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On generating propagating grid states from superconducting circuits
ALBIN EDENMYR
Department of Microechnology and Nanoscience
Chalmers University of Technology

Abstract
Due to current advancements in quantum technologies, quantum processors are
growing in size, and we enter into the distributed quantum computing era. Dis-
tributed quantum computing is based on sharing information between several spa-
tially distributed processors. This is achieved by sending photons carrying the quan-
tum information between two or more distant quantum processors.

Since we want all communication to be secure and tolerant against unavoidable
noise in the communication channel, one attractive possibility is to encode the quan-
tum information in error correctable quantum states, e.g. GKP states, Schrödinger
cat states. The goal with error correctable states is to compensate for errors and
loss in our communication channels.

Previously it has been shown that optional encoding of quantum information
from a processor into a quantum propagating mode makes the output field multi-
mode, i.e. it consists of a combination of single mode states with different temporal
envelopes.

As a solution to this problem, we study the generation of error correctable quan-
tum states, specifically GKP states, in highly lossy quantum circuits to prepare it as
a traveling state in a waveguide instead of in the system. In this thesis, we present
the basic theory for the preparation protocol; optimal release and the necessary ex-
tensions to compensate for noise. We study the character of the output field, as well
as restrictions of this methodology.

Keywords: distributed quantum computing, GKP states, input-output theory, prop-
agating quantum state.

v





Acknowledgements
I want to thank my supervisor Maryam Khanahmadi for all the help and guid-
ance during the project. Your support has been invaluable and our discussions
have always been very fruitful. Having such an interested supervisor has been very
motivating and fun.

I also want to thank my examiner Göran Johansson, for helping me find a project
that I would find interesting, and for always taking time to answer questions when
they arise.

Albin Edenmyr, Gothenburg, June 2024

vii





Contents

1 Introduction 1
1.1 Distributed quantum computing . . . . . . . . . . . . . . . . . . . . . 1
1.2 Motivation and goal . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.3 Overview of thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Theory 3
2.1 Qubits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Open Quantum Systems . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.2.1 Density matrix formalism . . . . . . . . . . . . . . . . . . . . 4
2.2.2 Master equation . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2.3 Wigner functions and state visualization . . . . . . . . . . . . 6

2.3 Error correction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.4 GKP states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.4.1 Ideal GKP states . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.4.2 Approximated GKP states . . . . . . . . . . . . . . . . . . . . 10
2.4.3 GKP Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . 10

2.5 Deterministic preparation of stationary GKP states . . . . . . . . . . 11
2.5.1 Adiabatic evolution . . . . . . . . . . . . . . . . . . . . . . . . 11
2.5.2 Floquet theory . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.5.3 Preparation scheme . . . . . . . . . . . . . . . . . . . . . . . 13

3 Propagating GKP 15
3.1 Input-Output Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.1.1 SLH formalism . . . . . . . . . . . . . . . . . . . . . . . . . . 17
3.1.1.1 Composition rules . . . . . . . . . . . . . . . . . . . 17

3.1.2 Input-Output with pulses of radiation . . . . . . . . . . . . . . 18
3.2 Release of GKP states . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.3 Shortcuts to adiabaticity . . . . . . . . . . . . . . . . . . . . . . . . 21

4 Results and discussion 23
4.1 Generation of stationary GKP states . . . . . . . . . . . . . . . . . . 23
4.2 Shortcuts to adiabaticity . . . . . . . . . . . . . . . . . . . . . . . . 25
4.3 Open system and correlation functions . . . . . . . . . . . . . . . . . 26
4.4 Full system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

5 Conclusion 31
5.1 Future work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

ix



Contents

Bibliography 33

x



1
Introduction

1.1 Distributed quantum computing

Quantum technologies have advanced at a rapid speed in recent years, both in the
theoretical and experimental departments. This has allowed us to control quantum
states, and has given researchers hope that quantum computers can be realized and
used to solve real world problems.

One of the main challenges of quantum computation is how to design a quantum
computer such that noise levels and decoherence is suppressed, both on the level of
individual computational units as well as for overarching chip architectures.

One aspect of the problem is that qubits have cross-talk. In certain cases this
is desirable and highly necessary in order to have inter-qubit information exchange,
while in other cases it leads to disturbances. With increased size of quantum com-
puters, the unwanted talk between qubits becomes harder and harder to keep track
o�, and therefore hard to counteract. Through advances in quantum engineering,
these cross-talk noise levels are being reduced, but there is still need for improve-
ments.

One possible solution to this problem is through distributed quantum computing.
This means that the main computation unit is split into several parts, which are
spatially distributed. These sub-components are then used as a cluster to solve
computational tasks. This limits the e�ects of cross-talk to qubits within the same
sub-component of the quantum computer. Since these errors tend to scale with
the size of the system, this gives a cap to the errors that might arise. In order for
these systems to work together, there is a need for communication between them.
In particular, quantum information has to be sent and received in a stable manner.
Quantum information is vulnerable, especially in regards to measurements and errors
via interactions with the environment. In order to secure the state information
traveling between the quantum circuits, this information transfer has to be done
with error correctable states, i.e. states that are resistant to errors. Some examples
of error correcting states are Schrödinger cat states and GKP states.

1.2 Motivation and goal

In this thesis we will concern ourselves with GKP states. They have interesting
error correction properties, but have proven to be challenging to produce in a de-
terministic manner (without the need for e.g. measurements). Recently, a scheme
for deterministic generation of stationary GKP states, i.e. GKP states stabilized in

1



1. Introduction

a circuit, has been presented [1]. For communication purposes, a stationary state
is not very helpful, since the information is not going anywhere, but the proposed
deterministic generation scheme is interesting as a building block. Therefore, this
preparation scheme is a starting point for attempts at generating �ying GKP states.

This thesis explores emission of GKP states by following this generation scheme
in a circuit which is strongly coupled to a waveguide, allowing the state to leak
out, while also considering the multimode character of the emitted state [2]. This
work is entirely theoretical, and is based on simulations in QuTiP [3, 4]. The
preparation scheme is combined with a method for dealing with emitted states and
the corresponding waveguide modes [5, 6].

1.3 Overview of thesis

With the goal of ending up with simulated �ying GKP states in a waveguide, we
begin with a thorough orientation through the relevant theory in Chapter 2. We
introduce the basics of quantum computation and the theory for working with sys-
tems with loss present, introducing the Lindblad master equation for solving time
dynamics. We move on to a discussion on error correction and an introduction to
GKP states as well as how to stabilize them in a cavity. In order to deal with the
emitted state in an e�cient way, Chapter 3 is dedicated to covering input-output
theory, as well as its formulation when the inputs and outputs are pulses. We also
introduce the SLH formalism, a way of compressing networks of many subsystems
into a full system, which is easier to simulate. We talk about how to leak GKP
states by coupling the system to a waveguide. Chapter 3 also covers shortcuts to
adiabaticity, a way to decrease preparation times and therefore limit the time errors
can act.

Moving on, Chapter 4 presents the results of our simulations. We generate
stationary GKP states, and add shortcuts to adiabaticity, which severely deteriorates
the quality of the GKP state. We then open the system and simulate the full system
state generation. We see that we can achieve Wigner negativity for certain parameter
values, and we study the multimodeness of the emitted state.

