki,k:gt + ln(G)>
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must consist of functionally independent invariants.
Using the method of characteristics to solve the invariance condition

L + WGy — kaGIlg =0,
results in the reformulated problem

dt dW  dG

1 WG  —keG’

The expression
dw dG

WG~ —kaG

simplifies to
G
d(ln(W) + ) 0,
ka

while
dt dG

1 —kaG

simplifies to
d(kgt +1In(G)) = 0.
Thus

JHW.G) = <1n(W) + ]i,kct + ln(G)>, (5.7)

consisting of functionally independent invariants, is once again found.
Using the J in (5.7),

11
Ow,cyd = (‘6’ kF)

G
—1 W _waG
(GurerT) = (0 & )
Using corollary 2.4.2, the reduced characteristic of any symmetry generator must thus
have the form
_ _wa By (In(W) 4+ & kgt + In(G
0o G Fo(In(W) + 2%, kgt + In(G)

where F; and Fy are arbitrary functions. The general form of Lie point symmetry
generators of the system Gompertz model is thus

and thus

X =£(t, W, G)o+
WG
+ (WGt W.6) + Wh(.W.G) — = (6. W. ) ) ow+
G

+ (—kaGE W, G) + GL(t, W, G))da,
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where £ is an arbitrary function and

L(t,W,G)=F (ln(W) + kg’ kgt + ln(G)>
G

Lt W,G) = F <ln(W) 4 kg ket + ln(G)>
G

are invariants.

5.3.4 Comparison of the Gompertz models

With the general forms of the Gompertz model Lie point symmetries established, further
insight to the relationship between the three models can be gained. Since both the
classical and the autonomous model exist in the same space (B ~ R(¢) and F ~ R(W)),
comparison between the scalar models is a natural starting point.

The trivial symmetry generator

w
Xa1 =0 — kg ln(A)WBW
of the autonomous Gompertz model is symmetry of the classical Gompertz model, since

w
—kg ln<A) W =W (kge 50T — kg (70T L (W) + kg In(4)),
and thus X, can be written on the general form eq. (5.3) of classical Gompertz
symmetries, with F(z) = —kgx + kgIn(A) and £(t,W) = 1. Similarly, the trivial
symmetry generator

XC,T = 8t + k’Ge_kG(t_Ti)Waw

of the classical Gompertz model can be written on the general form eq. (5.5) of autonomous
Gompertz symmetries, since

ke Fet=Tyy — 1“(2/)‘4/(—’@0 + hgekaTie(n(InCo)hat) 4 gg)

The parameter kg is assumed to have the same value in both models for these statements
to hold, which is reasonable since the parametrization of all three models is done in such
a way that kg has the same effect on solution curves. It is also worth noting that the
parameters A and T; are arbitrary values for the classical and autonomous Gompertz
models respectively; they have no relation to the properties they represent when they are
not part of the ODE formulation. As long as A is considered an invariant of the classical
Gompertz model and T; is considered an invariant of the autonomous Gompertz model,
the arbitrary invariant multipliers of the characteristic components X .0 and X.0 of
the respective symmetries can be chosen so that the vector field corresponding to the
autonomous model is a symmetry of the classical model and vice versa.

The system Gompertz model can not as stringently be compared to the scalar models.
However, by using some intuition the connection between the models and their symmetries
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can be shown to be quite straight forward. Consider first the classical model and the
system model. In this case, G is “equal” to kge ¥¢(t=Ti) The general form of the reduced
characteristic for the classical model (5.2) can then be seen as the first column and first
invariant in the general form of the reduced characteristic for the system model (5.8),
since

Qe = WF(e—kG“—Ti) + 1n(W))
then has the same form as

Q. = <Vg> Py <ln(W) + kG) (5.9)

G

Instead considering the autonomous and the system model, G is “equal” to —kg ln(%) w

The general form of the reduced characteristic for the autonomous model (5.4) can then
be seen as the second column and second invariant in the general form of the reduced
characteristic for the system model (5.8), since

o= rr(u(o(5)) -5

then has the same form as
QS = ( C];G ) - Fy(kgt + In(G)). (5.10)

Together, eq. (5.9) and eq. (5.10) make up a subset of the general form in eq. (5.8)
of the reduced characteristic for the system Gompertz model. The two functions Fj
and F5 only depend on one invariant each in the comparison to the symmetries of the
scalar models, as opposed to both invariants in the general form for the system Gompertz
model. As such, the symmetries of the system model capture more than the sum of the
symmetries of the two scalar models.

