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Rasmus Durgé, Johan Ek, Jonny Fredriksson, Emil Logren, Mohamad Melhem,
Rik Muijs

Department of Computer Science and Engineering
Chalmers University of Technology and University of Gothenburg

Abstract
This thesis describes the development of an agent-based simulation of E. coli chemo-
taxis in C# and the Unity game engine. The agents use a mathematical model
of the chemical pathway underlying chemotaxis to produce either forward-motion
(running) or rotation (tumbling), in response to the concentration of ligand in their
immediate environment. This model consists of a system of ODEs from Edgington
and Tindall [1] and elements of survival analysis. A tool for analysing data from
these simulations was also developed, and used to make quantitative comparisons
between simulations. This is used to compare our model to a simplified model
of chemotaxis, designed to always display chemotactic behaviour. It is concluded
that both models display chemotactic movement, with the simplified model being
more effective at finding the ligand source, but the ODE-based model being more
adaptive.

Keywords: chemotaxis, computational biology, agent-based simulation, Unity engine
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Sammandrag
Denna rapport beskriver utecklingen av en agentbaserad simulation av E. coli-
kemotaxi i C# och spelmotorn Unity. Agenterna använder en matematisk mod-
ell av den kemotaktiska signalkaskaden som ger upphov till kemotaxi, uttryckt av
antingen framåtrörelse (running) eller rotation (tumbling), baserat på ligandkon-
centrationen i deras omedelbara omgivning. Denna modell består av ett system av
ODEer från Edgington och Tindall [1] och delar av överlevnadsanalys. Ett verktyg
för att analysera data från dessa simulationer utvecklades också som del av projektet
och användes för att göra kvantitativa jämförelser mellan körningar. Denna data
används för att jämföra vår modell med en simplifierad modell av kemotaxi, fram-
tagen för att alltid uppvisa kemotaktiskt beteende. Slutsatsen av denna jämförelse
är att båda modeller ger upphov till kemotaktiskt beteende, att den simplifierade
modellen mest effektivt hittar ligandkällan, samt att den ODE-baserade modellen
är den mest adaptiva.

Nyckelord: kemotaxi, beräkningsbiologi, agentbaserad simulation, Unity spelmotor
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1
Introduction

Chemotaxis is the phenomenon that describes how certain bacteria navigate their
environment towards sources of food through chemical reactions. Since bacteria
consist only of single cells, they cannot make decisions based on an understanding
of their surroundings, nor with the help of memory. For example, they only know
if they have found some ligand, e.g. food, if they have managed to collide with it.
They then have to somehow use this information to �nd more of the ligand, without
the ability to compare past collisions. Some bacteria thrive under these restrictions;
using only a handful of chemical reactions connected to form feedback loops � a
chemical pathway � bacterial species like Escherichia coli (E. coli) exhibit great
e�ciency in ligand �nding. The sensitive balance of the reactants and products of
these reactions is shifted in response to the bacterium �nding ligand, and produces
di�ering responses in movement. Despite these reactions being simple in nature,
their emergent e�ect when connected yields highly adaptive behaviour [3]. This
simplicity also makes the problem suited for computational modelling, to see if
similarly e�ective results can be achieved in silico. This project aims to implement
an agent-based model, centred around a mathematical model developed by Matthew
Edgington and Marcus Tindall [1], and to see how it compares to a model that relies
on giving the bacteria enough information to guarantee chemotaxis. This process
will also be simulated graphically, in the Unity game engine.

1.1 Purpose

The main purpose of this project is to create an agent-based model to simulate
chemotaxis computationally. We also wish to introduce an interactive tool where a
user can see how the agents behave with each other, with regards to user con�gurable
settings.

1.1.1 Modelling

Commonly, models of chemotaxis are on the level of a population, using mathe-
matical models describing colony migration [4]. With the relative simplicity of the
internal chemistry of individual bacteria, our hope is that an agent based approach
can achieve the same observed behaviour. In addition to hopefully simulating the
phenomenon of chemotaxis, this approach carries the added bene�ts of connecting
population level dynamics to individual internal processes. The degree to which
di�erent models used to represent the internals of the bacteria yield chemotactic

1



1. Introduction

behaviour can be used for evaluation of and comparisons between these models.
With this in mind, we will implement two models of the chemotactic pathway, as
described in 2.1. One of these is taken from Edgington and Tindall [1], attempting
to model the internals accurately and without using information the bacteria should
not have. The second uses positive changes in concentration to nudge the bacteria
towards sources of some attractive ligand. These two models will be compared in
terms of �tness, i.e. how well the bacteria navigate towards sources of ligand and
how well they survive in the environment. An underlying goal of this project is
to see if emergent complexity can arise and yield adaptive behaviour from simple
and oblivious models. Having the second � chemotactic by design � model as a
point of reference, we are able to quantify the extent to which adaptation and �tness
emerges from our properly biological model.

1.1.2 Application

A secondary purpose is to build an interactive product around our agent-based sim-
ulation. This entails rendering our simulation in the Unity game engine, visualising
the internal chemistry, individual behaviour, and population dynamics immersively.
With advanced computer graphics, we hope to build an intuitive understanding of
the phenomenon and its underlying mechanics. Our application will also allow the
user to control parameters for the extracellular environment in which the bacteria
act, and include a tool for analysing data from one or several simulations.

1.2 Scope

The �nal application is centred around a computational model of the internal chem-
istry of E. coli underlying chemotaxis. E. coli was chosen for its role as a model
organism in the study of chemotaxis. The model will take a concentration of a single
type of ligand as input, and produce a state of either running or tumbling as its
output. This regulatory model is connected to graphical entities representing bac-
teria, which can either swim forward or stop completely and rotate. The movement
will be at a constant speed, and in straight lines in the direction the bacterium is
facing. This is an approximation of real E. coli motility, and will serve the pur-
pose of showcasing chemotaxis well enough. In general, it is only the chemotactic
pathway that is claimed to aim at biological accuracy; the rest of the bacterium's
physiology is considered an abstraction. Furthermore, all bacteria will be restricted
to moving in the plane, and not in three dimensions. It was determined that the
costs of implementing three-dimensional models far outweighed their bene�ts with
regards to demonstrating chemotactic behaviour.

These simpli�ed bacteria will inhabit a two-dimensional �eld with a distribution
of di�erent concentrations of ligand. Parameters a�ecting the shape and layout of
this distribution will be possible to change through user input before the simulation,
along with population size and duration of the simulation. The bacteria themselves
do not a�ect the distribution, e.g. by eating from it, but the intake of ligand
at a given point can be set to decrease by the presence of neighbouring bacteria.
An exception to this is made for a proof-of-concept with complete environmental
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1. Introduction

dynamics developed in Matlab. Further abstractions for how the bacteria interact
with their chemical surroundings are that they only have one type of receptor and
that this is simply located at its centre of mass. The mechanics of ligands binding to
the receptor and the bacterium absorbing and metabolising them is also omitted in
this project. While chemotaxis also works for movement away from chemorepellents,
such as toxins, these will not be included in our simulation. The extracellular
environment will be visualised graphically and be of a �xed size, outside which
bacteria cannot venture.