Chapter 5 contains a summary of the thesis and some conclusions, as well as an
indication of what future work is needed.
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2
Theory

This chapter will describe the relevant theory for the project. We start with a
short introduction to qubits, the smallest building block of a quantum computer.
Since errors are present in all physical systems, and especially prevalent in quantum
mechanical setups, we need to deal with noise and correct errors. We model this
by introducing a mathematical theory for dealing with open quantum systems, and
then talk about error correction. One type of error correctable states are the GKP
states, which we introduce and present a state generation scheme for, which will
be important in later sections. Through all derivations and calculations,~ = 1 is
assumed.

2.1 Qubits

Quantum computers are the focus of a lot of research. They were �rst conceptualized
by Feynman in 1982 as tools for simulating quantum mechanical systems [7]. Today,
quantum computers are believed to be able to solve several other types of problems
faster than classical computers, for example certain optimization problems [8]. The
core di�erence between quantum computers and classical computers is the basic
computing unit. In the classical case, the smallest logical component of the computer
is the bit, carrying either the value 0 or 1. The quantum equivalent, thequbit
(quantum bit), is de�ned with the same basis, with the two basis statesj0i and j1i ,
written in the usual bra-ket notation of quantum mechanics [9]. However, since the
qubit is a quantum mechanical entity, it can also be in a superposition of its basis
states, i.e.

j i = � j0i + � j1i ; (2.1)

where j i denotes the state of the qubit. Here,� and � are complex coe�cients,
with the condition j� j2 + j� j2 = 1 as our condition for conservation of probability.
This can equivalently be expressed in terms of angles as

j i = ei�

 

cos

 
�
2

!

j0i + ei� sin

 
�
2

!

j1i

!

: (2.2)

We can safely disregard the global phase� , since this will not a�ect the dynamics of
the qubit state in any way. This leaves us with two angles as independent variables.
We can map this to a sphere, referred to as theBloch sphere, shown in Fig. 2.1.

The main advantage of working with qubits rather than bits is the exponential
increase of the size of the Hilbert space when working with several qubits. WithN
qubits, the Hilbert space will have2N dimensions, which can be utilized in quantum
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2. Theory

Fig. 2.1: Bloch sphere representation of pure quantum state. Ground (j0i ) and
excited state (j1i ) are located at north and south pole respectively. The state is
represented by the arrow and can point to any point on the perimeter of the sphere.
In this example we are more likely to measurej0i than j1i .

algorithms to achieve speedups. In the end of a calculation, the result will have to
be measured, leading to a collapse of the state. Each qubit will be reduced to either
j0i or j1i , with the probabilities j� j2 and j� j2 respectively.

2.2 Open Quantum Systems

In physical systems, it is impossible to isolate the desired system from the envi-
ronment. For example, in experimental setups this is obvious since one needs to
measure the result of the experiments. The measurement instruments will then by
necessity interact with the system, and will thus a�ect the system. In other cases,
it is possible to lose photons to the environment, to have energy dissipation through
heat transfer, or phase decoherence by interaction with environment �elds, as well
as other processes.

In order to model systems in a realistic way, this has to be taken into account.
The resulting theory is the theory of open quantum systems, as opposed to closed
quantum systems. In an open system, the bra-ket description of the quantum states
fails, and instead one has to deal with ensembles of states.

2.2.1 Density matrix formalism

In a closed system setting, quantum states can be represented by state vectors,
typically written in the bra-ket notation. The nature of these states is probabilistic
in the way that observing an observable of the state will collapse it into an eigenstate
of the observable in a probabilistic manner. This randomness is purely quantum
mechanical, and states with only this source of randomness are referred to aspure
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2. Theory

states. For an open system, the same notation cannot be used. This is because the
environment will give rise to a mixture of states in the system, meaning that the
states in di�erent repetitions of the experiments might di�er from each other due to
these interactions. This is referred to asmixed state. A mixed state can generally be
viewed as a average over several pure states, but with lost phase relations between
the individual states.

Mixed states cannot be written as state vectors, giving rise to the alternative
notation of density matrices. A density matrix describes the full quantum state in an
ensemble, taking into account both the quantum randomness and the randomness
coming from the distribution in the ensemble. It is de�ned in terms of state vectors
as

� =
X

i

pi j i i h i j ; (2.3)

wherepi is the probability of the state being inj i i .
To calculate the expectation value for a mixed state described by the density

operator � , the formula
hÔi = Tr

h
Ô�

i
(2.4)

is useful [10, 11].

2.2.2 Master equation

The time dynamics of a state vector (pure state) is determined by the Schrödinger
equation

i@t j i = H j  i : (2.5)

For the density matrix, we wish to �nd a similar equation of motion. We start with
taking the time derivative of one term of the density operator,� i = pi j i i h i j,

@t � i = @tpi j i i h i j = pi (@t j i i ) h i j + j i i (@t h i j) : (2.6)

We can now utilize the Schrödinger equation and its conjugate to get

@t � i = � iH pi j i i h i j + iH pi j i i h i j = � i [H ; � i ]: (2.7)

Because of the linearity of the equation, it holds for the full density matrix as well,

@t � = � i [H ; � ]: (2.8)

This is known as the Liouville-von Neumann equation [10, 11]. Much like the
Schrödinger equation, this holds for closed systems. To make it more general, dis-
sipator terms are added to the right hand side of the equation. For a derivation of
how this is done, we refer to [9]. The result is the Lindblad master equation

@t � = � i [H ; � ] +
X

k

D[L k ]�; (2.9)

where k is the index for di�erent loss mechanisms andD[L k ] is a superoperator
describing the loss mechanism, dependent on the loss operatorL k , with an implicit
loss rate typically denoted by
 k . The superoperator can be expanded as

D[L k ] = L k �L y
k �

1
2

n
L y

kL k ; �
o

; (2.10)
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2. Theory

wheref� ; �g denotes the anti-commutator.
We will work with bosonic systems, and restrict ourselves to only dealing with

one loss mechanism, photon loss. This restriction is valid since photon loss is the
main coupling mechanism for bosonic systems [12]. In this case the master equation
is reduced to

@t � = � i [H ; � ] + 
a�a y �


2

n
aya; �

o
; (2.11)

wherea; ay are the annihilation and creation operators for the system, and
 is the
photon loss rate.

2.2.3 Wigner functions and state visualization

A useful tool for visualizing continuous variable quantum states is the Wigner func-
tion [13]. The Wigner function relates a density matrix to its phase space distri-
bution, where phase space is the space spanned by the quadrature variablesx and
p, i.e. position and momentum. For a classical particle, the phase space would
have a single point characterizing the state, since simultaneous knowledge on the
particle's position and momentum is allowed. However, quantum mechanics forbids
this, since the two quadratures are non-commuting operators. Instead, the phase
space representation of a quantum state has to consist of some distribution. One
such distribution is the Wigner function, a so-called quasi-probability distribution.
In many ways it is like a probability distribution, but one crucial di�erence is that
it can take negative values. The negativity of the Wigner function is a measure of
non-classicality, and is a topic of much interest for researchers [14�18].

The Wigner function is de�ned as

W(q; p) =
1

2�

Z 1

�1
hq+ x=2j� jq � x=2i eipx dx; (2.12)

wherejq � x=2i are eigenstates of the position operator [19]. It is invertible, mean-
ing that we have a one-to-one relation between the density matrix and the Wigner
function [20, 21]. This means that by studying the Wigner function, we gain all
knowledge we need to recreate the density matrix. By integrating the Wigner func-
tion over one of the two quadratures, the remaining marginal distribution is an
ordinary probability distribution. Some examples of Wigner functions are shown in
Fig. 2.2.

