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Explaining Deep Neural Networks using Information Theory and Geometry
ZIYONG CHEONG
Department of Electrical Engineering
Chalmers University of Technology

Abstract

Deep neural networks (DNNs) have achieved remarkable success in various machine
learning tasks, yet a satisfactory explanation for their generalisation performance re-
mains elusive. In this thesis, we stand on the shoulders of giants and explore two exten-
sions to the information bottleneck (IB) principle, which formalises the idea that DNNs
are ultimately compression machines which turn input data into minimal sufficient
representations.
The first extension is based on geometry and replaces the information-theoretic IB

with neural collapse (NC), a phenomenon where the penultimate layer representations
of the training data converge to a regular simplex, a configuration of points that max-
imises pairwise distance. The second extension enforces more realistic constraints
on the computation of mutual information used in IB, by taking into account the func-
tional family used to decode said information. This leads to the natural definition of
𝒱-information.
We build on these ideas by extending them to all layers of a DNN. Motivated by real-

world computational constraints on computing NC and 𝒱-information, we develop a
(to our knowledge) novel algorithm for measuring NC, and (re)discover theoretical mo-
tivations behind many current practices in DNN training. Experiments indicate that
compression, both geometric and information-theoretic, is not necessary for generali-
sation, yet DNNs do compress in a predictable manner, with compression increasing as
one moves deeper into the network.

Keywords: neural collapse, information theory, decodable information bottleneck,
compression, generalisation
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1. The Question of Generalisation

Deep neural networks (DNNs) currently dominate the field of supervised learning and
machine learning in general. This is in large part due to their remarkable ability to gen-
eralise, i.e., perform well on data unseen during training. However, why they generalise
remains an open question. In fact, their generalisation performance is in some sense
paradoxical, as highlighted by Zhang et al. (2021), who showed that DNNs can easily fit
randomly labelled data, a result reproduced in figure 1.1.

1.1. The Information Bottleneck

One attempt to explain this is the information bottleneck (IB) principle (Tishby and
Zaslavsky 2015; Shwartz-Ziv and Tishby 2017), which posits that learning happens due to
compression of the input data into a representation that is minimal sufficient. Formally,
they adopt the framework of statistical learning theory (Vapnik 1999), which assumes
that the training and test datasets consist of independent and identically distributed
(i.i.d.) samples drawn from the unknown joint distribution 𝑝𝘅,𝗒 over 𝒳 × 𝒴, where 𝘅 is
the multivariate random variable (m.r.v.)—i.e., the random vector—of the input, 𝗒 is the
random variable (r.v.) of the label, and 𝒳, 𝒴 their supports. For a full overview of the
notation used in this thesis, see chapter A.
A representation is sufficient when its m.r.v. 𝗵 contains all information necessary to

predict the corresponding label. In other words, I(𝗵; 𝗒) = I(𝘅; 𝗒) (Cover and Thomas
2005, p. 36), where

I(𝖺; 𝖻) = 𝔼𝖺,𝖻[log(
𝑝𝖺,𝖻(𝖺, 𝖻)
𝑝𝖺(𝖺)𝑝𝖻(𝖻)

)] (1.1)

is the mutual information (MI) between (m.)r.v.s 𝖺 and 𝖻. The representation is then
minimal sufficient when it is also as efficient as possible, i.e., it can be expressed as a

0 10 20 30 40 50

0

1

2

3

train accuracy

test accuracy

train loss

test loss

epoch

Figure 1.1.: The accuracy and loss curves of
a DNN perfectly fitting randomly
labelled data. Despite clearly be-
ing overparametrised, the same
DNN achieves a test accuracy of
91%onnonrandom labels (c.f. fig-
ure 3.1b with more details in sec-
tions 2.3 and 3.1).
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1. The Question of Generalisation

function of any other sufficient representation. This can be formulated in terms of the
Markov chain 𝗒 → 𝘅 → 𝗴 → 𝗵 (Cover and Thomas 2005, p. 37), where 𝗴 is the m.r.v. of
some sufficient representation and 𝖺 → 𝖻means 𝖻 only depends on 𝖺.
As an immediate consequence of the data processing inequality (Cover and Thomas

2005, pp. 34–35), which informally states that information cannot be gained through
computation alone, we have I(𝗴; 𝗒) = I(𝗵; 𝗒) = I(𝘅; 𝗒) ≥ I(𝗴; 𝘅) ≥ I(𝗵; 𝘅) and thus

𝗵 = argmin
𝗴∶I(𝗴;𝗒)=I(𝘅;𝗒)

I(𝗴; 𝘅).

The Lagrangian relaxation of the constraint I(𝗴; 𝗒) = I(𝘅; 𝗒), which may not be attainable
depending on the architecture at hand, results in the IB objective

argmin
𝗵

I(𝗵; 𝘅) + 𝛽(I(𝘅; 𝗒) − I(𝗵; 𝗒)) = argmin
𝗵

I(𝗵; 𝘅) − 𝛽 I(𝗵; 𝗒), (1.2)

where the Lagrangian multiplier 𝛽 controls the trade-off between retaining information
relevant to the labels (by minimising − I(𝗵; 𝗒)) and discarding irrelevant information (by
minimising I(𝗵; 𝘅)).

Issues with the IB Objective

The story goes that since training a DNN corresponds to computing (1.2), the DNN
learns to compress the input data into a minimal sufficient representation, naturally
resulting in both good training performance and generalisation. To substantiate this
claim, Shwartz-Ziv and Tishby (2017) ran empirical tests on a multilayer perceptron
(MLP) trained on an artificial dataset and observed that aDNN learns aminimal sufficient
representation in two distinct phases. In the first phase, both I(𝗵; 𝘅) and I(𝗵; 𝗒) increase,
as the DNN learns to extract information from the input data. In the second phase,
I(𝗵; 𝘅) decreases while I(𝗵; 𝗒) continues to increase (or slightly decreases, indicating
overfitting), due to the DNN “forgetting” irrelevant information in the input data.
The problem with this story is that their results may not be inherent to all DNNs.

Saxe et al. (2019) tested Shwartz-Ziv and Tishby’s claims and found that their results are
largely an artifact of the way MI was estimated and the nonlinearity function used in
the MLP. Since 𝑝𝘅,𝗒 is unknown and must thus be estimated from the training data, the
distribution 𝑝𝗵,𝗒 necessary (and sufficient) to compute I(𝗵; 𝗒)must also be estimated.
Shwartz-Ziv and Tishby did this by discretising 𝗵—measured just after the tanh nonlinear
activation functions of each layer. The exact binning used for each entry of 𝗵 is visualised
in figure 1.2. Since tanh(𝜙) is approximately linear for 𝜙 with |𝜙| ≈ 0, in order for the
DNN to learn nonlinear functions, 𝜙must saturate the nonlinearity, i.e., |𝜙| ≫ 0.1 This
means most entries of 𝗵 fall in either the top or bottom bin, effectively reducing the
information content of 𝗵 to a single bit per entry.

1This is part of why weight decay has a regularising effect, as it prevents the preactivation values from
becoming too large in magnitude.
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1.1. The Information Bottleneck
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Figure 1.2.: The bin borders and possible

values of the 𝑖th entry 𝗁𝑖 of
𝗵. The interval [−1, 1] was di-
vided into 30 equal-width bins.
The dashed line shows how
tanh is well approximated by
a linear function for small val-
ues.

There is also a fundamental issue, formalised in the following theorem, concerning
the computation of I(𝗵; 𝘅).

Theorem 1. For nondegenerate continuous r.v.s 𝖺 and 𝖻 = 𝑓(𝖺) where 𝑓 is deterministic,
I(𝖺; 𝖻) = ∞.

Proof. Since 𝑓 is deterministic, the conditional distribution 𝑝𝖻|𝖺=𝑎 is a Dirac delta dis-
tribution, i.e., 𝑝𝖻|𝖺=𝑎(𝑏) = 𝛿(𝑏 − 𝑓(𝑎)) can be thought of as the distribution that is zero
everywhere except at 𝑏 − 𝑓(𝑎). Formally, 𝛿(𝑢) = lim𝑤→0 𝛿𝑤(𝑢), where

𝛿𝑤(𝑢) = {
1
𝑤
, 𝑢 ∈ [−𝑤

2
, 𝑤
2
]

0, otherwise

is the uniform distribution over the interval [−𝑤/2,𝑤/2]. To ease notation, we drop the
subscripts from (1.1) when clear from context and obtain

I(𝖺; 𝖻) = 𝔼𝖺,𝖻[log(
𝑝(𝖺, 𝖻)
𝑝(𝖺)𝑝(𝖻))]

= 𝔼𝖺,𝖻[log(
𝑝(𝖺, 𝖻)
𝑝(𝖺) ) − log𝑝(𝖻)]

= 𝔼𝖺,𝖻[log𝑝(𝖻|𝖺) − log𝑝(𝖻)]
= 𝔼𝖺,𝖻[log𝑝(𝖻|𝖺)] + 𝔼𝖻[− log𝑝(𝖻)].