The simulation also includes simple cell division and -death. Just as with ligand
intake, the realistic details of these are outside the scope of this project. They are
included as a measure of the �tness of the bacteria as a population; by allowing
our bacteria to thrive or fail in some quanti�able way, we can get some metric for
biological success for a given population. Finished simulations can be analysed and
compared through an external tool also part of this project. This tool extracts data
from the simulation and performs statistical analyses and visualisations of one or
more simulations.

3



2
Theory

In this chapter, we introduce the underlying theory used to develop our simulation.
This theory includes the chemotactic pathway in biological detail; the extracellular
environment of ligand the bacteria inhabit; ordinary di�erential equations used for
chemical modelling; elements of survival analysis used to model triggering of events;
agent-based modelling; and the Unity game engine used to render our simulation.

2.1 Chemotactic Pathway

The chemotactic pathway in E. coli describes the signal cascade and feedback loop
of internal proteins that give way to chemotactic behaviour. The following section
is a description of this pathway, based on Prescott's Microbiology [5].

E. coli bacteria move through the rotation of �agella, rotor like appendages
sticking out through their outer membrane. These �agella can rotate either counter-
clockwise (CCW) or clockwise (CW). When the �agella rotate CCW, the bacterium
swims forward, in an approximately straight line. We call this staterunning. When
the �agella instead rotate CW, the bacterium halts and rotates to face in a new di-
rection. This state is calledtumbling. It is by alternating between these states that
E. coli navigate their environments. Adaptation to seek out favourable conditions
comes from shifting the ratio of tumbling to running, and this shift emerges from
intracellular signals in the chemotactic pathway.

These signals are transmitted through phosphorylation, which means the trans-
fer of a phosphoryl group from one chemical compound to another. We can view
phosphorylated chemicals as switched on, and those without as o�. The signalling
cascade is mainly made up of a closed system of proteins phosphorylating and de-
phosphorylating each other. The rate at which these processes occur is shifted based
on the state of transmembrane receptors, or MCPs, which in turn are a�ected by the
presence of chemicals in the environment. It is �nally the balance of phosphorylated
and unphosphorylated chemicals that a�ect the bacterium's tumbling bias. The re-
sult is that when the receptor is sensing low concentrations of ligand, the tumbling
bias will increase, and vice versa. Figure 2.1 provides a graphical representation of
the pathway [2].

In more detail, the proteins involved in the chemotactic pathway of E. coli are
CheW, CheA, CheB, CheY, CheZ, and CheR. CheW is connected to the receptor, or
MCP, and CheY is what a�ects tumbling bias. CheA autophosphorylates constantly,
at a rate that is a�ected by the activity of the MCP. When activity is low in the
receptor, the rate of autophosphorylation of CheA decreases. The activity of the
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2. Theory

Figure 2.1: Graphical overview of the chemotactic pathway, showing the dynamics
of the signalling proteins in a feedback loop. From [2]. Reproduced with permission.

MCP is, in part, decreased by binding with ligand or increased in their absence.
Phosphorylated CheA, or CheA-P, spontaneously transfers its phosphoryl group to
either CheB or CheY at set rates. The higher the levels of CheY-P, the higher
the frequency of tumbling. It thus follows that, in the absence of ligand, CheA
will autophosphorylate more rapidly, in turn yielding more CheY-P, �nally leading
to more frequent tumbling. To prevent the bacterium from tumbling inde�nitely,
CheY-P quickly loses its phosphoryl group both spontaneously and mediated by
CheZ. This part of the chemotactic pathway explains how E. coli can be responsive
to their environment. It is, however, lacking an explanation for how they manage
to be adaptive and continually seek to improve their position.

Adaptation is explained by what happens to the phosphorylated CheB, which
is the second byproduct of phosphotransfer from CheA-P, and CheR. In parallel to
the signalling described so far, the protein CheR constantly adds methyl groups to
the MCP. These methyl groups slowly increase the activity of the MCP, similar to
the e�ect of a low-ligand environment. The purpose of this is to make the bacterium
more prone to seek better conditions, by tumbling, at a constant concentration of
ligand. Counteracting this constant methylation is the demethylation performed by
CheB-P. When CheB-P removes methyl groups from the MCP, it lowers its activity,
allowing for longer smooth runs. This force drives the cell from standing still after
high frequencies of tumbling. Just like CheY-P is dephosphorylated constantly,
CheB-P steadily loses its phosphoryl group.

The result is a handful of simple reactions, each nudging the internal state of the
bacterium. When put together, the balance of these counteracting forces produces
a highly e�cient adaptation in the swimming behaviour of E. coli.

5



2. Theory

2.2 Chemical Modelling

In chemistry, the law of mass action states that the kinetic rates at which reactions
occur are proportional to the concentrations of its reactants [6]. We can model chem-
ical reactions mathematically with ordinary di�erential equations (ODEs). These
would express the rates of change in concentration of reactants as a function of
their concentrations. When regarding a chemical reaction network [7] with multiple
reactions, reactants, and products, we can construct a system of ODEs to capture
the dynamics of the entire network. One step further, there are cases in which the
products of one such reaction serve as reactants in another, in which case the kinetic
rate of the latter depends on the former. Generally, we can have networks of reac-
tions in which the sets of reactants and products intersect on multiple counts. Since
the kinetic rates of the reactions of such a network are interdependent, the entire
system of ODEs has to be solved simultaneously, which is often done numerically.

2.2.1 Chemotactic Pathway Model

The chemotactic pathway of Section 2.1 can be mathematically modelled as a chemi-
cal reaction network. For this system, we are interested in expressing the quantity of
each non-constant signalling protein � CheA, CheB, and CheY � that is phospho-
rylated, as well as the methylation level of the MCP. We should have four equations
describing these four quantities. We see that CheY-P and CheB-P will depend on
the amount of CheA-P. CheA-P will in turn depend on the methylation of the MCP,
which depends on CheB-P, CheR, and external stimuli. The signalling proteins also
phosphorylate and dephosphorylate spontaneously, depending on the current levels
of phosphorylation. Edgington and Tindall [1] have developed just such a system of
ODEs, which can be seen in (2.1). These equations describe methylation, followed
by concentrations of CheA-P, CheY-P, and CheB-P.

dm
d�

= 
 R(1 � � ) � 
 B b2
p�

dap

d�
= � k1(1 � ap) � k2(1 � yp)ap � k3(1 � bp)ap

dyp

d�
= � 1k2(1 � yp)ap � (k4 + k6)yp

dbp

d�
= � 2k3(1 � bp)ap � k5bp

(2.1)

� =
1

1 + eF
; (2.2)

F = N (1 �
m
2

+ ln(
1 + L=K of f

a

1 + L=K on
a

)) (2.3)

� can be seen as the overall receptor activity andF is the free energy of a receptor
signalling team [1]. It is the free energy that is directly a�ected by current ligand
concentration, L. Other than that, F depends on the number of receptors of the
cell, N , current methylation, and ligand dissociation constantsK on

a =K of f
a .