2.3 Error correction

We have now seen methods for modeling the noise. For any real application, this
is obviously not enough, we also need to correct for it. We will have unwanted
couplings to the environment, which acts stochastically on the system. For quantum
computation, this means trouble, since unwanted alteration to the quantum states
used for calculations gives erroneous results [22, 23]. As in the classical counterpart,
errors are mitigated through error correction schemes. The goal of an error correction
scheme is to be able to non-destructively measure whether or not an error has

6



2. Theory

(a) Vacuum state, min-
imum uncertainty cen-
tered at origin of phase
space.

(b) Cat state, the su-
perposition of two coher-
ent states. This show-
cases Wigner negativity
and is therefore strictly
non-classical.

(c) Squeezed state, in
this case squeezed in the
x quadrature. The un-
certainty principle is not
broken, since the state
expands in the other
quadrature.

Fig. 2.2: Three examples of basic Wigner functions.

occurred, and subsequently correct the error. This is based in redundantly encoding
the information in the state.

For a discrete qubit system, simple examples of error correction codes are the bit-
�ip or phase-�ip codes [22, 23]. Taking the example of the bit �ip code, it encodes
the logical qubit states into sets of three as

j0i L = j000i (2.13)

j1i L = j111i : (2.14)

So far, this looks similar to classical repetition codes. The main di�erence is that
we cannot measure the individual qubits in order to do a majority vote for the
logical state. Since the quantum state will collapse upon direct measurement, this
is not an option to detect the error. Instead, stabilizer measurements are used. The
stabilizersof the state is the set of operatorŝO for which Ô j i = j i [22].

Consider a bit �ip error occurring on the third qubit of our logical states, the
states are changed as

j000i ! j 001i (2.15)

j111i ! j 110i : (2.16)

In the case of the bit-�ip code, the operatorsZ1Z2 and Z2Z3 are stabilizers, where
Z is the Pauli Z gate,

Z =

 
1 0
0 � 1

!

; (2.17)

and the subscript denotes which qubit the operator acts on. This can be seen
through direct calculation on the statesjabci , wherea; b; ccan take values 0 or 1 (in
Eq. (2.15) a = 0; b= 0; c = 1).

Z1Z2 jabci = Z1(� 1)b jabci = ( � 1)a+ b jabci (2.18)

Z2Z3 jabci = Z2(� 1)c jabci = ( � 1)b+ c jabci : (2.19)

7



2. Theory

We can see that before the error has occurred,a+ band b+ c will always be positive,
leaving the state unchanged by the stabilizers, but if an error has occurred on our
third qubit, the b+ c will be odd, giving us a global phase factor on the state. By this
non-projective measurement, we can conclude that an error has occurred, where it
has occurred, and we can correct it. The same stabilizers work for identifying errors
on the �rst and second qubit as well.

Another very useful quantum property for error correction is that since we can
have arbitrary rotations R3(� ) around the Bloch sphere, not every error will take
us from j0i to j1i . We could have errors of arbitrary rotations. This is not an issue
with the three qubit bit-�ip code, since the stabilizer measurements will project the
state as

R3(� ) j000i !

8
<

:
j000i

j001i ;
(2.20)

from which the error correction works as described above [23]. This is one type of
error syndrome and its resolution, which holds for a bit-�ip on any location. The
phase-�ip code works in a similar way.

For continuous variable quantum computing, it gets slightly more involved. Since
there is a continuum of states, small shifts in the quantum state will have a larger
impact on measured observables. The current way around this problem is by en-
coding a discrete basis in a continuous state. There are several ways of doing this,
some of the most prominent examples being the cat codes and the GKP encoding,
which we will focus on in this work [24].

2.4 GKP states

The GKP scheme, where an in�nite-dimensional state is used to encode a �nite-
dimensional logical state used for computation, was �rst introduced in 2001 by
Gottesman, Kitaev and Preskill (GKP) [25]. For an extensive review of state-of-
the-art GKP research we refer to [26].

2.4.1 Ideal GKP states

The main idea of bosonic error correction is to encode a discrete system in a con-
tinuous one. Unlike the qubit/qudit system, the continuous system has continuous
errors, a slight shift in the state will have notable e�ect on the observables. In the
Wigner space, this can be seen as a shift in the state quadratures, which we need
to account for and correct. In the ideal case, we would like a very narrow peak in
phase space to be able to shift the state as precisely as possible. However, due to
the uncertainty principle, it is unphysical to have small variances in both quadra-
tures simultaneously. The GKP encoding surmounts this problem by introducing
a grid of delta peaks instead of a single one, which allows for narrow peaks while
having a large variance. They are therefore referred to asgrid states. This solves
our problem with the uncertainty principle while still letting us use narrow peaks
for error correction.

The GKP logical states (code-words) are de�ned as

8



2. Theory

j+ i GKP =
1X

s= �1
j2n

p
� i q (2.21)

j�i GKP =
1X

s= �1
j(2n + 1)

p
� i q ; (2.22)

wherej�i q denotes the in�nitely q-squeezed position eigenstates [26]. The code-words
could instead be expressed in terms of in�nitely squeezed momentum eigenstates.

The logical states of this encoding is shown in Fig. 2.3. It is clear that shifting
the state by

p
� along theq quadrature will correspond to a transform between the

j+ i GKP and j�i GKP GKP states, i.e. it corresponds to our logicalX gate. This
distance between the peaks is chosen such that the commutation relations become
[x; p] = i . For further details of the encoding, its logical operations and commutation
relations, we refer to [25].

Fig. 2.3: Wigner plot of ideal GKP states. Red (blue) dots correspond to positive
(negative) Dirac delta peaks.

As in the case of the bit-�ip code in the discrete variable case, errors in the GKP
setting are corrected by stabilizer measurements, which are de�ned as

S1 = exp
� q

2�=nix
�

(2.23)

S2 = exp
�

�
q

2�=nip
�

: (2.24)

These can deal with both small and large shifts in either quadrature [25].
There are several other types of GKP states beyond the square grid GKP state.

For example, the hexagonal GKP states and magic GKP states, which both have
di�erent Wigner space con�gurations. The error correction capabilities of these
states are analogous to the square GKP state.

9



2. Theory

2.4.2 Approximated GKP states

It is clear that having grid states extending to in�nity in both quadratures consisting
of delta peaks is not physical, since it requires in�nite energy. In order to implement
GKP states, approximations have to be made. This is done by �rst limiting the
extension of the GKP states in phase space by applying some Gaussian to the ideal
GKP states, attenuating the peaks far from the origin. The delta peaks are then
replaced by narrow Gaussians centered on the same points. The approximate code-
words are de�ned as

j+ i GKP /
X

s2 Z

e� (2
p

�s ) 2

2x � 2 D̂ (s
p

2� )Ŝr jvaci (2.25)

j�i GKP /
X

s2 Z

e�
(2

p
� (s+ 1

2 )) 2

2k � 2 D̂
��

s + 1
2

� p
2�

�
Ŝr jvaci ; (2.26)

where we see that we now start from the vacuum state, i.e. a coherent state with
zero displacement, which is then squeezed and displaced [25, 27�29].

