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Abstract

Cross-feeding is an important aspect of many ecosystems. It has been show to occur
among microbes both in natural systems and in bioreactors. Urdar is an artificial life
model of an ecosystem where cross-feeding is abundant. Populations in the system
are made up from the 256 elementary cellular automaton rules who digest binary
strings. The energy needed by the rules to reproduce is taken as the Shannon entropy
of the strings. Rules that are able to increase the entropy of the strings they digest are
allowed to divide. The question behind the project is: Will a system with selection for
energy consumption on the individual be optimized on the population level towards
high energy consumption? With basis is Urdar this question is tackled both on
the global and local level. The main result is that the final stable population in the
system tend to have high efficiency but be separate from the most efficient population
compasition possible. A preposed way of reducing the system to a set of differential
equations is also examined and tested. This might lead to a more generalized method
of describing the system that can also be applied fo other similar models.
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1 INTRODUCTION

1 Introduction

This section first places the thesis into a biological context. It then reviews a part of
the related work made in similar areas. Finally it states the aims of the project.

1.1 Biological background

Cross-feeding or syntrophy is an important feature in many ecosystems. In its basic
form cross-feeding is the situation where one species generate waste that another
species can digest further. Cross-feeding can occur in one direction or both, with both
species utilizing some intermediary metabolite secreted by the other, or even involve
multiple species in a more complex food-web or resource cycling chain. The most
abundant examples are found in microbial systems. Examples include methanogenic
enviroments (Hallam et al., 2004), (Stams, 1994) and the human gut (Belenguer
et al., 2006). It has been ohserved to be a factor in the degradation of xenobiotic
compounds {Dejonghe et al., 2003), (Katsuyama et al., 2009). Consortia of bacteria
has also been investigated with the aim of biologically separate metals {Rawlings and
Johnson, 2007).

Optimality in evolution touches upon many questions. It has often been used
to make predictions behavior through models with assumptions such as the energy
consumption is minimized or that the biomass production is maximized and to un-
derstand adaptation (Maynard Smith, 1978), {G.A. and Maynard Smith, 1990). Op-
timality models in this sense have been criticized for being adaptionistic but have
been useful in many cases (Dupré, 1987). The focus on optimality in this project
is not on prediction or characterization of individual traits. Instead the question
is if productivity in an organism is selected for the level of the individual can the
population as a whole be expected to evolve towards an productivity maximum?

This notion of global optimality touches upon the age old debate of kin selection
versus group selection. Kin selection is the concept that an organism that carry
traits that benefit close relatives will ensure the survival of those traits are these are
likely also carried by the near relatives. The famous quote by evolutionary biologist
J.B.S. Haldane in the 1930s state 1 would lay down my life for two brothers or eight
cousing”. This is meant as a break even point where the loss of his own genetic
material is in evolutionary terms paid for in saving his two brothers or eight cousins,
The theory of kin selection was formalized in the 1960s by W.D. Hamilton {Hamilton,
1964). Group selection states that a trait that favors a population as a whole will
spread in the population regardless of it’s effect in individual fitness. It was strongly
debated however if this could be a plausible mechanism for evolution and recent
development in this area (Nowak, 2006) has rekindled this debate.

Gaia theory is another way of viewing ecosystems as a whole first introduced
by James Lovelock (Lovelock, 1972). The background of the theory is the apparent
self organizing and self regulating properties of the biosphere as a whole. The gaia
hypothesis in i¢s radical strong formulation it is teleological and argues that there is a
purpose and aim behind evolution to explain the apparent ordering in nature. In the
weak formulation it is a more general formulation that natural system exhibit self
requiating behaviour. Even this observation has been criticized however (Kircher,
2002). The study of self regulating systems is still an important topic. One of the
most famous models of such an system is Daisyworld {Watson and Lovelock, 1983)
where a world populated white and black daisies self regulate global temperature
through their albedo. This kind of system thinking can also be applied to consider
productivity in an ecosystem Philips (2008},
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1.2 Previous work

The study of artificial life is centered around using often simplified models of living
systems to generate understanding of mechanisms underlying biclogical phenomena
(Dittrich et al., 2001). The concept of cross-feeding has been studied previously using
models of varying complexity. The model of greatest importance for this project is of
course the Urdar model{Gerlee and Lundh, 2010a) but it will be covered in greater
detail in section 3.

In (Bull and Harcombe, 2009) and (Estrela and Gudelj, 2010} cross-feeding be-
tween two species is studied in a situation resembling growth in bacterial colonies or
a batch culture. The model describes the growth of the two species {X and Y) from
low density until a set carrying capacity{K) of that colony. Each species has it’s
own intrinsic growth rate but are also affected by the other species through a term
describing cross-feeding. This is summarized in the two following equations.

. o ¥ X+ VY
X o= X(ry 4 byxX+Cx}(1 K Js (1)
. X X+Y
Y—Y{Tx+bmy},+cy)(1~ 7 1.

The last parenthesis correspond to the carrying capacity. The second factor describes
the growth rate with 7, and ry, being the intrinsic growth rate and by, and by, the
confribution to growth by cross feeding with the other species.

The argument is that by engaging in cross-feeding one species sacrifices part of its
own growth(for example excreting metabolites that have not been fully digested) and
through this boosts the growth of the other species. Through this the first article{Bul
and Harcombe, 2009) examines the possibilities for cross-feeding to evolve. It also
investigates the stability of an evolved population of cross-feeders by looking at the
susceptibility to exploiters or cheats. The definition of an exploiter in this case is a
species that can reap the benefits from cross-feeding of the other species but that does
not pay the cost of giving resources in return. They find that cheaters will introduced
to a population of cross-feeders will eventually take over the population and destroy
the cooperation. The authors note three key points affecting the evolution of cross-
feeding in their model: the need for spatial heterogeneity, the preexistence of cross-
feeding in one direction is required for bidirectional cross-feeding to evolve and there
must be a sufficienily high benefit to cost ratio for cross-feeding. In (Estrela and
Gudelj, 2010) they expand on the previous model but contrary to the first they
reach the conclusion that cross-feeding populations are more resistant to invasion by
exploiters than previously thought. This result relies on the assumption that both
cross-feeders and exploiters share the same carrying capacity.

In (Pfeiffer and Bonhoeffer, 2004} the model captures the speciation of one bacte-
rial strain into two cross-feeding strains during growth in a chemostat. A chemostat
is a bloreactor where there Is a constant flow of fresh medium into the reactor and cell
culture out of the reactor enabling the system to operate at steady state. The basis
for cross-feeding lies in a single reaction with a single intermediate where a strain can
either completely degrade the resources Howing into the system or excrete the inter-
mediate allowing another strain to sustain itself from the intermediate. In this model
the cross-feeding flows in one direction but there is an assumed penalty fo growth
rate when the intermediate is present in the reactor. By degrading the intermedi-
ate the second strain gives the first an indirect benefit thus making the relationship
mutualistic. There is also a cost related to having high levels of enzymes. The key
results presented is that the evolution of cross-feeding depends on the dilution rate
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in the system and the magnitude of the benefits of cross-feeding. The growth rate in
this system is described by the following equation.

W fIATRy - ST (AE) - Y, (BiXa) (2)

(i=1,...,m+2} (i=1,..,m}

The growth rate W is the used to determine growth for each species(V;} in the
system by relating it to the dilution rate(D), %} = (W, — D}N;. What is important
is that the levels of intermediates that are the basis for cross-feeding are modeled
explicitly. As opposed to being an implicit cost or benefit as in the previous model.

A third way of modeling cross feeding is presented in Combach and Hogeweg
(2009). The approach taken does not use differential equations but instead directly
simulates a system of digital organisms. The focus lies on cycling resources in a closed
system meaning that no resources are added during the sirnulation. Organisms iive
in a spatial setting and interact with their nearest neighbors on a grid. The setup
produces behavior ranging from single individuals being able to recycle their own
resources to cross-feeding patterns. The level of cross-feeding is influenced by the
spatial limitations. If organisms are fixed they become very adept at handling their
local environment and are more prone to self recycling. When allowed to move
around on the grid they are less likely to encounter their own waste and cross-feeding
patterns occur more often. The evolution of cross-feeding in the model is also highly
dependent on the selection pressure. At high selection pressure rapid cycling of
resources is favored. Cross-feeding is generally faster then setf-recycling in the model
and is favored at high selection pressure.

1.3 Problem formulation

Consider a population of organisms that consume some resource. An organism that
is better than average at extracting energy from this resource is more likely to survive
and reproduce. The resources that sustain the population can be digested in several
steps and cross-feeding is an important factor in the system. The question is now:
Wil selection on the individual level for organisms that are efficient at extracting
energy maximize the whole populations ability to extract energy?

Urdar constitutes such a system and will be studied in an effort to answer the
question. A big part of this project is also devoted to generating understanding of
the Urdar model itself as some of its behavior is still uncharacterized. Even though
some design choices in Urdar might make the analysis of results difficult the Urdar
model is taken as is and the underlying dynamics will not be changed during this
project.
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2 Theory

"This section provides the theoretical background for a few concepts used later in the
report. First with a more general intreduction for each topic and later with focus on
the key concepts relevant to this project.

2.1 Cellular automata

The term cellular automata refer to a wide range of mathematical and computational
models, They are discrete in time and space usually a grid. Each grid cell has one
of a finite set of states. The system is governed by rules that determines the state
of the system based on past states. This formalism was first introduced by Ulam
and Von Neumann (Ulam, 1962) (von Neumann and Burks, 1966). Famous examples
of such systems are John Conway’s game of life(Gardner, 1970) and von Neumann's
universal constructor (von Neumann and Burks, 1966).

The group of CAs relevant to this project are elementary cellular automata. These
constitute the simplest cellular automata systern that still exhibit not trivial behavior.
They have received much attention in recent vears for this reason, a revival that
was lead by Stephen Wolfram {Wolfram, 1984). ECAs are one dimensional two state
automata. The update rules look at a cell and it’s two nearest neighbors to determine
the state of that cell in the next time step. With three cells determining the next state
the number of possible two state neighborhoods is 2% = 8. A rule is uniquely defined
by how it maps these 8 neighborhoods to one or zero making for a total of 2% = 256
possible rules. By the standard notation introduced by Wolfram these are numbered
by the eight bit string the mappings represent. For example rule zero{00000000)
maps all neighborhoods to zero and rule 255 (11111111} maps all neighborhoods to
one. As an example of the standard notation and time evolution of an elementary
cellular automaton a few time steps of rule is shown in fgure 1.

Rule 150

g S e g
t+ 0 0 1 0 1 1 0

Figure 1: Rule 150 as an example of the basic structure elementary cellular automata. The top
part correspond to how neighborhoods map to the bits in the next time step. The bottom part is
an example of the time evolution for a few time steps starting from a single one among many zeros.

There are many possible ways to categorize ca-rules. The most important with
regards to this project are pairs of inverted rules. These are obtained by flipping all
the bits in the output pattern. For example rule zero and 255 are inverted. This is
important because under the concept of entropy discussed in the following section
inverted strings are equivalent.
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2.2  Information theory

Information theory deals with quantifying the information content of systems ranging
from binary strings to quantum physics. It was first developed by (Mlaude E. Shannon
as a way to characterize the actual data content in signals in an effort to find limits to
compression potential (Shannon, 1948). A uniform bit-string of ali zeros ...0000... has
very low information content. A repeating pattern such ag ...010101... has slightly
higher information content and ...010011000111... has even more. A completely
randomized string has maximum information content and there is no way to describe
that random string other than repeating that exact sequence.