6



2. Theory

The other factors of the �rst equation, 
 R and 
 B , are the constant rates at
which CheR and CheB-P methylate and demethylate the MCP. The factorsk1 � k6

are the kinetic rates at which the di�erent reactions that make up the chemotactic
pathway occur, and are, along with all other factors, explained in more detail in
Table 3.1.

We can use this system of equations to express the underlying mechanics of
chemotaxis, and then use the level of CheY-P to determine tumbling-bias. This
is a detailed bottom-up approach, where the observed dynamics of the chemical
reactions alone are responsible for reacting to the environment. It should also be
noted that this ODE-system is a so-called sti� system of equations, which means
that it is prone to sudden spikes that might be missed with traditional solvers [8].
Numerical solvers suitable for sti� problems take into account that step sizes have
to be small enough to detect such rapid changes. For more details about di�erential
equations and how to solve them, see Appendix C.

2.3 Survival Analysis

Survival analysis is a �eld of stochastic modelling used to investigate the time it
takes for an event of interest to occur [9]. Survival analysis has applications in
many �elds, such as survival time for a patient after the onset of some disease, or
the time until a component breaks in a production line. In this thesis, survival
analysis is used, among other things, to investigate the time it takes for a bacterium
to tumble after it has started running. There are two features to describe survival
data: the survival probability and hazard rate. The survival probability, denoted
S(t), is de�ned as P(T > t ); 0 < t < 1 , the probability that something survives
beyond a certain timet. The hazard rate,h(t) can be interpreted as the frequency
of failure per time unit.

Figure 2.2 shows an example depicting the probability of death for a human.
In the graph, we can see that the most critical stages in a human's life are at the
start- and endpoint, while there is a relatively low probability of dying in the middle.
The hazard rate tells us that the probability of having died grows at a higher rate
at the beginning and end of the age distribution, with a constant rate of growth
between these two. Note that the hazard rate only has an impact on the overall
survival probability at a certain time; the probability of death for a single human is
cumulative over her lifespan.

7



2. Theory

Figure 2.2: The hazard rate functionh(t) showing the probability of death for a
human at any particular age.

The survival function is often modelled with the ordinary di�erential equation

h(t) =
S0(t)

1 � S(t)
; (2.4)

where h(t) returns the propensity of failure for a subject depending on the age it
has reached.

In terms of chemotaxis, survival analysis is used for tumbling, division, and
death. The reason survival analysis is useful in this project is because it returns a
value that is then used in conjunction with a probability threshold. This threshold
is the de�ning factor that decides if our objective remains in "status quo" or if it
should tumble or divide/die depending on what is calculated in each time step. The
survival function always grows towards this threshold, but at a rate that depends
on the hazard function.

This feature provides a stochastic method for modelling chemotaxis and cell
division and -death, events that are stochastic in nature. Finally, the hazard rate
for tumbling and division for a bacteria grows higher in areas with greater ligand
concentration, and similarly, the growth factor makes is so that even in areas with
no concentration the bacteria will eventually tumble/divide given that they are still
alive.

2.4 Extracellular Environment

A completely accurate description of the environment in which an actual E. coli bac-
terium would realistically live is far beyond the scope of this project, if even possible
at all. Therefore, a series of simpli�cations and approximations were necessary.

8



2. Theory

Our underlying model scenario consists of an environment with a single type of
ligand, distributed in a square-shaped petri dish. The medium in which the ligand
is distributed does not a�ect bacterial movement. Even though the distribution
of ligand is in part arbitrary, some speci�cations are necessary when modelling
chemotaxis.

First of all, trivially, the distribution must vary spatially, or else it would be
pointless. The phenomenon of chemotaxis is dependent on an environment where
some areas are higher in ligand than others.

Secondly, when cell division is included, there must be dynamics in the dis-
tribution that depend on the population. A constant source of ligand would lead
to an exponentially growing population of cells. This project examines di�erent
approaches with increasing complexity.

2.4.1 The Static Model

The model introduced by Edgington and Tindall [10], which is the main inspiration
for the project, uses a static ligand distribution. The function used to describe the
distribution in that model is

L(x; y) = l0 + exp

0

@�

s
x2 + y2

d

1

A (2.5)

where l0 is an arbitrary minimum ligand concentration andd is a parameter that
regulates the slope of the function. This equation describes a single centred source
with a rotationally symmetric distribution, where

p
x2 + y2 is the distance from the

source. To account for multiple ligand sources, the equation can be extended to

L(x; y) = l0N +
NX

i =1

exp

0

@�

s
(x � x i )2 + ( y � yi )2

d

1

A (2.6)

whereN is the number of sources and(x i ; yi ) is the position of thei :th source.
This model entails that all bacteria are completely independent of each others'

existence, in addition to the functionL(x; y) being time independent and thereby
represents a constant source of ligand. While being perfectly adequate in the mod-
elling of the phenomenon of chemotaxis motility-wise, it is insu�cient when adding
the possibility of cell division, for reasons discussed above.

2.4.2 The Dynamic Model

In reality, a spatially varying ligand distribution would even out, or di�use, with
time. By thereto adding consumers, e.g. bacteria eating from the environment, the
ligand would ultimately become depleted. To model this more realistic environment
is, at least from a mathematical perspective, a slightly more complicated task.

The concept of ligand di�usion can be described with a partial di�erential
equation, or PDE, described in Appendix C.1.1. More speci�cally, the well-known
di�usion equation [11].

@
@t

L(t; x; y ) = D

 
@2

@x2
+

@2

@y2

!

L(t; x; y ) (2.7)
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where L(t; x; y ) is the ligand concentration at a position(x; y) at time t. D is
the di�usivity constant, which describes the rate of di�usion in the medium. Both
an initial condition, or IC, and a boundary condition, or BC, are needed to solve
Equation (2.7). While the IC comes directly from Equation (2.5), the BC need to be
properly speci�ed. In the case of a solid boundary, like that of a petri dish, without
�ux into or out of the system, the BC can be formulated as

@
@x

L(t; x; y ) =
@
@y

L(t; x; y ) = 0 for (x; y) at the boundary (2.8)

which is a homogeneous Neumann BC.
To address the aspect of consumption there's a need to modify Equation (2.7)

by adding a term that subtracts ligand given the position of a bacterium. This leads
to

@
@t

L(t; x; y ) = D

 
@2

@x2
+

@2

@y2

!

