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Abstract
Controlling the luminance in the tunnel threshold zone is a challenging task. On
one hand the luminance in the threshold zone needs to be high enough for a driver
experiencing significant glare to be able to detect a possible obstacle located in the
relatively dark threshold zone and stop in time to avoid an accident. On the other
hand there are demands to keep the luminance as low as possible to reduce the
energy consumption.
In order to control the luminance in the threshold zone, the glare experienced by
the driver needs to be estimated. This is done by measuring the equivalent veiling
luminance Lseq. Ideally Lseq would be measured at the stopping distance, 1.5m
above the road surface and in the middle of the road with the camera centered on
the tunnel opening. In practice however, the camera often needs to be mounted on
a height of 5− 7m to avoid staining and vandalism and it sometimes also needs to
be placed on the side of the road. This camera positioning leads to a significant Lseq
error.
In this thesis a view transformation method aimed at automatically reducing the
Lseq error is presented. The method is based on Depth Image Based Rendering,
which requires a camera pose for a virtual view as well as the depth map for the
original view. Depth maps of a scene are rarely available however and for this reason
a monocular depth map estimation method is proposed. The depth estimation
method is based on detecting Maximally Stable Extremal Regions and classifying
the regions according to detected line segments.
The proposed view transformation method has been evaluated on a small number
of scenes and the error reduction is as high as 40− 85%. There are however several
issues that require future improvements, including: a long computation time, high
occurrence of errors in the estimated depth maps and errors in the centering of
the diagram used for the Lseq computation. Nevertheless, the proposed approach
can with a few minor adjustments be implemented in the luminance measurement
system and be used in practice.

Keywords: Luminance, threshold zone, glare, Lseq, view transformation, Depth Im-
age Based Rendering, depth map estimation.
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Introduction

1.1 Background

Intelligent Transport Systems (ITS) can be de�ned as the use of various technologies
such as wireless communication and computer vision/image analysis to among other
things monitor tra�c, improve tra�c safety and reduce congestion [1]. Applications
include monitoring the number of vehicles on a road and varying of the speed lim-
its depending on the tra�c conditions or weather conditions. Another important
application of ITS is automatic control of tunnel lighting.

The most recent recommendations for tunnel lighting were presented by the Inter-
national Commission on Illumination (Commission internationale de l'éclairage (or
CIE for short)) in the CIE 88:2004 report [2]. According to the recommendations,
a tunnel can be divided into several regions as shown in Figure 1.1. The threshold
zone is an especially complicated region for lighting control. On one hand the driver
might be perceiving signi�cant glare due to sunlight (thus reducing visibility) and
on the other hand the driver needs to be able to discern a possible object (such as
another vehicle) located in the threshold zone and stop in time to avoid an accident.
Furthermore, it takes some time for the eyes to adjust when going from a bright
environment to a dark one which means that the light level transition cannot be
too abrupt. Finally, there is also a desire to keep the light level as low as possible
to reduce energy consumption and thus reduce costs of the lighting and the impact
on the environment. For these reasons it is important to automatically control the
luminance in the threshold zoneL th .
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1. Introduction

Figure 1.1: Overview of di�erent tunnel regions. The threshold region is at located
at the start of the tunnel. The luminance L th in the threshold zone is controlled
based on the equivalent veiling luminanceL seq measured at the stopping distance
from the tunnel.

According to the recommendations in [2], the Equivalent veiling luminanceL seq (or
alternatively the L20 value) needs to be measured in order to determine the threshold
luminanceL th . L seq should be measured at the stopping distance (the distance that
is required for the vehicle to stop, de�ned as the sum of the reaction distance and the
braking distance) corresponding to the speed limit before the tunnel. The camera
should be placed around1:5 meters above the road (corresponding to the average
driver position) and in the middle lane of the same side of the road as the tunnel
opening. The exact details for howL seq is then computed are given in Section 3.7.1.