In Urdar the organisms consume bit strings and the measure used to quantify their
energy content is the Shannon entropy. To define Shannon entropy first consider the
concept of block entropy noting that the entropy can be calculated at different length
scales or block sizes. For block size one a string need an equal number of ones and
zeros to maximize entropy but for block size two it needs and uniform distribution
over 00, 01, 10, and 11 to get high entropy. Formally the block entropy S, for a
block of size m is defined as:

1
p(gm)

S =Y _ plom)log: - (3)
&
Where o, denotes the possible substrings of size m and plam) the probability to
find them. The Shannon entropy is then defined as the difference in block entropy,
AS,,, between blocks of size m and m + 1 as m goes to infinity:

g= lim AS,,. (4}

MG
As aiso noted in {Gerlee and Lundh, 2010a) the real Shannon entropy isn’t used
in actual simulations since the strings used are of finite size and for the high com-
putational cost involved. The level at which entropy is calculated in the current
implementation is two,

2.3 Theory of many player games

A very successful approach to characterizing situations with interacting individuals
has been to formulate these situations in a game theoretic form. Game theory was
first developed in the first half of the twentieth century with major contributions by
John Nash, John von Neumann and Thomas Schelling (Nash, 1950), {von Neumans,
1928} and (Schelling, 1980). Since then it has then seen applications in a wide array
of fields from economics to biology. It has been especially prominent as a tool in
evolutionary biology (Maynard Smith, 1982).

The idea behind game theory is to reduce a problem to a set of possible actions,
each player picks an action or strategy and receives payofl based on the choice of
strategies by the other players. The simplest form of game is a two-player game with
two possible actions. This can be formulated into a pay-off matrix as seen in fig
something. Each plaver simultaneously pick an action and receives payoff based as
listed by the matrix. The assumption is then that players are rational and strive to
maximize their own pay-off. Given this it is possible to argue what actions the player
will and ought to take. The most widely used and well know of such characterizations
is the Nash equilibrium formulated by John Nash. When the all players play the
Nash equilibrium none of the individual players can improve their payoff by choosing
another action i.e. the Nash equilibrium represents a stable fixed point of that game.
A game may have several Nash equilibria and a Nash equilibrium is not necessarily
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the set of strategies that maximizes the total payoff as exemplified by the prisoner’s
dilemnma game depicted in figure.

An extension of regular game theory is evolutionary game theory. Instead of
players participating in a one shot game there is a population of different strategies
that compete in an evolutionary perspective. The strategies who do well increase their
fraction and the strategies that do poorly decrease. In evolutionary game theory the
interest often lies in finding the evolutionary stable strategy or ESS. The ES8 can
either be a single strategy or a population consisting of a mix of strategies. The
requirement is thaf no rare mutant is able to invade a population playing the ESS.

2.3.1 Non trivial equilibria in evolutionary multiplayer games

In section Urdar is reformulated in game theoretic terms. This is done in an effort
to reduce the simulated dynamics to a more manageable analytical formulation. The
objective to characterize the cross-feeding and cooperation between rules still remain.
In (Gokhale and Traulsen, 2010) the existence of equilibra in general multiplayer,
multi-strategy evolutionary games is investigated. They consider games ranging from
the basic two player two strategy game to n-player, d-strategy games. For simple
games a 2d payoff matrix is sufficient to represent the game but for the general case of
n-player, d-strategy games where the order of players matter they adopt the following
tensor notation 3y, 4. .4, ;- to represents the strategy of the focal player and the
other indexes represent the strategies of the player dencted by their subscripts. The
focal player is the playver who receives the payoff in question. To represent all possible
payoffs for all combinations of players and strategies the number of entires becomes
n?. This is then used as a representation for the ”payoff matrix” for a general
multipiayer game. Continuing with the analysis of such games they also derive that
the number of internal equilibria in such multiplayer games are {(d — 1)""1,

2.4 Evolutionary optimization algorithms

Evolutionary algorithms is a group of heuristic optimization methods inspired by
evolution and natural selection (Whade, 2008). The main steps of a basic evolutionary
algorithm is as follows:

1. Generate a population of individuals each representing a point in the solution
space

2. Evaluate each individual according to a fitness function capturing the factors
to be optimized

3. Select individuals based on fitness to form a new population
4. Introduce random mutations in the new population

5. Redo step 2-4 until convergence or desired optimality is attained

Each step can be refined o varicus degrees, for example it is possible to initialize
the population completely randomly or start with a set of decent solutions. It turns
out that as long as there is a slight bias towards selecting individuals with high
fitness the algorithm will move to improve the traits selected for. A great strength of
evolutionary algorithms is that they are very general to the choice of fitness function.
Select & mathematical function as the ftness function and the algorithm will optimize
it or set it to the distance moved in a gate simulation environment and the algorithm
can evolve walking patterns that do well. The mutation and selection step also offer



2.4 Evelutionary optimization algorithms 2 THEORY

design choices affecting search pattern and convergence speed. In this project a
simple EA is used for global optimization on the Urdar model.
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3 The Urdar Model

The Urdar model was was first constructed by Philip Gerlee and Torbjérn Lundh and
is covered in great detail in {Gerlee and Lundh, 2010a) and is further examined in
(Gerlee and Lundk, 2010b). This section briefly explains the dynamics of the model
but also highlights some key aspects that are of special significance to later resuits.

3.1 The basic properties of the model

The world of Urdar is populated by organisms represented by cellular automaton
rules as described in 2.1. The organisms consume binary strings through application
of the ca-rule they represent. Energy is extracted corresponding to the change in
entropy of the string caused by the rule. Entropy was previously discussed in section
2.2. The entropy is approximated as the Shannon entropy as calculated at level two
as seen in equation 5.

§ == ;P(Us)logz(ﬁé“;}‘) - ;p(o?)iogg(g—éz—))' (5)

Where o3 are the blocks of size three and p(os) the probability distribution of the
same blocks in the string. oy describes the same but for block size two. The energy is
then defined as E = 1 — 5. Digestions that decrease the entropy are not permitted to
occur otherwise the ca-rules would be able to create energy from nothing. Instead a
fresh supply of bit-strings are continuously added to the system while a portion of the
current strings are removed. Ca-rules that perform well will increase in abundance
and ca-rules that do poorly will decrease,

3.1.1 Analogy to a real system

Relating the Urdar model to real systems it most closely resembles a chemostat
reactor where there is a constant flux of solution through the system with species of
bacteria(or other organisms) living at an apparent steady state inside. Fresh nutrients
flow into the system replacing a portion of the nutrients already inside. The rate at
which solution is replaced is called the dilution rate. A dilution rate of 0.3 indicates
that 30% of the total solntion is replaced with fresh solution each time interval. Here
lies the main difference from the analogy between a chemostat and Urdar, in a real
chemostat the organisms directly affected by the dilution rate as they to are flushed
out with the solution. The dilution rate also directly determines the growth rate of
organisms as the number of new bacteria needs to be equal the number of bacteria
removed from the system in cutflowing solution. Instead in Urdar there is no removal
of bacteria through flow and the population size ig still modeled as constant for all
dilution rates.

3.2 Population dynamics

As stated the total population size is constant. The ca-rules compete over the limited
space. When an organism successfully digests a string there is a probability based
on the energy gain that it will divide. In the current implementation of Urdar this
probability function has the form.

l—exp{—AEA .
PAE) = Tezn—5) ifAFE >0 (6)
) 0 fAF <0
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The new copy will randomly replace any another organism in the population. As
the division occurs there is small probability that the new copy will mutate into any
of the other 255 other species. There is no complex genotype to phenotype mapping
and the mutation procedure is simply generation of a random number on the range
0 255].

A population or ca-rules in Urdar is represented by a vector of length 256. Each
entry represents the frequency of the corresponding ca~-rule. The sum of all entries
must equal one. Denoting the frequency of rule 1 with z; the condition becomes

zil‘@ = 1.

3.3 Dynamics of the food-pool

The key aspect that enables cross-feeding and interactions between species in Urdar
is the sharing of food. Organisms interact by digesting food strings that has been
previously digested by other organisims. Thus the extent of interactions and cross-
feeding possible is limited by the food dynamics. At each time step all organism get
a chance to eat. They all randomly pick a food string out of the pool and depending
on if they succeed to digest it they put it back modified or unmodified. Next a
percentage of all strings is replaced with fresh strings. This percentage corresponds
to the flow through the system also know as the dilution rate. The result is two
opposing processes, first the organisms digests strings increasing the age of strings
and second the flow of new strings into the system rejuvenates the food-pool. At
high dilution rates strings quickly get replaced resulting in a very young food-pool
while low dilution rate allows for many partially strings to accumulate in the system.
The previous work Gerlee and Lundh (2010a) showed how the dilution rate affects
many aspects of the model.

Fresh food strings are setup in the following manner. First 50% of strings are
itialized as all zeros and 50% as all ones both types of length 100. Then 5% of the
hits in these strings are randomly flipped to provide digestion entry points for the
ca-rules.

3.4 The concept of optimality in urdar

Each individual digestion increases the entropy of the food pool by a tiny bit. By
measuring the entropy of strings flowing out of the system it is possible to estimate
the ability of the population to digest strings. By comparing this to the entropy
flowing into the system and normalizing it is possible to calculate the efficiency as
defined in (Gerlee and Lundh, 2010a).

Sou(Bo — E(rg))
'jr’f\fRE(} )

(7

Where n denotes the efficiency, Eg the mean energy of strings flowing into the system,
~ the flow rate, Ng the number of strings in the system and E{r{*) the energy of
string k flowing out of the system. This becomes a measure in the range [0 1] that
determines the efficiency of the current population. Zero corresponding to strings
flowing out of the system undigested and one to strings being fully digested. Even
thou a efficiency of one is theoretically possible it is not achievable in the actual
simulation. Partly because strings are replaced with new strings before they are
digested enough time. But even at very low flow rates it is hard for rules to extract
the last bits of energy from the strings.
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4 Results and Analysis

This section presents and describes the results of this project. Due to the nature
of the project the section contains many varied lines of approach. It is possible to
go directly to the subsection of interest but in many cases the later sections expand
on earlier results, Overall the ordering of the section follows the order in which the
results were generated.

4.1  Global optimization

The first approach to develop understanding of optimality in Urdar was to look at it
from a global perspective. More specifically for a given flow rate which is the most
efficient population? And also if this theoretically best population appears in the
simulation. To answer this the idea was to use a global optimization method on the
system.

The initial thought was to use a classical method such as gradient decent. There
are a few complications which makes this hard to perform however. Since it Urdar is a
computer model there is no mathematical function to optimize instead measurements
are taken on the system. The gradient is not easily defined and would have to be
approximated through repeated measurements. This would have to be done in each
of the 256 dimensions. Instead heuristic methods were investigated as a possible way
to find the optimal population.

For the first investigation of this an evolutionary algorithm (see 2.4) was chosen.
This was implemented in the following way. Fitness was defined as the average
efficiency of the system after a simulation over 300 iterations. An individual in the
EA was defined as a vector of length 256 representing a population of rules in Urdar.
The starting set of solutions was generated randomly distributing lumps of size 0.05
over the rules making sure the final populations summed to one. A lower limit to rule
fractions when initializing populations was set to avoid seeding populations which are
too diverse in their setup. Mutation was implemented as simply taking a random
small fraction from one rule and adding it to another. The starting populations were
in general quite bad but running the algorithm quickly finds populations with levels of
efficiency comparable to the ones in actual the actual simulation. The process then
slowed down considerably and no populations that were exceptionally good were
identified. The key observation here was that several diverse populations were able
to reach levels of efficiency comparable to the highest observed in both simulation
and optimization. This indicates that the optimality surface is quite shallow. It
also raises the question if a system moves towards a high level of efficiency but not
towards the globally highest level of efficiency is efficiency still optimized for?

Given that a very good population is found using a global optimization method
there is still uncertainty if the population is the best possible. Another approach to
examining optimality is to consider the upper limit in terms of efficiency that the
dynamics can achieve. This was not done however due to time limitations but left
to future work see section 5.1. Instead the focus was turned back down to simplified
dynamics with only a few rules interacting at a time.

4.2 Reduced urdar dynamics

Turning away from the giobal aspects of optimalify it is possible to get a more trans-
parent picture by examining the behavior of enly a few rules at a time. Previously
in {Gerlee and Lundh, 2010a) pairwise invagion experiments were conducted to ex-
amine, among other things, which rules can coexist. An extension to this was done

16
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in {Gerlee and Lundh, 2010b) where the goal was to find triplets of rules exhibiting
rock, paper, scissor dynamics, The search was done in the subset of rules that, based
on the invasion experiments upheld the following. Rule A can invade rule B which in
turn can invade rule C which finally can invade rule A. Unfortunately when ali three
rules were mixed together the result was that one of the rules quickly went extinet
and the stronger of the remaining two took over the population.

