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Parallel optimization for model calibration of large scale particle systems
A framework for calibration of the discrete element method
Alexander Samuelsson
Department of Mathematical Sciences
Chalmers University of Technology

Abstract
In this thesis we present an optimization framework for model calibration of Discrete
Element Method (DEM) simulations. The DEM is a method for simulating large
scale particle systems. Numerical complexity makes calibration of models computa-
tionally expensive and time consuming. We approach the procedure by viewing it
as a black box optimization problem and apply a parallel optimization algorithm to
perform calibration.
The algorithm is a surrogate optimization method using Radial Basis Functions.
We first sample the objective function with a Symmetric Latin Hypercube serving
as a design of experiments. In the iterative part of the algorithm we implement the
Metric Stochastic Response surface method proposed by Regis and Shoemaker. We
choose new evaluation points based on a weighted score of the expected objective
value of the point and its distance from previously evaluated points. The weight
decides whether to focus on exploitation by trying to minimize the objective value of
the next point, or exploration by evaluating points in areas of the sample space where
we have less information. To reduce the wall time required in finding a solution the
framework allows for asynchronous parallelism by simply evaluating many points at
the same time. We also implement a method for early termination.
The algorithm is applied to two DEM optimization problems. The first one is a
calibration problem involving a device used to calibrate the friction of a material.
The second one is an industrial optimization case where the position of a funnel is
adjusted to achieve an even split of material flow. In both cases, the algorithm con-
verges to a solution in less than 40 evaluations. Furthermore the early termination
and parallel strategies are shown to reduce the time required to solve the calibration
case. We finish by discussing and comparing our results, giving some advantages
and disadvantages found with the early termination functionality.

Keywords: DEM, Discrete element method, Calibration, Optimization, Surrogate,
Black-box, Parallelism
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List of Acronyms

Below is the list of acronyms that have been used throughout this thesis listed in
alphabetical order:

Acronym Actual text
AoR Angle of repose
APPS Asynchronous Parallel Pattern Search
BBO Black box optimization
C3SE Chalmers Centre for Computational Science and Engineering
CS Compass Search
DEM Discrete element method
DOE Design of experiments
FCC Fraunhofer Chalmers Centre
GPS Generalized Pattern Search
GPU Graphical Processing Unit
LHD Latin hypercube design
MADS Mesh Adaptive Direct Search
MPI Message Passing Interface
MSRS Metric Stochastic Response Surface Method
POAP Plumbing for Optimization with Asynchronous Parallelism
pySOT Python Surrogate Optimization Toolbox
RBF Radial Basis Function
SLHD Symmetric Latin Hypercube Design
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Nomenclature

NOTE: The following nonclamenture is valid from Chapter 3 and onwards. In
Chapter 1 and 2, all notation is specified in the text.

Symbol Explanation
f(x) Objective function
x Variable; In this context a set of DEM parameters
x∗ Optimal solution
X Constraint set
r Reference data
p Fixed DEM model parameters and properties
yi Model response i
ϕ(x)i The model response gathering function of model response i
d Dimension of the optimization problem
ηi Relative error of model response i
wi Weight of model response i
n Evaluation number
Nmax Maximum number of evaluations
An Set of previously evaluated points
Bn Set of previously evaluated points and their objective values
s(x) Surrogate model of the objective function
J Set of initial sampling points
t Number of candidate points in each iteration
Ωn Set of candidate points in iteration n
V R
n Surrogate criteria score
V D
n Distance criteria score
λ Score function weight
Fn(x) Score of point x in iteration n
σn Stepsize in iteration n
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Csuccess Number of successful iterations before step size increase
Cfail Number of failed iterations before step size decrease
ηet Relative errors used as early termination criteria
c Early termination factor
P Number of workers in the parallel algorithm
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1
Introduction

The rapid increase in computational power has enabled computer simulations to
become a vital part in the development process of new products and machinery.
Through simulations one can perform virtual measurements and analysis when these
would be too expensive to perform physically. It also o�ers opportunities for discov-
ering unforeseen risks and quality problems early on, thereby optimizing the design
process. One area of research that has seen increased interest the last decade is the
simulation of large scale particle systems, where systems consisting of millions or
even billions of particles are simulated during some time window. Typical exam-
ples of such systems are granular materials such as sand, rock or powder and the
simulations generally involve material �ow or breakage.

The Discrete Element Method (DEM), developed by Peter Cundall in the 1970s [11],
is a powerful numerical approach used to simulate the behavior of large scale particle
systems. In DEM, each particle is modeled individually and represented by its shape,
size, and material properties such as density, Young's modulus, Poisson's ratio,
friction, and restitution [16]. These properties determine how each particle interacts
with other particles and the surrounding environment through force-displacement
relationships, contact forces, and friction. By modeling each particle in this way,
it is possible to predict the behavior of the entire system. A major limitation of
DEM is its high computational cost, particularly for larger systems. Simulation
times can often exceed several days on regular computers and are heavily dependent
on the number of particles and timesteps used. Due to these requirements, DEM
simulations are typically performed on computer clusters or other high-performance
computing platforms.

Fraunhofer Chalmers Centre (FCC) conducts research and develops software solu-
tions for the modelling and simulation of particle systems based on the discrete
element method. A DEM solver and modelling tool named Demify has been devel-
oped. The software is applied for a wide range of di�erent industrial applications
and types of granular materials. A typical application can be powder recoating in
additive manufacturing, loading and handling of rock materials in road construction,
ploughing of soil in agriculture or rock fracture in minerals processing.
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1. Introduction

Figure 1.1: An example simulation in Demify(r) showing a vibratory roller for
compaction of unbound aggregates in road construction [27]

1.1 Calibration of DEM models

Each DEM simulation requires the speci�cation of a number of model parameters
[28]. These parameters have a large in�uence on the behavior of the simulated
material and the results of the simulation. The parameters that need to be speci�ed
range from modelling decisions such as particle geometry and collision models used
to physical properties of materials such as friction and density. One also needs to
set simulation speci�c parameters such as the timestep and timescale used. Some
parameters can be measured in laboratory settings, or are speci�ed as part of the
simulation design, but almost all simulations contain some parameters that can
only be obtained by calibration [28]. The calibration of a DEM model involves
adjusting the model parameters to accurately represent the behavior of the physical
system being modeled. The process typically involves comparing the model response
to experimental data from the system being modeled, and adjusting the model
parameters until a good match is achieved.

The simplest way to perform calibration is to use a trial and error approach wherein
parameters are individually varied and the model response observed [15]. This
approach has several signi�cant drawbacks, including the need for a large number of
DEM simulations, which requires substantial computational resources. In addition,
this method provides limited mechanistic insights and the calibrated parameters may
be suboptimal [28]. These issues have prompted research into more sophisticated
calibration approaches utilizing optimization. FCC have also seen an increased need
to apply optimization in model calibration. The computational cost of DEM models
means that there are large gains to be made from reducing the number of simulations
required.