In practice however, this camera positioning is di�cult (if not impossible) to achieve.
To avoid staining and vandalism, the luminance measurement device (for instance
a camera) needs to be mounted at a signi�cant height above the road (usually 5-7
meters). In some cases the device (camera) can not be mounted above the middle
of the road and instead needs to be placed on the side of the road. In order for
the device (camera) to then be centered on the tunnel opening, the device (camera)
needs to be rotated, thus also introducing an angle error. To reduce costs the current
infrastructure (tra�c poles) often needs to be reused. As such the real distance to
the tunnel might di�er from the stopping distance. This di�erence can however be
easily compensated for (as long as it is small enough).

To investigate the error sources and practical considerations for this kind of camera
installation for L seq (or L20) measurement, a research project [3] was conducted by
Cipherstone Technologies AB in cooperation with SP Technical Research Insitutute
of Sweden and the University of Gothenburg. TheL seq measurements were carried
out from April 2015 to the end of that year on the Gnistäng Tunnel site in Gothen-
burg (the location is shown in [4]). The camera was placed on a pole approximately
68 meters from the tunnel opening (which is close to the stopping distance), near
the right side of the road and approximately 7 meters above the road. The camera
was then centered on the tunnel opening as shown in Figure 1.2.
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Figure 1.2: Camera view used when computingL seq at the Gnistäng Tunnel scene.
The camera is centered on the tunnel opening. Note that theL seq pattern is shown
here. TheL seq computation is described in detail in Section 3.7.1.

Some of the key �ndings of the research project [3] include:
ˆ The impact of tra�c on the luminance estimation is signi�cant [3]. In the

research project a comparison was made between luminance measurements for
images with tra�c and corresponding images without tra�c. The tra�c was
�ltered out from the original images using tra�c compensation. It was shown
that usually the relative error is around 8-10 percent but can at high tra�c
levels increase to even 70 percent or more. Therefore, Cipherstone Technolo-
gies AB currently �lter out the tra�c from the images before measuring the
luminance.

ˆ In [3] it was noted that in order to center the camera on the tunnel from the
mounting position (5 to 7 meters above the road surface), the camera rotation
angle relative to the road surface (x-axis rotation or pitch) becomes4� -10� [3].
It was then shown that in the angle range of interest the luminance value for
asphalt has a strong angle-dependency and furthermore it was shown that the
luminance value also varies depending on the type of asphalt and depending
on whether the asphalt is dry or wet. This phenomenon is best described
by Bidirectional Re�ection Distribution Functions (BRDFs). BRDFs describe
how much light is re�ected in a given directionv r for a surface of a particular
material, based on the light level at an incoming directionv i [5] [6].

ˆ As shown in Figure 1.3 a failure to center theL seq region on the tunnel opening
can lead to a signi�cant luminance error [3].

ˆ Finally, as shown in Figure 1.4, there is a signi�cant di�erence between the
parts of the scene that can be seen from the practical camera position (5 to 7
meters above the road and sometimes also not centered to be above the middle
lane) and the ideal camera position (1.5 meters above the road, centered on
the middle lane) [3]. Because of this di�erence there is an error introduced in
the L seq measurement.
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Figure 1.3: Relative luminance error as a function of horizontal or vertical displace-
ment in pixels. The �gure is taken from [3]. Permission to use this and other �gures
from the research project was granted by Kenneth Jonsson (one of the authors).

Figure 1.4: a) shows the street view (2m above the road centered in the middle of
the right lane) and b) shows the view on the right side of the road and approximately
7m above the road. The �gure is taken from [3].

After the research project, an experiment was conducted atCipherstone Technologies
AB to measure the error betweenL seq at the camera position and theL seq at the
the ideal L seq measurement position. As shown in �gures 1.5 and 1.6 the relative
error betweenL seq measured at the practical position andL seq measured at the ideal
position was around43:2%(note however that the photos were taken approximately
30 minutes apart).
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Figure 1.5: L seq measured from the camera mounting position. The image has
been color-coded using the jet colormap. Blue corresponds to low luminance values
and red to corresponds to high luminance values.