L(t; x; y ) �
nX

i =0

f i (t; x; y ) (2.9)

where n is the total number of bacteria in the system. The functionf i (t; x; y ) de-
scribes the consumption contribution by thei :th bacterium in respect to its position
at time t.

The problem can now be formally described by using equations (2.6), (2.8) and
(2.9)

8
>>>><

>>>>:

@
@tL(t; x; y ) = D

�
@2

@x2 + @2

@y2

�
L(t; x; y ) �

P n
i =0 f i (t; x; y ) (x; y) 2 


L(0; x; y) = l0N +
P N

i =1 exp
�

�
q

(x� x i )2+( y� yi )2

d

�

(x; y) 2 

@

@xL(t; x; y ) = @
@yL(t; x; y ) = 0 ( x; y) 2 @


(2.10)

where 
 is the region, i.e. the square petri dish, and@
 denotes the boundary of
the region.

2.5 Agent-Based Modelling

Agent-based modelling (ABM) is a modelling technique where a system can be
described as a set of individual autonomous decision making units called agents. In
an ABM, each agent assesses its own individual situation and performs an action
based on a set of rules [12]. ABMs can exhibit complex behaviour patterns even with
a simple model and provide valuable information about the dynamics of the system
that it emulates and is used in �elds such as biology, epidemiology, and �nance to
name a few.

One feature of ABM is that it can gauge one's comprehension about a complex
system by modelling it on a microscopic level. An advantage of this approach is that
the complexity of the model can be reduced by looking at individual parts instead
of the entire system at once [13]. Being able to model the system through ABM also
provides �exibility since each agent can follow a simple set of rules independently.
This would not be the case in a complex system since there would be more param-
eters to take into account and where the selection of each parameter would have to
be made with consideration of every part of the system.

10
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Finally, ABM is particularly useful when modelling a biological system. This
is because it yields emergent behaviour stemming from the individual modelling
approach. One weakness with ABM however is that requires a lot of computational
power since calculations need to be performed for each entity in the system, meaning
that as the system grows larger so does the toll on the computer's RAM.

2.6 Continuum Description of Populations

Using an ABM approach, the population can only be controlled indirectly, through
individual level models. Two parameters were used to investigate whether any pop-
ulation level pattern emerged from the ABM approach. These were the growth rate
of the population, r : how fast the population grows in an environment with optimal
conditions and the carrying capacity,K , which yields the value at which the popu-
lation growth plateaus given a su�cient time interval. These parameters were used
since they were quite easy to determine and also because they were su�cient to make
some population level analysis. When the population had reached an equilibrium
state, the carrying capacity was determined by calculating the mean population size.
The growth rate r was calculated by simulating the evolution of a population and
then �tting it with a logistic curve. A logistic model is a common approach for mod-
elling a population where there is some scarcity of resources impairing its growth.
Equation (2.11) is a di�erential equation describing the population dynamics given
the parameters mentioned above,

dP
dt

= rP
�

1 �
P
K

�

(2.11)

where P(t) is the size of the population at timet. Note that when P is low, the
growth rate can be regarded asrP . However, as the population size increases,P

K
becomes larger and slows down the growth. Figure 2.3 shows an example of how the
evolution of a population would enfold given that there is some scarcity in resources.

Figure 2.3: A logistic curve showing the evolution for a population.
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2.7 Game Engines

To make a graphical simulation immersive, features such as 3D graphics, di�erent
textures and animations, and physics are almost necessary. By implementing the
simulation like a computer game, incorporating these features is easier than one
might think. Games get developed on top of a so-called game engine. These engines
control the logic and rules which are needed for the game to run properly. These en-
gines include things such as a graphics engine, physics engine, sound- and animation
support, and much more. Game engines can be developed from the ground up or
used as a tool to build games or other programs. As these engines can be quite com-
plex to develop, using an already existing engine can save considerable time when
developing games. This approach allows one to solely focus on the implementation
of game speci�c details, while the engine handles the underlying aspects such as how
the graphics are rendered to the screen.
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3
Method

This chapter will describe techniques, based on our theoretical foundation, used to
model and simulate chemotaxis, and to develop the application around this simula-
tion. We also go over the two di�erent algorithms used to control the bacteria. We
�nish the chapter with the description of a study conducted within our application,
with the goal of measuring and comparing the di�erent models of the chemotactic
pathway.

3.1 ODE-Regulator

The ODE-Regulator is the model of the chemotactic pathway based on Edging-
ton and Tindall's system of ODEs [1], presented in equations (2.1). Around these
equations, an algorithm for deciding whether a bacteria should run or tumble was
developed, taking as input some concentration of ligand. In conjunction with the
system of ODEs, we use survival analysis with a hazard function that grows at a
rate dependent on the concentration of CheY-P to trigger tumbling

S0(t; x ) = h(x)(1 � S(t; x )) ; (3.1)

h(x) = 0 :02 + 0:5x; (3.2)

where we use CheY-P forx. This is added to the system of ODEs from [1] shown
in (2.1).

3.1.1 Parameters

The parameter values used in the system of ODEs in (2.1) were taken directly from
[1], with the exception ofN = 30.
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k1 48:571 Autophosphorylation of CheA
k2 1385:714 Phosphorylation of CheY by CheA
k3 6 Phosphorylation of CheB by CheA
k4 8:686 CheY dephosphorylation by CheZ
k5 1 Autodephosphorylation of CheB-P
k6 0:121 Autodephosphorylation of CheY-P
� 1 0:814 Ratio of total CheA to total CheY
� 2 28:214 Ratio of total CheA to total CheB

 R 8:57� 10� 3 Methylation of MCP by CheR

 B 0:352 Demethylation of MCP by CheB-P
N 30 Number of receptors

Table 3.1: Parameter values used in ODE system taken from Edgington and Tin-
dall [1]. These describe chemical kinetics and other properties of the bacteria and
their chemical reactions.

3.1.2 ODE-Regulator Algorithm

We add the variable U 2 [0; 1] to serve as a threshold for tumbling. When our
accumulating survival variableS exceedsU, a tumble occurs, andU is resampled
uniformly.