The optimization approach to calibration usually starts with obtaining some ref-

2



1. Introduction

erence data from real world experiments. These are considered the desired model
response. For a given parameter set the model response is calculated and assessed
by comparing it to the reference data. If the simulation response ful�lls some ter-
mination criteria, typically if the model response is "close enough" to the desired
response, the optimization is stopped. Otherwise new parameters are selected based
on the information gathered and the simulation response is calculated again. This
process is continued until the termination criteria is met. It is important to note
that many conventional optimization methods are not applicable due to the na-
ture of the problem. The objective function of such an optimization problem can
be considered a computationally expensive black box function where gradients are
not directly obtainable and the function topology has many local optima [30]. In
particular the long simulation times are a major limiting factor in the choice of op-
timization algorithm. For many computationally expensive problems parallelism is
used to speed up the solution process. FCC have noticed a lack of DEM calibra-
tion approaches utilizing parallelism and have a clear need for a generic, e�cient
and robust optimization algorithm. This project aims to provide an optimization
framework for e�cient calibration of DEM models.

1.2 Problem statement

The �rst milestone of the project is to implement a black box optimization framework
that can be used for DEM calibration. The project aims to answer the following
questions:

ˆ How can a black box optimization framework be used to e�ciently calibrate
DEM models?

ˆ What algorithm is suitable for solving black box optimization problems in the
context of DEM calibration?

ˆ How can early termination and parallelism be utilized to improve the speed of
calibration?

After the framework is created we evaluate it on a DEM calibration problem and
answer the following questions

ˆ Do the iterates produced by the algorithm converge to a solution with which
we can consider the models calibrated?

ˆ Does the parallelism and early termination improve e�ciency and reduce com-
putation time when compared to the serial optimization algorithm?

1.2.1 Contribution

There exists many articles and methods for DEM calibration in the open literature
however most do not utilize optimization in any way, instead reverting to manual
calibration in combination with di�erent design of experiments. Some of methods
that do use optimization might require many evaluations or only work for some

3



1. Introduction

speci�c cases. There exists some articles describing more general and e�cient op-
timization frameworks, most notably [30] and [28], these are brie�y presented in
section 1.3.

The main contribution of this project is a new optimization framework that can be
used for e�cient calibration of a DEM model. As long as the calibration problem is
well de�ned and the model provides good enough responses for the calibration vari-
ables it can be applied to any DEM model. While there have been other frameworks
developed, this project is the �rst to use the black box optimization algorithm devel-
oped in [31], thus contributing with a new approach to the calibration problem. In
addition, to the best of our knowledge, this is the only DEM calibration framework
to utilize asynchronous parallelism in combination with early termination and with
built in MPI support for parallel evaluations on computer clusters.

1.3 Field overview

In this section, a short overview of calibration methods used today is presented.
C.J. Coetzee categorizes the approaches found in current literature into two main
categories in their review [10]. The �rst category is composed of direct measuring
approaches, which involve conducting laboratory experiments to directly measure
a speci�c material property on particle or contact level. The direct measuring ap-
proach is generally simpler than other methods, however it may not always yield
accurate results. Certain parameters, such as particle size and density, can be mea-
sured accurately, whereas other parameters may require alternative methods. As
direct measuring methods simply consist of measuring material properties in di�er-
ent ways, they are not suitable for optimization and we do not consider them further
in this thesis.

The second category of approaches are called bulk calibration approaches. Here,
properties are measured on a material bulk scale instead, and parameters are changed
iteratively until the model response matches the measured bulk response. Some pa-
rameters are usually measured directly to reduce the complexity of the bulk approach
[10]. When using this method it is naturally important to choose to measure bulk
properties in which changes to the input parameters correlate strongly with changes
in the bulk response. If changing a parameter does not produce a statistically sig-
ni�cant change in the model response it is very hard or impossible to calibrate that
parameter. There are numerous possible bulk calibration approaches and a thor-
ough review is given in [10]. Two possible bulk measures are the angle of repose and
hopper discharge rate or mass�ow. These are used for calibration in [23] and [35]
among others. A hopper or silo is �lled with material and then opened, allowing the
material to discharge and form a pile on the ground. The angle of repose is de�ned
as the angle between the slope of the pile and the horizontal ground. This measure
typically has a signi�cant dependence on both particle-particle friction and particle-
ground friction. The discharge rate is also an important bulk response. Typically
material �ows out of the hopper at a constant rate until nearly all of the material
has been discharged.
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1. Introduction

Utilizing optimization in combination with bulk calibration methods is a relatively
new area of research, with many di�erent approaches. In [5], a neural network
is trained with results from many DEM simulations and is able to provide a link
between bulk properties and parameter input. The network is able to generalize to
parameter inputs not included in the training data and can therefore be used for
calibration. However the network required hundreds of DEM simulations to train,
and if the simulation is changed it might need retraining, meaning that it is not
suitable for larger DEM models. Westbrink et al. proposed an approach using
multi-objective reinforcement learning, where an agent is trained using an angle of
repose test and was able to calibrate three di�erent materials correctly [34]. Once
again, the number of DEM simulations required is considered too many for this
project. There have also been approaches using Bayesian statistics. Cheng et al.
uses an iterative Bayesian �lter to estimate the posterior of relevant parameters in
the calibration problem [9]. It shows promising results and has some support for
local parallelism, but does not have functionality for early termination or cluster
parallelism.

Some attempts at a more general framework have also been made. In [28], Rackl
and Hanley proposed an e�cient calibration procedure for spherical glass beads
using angle of repose and bulk density. Their approach consisted of sampling the
parameter space using Latin hypercube sampling and using the results as inputs to
a Kriging meta-meta model. By optimizing the computationally inexpensive meta-
model they found promising starting values for the calibration of the DEM model,
thereby requiring fewer steps in the model calibration. The results also demon-
strated the existence of a solution space in which di�erent parameter combinations
lead to similar results and highlighted the need for a systematic and automatized
calibration method. Richter et al. proposed a general surrogate based framework for
optimization based calibration [30]. It views the calibration problem as a black box
optimization problem and applies a surrogate based optimization algorithms. The
optimization produces iterates that converge to local minima. These are deemed
to give good enough calibration results by being located in the so called stochastic
�uctuation range of the model. Within which the noise of the simulation makes it
impossible to identify if a parameter set gave a better objective value due to ran-
domness or due to actually being a better solution. The framework is able to �nd
suitable calibration parameters within a reasonable timeframe but lacks any form
of parallelism and early termination functionality.
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2
Theory

We �rst give a brief overview of the theory behind the discrete element model and
some of the most common model responses. We then discuss black box optimization
with a brief survey of the most popular direct search methods as these lay the foun-
dation for most other optimization algorithms. Finally we take a more in depth look
at the surrogate optimization approach to solving black box optimization problems
and some parallelism strategies.

