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Abstract

With an ever increasing digitalization of health care and records thereof, pos-
sibilities of applying data driven methods to analyze and predict healthcare out-
comes are becoming more numerous. Markov decision processes (MDPs) are an
interesting class of models to explore in this context. Originally born out of the
operations research field, they allow us to model sequential decision making un-
der uncertainty. Furthermore they may be extended to partially observable MDPs
(POMDPs), in order to model further uncertainty, such as decision making with
incomplete information which is often the case in healthcare. In this project, a
literature review has been made in order to analyze and discuss mainly POMDPs
from the perspective of treating sepsis and COVID-19.

Keywords: Partially observable Markov decision processes, Bayesian reinforce-
ment learning
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1 Introduction

Across all parts of society, there exists a growing interest in the potential of artificial
intelligence (AI) to revolutionize key fields of technology. Within the field of health-
care and medical technology, several applications of Al have proven to be successful
[27]. For example, a deep learning method based on a convolutional neural network
has been proven to be comparable to human physicians in classifying melanomas [10].
However, a common drawback for deep learning methods is their opacity and lack of
explainability.

In medical applications, there exists a need for physicians to be able to understand
why a certain output is given by Al applications and/or support systems [15]. On a
more general level, transparency of algorithms and Al systems that are increasingly
being used in society is one of the key elements in building trustable Al as per a recent
communication from the European Commision on that same matter! .

1.1 Background

Sepsis is a condition associated with organ failure due to the immune system overreact-
ing to an infection. It is generally a serious condition. When treating patients infected
with sepsis, it is critical to reach a correct diagnosis and begin proper treatment as
soon as possible [14]. Unfortunately, in its early stages, sepsis is difficult to differen-
tiate from several other conditions due to its range of possible symptoms. Reaching
a correct diagnosis as early as possible requires experienced clinicians and even then,
reliability of current diagnostic procedures may falter.

COVID-19 is also a condition where a quick and correct diagnosis is important.
The disease is contagious and complications may be severe, wherefore reliable decision
support may be useful in this context.

This project is aimed at exploring viable mathematical models for Al-based deci-
sion support systems to be used in clinical environments. An important part of assess-
ing the models will be their explainability and transparency, since it is important for
physicians to know why and how decision support systems arrives at certain treatment
suggestions.

1.2 Aim

The aim of this master thesis project is to explore and to some degree implement models
to be used in an explainable decision support system for correctly diagnosing infectious
diseases. Specifically, this will be investigated in the context of sepsis and COVID-19.

To this end, Markov decision processes (MDP) will be employed in order to form
a robust and explainable mathematical framework in which to model treatment of pa-
tients. Recent research has suggested that they may be useful in supporting sequential
decision making in sepsis treatment [18]. An MDP is a Markov process which incorpo-
rates a set of actions that influence the transitions between states, and a notion of scalar
rewards structured to indicate an agent’s performance in the modeled environment [1].

Thttps://ec.europa.eu/digital-single-market/en/news/communication-building-trust-human-centric-
artificial-intelligence



As models, MDPs excel at describing sequential decision making in stochastic do-
mains. Finding a solution to an MDP generally entails finding a policy that maximizes
an agent’s acquired cumulative reward. A policy is in general a decision rule which
decides which action to perform in each given state, typically with regard to an action’s
expected utility. From an established optimal policy it is possible to extract a suggested
action based on the current state and the expected utility of possible actions. Properly
communicating the mathematical reasoning for suggesting certain actions would then
lead to physicians being able to make ethically sound decisions based on these sugges-
tions.

For a general model of the course of diseases, MDPs in their basic configuration
are not sufficient due to the non-Markovian nature of clinical decision making. If the
states are taken to be the patient’s health status, any decision taken will naturally be
dependent on earlier states and on subsequent decisions. Furthermore, it is impossible
to know the complete state of a patient at any time. It is therefore necessary to intro-
duce partially observable Markov decision processes (POMDP), where the state is no
longer assumed to be fully knowable [16]. This also introduces the need to estimate
the latent state of patients over the course of time with e.g. Bayesian methods. Another
complicating matter is that measurements on a patient are rarely done at equally spaced
intervals, meaning that the whole problem may be better modeled as a semi-Markov
decision process [11]. The field of semi-Markov decision processes and specifically
partially observable semi-Markov decision processes has not been widely studied and
are outside the scope of this project.

In conclusion, a literature review has been performed to form a basis for models
and implementations. Earlier similar implementations have been studied with regard
to appropriate approximations and heuristics, available data has been assessed and im-
plementations have been evaluated with regard to both their performance and explain-
ability. The project has been carried out in collaboration with medical and software
engineering experts in order to influence the end result towards a usable medical deci-
sion support system.

1.3 Limitations

First and foremost, the project is limited to developing and testing mathematical mod-
els to be used in the context of medical decision support. Only sepsis and COVID-19
have been included in any reasoning about the viability of models. Due to the COVID-
19 pandemic, healthcare data that was supposed to be analyzed in the context of this
project was delayed and therefore the focus of this report shifted from practical appli-
cations to theoretical considerations. There was also a shift of focus from sepsis to
COVID-19 due to a greater availability of data.

1.4 Specification of issue under investigation

The project is aimed to result in possible mathematical models for supporting medical
decision making in the context of treating sepsis and COVID-19. This has required a
survey of literature pertaining to partially observable Markov decision processes. Since
solution methods for POMDPs include e.g. reinforcement learning, there has existed a



need for patient data to be analyzed. This has been done to some extent but there was
no time for practical models built on this data.

In order to get a grasp of the models viability, some basic version limited in features
will need to be implemented. A vital part of an assessed model’s performance will be
its ability to inform any user of why it recommends certain decisions. This might for
example entail highlighting which factor(s) that contributes the most in e.g. the esti-
mated probability of sepsis. A basic toy POMDP has been implemented and analyzed
in order to form an understanding of POMDPs in general.

2 Theoretical primers

In this section we introduce a few necessary basic mathematical concepts and results
which we will later build upon. The sections are in no particular order, and can be
viewed as a reference for the more applied sections.

2.1 Markov chains and the Markov property

A discrete stochastic process is a sequence of random variables {X; : t € .7} where .J
is a finite set of discrete indices. Let the set of values taken by the random variables
be denoted . and let |.’| = N. With this broad definition, there exist many possible
types of stochastic processes with different properties, see e.g. [12]. However, we will
focus on a special subset of stochastic processes called Markov chains.