The first term can be rewritten as

𝔼𝖺,𝖻[log𝑝(𝖻|𝖺)] = 𝔼𝖺[𝔼𝖻|𝖺=𝑎[log𝑝𝖻|𝖺=𝑎(𝖻)]] (1.3)

= ∫
∞

−∞
𝑝(𝑎)∫

∞

−∞
𝑝𝖻|𝖺=𝑎(𝑏) log𝑝𝖻|𝖺=𝑎(𝑏) 𝑑𝑏 𝑑𝑎

= ∫
∞

−∞
𝑝(𝑎)∫

∞

−∞
𝛿(𝑏 − 𝑓(𝑎)) log 𝛿(𝑏 − 𝑓(𝑎)) 𝑑𝑏 𝑑𝑎.
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1. The Question of Generalisation

The variable substitution 𝑢 = 𝑏 − 𝑓(𝑎) yields

= ∫
∞

−∞
𝑝(𝑎) lim

𝑤→0
(∫

𝑤/2

−𝑤/2
𝛿𝑤(𝑢) log 𝛿𝑤(𝑢) 𝑑𝑢) 𝑑𝑎

= 𝔼𝖺[ lim𝑤→0
(− log𝑤)],

which is infinite. The theorem then follows from the finiteness of 𝔼𝖻[− log𝑝(𝖻)] for
nondegenerate 𝖻.

Theorem 1 has the immediate consequence that, for any deterministic DNN with
continuous inputs and representations, any meaningful observation of I(𝗵; 𝘅)must have
been a result of the estimator used. In fact, an even stronger result holds (see theorem 2)
whose proof is omitted here for brevity. Themotivated reader is referred to Geiger (2021)
for an overview of the conflicting literature surrounding the IB principle.
Theorem 2 (Amjad and Geiger 2019). For almost every deterministic DNN, I(𝗵; 𝘅) is infinite
if 𝘅 is continuous and piecewise constant if 𝘅 is discrete.

1.2. Neural Collapse

In the process of reviewing existing literature about the IB principle, Geiger (2021)
noticed that in almost all cases, any information-theoretic compression, i.e., decrease in
I(𝗵; 𝘅)—which aswenowknow,must have been a result of the estimator used—could have
been explained by geometric compression instead. This geometric compression takes
two forms: An absolute compression, where the diameter ofℋ shrinks, and a relative
compression in the form of clustering, where the distances between representations
within a class decrease compared to their distances between different classes. Empirical
studies (Goldfeld et al. 2019; Basirat, Geiger, and Roth 2021) qualitatively confirm this.
To quantify this geometric compression, we turn to a related phenomenon known as

neural collapse (NC) (Papyan, Han, and Donoho 2020). To describe NC, we first formally
define a DNN. A DNN with 𝐿 layers is defined as the function composition

𝑓𝐿∶1 = 𝑓𝐿 ∘ 𝑓𝐿−1 ∘ ⋯ ∘ 𝑓1

where each layer 𝑓𝑙 = 𝜎𝑙 ∘ 𝑇 𝑙 consists of a parametric transformation 𝑇 𝑙 with parameters
𝐖𝑙 and a nonlinear activation function 𝜎𝑙. We sometimes write 𝑓𝐿∶1𝜃 to highlight the
parameters 𝜃 = {𝐖𝑙}𝐿𝑙=1 of the DNN. Training a DNN is then nothing more than finding
the parameters ̂𝜃 that minimise some objective function. Usually, 𝜎1 = ⋯ = 𝜎𝐿−1,
𝜎𝐿 = softmax and 𝑇𝐿 is a matrix multiplication.
For classification problems, each class 𝑐 = 1,…, 𝐶 of the training dataset has 𝑛𝑐 sam-

ples {𝐱𝑐,𝑖}
𝑛𝑐
𝑖=1, with 𝑁 = ∑𝐶

𝑐=1 𝑛𝑐 samples in total. Let 𝐡𝑙𝑐,𝑖 = 𝑓𝑙∶1(𝐱𝑐,𝑖) be the (flattened)
representation vector of the 𝑖th sample of class 𝑐 after layer 𝑙. Their within-class mean is
then 𝝁𝑙𝑐 = 1/𝑛𝑐∑

𝑛𝑐
𝑖=1 𝐡

𝑙
𝑐,𝑖, and their (empirical) within-class covariance matrix is

𝚺𝑙𝑊 = 1
𝑁

𝐶
∑
𝑐=1

𝑛𝑐
∑
𝑖=1
(𝐡𝑙𝑐,𝑖 − 𝝁𝑙𝑐)(𝐡𝑙𝑐,𝑖 − 𝝁𝑙𝑐)

⊤
.

4



1.2. Neural Collapse
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0.5 1−1

0

1

−1

0

1

𝝁𝐿−10
𝝁𝐿−11

𝝁𝐿−12

(𝐖𝐿)⊤

(a) No clear structure is visible apart from
some clustering of the representations.

−1
−0.5 0

0.5 1−1

0

1

−1

0

1
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(b) The representations of each class have
collapsed to their respective class means
(NC1), which are themselves equidistant
from each other (NC2) and aligned with
the rows of the weight matrix (NC3).

Figure 1.3.: The (fictitious) configuration of the penultimate layer early in training (a)
and after trainingbeyond zero training error (b). For the sakeof visualisation,
𝐶 = 3 with centred three-dimensional representations, i.e., 𝝁̄𝐿−1 = 𝟎.

The global mean at layer 𝑙 is 𝝁̄𝑙 = 1/𝑁∑𝐶
𝑐=1∑

𝑛𝑐
𝑖=1 𝐡

𝑙
𝑐,𝑖 and so the corresponding (empirical)

between-class covariance matrix is

𝚺𝑙𝐵 =
1
𝑁

𝐶
∑
𝑐=1

𝑛𝑐(𝝁𝑙𝑐 − 𝝁̄𝑙)(𝝁𝑙𝑐 − 𝝁̄𝑙)
⊤.

Finally, the centred mean of class 𝑐 at layer 𝑙 is given by 𝝁̃𝑙𝑐 = 𝝁𝑙𝑐− 𝝁̄𝑙. For more details on
notation, see chapter A. Those familiar with linear discriminant analysis (Fisher 1936)
may recognise 𝚺𝑙𝑊 and 𝚺𝑙𝐵 as the (normalised) within-class and between-class scatter
matrices, respectively.
NC can now be defined as the phenomenon characterised by four properties (NC1–4),

visualised in figure 1.3, of the penultimate layer activations𝐡𝐿−1𝑐,𝑖 that occurwhen training
beyond zero training error:

NC1: The (within-class) sample variance of {𝐡𝐿−1𝑐,𝑖 }
𝑛𝑐
𝑖=1 vanishes as all values collapse to

𝝁𝐿−1𝑐 .

NC2: The centred class means {𝝁̃𝐿−1𝑐 }𝐶𝑐=1 converge to a regular (𝐶 − 1)-simplex (up to
isometry), i.e., ‖𝝁̃𝐿−1𝑐 ‖ → 𝜌 for all 𝑐, and all distinct pairs 𝝁̃𝐿−1𝑐 , 𝝁̃𝐿−1𝑐′ with 𝑐 ≠ 𝑐′
become equiangular with inner product − 𝜌2/(𝐶 − 1).

5



1. The Question of Generalisation

NC3: The matrix𝐌𝐿−1 = [𝝁̃𝐿−11 ,…, 𝝁̃𝐿−1𝐶 ] converges to (𝐖𝐿)⊤ up to scaling.

NC4: As a result of NC1–3, 𝑓𝐿 converges to simple nearest centre classification, i.e.,
𝑓𝐿(𝐳) → argmin𝑐‖𝐳 − 𝝁𝐿−1𝑐 ‖.

As the following discussion applies to any layer 𝑙, we drop the layer superscript to
simplify notation. To measure geometric compression, one could naively use a gener-
alised version of NC1, 𝚺𝑊 → 𝟎, as it directly measures the geometric compression of the
representations. To avoid storing the entire matrix, tr(𝚺𝑊) = 1/𝑁∑𝐶

𝑐=1∑
𝑛𝑐
𝑖=1‖𝐡𝑐,𝑖 − 𝝁𝑐‖2

could be used as is done in (Masarczyk et al. 2023; Zangrando et al. 2024). One caveat of
this approach is that a decrease in within-class variance could simply be a byproduct of
a decrease in the total covariance

𝚺𝑇 =
1
𝑁

𝐶
∑
𝑐=1

𝑛𝑐
∑
𝑖=1
(𝐡𝑐,𝑖 − 𝝁̄)(𝐡𝑐,𝑖 − 𝝁̄)⊤ = 𝚺𝑊 + 𝚺𝐵.