Figure 1.6: L seq measured from the ideal position (driver's view). This �gure uses
the same color coding as Figure 1.5.

A further investigation was then done atCipherstone Technologies ABto see if the
L seq error can be reduced by warping the original view down to a view similar to
the driver's view. This was done by approximating the scene by a small number of
planes and then for each plane applying a homography to warp that plane (refer to
Section 3.1.2 for a theoretical background of homographies). This type of warped
image is shown in 1.7. As can noted from the �gure, the relative luminance error
was reduced to25:5%. It can also be noted that the image contains major artifacts
(distortions).
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Figure 1.7: L seq in the warped view. The image at the camera mounting position
has been warped by approximating the image by a small number of planes and
applying homographies to warp the planes. This �gure uses the same color coding
as Figure 1.5.

The work presented in this report was done atCipherstone Technologies ABand
builds upon the research project [3] and the subsequent experiments carried out by
Cipherstone Technologies AB.

1.2 Purpose

The purpose of the report is to describe a method developed for automatically
warping images captured from a camera view above the road, down to the ideal
position on the street level and to evaluate theL seq error reductions for this method.
The method is based on Depth Image Based Rendering (DIBR), which is a warping
method that requires a depth map. To this end, the report also presents a somewhat
novel (albeit not yet fully developed) method of depth estimation for a tunnel or road
scene from a single camera view. The depth estimation method is based on �nding
potentially useful image regions and classifying them according to detected line
segments within these regions. In order to evaluate the quality of the proposed depth
map estimation method, a comparison is made with manually created reference
depth maps and the e�ects of the depth maps on the warped view and the value of
L seq are studied.

1.3 Limitations

Originally one of the goals of the project was also to study the Bidirectional Re�ec-
tion Distribution Function (BRDF) for asphalt. The study of this problem would
include gathering measurement data at sites with signi�cant proportions of asphalt
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and to estimate the luminance for asphalt as a function of height or angle relative to
road surface. This would also include investigating how to handle dry road surfaces
and how to handle wet road surfaces. However, due to time constraints this part of
the project did not get completed.

1.4 Overview

The rest of the report is divided as follows: Chapter 2 Related Works gives an
overview of related work in various relevant subjects, including projective geometry,
3D image warping, depth map estimation and segmentation. For more in-depth
information refer to the sources cited. Chapter 3 Theory describes the general
theory behind the di�erent techniques/algorithms used in the implementation of
the work. Among other things it includes a short introduction to some of the
topics in projective geometry, a summary of various segmentation methods that
have been used and a description of how the Equivalent veiling luminance (Lseq)
is computed. For a detailed description of the how these methods are used in
practice for the implementation refer to Chapter 4 Implementation. This chapter
describes the whole pipeline, from input images to outputLseq value for the warped
view. Chapter 5 Data Gathering describes the hardware, software and methods
used for data gathering. The data gathered comes in two forms: Photos of di�erent
scenes and various distance and height measurements in that scene. The results are
presented and analyzed in Chapter 6. Other than a comparison ofLseq for di�erent
views (view above road, road level view and warped view) there is also a comparison
between the proposed depth map estimation method and manually created reference
depth maps. Finally, Chapter 7 contains a discussion about the results, suggestions
for future work and more.
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2
Related Works

Projective Geometry is one of the fundamental topics in Computer Vision. A well-
regarded introduction to how Projective Geometry can be applied to Computer
Vision is given in [7]. The book covers key topics in Single View Geometry such as
vanishing points, vanishing lines, homographies, single view metrology and camera
geometry, and also key topics in Multiple View Geometry such as epipolar geometry,
warping between di�erent camera poses (geometrical 3D warping) and 3D recon-
struction from multiple camera views. There is a rich body of research focusing on
various of the topics covered in the book.
One of the key topics of the thesis is generation of a virtual view from a single
image. A theoretical description of virtual view generation is given in [7]. A survey
of various techniques for generating virtual views is presented in [8]. In general
the techniques for generating a virtual view of a scene can be divided into three
categories [9]:

ˆ Image Based Rendering (IBR) [9]. The new view is generated using two or
more existing views of the scene.