Definition 2.1.1. A stochastic process is a Markov chain if it satisfies
PX, =jlXi=it,.... X1 =i-1) =P(X; = xj|X,-1 = i—1)
for all x; € .7 [2].

This property means that only the latest state of the process contains information
that affects the process’ next state.

Definition 2.1.2. The transition matrix A of a Markov chain is a || x |.#| matrix with
entries
a,'j = P(Xt = j|X,_1 = l)

for i, j € . and where
e g;; >0foralli, j €. and
e Y;pij=1foralli

That is, the element a;; of transition matrix A gives the probability of the process
moving from state i to state j. Therefore, all entries of the matrix must be nonnegative
and its rows must sum to one.

Definition 2.1.3. A homogeneous Markov chain is a Markov chain that satisfies
PX; = jIXi—1 = i) = P(Xp, = j|Xp-1 =)
where i, j € . and t # h.



This means that the transition probabilities are constant with respect to time i.e.
they are only dependent on states. Inhomogeneous Markov chains may better capture
the dynamics of certain processes but they are more complex.

Definition 2.1.4. A distribution T = {7; : 7; € ./} over state space . is stationary if
e 7, >0foralli,};7,=1and
o T=1TA,ie. T; =Y Tia;forall j€.7.

If we let P(Xp = i) = 1;, then P(X; = i) = 1, forall i € . [12].

Existence of a stationary distribution for Markov processes is important. If a pro-
cess converges to a stationary distribution, we know that it behaves a certain way after
a sufficient amount of time has passed.

The key takeaway from this short chapter on Markov chains is the Markov property
and the behavior of these chains in the limit, i.e. that under certain assumptions they
will behave according to some fixed distribution. We are interested in constructing
models based on Markov processes where transition probabilities of the process not
only depend on states, but also a set of actions available to a decision maker. For a
more rigorous treatment on Markov chains, the interested reader may look to to other
sources such as [2] or [12].

2.2 Hidden Markov models

A Markov model is generally suited for sequential data, where we cannot make the
assumption that our samples are independent and identically distributed (i.i.d.). For
example, the Markov chains detailed above may be used to model a random walk on
some set of states. The next state of the chain will then only depend on the current
state. We can train a model (i.e. estimate transition probabilities, initial distribution,
etc.) from samples of such random walks, and then validate the fitted model with regard
to predictive ability. Markov models may be generalized so that the Markov chain is
obscured in such a way that we only receive partial observations of the chain’s state.
We call such a model a hidden Markov model (HMM) and a typical question we then
want to answer is: given a sequence of observations, what is the most likely sequence
of hidden states?

With {X, : t € 7} denoting our Markov chain defined as above, we also consider
the sequence {Y; : t € .7} of observations. For the purpose of an example, let the ob-
served process take values in some finite set of observations so that ¥; € . We then as-
sign probabilities to each observation via an emission distribution p;(%|Y1,...,Y;—1) =
P(Y;,...Y,_1,X; = j). From this we can construct a joint density over the observed
process and the latent process as

T
P(X],...,XT,Yl,...,YT|7I',A,B) = ﬂxlbxl (YI)HQX,,I,X,bX,(Yt|Y1,--wthl)
=2

where 7 is the initial state distribution of the latent process, A its transition matrix and
B the emission probabilities [2, 4].



2.3 Markov decision processes

In its most general form, the MDP is a very flexible tool for modeling sequential de-
cision making under uncertainty. In this text the decision maker will be referred to as
an agent, which in practice is represented by e.g. an algorithm. The MDP extends the
Markov chain by adding a set of actions that are used by the agent to exert control on
the transition probabilities.

In order to mathematically extract useful results from MDPs, a certain amount of
stringency is required in their definition. First, we assume that the MDP transitions
between states at discrete, unit intervals, i.e. that transitions occur at decision epochs
t€ 2 =1{1,2,...}. Itis possible to define both finite and infinite horizon MDPs. A
finite horizon MDP would have 2 = {1,2,...T} where T is some finite natural number.

The states of an MDP are representations of the information an imagined agent is
basing its decisions on. We denote the state of the process at time ¢ with s;, where
st € S ={s1,82,...5n} is finite. A key aspect of MDPs is the observability of states.
For the Markov property to hold, the state of the process must at all times be fully
observable to the agent. This means that all information relevant to making an optimal
decision at time # must be encapsulated in state s;.

We define the action space of an MDP as the finite set &7 = {ay,as,...a;}. It con-
sists of all the actions an agent may take to influence the process’ transitions between
states. Here we let a; denote the action taken at time #, i.e. when the process is in state
St.

As with a general Markov process, the system transitions between states stochas-
tically. Comparably to a Markov chain’s transition matrix, there exists a transition
function which governs the probability of moving to state s’ € .% from state s € .
when taking action a € «/. Formally the function is defined as the mapping T :
S x d x . —[0,1]. We introduce the notion of reward as a function which maps
transitions to some scalar value. The reward is to be considered as an indication
whether certain transitions are beneficial in the modeled system. The reward can be
used to shape how an agent acts in the model, e.g. penalizing some transitions and
rewarding others. Similarly to the transition function the reward function is defined as
R: Y xd xS — X.

Definition 2.3.1. We define a discrete time Markov decision process as a tuple [, </, T, R]
whose constituent parts .,/ , T, R are defined as above [17, 26].

To model decision making we introduce policies. A policy is in general some rule
for selecting an action depending on which state the process occupies. Typically this
would mean that the policy is a function that maps states to actions.

Definition 2.3.2. A deterministic policy is a function p : . — &/ such that for any
state s, p(s) = a.

Definition 2.3.3. A stochastic policy is a function p : . x &/ — [0, 1] such that for
any state s, Y ey p(s,a) = 1.

Remark. Tt should be noted that in this report the mappings T, R, p are assumed to be
stationary, i.e. independent of the number of steps the process has taken.



In order to construct policies that maximize cumulative rewards, we need means
to evaluate the value of each state. The value for each state is based on the amount of
reward that may be gained from following a certain policy, starting in a specific state
se .

Definition 2.3.4. A stationary value function is a mapping V : . — Z. Furthermore,
we define V7 (s) as the value of state s when following policy p at subsequent decision
epochs. Given some measure of utility u, V?(s) = u (r{ ,r,...) where r/ =R(s,a,s’),
i.e. the reward for transitioning between s and s’ when the action is chosen with p at
decision epoch ¢. Since the reward function is stationary, ! is independent of ¢, and

we use ¢ for indexing only.

