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Characterisation of a travelling-wave parametric amplifier for improved qubit mea-
surements

HAMPUS RENBERG NILSSON
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Abstract

In order to build a large-scale quantum computer, one of the requirements is high-
fidelity multiplexed qubit readout, which in turn relies on the use of ultralow-noise
amplifiers. While Josephson Parametric Amplifiers (JPAs), using a cavity with
few Josephson junctions, have shown promising results for single qubit readout,
they have limitations such as low saturation power and a gain-bandwidth product
restriction. This makes them less suited for frequency multiplexed qubit readout. A
current-pumped Josephson Travelling-Wave Parametric Amplifier (JTWPA), using
4-wave mixing in a lumped-element transmission line, features both high saturation
power as well as no restriction on large bandwidth and high gain. This is possible
due to multiple junctions and the lack of a cavity. However, also this current pumped
JTWPA has an inherent problem, namely phase mismatch between the pump and
the signal. This prevents exponential gain. In this thesis, a current pumped JTWPA
using the resonant phase matching (RPM) technique to reduce the phase mismatch
problem is studied and characterised. The JTWPA shows high gain, high saturation
power and a large signal-to-noise ratio improvement. The JTWPA is also used for
qubit readout, for which it clearly improves the readout fidelity.

Keywords: parametric amplifier, parametric amplification, low-noise amplifier,
ultralow-noise amplifier, Josephson effect, Josephson junction, Josephson travelling-
wave parametric amplifier, TWPA, JTWPA, Josephson parametric amplifier, JPA,
signal-to-noise ratio, qubit, scattering theory, directional coupler, isolator, circu-
lator, VNA, digitizer, bandwidth, gain, average gain, microwaves, quantum effi-
ciency, noise temperature, fidelity, single-shot readout, noise floor, noise power,
up-conversion, down-conversion, frequency mixing, IQ-mixer, arbitrary waveform
generator.
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1
Introduction

This chapter aims to introduce the reader to basic concepts relevant for the rest of
the thesis. The main goal of the thesis is to improve quantum computation using
the studied ampli�er, therefore we start by introducing the basics of quantum com-
putation. Then, since a Josephson junction is at the heart of the ampli�er studied
here which consists of a superconductor-insulator-superconductor junction, we con-
tinue with introducing superconductivity and then the Josephson e�ect, the concepts
necessary to understand the Josephson junction. Then we continue with cryogenic
cooling, i.e. the technique to reach the temperatures where these phenomena take
place. Lastly we describe the basic concepts of parametric ampli�cation.

1.1 Quantum computation

Quantum computation is the name of the computation process of a quantum com-
puter, using quantum mechanical e�ects in order to execute certain algorithms.
This allows for a signi�cant computation speedup for certain problems [1]. The ba-
sic building block of any quantum computer is a qubit1. The basic idea of a qubit
is a two-level system that can be put in a superposition state as well as entangled
to other qubits. In reality there are usually higher energy levels, but due to a large
enough anharmonicity in the qubit the two lowest states can be distinguished from
the other states.

A qubit can be built in many di�erent ways, but in this thesis only superconducting
transmon qubits have been used. Superconductivity will be explained in Section 1.2
while qubit theory will be explained in Section 2.2. In order for superconductivity to
work the qubits need to be cooled down below their critical temperature, therefore
cryogenic cooling will be explained below in Section 1.4. The methods about how
to calibrate and use a qubit will be explained in Section 3.3.

1Qubit is short for �quantum bit�, where �bit� refers to the basic information unit of a classical
computer.
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1. Introduction

1.2 Superconductivity

Superconductivity is a phenomenon which most people associate with zero resis-
tance, i.e. current �ow without dissipation, which is achieved once the material is
cooled below a certain critical temperatureTc [2]. This is however not the whole
picture.

Firstly, there are mainly two characteristic properties of a superconductor, the �rst
is the known zero resistance property while the other is the Meissner e�ect. The
Meissner e�ect is the phenomenon that a superconductor completely expels magnetic
�elds from its interior, see Figure 1.1, except for a tiny fraction of the �eld at the
edge of the material on a tiny characteristic length scale, the penetration depth� . A
perfect conductor,i.e. a conductor with zero resistance, would simply require that
the internal magnetic �ux density is constant, @t

ÑB � 0, which is not as a strong
statement as the Meissner e�ect which states thatÑB � 0 [3]. Superconductivity is
thus more than simply perfect conductivity. The Meissner e�ect is enabled by the
�ow of dissipationless supercurrents creating an equally strong magnetic �eld, but
in the opposite direction, as the externally applied one.

Normal state Superconducting state

ÑB ÑB

�
Transition

<@@@@@>

T @Tc

J @Jc

H @Hc

=AAAAA?

Figure 1.1: Illustration of the Meissner e�ect. (Left) Some metal in its normal state, i.e.
not superconducting at the moment, is put in a magnetic �eld ÑB . (Right) The transition
to the superconducting state has taken place and all magnetic �eld ÑB is now expelled from
the material. The dotted circle illustrates the characteristic penetration depth � for which
the magnetic �eld manages to penetrate the metal. The blue arrows indicate the �ow of
supercurrents creating the magnetic �eld of opposite direction which enables the Meissner
e�ect.