2.1 The discrete element model

The discrete element method is a complex model and a comprehensive description
is outside the scope of this thesis. As the main focus in this thesis is optimization
of the calibration process we limit ourselves to a short overview of the method,
with a special focus on the calibration process. The �rst version of the DEM was
developed by Cundall and Strack in 1979 for studying rock mechanics problems
[11]. In the discrete element model, each particle is modeled as a geometrical shape
with a speci�ed size. The particle-interactions, with each other and the surrounding
geometry, are calculated by solving physical equations based on Newtons laws for
motion and rotation. These equations determine the movement of the particles.
In their most general form, Zhou et al [37] writes the governing equations for the
translational and rotational motion of particle i with massmi and moment of inertia
I i as

mi
dvi

dt
=

X

j

Fc
ij +

X

k

Fmc
ik + F f

i + Fg
i (2.1)

I i
! i

dt
=

X

j

M ij (2.2)

wherevi and ! i are the translational and angular velocities of particlei , respectively,
Fc

ij and M ij are the contact force and torque acting on particlei by particle j or the
walls, Fmc

ik is the non-contact force acting on particlei by particle k or other sources,
F f

i is the particle �uid interaction force on particle i , and F g
i is the gravitational

force. The simulation cases used in this thesis do not have non-contact forces or
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particle �uid interactions, reducing the governing equations to

mi
dvi

dt
=

X

j

Fc
ij + Fg

i (2.3)

I i
! i

dt
=

X

j

M ij : (2.4)

If all the forces and torques are known, equations 2.3 and 2.4 can be computed
numerically. For this physical models of the interactions between particles and
between particles and material are needed. In Demify the main contact model used
is the Hertz-Mindlin-Deresiewicz model [25].

The particles in a DEM simulation can be represented with di�erent types of ge-
ometry. The most simple and e�cient method is to model particles as spheres.
However for many types of particles this is an oversimpli�cation and does not yield
accurate results. Some examples of more complex geometries are multi-spheres [22],
polyhedrons [6] and dilated polyhedrons [20].

2.1.1 DEM model responses

Choosing the model response is an important step of the calibration process, it
should be a measure that is possible to compute both in the simulations and in
real world experiments. It should also be a measure that varies when the model
parameters are varied and does not introduce to much variance. Here we give a
general description of the model responses used in this thesis.

2.1.1.1 Angle of repose

The Angle of Repose (AoR) is a model speci�c response, that can be de�ned in
di�erent ways. In most cases it is de�ned as the steepest slope of the uncon�ned
material, measured from the horizontal plane on which the material can be heaped
without collapsing [4]. If the material is laying still in a pile the angle of repose is
referred to as static. On the other hand if the material is continuously moving, for
example in a rotating drum, the angle of repose that forms is referred to as dynamic,
see Figure 2.1 for an example of a static angle of repose.

2.1.1.2 Mass �ow rate

The mass �ow rate is de�ned as the mass passing through an area per time unit. It
is computed as

mf =
� m
� t

where� t is the time unit and � m is the mass passing through the area during that
time.
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2. Theory

Figure 2.1: An example of the angle of repose model response.

2.1.1.3 Slide rate

In some DEM calibration setups the material is allowed to slide on a plane and the
time it takes for some or all of the material to slide down is recorded. This measure
generally provides a strong response for variations in particle-material friction.

2.1.2 Some typical calibration variables

As the goal of a DEM simulation is to mimic the physics of reality as well as possible,
one wants to keep the number of variables that need calibration low. Many variables
are known beforehand or can be measured accurately enough. Typical parameters
that need calibration are di�erent coe�cients of friction such as particle-particle
friction or particle-wall friction. Other examples are the coe�cients of restitution
and the timestep length used in the simulations.

2.2 Black box optimization

Optimization is the study of minimizing or maximizing mathematical functions,
possibly subject to some constraints. An optimization problem is typically stated
as

min
x

f (x) : x 2 
 (2.5)

where f is the function to be minimized over the variablesx belonging to the con-
straint set 
 . When solving optimization problems, the nature off and 
 is of high
importance. Concepts such as linearity, convexity and monotonicity may be used
to guide the solution process. Many solution methods are also based on utilizing
derivatives off . However there exists many cases where derivatives are not available
and we are limited to evaluatingf (x) in our solution process. In other casesf can
be considered a black box. Within optimization a black box is any process that
when provided an input, returns an output, but the inner workings of the process
are not analytically available [8]. Typically we are not able to assume any kind of
properties of the objective function and the only way to gain information about the
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problem is through evaluating the objective function, this makes the solution pro-
cess challenging. Here we give an overview of some solution methods that have been
developed for black-box optimization with a special focus on surrogate optimization
methods.

2.2.1 Direct search methods

Direct search methods are a class of derivative free optimization methods that work
from an incumbent solution point and look for better solutions from sets of trial
points. If an improvement is found, the solution point is updated, if not, a new trial
set is generated with decreased step size. These methods, while not used directly in
this thesis, are still important to understand as they form the basis of most other
black box optimization algorithm. We therefore dedicate a part of this section to
an overview of the most popular ones. This will facilitate better understanding of
the subsequent algorithms that are built upon them.

Compass Search (CS) or coordinate search was one of the �rst direct search methods
introduced and lays a foundation for more complex algorithms [8]. It explores the
neighborhood of an incumbent point by adding or subtracting the step size from
each dimension. Formally, we start with an initial point x0 2 Rn and a step size
� . Let ei be the i th coordinate vector of Rn and follow Algorithm 1 to generate
iterates.

Algorithm 1 Compass search

Require: Initial point x0 2 Rn , initial step size � 0

k  0
while Termination criteria not met do

Generate the trial setPk := f xk � � kei : i = 1; : : : ; ng
if f (y) < f (xk) for y 2 Pk then

xk+1  f (y) and � k  � k+1

else
xk+1  xk and � k+1  � k

2
end if
k  k + 1

end while

It can be shown that Compass search converges to a stationary points if the objective
function is locally strictly di�erentiable, a full convergence analysis is available in
[8].

Compass search was generalized and combined with elements of other algorithms
to form Generalized Pattern Search (GPS) class of algorithms [32]. In short, this
method increased the �exibility of CS by not restricting the search directions to the
coordinate vectors. It also allows the step size to increase or remain the same when
an iteration succeeds in �nding improvement and allowing exploration of a �nite
amount of points other than the trial points in every iteration [2]. This meant that
it was possible to show convergence on a larger set of problems.