Algorithm 1: ODE-Regulator Algorithm
Input: L , ligand concentration
Output: State run or state tumble
UseL to solve for new� according to (2.2)
Solve ODEs from (2.1) and (3.1) with current concentrations
Update concentrations of signalling proteins andS
if S > U then

S := 0
U � Unif[0; 1]
return tumble

else
return run

3.2 Delta-Regulator

The Delta-Regulator is a simpli�ed model of the chemotactic pathway, consisting of
just a function that triggers tumbling based on the di�erence in ligand concentra-
tion, presented in Equation (3.3). This function grows with a step function, (3.4),
depending on whether the ligand concentration increased or decreased from the pre-
vious position. This regulator will tumble more frequently when moving against
the ligand gradient, which is the directly desired outcome of chemotaxis. This way,
chemotactic behaviour is guaranteed, but without a description of its underlying
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mechanics.

S(t + 1; x) = S(t; x ) + h(x)(1 � S(t; x )) ; (3.3)

h(x) =

8
<

:
0:5 if x < 0

0:09 otherwise
(3.4)

Around these functions, an algorithm taking as input some ligand concentration and
producing a state of either running or tumbling was developed.

3.2.1 Delta-Regulator Algorithm

Just as with the ODE-Regulator Algorithm in Algorithm 1, we useU 2 [0; 1] as a
threshold for tumbling; whenS exceedsU, the bacteria tumbles.

Algorithm 2: Delta-Regulator Algorithm
Input: Lnew , new ligand concentration
Output: State run or state tumble
Calculate � L = Lnew � Lold

Use� L to calculate S according to (3.3)
Lold := Lnew

if S > U then
S := 0
U � Unif[0; 1]
return tumble

else
return run

3.3 Bacterial Model

The bacterium can, at any point of the simulation, be in one of two di�erent states:
tumbling or running. Which of these states the bacterium is in is governed by the
previously described regulators. The bacterium changes its directional angle while
in the tumbling state and its positions while in the run state.

3.3.1 Running

The movement of a bacterium is governed by

� x = v� t cos(� )

� y = v� t sin(� )
(3.5)

where� is the directional angle of the bacterium,v is the velocity and� t is the time
step of the simulation. This means that the bacterium will continue moving with a
constant velocity towards the same direction until it tumbles.
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3.3.2 Tumbling

The calculation of the tumble angles is performed in a stochastic manner by sampling
a value from the uniform distribution of values within the intervals [-98, -18] and [18,
98]. The sampled value is then added to the current angle. This choice of intervals is
motivated by [10] where the authors chose to use the same intervals when calculating
their turning angles.

3.3.3 Division and Death

Both the division and the death of the bacteria is modelled using survival analysis in
a similar manner to the way that the tumbling is modelled in the Delta-Regulator.
Their h-functions are shown in equations (3.6) and (3.7). The main di�erence to
the previously described implementations of survival analysis that when the death
hazard function reaches 1, the cell dies, terminating the process.

hdivision (L) = 0 :002 + 0:002L (3.6)

hdeath (L) = 0 :05� 0:001L (3.7)

When a bacterium divides, the newly created bacterium inherits the position
and internal state history of its "parent". Similarly, when a bacterium dies, all of its
future positions and internal states are set to the current position and state.

3.4 Extracellular Environment

With the increasing complexity and therefore increasing computational load, the
evolution from the initial static model to a dynamic model was simpli�ed, thus
leading to the implementation of a quasi-dynamic model. While the dynamic model
was never implemented in the application, it was simulated in Matlab. It there-
fore serves as a proof-of-concept, highlighting the obvious next step in the further
development of the product.

3.4.1 The Static Model

The desired possibility of regulating the amplitude of the ligand concentration, for
optimisation purposes, issues the need of adding a scaling factor to Equation (2.6).
Along with a squared distance term, the distribution becomes

L(x; y) = l0N + �
NX

i =1

exp

 

�
(x � x i )2 + ( y � yi )2

d

!

; (3.8)

where� is a parameter that regulates the maximum ligand concentration and(x i ; yi )
is the coordinates of thei :th ligand source.

These modi�cations result in a slightly di�erent graph compared to Equation
(2.5). These di�erences can be seen in Figure 3.1. The di�erences are mainly the
e�ect of the squared distance term which leads to a normal distribution of the ligand
concentration.
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Figure 3.1: Comparison between (2.5) (blue) and (3.8) (orange) with a single
concentric source. The �gure on the left uses the same values for the constants
for both of the functions, while the one on the right uses di�erent values for the
constants.

3.4.2 The Quasi-dynamic Model

The addition of death and division for the bacteria necessitates a dynamic environ-
ment to prevent the bacterial population from growing exponentially. However, this
poses a problem as a fully dynamic model, for example the one described in Section
2.4.2, requires a large number of expensive calculations in each of the time steps. To
avoid these expensive calculations a simpli�ed model of a dynamic environment was
chosen. The model, demonstrated in Equation (3.9), scales the ligand concentration
in a given position based on the number of bacteria within a radius of 1 p.d.u. A
procedure de�ned unit, or p.d.u., is an arbitrary unit de�ned by the unit of length in
the Unity game engine. This method emulates the bacteria competing to consume
the ligand that is available around them since it decreases the amount of ligand that
is available for a given bacterium as the total population increases.

~L i (t; x; y ) =
L(x i (t); yi (t))

ni (t)
(3.9)

where ni (t) is the number of bacteria within a given radius of thei :th bacterium
at time t. x i (t) and yi (t) represents the respective coordinates of that bacterium at
time t.

3.4.3 The Dynamic Model

The dynamic problem (2.10) will now be speci�ed. The choice of functionf (t; x; y )
was inspired by topical educational literature from J.D. Murray [14]

f i (t; x; y ) = a1exp(� a2[(x � x i (t))2 + ( y � yi (t))2]) (3.10)

wherea1 and a2 are parameters which regulates the intensity and area of consump-
tion respectively. (x i (t); yi (t)) represents the position of thei :th bacterium at time
t. For reasons explained in Section 3.4.1 the IC now comes from Equation (3.8).
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These speci�cations constitutes the problem
8
>>><

>>>:

@
@tL(t; x; y ) = D

�
@2

@x2 + @2

@y2

�
L(t; x; y ) �

P n
i =0 f i (t; x; y ) (x; y) 2 


L(0; x; y) = l0N + �
P N

i =1 exp
�
� (x� x i )2+( y� yi )2

d

�
(x; y) 2 


@
@xL(t; x; y ) = @

@yL(t; x; y ) = 0 ( x; y) 2 @


(3.11)

The region 
 is a square shaped petri dish of size 28x28 p.d.u.
The problem (3.11) was solved using the ADI-method, described in C.1.2. By

applying (C.10) on (2.7), after some rearranging, the result for the �rst half time
step becomes

� �L n+1 =2
i;j � 1 + �L n+1 =2

i;j � �L n+1 =2
i;j +1 = �L n

i � 1;j + 
L n
i;j + �L n

i +1 ;j (3.12)

where� = D� t=(� x)2, � = 2(1+ � ), 
 = 2(1 � � ), n indexes the time step and(i; j )
indexes the lattice points in the discretised region
 , such that Ln

i;j = L(n; x i ; yj )
where (x i ; yj ) are the coordinates of the node indexed(i; j ). Similarly the second
half time step follows from applying (C.11) to (2.7) resulting in

� �L n+1
i � 1;j + �L n+1

i;j � �L n+1
i +1 ;j = �L n+1 =2

i;j � 1 + 
L n+1 =2
i;j + �L n+1 =2

i;j +1 (3.13)

Note that in order to account for the Neumann BC it is implied thatL i � 1;j = L i +1 ;j

for i 2 @
 , or equivalently L i;j � 1 = L i;j +1 for j 2 @
 , as discussed in appendix
C.1.2.