5.4 The structure of the symmetry group of the Lotka—
Volterra model

The symmetries of the Lotka—Volterra model found using an ansatz in chapter 3 were

X1 =0

Xy — —bNPc+ aNaN n cNPC— dPap

Xy = Eat n —thPC-l- atNaN " ctNPc— dtP@p

X, = %Bt . —beN2P + acN;— bdN P + adNaN N 02N2]Z2— dQPaP
X = gat n —bNPQC—i- aNPaN n cNP2c— dP? Op
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and the symmetries found using parameter independence in chapter 4 were
X1 = 0.
The corresponding reduced characteristics of the symmetry generators are

Q, = —(aN —bNP,cNP — dP)
1

Q, = E(aN —bNP,cNP — dP)
Q;=0
Q, = C%(aN —bNP,cNP — dP)
Qs =0.

Thus only one of the potentially two forms of reduced characteristic (modulo multiplication
by invariants) is found. Furthermore, the reduced characteristics reveal no invariants by
themselves.

Using the method of characteristics, one such invariant can be found with ease. The
invariance condition

I + (aN —bNP)Iy + (¢NP — dP)Ip =0

results in the reformulated problem
dt dN dP

1 aN—bNP ¢cNP—dP (5.11)
The second equality can be simplified to
dN dP
which has the solution
d(cN +bP — dIn(N) — aln(P)) = 0. (5.12)

The first equality in eq. (5.11) does not have an explicit solution, for the same reason
the Lotka—Volterra system itself does not have an explicit solution, but must instead be
studied mostly using the invariant in eq. (5.12) [33].

Using the characteristics and invariants easily calculable, it can thus be concluded
that all reduced characteristics

Q = F(cN +bP — dIn(N) — aln(P))(aN — bNP,cNP — dP)

correspond to symmetry generators of the Lotka—Volterra predator prey model (1.17),
where F' is an arbitrary function. All generators on the form

X =£(t, N, P)oy+
+ (aN —bNP)(&(t, N, P) + F(¢N + bP — dIn(N) — aln(P)))ow+
+ (¢cNP —dP)(&(t, N, P) + F(cN + bP — dIn(N) — aln(P)))ow

are thus symmetry generators of the Lotka—Volterra model.
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Chapter 6

Discussion

In this chapter, in depth discussion about specific parts of the thesis will follow. Readers
that are only interested in the overarching conclusions about the use of symmetries for
modeling in biology are referred to the last section, section 6.4.

6.1 The parameter independence method

In chapter 4 the method of parameter independence was introduced as an alternative
to ansatz testing for solving the linearized symmetry condition for first order ODE:s.
The method tackles two related problems of ansatz testing: the lack of a stopping point
and the lack of value from “failed” calculations. Similarly to ansatz testing, the method
solves the fundamental problem of the linearized symmetry condition having an infinite
amount of and often hard to find solutions by looking for specific subsets of solutions.
But instead of limiting the forms of solutions by their dependency on time and states, as
is the case with ansatz testing, the forms of the solutions are limited by their dependency
of parameters. Interpretations of a family of symmetries corresponding to generators
independent of a particular state, which is an ansatz that could be made, lead to very
general statements about which states have what types of interactions. Conversely,
interpretations of symmetries corresponding to generators independent of a parameter
are very specific, given that the parameter has biological meaning; such symmetries are
symmetries of the entire family of systems where the parameter is not fixed.

As seen in chapter 5, the parameter independence method can lead to symmetries
not found using ansétze that have value in later calculations. To properly analyze the
value of the parameter independence method in its current form, a larger class of models
would have to be studied, and a more complete heuristic approach to ansatz testing
would have to be used. More information about the use cases for the symmetries would
also affect such an analysis: should two symmetries that relate to the same underlying
invariant, as seen for the Lotka—Volterra model in chapter 5, be seen as the same
symmetry or separate for the purposes of such a study? However, even if the method
was not to produce significant new symmetries compared to heuristic ansatz testing
in most cases, the theory around the method could have theoretical value, as it is a
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specialized application of the more general theory of the group classification introduced by
Ovsiannikov [31]. Utilization of the more general theory in the context of the parameter
independence method could have significant value, as it could be used to study more
general model families, where parameters can be functions of states. Additionally, a
common differentiation in modeling of populations is that between population parameters
and parameters of a single individual. Extensions of the theory could potentially be used
to improve the study of variability between individuals.