[ -«
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Figure 2: Example of how the mapping of three rule populations onto & 2PD-simplex is performed.
Each point represenis a population of three rules, Panel a show how these form a surface in three
dimensions. Panel b show the same points as in a but mapped to the 2D-simplex according to
equation 8

Instead of looking for triplets of rules that exhibit RPS-dynamics and cycling it is
possible to look for triplets of rules that simply are able to coexist. The dynamics will
not be that of Limit cycles but instead that of simple stable fixed points. There exists
a nice way to visualize populations of three species. Three dimensions are needed to
describe the fractions of each rule but since the sum of all frequencies must equal to
one all the poings lie on a triangle on a plane in three dimensions as seen in figure
2a. It is possible to map this simplex down to two dimensions allowing according to
equation 8 yielding the result seen in figure 2b.

i
xg=05—F + 4,
Y2 =2y

(8)

Over this simplex a response surface can be used to visualize the productivity or
any other quantity of interest. Two examples of triplets visualized in thig manner can
be seen in figure 3. Both examples have in common that there is an observable drop
in efficiency at the sides meaning that situations where the three rules coexists are
generally more productive than those of the nearby two-rule popuiations. Indicating
that there is some correlation between rules being more productive together and
being able to live together.

By measure how the dynamics in Urdar shift the population on the simplex it is
possible to visualize fixed points in the three rule dynamic. This is done by initializing
the population at one of the sampling points on the simplex, iterating the dynamics
for a few steps, repeating this procedure several times and measuring the average
direction in which the population moves. This generates an approximate value for
the local derivative which can by visualized in the from of a vector field. This was
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a4

{a} Efficiency surface for rules 99, 109 and 120 {b) Efficiency surface for rules 98, 105 and 165

Figure 3: Exampies of efficiency surfaces for two rule triplets. CGlenerated by measuring the efficiency
in the points seen in figure 2a. The height and the color shade both represent efficiency. The higher
points and the darker shade of gray the more efficient is the population at the point. The efficiency
was measured at fow 0.03.

done for both the above cases and the result can be seen in figure 4. It shows two cases
with similar behavior. A stable fixed point indicates that a population initialized on
the interior of the simplex will reach this fixed point and stay there. Note that Urdar
is still a stochastic process and as such these are not true fixed points and that the
population will Auctuate about them. There is a always chance albeit small that the
population will drift so far as to collapse to one of the edges. Populations initialized
at an unstable fixed point will remain there indefinitely until unless they get a slight
perturbation in which case they will move towards the nearest stable fixed point.
This is only true if mutations between rules are excluded which is the case in these
realizations. Without mutation such perturbations do not occur. With mutations
included they would constantly occur and no population could remain at an unstable
fixed point for long.

The exclusion of mutations also mean that the dynamics on the edges of the
simplex are separate from the interior dynamics and represent pairwise interactions
between rules. It is possible to move from the interior to one of the edges but it is
not possible to move back. This is important to note and means that there is in fact
four different interactions shown in each simplex, The interior dynamics between all
three rules and the dynamics on the edges between the three different pairs of rules.
The stable fixed points on the edges only exist for the two player dynamics on that
edge. There is a special case for the bottom right corner in figure 4b. Each corner
actually represent two fixed points, one for each two player interaction that includes
that corner. The corner in question represent a population of 100% rule 105. In the
interaction between 105 and 98 along the bottom edge this is a stable fixed point. In
the interaction between 105 and 165 this is an unstable fixed point.

4.3 Measuring interaction strength between rules

Up until now the approach has been to run the full Urdar model taking measurements
with the aim of understanding the forces driving the system. This method drawbacks
in that it is hard to determine the cause for observed behavior, how different effects
intermingle and how large the effect of noise is. Instead it is possible to throw away
big parts of the model. The interest currently lies in understanding optimality in
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(a) Dynamics on the simplex for rules 99, (b) Dynamics on the simpiex for rules 98,
108 and 120 105 and 165

Figure 4: Visualization of the population dynamics on she simplexes. The vectors indicate how the
populations moves over the simplex. The length of the vectors correspond to how fast the population
changes. Note that mutasions between rules are not included in this realization, This means that
once the dynamics lands on an edge or in a corner meaning that a rule goes extinct that rule cannot
reestablish itself in the populasion. The darker shade of gray on the surface indicate higher efficiency
for = population. Note that the dynamics moves around randoemly in an area around the fixed points
which means that the position of the stable fixed points is appraximate.

Urdar and which rules are the most efficient. To measure this the population and
evolution dynamics can be disregarded and focus should be put on the food dynamics.
Instead of observing how well a rule does in the simulation we take that rule out of the
simulation and measure its ability to extract energy from food strings. The benefit
is twofold as the energy extracted by a rule is directly related to its own fitness but
also information is gained regarding which rules work well together by letting rules
digest strings previously digested by other rules.

Remember that the key element in Urdar is cross-feeding, that food strings are
digested in many steps by different rules. When rule A digests a string previously
digested by rule B the energy extracted can be very different than if rule C instead
of B had digested the string first. The notation chosen to describe these interaction
terms is as follows. First define Ey as the mean energy in fresh strings. Then define
E; as the mean energy left in strings digested by rule i and £y; as the mean energy
left in strings digested first by rule i then rule j. The first order inferaction describing
rules eating fresh strings is then defined as: w; = Eo— E;., for rules consuming strings
previously digested once wy; = E; — Ei;. Ina similar way third order inferactions
are defined as wyjx = Ey — Ey . It is important that the energies are averaged.
The interaction terms are intended to describe the simulations and in the simulation
the food strings are initialized as bit strings of ones or zeros with length 100 and 5%
of bits flipped. This means that there is a small variation to the energy extracted
depending on the placement of the flipped bits and a large variation caused by 50%
of strings initialized as zeros and 50% as ones as some rules are ounly able to handle
one or the other.

The digestion measurements on fresh strings are taken by simply applying the ca-
rule in question to the bit string and calculating the difference in energy. Note that
the restriction that entropy cannot decrease still holds, i.e. a rule cannot increase the
energy left in a string, and transformations that cause the entropy to decrease are
counted as zero energy gain. For longer interactions the preceding ca rules are first
applied to the bit string and the interaction coefficient is then measured as the energy
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the final rule can extract. Here the concept of decreasing entropy becomes even more
important. In order to properly separate the interaction coefficients, situations where
the intention is to measure Ey, but j or ¢ fails to digest the string that realization
is set to zero even though k might extract energy in the end. The intention is to
let w;jr describe exactly the average energy when rule k digests a string previously
digested by i and j. When ¢ or j fails to digest the actual energy becomes Ejp or
Ei, which should not be included in the mean. The trials are still included in the
mean for w;j, but as zeros, since it should reflect the interaction strength between
the rules. If rule k is able to extract high energy from strings previously digested by
¢t and j but only manages this once in ten trials the interaction is still fairly weak.
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Rules by standard ECA ordering Rules sorted by efficency
{(a) First interaction term w; for all rules (b) First interaction term w; for ali rules

Figure 5: Both the figures show the same data but ordered in different ways to give a feeling for
the distribution of strengths. From a it is visible that pairs of mirrored rules are equally good at
digesting strings. The best pair visible in a is 105 and 158. Also worth mentioning is the second
best pair which is 90 and 165. Make a mental note that the top energy extracted is about 0.08 when
digesting fresh strings.

Making the actual measurements takes considerable time. Single step interac-
tions, uy take less than a minute to complete for all rules. But for each additional
interaction step we want to calculate the number of combinations increase with a
factor of 256. In figure 5 the first order interaction terms can be seen for all rules.
The division into three visible regions at =~ 0.8 , & 0.4 and = 0 is likely caused by
the chosen structure for fresh food where 50% are mostly zeros and the rest mostly
ones. The three regimes would then be rules that can digest almost all strings, rules
that can digest either black or white and rules that cant digest either. Figure 6 is
an attempt to visualize all the second order interaction terms {w;;). The aim of the
figure is not to give an instant view of what rules have the strongest interactions
but rather to give a notion of how the interaction space looks. The darker the pixel
the higher the interaction value. The figure is not symmetric when reflected top to
bottom but is so from right to left in the same way as in figure 5a. It is also possible
to see similarities in 5a and figure 6 in that rules that are weak in the first digestion
are also weak in the second. The white stripes across both directions in figure § are
caused by such weak rules. The final thing to note, which is not possible to read
from the figure, is that largest second order terms are as high as 0.14 compared to
0.8 for first order terms.
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Figure 6: Second order interaciion terms, wy; measured for all rules. Dark pixels correspond to
strong interactions i.e. high energy extracted by the second rule and white are very weak interactions.
Shows similarities in siructure to the first order interactions shown in figure ha. Rules that are poor
at digesting fresh strings are bad partners to interact with and that the strongest interactions are
stilf found in the center region. Note, even thou it's not visible in the figure, that the highest second
order interaction value is 4.14.

4.3.1 A first attempt at approximating interaction strengths

As stated previously the computational cost of calculating higher order interaction
terms scales very badly. The number of possible combinations at for interactions
of length n is 2567, It is conceivable however that higher order terms might be
approximated from lower order terms. Torbjoérn Lundh proposed the following as a
first attempt at doing this. In addition to the notation used above lets introduce the
ratios between energy before and after digestion as K; = %3 and Kj; = %1 Now the
assumption is that regardless of previous digestion histories relative energy uptake of
a rule is roughly equal. That would mean that K;; ~ Kj. Given some algebra this
allows for a wayv to approximate higher order terms from lower order terms:

Ey —wy
’wg_j ~ —_—E‘G—w‘? (9}
And for third order terms:
Eg —uy B — wy
wijk o 0 Bt ! U (10}

Ey £y

The assumption has some merit but it turns out however that this approximation
does not hold well. There are a few reasons for this. The first is that energy gain is
not relative and can in fact be higher for the second digestion than for the first as
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show previously in figure 5 and 6. Figure 7 show the time evolution of ca-rule 90 and
the corresponding entropy for each time step. The entropy differences between time
steps two, one and zero do follow the assumption that extracted energy is relative
to the energy left but after step two the assumption fails completely. This is an
effect of how entropy is calculated and is non-obvious in terms of what patterns are
intuitively expected to have high entropy. The key is that the entropy is calculated
as the difference in block entropy between block size three and block size two as seen
in equation 5. If a pattern exhibit an even mix of block types at level three and an
even mix of patterns at block size two the approximated Shannon entropy is zero.
Patterns of ...01010101... show exactly this behaviour with an even mix of 01 and
10 at size two and 010 and 101 at size three. This is why ca-rule 90 is not able to
increase the entropy at time step three in figure 7.

oy @
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Entropy

Figure 7: On the feft are the firs{ few time steps for rule 80 when starting from & single one history.
On the right is the Shannon entropy approximated at level two for each time step. The key thing
to note is that the entropy does not increase constantly over time instead there are plateaus. Since
there is a restriction that a rule in Urdar is not aliowed to decrease the entropy of a string rule 90
cannot fully digest this string alone. This decrease in entropy visible at step 3, 6 and 7 is caused by
patterns that although containing an even mix of ones and zeros have roughly the same entropy at
block size two and block size 3 thus having & low approximated Shannon entropy.

Nevertheless approximations of higher order terms might be fruitful and even
necessary due to computational costs. Another approach would be to use second
order inferactions, w;; etc, as a basis for the approximation. Even such a scheme
might alsc fail however considering the example in fgure 7. The rule performs well
for two steps but is unable to digest the string again. This behavior would be hard
to capture starting from w;; terms. The approximation based on second order terms
has not been tested however and is left to future work.