9
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The pattern search algorithm was further generalized into the Mesh Adaptive Direct
Search (MADS) class of algorithms. A key advantage with MADS is that the trial set
is not limited to a �nite set of directions and that it can handle general constraints
[3]. Simplifying one could say that MADS enables a more �exible trial set than CS or
GPS by extending the step size parameter into the trial set size parameters� t and
the mesh parameter� m . The trial set is constructed with � t limiting the distance
between poll point and the current best solution, similarly to CS. The mesh density,
i.e, the coarseness or �neness of points, is decided by� m . This enables the trial
points to be chosen on a more dense mesh than the one de�ned by just using� t .
For more details we refer to the original paper [3] or the overview [2]. The MADS
algorithm is a popular choice to solve black box optimization problems today, and
it is implemented in for example the Nomad software [1].

2.2.2 Surrogate optimization

If f (x) is expensive to evaluate in addition to being a black box function the problem
2.5 is called a costly black box optimization problems. The methods described in
section 2.2.1 usually requires many function evaluations to reach convergence. With
costly black box problems, we are typically very limited in the number of function
evaluations we can a�ord which can pose a problem. A frequently employed strategy
for these kinds of problems is to utilize surrogate models. A surrogate model of the
problem 2.5 is a functionf̂ (x), that shares some similarities withf but is faster to
evaluate [8]. In its simplest form the surrogate optimization procedure follows the
steps in Algorithm 2.

Algorithm 2 Surrogate optimization procedure

Step 1 (initial sampling): Select and evaluate a set of starting pointsS0

while Some termination criteria not metdo
Step 2 (surrogate model): Create a surrogate modelsn (x) from the data
f (f (x i ); x i )jx i 2 Sng
Step 3 (selection):Select a new evaluation point usingsn (x) and some selection
criteria
Evaluate the new point, updaten = n + 1 and go to Step 2.

end while

We now discuss the three di�erent steps of the procedure in more detail.

2.2.2.1 Step 1: The initial sampling

The goal of the initial sampling phase is to �nd a set of points so that, if we evaluate
f at these points, we obtain a good picture of the function scope. The set of
points is created with an initial sampling strategy, also referred to as Design of
experiment (DOE) It aims to cover the variable space as comprehensively as possible
with the least number of points. Latin Hypercube Designs (LHD) are frequently
used strategies that try to distribute the points evenly throughout the space [24].
Assume we want to samplen points of dimensionRd with values in the interval
[a; b]d. The range of each variable is divided inton intervals of equal probability.
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Points are then sampled one at a time so that from each interval only one point is
selected. More formally, following [33], a LHD can be interpreted as a set ofn points
x1; : : : xn 2 f 1; 2; : : : ; ngd with the property that for each j 2 f 1; : : : ; dg, the set
x1;j ; : : : ; xn;j is a permutation of f 1; 2; : : : ; ng. This means that for each dimension
j no two of the valuesx1;j ; : : : ; xn;j will be in the same interval. From this we can
de�ne a design matrix of the setS = f x1; : : : ; xng as

M (S) =

0

B
B
B
@

x1;1 x1;2 : : : x1;d

x2;1 x2;2 : : : x2;d

: : : : : : : : : : : :
xn;1 xn;2 : : : xn;d

1

C
C
C
A

(2.6)

and say that S is a LHD if each column ofM (S) is a permutation of f 1; 2; : : : ; ng

Due to the randomness of the sampling process of LHD, some designs may be of
higher quality then others. For higher dimensional problems there can be many
designs generated and some kind of criteria is typically used to �nd an optimal
design. An example is the maximin criteria from [21]. It evaluates designs by the
the minimum distances between all points. The intuition being that a design that
has points close to each other likely has a poor space �lling. It then simply chooses
the design with the largest minimum distance.

In an e�ort to improve the designs Ye. et al. introduced the Symmetrical Latin
Hypercube Design (SLHD) [36]. SLHDs are regular LHDs but with the added
constraint that if row i has values(x i; 1; x i; 2; : : : ; xi;n ) then there must be a rowj so
that (x i; 1; x i; 2; : : : ; xi;n ) = ( n +1 � x i; 1; n +1 � x i; 2; : : : ; n+1 � x i;n ). It is also showed
that the SLHD has better performance than regular LHD on the maximin measure
discussed above and on an entropy measure [36].

2.2.2.2 Step 2: The surrogate model

The task of the surrogate model is to approximate the objective function with the
information gathered from the initial sampling and completed function evaluations.
Here we describe three of the most popular surrogate models used today.

Polynomials
Polynomial interpolation is a well studied method. In its simplest form a polynomial
is a function

p(x) =
mX

i =0

ai x i (2.7)

whereai 2 R. To �nd a polynomial that interpolates data (x1; y1); : : : ; (xn ; yn ) we
solve the system

p(x i ) = yy for all i = 1; 2; : : : ; n (2.8)

which can be rewritten to the equation systemM xa = b where

M x =

0

B
B
@

1 x1 (x1)2 : : : (x1)m

...
...

1 xn (xn )2 : : : (xn )m

1

C
C
A a =

0

B
B
B
B
@

a0

a1
...

am

1

C
C
C
C
A

b=

0

B
B
B
B
@

y1

y2

...
yn

1

C
C
C
C
A
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The system is solvable ifM has full rank and the resulting solutiona give us co-
e�cients for a polynomial that interpolates the data. Advantages of polynomial
interpolation include simplicity and an abundance of software available, however
the performance can be poor when compared to other interpolation models such as
Radial basis functions [19].

Radial basis functions
A Radial Basis Function (RBF) surrogate model interpolates the target function by
representing it as a linear combination of radial basis functions. The target function
can be written as

f̂ (x) =
nX

i =1

� i � (jj x � x i jj 2) + p(x) (2.9)

where � 1 : : : � n 2 R are the weights to be determined,jj � jj 2 is the euclidean norm,
� (�) the basis function andp(x) is a low degree polynomial usually called the tail.
Björkman and Holmström showed that using a cubic basis function with linear tail
gives good results [17]. Thus equation 2.9 becomes

f̂ (x) =
nX

i =1

� i � (jj x � x i jj 2) + aT x + b (2.10)

and we can �t the surrogate model to the data by solving for� , a and b in
 

� P
PT 0

!  
�
c

!

=

 
F
0

!

(2.11)

where� is the n � n matrix with � i;j = � (jjx i � x j jj )2 and

P =

0

B
B
B
B
@

xT
1 1

xT
2 1
...

...
xT

n 1

1

C
C
C
C
A

; � =

0

B
B
B
B
@

� 1

� 2
...

� n

1

C
C
C
C
A

; c =

0

B
B
B
B
B
B
B
@

b1

b2
...
bd

a

1

C
C
C
C
C
C
C
A

; F =

0

B
B
B
B
@

f (x1)
f (x2)

...
f (xn )

1

C
C
C
C
A

: (2.12)

It has been shown that 2.11 has a unique solution and by implication thatf has a
unique RBF interpolant at the points x1 : : : xn if rank(P) = d + 1 [26]. The system
can be solved with for example an LU factorization [13].