ˆ Reconstructing a 3D model of the scene and viewing the 3D model from the
desired position and with the desired rotation [9].

ˆ Depth-Image Based Rendering (DIBR) [9]. The view is generated using the
texture/color information from an image and the depth information provided
in the form of a depth map.

Image Based Rendering has mostly been ignored in this thesis since only one view/im-
age of the scene is available.
There are numerous methods for 3D reconstruction from one or more views of the
scene [7] [5]. Once again, the focus has been put mostly on the methods that re-
quire only one image/view. In [10], Criminsiet. al describe how to make a�ne 3D
measurements in a single projective view of a scene and use these measurements
to reconstruct a 3D model. Their method requires the computation of a vanish-
ing line for a plane and the computation of a vertical vanishing point. Another
method of 3D reconstruction from a single projective image is presented by Wang
et. al in [11]. They present a way to recover both the internal parameters of the
camera and the camera pose relative to a world coordinate system. A 3D model
can then be constructed by approximating the scene by planar patches. These and
other similar methods primarily work well for structured (man-made) environments.
Furthermore, the methods usually require some user interaction (or at least prior
knowledge). In [11] for instance, speci�cation of three pairs of line segments which
have equal lengths is required. Finally, for these methods to be useful there has
to be a way to easily and automatically �nd the correct camera pose (position and
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orientation) and the 3D models have to be in the correct perspective projection
view.
Depth-Image Based Rendering is the virtual view generation method used in the
implementation. The fundamental part of any DIBR technique is 3D image warping
(also known as geometrical 3D warping) and it is described in numerous sources,
including [7], [9], [12] and [13]. A very common application of DIBR is the generation
of stereoscopic images or video for 3DTV [12] [13] [14]. The two key issues with
DIBR is that the warped views contain artifacts in the form of holes and ghosting
(edge color spilling over to adjacent pixels) and that a depth map is required for the
warping. Hole-�lling (inpainting) and depth map generation are two major research
topics on their own.
There are many di�erent approaches to inpainting ranging from simple interpolations
to advanced hole-�lling combining several di�erent techniques (including the use of
the depth map) to generate a warped view with as few artifacts as possible. In [15],
Telea describes a relatively fast and e�cient method of inpainting technique based
on the Fast Marching Method. Although the method is applied to �lling of scratches
in photographs, it can also successfully be applied to hole-�lling in a warped image.
Fehn [12] presents a whole pipeline for 3DTV based on DIBR. He combines linear
interpolation and Gaussian smoothing of the depth map with existing hole-�lling
techniques. The most advanced of the inpainting approaches mentioned here is given
by Muddala et. al in [13]. Although their approach produces excellent results, it
is quite complicated (it requires many di�erent steps such as boundary extraction,
foreground-background classi�cation and block matching) and very slow.
As previously mentioned one of the problems that one needs to solve when using
DIBR is the acquisition of a depth map. One of the more reliable methods of acquir-
ing a depth map is by using laser-based sensors [16] [17]. This approach however
is pretty costly [17] and the resulting depth maps generally have low resolutions
[18] (not to mention that requiring extra equipment can be cumbersome). Depth
maps can instead be acquired using cameras and computer vision/image analysis
techniques.
Depth maps are commonly created using multiple cameras but this approach is
both complex and costly [18]. It requires accurate calibration of the cameras and
the estimation of the relative poses (di�erences in position and orientation) of the
cameras. The least expensive and least complex approach to estimating depth from
multiple cameras is to use of a stereo camera. A stereo camera consists of two
lenses with the same orientation (rotation) but separated by a small horizontal
distance. The depth map is then created by �rst estimating the disparity between
di�erent views (disparity is inversely proportional to the depth and is one of the
cues used by humans in depth perception), which is done by �nding correspondences
(corresponding image coordinates).
Depth maps can also be estimated from a single image, this is known as monocular
depth and it relies on monocular depth cues such as motion, defocus, focus and
geometry [18]. Due to the assumption of a static scene there is no need to consider
depth map estimation from motion.
Depth estimation from defocus relies on the fact that distant objects appear blurrier