We note that the value of a certain state is defined by a measure of the utility to be
gained from subsequent rewards when starting from that state. The utility function u is
a mathematical representation of what subjective value is placed on gaining rewards.

Definition 2.3.5. The optimal solution of an MDP is a policy p* such that V?" (s) >
VP (s) for all states s € . and policies p.

For infinite horizon DPs with stationary transition and reward functions, finite state
and action spaces there exist results that guarantees the existence of an optimal policy,
see e.g. [17]. The same holds true for finite horizon MDPs, albeit without the need for
stationary policies, reward and transition functions.

To construct optimal policies we need the specify our utility functions in order to
know what we are optimizing. With a so called discount factor y € [0, 1] we may define
such a function as the expected discounted total reward from time ¢

u(re,ri41,...) =E
t=t'

Ei
Z’)/trt"| =E

|D|—t .
Z ,}/rt’+t‘| (1)
t'=0

where E denotes expected value [17, 16]. The discount factor y will for y € [0, 1] make
the agent prioritize rewards closer in time over those far away. Note that for an infinite
horizon MDP, i.e. one with | 2| = oo, we must further limit the discount factor so that
Y€ [0,1), or else the sum might not converge. On the other hand, ¥ = 0 is uninteresting
since no reward will have an effect on the agent’s perceived utility.

With our state value function defined, we may write it as

|21—1

Z V/rt/+t] =E [l’, + Yri41 —|—’)/2l‘t+2 .. }
t'=0

=E[r+yV?(s141)] = Z T(s,a,s") (R(s,a7s/)+}/Vp(s/))

ses

VP(s) =E

@)

which means that the value of state s is defined recursively over subsequent states,
starting at any decision epoch ¢. Denoting the optimal value function as V7 = V*, one
can prove that

KN / / e
Vi(s) = zré?és/;yT(s,a,s ) (R(s,a,s") +yV*(s))



and that V* is stationary [17, 26]. Given that we know the optimal value function, we
may for example apply a greedy policy

p*(s) = argmax Z T (s,a,5") (R (s,a,s") +yV* (s))

acd/ s'es

in order to select actions. With this policy we greedily select the action with the highest
estimated return at each decision epoch.

Remark. Selecting actions greedily may of course not always be ideal, for example
in some cases of online reinforcement learning (e.g. temporal difference learning),
where an agent learns a representation of the value function via interaction with the
environment [26]. Using the greedy policy before the value function estimation has
converged to an optimum may result in suboptimal behaviour.

2.4 Partially observable Markov decision processes

The need for full observability of states limits what we may model with an MDP. Intro-
ducing uncertainty over which true state the process currently inhabits extends the set
of phenomena that may be sufficiently described as MDPs. Instead of supposing full
observability of the state, we now consider a process where at each decision epoch, we
receive an (incomplete) observation of the agent’s state.

Definition 2.4.1. We define a partially observable Markov decision process as a tuple
[, ,T,R,Q, 0] where

o .Y o/ T R are the components of an MDP,
e Qs a finite set of possible observations of the underlying state and

e 0:.% x4/ x & is the observation function which gives conditional distributions
O(ols,a) over possible observations given state s [16, 7].

Partial observability means that all information about the state needed for optimal
decision making is no longer available. Consider for example an agent trying to find
a path through a labyrinth with restricted vision. The partial observability leads to
the agent being uncertain of exactly where it is in the labyrinth. Furthermore, if the
process is to be Markovian, the agent cannot know where it has been because of the
memorylessness property.

In order to construct policies for acting optimally under state uncertainty, the agent
must instead estimate what state it is in since we cannot fully know it. Ideally we would
like to use all information that could possibly be available, i.e. the observation of the
current state together with a history of previous observations and transitions.

Definition 2.4.2. A belief state is a probability distribution b € % over the possible
states in . where 4 is the set of possible belief states.

We have that b(s) gives the agent’s subjective probability that the true state is s. The
distribution b forms a sufficient statistic for the agent’s history, i.e. it should contain



all information that has been available to the agent [16]. It is therefore plausible to
construct an MDP over belief states in a partially observable setting, where the optimal
policy maps beliefs to actions. Crucially, this belief state is continuous, in contrast to
the discrete state space, which is a complicating factor in solving belief MDPs.

2.5 The Bayesian paradigm

At the heart of many contemporary machine learning algorithms lies the field of Bayesian
statistics. It is an approach to statistical inference, based on a fundamental result of
probability theory called Bayes theorem. Consider two random variables a and b. Let-
ting 7(a), 7(b) denote the respective distributions over those variables and 7(a,b) their
joint distribution, we state the chain rule of probability as

n(a,b) = n(bla)m(a) ©)

where 7(b|a) is the conditional distribution of b given a. Noting that, by the definition
of a joint probability, 7(a,b) = n(b,a) we have that

n(bla)n(a) = m(alb)m(b) “4)
7 (bla) = W 5)

which is known as Bayes theorem [4].

Typically when we speak about statistics, we speak about frequentist statistics.
Conceptually it is based on the frequencies of events and outcomes in our samples,
from which we try to infer knowledge about some unknown set of quantities. There
exists another paradigm in mathematical statistics, called Bayesian statistics, which
differs conceptually from frequentist statistics.

Bayesian inference contrasts that of frequentist inference in the view of unknown
quantities. In frequentist inference we are typically interested in some unknown set of
parameters which are taken to characterize some model of a phenomenon occuring in
our world. For example, we may assume that human male heights follow a normal dis-
tribution with some mean p and standard deviation 6. We would then collect a sample
of heights and estimate the parameters via e.g. maximum likelihood estimation. If the
fitted normal distribution is deemed to be close enough to the sample, and the sample
is collected in the right way, we have a statistical model which may sufficiently explain
what we have observed. The interpretation of this is that we have computed which set
of parameter estimates has the highest likelihood of characterizing our assumed model,
given the sample. To communicate the uncertainty about our findings, we could for
example construct confidence intervals around the estimated parameters.