The peaks of the approximate GKP states will therefore be more spread out in
Wigner space compared to the ideal versions. They will also not extend to in�nity
in either quadrature, as seen in Fig. 2.4. This speci�c state is a so-called GKP magic
state, which can be prepared for example as in [30].

Fig. 2.4: Approximated GKP state. Note that this state is not the same type of
GKP as Fig. 2.3. Rather, this is a GKP magic state, generated following [30].

2.4.3 GKP Hamiltonian

Common practice when preparing intricate bosonic states has been to use measure-
ment based preparation protocols. While these methods are su�cient to prepare
GKP states, they are not ideal for communication purposes, since the preparation
scheme is probabilistic. There are alternative approaches, allowing deterministic
generation of GKP states by stabilizing them as ground states of a GKP Hamilto-
nian. This Hamiltonian is de�ned as

H GKP = �
J
2

�
D(

p
2� ) + D(i

p
2� )

�
+ H.C. =

= � J
�
cos(2

p
�x ) + cos(2

p
�p )

�
:

(2.27)
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It has two almost degenerate ground states, which are approximate GKP magic
states j+ i GKP and j�i GKP [30�33], which is our computational basis, acting asj0i L
and j1i L in the discrete case [1, 25].

2.5 Deterministic preparation of stationary GKP
states

From Section 2.4.3 we know that Eq. (2.27) stabilizes our GKP computational states
as its degenerate ground states. For a reliable preparation scheme, we need to
construct this Hamiltonian and make sure that we are in the ground state. There
is a way of doing this usingadiabatic Hamiltonian evolution using a time-periodic
Hamiltonian [1]. In order to understand the preparation scheme, we �rst need an
understanding of adiabatic dynamics and Floquet theory.

2.5.1 Adiabatic evolution

The adiabatic condition refers to the changes in the Hamiltonian being su�ciently
slow in order to retain certain desired qualities. Namely, if our initial state is the
ground state of the initial Hamiltonian, the state will continue being the ground state
of the evolving Hamiltonian H (t) [23]. The adiabatically evolving Hamiltonian can
be written as

H (t) = (1 � t=t f ) H 0 + t=t f H 1; (2.28)

where H 0 is the initial Hamiltonian with known ground state, and H 1 is the �nal
Hamiltonian that governs our �nal system. The adiabatic condition then sets limits
on the parametert f , i.e. the preparation time.

t f � max
s2 [0;1]

jhm(s) j@sH (s)j n(s)ij

jE1(s) � E0(s)j2
; (2.29)

where s = t=t f and jn(s)i ; jm(s)i are eigenstates of the HamiltonianH (t). This
assumes that the Hamiltonian can be rewritten as a function ofs rather than t [23,
34].

We take some statej n (t)i that evolve according to the Schrödinger equation

H (t) j n (t)i = i@t j n (t)i ; (2.30)

with the initial condition j n (0)i = jn(0)i , where jn(t)i denotes an eigenvalue of
H (t), i.e. it ful�lls the eigenvalue equation

H (t) jn(t)i = En (t) jn(t)i : (2.31)

The state evolution for adiabatic drive will be

j n (t)i = ei� n (t ) jn(t)i ; (2.32)

where� (t) is the total phase of the state, explicitly written in terms of adynamical
phaseand a geometrical phase(also known as aBerry phase) [35�37]

� n (t) = �
Z t

0
En (t0)dt0+ i

Z t

0
hn(t0)j@t jn(t0)i : (2.33)
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2. Theory

We will later see how to relax the adiabatic condition through addition of additional
terms in the Hamiltonian, but for the purposes of generating a stationary state,
adiabatic evolution is su�cient.

2.5.2 Floquet theory

In several applications there is a need to deal with quantum dynamics where the
Hamiltonian is described by a simple Hamiltonian with a small, periodic pertur-
bation, for example in quantum chaos theory, or, for our purposes, generation of
GKP states. In such cases, Floquet theory is a useful tool. In our description we
will follow [38]. Floquet theory is a theory for dealing with Hamiltonians that have
a periodic time-dependence by splitting the Hamiltonian into a time-periodic part
(referred to as thestroboscopicpart), and a part changing within the periods (called
the micromotion).

In general, given a HamiltonianH (t), the time evolution operator is given as

U(t) = exp+

�

� i
Z

dt0H (t0)
�

; (2.34)

whereexp+ denotes time ordering.
The time evolution operator for the stroboscopic part of the Hamiltonian is called

the Floquet operator, and is de�ned as

F = U(T) = exp+

 

� i
Z T

0
dt0H (t0)

!

; (2.35)

whereT is the period time. It is evaluated at discrete time intervals of one period.
This gives long-time, time-averaged dynamics [39]. The state at timesnT, where
n 2 Z, is then given by

j (nT)i = F n j (0)i : (2.36)

Assume we have a Hamiltonian on the form

H (T) = H 0 + �V
1X

n= �1
� (t � nT ); (2.37)

i.e. a Hamiltonian with repeating delta function perturbations at each period time.
The time evolution operator has the property that

U(t; 0) = U(t; t 0)U(t0; 0); (2.38)

which applied to the Floquet operator gives

F = U(T;0) = U(T; s)U(s;0) = U(T + "; T � ")U(T � "; " ); (2.39)

where the last equality comes from shifting the entire integration domain by".
Explicitly, this gives us

F = exp+

 

�
i
~

Z T � "

"
dt0H (t0)

!

exp+

 

�
i
~

Z T + "

T � "
dt0H (t0)

!

: (2.40)
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2. Theory

The Dirac function drive only acts on the second exponential, where the integration
interval is 2". " is assumed to be in�nitesimal, meaning thatH 0 will not contribute
to this term. The �rst term on the other hand has no delta function kick, and will
only have a contribution from the static Hamiltonian, which gives us

F = e� i H 0T=~e� i�V= ~: (2.41)

If we are now interested in the state only at full periods, we can �nd our state

j (nT)i =
�
e� i H 0T=~e� i�V= ~

� n
j (0)i : (2.42)

For �nding the state in between periods, the state can be evolved to the closest full
period, and then evolved according to the micromotion Hamiltonian for the dnamics
in between periods. However, we will �nd that this is not necessary in this work.

2.5.3 Preparation scheme

The preparation procedure is based of [1]. The idea is to adiabatically evolve the
time-periodic Hamiltonian

H (t) = ! 0aya + Jf (t) cos(2
p

� x̂); (2.43)

wheref (t) is our kick drive that holds the time dependence. In the ideal case, it is
de�ned as

f (t) =
T
2

1X

n=0

� (t � nT=4); (2.44)

meaning that we have four kicks in each period. The reason for this choice of
Hamiltonian becomes clear after looking at the corresponding Floquet operator.
Since we have four kicks in what we de�ne as a period, we could equally well �nd
another Floquet operator for a quarter of a period,F such that F 4 = F . For this
operator we get

F = exp+

 

� i
Z T=4

0
! 0aya + JT=2

1X

n=0

� (t0 � nT=4) cos(2
p

� x̂)dt0

!

= exp+

 

� i
Z T=4� "

"
! 0aya + JT=2

1X

n=0

� (t0 � nT=4) cos(2
p

� x̂)dt0

!

� exp+

 

� i
Z T=4+ "

T=4� "
! 0aya + JT=2

1X

n=0

� (t0 � nT=4) cos(2
p

� x̂)

!