in an image compared to closer objects. An example of a method using the defocus
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cue for depth estimation is presented by Zhuo and Sim in [19]. In their approach
they �rst re-blur the input image using a Gaussian �lter and then they compute
the ratio of gradients between the original image and the blurred image. From this
they then estimate the defocus amount at each part in the image. An issue with
defocus-based depth estimation methods is the requirement that the background in
an image has to be blurry to some extent [18].
An example of a depth estimation method using the focus cue is described by Haque
et al. in [18]. They �rst estimating the focus at each pixel in the image using 2D
Gaussian-Hermite moments and then apply Bayesian matting on the sparse focus
map obtained.
Both defocus- and focus-based methodsseemto work pretty well for color images
but not for grayscale images. Whether this is actually the case or not has not been
investigated in this thesis. In either case, the remaining option is depth estimation
from geometry. An important bene�t of depth from geometry is that it is for the
most part independent of the type of input image (color or grayscale).
There exist numerous approaches to monocular depth estimation from geometry.
These methods usually combine estimation of geometric entities such as vanishing
points and vanishing lines with some form of segmentation.
Zhaoet al. [20] describe a simple geometric depth map generation method based on
�nding the vanishing point in the scene and �nding the lines that intersect at the
vanishing point. The depth is then estimated using only a few planes. They also
combine this method with a depth from motion method to track moving objects.
A somewhat similar method is presented by Battiatoet al. in [21]. This method
combines ageometrical depth mapbased on a detected vanishing point with aqual-
ititave depth mapobtained by color segmentation and classi�cation of regions into
sky, mountain and other regions. Similarily to in [20], the vanishing point is used
as basis for generating gradient depth planes, although in [21] the location of the
vanishing point is used to classify the geometric type of the scene. In [22], Fanet
al. also detect a vanishing point and classify the geometrical scene type accord-
ingly. They then combine the depth map generated by gradient depth planes with
an image labelling method based on the grayscale intensities in the image.
An approach quite di�erent from the ones mentioned above is described by Junget
al. in [23]. They �rst create a staircase depth map by tracing the lines in an edge
detection image. Then the depth map is re�ned using edge preserving smoothing.
Another quite di�erent approach is presented in [17] by Kazmiet al.. Their method
can be used to compute a depth map for a road viewed from a camera located
at a signi�cant height above the road. Based on the lane lines in the image they
derive a 1D projective transformation for the depth computation. In [24], a scene-
independent depth estimation method based on �eld of view is presented. It requires
beforehand knowledge of the camera height and the �eld of view of the camera but
it can be used to fairly accurately compute overall distances (depths), heights and
widths in the image. The method alone however cannot be used to create a decent
depth map since it does not take into account the scene structure (walls, objects,
sky etc.).
More advanced geometry-based depth map estimation methods tend to rely on some
form of supervised machine learning. Saxenaet al. [16] use Markov Random Fields
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(MRF) to learn the local plane parameters. Their approach not only estimates the
depth but can also be used for 3D reconstruction of a scene. Hoiemet al. use a
Conditional Random Field (CRF) model to segment the image using hierarchical
segmentation and generate two di�erent depth estimates: the minimum depth esti-
mate and the maximum depth estimate. They then use these depth estimates to �nd
the occlusion boundaries in the image (the boundaries between di�erent occluding
objects). Zhang and Yan [26] also use machine learning for hierarchical segmenta-
tion and use it to label objects as ground, sky or standing object. Each standing
object is further classi�ed by the number of vanishing points (no vanishing point,
vanishing point on one side and vanishing points on both sides). The output of their
method is both a depth map and the recovery of the occlusion boundaries in the
image. In [9], Zhang and Yan build upon [26] and present an entire DIBR pipeline
consisting of segmentation and region labelling, depth map estimation, warping and
inpainting. The segmentation method consists of watershed segmentation followed
by a feature-based hierarchical segmentation process. Based on this, the regions
are labelled as ground, sky or standing objects. The depth estimation makes use of
vanishing points in a similar way as in [26].