4.4 Urdar formulated as the replicator equation

With a framework to handle the how well rules perform together and alone many
new paths of investigation open up. Philip Gerlee proposed the following formulation
of a fitness function for ca rules in Urdar:

Gy = F{O}m -+ F{E) Z Tiwy + F{Qj! Z Z T Wi P {11)

7 £oJ
F(0) describes the fraction of fresh strings in the food pool, F(1) describes the
fraction of strings digested once(for more details see section 4.4.1). w;, wy; and 1wy
are the interaction coefficients as described in section 4.3. z; is the fraction of rule
j in the population. Terms for longer interactions are included in a similar way.
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The equation describes the fitness of rule i as a function of it’s ability to digest
fresh strings, it’s ability to digest strings previously digested once weighed by the
fraction of rules in the population and similar for longer interactions. Each term
is also weighed by the fraction of strings of a certain age in the population. This
distribution over string ages is of course strongly dependent on the dilution rate as
described in section 4.4.1.

There are a few assumptions that might not be obvious that underiie this de-
scription of the fitness. One assumption that isn’t clearly stated is that dynamics
of the food pool must work on a shorter timescale than the population dynamics.
What this means is that if the population shifts the strings in the food pool must
be quickly replaced with fresh strings that are then digested to make the digestion
histories of strings in the pool properly reflect the population structure. In the above
formulation it would also appear that the string age distribution is constant regard-
less of population structure which is far from true when considering all populations.
A population of weak rules(for example the ones with low score in fig ref) will have
a much fresher food pool as they are often unable to digest the strings. In the subset
of strong populations the assumption still holds however and since these are the ones
of interest the assumption is reasonable.

The fitness function defined in 11 can now be used in a replicator equation to
provide a way to generate the full population dynamics. The replicator equation
defines the rate of change for a rule to be proportional the current fraction of that
rule times it's fitness relative to the average fitness in the population.

d:e:i S
2 (g B (12)

The average fitness is defined as:
b= b5 (13)
J

A rule that has higher fitness than the average fitness will increase it's fraction of the
population while a rule with less than average fitness will decrease. Note the above
formulation mutations between rules is not included.

4.4.1 Age distribution for food strings

In order to assign values to the F{.) weights in the previously described fitness func-
tion {ref first replicator} we need to know the age distribution for food strings. The
age of a string correspounds to the number of times it has been digested. The dy-
namics of the food pool was described in section 3.3. As previously mentioned there
are two competing processes that affect string age: strings being eaten and the flow
of strings through the system. These processes can be treated analytically. First we
note that in the current version of Urdar the number of strings in the food-pool is
5000 and the number of organisms is 1024. This gives a ratio of approximately %
that can be digested each time step. Assuming that all digestions succeed and that
the distribution has reached a steady state the fraction of strings of a specific age
can be described in the following way.

. 1 . 1 . .
F(-n-}m—S—F{nwi}é*?(n)W-S—F{n}m'yf(m. {14)

The equation describes the fraction of strings of age n at time t as a function of
string fractions at time t-1 but since steady state is assumed the time dependence
is excluded. In order the right hand side terms describe: strings of age n-1 that get
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digested, strings of age n that stays, strings of age n that get digested and strings of
age n that flows out of the system. The equation can be simplified into:

F{n—~1)
Pn) = —m—u, 1
)= o (15)
Now noting the special case of fresh strings, n = 0, derived from F(0) = F{0) —

FF(0) + (1 - F(0)) :

F(0) = 5 i"’éw. (16)

Going back 15 and inserting 16 it is possible to form the general expression:

5y

(17

In figure 8 a comparison of the distribution of ages in the food-pool between what
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Figure 8: The measured and approximated distributions over siring ages, Note the difference in
scale for the two examples. For flow 6.3 in 8a there is a large amount of fresh sirings and the
approximation fits the measured data well, For flow (.03 8b the approximated distribution does not
fit the measurements as well and the strings are fresher than expected, The main reason for this is
that the probability for digestion is not 100% and not uniform over string ages. On the contrary it
drops rapidly as seen in figure 9. This lowers the rate at which strings are digested which in turns
means that fewer strings achieve a high age before being Aushed out.

is generated by the expression in 17 and what I8 measured in an actual simulation
can be seen. The cause for the difference between the measured distribution and the
approximated lies in the assumption that all digestions succeed.

4.4.2 Game theoretic interpretation

The above reformulation of the Urdar dynamics can be seen as a game theoretic
formulation of the interactions. In Urdar the strategies correspond to rules and
the number of players are the interaction length. Essentially we have a population
of strategies or rules simultaneously partaking in games with different number of
players. The digestion of a fresh string corresponds to a trivial one player game
where a rule simply receives payoff based on itself. Digestions of strings previously
digested once become two player games and three digestions become three player
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Figure 9: The probability of successful digestions for strings of different ages. Neither of the two
cases seen correspond well to the approximation that all digestions are successful. Still for the case of
high flow and strings of age zero and one the approximation fit well and as a result the the caleulated
and measured data in figure 8a to be very similar.

games etc. This distribution over games of different number of players is determined
by the flow rate as described in section 4.4.1. The tensor notation described in section
9.3.1 now becomes equivalent to the one used describe interaction terms with a slight
adjustment to formalism. While the tensor notation used in (Gokhale and Traulsen,
2010}, Big.iyis..ig.;: PUt the focal strategy first the notation used for interaction
terms, w;jg..i, lets the last index notate the strategy receiving the payoff.

4.4.3 Replicator equation for two rules

Consider a population consisting of only two rules A and B their fractions denoted
by = and y. Since the total population sums to one and the part that isn't z is y
it is possible to reformulate y = 1 — z. Given this it 1s possible to reformulate the
replicator equation in 12 into:

%f;. = 2(1 — 2)(¢a — 65) = P(z).

Leaving a single differential equation to determine the system. Now arguing that we
want to examine a system of two rules at high dilution rates it is possible to throw
away interactions of length three and higher. It is then possible to write the fitness
functions for A and B as:

(18)

o4 = F(O)wa + F(1{wpa(l — 2] + waaz), (19)

ép = F(0ywp + F{1){wapr +wap(l — z}). (20)

This setup allows for analytical treatment of the system. That is locating and char-
acterizing fixed points and examining productivity which among other things allows
for prediction on which rules can exhibit stable cooperation in the actual simulation.
First noting that a fixed point is defined as point in the state space where the rate of
change Is zero fi&% = {}. Looking at equation 18 it has two trivial fixed points at x =1
and z = 0 corresponding to the entire population consisting of 100% A or 100% B.
There is also a fixed point at 2% when:

(21)

Ha=dp.
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The position of this fixed point is important to predict the dynamics of any given rule
pair. If this fixed point lies withing the range z* ¢ (0 1) and is stable it means that
the two rules can coexist. But leaving stability for later lets first look at the position
of this fixed point. By expanding equation 21 and solving it for x the following
expression for the position of the fixed point is derived.

F(o
) ﬁ%%{w‘e —wa) +WEE ~ WpA
T =

(22)

WA +WBEB — WAB ~ WBA
It is possible to devise conditions for when the fixed point lies within z* € (01) but
first consider the concept of stability for fixed points. Consider the situation where
system resides at the fixed point. The system now receives a small perturbation and
is pushed away from the fixed point. If the dynamics drives the systemn further away
from the fixed point it is considered unstable. If instead it is drawn back to the
fixed point it is stable. In more formal terms the stability is investigated by linear
stability analysis which corresponds expanding the set of differential equations to
the first order at the fixed point. This yields a stability matrix and the eigenvalues
of this matrix determines the stability {Weissten, 2011). For this one dimensional
case however this the stability matrix simply becomes a scalar value corresponding
to the derivative of equation 18 and the sign of this value will determine the sta-
bility. If positive any perturbation will grow exponentially over time corrvesponding
to an unstable fixed point and if negative perturbations will decrease exponentially
corresponding to a stable fixed point. Calculating the time derivative of equation 18
yields:

Pla)=(1-2)(¢a~¢p) — z(pa ~ dp) + z(l — 2)(¢)4 — ¢p)- (23)

Given that equation 21 holds this reduces to:

Plz") = z(1 - 2)(¢s - ¢g). (24

Noting that z € (01) makes sure that 2(1 — x) > 0 thus the only term influencing
the sign of P’(x) is the derivatives of the fitness functions,

@'y — ¢ = F(1){wan — wga) — F{D{wap — wps).

Noting that F'(1) is a positive constant the expression above is negative if the following
holds.
Wap + Wpa < Was + WaE. (25}

This equation captures the stability criteria for the internal fixed point. It has an
intuitive interpretation. If the two rules gains more from eating each others leftovers
than they do from eating their own leftovers the internal fixed point will be stable.
That is to say they are able to live together granted that the fixed point is in fact
internal. Moving back to equation 22 it is possible to state criteria for when the fixed
point is internal e, 0 < 2% < 1.

F(o) o ,
7 (ws — wa) + weg ~ WhA

0 < < 1.

Waa T WEE — WAR — WBA
If this is to be simplified the sign of the denominator was + wep — wag — WgA
needs to be determined. Conveniently this corresponds to the stability criteria for
the fixed point. When locking for the stable internal fixed points the denominator is
negative and for the unstable fixed points the denominator is positive. This allows
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the following separation of the two cases. For stabie internal fixed points the criteria
hecomes.

F(1)(was —wag) < F(0)(wp ~ wa) < F(1}{(wpa —wns). (26)
And for the internal but unstable fixed points.
F(1{waas — wap) > F(0){we — wa) > F{1){wpa ~ wes). {27

These criteria also contain some intuitive interpretations regarding the existence of
the internal fixed point. The left hand side describes the relationship between A
consuming A's leftovers and B consuming A’s leftovers. If the wap term is much
larger than the wa4 term the ths will be small. This would increase the range of
possible values for the center expression that give a stable fixed point but decrease
them for the unstable fixed point. That would agree with the notion that large cross-
feeding terms promote coexistence. The same argument holds for the right hand side.
A large wpa term compared to the wpp term promotes stability.

There is still two fixed points that have not been characterized for this simplified
system namely © = 0 and # = 1. The stability of these fixed points is also determined
by the sign of P'(z). For z = 0 equation 23 reduces to.

P'{0) = (4 — 8}
And for x = 1 it reduces to.
P(1) = —{(¢a — 9B).

Inserting z = 0 and z = 1 into equations 19 and 20 which describes the fitness
functions reduces the abaove to.

P'(O) = F(O)(w,; - wg} - F(l}(w}gB - wBA}.
And for z == 1 it reduces to.
P'(1) = F{6}{wp — wal = F{1)(waa ~ wag).

Constraining the above expressions to be negative we arrive at criteria for when x =0
and z = 1 are stable fixed points. For z =

F(D)(wAw-wB) < F(l}(wgg ——w;_:;_q). (28)

For z = L
F(Owp - wa) < Fl}{was —was). (29}

Again the resultant criteria are intuitively understandable. If for example both wpg
and wgp are large rule B is both good at eating fresh strings and it's leftovers.
This would also indicate according to equation 28 that z = ), corresponding to &
population of 100% B, is a stable fixed point which is the expected result. The same
reasonings holds for the fixed point at x = 1 with focus on rule A.

Note that the criteria for endpoint stability are not mutually exclusive. Both
endpoints can be stable or unstable at the same time. This corresponds to the
situation where there is an internal fixed point and it is unstable or stable. It turns out
that the criterion for unstable internal fixed point and criterion that both endpoints
are stable are exactly equivalent. By rewriting equation 28 into

F{O(wg —wa) > F(1)(wpa — wps).
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and combining this with equation 29 the following is attained.
F(1}(waa —wap) > F(0)(wp —wa) > F(1}{wga — wWBER).

This is exactly the condition for existence of an unstable internal fixed point. The
same holds when looking at an internal stable fixed point and both endpoints unsta-
ble. This result is no surprise however as in a continuous system it is impossible fo
have two stable or two unstable fixed points next to each other. Consider the case
with two stable fixed points next to each other. Standing in between the two you get
pulled into one or the other depending on the distance. However as the force driving
the system is continuous there must exist a point in between the two fixed points
where their pull is exactly equal. If standing at this point you would remain there
indefinitely but take a small step to either side and one of the stable points would
pull you in. Which is exactly the definition of an unstable fixed point. Going back
to the criteria for the fixed points in the two rule replicator model it is expected that
the criterion for an internal stable fixed point is equivalent to the criterion that both
endpoints are unstable.