Since the method has a clear stopping condition (calculating all symmetries indepen-
dent of at least one parameter), the method also produces meaningful negative results.
For the Lotka—Volterra predator prey model, the only Lie point symmetry group inde-
pendent of any parameters (modulo trivial symmetries) is time invariance, generated
by 0;. It was also the only symmetry group found using the ansatz, but the difference
in the conclusions that can be drawn are stark. Using an ansatz, the only conclusion
from the calculations is that apart from the manifest symmetry generated by 0y, no
fundamentally different group of Lie symmetries can be obtained from generators on the
form eqgs. (3.18) of the ansatz. Using the parameter independence method on the other
hand, the conclusion is that using the parametrization in eqs. (1.17) of the Lotka-Volterra
model, the family of systems it represents can not be subdivided by any parameter into
subfamilies that have additional symmetric properties. Thus, the lack of symmetries
gives a deeper understanding of the symmetric properties of the model.

Still, the method has some limitations. While the minimum number of parameter
independence determining equations is 2s 4+ 1 where s is the number of states, compared
to the s equations of the linearized symmetry condition, the resulting system is still a
system of partial differential equations. Additionally, even for first order ODE:s, the
number of partial derivatives in the parameter independence determining equations
scales by (s + 1)? (s + 1 unknown functions and s + 1 states and time to derive in).
While linear algebra can be used to classify systems of algebraic equations as over- and
underdetermined, the differential properties of differential equations mean that such
distinctions can not be made for the determining equations. Without delving deeper
into the corresponding theory for differential equations, it is still clear that the potential
for the partial derivatives to scale in number faster than the equations poses a problem.
Whether these theoretical bounds pose a practical problem for typical models is essential
to understand before the parameter independence method can be automated.

6.2 Solving determining equations and computer assistance

Using both ansétze and the parameter independence method in chapter 3 and chapter 4
respectively, the calculations required quickly get unviable to solve purely by hand when
the models and ansétze grow. In this thesis this problem was solved by using computer
algebra to keep track of calculations. The calculations were however not fully automated,
due to several factors. First and foremost, such automation is outside the scope of
this thesis and would take some time to implement properly. But additionally, such
an implementation would not be trivial. As mentioned in the previous section, the
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determining equations resulting from the parameter independence method are PDE:s,
and as such can not generally be solved analytically. Similarly, more general ansétze
such as the one used for the Hill equation in section 3.1 also result in ansatz determining
equations on the form of differential equations. An automated system should therefore
be able to handle at least the common cases of differential forms if the equations are
solvable. Both to determine solvability and to solve the equations, related theory such
as the theory of involution need be used [34]. Since the determining equations have a
highly regular form compared to general differential equations, it is not at all impossible
to imagine at least specific types of determining equations being solvable using such
methods.

A deeper theoretical understanding of the computational aspect of symmetries is also
important for scaling the calculations. In this thesis SymPy [35] was used to perform
the computer algebra; being implemented in Python, the speed of the calculations is
not optimal. Additionally, many parts of the calculations are performed using general
purpose functions, which means that a more specialized implementation could probably
lead to speed-ups. Even weighing in these factors, it is clear that the naive algorithms
used in this thesis scale poorly with growing system size. In section 3.4 the ansatz used
had to be limited to a linear one, purely due to computational limitations. As there
are many models of greater size than the Yildirim—Mackey lactose operon model, even
with performance improvements from using more specialized programming languages
and functions, the fundamental algorithms need to be changed for the calculations to
scale properly.

6.3 The structure of first order ODE symmetry groups

The calculations of the structure of the symmetry generators for some of the models in
chapter 5 generate some interesting results that are worth discussing further.

For the Gompertz models, the most general structure of the symmetry generators
were calculated. The two scalar models, the classical and autonomous Gompertz models,
each have one non-trivial symmetric property in accordance with the theory established
in section 2.4. Each such symmetric property relates to an infinite amount of symmetry
generators for each of the models, obtained by multiplying a base generator with an
arbitrary function of an invariant of the system. The two scalar models’ symmetric
properties correspond directly to the two symmetric properties of the system Gompertz
model. Thus, the two scalar formulations of the model are specializations of the system
formulation, differing in which symmetric property is preserved. This is in clear parallel
to viewing the two scalar models as the system Gompertz model, but with one of the
two boundary conditions of the problem fixed. The boundary conditions will, for the
system Gompertz model, determine the values of A and T; in the solution curve

W(t) = Ae—e reT
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or A and Wy in
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depending on the parametrization. Fixing the time of inflection T; or the size relative

to the upper asymptote % at time t = 0 clearly eliminates time invariance, and thus

the classical Gompertz model loses the time invariance generated by d; of the system
Gompertz model, independent of the parametrization. Similarly, the generator W oy,
should be associated to fixing the upper asymptote A. By viewing Wy as the property
that growth is proportional to size this association becomes clear; fixing the upper
asymptote A, the scale of the growth is fixed.