The depth map estimation method in the thesis combines several of the ideas men-
tioned above but does so in a somewhat novel way. The works related to the speci�c
methods used for the depth estimation are summarized below.

Lines are one of the key image features, providing important geometrical information
about an image. The classic method for line detection which is still used to this
day was developed by Duda and Hart [27]. In their method (The Hough (Line)
Transform) lines are represented according to the distance to the origin (radius)
and orientation (angle). Lines are detected through voting scheme in a 2D array
with the radius on one axis and the angle on the other axis. One of the drawbacks of
the Hough Transform is that it is fairly slow in general. The Progressive Probabilistic
Hough Transform (PPHT) is a method presented by Matas and Kittler [28] aimed
at addressing this problem. Unlike the Hough Transform, it detects line segments
rather than lines. Instead of going through all (or most) pixels in the image (which
is the case in [27]), the method selects pixels randomly and then a line voting scheme
is used only for the selected pixels. A problem with both [27] and [28] is that these
methods require tuning of several parameters (not to mention the parameter tuning
required for the edge detection image that is the input to these methods). One
line segment detection method that solves most of the problems associated with the
Hough Transform and probabilistic variants of the Hough Transform is presented by
von Gioi et al. in [29]. The line segment detector (LSD) method not only provides
accurate results with a low number of false detections but it is also linear-time and
requires no tuning of parameters.

Vanishing points are another important source of geometric information about a
scene and are important in various applications including camera calibration and
depth map estimation (as noted in the preceding paragraphs). There is a wide body
of research on topic of estimation of vanishing points. Chapperoet al. [30] combine
the results of three di�erent methods to detect vanishing points: Hough Transform,
Gradient-based method and Mean-Shift Segmentation followed by Hough Trans-
form. Each of the methods result in a voting matrix (which shows the distribution
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of where a vanishing point is most likely to be located) and the voting matrices
are then weighted together to determine the vanishing point. Konget al. [31] use
a voting scheme based on con�dence-weighted Gabor �lters to detect a vanishing
point and then use a vanishing point constrained edge detection method to �nd the
boundaries of a road. Another vanishing point detection method focused on road
images is presented by Wuet al. in [32]. Line segments are �rst detected using
the LSD method, followed by removal of lines that are most likely irrelevant (nearly
horizontal or nearly vertical lines for instance). The line segments are then weighted
according to their lengths and orientations. Finally a voting scheme is employed to
�nd the vanishing point. The methods mentioned so far can be used only to �nd a
single vanishing point in the image. The method developed by Nieto and Saldago
[33] can however be used to �nd multiple vanishing points simultaneously. They use
an orientation-based error function (for detected line segments or for gradients) and
combine robust methods such as MSAC or MLESAC with non-linear optimization.

Segmentation is the grouping of an image into (hopefully) meaningful regions and
is one of the key topics in computer vision/image analysis [37]. Thresholding is
the simplest segmentation method but has a major drawback: A threshold has to
be selected. There are however methods for automatic threshold selection (based
on the image histogram for instance) such as the one described by Zacket al. in
[34]. Watershed segmentation is one of the common types of segmentation. Meyer
[35] describes a version of watershed segmentation based on image markers (initial
labels for regions in the image). GrabCut [36] (developed by Rotheret al.) is a
background-foreground segmentation based on Gaussian Mixture Models (GMMs)
and energy minimization. It is accurate in general but requires some user input (for
instance a few pixels marked as background and a few pixels marked as foreground).
The Hierarchical Feature Selection (HFS) segmentation method [37] (developed by
Cheng et al.) is an advanced but fast segmentation method. The method uses
learned Support Vector Machine (SVM) features and combines Simple Linear Iter-
ative Clustering (SLIC) with E�cient Graph Based (EGB) segmentation.