To account for this, Papyan, Han, and Donoho (2020) and He and Su (2023) instead
used tr(𝚺𝑊𝚺

+
𝐵 ), a form of inverse signal (𝚺𝐵) to noise (𝚺𝑊) ratio, where (⋅)+ denotes the

Moore-Penrose pseudoinverse. We shall do the same. To see why the pseudoinverse is
necessary, recall that, by definition,∑𝐶

𝑐=1 𝝁̃𝑐 = ∑𝐶
𝑐=1(𝝁𝑐 − 𝝁̄) = 𝟎 and so rank𝐌 ≤ 𝐶 − 1.

Now let𝐍 = diag(𝑛1,…, 𝑛𝐶) ∈ ℕ𝐶×𝐶 with rank𝐍 = 𝐶. Then,

rank𝚺𝐵 = rank(1/𝑁𝐌𝐍𝐌⊤) ≤ min{rank𝐌, rank𝐍} ≤ 𝐶 − 1, (1.4)

and so 𝚺𝐵 is only invertible in the rare case that the representation is at most (𝐶 − 1)-
dimensional.

1.3. 𝒱-Information and the Decodable Information Bottleneck

In a concurrent attempt to fix the issues with the IB principle, Dubois et al. (2020)
introduced the decodable information bottleneck (DIB) based on the concept of variational
information (𝒱-information) defined by Xu et al. (2019). The core motivation behind
𝒱-information was to take into account computational limitations when computing MI.
A well-known result in information theory is that MI is invariant under invertible

transformations (Kraskov, Stögbauer, and Grassberger 2004; Amjad and Geiger 2019).
This has immediate undesirable side effects: Consider, e.g., I(𝗵𝐿−1, 𝗒)where 𝑓𝐿 is a linear
classifier and 𝗵𝐿−1 is (easily) linearly separable. Now consider the transformation which
flips the sign of a fixed set of entries of 𝗵𝐿−1. Clearly, this transformation is invertible and
therefore does not change theMI. However, applying such a transformation would likely
result in the representation no longer being linearly separable, drastically reducing the
DNN’s performance. Another intuitive example is the case of cryptography, where an
invertible transformation (encryption) is applied to some input text; practically speaking,
no information on the original text can be extracted from its encrypted form.
To see where one might introduce computational limitations, recall the MI decompo-

sition in the proof of theorem 1. Let 𝒰 = {ℋ → ℙ(𝒴)} be the family of functions that

6



1.3. 𝒱-Information and the Decodable Information Bottleneck

map representations to distributions over the labels. Ergo, a function 𝑓 ∈ 𝒰 takes a
representation as input and outputs a probability mass function over 𝒴. To emphasise
the difference between the input and output of 𝑓, we write 𝑓[⋅](⋅) instead of 𝑓(⋅)(⋅). Then
the negative of the term in (1.3) can alternatively be written in variational form as

−𝔼𝖺,𝖻[log𝑝(𝖻|𝖺)] = 𝔼𝖺[𝔼𝖻|𝖺=𝑎[− log𝑝𝖻|𝖺=𝑎(𝖻)] +

𝐾𝐿

⏞⎴⎴⎴⎴⎴⎴⎴⎴⏞⎴⎴⎴⎴⎴⎴⎴⎴⏞
inf
𝑓∈𝒰

𝔼𝖻|𝖺=𝑎[− log 𝑓[𝑎](𝖻)
𝑝𝖻|𝖺=𝑎(𝖻)

]]

= inf
𝑓∈𝒰

𝔼𝖺[𝔼𝖻|𝖺=𝑎[log
1

𝑝𝖻|𝖺=𝑎(𝖻)
+ log

𝑝𝖻|𝖺=𝑎(𝖻)
𝑓[𝑎](𝖻) ]]

= inf
𝑓∈𝒰

𝔼𝖺[𝔼𝖻|𝖺=𝑎[− log𝑓[𝑎](𝖻)]]

= inf
𝑓∈𝒰

𝔼𝖺,𝖻[− log𝑓[𝖺](𝖻)],

since 𝐾𝐿 = 0 for 𝑓[𝑎] = 𝑝𝖻|𝖺=𝑎. Ergo, 𝔼𝖺,𝖻[− log𝑝(𝖺|𝖻)] corresponds to the expected
cross-entropy loss of predicting 𝖻 with an infinitely powerful DNN 𝑓 (with softmax
output) given 𝖺 as input, suggesting a natural way to introduce computational constraints:
Restrict the function family to 𝒱 ⊂ 𝒰.

The resulting 𝒱-information, for the case 𝖺 = 𝗵 and 𝖻 = 𝗒, is called the sufficiency term
and is defined as

I𝒱 (𝗵 → 𝗒) = 𝔼𝗒[− log𝑝(𝗒)] − inf
𝑓∈𝒱

𝔼𝗵,𝗒[− log𝑓[𝗵](𝗒)].

In the case of an 𝐿-layered DNN, a natural choice for each layer 𝑙 is to choose the
family of functions 𝒱 𝑙 ≜ {𝑓𝐿∶𝑙+1𝜃 }𝜃 corresponding to all possible parametrisations of the
decoder (architecture) 𝑓𝐿∶𝑙+1. The sufficiency term I𝒱𝑙(𝗵𝑙 → 𝗒) then captures the amount
of relevant information in 𝗵𝑙 that is extractable by the decoder 𝑓𝐿∶𝑙+1̂𝜃 with optimal
parameters ̂𝜃.2 In this case, minimising − I𝒱𝑙(𝗵𝑙 → 𝗒) with respect to the encoder 𝑓𝑙∶1
is equivalent to minimising the expected error of the entire DNN 𝑓𝐿∶1, rejustifying the
second term of (1.2).
To rejustify the first term, Dubois et al. (2020) argued that instead of considering the

full MI I(𝗵; 𝘅), one should instead only consider the information in 𝗵 that is decodable by
functions in 𝒱. This has the issue that 𝒳 ≠ 𝒴 in general, and so I𝒱(𝗵 → 𝘅) is undefined.
To circumvent this, they instead considered the set of r.v.s corresponding to all possible
(re)labellings of 𝘅|𝗒 = 𝑦,

Dec(𝘅, 𝑦) = {𝗇𝑦 ∣ ∃𝑡′ ∶ 𝒳 → 𝒴 s.t. 𝑡′(𝘅|𝗒 = 𝑦) = 𝗇𝑦},

dubbed the 𝑦 decomposition of 𝘅. Since 𝗇𝑦 takes values in 𝒴, the 𝒱-information from
𝗵|𝗒 = 𝑦 to it is well-defined, and the average over all labels 𝑦 ∈ 𝒴 and their corresponding
decompositions,

I𝒱 (𝗵 → Dec(𝘅, 𝒴)) = 1
|𝒴| ∑𝑦∈𝒴

1
|Dec(𝘅, 𝑦)| ∑

𝗇𝑦∈Dec(𝘅,𝑦)
I𝒱(𝗵|𝗒 = 𝑦 → 𝗇𝑦),

2We assume 𝒱𝑙 is finite and so 𝑓𝐿∶𝑙+1
̂𝜃 exists. This is (unsatisfyingly) justified by the finite numerical

accuracy of real-world DNNs.
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1. The Question of Generalisation

called the minimality term, replaces I(𝗵; 𝘅) in (1.2). Intuitively, for a given layer 𝑙, the
term I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) measures the average capacity of a decoder 𝑓𝐿∶𝑙+1 ∈ 𝒱 𝑙 to
predict arbitrary relabellings of samples with true label 𝑦 given the m.r.v. 𝗵𝑙|𝗒 = 𝑦 of
their representations. Therefore, if 𝑓𝑙∶1 minimises I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)), then every 𝑓𝐿∶𝑙+1
struggles to extract information from 𝗵𝑙 pertaining to any label 𝑦′ ∈ 𝒴 (on average). In
other words, very little information remains in 𝗵𝑙.
The DIB objective is then obtained by plugging the sufficiency and minimality terms

into (1.2):
argmin

𝗵𝑙
I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) − 𝛽 I𝒱𝑙(𝗵𝑙 → 𝗒) (1.5)

Since 1/|𝒴|∑𝑦∈𝒴 I𝒱𝑙(𝗵|𝗒 = 𝑦 → 𝗇𝑦) ≈ I𝒱𝑙(𝗵𝑙 → 𝗒) for the case 𝗇𝑦 = 𝗒,3 an encoder
𝑓𝑙∶1 which computes (1.5) forces every decoder 𝑓𝐿∶𝑙+1 ∈ 𝒱 𝑙 to assign the same (correct)
prediction to sampleswhichhave the same label; ergo, 𝑓𝐿∶𝑙+1 cannot distinguish between
train and test samples and must generalise. This is formalised in the following theorem,
whose proof is omitted here for brevity.