The bacterial consumption was implemented with the use of a matrix de�ned
as

Fij =

8
<

:
F̂ for i = j

0 for i 6= j
(3.14)

whereF̂ is an operator inspired by Equation (3.10) such that

F̂L n
i;j =

X

k

f k(n; x i ; yj )

wherek indexes bacteria and(x i ; yj ) is the coordinates related to the lattice point
indexed(i; j ).

The region 
 was discretised as a 60x60-grid. The result is one equation for
each lattice point, that is 61 � 61 = 3721 equations per half time step, which can
be expressed with matrix equationsAx (n+1 =2)

1 = ( B � F )x(n)
1 and Ax (n+1)

2 = ( B �
F )x(n+1 =2)

2 respectively, where

x1 =
h
L1;1 L1;2 ::: L1;61 L2;1 L2;2 ::: L61;60 L61;61

i T

for the the �rst half-time-step and

x2 =
h
L1;1 L2;1 ::: L61;1 L1;2 L2;2 ::: L60;61 L61;61

i T

for the second half time step.
The matricesA, B and F stays the same though.
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A has the following form

A =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4
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: : :
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� � � :
: : : : 0
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7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(3.15)

Since A is tridiagonal and � = 2(1 + � ) > 2� the problem was solved using the
Thomas algorithm, as explained in Appendix C.1.2.

The matrix B has the form

B =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4


 0 :: 0 2� 0 : : 0
0 
 2�
: : : :
0 : :
� 
 � :
0 : : :

: : : 0
: � 
 �

2� 
 0
: : : :

: : 0
0 : : 0 2� 0 :: 0 


3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(3.16)

The mechanics behind the bacterial movement uses the same ODE system (2.1)
as the other two models. The system was solved using the Matlab solver ode15s,
which is speci�cally designed to solve sti� ODEs. The discrete ligand distribution
is addressed by �rst determining in which grid square a bacterium is positioned and
then calculating the average ligand concentration based on the value in the four
corners, weighted by the distance to each corner. This can be formulated as

L(x; y) =
y1(x2L i � 1;j � 1 + x1L i � 1;j ) + y2(x2L i;j � 1 + x1L i;j )

(� x)2
(3.17)

wherex1, x2, y1, and y2 are de�ned as in Figure 3.2.

3.5 Model Evaluation

We concluded this project by conducting a study meant to evaluate the performance
of the ODE-Regulator. Indicators of performance come both from how well the
bacteria navigate towards sources of ligand, and from how well the population of
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3. Method

Figure 3.2: The bacterium is positioned at(x; y) located in the grid square of size
(� x)2 de�ned by the corners(i � 1; j � 1), (i � 1; j ), (i; j � 1) and (i; j ).

bacteria manages to grow with a given regulator. With this in mind, we split
the study into two parts, one for each purpose. To compare just the motility of
the bacteria, we switch o� competition for ligand between individuals, as well as
death and division. This means that the environment is static and all bacteria are
independent of each other. For population growth, we keep these dynamics switched
on. This split is appropriate as the dynamics of the environment and the population
interferes with the individual bacterium's strive towards the ligand source.

For each experiment, we ran a batch of �ve simulations per regulator, for a
total of 20 simulations. All simulations were initialised with parametersN = 30,
d = 100, l0 = 0. The statistics from each batch was aggregated to compensate
for the possibility of randomised starting positions of bacteria a�ecting the result.
These statistics show the progression over time of average distance to the ligand
source and population size. The average distance is used to measure e�ectiveness in
motility, while population size is used to measure survivability.

The evaluation of the fully dynamic model described in Section 3.4.3 is of
an ocular nature. By plotting the bacterial migration responding to the temporal
variations in the ligand distribution, the phenomenon of chemotaxis should become
apparent.
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4
Implementation

This chapter will focus on the implementation of the extracellular environment;
the algorithms for running and tumbling, as well as cell division and -death. A
description of the analytical tool will also be given. Lastly, we will have software-
related decisions around tooling and development.

4.1 Bacterial Movement

The movement of each of the bacterium is governed by Algorithm 3 (which is also
demonstrated in Figure A.1), which uses the previously described method to de-
termine the state of the bacterium. If the bacteria is in the tumbling state, a new
angle is calculated according to the method outline in Section 3.3.2 and the al-
gorithm moves on to the position calculation stage. If the bacteria is not in the
tumbling state, it directly moves to the position calculation stage, where the delta
values for the x- and y-coordinates are calculated according to Equation (3.5). If
adding these values to the current x- and y-coordinates would result in a position
outside the simulation, a new angle is calculated and the process is repeated until
the new position is inside the simulation area. When a valid position has been found
the location for the bacteria is updated and the algorithm terminates.

Algorithm 3: Calculate next position
Input: (x,y), the current position for the bacterium
Output: The next position for the bacterium
L := ligand concentration for (x,y)
if Tumble given Lthen

Calculate a new angle�

� x := v� t cos(� )
� y := v� t sin(� )
while x+� x and y+� y outside simulation areado

Calculate a new angle�
� x := v� t cos(� )
� y := v� t sin(� )

x := x + � x
y := y + � y
return((x,y))
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4. Implementation

Algorithm 4 (see Figure A.2) is a slightly more complex version of Algorithm
3 that is used when running the simulation in the pre-calculation mode. In this
version, Algorithm 3 is repeatedN times, whereN is the number of iterations that
the simulation will run. The internal state and position for the bacterium are saved
in each of the iterations and this data is later used when visualising the results of
the simulation. Each of the tumbles and run segments take 1 iteration of time each,
and both, therefore, result in a saved position and state.