Now let’s denote our set of parameters 6. From the Bayesian viewpoint, we would
begin by assuming that 0 itself is a random variable. This allows us to place a distri-
bution of our prior belief over this variable, i.e. the prior distribution 7(60). The prior
distribution may for example represent expert knowledge of a field or initial measure-
ments. One may also use an uninformative prior, which says as little as possible about
our prior belief. Suppose then that we gather a random sample x, and we want to weigh
the sample together with our prior belief 7(0). We let (x|0) denote the likelihood of



our sample given some fixed value of 6 and 7(x) denote that likelihood marginalized
on our parameter space. According to Bayes’ theorem, we get

n(x|6)7(6)

w0l = =05

(6)

where we define 7(6|x) as the posterior distribution of our parameters 6.

Now, all our uncertainty about the parameter set in question is encoded in this
posterior distribution. Moving forward, we may also collect new data from the same
population and use the posterior distribution as a prior. That is, we may take what we
already know about the population and update our knowledge using new data. The goal
is then to gain a more precise posterior distribution on which to perform inference. For
example, we may place intervals on the distribution called credibility intervals, which
differ somewhat in their interpretation from confidence intervals. Since we place a
credibility interval directly on our posterior distribution, we may say that according to
our current knowledge, the parameter lies in that certain interval with some probability.

In practice, Bayesian inference may become quite hard. In the simplest case one
may rely on the concept of conjugacy between probability distributions belonging to
the exponential family of distributions. This, however, will seldom be possible in re-
alistic applications. A few problems that may occur when not using conjugate priors
is e.g. intractable posterior distributions or likelihoods. The finer points of Bayesian
inference are outside of the scope of this report and the interested reader is directed to
more detailed works such as [4].

3 Markov decision processes in practice

There exist many phenomena which may be modeled as MDPs, either completely ob-
servable (we shall refer to them as COMDPs henceforth) or partially observable. In-
terestingly they capture sequences of events and actions that vary in scope and time
horizon. The applications of MDPs in the literature also vary broadly. We will touch
on a few general examples, and then focus on applications in the medical context.

3.1 General examples of MDPs

In a 2015 paper, using deep neural networks, Mnih et al. constructed a reinforcement
learning agent that was able to play a set of video games with human-level aptitude
[19]. At the lowest level, the gameplay is modeled as an MDP for which an optimal
policy is constructed via reinforcement learning. Reinforcement learning is a subset of
methods for solving MDPs which rely on interaction with their environment, and will
be treated more in depth later on in this work. The agent was trained on frames from
various Atari 2600 games. Actually, small sequences of frames were used in order for
the agent to be able to infer e.g. the velocities of on-screen objects. Were it not for
this detail, the problem would not have been possible to model as a COMDP since the
agent would not be able to infer velocities etc. from only one frame. However, one
may model it as a POMDP and treat it similarly, see e.g. [13].



3.2 MDP examples in a medical setting

An MDP has been used in modelling the course of treating patients with intracranial
aneurysms. The article in question focused on modelling patients with an asymp-
tomatic intracranial aneurysm, a condition where a blood vessel in the brain is de-
formed and bulges outward [24]. In the asymptomatic case the condition is generally
not noticed without medical imaging of some sort, meaning that the patient does not
notice it unless it progresses adversely. If the vessel bursts, it may have catastrophic
consequences for the patient. On the other hand, treatment carries risk of severe com-
plications.

The authors fit a transition model according to existing knowledge and then solve
it. This generates an optimal policy which can be used as a support in decisionmaking.
It is important to note that the policies obtained are only as good as the model itself,
meaning that the model must be reasonable if the answers obtained are to have any
meaning. Another interesting factor in this article is that the authors incorporate a way
to take patients’ risk aversion into account. Since the treatment carries risk, a relatively
mild aneurysm with lower risk of progressing adversely may be left untreated with
regard to a patient’s life expectancy and the quality of years therein.

3.3 Solving MDPs

When considering COMDPs either over a finite or a infinite horizon, solutions gener-
ally exist [17]. For illustrative purposes we will walk through one of the fundamental
solution methods for both COMDPs and POMDPs, value iteration.

3.3.1 Dynamic programming

In certain complex optimization or programming problems we can leverage recursive
structures that enable us to break the problem down into smaller subproblems. A prob-
lem whose optimal solution may be constructed from its subproblems, who in turn
overlap (i.e. their solutions are possibly used several times) may be confronted with
a method called dynamic programming. The defining characteristic for dynamic pro-
gramming is that each subproblem is computed once and that those solutions are used
to solve the larger problem.

3.3.2 Value iteration

Value iteration is a fundamental solution technique for MDPs which builds upon iter-
atively computing the value function for all states and actions. Starting arbitrarily at
some initialization Vj over the state space, we compute the value function at iteration n
as
Va(s) =max Y T(s,a,s') (R(s,a,s") +yVu_1(s")) (7)
acdl s
for all s € .. We continue to iterate until some condition has been met, e.g. ||V, —
Va—1]| < € using an appropriate norm and some € > 0.
The sequence of value functions computed as in eq. (7) is guaranteed to converge
to the optimal value function V* as n tends to infinity [26, 17]. Since all components
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of the MDP are known, we may easily compute the value function for each iteration.
However, each iteration requires & (|.7||.<7|?) operations, and there is no bound on
how many iterations are required for convergence [26]. In the infinite-horizon case,
the number of iterations required for convergence is dictated by the discount factor 7,
where a bigger ¥ means a longer horizon is considered.

In constructing this sequence of value functions we may leverage the problem’s
recursive structure and utilize dynamic programming to simplify computations. Since
we compute the value for each state in every iteration, saving them and utilizing the
pre-computed values in later iterations will make the problem easier to solve. A sketch
of a value iteration algorithm for COMDPs can be seen in algorithm 1.

There exist of course many other methods of solving COMDPs which utilize other
problem structures, approximations, etc. However, a full discussion of these lies out-
side the scope of this report. We mainly consider value iteration since this kind of point
iteration is central also in basic POMDP solution methods.

Algorithm 1 Value iteration for COMDPs
Choose arbitrary initialization Vy(s) Vs € .7
Letn=0
while convergence criterion not met do
for all s € .7 do
Letn=n+1
Va(s) = maxecor Yye o T(s,a,s’) (R(s,a,s’) + Va1 (S/))
compute convergence criterion
end for
end while

3.4 Solving POMDPs

Moving on to the partially observable setting presents us with additional problems.
We can no longer completely rely on our knowledge of the model since we are not
presented with the true state. Instead we rely on keeping a belief state as an estimation
of the most likely state given previous states and the current observation. This means
that we now estimate the expected future returns given what state the agent believes it
is occupying.