Using the measured data for first and second order interaction shown in figures
terms it is possible to apply the derived criteria to predict pairs of rules exhibiting
the different kinds of fixed points.

4.4.4 Characterization of two rule dynamics

Based on the stability and localization of fixed points the dynamics for two rules
can belong to one of four different categories exemplified in (Altrock and Traulsen,
2009). Dominance means that one rule is always the winner regardless of starting
position corresponding one stable and one unstable endpoint. Coexistence allows
the two rules to live together and is characterized by a stable internal fixed point.
Coordination games takes place when there is an unstable internal fixed point and the
outcome depends on the starting condition. There is also a situation not mentioned
in (Altrock and Traulsen, 2009) and that is the neutral situation with two rules
or strategies being equally good. The situation of neutrality is not natural in the
circumstances, It would in theory occur between pairs rules whose mappings are
inverted for example 90 and 165. These are equally good at extracting energy from
strings as discussed in section 2.1. Two things complicate this however. As the
Urdar siimulation is a stochastic process there is always drift in the population and
two equally good rules can still diverge. The second issue is that the interaction
terms used in the replicator formulation are measured averages and unless they are
rounded to a fixed precision it wont be able to capture true neutrality. Table 1 show
the number pairs for each of the four types as predicted by the two rule two player
formulation of the replicator dyramics.

4.4.5 Rate difference between replicator representation and simulated
dynamics

In the replicator dynamics described above the ability to extract energy is taken
directly as the fitness. In the simulation however the energy is used as an imput
to a probability function as shown in equation 6 in section 3.2. The fitness in the
simulation instead of being simply energy extracted follows this equation. With
& = 10 this translates to a rate difference when comparing simulation with replicator

22



4.5 Test of the replicator dvnamics 4 RESULTS AND ANALYSIS

70 80 S0 100 410 120 130 70 80 8¢ 100 111G 120 130

Rule # Rule #
(a) Rule pairs predicted to have x = D as & (b) Rule pairs predicted to have x = 1 as a
stable fixed point stable fixed point
T T e L r— e ™
: e T e e
80 R 2 - . - ™ - ‘ 80 - " . X & .l' s
- . x " % [ 2 ] - -
w e . W E A
m ' - - LE L LR _1 IR A m
E?GU*. .o Ewo ‘s
- . s « P
. . "4 9 . .
1104 4 L .y 1197 wu  wga
l L ] E ] .. ’ﬂ - N L3 R . am
20y L. A 120 It oiT
BRI =
‘%30 P | - o W - - ‘§30
70 80 90 100 MG 120 130 Y0 8¢ 80 100 110 120 130
Rule # Rule #
(¢} Rule pairs predicted to have a stable (d) Ruie pairs predicted to have an unstable
internal fixed point internal fixed point

Figure 10: Four plots showing the predicted distribution of fixed points for a subset of all pairs.
Black pixels indicate pairs with a stable fixed point except in panel d. Interesting to note is the
overlap between distributions. For example a pair with stable fixed points in both panel & and b will
also exhibit an anstable fixed point in panel d. Pairs on the diagonal corresponding to picking the
same rule twice are trivial.

dynamics. One way to account for this is to approximate equation 6 for small AE
by Taylor expansion about zero.
e 888 1 (1-5AE+..)
1—ed 7 1—e? '

Including only the first order term and noting that e ™™ is a very small number
equation 6 reduces to.

P(AE) = BAE. {305
However since 8 = 10 and AFE often is as large as 0.1 this is a rather poor approx-
imation. However as a first attempt at accounting for the rate differences that will
exemplified in the following section this is sufficient.
4.5 Test of the replicator dynamics
The replicator dynamics has been presented as a way to reduce the Urdar system to

a more manageable analytical formulation. It is possible to examine requirements for
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Type Number of pairs
Dominance 30304
Coexistence 1187
Coordination 1139

Table 1: The number of pairs exhibiting the four interaction types. The total number of pairs is
2_5%?3@ = 32640 not counting duplicates and rules paired with themselves. 128 of the pairs above
should in reality fall under the neutrality category but they can not be captured by the current
measurements of interaction terms. Summing the classes together gives a number 10 short of the
expected total. This is caused by a few number of rules who have wy; = 0 which cause the replicator
notation to collapse to zere. Pairs of of these rules can be considered to belong to the neutral
category.

coexistence and predict behavior. Given accurate measurements for interaction terms
it is possible to generate the full system dynamics by solving the replicator equation.
As only the first two interaction terms have been measured it is not possible to test
higher order dynamics. Still the Urdar system at high How rates is driven mainly
by the digestion of fresh and one digestion old strings. This makes it possible to use
the replicator formulation to as an approximation to the Urdar system at high flow
rates. The following subsections deal with testing on how well the replicator equation
capture the simulated dynamics.

4.5.1 Predicted fixed points for two rules

The replicator formulation of Urdar with two players and two rules show in section
4.4.3 was used to predict rules with stable internal fixed points. It is possible to
test these predictions through simulation of the pairs. Letting the two rules live
together for many iterations and then checking whether both still are present in the
population. This was done for a subset of all possible pairs namely rules in the range
90-165. The result of this testing can be seen in table 2. A visual comparison between
predicted and tested fixed points can be seen in figure 11.

Type Predicted | After 4000 iterations | After 8000 iterations
Stable fixed point 141 121 115
Stable, tested as unstable 20 26
Uunstable fixed point 2894 2769 2894
Unstable, tested as stable 270 239

Table 2: Summary of the result when testing fixed point stability. The tests were conducted by
simulating the populations for the given time period and checking if both rules survived. The total
number of fixed points found to be stable is 391 and 354 for the two time spans is much higher than
the predicted number of fixed points. Increasing the number of iterations decreases the number of
stable fixed points,

There are a number of possible causes for a population with a predicted stable
fixed peint to coliapse or a population predicted o be unstable to survive. The first
canse is the higher order terms that have been exciuded in this first representation.
Two rules who do not benefit enough from cross-feeding strings that have been di-
gested once can plausibly find more opportunities for cross-feeding on older strings.
In a similar fashion populations on the verge of coexistence could collapse due to one
rile being able to consistently re-digest it’s own waste.
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Figure 11: Rules exhibiting stable internal fixed points as predicted and tested. Black pixels
correspond to rules with stable fixed points. Main thing to note is the great increase in fixed poinis
found when testing.

The effect of old strings on the result is limited as the high flow keeps the food pool
fresh. As an upper limit the number of strings older than one is around 10% of the
total food pool as seen in figure 8, calculated by assuming that all digestions succeed.
In actual simulations the succeeded digestions are significantly fewer resulting in even
less old strings. During the simulations to check stability of populations the number
of strings older than one was measured. This number can be compared between
populations that are predicted correctly and the ones that are predicted wrongly.
Unfortunately the number of strings of age larger than one seem to be roughly the
same for pairs with correct and incorrect predictions.

An even more likely cause for the discrepancy between the results of the replicator
and the simulations is noise. It enters in many parts of the model. Noise in the mea-
surements of interaction parameters is likely one cause for the difference in outcomes
between simulation and replicator model. This noise is based in the randomness of
food string generation (see section 3.3 to see how this is done). Since elementary CA
are deterministic it the noise is not to big a problem for fresh strings. For multiple
step digestions with the noise is present through all steps the number of possible
outcomes increases. There ig also the noise in the actual simulation to consider i.e.
the underlying stochasticity of dividing, choosing strings etc. Now consider the sit-
uation where mutations are excluded, a rule that dies out won't be able to return
to the population. For a population of rules with a stable fixed point there is stiit
a probability that one rule might go extinct due to the random fluctuations. This
is more likely in the case of populations where the stable points is close to one or
zero and populations where the impact of cross-feeding is weaker. This error makes
it possible for stable populations to collapse and is more likely to happen for longer
simulations.

Returning to the populations that are predicted to be unstable but during sim-
ulations turn out to be stable there is one more effect that needs mentioning. Due
to the underlying dynamics of Urdar a population of very poor rules that are un-
able to digest almost any string will have significantly longer relaxation time. The
replacement of one individual with another only occurs after division and if very few
successful digestions takes place the dynamics are very slow. Thus a population with
parameters that predict that one rule takes over could in the actual simulation take
very long time to do so. The number of falsely stable populations should decrease
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if the simulation runs for more iterations. This is the case for the populations that
are stable as well as can be seen in table 2 when comparing the results after 4000
iterations with after 8000 iterations.

4.5.2 Full seale simulation

The replicator formulation is essentially a set of differential equations for the fre-
quencies of all rules. Using the measured interaction data along with a all rules two
player formulation replicator dynamics and solving this provides a way of estimating
the full system dynamics at high flow rates. This comparison has been done and the
result can be seen in figure 12. The simulated dynamics were averaged over several
realizations. The overall results are similar the two best rules are the same in both
simulated and replicator dynamics. There are bundles of less potent rules that are
the same for the two different implementations. Some problems exist however. The
first has been mention previously in section 4.4.5 and that is the difference in rate
between replicator dynamics and simulated dynamics due to a difference in the fi-
ness function. This is visible in the figure as difference between how fast the very
weakest rules leave the population. A second difference lies in the measurements of
the interaction terms and genetic drift. The two rules who are best both in simulated
and replicator dynamics are 90 and 165. As their mappings are identical but with
the bits flipped they are in fact equally good when contending against each other. As
mentioned previously in section 4.4.4 this neutrality is not captured in the replicator
dynamics If not the interaction terms are rounded to a set precision. In the simu-
lated dynamics one of the two rules always wins due to drift but as seen on average
they win the same number of times. In the current implementation of the replicator
dynamics rule 165 always wins if solving the replicator equation for long times.

Replicator Dynamics Simulated dynamics, averaged over 40 realizations
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{a} Rule frequencies as derived when solving {b) Rule frequencies ag measured and averaged
the replicator equation over 40 simulation runs

Figure 12: The two panels show the rule frequencies over time as given by solving the replicator
equation and by measuring on the simulation. Each line represents a single rule. The exact identity of
the rules are unimportant but note that the bundles or lines contain the same rules both in replicator
and simulation. The difference in time scale is not entirely obvious but visible when considering the
bundle of very weak rules that quickly die off. In the replicator dynamics these last until roughly
1 = 480 but in the simulation they are gone by £ = 100. This is further discussed in section 4.4.5 but
the time constant derived is not included in this solution of the replicator eguation.
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4.6 Optimality and the replicator model

Looking back to the replicator dynamics and considering instead the concept of op-
timality which was the main goal of this project there are a few possible paths to
take. One obvious way to proceed would be to consider again the concept of global
optimality. With basis in the replicator dynamics as defined in equation 11 it would
be possible to analytically find the optimal population for the entire system. Given
accurate measurements for all the interaction higher interaction terms this would be
the ideal case. However due to time limitations this will not be possible withing the
scope of this project. The previously derived two player two strategy formulation
of the replicator equation can be used to do an initial evaluation of optimality in
this context. First noting that the efficiency of a population is directly given by the
average fitness

¢ = cpa+ (1~ z)¢p. (31)

In the range [0 1] this function has two extreme points at the endpoints and a
possible internal optimum. How well the final population coincides with the optimum
population can be done by comparing the distance between the two populations.
If this distance is small it indicates that the system does approach the optimum.
Another way would be to calculate the ratio between efficiency of the final population
and the efficiency at the optimum. If this ratio is near one it would also be an
indication that high efficiency is a result of evolution.