Gaussian process
We give a short summary of the basics on Gaussian process interpolation and refer
to [7] for more in depth descriptions. The basic idea of GPR is to compute the
marginal likelihood distribution p(yjx) that serves as an approximation forf (x).
This is done using Gaussian processes. A Gaussian process is a stochastic process
where any �nite number of random variables have a joint Gaussian distribution (also
called multivariate normal distribution).

Specifying a mean function� (x) and a covariance kernelk(x; x0) we can use a Gaus-
sian process to de�ne a distribution over the function we want to approximatef
as

f (x) � GP (� (x); k(x; x0)) (2.13)
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Popular choices for the kernelk(x; x0) are the squared exponentialk(x; y) = jj x � yjj 2

2l2

and the Matérn kernel. The marginal likelihood can then be computed using for
example algorithm 2.1 in [7].

2.2.2.3 Step 3: Selecting a new evaluation point

The selection of the next evaluation point is a crucial step in the optimization pro-
cess. It usually involves de�ning a merit function that assigns a score to candidate
points based on the estimated objective function improvement and/or the infor-
mation gained as well as de�ning a search region in which to maximize the merit
function. An important concept is the trade o� between gathering information with
which to improve the surrogate, commonly referred to as exploration, and trying to
improve the objective value, referred to as exploitation. The optimal merit function
also depends on which surrogate model is used. A full review of di�erent merit
functions is outside the scope of this thesis. We present some common ones and
refer the reader to [33] for a comprehensive guide. In section 3.5 a merit function is
implemented based on the Metric response surface weighted score from Regis and
Shoemaker [29]. It is designed to work with any surrogate. If a Gaussian process
has been used as a surrogate model, it is common that merit functions are based
on Bayesian optimization. Commonly used merit functions include the probability
of improvement function (PI) where the probability that a new evaluation pointx
results in an improvement of the objective function is estimated. Another option
is the expected improvement (EI) function. In EI we de�ne the improvement ofx
as I (x) = max[ ymin � Y(x); 0] where ymin is the current best value andY(x) the
predicted value off (x) by the surrogate. We then compute the expected value of
I (x). Finally a merit function connected to RBF surrogates is proposed in [14].
Here an estimated objective valueT is assigned and the evaluation point is chosen
as the point that make the RBF interpolation the most smooth. This is based on
an observation that usually the most accurate RBF models are the most smooth.

This step usually also involves de�ning a region from which the candidate points
to be evaluated by the merit function are selected. Typically this will be some
neighbourhood around the best solution found or simply the whole domain. The
search region can also serve as a balance between exploration and exploitation, and
it is common to decrease the size of the region as the optimization progresses.

2.2.3 Parallelism and early termination

When solving costly black box optimization problems, the advantage of parallelism
is clear. Per de�nition, the majority of computation time will be spent on evalu-
ating the objective function and the time required for other tasks are negligible in
comparison. This means that parallel algorithms are relatively simple to implement,
one simply performs many evaluations at once, and that the overhead required for
synchronisation has a very small e�ect on total computation time. Furthermore,
modern computers and data clusters almost always include functionality for paral-
lelism and taking advantage of this can greatly reduce the wall clock computation
time needed to solve optimization problems.
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Figure 2.2: A comparison of asynchronous and synchronous parallelism with early
termination.

Generally there are two approaches to parallel optimization: synchronous and asyn-
chronous. A synchronous parallel program withP processors starts a batch ofP
tasks, typically function evaluations, and waits for all tasks to �nish before starting
a second batch ofP tasks. An asynchronous program startsP tasks but does not
wait for all tasks to �nish. Instead the next task in the queue is immediately started
as soon as a processor becomes free. For black box optimization problems, where
function evaluations might vary greatly in time, an asynchronous approach will be
much faster than a synchronous one.

Another way to speed up the solution process is to utilize early termination. In some
black box optimization problems it might be possible to estimate or gain insight
into the result of a function evaluation as it is progressing. In a DEM simulation
an example would be that one or more model responses are computed before the
simulation is completed. In this case one can terminate function evaluations that do
not seem promising and save computational e�ort. Early termination is most useful
in an asynchronous setting, see Figure 2.2 for a comparison.

One of the �rst popular asynchronous black box optimization algorithms is an ex-
tension of the pattern search class of algorithm described above called Asynchronous
Parallel Pattern Search (APPS) [18]. The algorithm usesP processors to evaluate
the objective function at P di�erent points simultaneously using apeer-to-peerpar-
allel paradigm. This mean that each processor functions as an independent unit,
performing approximately the same algorithm as described in 1, while at the same
time communicating with the other processors to update the current optimization
parameters consisting of the best solution foundx � , best objective valuef � and step
size� . In short, each processor has its own opinion on the value on these parame-
ters, and when a processor �nds a solution with better objective value it broadcasts
this to the other processors. Before each evaluation, the processor checks its incom-
ing broadcasts and updates accordingly, resulting in the best solution propagating
over all processors as the algorithm proceeds.
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3
An optimization framework for

DEM calibration

Here we describe the main contribution of this thesis - an asynchronous parallel
surrogate optimization framework adapted for the calibration of DEM models. We
select a subset of the methods described in the theory chapter and use them in the
corresponding steps to create a black box optimization algorithm. The connections
are shown in �gure 3.1

3.1 The optimization problem and overall frame-
work

We begin by introducing the problem and some notation. Calibration refers to the
process of tuning model parameters to achieve congruence between model response
and some prior known reference data. We formulate this by solving the following
optimization problem

min
x

f (x; r; p)

s.t. x 2 X
(3.1)

where f is the objective function that should be small when model response and
reference data are closely matching and zero if they are equal,x are the model
parameters we are tuning,r is the reference data andX is the variable space. Fur-
thermore, p is meant to represent all other �xed parameters and model properties
that a�ect the simulation but we do not have any control over as part of the op-

Figure 3.1: Diagram of the methods chosen for the di�erent steps in the surrogate
optimization procedure.
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timization. All DEM simulations contain many modelling choices, such as particle
geometry and contact models, and �xed physical parameters, such as Young's mod-
ulus and restitution, that in�uence the simulations but that are not practical to
optimize over. It is important to keep these in mind when calibrating the model,
and changingp will likely change the solution to the calibration problem. In the
objective function, p manifests as uncertainty and noise. Finally, another important
concept is the model response from running a DEM simulation with the variables
x. We denote the model response as follow

y = ( y1; y2; : : : ; ym ) = ( ' 1(x); ' 2(x); : : : ; ' m (x)) (3.2)

wherey1; y2; : : : ; ym and ' 1(x); ' 2(x); : : : ; ' m (x) are scalar values.