3.4.1 Updating belief

As previously defined, a belief state b is a probability distribution over the state space
&, meaning that b(s) gives the estimated probability of occupying state s. After every
transition between states, we use the current belief state b and corresponding obser-
vation o and action a to update the belief state with our new knowledge using Bayes
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theorem [16]. For some new updated belief b’ over a new state s’ we then have that

P(s',0,a,b)
P(0,a,b)

_ P(o|s',a,b)P(s'|a,b)P(a,b)

B P(o|a,b)P(a,b)

_ P(o|s',a,b)P(s'|a,b)

B P(o|a,b)

_0(5,a,0) Y5 # P(5'|a,b,5)P(s|a, b)
P(ola,b)

_0(5',a,0)Yse o T(s',a,5)b(s)

P(o|a,b)

v (s") =P(s'|o,a,b) =

®)

with O,T defined as above. We consider P(o|a,b) as a factor that makes b’ a proper
distribution since it is independent of s'. We call eq. (8) the state estimation function
with SE: B X of x Q — A.

3.4.2 Belief MDPs

In order to solve a POMDP, we want to find a policy capable of mapping belief states to
actions which maximizes the cumulative reward. Taking the belief state as a sufficient
statistic for estimating the true state means that all information we can hope to have is
contained in our belief. We may then construct an MDP on our belief space, resulting in
a so-called ’belief MDPs”. With the added caveat that the belief space is continuous, in
order to encode the partial observability in a belief MDP we need a few new definitions.

Since the state is not accessible, we take the continuous belief space 4 as a replace-
ment to the state space .. We also cannot compute any transition probabilities between
states so we instead define a new state transition function 7: B x & x  — [0,1] as

©(b,a,b') =P(b'|a,b) = Y P(V'|b,a,0)P(ola,b)

0eQ

where
1 if SE(b =b
P(b/|ba0)= | ' SE0)
0 otherwise.

Lastly we define a new reward function

p(b.a)= Z b(s)R(&a)

ses

which now maps a belief and an action to a reward.

Remark. The original reward function R(s,a,s’) maps rewards according to not only
from which state an action is taken, but also which state the action results in. Using a
variant such as R(s,a) rewards actions only with regard to which state they were taken
in.
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Definition 3.4.1. A belief MDP is a tuple [%, </, T,p| with components defined as
above [16].

We now have a nicer formulation of what it would mean to solve a POMDP, and
we turn to extending value iteration to POMDPs.

3.4.3 Value iteration

The actions available and their value to an agent are typically closely related to the time
horizon under consideration. We will consider finite horizon solutions since we can get
an arbitrarily close approximation of the optimal infinite horizon value function using
a long enough horizon [16].

A way to represent policies in POMDPs is to draw policy trees. We take the root
node as an action, with arcs to its children representing different possible observations.
Then each child node is another action with possible resulting observations. The depth
of the tree then depends on the time horizon considered, and we call it a ¢-step policy
tree. Denoting a policy tree p, we want to compute the expected value of executing it.
In the trivial case, i.e. t = 1 we have that p represents a single action and its value when
taken in some state s is V”(s) = R(s,a(p)). We let a(p) denote the action corresponding
to the root node of policy tree p.

Similarly to the COMDP value function in eq. (2), we now turn to the expected
future rewards. For a 7-step policy tree p defined as above, we have

VP(s) =R(s,a(p)) + VE [ri + yrio1 + Prisa.. ]
=R(s,a(p)) +7 ¥, T(s,a(p).,s) ¥ O(ors',a(p)v®(s) O

s'es 0,€Q

where 7 is a discount factor defined as above and o;(p) denotes the # — 1 policy sub-
tree of p corresponding to observation o;. We can now begin to recognise a recursive
structure also in these computations.

Given that we define policy trees as above, we then have a definition of the value
function for states in POMDPs. Since the agent should not have access to the state, we
define the value for a belief b € & as

VP(b) =Y b(s)VP(s). (10)
se

If we write
V2 = (VP(s1),...,VP(sn))

we have that
VP(b)=b-V?

since b is defined on .. We then have that each value function given by some policy
tree p depends linearly on belief b. The same is then true for the optimal value function

V*(b) = maxb-V?
peEP

where &2 is the set of possible policy trees. We note here that V* is not only piecewise
linear (PWL) and non-negative, it is also convex [16].
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Theorem 3.4.1. The optimal value function defined as above is convex.

We can leverage the optimal value function’s convexity by projecting each linear
segment, corresponding to a value function and its respective policy tree, to the belief
space. In this way we may divide the belief space into polyhedral regions correspond-
ing to where certain value functions dominate all others. So an agent’s optimal action
in some region of belief space is given by the root node of the policy tree whose corre-
sponding value function dominates in that region.

For any ¥ C % we may construct a unique minimal subset # C ¥ such that

V*(b) = maxb- VP = maxb-V”
peYV pev

i.e. the maximal PWL value function generated by ¥ is the same as the one generated
by ¥. A value function generated by the minimal unique set of policy trees is called
parsimonious, and any tree belonging to this set is called useful.

A value function that is dominated by other value functions over the whole belief
space contribute nothing to the solution of a POMDP. For a vector of state values V7,
we then define a belief region where it dominates all other value functions as

(NP, V) = {beg’p€%|b.vp > bV Vp’;ép}.

Finding points in this region, or concluding that it is empty, requires solving a linear
program [16]. By using the information from those solutions, we may prune a set
of policy trees so that those whose value functions are everywhere dominated can be
discarded.

In order to compute the value function of a POMDP using value iteration, we want
to compute a parsimonious representation of V, from the previous iteration’s result
V-1, which is also parsimonious. A simple algorithm to achieve this is called exhaus-
tive enumeration. Consider a set ¥ of policy trees and vectors V” for each p € 7.
Recall that each -step policy tree has a number of subtrees equal to |Q|, i.e. the num-
ber of possible observations. Since we assume that we have the results of the previous
iteration available, we take only the useful policy trees of the previous iteration as can-
didates for the current. If we let #;_; be the set of useful r — 1 step policy trees we will
have a superset of ¥, which we can prune down to only useful policy trees.

This outlined algorithm is one of the simplest possible algorithms for the task.
There exist several examples of exact POMDP solving algorithms with better asymp-
totic complexity, see e.g. [16, 6, 5].