A related area of computer vision/image analysis is blob detection. Blob detection
is used to �nd regions in an image that are (hopefully) interesting in some way. The
Maximally Stable Extremal Regions (MSER) method [38] was proposed by Matas
et al. for the purpose of matching correspondences between stereo image pairs.
The �rst step in the algorithm is to threshold the image for all possible grayscale
levels. The regions in di�erent threshold images are then either expanded or kept
unchanged depending on the change in the region area. The �nal stable regions
in the image are the blobs/regions detected by MSER. Nistér and Stewénius [39]
present a linear-time MSER algorithm.

The �nal topic of this section is the luminance estimation for threshold zone in
a tunnel. A guide for tunnel lighting, including the method for estimating the
threshold zone luminanceL th based on calculating either theL seq or the L20 value
in an image is provided in [2] by Commission Internationale de l'Éclairage (CIE). In
[3], a research study was done by Jonssonet al. to investigate di�erent sources of
error in the calculation ofL seq for a camera centered at the tunnel opening mounted
7 meters above the road plane and on the side of the road. One of the conclusions
of the report was that the main source of error in theL seq calculation is due to the
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camera pose (camera position and orientation) di�erence between the ideal camera
pose for measuringL seq and the camera pose used in practice.
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3
Theory

This chapter presents some of the theory that is important for understanding the
implementation of the project. How this theory is used in practice is described in
Chapter 4. Note that some of the sections in this chapter are fairly brief. The main
reason for this is that they describe techniques that already have implementations in
the OpenCV library (which was used in the project) and thus have not been imple-
mented (programmed) as part of the project. Therefore, a thorough understanding
of these speci�c techniques is not required to understand the rest of the report.
Refer to the sources for more detailed information about the techniques used. At
any rate, before the theory is presented, it is important to take note of some basic
conventions used in this report.
Throughout the report (unless stated otherwise), vectors are represented in column
form x = ( x1; x2; � � � )T and matrices are thus post-multiplied, i.e.b = Ax. Another
thing to note is the image coordinate system shown in Figure 3.1. The origin of the
coordinate system is at the upper-left corner in the image and the y-axis is pointing
down rather than up. For an image of sizeW � H , the bottom right coordinate
is (x; y) = ( W � 1; H � 1). Finally, how the 3D coordinate system is de�ned is
usually clear from the context. In most cases however, it is assumed that the Z-axis
is pointing in the same direction as the camera and that the X- and Y-axes represent
horizontal and vertical displacement respectively.

Figure 3.1: Image coordinate system. Note that y-axis is pointing down.
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3. Theory

3.1 Projective Geometry

As previously mentioned in Chapter 2, projective geometry is one of the corner-
stones of computer vision. It is de�ned as the "branch of mathematics that deals
with the relationships between geometric �gures and the images, or mappings, that
result from projecting them onto another surface" [41]. A key reason why projective
geometry is so important in computer vision is because images are a result of projec-
tions of the observed 3-dimensional world into a 2-dimensional image plane [7]. By
analyzing geometric concepts using projective geometry a mathematical description
of the relationships between the 3-dimesional world and a 2-dimensional image can
be obtained.
Projective geometry can be viewed as an extension of Euclidean geometry [7]. Al-
though Euclidean geometry satisfactorily describes fundamental geometric concepts
such as angles and shapes of objects, it fails to adequately describe various other ge-
ometric concepts. One such example is the intersection of two parallel lines. While
all other types of line intersections (in two dimensions) can easily be handled in Eu-
clidean geometry, the intersection of two parallel lines is a special case. Two parallel
lines are said to meet at a point at in�nity (also referred to as an "ideal point") but
such a point is not de�ned in Euclidean geometry. Projective geometry expands
upon Euclidean geometry by also including points at in�nity/ideal points.
Points in projective geometry are notated using homogeneous coordinates (also
known as projective coordinates) [7]. In contrast to Cartesian coordinates, which
are de�ned by ordered n-tuples (wheren is the number of dimensions), homogeneous
coordinates are de�ned by ordered (n+1)-tuples. Thus in the one-dimensional pro-
jective spaceP1 a coordinate point is de�ned asx = ( x; w)T . Similarly, in P2 the ho-
mogeneous coordinates are de�ned asx = ( x; y; w)T and in P3 asX = ( X; Y; Z; W )T ,
and so on.
Homogeneous coordinates have some special properties. Firstly, a non-zero multiple
of a homogeneous coordinate is still the same homogeneous coordinate [7]. For
instance(2x; 2y;2)T is the same coordinate as(x; y; 1)T . More generally(kx; ky; k)T