= exp+

�
� i! 0aya

�
exp+

�
� iJT=2 cos(2

p
� x̂)

�
:

(2.45)

From this we can now say that

F =
�
exp+

�
� i! 0aya

�
exp+

�
� iJT=2 cos(2

p
� x̂)

�� 4
: (2.46)

It is now possible to show that this is equivalent to

F = exp+ (� iT H GKP ) : (2.47)
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2. Theory

This means that as long as we study the system only at times described by the
stroboscopic Hamiltonian, i.e. att = nT , the time evolution will follow that of the
GKP Hamiltonian [1].

For experimentally realizable drives, it is obvious that we cannot have delta
peaks in the drive. With this in mind, we need to modify the time dependent part
of the drive, f (t). We do this by writing the Fourier series of the comb of Dirac
delta functions, and then truncating it at someN (we will useN = 4, higher values
would give a closer approximation of the delta function peaks). We get

f (t) = 2 + 4
NX

n=1

cos(4n! 0t) (2.48)

The preparation scheme in [1] is to evolve the Hamiltonian

H (t) = ! 0aya + Jf (t) cos(2
p

� x̂); (2.49)

where f (t) now also incorporates factors controlling the adiabatic evolution. Its
explicit form is

f (t) = A(t)

 

2 + 4
NX

n=1

cos (4n! (t)t)

!

; (2.50)

where A(t) controls the strength of the drive, and! (t) controls the frequency de-
tuning.

For stabilizing the GKP states, both A(t) and ! (t) can be chosen to be sigmoid
functions, A(t) going from 0 to 1, and! (t) going from ! 0=(1 � � � 10� 3).

Since we want a computational basis of GKP states, we need to be able to prepare
both our basis states,j�i GKP . This is done by choosing which initial state we have
in our system. For generatingj+ i GKP , we choose the initial Fock statej0i , and for
j�i GKP we choose the initial Fock statej2i .

14



3
Propagating GKP

With a foundational knowledge of GKP states and how to generate stationary GKP
states in a deterministic manner, we can now move on to a proposed preparation
scheme for traveling GKP states in a waveguide. In order to do this, we need an
introduction to input-output theory, as well as some extensions for dealing with
pulsed inputs and outputs to our system. We introduce the SLH formalism, a pow-
erful tool for �nding e�ective operators for a larger network of multiple components.
We then use these tools to �nd a model description of a system releasing a state
into a downstream mode.

When emitting states, we tend to speak in terms of output modes. A very
interesting aspect of state emission is the distribution among modes, sometimes
referred to as themultimodenessof the state. In a linear system, one can expect to
only populate a single output mode, but in non-linear systems several output modes
can be expected to have a photon population [2]. In experimental settings, emission
of low-photon states has already been achieved [40, 41], but for emission of GKP
states, we need to account for photon populations in higher excited states.

3.1 Input-Output Theory

The input-output formalism of quantum optics is an e�ective way of describing the
interactions of an open quantum system interacting with the environment. The
main idea of the theory is to describe the system in terms of inputs from the en-
vironment and outputs to the environment. This gives us an e�ective description
of incident signals scattering on the system, which characterizes our system. It was
�rst introduced by Gardiner and Collett [42]. We will derive it starting from the
full system-bath Hamiltonian in our rotating frame with frequency! , following [9,
20, 42].

H total = H sys + H b + H int ; (3.1)

where
H sys = � aya (3.2)

is the system Hamiltonian assuming that we are working with a two level system,
� = ! 0 � ! is the detuning between our system frequency and the frequency of our
rotating frame. The operatora is a system annihilation operator. Our environment
is modeled in terms of an in�nite bath of harmonic oscillators

H b =
Z

d!!b y(! )b(! ); (3.3)
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3. Propagating GKP

where b(! ) is the annihilation operator of the mode with frequency! . The bath
operators should ful�ll the commutation relations[b(! ); by(! 0)] = � (! � ! 0), meaning
that interactions between bath modes of di�erent! are uncorrelated. We model our
interaction as the lowest order interaction possible (weak coupling), where we couple
one of the quadratures of the system to one of the quadratures of the bath. This
gives us some freedom to chose the exact form of our coupling, since we can pick
which quadratures to couple. We couple the generalized position of the system to
the generalized momenta of the bath, with a coupling strength� (! ). We get

H int = i
Z

d!� (! )(a + ay)(by(! ) � b(! )) � i
Z

d!� (! )
�
aby(! ) � ayb(! )

�
; (3.4)

where we have only kept terms with an equal amount of creation and annihilation
operators, since they are the energy conserving ones to the lowest order. The goal
now is to �nd how the system responds to an incoming �eldbin . We do this by �rst
writing down the Heisenberg equation of motion for the bath operatorb(! ). We get

_b(! ) = � i!b (! ) + � (! )a: (3.5)

This can be solved, giving us

b(! ) = e� i! (t � t0 )b0(! ) + � (! )
Z t

t0

e� i! (t � t0)a(t0)dt0; (3.6)

where we have de�nedb0(! ) = b(!; t = t0) as an initial condition for the bath. The
initial condition should ful�ll the same commutation relations, i. e. [b0(! ); b0(! 0)] =
� (! � ! 0). We now make the �rst Markov approximation, meaning that we approx-
imate the coupling as constant,� (! ) =

q

= 2� . This approximation is valid if the

coupling is slowly varying. We now de�ne thein-�eld at time t as

bin (t) =
1

p
2�

Z 1

�1
d!e � i! (t � t0 )b0(! ): (3.7)

With this de�nition in mind we carry out an integral of b(! ) over ! , yielding

1
p

2�

Z
d!b (! ) =

1
p

2�

� Z
e� i! (t � t0 )b0(! )d! +

Z r


2�

Z t

t0

e� i! (t � t0 )a(t0)dt0d!
�

=

= bin (t) +
p



2

a(t);

(3.8)

where we have used the identities
8
><

>:

R1
�1 ei! (t � t0)d! = 2�� (t � t0)

Rt
t0

a(t0)� (t � t0)dt0 =
1
2

a(t):
(3.9)

An alternative solution to the Heisenberg equation of motion is to introduce the
�nal state operator b1(! ) = b(!; t = t1). This lets us �nd a solution

b(! ) = e� i! (t � t0 )b1(! ) � � (! )
Z t

t0

e� i! (t � t0)a(t0)dt0: (3.10)
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3. Propagating GKP

We now de�ne anout-�eld

bout (t) =
1

p
2�

Z
d!e � i! (t � t1 )b1(! ): (3.11)

We integrate this, giving us

1
p

2�

Z
d!b (! ) = bout (t) �

p



2
a(t): (3.12)

Taking Eq. (3.8) and Eq. (3.12) together we end up with

bout (t) = bin (t) +
p


a (t); (3.13)

called an input-output relation. Here, we identify bin (t) as corresponding to an
incoming �eld, and bout (t) as corresponding to an output �eld. This can be done with
more general system Hamiltonians, in particular the system annihilation operatora
can be replaced by a more general operator, and the exact form of the Hamiltonian
need not be speci�ed.