3.5 Reinforcement learning

In the context of COMDPs, reinforcement learning (RL) introduces methods that do
not explicitly rely on complete knowledge of a complete MDP model. Instead we rely
on sampling the MDP model in order to ’explore” the model’s dynamics, which means
that interaction with the model is a key element in building policies. There exists
extensive literature on solving COMDPs with RL, see e.g. [7, 26, 22]. We now turn to
using RL in the partially observable case.
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3.5.1 Bayes adaptive POMDPs

Requiring full knowledge of a model is in general a very harsh assumption when
dealing with real world problems. A framework called the Bayes-adaptive POMDP
(BAPOMDP) has been proposed as a way of bridging the gap between the extensive
model knowledge needed in exact POMDP solution algorithms and the more loosely
formulated assumptions of RL [20]. Basically we want to extend the POMDP model
introduced in definition 2.4.1 so that we may attempt to solve POMDPs where the tran-
sition and observation probabilities are unknown a priori. In order to incorporate this
into our models, we use Dirichlet distributions.

Definition 3.5.1. A Dirichlet distribution is a discrete multivariate probability distribu-
tion over a vector of K random variables p, restricted to [0, 1] with the added constraint
that 21[5:1 W = 1. Given counts (9y,...,¢x) of events observed over n trials, we have
that <
. (X ) -1
Dir(py, ..., Mg |91, 0x) = === | | " - (11
[Tk (k) kl;I] k

The Dirichlet distribution gives the probability that the true underlying distribution of
a random variable given discrete observations (¢, ..., 0x) is (U1,..., Ux) [4].

The extension to the original POMDP formulation we make is to allow uncertainty
over the transition and observation functions 7, 0. Taking the expectation of a y; we

have that E(uy) = Z,’f?]; e We then keep track of transitions and observations, i.e.

we let ¢y, represent the number of times the process transitioned from state s to s’
given action a, and similarly let ., be the number of times we observe o in state s’
following action a. This gives us a possibility to let a Dirichlet distribution represent
our uncertainty of T and O. Taking the expectation of eq. (11) we get that the expected
probability of transition (s,a,s’) is given by

(psas'
Ty(s,a,s') = =L
¢ Zs’ 4 (Psas'
and similarly we get
Yy ao
Oy(s',a,0) = =—22—,
V[( ZOEQ ¢s’a0

In order to fully represent this uncertainty we need to somehow incorporate the
counts ¢, y into the POMDP model. Letting

7= {¢ c NP1

Y, 0y >0 V(s,a)e d}

s'es
and
0= {‘I/ e Nll1e]

Z Vo >0 V(s,a) € 427}

0€Q

represent the count spaces, we define a new state space .’ = . x 7 x O for the
BAPOMDP. Since the transition and observation counts are now part of the state space,
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we need to take them into account in the transition and observation functions. Define
d,.s as a vector that is everywhere zero except at the index corresponding to transition
(s,a,s") where it is set to one. Then we can define an increment of the transition
counts as ¢’ = ¢ + &,y. Similarly we define 8y, for the observation counts so that
V' =Y+ Oyup-

Given the counts ¢ and y, we have distributions for the current possible models.
To properly reflect this we redefine the transition and observation functions so that the
counts are taken into account. Let

T¢ (Saaasl)oll/(slaaao) for ¢/ = ¢ + asax/v II/' =Y+ 6s’a()
0 otherwise

and correspondingly

1 foro' =0+8., v =w+ 8y
0/((s,¢,l[l),a,(s/,¢/,l[/),o): (P ] ¢ S(lsaw W s ao

0 otherwise.
In this construction, the received observation is determined by the transition function
and the observation function is deterministic.

Definition 3.5.2. We define a Bayes adaptive POMDP as a tuple [/, &/, T’ ,R,Q, 0]
where

e o/, R and Q are defined as in a POMDP and
o =9 %XTx0,

Ty (s,a,5)0y(s',a,0) for ¢’ = ¢+ Sy, W = W+ Sy40
o T((5,0,¥),0,(5,9',y)) = { 25 @S)Ov(S a0 Tor g =9 =V
0 otherwise

and

1 for ¢/ = ¢ + 6sas/v ‘I/’ =Y+ (ss’ao
0 otherwise.

hd O/((S,(P, l//),(l, (S/7¢/7wl)’0) = {

Similarly to the POMDP model, the agent is required to keep a belief state in or-
der to represent the information collected about the model. With the redefined state
space . it is now also necessary to include the transition and observation counts, so
that the belief is a distribution over states and counts. This means that in solving the
BAPOMDP we take into account not only the uncertainty over which state the agent is
in, but also our uncertainty over the true model dynamics.

The BAPOMDP model can be regarded as a POMDP with a countably infinite
state space and hence the optimal value function and belief updates can be defined as
in the regular POMDP. However, maintaining an exact belief space will rapidly grow
intractable if an infinite number of states have non-zero probability of occuring. There
exist approximations that can be leveraged, such that the infinite model itself may be
approximated by finite ones and belief can be updated by Monte Carlo sampling [20].

Furthermore, in practices such as value iteration, where we perform a global search
over the belief space in order to construct a value function, it may be prudent to visit
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so-called online methods. The key difference between online and offline planning is
that in the online case interaction between the agent and the environment is the point of
focus. Here the estimates of the model and state values are updated after each decision
epoch where the agent has transitioned according to some policy [20, 26].

3.5.2 Infinite POMDPs

It has been shown that HMMs can be extended to infinite state spaces [3, 23]. The
infinite HMM can in turn be extended with rewards and actions, thus forming the infi-
nite POMDP [8]. In theory, this gives us the possibility of building a POMDP model
with a countably infinite state space. The key difference from BAPOMDPs is that we
need not make any assumption on the size of the state space, this will be inferred by
the model itself. Thus, by leveraging Bayesian nonparametric methods, we may hope
to find more efficient representations of large POMDPs.

A full account of the theory behind the infinite HMM and POMDP is outside the
scope for this report. They build upon taking a building a hierarchical model of all
possible unbounded transition and observation models and incorporating actions and
rewards. Exact belief tracking becomes intractable over infinite possible models, so ap-
proximations in the form of Markov chain Monte Carlo sampling schemes are needed.
Planning (i.e. evaluating state and action values) is done via a tree search in the space
of estimated models. The infinite POMDP has been shown to learn and enact useful
policies in relatively complex environments [9].