Whether the classical, autonomous or system Gompertz model is most suitable for
modeling a particular system comes down to whether which, or both, of these properties
are desired. As a model for limb growth for an animal, time invariance is not a necessary
property; the limb could not as well start growing in a month, and the progression towards
maturity of an animal is often a known factor. For such situations the classical Gompertz
model describes the system more correctly. The remaining symmetry of growth relating to
size then corresponds to the same growth pattern being observed for specimen of different
size. Conversely, as a model for tumor growth, the limiting factors of the environment
should be fairly constant in an individual, and hence growth proportionality to size is not
as relevant in the model. For such a system the autonomous Gompertz model describes
the system more correctly. In practice, such distinctions might not be very relevant for
fitting and testing the Gompertz model against data; as the system constants are as
unknown as the individual constants and all need to be estimated to fit the model to
data. But as previously mentioned, the Gompertz model is not a very correct model for
most scenarios. While most of the types of knowledge and intuition gained from working
with the Gompertz model must therefore be regained for more advanced alternative
models, the symmetries of the Gompertz model can be used with similar interpretations
for other models, as long as the state has the same physical quantity. This is due to
the ability to formulate characteristic symmetries of both the scalar models parameter
independently. The motivation for using the parameter independence method is thus
further strengthened.

All of the biological interpretations above relate to the matrix

(3(W,G)J) _1,

which in turn is only dependent on the invariants of the differential equations. There is
therefore good reason to question whether symmetries are a useful way of investigating
these types of biological properties of ODE:s. While the calculations in this thesis do
not prove anything conclusively, approaches such as the one in chapter 5 to calculate
invariants from reduced characteristics seems like a useful alternative when normal
invariant calculations fail. Additionally, as seen for the structure of the Lotka—Volterra
predator prey model, finding a function J consisting of functionally independent invariants
is not always viable. In the case of the Lotka—Volterra model, the symmetry calculations
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lead to a partial construction of the general structure of the symmetries of the model,
something that is not possible when using only the invariant theory, as the function
Iw,cJ is not fully known and therefore not invertible. Lastly, the symmetry generators
are more intuitive for interpreting the symmetric properties than the basis of the reduced
characteristic. Viewing the problem both from the perspective of symmetries and
invariants of the differential equation is therefore preferable.

6.4 The future of symmetries for modeling in biology

As outlined in section 5.1, the possibilities for using symmetries in biological modeling is
promising. If using symmetries turns out to be viable in even one of the cases presented, or
another way relevant to researchers in biology, problems that so far have been impossible
or too time consuming to solve might suddenly be approachable. The strength of using
symmetries is that they relate to qualitative information about the systems studied, while
most of the mathematical tools available in mathematical biology at the moment relate to
quantitative information. Symmetries could therefore bridge the gap between established
qualitative facts on the biological side of research and the mathematical models and
simulations of those biological systems.

Common to all the uses for symmetries mentioned in this thesis is the need for the
researcher to be able to find symmetries of a system. In this thesis only first order ODE:s
were considered, and even in this case the calculations involved in finding symmetries grew
to the scale were automation is needed, as seen in chapters 3 and 4. For most biological
systems, ODE-models are simplifications of more sophisticated models that involve
spatiality (and with that often higher order dynamics), randomness and time-delays.
While the mathematics involved in finding symmetries for these more sophisticated
models is far more complex than the theory covered in this thesis, the fact that the
concept of symmetries can be generalized to most settings is a cause for optimism. The
methods developed for determination of symmetries of ODE:s will thus have a good
chance of being generalizable or at least have parallels when finding symmetries of more
advanced systems.