3.1.1 SLH formalism

The SLH formalism [43] is a powerful tool for simplifying complex networks con-
sisting of many parts which can be modelled individually. The general idea of the
formalism is that if one can �nd the triplet (S; L; H ) for any given subsystem, and
from there �nd input-output relations for the entire network as seen above. The
triplet consists of the internal scattering operatorS, the loss operatorL, coupling
to external modes of the bath, andH , the network Hamiltonian. Both S and L
correspond to scattering in some sense, the scattering operator corresponds to scat-
tering a signal from one of the systems internal modes to another one, and our loss
operator L corresponds to interaction with the environment, i.e. scattering into an
external mode. Note that both S and L can consist of several scattering or loss
channels, thus a vector notation is oftentimes used.

The criterion for applying the SLH formalism is that the conditions for the
Markov approximation are ful�lled, as well as the assumption that all components
are weakly coupled. It is derived from stochastic calculus, which we won't go into
detail about. The main idea is that one can de�ne a in�nitesimal change of the
time evolution unitary, which can be generalized to networks of arbitrary size and
coupling topology. Rather than using these in�nitesimal time steps to solve the full
dynamics of the system, the SLH formalism o�ers a way to combine the SLH triplets
of di�erent subsystems into one triplet that describes the full system. To do this
there are composition rules that can be used, these are listed here without proof.
For an extensive review of the formalism, see [43].

3.1.1.1 Composition rules

Series product : The series product or cascade rule is used for connecting two
subsystems 1 and 2, where the output of system 1 will pass as an input into system
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3. Propagating GKP

2. Mathematically, one writes

(S2; L 2; H2)/ (S1; L 1; H1) =
�

S2S1; L 2 + S2L 1; H1 + H2 +
1
2i

�
L y

2S2L 1 � L y
1Sy

2L 2

� �

:

(3.14)
Concatenation product : The concatenation product is a way of combining two
elements that are in parallel. One writes

(S1; L 1; H1) � (S2; L 2; H2) =

 "
S1 0
0 S2

#

;

"
L 1

L 2

#

; H1 + H2

!

: (3.15)

Direct coupling : This is a generalization of the concatenation product, where we
have two elements that are in parallel, but that are also coupled via some interaction
Hamiltonian. We get

(S1; L 1; H1 + H int ) � (S2; L 2; H2) =

 "
S1 0
0 S2

#

;

"
L 1

L 2

#

; H1 + H2 + H int

!

: (3.16)

3.1.2 Input-Output with pulses of radiation

In certain cases, we want to work only with pulses of radiation rather than continuous
inputs and outputs. A way to do this was presented by Kiilerich and Mølmer [5,
6]. The basic principle is to consider a system where input and output are modeled
with leaking virtual cavities. This means that instead of treating the system as
connected to an in�nite bath, it is connected to virtual cavities that leaks signals
into it, and on the other side connected to cavities which the system outputs are
leaked into. This is acascaded system, meaning that the input cavities only send
signals to the system, while the reverse direction is not allowed. These are referred
to as upstream cavities. By the same principle the cavities that the system leaks
signals into are calleddownstream cavities. This modeling of our open system lets
us utilize the SLH formalism and (3.13) in order to describe the output states. For
now, we will consider a system with one upstream and one downstream cavity, see
Fig. 3.1. We de�ne the time-independent creation operator

by
u =

Z
dtu(t)by(t); (3.17)

since the upstream cavity only has one excitation in the mode with shapeu(t), so
this operator is the total excitation entering the system.

We now consider the coupling between the upstream cavity and the system,
which we denotegu(t). We de�ne this as

gu(t) =
u� (t)

q
1 �

Rt
0 dt0ju(t0)j2

; (3.18)

and for the downstream cavity we de�ne

gv(t) = �
v� (t)

q Rt
0 dt0jv(t0)j2

; (3.19)
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3. Propagating GKP

Fig. 3.1: Simple case of our model, showing how we deal with one input and
one output signal entering the system with pulse shapeu(t) and exiting the system
with pulse shapev(t). This is modelled as one upstream cavity leaking its signal
content to the system with coupling strengthgu(t), which is then scattered into the
downstream cavity with coupling strengthgv(t). This model can easily be extended
by regarding several inputs and outputs, which will correspond to more cavities in
our model.

where gv(t) is the coupling strength between system and downstream cavity, and
v(t) is the envelope for the signal sent from the system. The reasoning behind these
de�nitions is that the upstream cavity should start releasing the signal at our initial
time, and that the downstream cavity should absorb the signal from the system as
our time increases (asymptotically).

We have now de�ned a system with three network elements, the upstream cavity
U, the systemS and the downstream cavityD. This makes it possible to utilize
the SLH formalism. In order to do this we must �nd the SLH triplets of our three
network components. We can argue that none of our components contains internal
scattering, so theS-matrix is unity for all cases. Knowing the cascaded nature of
the total system, as well as assuming that the system has one loss channel, photon
loss, with rate

p

 , we can write the SLH triplets as

Gu = ( 1; g�
uau; H u) (3.20)

Gs = ( 1;
p


a; H s) (3.21)

Gv = ( 1; g�
vav; H d); (3.22)

wherea is a system operator corresponding to losing an excitation to the bath,au

and av are operators for upstream and downstream respectively.
This now gives us the following triplet for the full system

GUSD = Gd / G s / G u: (3.23)

Explicit evaluation gives us that

GUSD = ( 1; g�
vav; H d) /

�

1;
p


a + g�
i au; H s + H u +

1
2i

� p

a yg�

uau � guay
u
p


a
� �

=
�

1; g�
vav +

p

a + g�

uau; H d + H s + H u+

1
2i

� p

g �

uayau �
p


g uay
ua + gvay

v (
p


a + g�
uau) �

� p

a y + guay

u

�
g�

vav

� �

=
�

1; g�
vav +

p

a + g�

uau; H d + H s + H u +
i
2

�
gu

p

a y

ua + g�
v
p


a yav + gug�
vay

uav � H.C.
� �

(3.24)
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Given that we do not interest ourselves in the exact form of the cavities, since they
are virtual, we neglect these terms to focus on the physical ones. This leaves us with

H USD = H s +
i
2

�
gu

p

a y

ua + g�
v
p


a yav + gug�
vay

uav � H.C.
�

: (3.25)

An important step of this calculation is the associativity of the series product, which
is easy to show by calculating(G1 / G 2) / G 3 and G1 / (G2 / G 3) for some general
Gi = ( Si ; L i ; H i ) and seeing that they are the same.

In many cases, the system will contain more than one input or output mode.
If the system is non-linear, it can be expected that the output will be released
into several di�erent modes of the output �eld [2]. For the purposes of information
transfer, it is then important to scatter as much of the desired pulse into the same
mode as possible, since one can usually assume that only one mode can be measured
in the receiver. The way to measure the occupancy of each mode is through use
of the auto-correlation function of the output �eld, calculated through use of the
quantum regression theorem

g(1) (t; t 0) = h(LUS(t))y LUS(t0)i =

Tr
h
(LUS(t))y U(t; t 0) (LUS(t)U(t0; 0)� US(0))

i
;

(3.26)

whereLUS is the loss operator for the joint system consisting of the upstream cavity
and our system, (we assume we only have one),U(t2; t1) is the time evolution oper-
ator evolving the state from timet1 to time t2, and � US(0) is our initial state of the
joint system [6]. The two-time correlation function has the eigenmode decomposition

g(1) (t; t 0) =
X

i

ni v�
i (t)vi (t0); (3.27)

whereni is the photon occupancy of modei , and vi (t) is, like before, the pulse shape
of the pulse leaving the system and entering the downstream cavity. This gives us
a way to �nd the most occupied state. With this information, the coupling to the
downstream virtual cavities with the correct modes can be found, from which we
calculate the shape of the output pulses. Now, �nally, we have a description from
an arbitrary number of inputs to the system, scattering on an arbitrary system into
modes with given pulse shapes.