Algorithm 4: Forward simulate movement
Input: n, the number of time steps that the simulation should run
i := 1
position0 = the starting position of the bacteria
while i < n do

position i := position i � 1

L := ligand concentration for position i

if Tumble given Lthen
Calculate a new angle�
Save internal state
i = i + 1
if i � n then

return
position i := position i � 1

� x := v� t cos(� )
� y := v� t sin(� )
while position.x+� x and position.y+� y outside simulation areado

Calculate a new angle�
� x := v� t cos(� )
� y := v� t sin(� )

position.x := x + � x
position.y := y + � y
Save internal state
i = i + 1

return

4.2 Application

The code base of the application can be divided into two distinct parts: the model,
which manages the data and performs the calculations that are required for the
simulation, and the view layer, which manages the visualisation of the simulation.
The view depends on the model since it can not visualise the simulation without
it, while the model does not depend on the view or any Unity speci�c code. This
makes it possible to use the existing model in another C#-based context, greatly
increasing the value of the simulation. It is for this reason that this section will
primarily focus on the model since it the most important part of the program.
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4. Implementation

4.2.1 Cell Object

The Cell object acts as the central representation of the E-coli bacteria in the
model, the structure of which can be seen in Figure A.3.Cell delegates all of its
functionality to an object of the type IInternals which manages the internal processes
of the bacterium.

4.2.2 Internals

The IInternals object manages the internal processes of theCell object, mainly by
performing the calculations required to determine the next position that the bacte-
ria should move to. There exists three concrete implementations of theIInternals
interface (see Figure 4.1):SmartInternals, Internals, and ForwardInternals.

Internals is the most basic variant of the internals objects, it uses Algorithm 3
to calculate the next position that the bacteria should visit. This type of Internal is
used when the program is run in the procedural mode, where it executes until the
user terminates it.

ForwardInternals can be seen as an extension ofInternals with the main dif-
ference being the fact thatForwardInternals uses Algorithm 4 instead of Algorithm
3. In other words, it calculates and stores all positions that the bacteria will visit
before the simulation begins. ForwardInternals is also the only type of internals
that implements cell division and -death.

Lastly, SmartInternals uses a completely di�erent movement algorithm to the
previously described Internals. This object uses the ligand gradient to calculate the
optimal movement angle. The angle is then disturbed using a value sampled from a
normal distribution. Which results in the object performing a random walk towards
the ligand source.

4.2.3 Regulators

The IRegulation interface is used to determine whether the bacterium should tum-
ble or run at a given point in the simulation. Each of the di�erent models for the
internals of the bacterium, ODE- and Delta-Regulator, have a concrete implemen-
tation of this interface which is then used inInternals or ForwardsInternals when
calculating the movement of the bacteria.

4.2.4 Forward-Simulation

The expensive calculations required by the ODE-Regulator made it impractical to
run the calculations in real time, since they had a considerable impact on the frame
rate of the simulation. To amend this problem, we decided to switch over to a
forward-simulation approach where the entire simulation is calculated before being
played out to the user. This was initially quite simple since we only needed to store
all of the positions that the bacteria should visit as well as their internal states.
However, the addition of cell division and -death complicated matters signi�cantly
since we also had to store which bacteria should be alive in any given time step. This
was handled by storing the bacteria in a matrix where the object on the i:th row
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Figure 4.1: Class diagram showing the relationship between the di�erent types of
internals.
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and j:th column is the j:th bacteria that is alive in the i:th time step. The forward-
simulation simulates all of the bacteria one time step at a time to adequately capture
any interactions between bacteria as well as to handle cell division and -death in as
good of a manner as possible.

4.2.5 Unity GameObjects

There are two main GameObjects that are handled by scripts. These are the cell
itself and the heat map. The cell is constructed out of several GameObjects. These
are the body of the cell which is a basic cylinder as well as four custom modelled
�agella. At the start of the simulation, these cell GameObjects are instantiated with
a random position in the environment.

The heat map is made out of a 120x120 grid that spans across the whole envi-
ronment. Each square in the grid is given a value based on the concentration value
the speci�c square is in. Each square is then given a colour with varying intensity,
the higher the concentration value, the higher the intensity of the colour.

4.2.6 GUI

The Graphical User Interface (GUI) is designed with simplicity in mind, only dis-
playing necessary information. Before starting a new simulation, the user has to go
through an initial simulation wizard shown in Figure 4.2. Here, the user can set
various parameters with the help of sliders and input �elds. The simulation can be
started when these initial conditions have been set. When a bacterium is selected
during the simulation, the UI view shown in Figure 4.3 is displayed. It displays
detailed information about the selected bacterium, such as the various chemical
concentration values and more.

Figure 4.2: The two setup screens of the simulation wizard. Here the user can set
desired parameters which are taken into account when simulating.

Figure 4.3: User interface shown at the bottom of the screen when the simulation
is running and a cell is selected.
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4.3 Analytical Tool

Early in the process, we identi�ed the need of analysing data generated from the
application in order to evaluate and test the performance and accuracy of our mod-
els. Our initial thought was to perform the data analysis using the Unity engine.
However, as the complexity of our application kept on growing, and the Unity engine
having little to no support for data plotting we decided to perform the data analysis
using a separate tool. The choice of what programming language the analytical tool
is going to be developed with landed on Python. Python, with its built-in and open
source libraries, provides extensive and immense support for data parsing, analysing
and plotting. The exported data from the Unity application is fed into the analyt-
ical tool to be parsed. Using open-source libraries like Numpy [15], Scipy [16] and
matplotlib [17], we were able to analyse, illustrate, and visualise the parsed data.
The analytical tool supports di�erent types of analysis, more speci�cally:

ˆ Single �le analysis: Generate plots for a single �le,
ˆ Double �le analysis: Generate plots comparing two �les, and
ˆ Batch analysis: Generate plots for a batch with multiple �les along with av-

erage plots for the whole batch.
To make the analytical tool more user friendly and easier to use, we developed

a fairly simple and responsive GUI using Python built-in library Tkinter. The GUI
allows the user to specify what type of analysis to perform and browse for �les or
folders with proper data (see Figure 4.4).

Figure 4.4: Analytical tool GUI showing the di�erent analysis options represented
using radio buttons. Multiple buttons with relevant functionality are included, as
well as progress bar and status label to show the progress of the simulation.
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4.4 Tools

This section will cover the tools and programming languages used during develop-
ment. The structure of the work�ow of the group will also be explained.

4.4.1 Game Engine and 3D Modelling

The game engine Unity [18] was used as it allowed the development to start o�
quickly without the need of having to create an engine from scratch. It was chosen
as it is well-documented and there are many useful tutorials available. Furthermore,
Unity has a fairly gentle learning curve. This �ts the project well, as no group
member had any previous experience with game engines, making Unity the obvi-
ous choice. The modelling software Blender [19] was used in order to create more
complex 3D models and animations like the �agella of the cell.