Theorem 3 (Dubois et al. 2020). Assume a deterministic labelling function 𝑡 of the input, i.e.,
𝗒 = 𝑡(𝘅). Under some mild assumptions on 𝒱 𝑙, if 𝑓𝑙∶1 maximises I𝒱𝑙(𝗵𝑙 → 𝗒) and minimises
I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)), then any decoder 𝑓𝐿∶𝑙+1 ∈ 𝒱 𝑙 that minimises the training error will also
minimise the test error.

1.4. Our Contributions

Our main contributions are threefold:

• We describe a two-pass algorithm for computing tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) which has time and
space complexity linear in the dimensionality of the representations of each layer.

• We empirically analyse the evolution of tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) for every layer 𝑙 during four
training scenarios (twomodels× two datasets) on both the training and test dataset.
Correlation between compression and generalisation was only seen in one sce-
nario.

• We also empirically analyse I𝒱𝑙(𝗵𝑙 → 𝗒) and I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) in the same way as
tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+). In addition,weplot their informationplanes andfindno compression
phase.

3In fact, equality holds if we assume a uniform distribution over𝒴, corresponding to the case of a balanced
dataset. This assumption will be discussed further in section 2.2.

8



2. Measuring Compression Throughout a DNN

With the theory now established, we can proceed to the practical aspects. Extending the
work done in (Shwartz-Ziv and Tishby 2017), the goal is to measure both geometric and
infomation-theoretic compression for every layer of a DNN as it trains. In addition, to
probe the effectiveness of NC and the DIB as generalisation metrics, their values should
be computed on both the training and test data. This, however, raises several challenges.

2.1. Computing tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+)

The main concern when computing the geometric compression metric tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+)
is computational complexity; even storing {{{𝐡𝑙𝑐,𝑖}

𝑛𝑐
𝑖=1}

𝐶
𝑐=1}𝐿𝑙=1, i.e., every representation

of every sample for every layer, is undesirable if not infeasible. Consider, e.g., the
DNN picured on the cover page, whose architecture is described in section 2.3. The
representation obtained by feeding it a 32 × 32 RGB image is then 16 × 16 × 64 = 𝐷
dimensional; hence, just storing the representations of, say,𝑁 = 50 000 samples at 32-bit
precision would require 4𝑁𝐷 bytes, or around 3GiB. On top of that, (naïvely) computing
𝚺𝑙𝑊 would require adding 𝑁 matrices of size 𝐷 × 𝐷 per layer 𝑙. While computing 𝚺𝑙𝐵
only involves 𝐶 additions, directly computing its pseudoinverse using singular value
decomposition (SVD) is in 𝒪(𝐷3), just like the matrix multiplication 𝚺𝑙𝑊(𝚺𝑙𝐵)+.
In Papyan, Han, and Donoho (2020), since the dimensionality of 𝐡𝐿−1 is rather small,

the authors can afford to simply direct compute tr(𝚺𝐿−1𝑊 (𝚺𝐿−1𝐵 )+). Other literature (see
section 2.4) either compute an approximation of tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) or only compute it after
certain epochs. We instead opted to use a (to our knowledge) novel algorithm to compute
tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) in a distributed manner using two passes over the dataset. The algorithm
for a given layer 𝑙 is described in algorithm 1 where the layer superscript is omitted
for clarity. The algorithm is described for a balanced dataset, a decision which will
be justified in section 2.2. It can, however, be easily extended to imbalanced datasets.
The following theorem states the correctness, runtime and space complexity of the
algorithm.

Theorem 4. Algorithm 1 correctly computes tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) for a given layer 𝑙 in𝒪(𝑁(𝐸 +𝐶𝐷))
time and𝒪(𝐶𝐷) space, where𝑁 is the number of samples, 𝐸 is the cost of evaluating the encoder
𝑓𝑙∶1 on a single sample 𝐱, 𝐷 is the dimensionality of 𝑓𝑙∶1(𝐱), and 𝐶 is the number of classes.

Proof. See section B.1.

Algorithm 1 thus trades off the time and space complexity of storing the representa-
tions and covariance matrices with the time complexity 𝐸 of evaluating the encoder 𝑓𝑙∶1
on every sample an extra time. However, this trade-off worsens as 𝑙 increases; not only
does 𝐸 increase as the encoder becomes deeper, but—asmentioned earlier—𝐷 also tends
to shrink in most modern DNN architectures. In this case, one can still avoid storing
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2. Measuring Compression Throughout a DNN

Algorithm 1 An algorithm for computing tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) for a given layer 𝑙. The algorithm
assumes a balanced dataset and performs two passes over it. The layer superscript is
suppressed for ease of reading.

Input: samples with corresponding labels {𝐱𝑛, 𝑦𝑛}𝑁𝑛=1, the number of classes 𝐶, the
encoder 𝑓𝑙∶1

1: for 𝑐 = 1,…, 𝐶 do
2: 𝐬𝑐 ← 𝟎
3: for 𝑛 = 1,…,𝑁 do ▷ first pass
4: if 𝑦𝑛 = 𝑐 then
5: 𝐬𝑐 ← 𝐬𝑐 + 𝑓𝑙∶1(𝐱𝑛) ▷ class totals
6: 𝝁̄ ← 1

𝑁
∑𝐶

𝑐=1 𝐬𝑐 ▷ global mean
7: for 𝑐 = 1,…, 𝐶 do
8: 𝝁𝑐 ←

𝐶
𝑁
𝐬𝑐 ▷ class means

9: 𝐌← [𝝁1 − 𝝁̄,…, 𝝁𝐶 − 𝝁̄]
10: 𝐐𝚲𝐐⊤ ←𝐌⊤𝐌 ▷ eigendecomposition
11: diag(𝜆1,…, 𝜆𝐶) ← 𝚲
12: ℐ≠0 ← {𝑖 ∈ {1,…, 𝐶} ∣ 𝜆𝑖 ≠ 0} ▷ indices of nonzero eigenvalues
13: (𝜆1,…, 𝜆𝑅) ← (𝜆𝑗)𝑗∈ℐ≠0 ▷𝑅 = rank𝐌
14: 𝐕 ← (𝑄𝑖𝑗)𝑖∈{1,…,𝐶},𝑗∈ℐ≠0
15: 𝑠tr ← 0
16: for 𝑛 = 1,…,𝑁 do ▷ second pass
17: if 𝑦𝑛 = 𝑐 then
18: 𝜿𝑐,𝑖 ← 𝐕⊤𝐌⊤(𝑓𝑙∶1(𝐱𝑛) − 𝝁𝑐)
19: 𝑠tr ← 𝑠tr + ‖𝜿𝑐,𝑖 ⊘ (𝜆1,…, 𝜆𝑅)⊤‖2

20: return 𝐶
𝑁
𝑠tr
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2.2. Computing 𝒱 𝑙-Information

the representations by also computing 𝐆𝑙 = ∑𝐶
𝑐=1∑

𝑛𝑐
𝑖=1 𝐡

𝑙
𝑐,𝑖(𝐡

𝑙
𝑐,𝑖)⊤ in the first pass and

exploiting

𝚺𝑙𝑊 = 𝐆𝑙

𝑁 − 𝝁̄𝑙(𝝁̄𝑙)⊤ − 𝚺𝑙𝐵 (2.1)

to avoid the second pass. For the sake of simplicity, we only use algorithm 1 in our
experiments, and amortise 𝐸 by integrating the first pass into the main training loop.
The proof of (2.1) is delegated to section B.2.

2.2. Computing𝒱 𝑙-Information

Much like tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+), naïvely computing the 𝒱 𝑙-information metrics I𝒱𝑙(𝗵𝑙 → 𝗒) and
I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) would also incur a tremendous computational cost. In the case of
the sufficiency term I𝒱𝑙(𝗵𝑙 → 𝗒), while the entropy term 𝔼𝗒[− log𝑝(𝗒)] is a constant, the
cross-entropy term ℓ𝐶𝐸 = inf𝑓𝐿∶𝑙+1∈𝒱𝑙 𝔼𝗵𝑙,𝗒[− log𝑓𝐿∶𝑙+1[𝗵𝑙](𝗒)] is more problematic. In
order to compute ℓ𝐶𝐸, one has to essentially train the decoder 𝑓𝐿∶𝑙+1 from scratch to
convergence. Since the goal is to track the evolution of I𝒱𝑙(𝗵𝑙 → 𝗒) throughout training,
this has to be done periodically (e.g., at every epoch).
The real challenge, however, is computing the minimality term I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)).