As most pairs possible fall under the dominance category with one rule being
clearly stronger the population consisting of 100% of that rule is also likely to be
the optimum albeit trivially. To get results that say more about a cross-feeding
population and how interactions effect optimality the investigation will focus on pairs
of rules predicted to coexist. The approach is as follows. Calculate the mean fitness
at the end points and in the possible internal optimum. Take the largest of these and
divide it with the average fitness of the predicted internal fixed point. Average this
value over all the pairs predicted to have stable internal fixed points. Of the 1187
unique pairs possible the average ratio is 0.95 with a standard deviation of 0.064. The
average ratio between the least effective population and the most effective population
were among the tested pairs 0.58 standard deviation of 0.34. This would indicate a
rather strong link between the final population and the optimal population.
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5 Discussion

The starting point of this project was to analyze the concept of optimality in evolu-
tion by studying the artificial life systern Urdar. Starting from the question whether
selection on the individual can lead to optimization on the population level. This
guestion had no simple answer and a number of approaches were taken to evaluate it.
First global optimization was applied to find the best population. This investigation
did not yield clear results, good populations were found through the use of an evolu-
tionary algorithm but no clearly best population appeared. What can be said at this
point is that the populations that appear in the simulation do have high efficiency
but not that they evoive towards a clearly best population.

In order to get more easily interpretable results the investigation turned to a
reduced system. Ewven when looking at only a few rules at a time the results are
inconclusive. There is a link between a population having high efficiency and being
stable but the final population does not coincide with the best population. Instead
through frequency dependent selection pushes the population away from the opti-
mum, This reduced dynatnics initiated a probing towards the depths of Urdar and
the investigation of interaction strengths. By themselves they did not give to much
information but they led to what has to be considered the main result of this project.
Even thou only a byproduct of the original problem statement the replicator formu-
lation of the Urdar dynamics provide a new way of characterizing the system.

The replicator formulation provides a way to analytically treat the dynamics. To
formulate conditions for cooperation and stability. With accurate measurements of
interactions between rules it also provides a way to predict behavior and generate
the full dynamics. It also provides an intriguing game theoretic interpretation with
a system of mixed games. Rules are partaking in one-, two-, three- etc. games
continnously through the joint digestions of strings. With the exact mixture of games
being controlled by the flow rate and the rules themselves through their ability to
digest strings.

Through the replicator equation it is also possible to go back to the first ques-
tion of optimality. However the iater parts of the project were mainly devoted to
testing the viability of the replicator equation by comparing it’s predictions to the
actual simulation. Results from the comparison of fixed points between pairs of rules
were ambiguous in that they captured some stable fixed points but that many more
appeared in the simulations. Still the thought is that through increased accuracy
in measurements and by including more terms the results will be even better. The
prediciions and the brief check on optimality can be seen as hints on what will be
possibly if the work is continued.

5.1 Future Work

There are many parts of this project that could be extended upon. Such as redoing
the global optimization with another method or examining more triplets of rules.
However the most promising development is the replicator formulation and it opens
new avenues of investigation. The following is a list of a few of the extensions possible.

s Moadify the current implementation of Urdar to make the analysis easier. One
such item to change would be the probability function that controls division.

¢ Measure higher order interaction terms or possibly find ancther way of approx-
imating them.
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e Extend the replicator formalism and apply it to higher order interactions in
Urdar.

e Investigate the replicator formulation as a standalone way of describing cross
feeding systerns. With a theoretical base for such systems it could then be
applied to other systems similar to Urdar both real and artificial.
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6 Conclusions

In Urdar there is a link between a population being efficient and that same population
being stable. However the stable population is not by default the same as the optimal
population and there is often some distance in between. In other systems the final
population being the most productive population is often not the expected outcome.
A famous example is the prisoners dilemma where the low scoring defection is the
stable outcome.

'The results presented here are not conclusive with regards to evolution leading
to optimality even in this simplified setup. The next step would be to examine the
proposed fitness equation. It can allows the system to be described in a more general
form. An analytical expression also offers more transparency of causality compared
to computer simulations. This could lead to better explanations of why or why not
a population would evolve towards an optimal composition.
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the final rule can extract. Here the concept of decreasing entropy becomes even more
important. In order to properly separate the interaction coefficients, situations where
the intention is to measure F;;x but j or ¢ fails to digest the string that realization
is set to zero even though & might extract energy in the end. The intention is to
let wy), describe exactly the average energy when rule k digests a string previously
digested by ¢ and j. When i or j fails to digest the actual energy becomes Ej; or
Fix which should not be included in the mean. The trials are still included in the
mean for w;jr but as zeros, since it should reflect the interaction strength between
the rules. If rule £ is able to extract high energy from strings previously digested by
¢ and j but only manages this once in ten trials the interaction is still fairly weak.
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(a) First interaction term w; for all rules (b} First interaction term wy for all rules

Figure 5: Both the figures show the same data but ordered in different ways to give a feeling for
the distribution of strengths, From a it is visible that pairs of mirrored rules are equally good at
digesting strings. The best pair visible in & is 105 and 150. Also worth mentioning is the second
best pair which is 90 and 165, Make a mental note that the top energy extracted is about 0.08 when
digesting fresh strings.

Making the actual measurements takes considerable time. Single step interac-
tions, w; take less than a minute to complete for all rules. But for each additional
interaction step we want to calculate the number of combinations increase with a
factor of 256. In figure 5 the first order interaction terms can be seen for all rules.
The division into three visible regions at = 0.8 |, = 0.4 and =~ 0 is lkely caused by
the chosen structure for fresh food where 50% are mostly zeros and the rest mostly
ones. The three regimes would then be rules that can digest almost all strings, rules
that can digest either black or white and rules that cant digest either. Figure 6 is
an attempt to visualize all the second order interaction terms (wy;). The aim of the
figure is not to give an instant view of what rules have the strongest interactions
but rather to give a notion of how the interaction space looks. The darker the pixel
the higher the interaction value. The figure is not symmetric when reflected top to
bottom but is so from right to left in the same way as in figure 5a. It is also possibie
to see similarities in 5a and figure 6 in that rules that are weak in the first digestion
are also weak in the second. The white stripes across both directions in figure 6 are
caused by such weak rules. The final thing to note, which is not possible to read
from the figure, is that largest second order terms are as high as 0.14 compared to
0.8 for first order terms.
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Figure 6: Second order interaction terms, iy measured for all rules, Dark pixels correspond to
strong interactions i.e. high energy extracted by the second rule and white are very wesk interactions.
Shows similarities in structure to the first order interactions shown in figure 3a. Rules that are poor
at digesting fresh strings are bad partuers to interact with and that the strongest interactions are
still found in the center region. Note, even thou it’s not visible in the figure, that the highest second
order interaction value is 0.14.

4.3.1 A first attempt at approximating interaction strengths

As stated previously the computational cost of calculating higher order interaction
terms scales very badly. The number of possible combinations at for interactions
of length n is 256", It is conceivable however that higher order terms might be
approximated from lower order terms. Torbjorn Lundh proposed the following as a
first attempt at doing this. In addition to the notation used above lets introduce the
ratios between energy before and after digestion as K; = %‘—; and Ky; = %;1 Now the
assumption is that regardless of previous digestion histories relative energy uptake of
a rule is roughly equal. That would mean that K;; = K;. Given some algebra this
allows for a way to approximate higher order terms from lower order terms:

Eg — Wy

E{j wy. (9}

Wiy e

And for third order terms:

EO — E{) B N
Ey E(j Wi (10;

?UU;(: =~
The assumption has some merit but it turns out however that this approximation

does not hold well. There are a few reasons for this. The first is that energy gain is
not relative and can in fact be higher for the second digestion than for the first as
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show previously in figure 5 and 6. Figure 7 show the time evolution of ca-rule 90 and
the corresponding entropy for each time step. The entropy differences between time
steps two, one and zero do follow the assumption that extracted energy is relative
to the energy left but after step two the assumption fails completely. This is an
effect of how entropy is calculated and is non-obvious in terms of what patterns are
intuitively expected to have high entropy. The key is that the entropy is calculated
as the difference in block entropy hetween block size three and block size two as seen
in equation 5. If a pattern exhibit an even mix of block types at level three and an
even mix of patterns at block size two the approximated Shannon entropy is zero.
Patterns of ...01010101... show exactly this behaviour with an even mix of 01 and
10 at size two and 010 and 101 at size three. This is why ca-rule 90 is not able to
increase the entropy at time step three in figure 7.

0 [ ]
1 ®

Timestep

& L J

g . " n . ? n :
0.25 03 035 pixs 045 95 085 4.8 G.ES

Entropy

Figure 7: On the left are the first few time steps for rule 90 when starting from a single one history.
On the right iz the Shannon entropy approximated at level two for each time step. The key thing
to note is that the entropy does not increase constantly over time instead there are plateans. Since
there is a restriction that a rule in Urdar is not allowed to decrease the entropy of a string rule 90
cannot fully digest this string alone. This decrease in entropy visible at step 3, 6 and 7 is caused by
patterns that although containing an even mix of ones and zeros have roughly the same entropy at
block size two and block size 3 thus having a low approximated Shannon entropy.

Nevertheless approximations of higher order terms might be fruitful and even
necessary due to computational costs. Another approach would be to use second
order interactions, wy; etc, as a basis for the approximation. Even such a scheme
might also fail however considering the example in figure 7. The rule performs well
for two steps but is unable to digest the string again. This behavior would be hard
to capture starting from wy; terms. The approximation based on second order terms
has not been tested however and is left to future work.

4.4 Urdar formulated as the replicator equation

With a framework to handle the how well rules perform together and alone many
new paths of investigation open up. Philip Gerlee proposed the following formulation
of a fitness function for ca rules in Urdar:

& = F(0h, + F{1) Z.Tjwjg‘ + F(2) Zij?:k'wkji + .. (11}
i k7

F(0) describes the fraction of fresh strings in the food pool, F(1) describes the
fraction of strings digested once(for more details see section 4.4.1}. wy, wy; and Wiy
are the interaction coefficients as described in section 4.3. z; is the fraction of rule
}in the population. Terms for longer interactions are included in a similar way.
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The equation describes the fitness of rule i as a function of it's ability to digest
fresh strings, it’s ability to digest strings previously digested once weighed by the
fraction of rules in the population and similar for longer interactions. Each term
is also weighed by the fraction of strings of a certain age in the population. This
distribution over string ages is of course strongly dependent on the dilution rate as
described in section 4.4.1.

There are a few assumptions that might not be obvious that underlie this de-
scription of the fitness. One assumption that isn’t clearly stated is that dynamics
of the food pool must work on a shorter timescale thar the population dynamics.
What this means is that if the population shifts the strings in the food pool must
be quickly replaced with fresh strings that are then digested to make the digestion
histories of strings in the pool properly reflect the population structure. In the above
formulation it would also appear that the string age distribution is constant regard-
less of population structure which is far from true when considering all populations.
A population of weak rules(for example the ones with low score in fig ref) will bave
a much fresher food pool as they are often unable to digest the strings. In the subset
of strong populations the assumption still holds however and since these are the ones
of interest the assumption is reasonable.

The fitness function defined in 11 can now be used in a replicator equation to
provide a way to generate the full population dynamices. The replicator equation
defines the rate of change for a rule to be proportional the current fraction of that
rule times it’s fitness relative to the average fitness in the population.

dz; —
= = xi(dy - @) 12
= (60~ ) (12
The average fitness is defined as:
b= du;. (13)
J

A rule that has higher fitness than the average fitness will increase it’s fraction of the
population while a rule with less than average fitness will decrease. Note the above
formulation mutations between rules is not included.

4.4.1 Age distribution for food strings

In order to assign values to the F(-) weights in the previously described fitness func-
tion (ref first replicator) we need to know the age distribution for food strings. The
age of a string corresponds to the number of times it has been digested. The dy-
namics of the food pool was described in section 3.3. As previously mentioned there
are two competing processes that affect string age; strings being eaten and the flow
of strings through the system. These processes can be treated analytically. First we
note that in the current version of Urdar the number of strings in the food-pool is
5000 and the number of organisms is 1024. This gives a ratio of approximately %
that can be digested each time step. Assuming that all digestions succeed and that
the distribution has reached a steady state the fraction of strings of a specific age
can be described in the following way.