As an example, the method of parameter independence developed in this thesis in
chapter 4 solves problems in finding symmetries of first order ODE:s arising from the
fact that the Lie algebras of the symmetries of first order ODE:s are infinite dimensional.
But even for higher order differential equations, especially PDE:s, the problem of finding
a general form for symmetry generators might not be viable to solve. The method of
parameter independence could then be used to find general forms of at least all generators
independent of some parameter in the same way as for first order ODE:s, as the method
is compatible with the generalizations of the symmetry theory to higher order PDE:s.
Similar results should be expected for many methods developed for some specialized
subset of differential equations, which means that the study of symmetries of simplified
biological models can act as a stepping stone to more robust methods. This indicates
that there are good conditions for further research on symmetries in biological modeling
along the directions outlined in this thesis.
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Appendix A

Computer algebra system

For some of the larger calculations, a computer algebra system was used. This appendix
contains an outline of the package developed in Python to make those calculations. The
package is based on SymPy [35], and primarily adds tools relating to the trivial jet spaces
encountered in this thesis, and the implementation and prolongation of infinitesimal
generators. Three of the modules are described here. A fourth module, used for the
visualizations in this thesis can be found along with the other three in the online repository
available at https://github.com/Fexilus/MVEX60-Code.

symmetries

Calculate symmetries of ODE:s symbolically.

class symmetries.Generator(xis, etas, total_space)
A local coordinate representation of an infinitesimal generator.
Parameters:

xis (list[sympy.Expr]) - The base space components of the tangent field.
etas (list[sympy.Expr]) - The fiber components of the tangent field.

total_space (tuplel[list[sympy.Expr], list["sympy.Expr"1l]) - The base
vectors of the total space on which the generator acts.

__call__(expr, jet_space=None)
Apply the generator on an expression on a jet space.

Parameters:

expr (sympy.Expr) - The expression to apply the generator on.

jet_space (JetSpace, optional) - The jet space in which the expression lives.
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Returns: The expression after application of the generator.

Return type: sympy.Expr

get_jet_space_basis(degree=0)

Return the basis of a jet space on which the generator can act.
The ordering is the same as the ordering of get_tangent_field().

Parameters:
degree (int, optional) - The degree of the jet space.
Returns: The expressions corresponding to the basis vectors of the jet space.

Return type: list[sympy.Expr]

get_tangent_field(degree=0)

Return the corresponding prolonged tangent field of the generator.
The ordering is the same as the ordering of get_jet_space_basis().

Parameters:
degree (int, optional) - The degree of the prolongation.

Returns: The expressions corresponding to the components of the (possibly prolonged)
tangent field.

Return type: list[sympy.Expr]

class symmetries.JetSpace(base_coord, fiber_coord, degree)

A local coordinate representation of a jet space.

Parameters:

base_coord (list[sympy.Expr]) - The basis vectors of the base space.
fiber_coord (list[sympy.Expr]) - The basis vectors of the fibers.

degree (int) - The degree of the created jet space. A degree of 0 corresponds to
the total space.
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base_index(base_symbol)
Returns the derivative index for a coordinate in the base space.
Parameters:

base_symbol (sympy.Expr) - The symbol to find the base index of.
Returns: The multiindex of the desired symbol in the base space.

Return type: tuplelint, ...]

property dependents
The fibers of the total space on which the jet space is built.
Returns: The symbols of the original fibers.

Return type: list[sympy.Expr]

extension(new_degree)
Creates a jet space on the same total space of a higher degree.
Parameters:

new_degree (int) - The degree of the extended jet space. Must be higher than
the current degree.

Returns: A deep copy of the jet space, with additional jet fibers of higher degree.

Return type: JetSpace

property original_total_space

Return the coordinates of the total space on which the jet space is built
Returns: The coordinates of the base space and fiber.

Return type: tuple[list[sympy.Expr], list[sympy.Expr]]

symmetries.decompose_generator (generator, basis)

Decompose a generator by a basis of arbitrary constants or functions.
Only decomposition of generators linear in the basis is implemented.

Parameters:

generator (Generator) - The generator to decompose.
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basis (1list([sympy.Expr]) - The arbitrary constants or functions in which the
generator can be decomposed.

Returns: The generators that span the space the input generator was in.

Return type: list[Generator]

symmetries.generator_on(total_space)

Returns a initialization method for generators on the total space.
Is meant to be used to reduce visual clutter in code where several generators on the
same space are used.

Parameters:

total_space (tuple[list[sympy.Expr], list[sympy.Expr]]) - The base
vectors of the total space on which the generator acts.

Returns: A generator subclass without the total space argument in the initializer.

Return type: Generator

symmetries.get_lin_symmetry_cond(diff_eqs, generator, jet_space,
derivative_hints=None)

Test if the linearized symmetry conditions hold differential equations.