Each evaluation of f corresponds to running a DEM simulation. As previously
stated, these typically run over many hours or even days. Furthermore we do not
have any explicit formulations off , no ways to obtain derivatives and cannot make
any assumptions about properties off . Finally we suspect that due top and ran-
domness in the DEM simulations,f might contain noise and many local minima.
Thus the problem 3.1 falls clearly into the realm of black box optimization problems.
The variables spaceX will typically be a hyper-rectangle sincex i is typically set to
be within some interval[a; b]. It is also worth noting that while calibration is neces-
sary for DEM simulations, one still wants to capture the real physics of the model
as close as possible and not rely on calibration for many of the model parameters.
This leads to the problem generally being no more than three or four dimensional.

The rest of this chapter is dedicated to the implementation of an optimization frame-
work to solve 3.1, with the goal to �nd x � that achieves near equality between model
response and reference data. As a starting point, we illustrate the di�erent steps
of the optimization framework in �gure 3.2. The �rst step is to create an initial
sampling of points that are evenly distributed over the variable space. This is used
to build our �rst surrogate model and to start the evaluation process. We then
iterate in the following way

1. Sample many (>100) points from the surrogate model

2. Choose one of these points based on some selection criteria

3. The chosen point is then evaluated by running the DEM simulation with the
speci�ed parameters. The objective function is calculated and used to train
the model.

The above procedure is called the Adaptive Sampling Strategy and is repeated until
some termination criteria is reached, typically a limit on the number of evaluations
or a threshold for the objective value. When the algorithm terminates, the point
which gave the lowest objective value is picked as the solution. The procedure is
described in detail in section 3.5.

For implementation, we use a python package called pySOT: Python Surrogate
Optimization Toolbox [13]. It is an asynchronous parallel optimization toolbox
especially made for solving costly black-box optimization problems. It contains
implementations for initial sampling strategies, surrogate models and optimization
strategies as well as support for parallelism.
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Figure 3.2: An overview of the optimization process for calibrating DEM models.

3.2 Initial sampling strategy

In pySOT, there is built-in support for both regular and symmetric Latin hypercube
design. Since our problem is low-dimensional, there is no signi�cant di�erence be-
tween the methods. We choose SLHD based on its theoretically better performance.
The SLHD should consists of at least2d+ 1 points, whered is the dimension of the
problem, to ensure that the design has full rank. As stated in the Theory section,
there is randomness in the generation of designs. To ensure that the best possible
design is used, we generate 1000 designs and use the maximin criteria to determine
the best one.

3.3 Objective function

The task of the objective function is to give us a measure of how �good� a particular
set of variablesx with �good� being de�ned as the model response matching the
reference data. We want the objective functionf to be small if the model response
y = ( y1; : : : ; ym ) is close to the reference datar = ( r1; : : : ; rm ), and large otherwise,
and to evaluate this we need a distance metric. Common distance metrics for scalar
values are absolute errors calculated asjyi � r i j and relative error calculated asj yi � r i

r i
j.

In our case the model responses will often be di�erently scaled, and we choose to
use relative errors since they are automatically normalized. We let� i denote the
relative errors of model responsei . The individual distances are then combined into
a single value using a weighted sum of squares. We get

f (x; r; p) =
mX

i =1

wi � 2
i =

mX

i =1

wi

� yi � r i

r i

� 2

: (3.3)

The weightswi can all be set to 1 if one wants all responses to be weighed equally, or
constrained to

P m
i =1 wi = 1. In most applications of this framework we can assume

r i 6= 0 without loss of generality. If applied to a case where we have reference data
r i = 0 we can use the absolute error and the weightswi to achieve normalization of
the di�erent errors.

It is worth mentioning that the thesis and the optimization framework does not
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consider multi-objective optimization problem. This is based on an assumption that
there exists a solution which is a global minimum for all the relative errors of the
model responses for a DEM calibration. The assumption is reasonable since the
reference data typically originates from real world experiments and we want the
DEM simulation to capture reality as close as possible, meaning that if the DEM
model is setup correctly there should be a combination of parameters that achieve
perfect congruence between model response and real world reference data. It is,
needless to say, impossible to perfectly mimic reality in practice, however we can
still work with that assumption.

In some cases DEM calibration can become a multi-objective optimization problem,
speci�cally if one tries to minimize the computational time while keeping model
accuracy high. An example is given by Do et al. where a clear Pareto front between
reducing the simulation time-step and minimizing the simulation error can be seen
[12]. These problems are not the main target for this framework and not considered
further. However, it is worth noting that one could implement two con�icting model
responses in the objective function of this framework and achieve similar pareto front
by varying the weights.

3.4 The surrogate model

To decide an appropriate surrogate model, a test involving approximating an actual
objective function from a DEM calibration test was done. Model responses from
the calibration device described in section 4.1 were sampled on a grid of 40 points
to be used as data. The reference datar was arbitrarily set to the model responses
obtained for some chosen parameters and the objective function calculated according
to 3.3. Surrogate models based on polynomials of degree 2-4, radial basis functions
with a cubic kernel and linear tails and Gaussian process regression with squared
exponential kernel were created, all according to the description in section 2.2.2.2.
Each model was trained 10 times on randomly sampled subset of the data points,
with the number of points starting at 10 and increasing to 35. The absolute error
of each model was calculated and shown in �gure 3.3. It is clear that both GP and
RBF surrogate models outperform polynomials by a wide margin. We choose to
use an RBF surrogate based on it's slightly better performance and since it is the
most common surrogate models to use with the optimization strategy implemented
in section 3.5. The RBF surrogate model is implemented with pySOT.

3.5 Adaptive sampling strategy

The adaptive sampling strategy is the core of the optimization framework. After
the initial sampling phase is complete, the adaptive sampling strategy decides which
point to evaluate next. It utilizes the surrogate model and previously evaluated
points to balance exploration and exploitation and �nd a good solution in as few
iterations as possible. We use a strategy calledMetric Stochastic Response Surface
Method (MSRS) with RBF as response surface, the strategy was created by Regis
and Shoemaker and the rest of this section will be based on their paper [29].
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Figure 3.3: Squared error of di�erent surrogate models with increasing number of
training points.

3.5.1 Serial MSRS

Let n be the number of previously evaluated points,An the set of previously evalu-
ated points andsn (x) the response surface model aftern evaluations. The algorithm,
adapted from Regis and Shoemaker, is described in Algorithm 3. By setting some
conditions on the candidate points it can be shown that this general framework
converges almost surely to an optimal solution, see [29] section 3. We now describe
how the candidate points are selected and how an evaluation point is chosen.