1 .1
Fny= gF{n ~ 1Y+ F(n) — gF(nﬁ —~F{n}. (14)

The equation describes the fraction of strings of age n at time t as a function of
string fractions at time t-1 but since steady state is assumed the time dependence
is excluded. In order the right hand side terms describe: strings of age n-1 that get
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digested, strings of age n that stays, strings of age n that get digested and strings of
age n that flows out of the system. The equation can be simplified into:
Fln -1}
Fin) = w71 1
) = o (15)
Now noting the special case of fresh strings, n = 0, derived from F(0) = F 0 —
FF(0) + v(1 — F(0)) :

Sy
F(0) = . 16
0) = %= (16)
Going back 15 and inserting 16 it is possible to form the general expression:
Fln) = == a7)

(1 + 5yt

In figure 8 a comparison of the distribution of ages in the food-pool between what
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Figure 8: The measured and approximated distributions over string ages. Note the difference in
scale for the two examples. For flow 0.3 in 8a there is a large amount of fresh sirings and the
approximation fits the measured data well. For flow 0.03 8b the approximated distribution does not
fit the measurements as well and the strings are fresher than expected. The main reason for this is
that the probability for digestion is not 100% and not uniform over string ages. On the contrary it
drops rapidly as seen i figure 9. This lowers the rate at which strings are digested which in turns
means that fewer strings achieve a high age before being flushed out.

is generated by the expression in 17 and what is measured in an actual simulation
can be seen. The cause for the difference between the measured distribution and the
approximated lies in the assumption that all digestions succeed.

4.4.2 Game theoretic interpretation

The above reformulation of the Urdar dynamics can be seen as a game theovetic
formulation of the interactions. In Urdar the strategies correspond to rules and
the number of players are the interaction length. Essentially we have a population
of strategies or rules simultanecusly partaking in games with different number of
players. The digestion of a fresh string corresponds to a trivial one playver game
where a rule simply receives payoff based on itself. Digestions of strings previously
digested once become two player games and three digestions become three player

18
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Figure 9 The probability of successful digestions for strings of different ages. Neither of the two
cases seen correspond well to the approximation that all digestions are successful. Still for the case of
high flow and strings of age zero and one the approximation fit well and as a result the the caleulated
and measured data in fgure 8a to be very similar.

games etc. This distribution over games of different number of players is determined
by the flow rate as described in section 4.4.1. The tensor notation described in section
92.3.1 now becomes eqiivalent to the one used describe interaction terms with a slight
adjustment to formalism. While the tensor notation used in (Gokhale and Traulsen,
2010), Bigiyig,..iq.;» DUt the focal strategy first the notation used for interaction
terms, wijk. 1, lets the last index notate the strategy receiving the payoff.

4.4.3 Replicator equation for two rules

Consider a population consisting of only two rules A and B their fractions denoted
by z and y. Since the total population sums to one and the part that isn't z is y
it is possible to reformulate y = 1 — z. Given this it is possible to reformulate the
replicator equation in 12 into:

% = x(l - 2)(@a — ¢5) = Plz).

Leaving a single differential equation to determine the system. Now arguing that we
want to examine a system of two rules at high dilution rates it is possibie to throw
away interactions of length three and higher. It is then possible to write the fitness
functions for A and B as:

(18)

¢a=F(Wwa + F(1{wpa(l — 1) +waaz), {19)

Gp = F{0hwp + F(1}{{waipr + wgpil — 2} (203

This setup allows for analytical treatment of the system. That is locating and char-
acterizing fixed points and examining productivity which among other things allows
for prediction on which rules can exhibit stable cooperation in the actual simulation.
First noting that a fixed point is defined as point in the state space where the rate of
change is zero Rd% == (). Looking at equation 18 it has two trivial fixed points at x = 1
and z = {} corresponding to the entire popuiation consisting of 100% A or 100% B.
There is also a fixed point at r™ when:

b4 = op. (21)
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The position of this fixed point is important to predict the dynamics of any given rule
pair. If this fixed point lies withing the range z* € (0 1) and is stable it means that
the two rules can coexist. But leaving stability for later lets first look at the position
of this fixed point. By expanding equation 21 and solving it for x the following
expression for the position of the fixed point is derived.

F(o
. ws - wa) + wpp — wpa

WA4 + WEE — WAR — WBA

T (22)
It is possible to devise conditions for when the fixed point lies within 2 € (01) but
first consider the concept of stability for fixed points. Consider the situation where
system resides at the fixed point. The system now receives a small perturbation and
is pushed away from the fixed point. If the dynamics drives the system further away
from the fixed point it is considered unstable. If instead it is drawn back to the
fixed point it is stable. In more formal terms the stability is investigated by linear
stability analysis which corresponds expanding the set of differential equations to
the first order at the fixed point. This vields a stability matrix and the eigenvalues
of this matrix determines the stability (Weissten, 2011). For this one dimensional
case however this the stability matrix simply becomes a scalar value corresponding
to the derivative of equation 18 and the sign of this value will determine the sta-
bility. If positive any perturbation will grow exponentially over time corresponding
to an unstable fixed point and if negative perturbations will decrease exponentially
corresponding to a stable fixed point. Calculating the time derivative of equation 18
vields:

Py =(1-z)(9s ~ ¢p) — z(¢a — dp) + z(1 - 2)}{¢)y ~ ¢p). (23)

Given that equation 21 holds this reduces to:

Pa") =z(1 - 2)(¢ — &p)- (24)

Noting that z € (01) makes sure that #{1 — z) > 0 thus the only term influencing
the sign of P'{x) is the derivatives of the fitness functions.

¢y — ¢ = F(\){wan — wga) ~ F(1)(wag ~ wps)-

Noting that F{1} is a positive constant the expression above is negative if the following
holds.
WAR + WA < Wa4 + WEB. (25)

This equation captures the stability criteria for the internal fixed point. It has an
intuitive interpretation. If the two rules gains more from eating each others leftovers
than they do from eating iheir own leftovers the internal fixed point will be stable.
That is to say they are able to live together granted that the fixed point is in fact
internal. Moving back to equation 22 it is possible to state criteria for when the fixed
point is internal i.e. 0 < z* < 1.

O]

;ﬁ%ﬁ{ws —wq) + WRE ~ WEA

WAL+ WRE ~ WAB ~ WBA

0< < L.

iIf this is te be simplified the sign of the denominator wa4 + Wrs — Wain — WEA
needs to be deiermined. Conveniently this corresponds to the stability criteria for
the fixed point. When looking for the stable internal fixed points the denominator is
negative and for the unstable fixed points the denominator is positive. This allows
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the following separation of the two cases. For stable internal fixed points the criteria
becomes.

F(1Y{waa —wag) < F({O{wp —ws) < F{1)(wpa ~ wps)- (26)
And for the internal but unstable fixed poinss.
F{l)(’u},.w, — wAB) > F(O)(uzB e w,a_) > F(l}(wgg o 'UJBB). (2?)

These criteria also contain some intuitive interpretations regarding the existence of
the internal fixed point. The left hand side describes the relationship between A
consuming A’s leftovers and B consuming A’s leftovers. 1f the wap term is much
larger than the w44 term the lhs will be small. This would increase the range of
possible values for the center expression that give a stable fixed point but decrease
them for the unstable fixed point. That would agree with the notion that large cross-
feeding terms promote coexistence. The same argument holds for the right hand side.
A large wp, term compared to the wgy term promotes stability.

There is still two fixed points that have not been characterized for this simplified
system namely = = 0 and z = 1. The stability of these fixed points is also determined
by the sign of P'(z). For z = 0 equation 23 reduces to.

PU0) = (04 — ¥B).
And for r = 1 it reduces to.
P(1) = (64~ 65).

Inserting z = 0 and = = 1 into equations 19 and 20 which describes the fitness
functions reduces the above to.

P(0) = F{0}wa —wp) — F(1)(wpp — waa).
And for z = 1 it reduces to.
P'(1) = F(0{wg —wa) — F{1){(was — wag).

Constraining the above expressions to be negative we arrive at criteria for when z = 0
and z = 1 are stable fixed points. For z = &

F{0{wa —wp) < F(1}{wpp ~ wpa). (28}

For r = 1:
F(0H{wp —wa) < F(L}{was — wag)- (29}

Again the resultant criteria are intuitively understandable. If for example both wp
and wgp are large rule B is both good at eating fresh strings and it's leftovers.
This would also indicate according to equation 28 that x = {, corresponding to a
population of 100% B, is a stable fixed point which is the expected result. The same
reasonings holds for the fixed point at z = 1 with focus on rule A.

Note that the criteria for endpoint stability are not mutually exclusive. Both
endpoints can be stable or unstable at the same time. This corresponds to the
situation where there is an internal fixed point and it is unstable or stable. It turns out
that the criterion for unstable internal fixed point and criterion that hoth endpoints
are stable are exactly equivalent. By rewriting equation 28 into

F(O}{?LB —w4) > F(I\,‘(‘w‘g‘q ~ WRE}
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and combining this with equation 29 the following is attained.
F(l}{waa ~wap) > F(0){wg — wa) > F(1)(wpa ~ wig).

This is exactly the condition for existence of an unstable internal fixed point. The
same holds when looking at an internal stable fixed point and both endpoints unsta-
ble. This result is no surprise however as in a continuous system it is impossible to
have two stable or two unstable fixed points next to each other. Consider the case
with two stable fixed points next to each other. Standing in between the two you get
pulled into one or the other depending on the distance. However as the force driving
the system is continuous there must exist a point in between the two fixed points
where their pull is exactly equal. If standing at this point you would remain there
indefinitely but take a small step to either side and one of the stable points would
pull you in. Which is exactly the definition of an unstable fixed point. Going back
to the criteria for the fixed points in the two rule replicator model it is expected that
the criterion for an internal stable fixed point is equivalent to the criterion that both
endpoints are unstable.

Using the measured data for first and second order interaction shown in figures
terms it is possible to apply the derived criteria to predict pairs of rules exhibiting
the different kinds of fixed points.

4.4.4 Characterization of two rule dynamics

Based on the stability and localization of fixed points the dynamics for two rules
can belong to one of four different categories exemplified in (Altrock and Traulsen,
2009). Dominance means that one rule is always the winner regardless of starting
position corresponding one stable and one unstable endpoint. Coexistence allows
the two rules to live together and is characterized by a stable internal fixed point.
Coordination games takes place when there is an unstable internal fixed point and the
outcome depends on the starting condition. There is also a situation not mentioned
in (Altrock and Traulsen, 2009} and that is the neutral situation with two rules
or strategies being equally good. The situation of neutrality is not natural in the
circumstances. It would in theory occur between pairs rules whose mappings are
inverted for example 90 and 165. These are equally good at extracting energy from
strings as discussed in section 2.1. Two things complicate this however. As the
Urdar simulation is a stochastic process there is always drift in the population and
two equally good rules cap still diverge. The second issue is that the interaction
terms used in the replicator formulation are measured averages and unless they are
rounded to a fixed precision it wont be able to capture true neutrality. Table 1 show
the number pairs for each of the four types as predicted by the two rule two player
formulation of the replicator dynamics.

4.4.5 Rate difference between replicator representation and simulated
dynamics

In the replicator dynamics described above the ability to extract energy is taken
directly as the fitness. In the simulation however the energy is used as an input
to a prebability function as shown in equation 6 in section 3.2. The fitness in the
simulation instead of being simply energy extracted follows this equation. With
5 == 10 this translates to a rate difference when comparing simulation with replicator
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Figure 19: Four plots showing the predicted distribution of fixed points for a subset of all pairs.
Biack pixels indicate pairs with a stable fixed point except in panel d. Interesting to note is the
overlap between distributions. For example a pair with stable fixed points in both panel a and b will
also exhibit an unstable fixed point in panel 4. Pairs on the diagonal corresponding to picking the
same rule twice are trivial,

dynamics. One way to account for this is to approximate equation 6 for small AE
by Taylor expansion about zero.
1 — e RES _1-(1-8AE+ )
T—e? I —e? )

Including only the first order term and noting that e~ W is a very small number
equation 6 reduces to.