Recall that computing I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) involves computing a nested average: First,
the average 𝒱 𝑙-information between the representation m.r.v. 𝗵𝑙|𝗒 = 𝑦 and all possible
relabellings of the underlying sample m.r.v. 𝘅|𝗒 = 𝑦 is computed for a fixed label 𝑦. Then,
the average of these values is taken over all possible 𝑦 ∈ 𝒴. This is clearly infeasible even
for small datasets, as the total number of possible relabellings∑𝐶

𝑐=1 𝐶
𝑛𝑐 is exponential.

To resolve this, one could approximate the average using Monte Carlo (MC) sampling.
This, however, introduces randomness into the computation, and raises the question of
how many MC relabellings are needed to obtain a good approximation. Surprisingly,
Dubois et al. (2020) noticed in their tests that even a small number of MC relabellings
suffice.1 This, they argue, is because many of the possible relabellings result in the same
𝒱-information value. This makes sense, as 𝒱 is, e.g., invariant to permutations of 𝒴.
It is thus reasonable to instead choose relabellings that adequately “cover” the space

of all possible relabellings, i.e., relabellings that are asmutually independent as possible.
(Dubois et al. 2020, Algorithm 1) describes an algorithm that generates such relabellings.
This algorithm has been reformulated to use our notation as algorithm 2. Intuitively,
the algorithm generates relabellings by flipping the relationship between class and
index; each sample 𝐱𝑐,𝑖 is now grouped by its class index 𝑖 instead of its class 𝑐. More
concretely, if the new labels 𝑟(𝐱𝑐,𝑖) = 𝑦0,…, 𝑦𝑁𝐷−1 of 𝐱𝑐,𝑖 are treated as a single vector
label 𝐲𝑖 = (𝑦0,…, 𝑦𝑁𝐷−1), then since 𝑖 fully determines 𝐲𝑖, the 𝑖th samples {𝐱𝑐,𝑖}𝐶𝑐=1 of each
class all get assigned the new (vector) label 𝐲𝑖. Figure 2.1 provides a visualisation of 𝑟
and figure 2.2 shows its associated DNN.

Recall that a DNN should generalise if it minimises I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴))while maximis-
ing I𝒱𝑙(𝗵𝑙 → 𝗒), i.e., if it struggles to predict 𝑟(𝐱𝑐,𝑖) given 𝐱𝑐,𝑖. The relabellings defined

1In their case, four.
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2. Measuring Compression Throughout a DNN

Algorithm 2 (Dubois et al. 2020, Algorithm 1) reformulated using our notation.

Input: samples {{𝐱𝑐,𝑖}
𝑛𝑐
𝑖=1}

𝐶
𝑐=1 grouped by class and ordered

Output: the new labels 𝑟(𝐱𝑐,𝑖) for each sample 𝐱𝑐,𝑖
𝑁𝐷 ← ⌈log𝐶(max𝑐=1,…,𝐶 𝑛𝑐)⌉
for 𝑐 = 1,…, 𝐶 do

for 𝑖 = 1,…, 𝑛𝑐 do
𝑦𝑁𝐷−1⋯𝑦0 ← 𝑖 in base 𝐶 with leading zeros ▷ 𝑖 = ∑𝑁𝐷−1

𝑛𝑑=0
𝑦𝑛𝑑𝐶

𝑛𝑑

𝑟(𝐱𝑐,𝑖) ← 𝑦0,…, 𝑦𝑁𝐷−1

𝐱1,1
𝐱1,2

𝐱1,𝑛1

𝐱𝐶,1
𝐱𝐶,2

𝐱𝐶,𝑛𝐶

1 C
old labels

new labels
𝑟(𝐱⋅,1)
𝑟(𝐱⋅,2)

𝑟(𝐱⋅,𝑛1)
𝑟(𝐱⋅,𝑛𝐶)

Figure 2.1.: The relabelling function 𝑟 defined
in algorithm 2. Each sample 𝐱𝑐,𝑖
is assigned the new labels 𝑟(𝐱𝑐,𝑖)
which are the digits of its class in-
dex 𝑖 in base 𝐶.

𝐱 𝑓𝑙∶1 ⋮

𝑓𝐿∶𝑙+1

𝑓𝐿∶𝑙+1

?
= ⋮

?
= 𝑦0

?
= 𝑦𝑁𝐷−1

𝑟(𝐱)

Figure 2.2.: The DNN that computes
I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) for re-
labellings generated using
algorithm 2. Since only the
decoders should be trained,
the encoder is frozen.
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2.3. Experiment Protocol

in algorithm 2 are especially difficult to predict under two conditions: If the dataset is
balanced, i.e., 𝑛1 = ⋯ = 𝑛𝐶, then the set of samples which share new labels is as diverse
as possible, containing exactly one sample from each class. If the dataset is large, then
more samples from the same class get assigned different new (vector) labels, further
increasing the difficulty. These conditions reflect the folklore that DNNs trained on
larger balanced datasets generalise better.
In addition, a balanced dataset also results in each relabelling being balanced, max-

imising the entropy terms of I𝒱𝑙(𝗵𝑙 → 𝗒) and I𝒱(𝗵|𝗒 = 𝑦 → 𝗇𝑦) to the constant value

𝔼𝗒[− log𝑝(𝗒)] = 𝔼𝗇𝑦[− log𝑝(𝗇𝑦)] = −
𝐶
∑
𝑐=1

𝑛𝑐
𝑁 log 𝑛𝑐𝑁 = −

𝐶
∑
𝑐=1

1
𝐶 log 1𝐶 = log𝐶.

2.3. Experiment Protocol

We considered four scenarios consisting of all possible combinations of two datasets and
two DNN architectures, namely the more difficult CIFAR-10 (Krizhevsky 2009) dataset
and the easier Fashion-MNIST (Xiao, Rasul, and Vollgraf 2017) dataset, as well as one
powerful and one weaker DNN. Both compression metrics were measured on both the
training and test data, where care was taken to ensure that the DNNs behave the same
during training and testing; no dropout or data augmentation was used, and any batch
normalisation was computed without storing running statistics. Also recall from the
last section that dataset size plays a role in the value of I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)), and so both
training sets were downsampled to match the size of their respective test sets.

Themore complex convolutional neural network (CNN) 𝑓4∶1+ and its simpler derivative
𝑓4∶1− are pictured in figure 2.3. The CNN 𝑓4∶1+ is based on the one described in (Jordan
2024), with the whitening layer removed, the layers within each block reordered and skip
connections added. The CNN 𝑓4∶1− is 𝑓4∶1+ with layers removed from each block, larger
5 × 5 convolutional kernels, larger 3 × 3 pooling kernels and shallower convolutional
layers. The larger pooling kernels result in the final pooling layer being redundant, and
so it was also removed.

Formally, for both CNNs, 𝜎1(⋅) = ⋯ = 𝜎3(⋅) = max{0, ⋅} are rectified linear units (ReLU)
and 𝜎4 = softmax. We also have

𝑇 𝑙
+(⋅) = (pool(2 × 2) ∘ bn ∘ conv(3 × 3, 𝑑𝑙))(max{0, ⋅ + (bn ∘ conv(3 × 3, 𝑑𝑙−1))(⋅)})
𝑇 𝑙
− = pool(3 × 3) ∘ bn ∘ conv(5 × 5, 𝑑𝑙/4)

for 𝑙 = 1, 2, 3, where (𝑑0, 𝑑1, 𝑑2, 𝑑3) = (3, 64, 128, 256), pool(𝑘 × 𝑘) is a max-pooling layer
with a 𝑘×𝑘 kernel and stride 𝑘, conv(𝑘×𝑘, 𝑑) is a convolutional layer with a 𝑘×𝑘 kernel
of depth 𝑑 padded such that the output has the same height and width as the input. Since
each convolutional layer is followed by a batch normalisation (Ioffe and Szegedy 2015)
layer

bn(⋅) = ⋅ − 𝜇̂
𝜎̂ 𝛾 + 𝛽
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(a) The CNN 𝑓4∶1+ based on the architecture described in (Jordan 2024). All convolutions use a
3 × 3 kernel and all pooling layers use a 2 × 2 kernel.
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(b) The CNN 𝑓4∶1− which is a simplified version of 𝑓4∶1+ . All convolutions use a 5 × 5 kernel and all
pooling layers use a 3 × 3 kernel.