4.4.2 Programming Languages

C# was the main programming language used, as Unity o�ers a primary scripting
API in C#. The programming language Python was used to create the external
data analytical tool. Initially, Matlab was used to develop a proof-of-concept of the
ODE-Regulator, before converting it to C#. The reason is simply that we have
more experience using Matlab for mathematical modelling, and it would therefore
be too time consuming to get us acquainted with another language. The dynamic
model described in 2.4.2 was implemented solely in Matlab.

4.4.3 Work�ow

Three main working areas were identi�ed at the start of the project: Intracellular,
Extracellular and Graphics. Since group members came from di�erent �elds of
expertise, it was decided to equally divide the members among these areas in order
to maximise work e�ciency. As the project progressed, problems arose which did
not �t into any of the previous working areas. In these cases, tasks were allocated
to the most appropriate members with �exibility.

Due to the project being performed in a pandemic, communication between the
group members was of utmost importance. Weekly meetings with the supervisor and
group members were performed over Zoom. These meetings would generally include
discussions about the current state of the project as well as future development
possibilities. Furthermore, a detailed weekly journal was written, summarising what
had been accomplished and discussed during the week. Discord was also used, as
it allowed for the creation of communication channels in which written discussions
could be easily organised and saved. A GitHub repository was created, which allowed
for easy version control as well as the use of branches. Two primary branches were
used, the main branch which always contained a stable version of the application
and the development branch in which all new development was performed.
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Results

This chapter will focus on the data from our study evaluating the �tness of the
ODE-Regulator as compared to the Delta-Regulator. We also go over what we
have achieved in the implementation of the application we have developed around
the simulation. Using the analytical tool to analyse the experiments described in
3.5 we were able to obtain several plots and �gures which were used to compare
the performance and �tness of the di�erent model types. Amidst the various plots
obtained from the analytical tool, we will mainly focus on population level plots,
namely average distance from the ligand source and population changes.

As the phenomenon of chemotaxis describes how the bacteria population mi-
grates towards the ligand source, we can utilise an average distance from ligand
source plot to study the performance of chemotaxis. The desired outcome is a
shorter distance to the ligand source as the simulation progresses. This should carry
on until the simulation reaches a steady state where the distance for the bacteria
population �uctuates at a speci�c interval, as the population moves closer to the
ligand source.

The population change plot can be used to study the evolution of the bacteria
population for the quasi-dynamic models. Given di�erent starting parameters, such
as regulator type and minimum ligand concentration and -distribution steepness, it
is intriguing to analyse the evolution of the bacteria population. Speci�cally, the
growth rate and the carrying capacity for a simulation with a speci�c parameter
con�guration are of interest. That being said, the amount of time it takes the
bacteria population to reach its equilibrium state, and what carrying capacity it
can possibly have, is completely governed by the start parameters of the simulation.
Therefore, we can compare the bacteria population evolution for the di�erent types
of regulators we have.

Along with the aforementioned plots, screenshots from the Unity simulation
will be shown as well. These screenshots show the initial and �nal positions of all
bacteria in the population. This is a simple yet e�ective way to observe the outcome
of the migration process and population size evolution.
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5.1 Results from static models

In this section we will show data, plots and graphics from running the di�erent regu-
lators in a simulation with neither a quasi-dynamic environment nor any population
changes. The regulators will be evaluated based on the bacteria's average distance
from the ligand source. The di�erences between the regulators performance will also
brie�y be discussed.

5.1.1 ODE-Regulator

Figure 5.1 shows how the bacteria have positioned themselves more highly concen-
trated in the centre of the simulated environment, where ligand concentration is
higher, at the end of the simulation.

Figure 5.1: Initial (left) and �nal (right) states of the static simulation with the
ODE-Regulator.

In Figure 5.2, we see the average distance to the ligand source for �ve separate
runs as well as a �tted mean curve. In the �gure, we can see that in all simulations
the average distance to the ligand source reduces as time goes on and this aligns
with Figure 5.1 where we saw the �nal positions for the cells in the population.
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Figure 5.2: Average distance to ligand source for �ve separate runs and a �tted
mean curve with the ODE-Regulator.

5.1.2 Delta-Regulator

Figure 5.3 shows that the population of bacteria are more highly concentrated in
the centre of the simulated environment at the end of the simulation. Most notably,
fewer bacteria are positioned at the outskirts of the �eld.

Figure 5.3: Initial (left) and �nal (right) states of the static simulation with the
Delta-Regulator
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Figure 5.4: Average distance to ligand source for �ve separate runs and with a
�tted mean curve with the Delta-Regulator.

In Figure 5.4, we again see a downward trend for all the simulations, meaning
they are moving towards the ligand source. We also notice that there appears to
be less variation for each simulated population, meaning that once they reach the
ligand source they tend to stay closer to it for the remainder of the simulation.

5.1.3 Comparison

In Figure 5.4, we can see that the bacteria reach a distance of roughly 3 p.d.u. at 250
iterations, while in Figure 5.2 the bacteria are only at around 5.5 p.d.u. This means
that the bacteria more quickly get to the ligand source with the Delta-Regulator.
We can also see that the Delta-Regulator bacteria stays around 2 p.d.u. from the
ligand source with little variation as the simulation progresses. On the other hand,
the ODE-regulator bacteria stays around 4 p.d.u. with more variation between
simulations.

5.2 Quasi-dynamic Models

In this section, we will show data, plots, and graphics from running the di�erent
regulators in a simulation with a quasi-dynamic environment and cell division and
-death. The regulators will be evaluated based on the bacteria's average distance
from the ligand source as well as the population size. The di�erences between the
regulators performance will also brie�y be discussed.
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5.2.1 ODE-Regulator

In Figure 5.5, we see how the population has increased from the 30 initial bacteria
over the course of the simulation. The bacteria also appear to radiate outwards from
the centre of the simulated environment.

Figure 5.5: Initial (left) and �nal (right) states of the dynamic simulation with
the ODE-Regulator.

Figure 5.6: Average distance to ligand source for �ve separate runs and with a
�tted mean curve with the ODE-Regulator.
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Figure 5.6 shows us the average distance to the ligand source for the entire
population. We can see that all the curves follow a general trend, but there are also
big oscillations for some populations. Towards the end, all curves seem to stabilise
and no longer show any oscillations like in the earlier stages.

Lastly, Figure 5.7 shows how the size of the population climbs quickly, only to
taper o� and oscillate around 160-175 individuals.

Figure 5.7: Population size evolution for �ve separate runs �tted with a logistic
curve.

5.2.2 Delta-Regulator

Figure 5.8 shows a population boom within the centre of the simulated environment,
radiating outwards.

In Figure 5.9, we can see the average distance to the ligand source. We notice
that the general downward trend is there, though the population seem to deviate
further away from the ligand source and there are also large oscillations.
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