3.5.1.1 Selecting evaluation point

To choose the evaluation point, each candidate point is given a score between 0 and
1 based on a sum of two weighted criteria, where a more desirable point is given
a score close to 0. The �rst criteria can be referred to as theSurrogate criteria,
where candidate points objective value is estimated with the surrogate model, and
the second as theDistance criterion, where the minimum distance from previously
evaluated points is computed. The two criteria are rescaled to give a score within
[0,1] and then summed with the weight� representing whether focus should be on
exploration or exploitation. Following [29], we can replace step 2.3 in Algorithm 3
with Algorithm 4.

3.5.1.2 Generating candidate points

In the original paper, Regis and Shoemaker introduce two methods for generating the
candidate points. A global optimization algorithm, where the points are generated
uniformly throughout the variable space, and a local algorithm, where they are
generated as perturbations of the current best solution. The local version shows
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Algorithm 3 The Serial optimization algorithm
Require:

f as de�ned in 3.1
An RBF response surface model
A set of initial sampling points J = f x1; : : : xn0 g
The number of candidate points in each iterationt
The maximum number of evaluationsNmax

Step 1 (Create initial design) Evaluate f at each point in J . Set n = n0 and
An = J . Let x �

n be the point in An with the best function value.
while n < N max do

Step 2.1 (Update the surrogate model).Update the surrogate modelsn (x)
with the data points in Bn = f (x i ; f (x i )) : i = 1; : : : ; ng

Step 2.2 (Generate candidate points). Generate t candidate points 
 n =
f ym;1; : : : ; yn;t g.

Step 2.3 (Select the next evaluation point).Use information from the surro-
gate sn (x) and the points Bn to select evaluation pointxn+1 from 
 .

Step 2.4 (Do costly function evaluation). Evaluate the function f at xn+1

Step 2.5 (Update information.) Update An+1 = An [ f xn+1 g and Bn+1 =
Bn [ f (xn+1 ; f (xn+1 ))g. Let x �

n+1 be the point in An+1 with the best function
value. Setn = n + 1.
end while
Step 3 (Return the best solution found).Return x �

Nmax

Algorithm 4 Selection of evaluation point

Require: : � 2 [0; 1], candidate points in iteration n denoted by
 n and a distance
metric D(x; y) 2 R n

Step 2.3 a) Compute the surrogate criteria. For eachx 2 
 n , compute sn (x).
Also, computesmax

n = max f sn (x) : x 2 
 ng and smin
n = min f sn (x) : x 2 
 ng

Step 2.3 b) Compute the distance criteria. For eachx 2 
 n , compute � n (x) =
min1� i � n D(x; x i ). Also compute � max

n = max f sn (x) : x 2 
 ng and � min
n =

minf sn (x) : x 2 
 ng
Step 2.3 c) Compute the score for the surrogate criterion. For each x 2 
 n ,
compute V R

n (x) = ( sn (x) � smin
n )=(smax

n � smin
n ) if smax

n 6= smin
n and V R

n (x) = 1
otherwise.
Step 2.3 d) Compute the score for the distance criterion. For each x 2 
 n ,
computeV D

n (x) = (� max
n � � n (x))=(� max

n � � min
n ) if � max

n 6= � min
n and V D

n (x) = 1
otherwise.
Step 2.3 e) Compute the weighted score. For eachx 2 
 n , compute the score
Fn (x) = �V R

n (x) + (1 � � )V D
n (x)

Step 2.3 f) Select the next evaluation point. Let xn+1 be the point in 
 n that
minimizesFn
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superior performance and is the one we choose to implement. The candidate points
are generated by perturbing of the current best solutionx �

n with distances that are
normally distributed with mean 0 and covariance matrix� 2

n I d. We refer to � n as
the step-size. The step-size is set to an initial value and then adjusted over the
optimization. It is doubled if we haveCsuccess consecutive evaluations that improve
the objective value, and halved if we haveCfail consecutive iterations where we have
not improved the objective value. There is limit on the minimum value� min and
the maximum value� max of the step size. As the optimization progresses, the step-
size will become smaller as we approach an optima and it becomes harder to �nd
better values, thus facilitating convergence. There is also a restart function available,
meaning that if the step size becomes too small, we can restart the algorithm from
scratch. The reason is to not get stuck in a local minima. However for the problems
in this project, the number of evaluations is so few that we cannot a�ord to restart
the algorithm and we therefore do not make us of this functionality.

3.6 Early termination

The framework also include functionality for terminating function evaluations that
do not seem promising. This can save computational resources and increase the
speed of the calibration process.

For early termination to be applicable, we assume some information about the
progress can be obtained before the function evaluation is complete. For exam-
ple, if a function evaluation consists of running many DEM-simulations, we can
look at the relative errors of the �rst run to decide whether it is worth evaluating
the rest. Another possibility is to look at the relative error of some model response
that is obtained before the simulation is complete. It is worth noting that during the
initial sampling phase, early termination is not applied, since the goal of the phase
is to gather as much information as possible. There are two main considerations
when implementing early termination:

ˆ What is the criterion for terminating an evaluation?

ˆ How should a terminated evaluation be handled in the optimization process?

3.6.1 Early termination criteria

When deciding whether to terminate an ongoing evaluation, one must balance the
computational cost of continuing the evaluation against the bene�t of incorporating
the information gained from it into the surrogate model. Early in the optimization
process, this information may be more valuable, while later on, the surrogate model
may already be su�ciently accurate. Therefore, it is essential to be able to adjust
the termination criteria throughout the optimization process. We base our criteria
on a comparison between the obtained model response and the current best objective
value. Let � et be the relative error of the early model response,f � be the current
best solution andc 2 R. We terminate an evaluation if

� et > c � f � : (3.4)
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The factor c should be large at the start of the optimization run and decreased
as the optimization proceeds. The exact implementation is case-speci�c, mostly
depending on the uncertainty level of the model responses, and a user can modify
it to suit their needs. The default setup is to letc follow a pattern of decreasing
values as the number of iterations increase. During the �rst half of iterations, after
the initial sampling has been completed letc = a for some constanta. During the
third quarter of iterations let c = a

2 and let c = a
4 for the remainder of iterations. As

an example when applied to the calibration device in section 4.1 we letc follow the
pattern [10; 5; 2:5]. In general, a lower bound forc should be such that we should
only terminate evaluations in cases where we are sure that the resulting objective
value will be worse. For example, if we setwi = 1 for all i in the objective function
3.3, a value ofc = 1 means that we only terminate runs which are guaranteed to
give a smaller objective value (since f =

P
i � i � � et).