3.2 Release of GKP states

Instead of generating a stationary GKP state in a system, it is interesting to see
how the same techniques could be used to create traveling GKP states. The main
idea is to combine the methods from Section 2.5 and Section 3.1.

First of all, we want a pulsed emission, so we should change the drive amplitude
A(t) from a sigmoid. We useA(t) = sin 2(�t=t f ), where t f is the �nal preparation
time for the state. Even after changing the drive to a pulsed signal, the frequency
is still tuned by a sigmoid, as described in Section 2.5.3.

Instead of dealing with an upstream cavity, a system and a downstream cavity,
we model the input to the system by making our Hamiltonian time dependent,
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3. Propagating GKP

rather than having an upstream cavity. This leaves us with only our system, in
which state preparation is handled, and a downstream cavity, modeling the most
populated mode of the output �eld. Given that we have a system Hamiltonian
Eq. (2.49), we can �nd the SLH triplets for both subsystems. We get

Gsystem =
�
1;

p

a; ! 0aya � Jf (t) cos(2

p
� x̂)

�
(3.28)

Gdownstream = ( 1; g�
v(t)av; H D ) : (3.29)

Using Eq. (3.14) we can �nd the total network loss operator and Hamiltonian. We
get

L tot =
p


a + g�
v(t)av (3.30)

H tot = ! 0aya � Jf (t) cos(2
p

� x̂) +
p



2i

�
gv(t)avay � g�

v(t)aay
v

�
; (3.31)

where we have once again disregardedH D .

3.3 Shortcuts to adiabaticity

In order to have controlled state evolution, there is a need for adiabatic evolution, as
mentioned earlier. However, this can lead to very long preparation times, which is
problematic since this allows losses to act for longer. Therefore, many applications
need a way to speed up the state generation process while still yielding the same
state as the adiabatic protocol. The set of methods doing this are referred to as
shortcuts to adiabaticity (STA) [35, 37, 44].

On such method is through adding acounter-diabatic term. Assume, as before,
that we have an adiabatic HamiltonianH ad(t), ful�lling the Schrödinger equation

H ad(t) jn(t)i = En (t) jn(t)i ; (3.32)

where jn(t)i are the eigenstates of the adiabatic Hamiltonian. We know that the
Schrödinger equation for our adiabatic Hamiltonian isH ad(t) jn(t)i = i@t jn(t)i and
that its formal solution is

j n (t)i = ei� n (t ) jn(t)i : (3.33)

Now, let us assume that there is an additional HamiltonianH (t) that ful�lls this
Schrödinger equation, i.e.

H (t) j n (t)i = i@t j n (t)i ; (3.34)

where we now want to solve for this new Hamiltonian. It can then be shown [35]
that the Hamiltonian will be on the form

H (t) =
X

n
En (t) jn(t)i hn(t)j + i

X

n
(1 � j n(t)i hn(t)j) @t jn(t)i hn(t)j : (3.35)

We can identify the �rst term as our adiabatic Hamiltonian H ad(t), while the second
term is referred to as thecounter-diabatic term, H cd, i.e.

H (t) = H ad + H cd: (3.36)
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H cd(t) can be written as ([37])

H cd(t) = i
X

m6= n

hm(t)j(@tH ad(t)) jn(t)i
En (t) � Em (t)

jm(t)i hn(t)j : (3.37)

This is in the case of no degeneracies of the eigenvalues. In the case of degeneracy,
the counter-diabatic term can be modi�ed to exclude summation with two equal
eigenenergies. This is done by adding another index to the state, which orders the
degenerate states. The counter-diabatic term with degeneracies is written as

H cd(t) = i
X

m6= n
� 6= �

hm(t); � j(@tH ad(t)) jn(t); � i
En;� (t) � Em;� (t)

jm(t); � i hn(t); � j : (3.38)
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4
Results and discussion

In this chapter we present and discuss the results from simulated preparation of GKP
states. We begin with closed system generation of GKP states, from which we add
the counter-diabatic term and open the system, while studying the multimodeness.
After this we employ the full system-downstream Hamiltonian to catch the most
populated state in the output �eld.

For our model, we will assume a constant resonance frequency! 0 in our system,
which we set to be a standard harmonic oscillator when driving is absent. In a
superconducting circuit setting,! 0 would be in the range of a few GHz. We de�ne
the time scale in relation to this frequency asT = 2�=! 0. This is the period time
of our Floquet Hamiltonian, and our total preparation time should be an integer
multiple of T in order to get the correct Floquet dynamics, as stated in Section 2.5.3.
We will restrict ourselves to dealing with preparation ofj+ i GKP states. This is
because in our open system settings, we will have a very strong coupling to the
environment, and we will therefore rapidly lose thej2i initial state that is necessary
for preparation of j�i GKP . The preparation scheme of this thesis will have to be
further developed in order to preparej�i GKP states.

4.1 Generation of stationary GKP states

The �rst crucial step of releasing GKP states into a waveguide is to �rst be able
to deterministically prepare stationary GKP states in our circuit. Following the
procedure of [1], the Hamiltonian Eq. (2.27) with the drive Eq. (2.50) is implemented.
This is simulated in a closed system with a system dimension of 30. We choose to
start with a preparation time t f = 600T. First, we generate the states with a sigmoid
drive, choosing the drive strengthJ = 0:00125! 0. The Wigner plots of generated
j+ i GKP and j�i GKP states is shown in Fig. 4.1a.

Given the limitations on the dimensionality, as well as approximations like the
truncation of the Fourier series of our delta peaks, this does indeed look like a
GKP-like state, and shows that we have a working implementation of [1]. However,
to emit a single pulse, we should change the preparation scheme such that the
sigmoidal ramp is replaced by a pulsed envelope. We choose asin2 pulse, i.e.A(t) =
sin2(�t=t f ). Given that this pulse shape decreases the drive function overall, we also
need to �nd a suitable value for the drive strengthJ . This new value is chosen to
be J = 0:005! 0, i.e. four times higher drive strength, and the corresponding circuit
Wigner functions are shown in Fig. 4.1b.

The quality of this state has decreased due to the change of the drive function.
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(a) (b)

Fig. 4.1: Stationary j+ i GKP shown in (a) [(b)] with n = 6:40 (n = 6:29) simulated
in a closed system withJ = 0:00125! 0. The drive is a sigmoid ramp (sin2). In
both cases, we see a grid like structure with positive and negative contributions, as
expected for GKP-like states. We note that changing the envelope shape a�ects the
distribution of positive and negative peaks, while still keeping a grid structure.

We can see that the Wigner negativity of the state is distributed di�erently, even dis-
regarding linear transformations, and also that the localized points are more spread
out. This is not ideal, and could de�nitely be optimized for better �delity with the
previous state. This could be a future improvement, but is currently insigni�cant in
comparison to getting a downstream state population, and is therefore disregarded
for the remainder of this work. We will also see that subsequent steps of state
generation will a�ect the state more severely.