is considered to be the same coordinate point as(x; y; 1)T . Secondly, points at
in�nity (or ideal points) are represented as(x; y; 0)T .
A homogeneous coordinate can be converted into a Cartesian (inhomogeneous) coor-
dinate by �rst dividing all the entries in the (n+1)-tuple by the value in the last entry
and then only keeping the �rst n entries in the tuple. For instance an Cartesian/in-
homogeneous coordinate inR2 can be obtained as follows:~x = ( x=w; y=w)T . A
Cartesian coordinate on the other hand is converted to a homogeneous coordinate
by extending the n-tuple to an (n+1)-tuple where the last entry is either1 or 0
(depending on if the point is �nite or if the point is at in�nity). For instance a
Cartesian coordinate~x = ( x; y)T can be converted to a homogeneous coordinate
x = ( x; y; 1)T

The use of homogeneous coordinates is fundamental to many (if not most) of theo-
rems and results in projective geometry and often results in more eloquent mathe-
matical descriptions of geometric objects and relationships. One key example that is
used several times in the implementation of the project is the relationship between
2-dimensional lines and points.
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3. Theory

The most general description of a line in two dimensions is given byax+ by+ c = 0 [7].
In homogeneous coordinates a two-dimensional line is notated asl = ( a; b; c)T . The
intersection point of any two two-dimensional linesl1 and l2 is given asx = l1 � l2,
regardless if the lines are parallel or not. Similarly, a two-dimensional line passing
through two homogeneous pointsx1 and x2 is computed asl = x1 � x2.
Planes are another key geometric entity in projective geometry [7]. A plane in
3-space is given by

� 1X + � 2Y + � 3Z + � 4 = 0 (3.1)

and is represented using homogeneous coordinates as

� = ( � 1; � 2; � 3; � 4)T : (3.2)

Equation (3.1) can be homogenized and written as follows

� 1X 1 + � 2X 2 + � 3X 3 + � 4X 4 = 0; (3.3)

or in a concise form as

� T X = 0; (3.4)

whereX has been replaced byX 1=X4, Y by X 2=X4 and Z by X 3=X4.
The plane equation can also be written in Euclidean form [7] as follows

n � ~X + d = 0; (3.5)

wheren = ( � 1; � 2; � 3)T is the plane normal, ~X = ( X; Y; Z )T is the inhomogeneous
3D coordinate,d = � 4 and X 4 = 1. The distance from the origin of the coordinate
system to the plane is then de�ned asD = d=knk.
A special type of plane that is among other things useful when analyzing virtual
view generation (see Section 3.1.4) is the plane at in�nity� 1 [7]. It is de�ned as
� 1 = (0 ; 0; 0; 1)T and it contains all ray directionsd = ( X 1; X 2; X 3; 0)T .
Projective geometry as applied to computer vision can be divided into several parts:
Single View Geometry, Two-View Geometry, Three-View Geometry and n-View
Geometry [7]. The main di�erences between these topics is the number of camera
views available. Single View Geometry is most important in the context of this
thesis because as previously mentioned in the introduction only one camera view
is available in the �nal product. However, some basic understanding of Two-View
Geometry is also important because it gives inslight into how two camera views are
related and how a camera view can be can be warped to desired virtual view and why
simple 2D transformations (including homographies) are not enough for general view
transformations. The main topics of interest in this overview of projective geometry
are: Vanishing Points, Image Transformations, Camera Geometry and Virtual View
Generation.
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