3.6.2 Handling terminated runs

There are three options of how to handle a terminated evaluation and a correspond-
ing solution x i . The �rst is to simply regard it as a point that has never been
evaluated. In algorithm 3 Step 2.5 this corresponds to lettingAn+1 = An and
Bn+1 = Bn . This has the obvious disadvantage of having spent computational re-
sources to evaluatex i but not obtaining any information. Additionally there is a risk
that x i is chosen again as an evaluation point later. Another option would be to try
to estimate f (x i ) and then letting An+1 = An [ f x i g and Bn+1 = Bn [ f (x i ; [f (x i ))g.
This raises the question of how to estimatef (x i ) and the risk of adding poorly
estimated values to the surrogate model.

Therefore, we choose the third and �nal option wherex i is used to update the
distance information An+1 = An [ f x i g, but not the surrogate information Bn+1 =
Bn . This means that the algorithm remembers thatx i was evaluated and will likely
not choose new points close tox i , but does not pose a risk of adding poor values
to the surrogate. The lost information fromx i is typically not of high importance
as early terminations occur mostly at later evaluations where the surrogate model
should already be accurate and the focus is on �nding good solutions.

3.7 Asynchronous parallelism

Section 2.2.3 highlights how parallelism can signi�cantly reduce the computation
time for black box optimization problems, as well as the importance of asynchrony
in the case of varying simulation times. In this framework, we employ asynchronous
parallelism, which allows for multiple objective function evaluations (i.e. DEM sim-
ulations) to be conducted simultaneously. Since function evaluations require a vast
majority of the computational e�ort, the time spent updating the surrogate and de-
termining the next evaluation point is negligible in comparison. This in combination
with asynchrony, which ensures that no process remains idle while waiting for others
to complete, results in a close to linear speedup with the number of processes.

Regis and Shoemaker describe a synchronous parallel version of their SMRS algo-
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rithm in [31]. Here we make the algorithm asynchronous instead according to the
framework provided by Algorithm 3 in [13]. A master-worker framework is utilized
where the master task involves building the surrogate model, choosing points for the
workers to evaluate and checking for termination. TheP number of worker tasks
consists solely of evaluating the objective functions and checking for early termina-
tion. The parallel algorithm is very similar to Algorithm 3. We start with an initial
sampling strategy based on SLHD with the addition that points are now evaluated
in parallel instead. A potential problem occurs when transitioning between the ini-
tial and adaptive sampling strategy: Assume we need to evaluateq points before
building the surrogate and proceeding to the adaptive phase. Ifq� 1 workers �nish
their evaluation quickly they need to wait for the last point to be completed before
proceeding which results in idle time. This is solved by includingq+ P points in the
initial design, meaning that when all points in the initial design are either completed
or under evaluation, we are guaranteed to be able to proceed to the next phase. The
adaptive sampling phase is almost the same as the serial version, with the exception
that the weight w is cycled between some common values to achieve a balance of
exploration and exploitation.

Algorithm 5 presents the asynchronous version of SMRS, including the early ter-
mination method described in Section 3.6. In this implementation, we maintain
a queue of evaluations and assign points from the queue to any available worker.
After an evaluation is completed, we update the surrogate model, distance infor-
mation, and, if necessary, the best point found. If the queue is empty, we generate
new points to evaluate using the adaptive sampling method. A worker evaluation
consists of running the DEM simulation with the speci�ed parameters, checking for
early termination and returning the results. This means that the communication
required between the master and the worker is minimal which simpli�es the imple-
mentation. A master only has to send the variable values to be evaluated to the
worker, and the worker only has to send the objective value back. The workers are
also responsible for keeping track of an eventual early termination functionality, if
the worker terminates its run it tells this to the master. The algorithm is designed
to be ran on a cluster with workers corresponding to di�erent compute nodes that
communicate with each other via MPI. It is implemented through the framework
provided by pySOT and the closely related package POAP. POAP provides python
classes for the master and workers as well as a framework for MPI communication.
These were implemented and �tted to the optimization algorithm as a part of the
framework creation.
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Algorithm 5 The asynchronous parallel optimization algorithm with early termi-
nation
Require:

1: f as de�ned in 3.1
2: An RBF response surface model
3: A set of initial sampling points J = f x1; : : : xn0 g
4: The number of candidate points in each iterationt
5: The maximum number of evaluationsNmax

6: The number of workersP
7:

8: . Create initial design
9: Add each point in J to the queue. Setn = n0 and An = J .

10: . Launch initial evaluations
11: for each worker do
12: Pop point from queue and dispatch to worker
13: end for
14: . Main algorithm
15: while n < N max do
16: if evaluation completedthen
17: if evaluation point early terminated then
18: Update An+1 = An [ f xn+1 g
19: else
20: Update An+1 = An [ f xn+1 g and Bn+1 = Bn [ f (x i ; f (x i ))g
21: If xn+1 > x �

n set x �
n+1 = xn+1 other wise setx �

n+1 = x �
n

22: end if
23: end if
24: if worker readythen
25: if evaluation queue emptythen
26: Build/Update the surrogate modelsn (x) with the data points in
27: Bn = f (x i ; f (x i )) : i = 1; : : : ; ng.
28: Generatet candidate points
 n = f ym;1; : : : ; yn;t g.
29: Select point based on Algorithm 4 and add to queue.
30: end if
31: Pop point from queue and dispatch to worker
32: end if
33: end while
34: Return best solutionx �

Nmax
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4
Application

The framework described in Chapter 3 is applied to two DEM models, the �rst
involving a calibration problem and the second an industrial optimization problem.

4.1 Case 1: Calibration Device

The following model is a calibration device created by Quist and Evertsson [?],
existing both as a digital DEM model and a physical device at FCC. It is used to
calibrate the particle-particle and particle-steel friction of a granular material by �rst
letting the material �ow through the real world device and recording reference data.
Then the DEM simulation is run with varying friction coe�cients until the DEM
model response matches the reference data. This case is relatively computationally
cheap, with simulation times around 40 minutes on a Nvidia GTX 1650, and is
therefore used as a testing setup and as a proof of concept for the algorithm. The
device can be seen in Figure 4.1 and a simulation consists of the following steps:

1. The hopper is �lled with material while the trapdoor is closed

2. The trapdoors open and the material �ows out. The mass�ow rate out of the
hopper is recorded.

3. The material slides on the sliding plane. The time from trapdoor opening until
all material has slid past the plane is recorded

4. The material forms a pile in the bottom left corner. The angle of repose is
recorded

The recorded mass�ow rate, sliding time and angle of repose make up the model
responsesy1; y2; y3 used in this calibration case. The mass�ow is calculated by
recording the mass above the hopper 10 times per second and �tting a slope to the
data. The slidetime is calculated by recording the time when there is less than 0.01
kg of mass on the slide. In some cases, e.g, if the friction between the slide and
material is very high, more than 0.01 kg of mass will remain on the slide when the
simulation ends. In this case we set the slide time to

simulation end time+ 10 �
mass remaining on slide

total mass

where the addition of the second term ensures that there is still a model response
for di�ering but very high values of friction. Finally the angle of repose is calculated
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