Parameters:
diff_eqs (sympy.Expr or list[sympy.Expr]) - The differential equation(s)
expressed in jet space notation.

generator (Generator) - The generator corresponding to the Lie group of trans-
formations to be tested.

jet_space (JetSpace) - The jet space on which the differential equations exist.
derivative_hints (sympy.Expr or list[sympy.Expr]) - The highest order

derivative(s) that the differential equation(s) can be solved for.

Returns: The differential equation(s) that must hold for the infinitesimal generator to
generate a Lie group of symmetries. The differential equations are expressed in jet
space notation.

Return type: sympy.Expr or list[sympy.Expr]
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symmetries.get_prolongations(xis, etas, jet_space)

Calculate the coefficients of a vector field prolonged over a jet space.

The vector field is characterized by the coefficients of derivatives in the base space
(xis) and the coefficients of derivatives in the fiber of the original fiber bundle (etas) from
which the jet space is created.

Parameters:

xis (1list[sympy.Expr]) - The base space components of the tangent field.
etas (list[sympy.Expr]) - The fiber components of the tangent field.

jet_space (JetSpace) - The jet space on which the prolonged tangent field will
be calculated.

Returns: The prolonged fiber expressions, ordered firstly by original fiber and secondly
by corresponding derivative multiindex.

Return type: dict[str, dict[tuplel[int, ...], sympy.Expr]]

symmetries.lie_bracket (generatorl, generator2)
The Lie bracket of two generators in the same coordinate system.
Parameters:

generatorl (Generator) - The left generator in the Lie bracket.

generator2 (Generator) - The right generator in the Lie bracket.
Returns: The Lie bracket of the two generators.

Return type: Generator

symmetries.total_derivative(jet_exp, coordinate, domain)
The total derivative of an expression in a coordinate.
Parameters:

jet_exp (sympy.Expr) - The expression to be derived.

coordinate (sympy.Expr) - The coordinate to derive in. Should be one of the
symbols of the base space.

domain (JetSpace) - The jet space in which jet_exp exists.

Returns: The derived expression. This expression exists in the the (once) extended jet
space compared to the domain of the derivative.

Return type: sympy.Expr
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symmetries.ansatz

Make ansétze for generators.

symmetries.ansatz.create_poly_ansatz(jet_space, degree=1)

Create an infinitesimal generator that is polynomial in the components of a given jet
space.

Parameters:

jet_space (JetSpace) - The jet space on which the generator can act.

degree (int, optional) - The degree of the polynomials in all generator com-
ponents.

Returns: The generator and arbitrary constants defined by the ansatz.

Return type: tuple[Generator, list[sympy.Expr]]

symmetries.utils

Utilities for the main symmetries package.

symmetries.utils.derivatives_sort_key(function_order=None,
argument_order=None)

Ad hoc sort key for derivatives.
Parameters:

function_order (list[sympy.Derivative], optional) - An ordering of the
functions.

argument_order (list[sympy.Expr], optional) - An ordering of the
arguments.

Returns: A sorting key for sympy.Derivative that sorts firstly by function, secondly by
derivative degree and thirdly by derivative arguments.

symmetries.utils.iter_wrapper(possible_iter)
Ensures that the argument can be treated as an iterable.

Parameters:
possible_iter - A possible iterable.

Returns: A guaranteed iterable.
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symmetries.utils.optional_iter (func)

Decorator that allows the first argument and return value to be optionally treated as
iterables.

Parameters:
func - The function should take an iterable as first argument and return an iterable.

Returns: The decorated function will accept either a single element or an iterable as first
argument, and will return a single element or an iterable depending on the input

type.

symmetries.utils.replace_consts(exprs, new_const_name)
Replace arbitrary constant from eg. sympy.dsolve.
Parameters:

exprs (sympy.Expr or list[sympy.Expr]) - The expression(s) to
replace constants in.

new_const_name (str) - The new base name to give to the constants. E.g.
new_const_name = r"\\alpha" will result in constants r"\alpha_{1}",
r"\alpha_{2}" etc.

Returns: The new expressions and all the new constants.

Return type: tuple[sympy.Expr or list[sympy.Expr], list[sympy.Expr]]

symmetries.utils.zip_strict(*iters)

Zip two iterables and ensure that they are equal. Will be replaced with strict=True
argument in Python 3.10.

Parameters:

*iters - Any number of iterables.
Returns: An iterable through tuples of the ingoing iterables.
Raises:

ValueError - if the iterables have different lengths.
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