Figure 2.3.: The architectures of the CNNs used. conv+bn denotes a convolutional layer
followed by batch normalisation, pool denotes a max-pooling layer, and fc
denotes a fully-connected layer. All convolutions are padded such that the
output has the same height and width as the input. The tensor dimensions
pictured here are correct but are in general dependent on the input size.
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2.3. Experiment Protocol

Time →
main network training evaluation

tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+)
first pass
(train set)

second pass
(train set)

first pass
(test set)

second pass
(test set)

I𝒱𝑙(𝗵𝑙 → 𝗒)
train

fresh decoder
on train set

train
fresh decoder
on test set

I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴))
train

fresh decoders
on 𝑟(train set)

train
fresh decoders
on 𝑟(test set)

freeze thaw

Figure 2.4.: Timeline of one epoch of the main network. Blue bars indicate that gradi-
ents were computed and backpropagated, orange bars indicate no values
were used for backpropagation, and green bars indicate that a separate
𝒱-information network was trained.

with batch mean 𝜇̂, batch standard deviation 𝜎̂, and learnable parameters 𝛾, 𝛽, the
convolutional layers do not have a learnable bias. Finally,

𝑇4
+ = fc(𝑑3, 10) ∘ pool(√𝐷3/𝑑3 ×√𝐷3/𝑑3)
𝑇4
− = fc(𝑑3/4, 10)

where fc(𝑖, 𝑜) is a fully-connected layer with 𝑖 inputs and 𝑜 outputs, and 𝐷3 is the dimen-
sionality of 𝐡3.

Both models were trained the same way on cross-entropy loss using the AdamW
optimiser (Loshchilov and Hutter 2018) and a constant learning rate of 2 ⋅ 10−3. Any
hyperparameters not mentioned here were set to the default values used by PyTorch 2.6
(Ansel et al. 2024). Each experiment was run until the training loss reached 0.02, with
a hard limit of 50 epochs. At the end of each training epoch, tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+), I𝒱𝑙(𝗵𝑙 → 𝗒)
and I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) were computed for the layers 𝑙 = 1, 2, 3 on both the training and
test data, with the sufficiency and minimality networks being trained the same way as
the main network. In addition, I𝒱𝑙(𝗵𝑙 → 𝗒) and I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) were also computed
for the case 𝑙 = 0 corresponding to an empty encoder. The training procedure for one
epoch is represented by the Gantt chart in figure 2.4 and the full source code is available
at https://github.com/ziyong-was-taken/Compression-In-DNNs.
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2. Measuring Compression Throughout a DNN

2.4. RelatedWork

Intermediate Neural Collapse While other literature also measures tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) for
every layer throughout training, they either only measure an approximation tr(𝚺𝑙𝑊)/tr(𝚺𝑙𝐵),
only measure tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) at the end of training (or for a few set epoch milestones),
or do not measure tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) on the test data (Parker et al. 2023; Rangamani et al.
2023;Wang et al. 2024). One notable exception is (He and Su 2023, figure S8), who only
considered an 8-layer fully-connected network on Fashion-MNIST.

Decodable Information Bottleneck In their original paper, Dubois et al. (2020) only
measure I𝒱𝑙(𝗵𝑙 → 𝗒) and I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) as a result of minimising (1.5) directly, with
a focus on the effect of 𝛽. Kleinman et al. (2021) only measure the test I𝒱𝑙(𝗵𝑙 → 𝗒) during
training for synthetic training and test datasets. Lyu, Aminian, and Rodrigues (2023) also
use DNNs tomeasure I𝒱𝑙(𝗵𝑙 → 𝗒), but they use a fixed𝒱 instead of the one corresponding
to the decoder. In addition, instead of using Dec(𝘅, 𝑦) to fix the definitional problem
with I𝒱(𝗵 → 𝘅), they simply use a different functional family {ℋ → 𝒳} and replace the
cross-entropy term with a squared error term.
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3. Experimental Results

To ease notation, when the analysis is for the entire CNN, the layer superscripts of each
CNN are dropped.

3.1. Accuracy and Loss Curves

We begin by analysing the accuracy and loss curves of the four scenarios shown in
figure 3.1. Both networks achieve 100% training accuracy for both datasets, with 𝑓− on
CIFAR-10 being the only scenario which did not achieve the 0.02 training loss threshold.
The final test accuracies and losses, rounded to three significant figures, are as follows:

Scenario Test Accuracy Test Loss

𝑓+ on CIFAR-10 75.3% 0.757
𝑓− on CIFAR-10 62.6% 1.260
𝑓+ on Fashion-MNIST 91.0% 0.323
𝑓− on Fashion-MNIST 88.4% 0.387

Unsurprisingly, 𝑓− performs worse than 𝑓+ on both datasets, with a smaller difference
on the easier Fashion-MNIST dataset. On both datasets, and in particular on CIFAR-10,
𝑓− shows signs of overfitting, as the test loss starts to increase after the 10th epoch.

3.2. Geometric Compression

The results are more interesting when we look at the NCmetric tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) of 𝑓+ and
𝑓− on both datasets, shown in figure 3.2. Here, two distinct phenomena can be seen.

First, the training tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) is consistently lower than the test tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+), indicat-
ing that both CNNs compress the training data more than the test data. However, the
difference in compression seems to only be mildly correlated with the generalisation
gap, if at all, as evidenced by figure 3.3. One notable exception is the case of 𝑓− on
CIFAR-10, where the compression gap for layers 𝑙 = 2, 3 positively correlates with the
generalisation gap. This is perhaps due to the overfitting of 𝑓− on CIFAR-10 being more
pronounced than in the other scenarios.

Second, the values of tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) are roughly the same for all layers during the begin-
ning of training, with the layers quickly diverging such that deeper layers compressmore.
Interestingly, the NC values of each layer align well with the equi-separation law detailed
in (He and Su 2023)which states that the ratio 𝑟 = tr(𝚺𝑙+1𝑊 (𝚺𝑙+1𝐵 )+)/ tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) is constant
for all 𝑙 = 1,…, 𝐿 − 1, i.e., the compression is exponential in 𝑙. To visualise this, we in-
stead plot the Pearson correlation coefficient, a measure of linear dependency, between
log(tr(𝚺𝗅𝑊(𝚺𝗅𝐵)+)) and 𝗅, where 𝗅 is the discrete random variable uniformly distributed
over {1,…, 𝐿}. This can be seen in figure 3.4, where it is clear that log(tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+)) is per-
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Figure 3.1.: The accuracy and loss curves for the four scenarios. The x-axis of each plot
denotes the epoch. Solid lines denote training metrics, while dashed lines
denote test metrics.
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3.2. Geometric Compression
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Figure 3.2.: The NC metric tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) of 𝑓+ and 𝑓− computed on both the training and
test datasets after each epoch. The x-axis of each plot denotes the epoch,
while the y-axis denotes tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+). Solid lines denote training metrics,
and dashed lines denote test metrics.
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Figure 3.3.: Plots comparing the generalisation gap (the test loss minus the training loss)
on the x-axis with the compression gap (the test value of tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+)minus
its training value) on the y-axis. Only the points with positive generalisation
gaps were considered.
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3.3. Information-Theoretic Compression
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fectly linear in 𝑙. This is perhaps unsurprising, given that a version of the equi-separation
law for the simplified NCmetric tr(𝚺𝑙𝑊)/ tr(𝚺𝑙𝐵) was proven in (Wang et al. 2024). It can
also be seen that the equi-separation law comes into effect much sooner than NC itself.

3.3. Information-Theoretic Compression

We now look at the information-theoretic side of things and begin with the results of
the more powerful 𝑓+ network.