Fig. 4.2: Photon numbers as a function of time for the two prepared states in
Fig. 4.1a (red) and Fig. 4.1b (blue). The di�erence between sigmoid and pulsed
drive has a clear impact of the photon number in the system.

The photon numbers of the prepared states during the preparation is shown in
Fig. 4.2. The di�erences between the two types of drive becomes very clear. Since
we have di�erent preparation schemes, it is very reasonable that we end up with
di�erent states in the two cases. However, they are still GKP like, with focused
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points of Wigner state population, positive and negative interspersed.

4.2 Shortcuts to adiabaticity

In order to have faster state preparation and release, we implement the counter-
diabatic term discussed in Section 3.3.

The purpose of adding the counter-diabatic term is to lower the preparation
time, so we now change it tot f = 150 T, and then try to replicate the pulsed
drive state generation that we have seen before. We choose the drive strength value
J � 0:002! 0. The corresponding Wigner function is shown in Fig. 4.3, with photon
numbers in Fig. 4.4.

Fig. 4.3: Closed system generation ofj+ i GKP with counter-diabatic term and
J � 0:002! 0. The photon count isn = 1:68, and the drive envelope is asin2 pulse.
This state is largely di�erent from previous GKP states, but still contains large
Wigner negative sections, and carry a resemblance to squeezed cat states.

Fig. 4.4: Photon number over time for j+ i GKP as seen in Fig. 4.3. We see that
the intermediate photon number changes in a slow fashion, with the �nal photon
numbers being in a reasonable range for GKP states.
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We see that this state is severely a�ected by the addition of the counter-diabatic
term. Ideally, this should not happen, since the GKP states are eigenstates of the
GKP Hamiltonian Eq. (2.27), and the counter-diabatic term should perserve the
eigenvalues. It is likely that this doesn't hold for our system, since the drive in
our adiabatic term consists of a sum of cosines. When �nding the counter-diabatic
term, the time derivative of the adiabatic term is used. This will result in a sum of
sines, corresponding to the Fourier series of another set of delta peaks shifted in time
by T=2. These changes to the Hamiltonian are quite drastic, and could clash with
the assumptions of our counter-diabatic term. Improving this is another subject for
future research.

4.3 Open system and correlation functions

All previous results are for a closed system setting. We open the system and imple-
ment Eq. (3.30) with a constant coupling strength
 � 0:019! 0. Since we aim to
leak the state, it is no longer relevant to look at the Wigner function in the system,
rather it's the output �eld state information we seek.

The simulations in this, and next, section are carried out with a system dimension
of 15, since we will not populate as high levels with photon loss present. We pick a
drive strength J = 0:0048! 0 and the preparation time t f = 240 T. It is clear that
we are in a very strong coupling regime, since
 = 4J . It is important to make sure
that we release the entire state, since residual photon content in the system will be
entangled with the downstream, and can give more multimode behaviour. Now, the
photon number is approximately zero att f , as seen in Fig. 4.5.

Fig. 4.5: Photon number for preparation ofj+ i GKP with 
 = 0:019! 0. Note that
the photon number at the �nal time is close to zero, meaning that almost everything
has leaked out of the state. Note also that the photon number contains some �uc-
tuations. These are likely caused by the fast oscillating term in our Hamiltonian, as
well as a strong interaction with the environment.

As might be expected, we have very much lower system population due to the
strong coupling, even at the maximum, only reaching about0:45 photons.
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Knowing that the entire state is released, we can �nd the full photon count of
the output �eld (i.e. sum of all output modes) as

noutput =
Z

dt hL yLi =
Z

dt
 hayai ; (4.1)

and in this case getnoutput = 5:05, which is in our higher limit of reasonable values
for implementable GKP.

As stated in Eq. (3.27), it should be possible to calculate the photon number
by calculating the two-time two-operator correlation functiong(1) (t; t 0). This corre-
lation function contains a lot of �uctuations, which a�ects these calculations. One
possible reason for this is that since the Hamiltonian has a lot of sudden peaks,
so does the correlation function, and by extension both its eigenvalues (the photon
numbers in each mode) and eigenfunctions (our temporal modes) get unphysical
sudden jumps. This is especially clear in the eigenfunctions, which will yield time
dependent coupling strengthsgv(t) that do not correspond to catching a physical
mode, leading to no population of the corresponding virtual cavity.

Since we cannot rely on the �uctuating decomposition as is, we will remove the
�uctuations in our vi (t) by a simple moving average in order to smooth the pulses
out. This approximation allows us to extract temporal envelopes that we can use
for the remainder of the preparation scheme. We use these pulses in order to extract
our virtual coupling strength gv(t). We can assume that this approximation results
in some redistribution of photons between modes. The magnitude of the errors from
smoothing the wave-packets is currently unknown, but they are expected to be quite
small since we only smooth sudden changes in the pulses, and, as mentioned, state
emission is inhibited if the smoothing is not performed. Ideally, this would be the
subject of future research.

4.4 Full system

We simulate the full system-downstream network with our full Hamiltonian contain-
ing the counter-diabatic term. In these simulations we have a considerably shorter
preparation time compared to the closed system. We choose a preparation time
t f = 50 T and a drive strengthJ = 0:008! 0. We see the two most populated modes
in Fig. 4.6, with the photon number of the most populated mode in Fig. 4.7. It is
important to note that the photon count in the system at the �nal preparation time
is non-zero. As mentioned before, this could mean that the residual state in the
circuit could be entangled with the downstream mode. In order to mitigate this, the
system is evolved past the preparation time, letting the system population decay to
zero without any applied drive before observing the downstream state. The reason
for this procedure is to make sure that
 determines the time frame for the prepa-
ration, rather than our preparation parameters, e.g.J or t f . This ensures that our
preparation is as fast as possible.

We have a clear di�erence between the two Wigner functions in Fig. 4.6, with
three times higher population in the most populated mode. The most populated
mode also contains Wigner negative parts, whereas the second most populated mode
is strictly positive. Calculating the total photon number of the output �eld by
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(a)
(b)

Fig. 4.6: Wigner function of (a) the most populated mode with photon count
n1 = 1:58 and (b) the second most populated mode with photon countn2 = 0:44
simulated with J = 0:008! 0 and 
 = 0:019! 0. The total photon number of the
output �eld is noutput = 2:41. We note that all negativity is located in the most
populated mode.

Fig. 4.7: Photon number for circuit (blue) and most populated downstream mode
(orange) for the simulation shown in Fig. 4.6. We see that the downstream mode
population is saturated at the �nal time. The behaviour at the beginning of emission
is not as smooth as before, most likely a result of the counter-diabatic term adding
more complexity to the correlation function.

Eq. (4.1) givesnoutput = 2:41, and through adding up the 15 largest eigenvalues
of Eq. (3.27) we getnoutput = 2:38, with the values for the �rst two modes being
n1 = 1:76 and n2 = 0:37. The discrepancy between these values and the �nal
expectation values of Fig. 4.6 most likely originates from the eigenvalues ofg(1) (t; t 0)
being inexact for the same reasons the eigenfunctions get �uctuations.

We decrease the drive strength toJ = 0:005! 0 while keepingt f = 50 T. We
show the two most populated modes in Fig. 4.8. As for the previous result, this
gives an overwhelming portion of the photon population located in a single mode.
We also see that the most populated state is fairly similar to earlier results, except
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