P(AE) = BAE. (30;
However since 2 = 10 and AFE often is as large as 0.1 this is a rather poor approx-
imation. However as a first attempt a$ accounting for the rate differences that will
exemplified in the following section this is sufficient.
4.5 Test of the replicator dynamics
The replicator dynamics has been presented as a way to reduce the Urdar system to

a more manageable analytical formulation. It is possible to examine requirements for
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Type Number of pairs
Dominance 30304
Coexistence 1187
Coordination 1139

Table 1: The number of pairs exhibiting the four interaction types. The tofal number of pairs is
3-159‘!—213‘39 = 32640 not counting duplicates and rules paired with themselves. 128 of the pairs above
should in reality fall under the neutrality category but they can not be captured by the current
measurements of interaction terms. Summing the classes together gives a mumber 10 short of the
expected total. This is caused by a few number of rules who have w; = 0 whick cause the replicator
notation o collapse to zero. Pairs of of these rules can be considered to belong to the neutral
category.

coexistence and predict behavior. Given accurate measurements for interaction terms
1t is possible to generate the full system dynamies by solving the replicator equation.
As only the first two interaction terms have been measured it is not possible to test
higher order dynamics. Still the Urdar system at high fiow rates is driven mainly
by the digestion of fresh and one digestion old strings. This makes it possible to use
the replicator formulation to as an approximation to the Urdar system at high flow
rates. The following subsections deal with testing on how well the replicator equation
capture the simulated dynamics,

4.5.1 Predicted fixed points for two rules

The replicator formulation of Urdar with two players and two rules show in section
4.4.3 was used to predict rules with stable internal fixed points. It is possible to
test these predictions through simulation of the pairs. Letting the two rules live
together for many iterations and then checking whether both still are present in the
population. This was done for a subset of all possible pairs namely rules in the range
90-165. The result of this testing can be seen in table 2. A visual comparison between
predicted and tested fixed points can be seen in figure 11.

Type Predicted | After 4000 iterations | After 8000 iterations
Stable fixed point 141 121 115
Stable, tested as unstable 20 26
Unstable fixed point 2894 2769 2894 |
Unstable, tested as stable 270 239

Table 2: Summary of the result when testing fixed point stability. The tests were conducied by
simulating the populations for the given time period and checking if both rules survived. The total
number of fixed points found to be stable is 391 and 354 for the two time spans is much higher than
the predicted number of fixed points. Increasing the number of iterations decreases the number of
stable fixed points,

There are a number of possible causes for a population with a predicted stable
fixed point to collapse or a population predicted to be unstable to survive. The first
cause is the higher order terms that have been excluded in this first representation.
Two rules who do not benefit enough from cross-feeding strings that have been di-
gested once can plausibly find more opportunities for cross-feeding on older strings,
In & similar fashion populations on the verge of coexistence could coltapse due to one
rule being able to consistently re-digest it’s own waste.
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Figure 11: Rules exhibiting stable internal fixed points as predicted and tested. Black pixels
correspond to rules with stable fixed points. Main thing to note is the great increase in fixed points
found when testing.

The effect of old strings on the result is limited as the high flow keeps the food pool
fresh. As an upper limit the number of strings older than one is around 10% of the
total food pool as seen in figure 8, calculated by assuming that all digestions succeed.
In actual simulations the succeeded digestions are significantly fewer resulting in even
less old strings. During the simulations to check stability of populations the number
of strings older than one was measured. This number can be compared between
populations that are predicted correctly and the ones that are predicted wrongly.
Unfortunately the number of strings of age larger than one seem to be roughly the
same for pairs with correct and incorrect predictions.

An even more likely cause for the discrepancy between the results of the replicator
and the simulations is noise. It enters in many parts of the model. Noise in the mea-
surements of interaction parameters is likely one cause for the difference in outcomes
between simulation and replicator model. This noise is based in the randomness of
food string generation (see section 3.3 to see how this is done). Since elementary CA
are deterministic it the noise is not to big a problem for fresh strings. For multiple
step digestions with the noise is present through all steps the number of possible
outcomes increases. There is also the noise in the actual simulation to consider le.
the underlying stochasticity of dividing, choosing strings etc. Now consider the sit-
uation where mutations are excluded, a rule that dies out won’t be able to return
to the population. For a population of rules with a stable fixed point there is still
a probability that one rule might go extinct due to the random fluctuations. This
is more likely in the case of populations where the stable points is close to one or
zerc and populations where the impact of cross-feeding is weaker. This error rmakes
it possible for stable populations to collapse and is more likely to happen for longer
simulations.

Returning to the populations that are predicted to be unstable but during sim-
ulations turn out to be stable there is one more effect that needs mentioning. Due
to the underlying dynamics of Urdar a population of very poor rules that are un-
able to digest almost any string will have significantly longer relaxation time. The
replacement of one individual with another only occurs after division and if very few
successful digestions takes place the dynamics are very slow. Thus a population with
parameters that predict that one rule takes over could in the actual simulation take
very long time to do so. The number of falsely stable populations should decrease



4.5 Test of the replicator dynamics 4 RESULTS AND ANALYSIS

if the simulation runs for more iterations. This is the case for the populations that
are stable as well as can be seen in table 2 when comparing the results after 4000
iterations with after 8000 iterations.

4.5.2 Full seale simulation

The replicator formulation is essentially a set of differential equations for the fre-
quencies of all rules. Using the measured interaction data along with a all rules two
player formulation replicator dynamics and solving this provides a way of estimating
the full system dynamics at high flow rates. This comparison has been done and the
result can be seen in figure 12, The simulated dynamics were averaged over several
realizations. The overall results are similar the two best rules are the same in both
simulated and replicator dynamics. There are bundles of less potent rules that are
the same for the two different implementations. Some problems exist however. The
first has been mention previously in section 4.4.5 and that is the difference in rate
between replicator dynamics and simulated dynamics due to a difference in the fit-
ness function. This is visible in the figure as difference between how fast the very
weakest rules leave the population. A second difference lies in the measurements of
the interaction terms and genetic drift. The two rules who are best both in simulated
and replicator dynamics are 90 and 165. As their mappings are identical but with
the bits flipped they are in fact equally good when contending against each other. As
mentioned previously in section 4.4.4 this neutrality is not captured in the replicator
dynamics if not the interaction terms are rounded to a set precision. In the simu-
lated dynamics one of the two rules always wins due to drift but as seen on average
they win the same number of times. In the current implementation of the replicator
dynamics rule 165 always wins if solving the replicator equation for long times.

Replicator Dynamics Simulated dynamics, averaged over 40 realizations
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(a) Rule frequencies as derived when solving {b} Rule frequencies as measured and averaged
the replicator equation over 40 simulation runs

Figure 12: The two paneis show the rule frequencies over time as given by solving the replicator
equation and by measuring on the simulation. Each line represents a single rule. The exact identity of
the rules are unimportant but note that the bundles or iines contain the same rules both in replicator
and simulation. The difference in time scale is not entirely obvious but visible when considering the
bundle of very weak rules that quickly die off. In the replicator dynamics these last until roughly
t == 400 but in the simulation they are gone by ¢ = 100. This is further discussed in section 4.4.5 but
the time constant derived is not included in this solution of the replicator equation.
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4.6 Optimality and the replicator model

Looking back to the replicator dynamics and considering instead the concept of op-
timality which was the main goal of this project there are a few possible paths to
take. One cbvious way to proceed would be to consider again the concept of global
optimality. With basis in the replicator dynamics as defized in equation 11 it would
be possible to analytically find the optimal population for the entire system. Given
accurate measurements for all the interaction higher interaction terms this would be
the ideal case. However due to time limitations this will not be possible withing the
scope of this project. The previously derived two player two strategy formulation
of the replicator equation can be used to do an initial evaluation of optimality
this context. First noting that the efficiency of a population is directly given by the
average fitness

6= x¢a+ (1 ~2)¢5. (31)

In the range [0 1] this function has two extreme points at the endpoints and a
possible internal optimum. How well the final population coincides with the optimum
population can be done by comparing the distance between the two populations.
If this distance is small it indicates that the system does approach the optimum.
Another way would be to calculate the ratio between efficiency of the final population
and the efficiency at the optimum. If this ratio is near one it would also be an
indication that high efficiency is a result of evolution.

As most pairs possible fall under the dominance category with one rule being
clearly stronger the population consisting of 100% of that rule is also likely to be
the optimum albeit trivially. To get results that say more about a cross-feeding
population and how interactions effect optimality the investigation will focus on pairs
of rules predicted to coexist. The approach is as follows. Calculate the mean fitness
at the end points and in the possible internal optimum. Take the largest of these and
divide it with the average fitness of the predicted internal fixed point. Average this
value over all the pairs predicted to have stable internal fixed points. Of the 1187
unique pairs possible the average ratio is 0.95 with a standard deviation of 0.064. The
average ratio between the least effective population and the most effective population
were among the tested pairs 0.58 standard deviation of 0.34. This would indicate a
rather strong link between the final population and the optimal population.
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5 Discussion

The starting point of this project was to analyze the concept of optimality in evolu-
tion by studying the artificial life system Urdar. Starting from the question whether
selection on the individual can lead to optimization on the population level. This
question had no simple answer and a number of approaches were taken to evaluate it.
First global optimization was applied to find the best population. This investigation
did not yield clear resuits, good populations were found through the use of an evolu-
tionary algorithm but no clearly best population appeared. What can be said at this
point is that the populations that appear in the simulation do have high efficiency
but not that they evolve towards a clearly best population.

In order to get more easily interpretable results the investigation turned to a
reduced system. Even when looking at only a few rules at a time the results are
inconclusive. There is a link between a population having high efficiency and being
stable but the final population does not coincide with the best population. Instead
through frequency dependent selection pushes the population away from the opti-
mum. This reduced dynamics initiated a probing towards the depths of Urdar and
the investigation of interaction strengths. By themselves they did not give to much
information but they led to what has to be considered the main result of this project.
Even thou only a byproduct of the original problem statement the replicator formu-
lation of the Urdar dynamics provide a new way of characterizing the system.

The replicator formulation provides a way to analytically treat the dynamics. To
formulate conditions for cooperation and stability. With accurate measurements of
interactions between rules it also provides a way to predict behavior and generate
the full dynamics. It also provides an intriguing game theoretic interpretation with
a system of mixed games. Rules are partaking in one-, two-, three- etc. games
continuously through the joint digestions of strings. With the exact mixture of games
being controlled by the flow rate and the rules themselves through their ability to
digest strings,

Through the replicator equation it is also possible to go back to the first ques-
tion of optimality. However the later parts of the project were mainly devoted to
testing the viability of the replicator equation by comparing it’s predictions to the
actual simulation. Results from the comparison of fixed points between pairs of rules
were ambiguous in that they captured some stable fixed points but that many more
appeared in the simulations. Still the thought is that through increased accuracy
in measurements and by including more terms the results will be even better. The
predictions and the brief check on optimality can be seen as hints on what will be
possibly if the work is continued.

5.1 Future Work

There are many parts of this project that could be extended upon. Such as redoing
the global optimization with another method or examining more triplets of rules.
However the most promising development is the replicator formulation and it opens
new avenues of investigation. The following is a list of a few of the extensions possible.

e Modify the current implementation of Urdar to make the analysis easier. One
such item to change would be the probability function that controls division.

¢ Measure higher order interaction terms or possibly find another way of approx-
imating them.
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e Extend the replicator formalism and apply it to higher order interactions in
Urdar.

o Investigate the replicator formulation as a standalone way of describing cross
feeding systems. With a theoretical base for such systems it could then be
applied to other systems similar to Urdar both real and artificial,
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6 Conclusions

In Urdar there is a link between a population being efficient and that same population
being stable. However the stable population is not by default the same as the optimal
population and there is often some distance in between. In other systems the final
population being the most productive population is often not the expected outcome.
A famous example is the prisoners dilemma where the low scoring defection is the
stable outcome.

The results presented here are not conclusive with regards to evolution leading
to optimality even in this simplified setup. The next step would be to examine the
proposed fitness equation. It can allows the system to be described in a more general
form. An analytical expression also offers more transparency of causality compared
to computer simulations. This could lead to better explanations of why or why not
a population would evolve towards an optimal composition.
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