The 𝑓+ Network

The sufficiency term I𝒱𝑙(𝗵𝑙 → 𝗒) and the minimality term I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) of 𝑓+
on both datasets are shown in figure 3.5. The general trajectory of I𝒱𝑙(𝗵𝑙 → 𝗒) and
I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) is similar between the two datasets, although the sufficiency on
Fashion-MNIST has a much higher magnitude than that on CIFAR-10. This tracks with
𝑓+ achieving a higher train and test accuracy on Fashion-MNIST than on CIFAR-10. The
clear divergence between the train and test I𝒱3(𝗵3 → 𝗒), with the test value plateauing at a
much lower value than the train value, also seems to coincidewith the generalisation gap
seen in figures 3.1a and 3.1b, suggesting that 𝑓4+ is the only layer that is actually learning
something meaningful about the data. In addition, the fact that the representations
𝐡0, 𝐡1, and to a lesser extent 𝐡2, very quickly saturate I𝒱𝑙(𝗵𝑙 → 𝗒) to its maximum value
of log2 10 ≈ 3.32 bits suggests that even 𝑓4∶3+ suffices to decode the initially random
representations 𝐡2.
It should then be no surprise that the minimality term for 𝑙 = 0, 1, 2 also quickly

saturates, as predicting the new labels 𝑟(𝐱) given an unaltered representation 𝐡 = 𝑓𝑙∶1(𝐱)
is easier than predicting the true label from a jumbled representation. Interestingly,
the train and test I𝒱3(𝗵3 → Dec(𝘅, 𝒴)) do not diverge from each other over the course
of training, which suggests that 𝑓+ equally compresses the train and test 𝐡3 despite the
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Figure 3.5.: The first row is the sufficiency term I𝒱𝑙(𝗵𝑙 → 𝗒) and the second row is the
minimality term I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) of 𝑓+ for both datasets. The x-axis of
each plot denotes the epoch of the main network’s training. Solid lines
denote training metrics, while dashed lines denote test metrics. While it
may look like the blue 𝑙 = 0 curves are missing, they are simply hidden
behind the orange 𝑙 = 1 curves.
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3.3. Information-Theoretic Compression

large generalisation gap. Furthermore, the train and test I𝒱3(𝗵3 → Dec(𝘅, 𝒴)) remaining
low throughout the training of the main network implies that 𝑓4+ is simply too weak to
extract any extraneous information from 𝐡3. This is to be expected, given that 𝑓4+ is
merely an affine linear transformation with 256 × 10 + 10 = 2570 learnable weights. The
information planes pictured in figure 3.6 are thus rather uneventful.

The 𝑓− Network

The results for 𝑓− are more intriguing and are shown in figure 3.7. It can be seen that
𝑙 = 2 plays a more active role in the sufficiency term for both datasets, with a small but
noticeable train-test gap forming during training. Compared to 𝑓+, the larger gap for
𝑙 = 3 seems to reflect 𝑓−’s larger generalisation gap. Unlike its stronger counterpart,
the minimality term of 𝑓− does change during training, with it increasing for 𝑙 = 2 on
CIFAR-10 and for 𝑙 = 1 on Fashion-MNIST. Like in the case of 𝑓+, we see that compression
increases with depth, something we also saw when looking at the NC metric.

The cut-off layer for Fashion-MNIST, i.e., the layer 𝑙 where I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) sharply
drops, happens at 𝑙 = 1 instead of at 𝑙 = 2 as was the case for every other scenario.
This implies that 𝑓− is compressing the representations faster (in terms of depth) than
𝑓+. In fact, I𝒱1(𝗵1 → Dec(𝘅, 𝒴)) and I𝒱2(𝗵2 → Dec(𝘅, 𝒴)) do not saturate, contradicting
our reasoning for their saturation in 𝑓+, and implying that 𝑓− is compressing more
than 𝑓+ overall. One could argue that if we simply compare the dimensionality of the
representations of each layer:

Dimensionality of 𝐡𝑙

Scenario 𝑙 = 1 𝑙 = 2 𝑙 = 3

𝑓+ on CIFAR-10 16 × 16 × 64 8 × 8 × 128 4 × 4 × 256
𝑓− on CIFAR-10 10 × 10 × 16 3 × 3 × 32 1 × 1 × 64
𝑓+ on Fashion-MNIST 14 × 14 × 64 7 × 7 × 128 3 × 3 × 256
𝑓− on Fashion-MNIST 9 × 9 × 16 3 × 3 × 32 1 × 1 × 64

Then the representations of 𝑓− are much smaller than those of 𝑓+, necessarily resulting
in compression. However, this does not explain the difference in compression for
the case 𝑙 = 0. Furthermore, although 𝐡2 is the same size for 𝑓− on both datasets,
I𝒱2(𝗵2 → Dec(𝘅, 𝒴)) behaves very differently.
More strangeness appears in the information planes of 𝑓− shown in figure 3.8. Here,

the curves of the fitting phases of 𝑙 = 2 for CIFAR-10 and 𝑙 = 1 for Fashion-MNIST are
almost horizontal, meaning that the network seemingly sacrifices compression of 𝐡𝑙 for
no tangible gain in its predictive power. In addition, as in the case of 𝑓+, we see no signs
of a compression phase.
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Figure 3.6.: The information planes of 𝑓+ on CIFAR-10 and Fashion-MNIST. As is stan-
dard, the x-axis denotes the minimality term I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) and the
y-axis denotes the sufficiency term I𝒱𝑙(𝗵𝑙 → 𝗒). Square markers denote the
test metrics, while circular markers denote the training metrics. While it
may look like the blue 𝑙 = 0 and orange 𝑙 = 1 curves are missing, they are
simply at (log2 10, log2 10) and thus hidden behind the green 𝑙 = 2 curves.
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Figure 3.7.: The first row is the sufficiency term I𝒱𝑙(𝗵𝑙 → 𝗒) and the second row is the
minimality term I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) of 𝑓− for both datasets. The x-axis of
each plot denotes the epoch of the main network’s training. Solid lines
denote training metrics, while dashed lines denote test metrics.
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Figure 3.8.: The information planes of 𝑓− on CIFAR-10 and Fashion-MNIST. As is stan-
dard, the x-axis denotes the minimality term I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) and the
y-axis denotes the sufficiency term I𝒱𝑙(𝗵𝑙 → 𝗒). Square markers denote the
test metrics, while circular markers denote the training metrics. While it
may look like the blue 𝑙 = 0 curves are missing, they are simply hidden
behind the orange 𝑙 = 1 curves.
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4. Discussion and Future Work

While the results may seem disheartening at first glance, they still raise many important
questions about compression and generalisation in DNNs. Why does compression
not correlate with generalisation despite intuition suggesting otherwise? Why does
geometric compression increase exponentially with depth, while information-theoretic
compression happens so much more suddenly? Perhaps the sudden drop in I𝒱𝑙(𝗵𝑙 →
Dec(𝘅, 𝒴)) is the result of a compounding effect: Increasing 𝑙not only results in a stronger
encoder, but also a weaker decoder, while tr(𝚺𝑙𝑊(𝚺𝑙𝐵)+) only depends on the encoder.
What could have been the reason for the strange “reverse compression phase” seen in
figure 3.8?
One possible explanation is that our experimental setup is flawed. Indeed, if one

defines𝑝𝘅,𝗒 not as a discrete uniformdistribution over the training and test set, aswehave
implicitly done in our experiments, but rather as amore general continuous distribution
over the space of all possible inputs and labels, then the nonentropy expectations in
I𝒱𝑙(𝗵𝑙 → 𝗒) and I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) correspond not to the average cross-entropy train (or
test) loss, but rather to the expected cross-entropy loss over said distribution.
Such a loss function is then nontrivial to optimise, as one has to avoid overfitting by

either utilising some held-out validation set which, as discussed in section 2.2, could
negatively affect I𝒱𝑙(𝗵𝑙 → Dec(𝘅, 𝒴)) as a side effect of reducing the dataset size; or by
using some form of regularisation which would by definition affect I𝒱𝑙(𝗵𝑙 → 𝗒).

There is also the question of what effect our specific choice of DNN architecture had on
the results. Was the compression observed simply an artifact of the natural funnel shape
of 𝑓+ and 𝑓−? As we argued in section 3.3, only considering the size of the representations
cannot suffice, yet the fact that both monotonically decrease with depth may suggest the
existence of some form of scaling law, akin to the equi-separation law of NC.What role
did the translational invariance of CNNs play in the results concerning generalisation?
What if we soften our assumption of a balanced dataset and introduce some form of
class imbalance? Clearly, more research is needed.
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A. Notation

Letters written in sans-serif font denote random variables of their serif counterparts,
e.g., 𝗒 and 𝑦. Tangential to this, bold letters denote vectors—or matrices in the case
of BOLD UPPERCASE letters—e.g., 𝐱 and𝐌. Logically, bold sans-serif letters denote
random vectors, e.g., 𝗵. Sets are denoted by calligraphic uppercase letters, e.g.,𝒳. A set
consisting of enumerated elements is denoted {𝑥𝑛}𝑁𝑛=1, where we try to use a lowercase
letter 𝑛 for the arbitrary index, and the corresponding uppercase letter 𝑁 for the total
number of elements. When unimportant, the total number of elements is omitted,
which gives {𝑥𝑛}𝑛. A sequence of enumerated elements is treated as a vector and denoted
by replacing the braces with parentheses, e.g., (𝑥𝑛)𝑁𝑛=1; a sequence of vectors is treated
as a matrix, e.g., ((𝑀𝑖𝑗)𝐼𝑖=1)

𝐽
𝑗=1.