4 Interpreting a solved POMDP

In order to illustrate some of the theoretical concepts introduced in this report, we will
solve and comment on a toy problem. We will use R, for which an excellent pack-
age” is available via CRAN. Included in the package comes a toy problem called the
tiger problem which we will solve. In order to speed up computations, we will use
an algorithm called incremental pruning. This algorithm has been shown to be signifi-
cantly more efficient with regard to complexity than exhaustive enumeration while still
producing exact solutions [5].

4.1 The tiger problem

In this problem an agent is faced with two doors. Behind one of them, a tiger lies in
wait and behind the other a small treasure resides. The objective is to choose the correct
door, i.e. the one hiding a treasure, based on incomplete information. In each decision
epoch, the agent has three actions available: open the left door, open the right door or
listen for the tiger. Choosing to listen will not necessarily give the correct observation,
it may produce a false negative.

Formally we then have a state space . = {tiger left, tiger right} indicating behind
which door the tiger is situated. The action space

o/ = {open left, open right, listen}

Zhttps://CRAN.R-project.org/package=pomdp
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gives the possible actions and observation space Q = {tiger left, tiger right} gives ob-
servations corresponding to where the agent perceives the tiger to be. The reward
function is defined as

10 if e.g. a = "open left” when s = "tiger right”,
R(s,a) =< —100 ife.g. a="open left” when s = "tiger left”, 12)
—1 if a = "listen”

meaning that finding the tiger is severely punished in comparison to finding a trea-
sure. The listen action carries a small penalty which should encourage the agent not
to overuse it. Even in this small toy example, there are many factors that contribute to
finding an optimal course of action, which illustrates the overall complexity of solving
POMDPs exactly.

It remains to define a transition function and an observation function. Regardless
of the current state, the listen action will not cause the state to change. Opening a door
resets the problem by causing the tiger to either move to the other door or stay put
with probability 1/2. The observation probabilities are defined in a similar fashion.
Listening gives a correct observation with probability 3/4, i.e.

O(s' = tiger left”, a = listen, 0 = “tiger left”) = 0.75.

After opening any door and resetting the problem, the agent receives the correct obser-
vation with probability 1/2 so that it has no preferential information at the start of the
problem [16].

We solve the problem in the infinite horizon case with two different discount fac-
tors, 71 = 0.95 and p» = 0.15. We can at once see that a larger discount factor, i.e.
one that technically discounts future rewards less, lets the agent adopt a more cautious
approach. Comparing fig. 1 and fig. 2, we see that for y = 0.95 a larger region of the
belief space is dominated by value functions corresponding to the agent listening. The
agent is encouraged to gather information until it is relatively certain of where the tiger
resides. The reason for this is that long term rewards are not heavily discounted in
the constructed value function, meaning that it is not very detrimental for the agent’s
expected reward to wait.

Conversely, having a small discount factor makes the agent more willing to take
risks. It will open a door even though it is less certain of it hiding the treasure rather
than the tiger, as can be seen in fig. 2. It is obvious then that the smaller discount factor
makes the agent prioritize short term rewards.

Here it is appropriate to also comment on the belief space of this problem. We have
two possible states and thus each belief state is a vector containing two probabilities,
e.g. (0.5,0.5) if the agent estimates both states to be equiprobable. We can see that with
two possible states, the belief space can be represented by a 1-simplex. This pattern
repeats in problems with higher dimensional state spaces; a three-state problem’s belief
space can be represented by a triangle and so forth. Kaelbling et al. notes an interesting
property when comparing the value function to its support in the belief space. Belief
states with low entropy (i.e. belief states where the estimated probability of “being
surprised” is lower) are valued higher since the agent has a higher expectation of acting
usefully [16].
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Figure 1: Left: The support regions of the dominating value function are colored corre-
sponding to the optimal action to be taken from there with regard to an infinite horizon.
Right: The dominating value functions corresponding to useful policy trees. Discount

factor y = 0.95.
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Figure 2: Left: The support regions of the dominating value function are colored corre-
sponding to the optimal action to be taken from there with regard to an infinite horizon.
Right: The dominating value functions corresponding to useful policy trees. Discount

factor y=0.15.
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5 Problem description

From the outset this report has been aimed at exploring Markov decision processes in
a medical setting and specifically partially observable Markov processes in relation to
diagnosing infectious diseases. Conceptually, a POMDP could very well be a suitable
model in trying to represent situations faced by physicians in medicine. Typically we
would be faced with observations emitted from a patient, in the form of measurements
such as e.g. blood pressure and breathing frequency. Another possibility is that we
want to take into account a patient’s medical history and other relevant factors.

It is reasonable to assume that the complete state of a patient is not completely
known, however. It could be prudent to place some uncertainty on what it is that actu-
ally gives rise to any observed measurements. The setting itself, i.e. observing and di-
agnosing patients under uncertainty could, from a mathematical perspective, typically
involve analyzing longitudinal data with assumed latent variables. A good candidate
for a model would in this case be a hidden Markov model or some variation thereof.
What a POMDP allows us to do is to incorporate actions and rewards into an HMM.
Firstly, the actions allow us to assume that some agent acting in the modelled environ-
ment will attempt to steer the environment’s transitions in some direction. Secondly,
constructing some reward structure in the environment allows us to place costs and re-
wards on various transitions, meaning that some sequences of transitions are preferred
over others.

In this project, two distinct infections have been approached from the perspective
of using MDPs in order to aid physicians with decision making. We will now turn to
discussing them from the perspective of modelling with POMDPs.

5.1 Sepsis

According to a recent publication, sepsis ”...should be defined as life-threatening organ
dysfunction caused by a dysregulated host response to infection” [21]. It is a serious
condition and urgent care is crucial. However, in early stages of the condition it is hard
to identify since patients do not necessarily exhibit serious symptoms initially.

Ideally we would like to ascertain whether a patient has a risk of developing severe
sepsis as soon as possible. On the other hand, it is not possible to catch all cases.
Testing takes time and resources and in some cases it may suffice to send a patient
home under monitoring by e.g. family members. Several frameworks exist which
are aimed at helping classification of patients with a greater risk of developing severe
sepsis. For example they take into account various measurable parameters in a patient,
in order to estimate the seriousness of their condition [25].

These frameworks are not perfect, and the complex nature of the condition further
exacerbates the difficulty of efficient classification. However, if we can sufficiently
model the course of patients afflicted with sepsis using POMDPs, the solutions may
give us insight into how these uncertainties can be navigated. An interesting avenue of
exploration would be fitting a model to existing data where distinct actions are viable.
Adding rewards is then a matter of setting some subjective preference to different tran-
sitions or end-states. In a sense we get a way to put a price on different outcomes. As
an example, we can juxtapose the benefits of treating all suspected cases of sepsis with
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the adverse effects of unnecessary treatment using the reward functions.

5.2 COVID-19

Due to the global pandemic of spring 2020, part of this project has been focused on in-
vestigating medical decision support also in the context of SARS-COV2. The infection
caused by SARS-COV2, COVID-19, carries a risk for severe complications, especially
for certain patient groups. From a mathematical perspective it can be said to be quite
similar to sepsis, since symptoms are generally quite vague before the infection takes
a serious turn. It does however carry with it its own set of complicating factors, e.g.
the risk of the virus being transmitted to new hosts which is not a problem in the sepsis
case.

From this perspective it should be relevant to explore POMDPs also in this context.
Much like with sepsis, we can explore different treatment strategies from a mathemat-
ical perspective while taking into account our uncertainty.

5.2.1 Electronic health record analysis

As part of this project an opportunity was given to study actual health records related
to patients with suspected or confirmed COVID-19 in western Sweden. Unfortunately,
this work was started quite late in the process and thus no practical application of
POMDP modelling on this data has been made. The dataset is in many ways promising
in this regard and should be explored further.

A promising factor is the generality of electronic health records. It is conceivable
that, if we receive data in such a form and manage to build a meaningful POMDP from
it, similar applications could be constructed with other medical conditions in mind.
There exists also a possibility of applying methods such as Bayes adaptive POMDPs
or infinitt POMDPs where we can learn to plan and act in environments where all
model parameters are not necessarily known [9, 20].

6 Discussion

In this project Markov decision processes have been explored from a perspective of
using them in the context of medical decision support. Much like in general Markov
modelling, we may capture sequential amd longitudinal phenomena but we can also
extend the models to modelling the agency of some decision maker. If we further
extend MDPs to be partially observable we have a much broader class of models, in
similar fashion to hidden Markov models. Further extensions to the POMDP model
exist where we are not required to specify all parameters of a model, instead learning
it through a Bayesian treatment.

There exist examples of MDPs and POMDPs being applied to real medical data.
The typical setting is some known environment where reasonable Markov models may
be fitted from available data, and then be extended with actions and rewards. Solving
such MDPs may provide insight into how we may navigate uncertainty over risks we
can put a price on. Given that we come close enough to reality we may also e.g.
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evaluate and simulate strategies that are in place.

The possibility of solving POMDPs exactly is interesting from the perspective of
transparency. Given a complete model with values associated with certain states and
transitions defined through reward structures, we may extract an optimal course of
action in a mathematical sense. Solving POMDPs exactly generally does not scale
well with model size however. On the other hand we want to build as rich models
as possible, meaning that approximative methods most likely need to come into play.
Approximations exist both for e.g. estimating value functions and estimating the most
likely model itself when it is only partly known.

Adopting a Bayesian mindset when tackling POMDPs allows us to quantify our
uncertainty, both over belief state and what the true model is. With this one should
expect the same difficulties, but also benefits, that come with Bayesian inference in
general. Results may vary with different sampling schemes, e.g. performing belief
updates in BAPOMDPs [20]. On the other hand we will have access to clear decision
rules given the inherent uncertainty.

6.1 Exact solutions and their implications

Finding exact solutions to POMDPs requires a nice, finite model. These models may
be fitted from data, much like a standard Markov chain. However, we are limited
to using a model that we can fully specify a priori. Furthermore, solving POMDPs
exactly is hard from a computational perspective. Even under simple circumstances
with a finite horizon, solving a POMDP exactly is a PSPACE-complete problem, and
therefore harder than solving NP-complete problems [6].

Given, however, that we can extract the necessary components of a POMDP (states,
actions, transition probabilities, observation probabilities) from data we get transparent
models. As we have seen, we may also extract clear decision rules and evaluations of
different beliefs from the solutions. A slight drawback is that if we move from problems
with more states than three, we lose the geometric interpretability of the belief space
and value functions. This should of course not be seen as a major hindrance in any
attempt at modelling with POMDPs. Let’s use a simple example as an illustration.

Example 6.1. We have a dataset containing patient records from which we have in-
ferred a space of aggregated states

< = {"no COVID-19”, "mild COVID-19”, ’severe COVID-19"}
and a similar observation space
Q = {"no symptoms”, mild symptoms”, ”severe symptoms”}.
We deduce that the possible actions are given by

of = {"test”, ”do not treat”, "treat”}

where “test” means testing for what the patient’s true condition is, ”do not treat” could
signify sending the patient home and “treat” means hospitalizing the patient. We will
then add transition and observation probabilities. Let’s say for example that both the
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“mild COVID-19” and "no COVID-19” states have a probability of giving observation
“mild symptoms”. We then have an interesting model where we can add penalties for
e.g. choosing to test a patient that does not have COVID-19, thus capturing some of
the difficulties that may arise in treating infectious diseases.

Solving the model in example 6.1 would result in us being able to extract a value
function and a policy for whichever time horizon we choose. There is of course the
question then if the model itself is sufficient for giving us any new insight into the
problem. One could imagine a richer model, but it would come at the cost of increased
computational complexity.

6.2 Reinforcement learning as a way forward

In this context, introducing reinforcement learning means that we can allow agents
to have uncertainty over the transition and observation dynamics of the model. In the
process of solving the problem, the agent learns a representation of the model. Consider
for example investigating the tiger problem without having access to the transition and
observation probabilities. The reinforcement learning frameworks introduced in this
report are aimed at navigating that kind of difficulties. They also offer a possibility of
more efficient representations of large POMDPs at the cost of introducing uncertainty.
This is not necessarily a drawback, the level of uncertainty over different models may
of itself be an interesting factor to explore.

The BAPOMDP and infinite POMDP frameworks introduced in this report may be
an interesting area to investigate further. It is clear that research has been conducted
into ways of representing and planning in POMDPs under model uncertainty. This
approach may provide an alternative which does not rely on models whose parameters
are completely known beforehand.

6.3 Conclusion

Markov decision processes and their extensions, partially observable Markov decision
processes, may be interesting models to explore in the context of medical decision
support systems. They seem able to capture longitudinal events in an interesting way
where we can explore and evaluate different strategies. It would be crucial to also
further explore how to build meaningful POMDP models from data with the help of
medical experts. Given this we may construct rich, explainable models of a wide range
of scenarios.
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