The expectation 𝔼𝖺[𝑓(𝖺)] = 𝔼𝖺∼𝑝𝖺[𝑓(𝖺)] of 𝑓(𝖺) is taken over the distribution 𝑝𝖺 with
respect to the random variable 𝖺. Unless otherwise specified, 𝑝(𝑎) = 𝑝𝖺(𝑎) alwaysmeans
the probability density (or mass) function of the random variable 𝖺 evaluated at 𝑎. The
conditional random variable 𝖻|𝖺 = 𝑎 is, as the notation suggests, the random variable
𝖻 conditioned on the event 𝖺 = 𝑎. The Euclidean norm of a vector 𝐱 is denoted by
‖𝐱‖ = √∑𝑖 𝑥

2
𝑖 . The elementwise vector division is denoted 𝐱 ⊘ 𝐲 = (𝑥𝑖/𝑦𝑖)𝑖. We adopt the

dot notation for partial application so𝑓(𝑥, ⋅) is a function that takes an input 𝑦 and returns
𝑓(𝑥, 𝑦). The function 𝑓 can also be curried as 𝑓[𝑥](𝑦) = 𝑓(𝑥, 𝑦) where 𝑓[𝑥] = 𝑓(𝑥, ⋅).
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B. Proofs

B.1. Proof of Theorem 4

As in algorithm 1, the layer superscript is omitted for simplicity. We begin with the
correctness proof. It is clear that algorithm 1 correctly computes the global mean 𝝁̄. In
addition, recall that for a balanced dataset, 𝑛1 = ⋯ = 𝑛𝐶 = 𝑁/𝐶, and so algorithm 1 cor-
rectly computes the class means {𝝁𝑐}𝐶𝑐=1. We also have that the between-class covariance
matrix simplifies to

𝚺𝐵 =
1
𝑁

𝐶
∑
𝑐=1

𝑛𝑐(𝝁𝑐 − 𝝁̄)(𝝁𝑐 − 𝝁̄)⊤

= 1
𝐶

𝐶
∑
𝑐=1

(𝝁𝑐 − 𝝁̄)(𝝁𝑐 − 𝝁̄)⊤

= 1
𝐶𝐌𝐌⊤,

(B.1)

where𝐌 = [𝝁1 − 𝝁̄,…, 𝝁𝐶 − 𝝁̄] ∈ ℝ𝐷×𝐶 is the matrix of centred means.
Now consider the compact SVD𝐔𝐒𝐕⊤ of𝐌with semi-orthogonal matrices𝐔 ∈ ℝ𝐷×𝑅

and 𝐕 ∈ ℝ𝐶×𝑅—i.e.,𝐔⊤𝐔 = 𝐕⊤𝐕 = 𝐈𝑅—and diagonal matrix 𝐒 = diag(𝜎1,…, 𝜎𝑅) ∈ ℝ𝑅×𝑅

with rank 𝐒 = 𝑅 = rank𝐌 = rank𝚺𝐵
(1.4)
≤ 𝐶 − 1. We then have

𝐔 = 𝐌𝐕𝐒−1, (B.2)
𝐌𝐌⊤ = 𝐔𝐒𝐕⊤𝐕𝐒𝐔⊤ = 𝐔𝐒2𝐔⊤, (B.3)
𝐌⊤𝐌 = 𝐕𝐒𝐔⊤𝐔𝐒𝐕⊤ = 𝐕𝐒2𝐕⊤. (B.4)

The substitution of (B.3) into (B.1) yields 𝚺𝐵 = 𝐔(𝐒2/𝐶)𝐔⊤ and so

𝚺+𝐵 = 𝐔(𝐒
2

𝐶 )
−1

𝐔⊤ (tedious but straightforward to verify1)

= 𝐶𝐔𝐒−2𝐔⊤

= 𝐶𝐌𝐕𝐒−1𝐒−2𝐒−1𝐕⊤𝐌⊤ (substitution of (B.2))
= 𝐶𝐌𝐕𝐒−4𝐕⊤𝐌⊤. (B.5)

Furthermore, (B.3) and (B.4) can be converted to eigendecompositions of𝐌𝐌⊤ and
𝐌⊤𝐌 respectively by zero-padding 𝐒 and extending𝐔 and 𝐕 to orthonormal matrices.
This means that𝐌𝐌⊤ and𝐌⊤𝐌 share the nonzero eigenvalues {𝜆𝑟}𝑅𝑟=1 computed in

1One checks the definition of theMoore-Penrose pseudoinverse: 𝚺𝐵𝚺+𝐵𝚺𝐵 = 𝚺𝐵, 𝚺+𝐵𝚺𝐵𝚺+𝐵 = 𝚺+𝐵, (𝚺𝐵𝚺+𝐵)⊤ =
𝚺𝐵𝚺+𝐵, and (𝚺+𝐵𝚺𝐵)⊤ = 𝚺+𝐵𝚺𝐵.
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B. Proofs

algorithm 1. In other words, 𝐒2 = diag(𝜆1,…, 𝜆𝑅), which means

tr(𝚺𝑊𝚺
+
𝐵 ) =

1
𝑁

𝐶
∑
𝑐=1

𝑛𝑐
∑
𝑖=1

tr((𝐡𝑐,𝑖 − 𝝁𝑐)(𝐡𝑐,𝑖 − 𝝁𝑐)⊤𝚺+𝐵 )

= 1
𝑁

𝐶
∑
𝑐=1

𝑛𝑐
∑
𝑖=1
(𝐡𝑐,𝑖 − 𝝁𝑐)⊤𝚺+𝐵 (𝐡𝑐,𝑖 − 𝝁𝑐) (tr(𝐚𝐛⊤) = 𝐛⊤𝐚)

= 𝐶
𝑁

𝐶
∑
𝑐=1

𝑛𝑐
∑
𝑖=1
(𝐡𝑐,𝑖 − 𝝁𝑐)⊤𝐌𝐕𝐒−4𝐕⊤𝐌⊤(𝐡𝑐,𝑖 − 𝝁𝑐)⏟⎵⎵⎵⎵⏟⎵⎵⎵⎵⏟

𝜿𝑐,𝑖∈ℝ𝑅

(substitution of (B.5))

= 𝐶
𝑁

𝐶
∑
𝑐=1

𝑛𝑐
∑
𝑖=1
‖𝜿⊤𝑐,𝑖𝐒−2‖2,

which is exactly the value returned by algorithm 1.
The space complexity is straightforward;𝐌 is clearly the largest variable explicitly

stored and storing it requires 𝒪(𝐶𝐷) space. The runtime complexity is also not too
difficult to prove. During the first pass, 𝑓𝑙∶1 is evaluated 𝑁 times and 𝑁 additions of
𝐷-dimensional vectors are performed. Between the first and second passes, under the
assumption that 𝐶 ≪ 𝐷, every calculation is at most linear in 𝐷. During the second pass,
𝑓𝑙∶1 is evaluated𝑁 times again, and the twomatrix multiplications𝐌⊤(𝑓𝑙∶1(𝐱𝑛)−𝝁𝑐) ≜ 𝐳,
𝐕⊤𝐳, which cost 𝒪(𝐶𝐷) and 𝒪(𝑅𝐶) ⊆ 𝒪(𝐶𝐷) respectively, are also performed 𝑁 times.
Therefore, the total runtime is 𝒪(𝑁(𝐸 + 𝐶𝐷)).

B.2. Proof of (2.1)

The proof of (2.1) is rather straightforward. As is usual, the layer superscript is omitted
for simplicity. Recall that 𝚺𝑇 = 𝚺𝑊 + 𝚺𝐵 and so it suffices to show that 𝚺𝑇 = 𝐆𝑙/𝑁 − 𝝁̄𝝁̄⊤.
This is easily shown from the definition of 𝚺𝑇:

𝚺𝑇 =
1
𝑁

𝐶
∑
𝑐=1

𝑛𝑐
∑
𝑖=1
(𝐡𝑐,𝑖 − 𝝁̄)(𝐡𝑐,𝑖 − 𝝁̄)⊤

= 1
𝑁

𝐶
∑
𝑐=1

𝑛𝑐
∑
𝑖=1
(𝐡𝑐,𝑖𝐡⊤𝑐,𝑖 − 𝝁̄𝐡⊤𝑐,𝑖 − 𝐡𝑐,𝑖𝝁̄⊤ + 𝝁̄𝝁̄⊤)

= 𝐆𝑙 − 𝝁̄( 1𝑁

𝐶
∑
𝑐=1

𝑛𝑐
∑
𝑖=1

𝐡⊤𝑐,𝑖) − ( 1𝑁

𝐶
∑
𝑐=1

𝑛𝑐
∑
𝑖=1

𝐡𝑐,𝑖)𝝁̄⊤ + 𝝁̄𝝁̄⊤

= 𝐆𝑙 − 𝝁̄𝝁̄⊤ − 𝝁̄𝝁̄⊤ + 𝝁̄𝝁̄⊤

= 𝐆𝑙 − 𝝁̄𝝁̄⊤.
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