Furthermore, a superconducting material does not only have a critical temperature
Tc but also a critical current density Jc and a critical external magnetic �eld Hc. If
any of these are exceeded, superconductivity is broken and the material goes into a
resistive state,i.e. the normal state.

These critical values are not independent of each other; if one of the parameters
(T; J; H ) is increased, the critical values of the others are decreased. One could
say that the critical temperature is a function of current density and magnetic �ux
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1. Introduction

density, TcˆJ; H •, where the maximum of this function is whenJ and H are zero,
i.e. maxˆTcˆJ; H •• � Tcˆ0; 0•. But one could just as well say that the critical current
density is a function of temperature and magnetic �eld,JcˆT; H•, or that the critical
magnetic �eld is a function of temperature and current density,HcˆT; J• [4].

When the material goes into its superconducting state, electrons pair up in so called
Cooper-pairs. Then they form a so called superconducting condensate, which can
be described by a single wave function with an amplitude and a phase describing all
the electrons in the condensate.

1.3 Josephson e�ect

An interesting and very useful superconducting phenomenon is the Josephson e�ect,
which takes place within something called a Josephson junction [5]. A Josephson
junction consists of two superconductors connected to each other via some kind of
weak link between them, usually an insulating material, see Figure 1.2. There are
lots of variations of the weak link, it could be a resistive conductor, a ferromagnetic
conductor, another kind of superconductor,etc, but I will not go into this deeper
here since it is not relevant for this thesis. The interested reader is referred to
Reference [6] for further reading. The junctions used in this thesis use an insulator
as weak link.

: : : : : :

: : : : : :

Superconductor
Weak link

Superconductor

 1 �
º

n1 ei � 1  2 �
º

n2 ei � 2

Phase di�erence� �� � 2 � � 1

Figure 1.2: Illustration of a Josephson junction. Two superconductors are connected via a
weak link. Each superconductor has its own wave function i where ni is the Cooper-pair
density and � i is the phase. The phase di�erence� is de�ned as the di�erence between the
phases of the two superconductor's wave functions.

For an ideal Josephson junction the Josephson relations can be derived [6] to be

I J � I c sin� �Josephson I�; (1.1a)

UJ � ' 0
_� �Josephson II�; (1.1b)

whereUJ is the voltage over the junction,I J is the current through it, ' 0 �� �h~ˆ2e•
is the reduced superconducting magnetic �ux quantum,I c is the Josephson junction
critical current and � is the phase di�erence over the junction.

Note that for zero voltage,UJ � 0, there may still be a supercurrentI @I c through the
junction. For currents greater than the critical current, i.e. I AI c, superconductivity
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1. Introduction

is broken and the junction transitions into a resistive state. These relations, usually
referred to as the �Josephson relations�, give rise to a nonlinear inductanceL J called
�the Josephson inductance�, which will be derived in Section 1.3.2.

1.3.1 The ideal and real Josephson junction

For any real Josephson junction the interfaces of the superconductors act as tiny
capacitor plates, giving rise to an intrinsic capacitance of the junction,CJ. This is
easily accounted for in circuit schematics by replacing the real Josephson junction
with an ideal junction, which obeys the Josephson relations given in Equations (1.1a)
and (1.1b), in parallel with a capacitor with the capacitanceCJ, see Figure 1.3.

I c ; CJ

Real

�
CJ

I c

Ideal

Figure 1.3: (Left) Schematic of a real Josephson junction with critical current I c and
intrinsic capacitance CJ . (Right) Circuit equivalent schematic with an ideal junction with
the same critical current I c in parallel with a capacitor with the same capacitanceCJ .

1.3.2 Josephson inductance

Inductance describes how much an electrical conductor opposes a change of the
electrical current through it [7] and is de�ned by

U � L
dI
dt

: (1.2)

We now apply this concept to the Josephson relations to calculate the Josephson
inductance. First we use the relation from Equation (1.1a) to calculate_I J as

dI J

dt
� I c cos� � _�: (1.3)

Then we solve Equation (1.2) for the Josephson inductance using Equation (1.1b)
together with Equation (1.3),

L J �
UJ

_I J
�

' 0
_�

I c cos� � _�
�

L J0

cos�
(1.4)

where L J0 �� ' 0~I c is a characteristic constant of a Josephson junction which is
completely determined by its critical current. By using the trigonometric identity
we can rewrite the cosine as

cos� � �
»

1 � sin2 � (1.5)
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1. Introduction

where the sign is positive for� > � � � ~2; � ~2� and negative for� > ˆ � ~2;3� ~2•. By
using this and rewriting Equation (1.1a) asi � sin� , where i � I ~I c is a normalised
and unit-less current variable, we can write the Josephson inductance as

L J � �
L J0º
1 � i 2

: (1.6)

As we can see in the equation the inductance diverges as the current approaches the
critical current, i � 1, which can also be seen in Figure 1.4. We also see that the
inductance is non-linear, which is a necessary criterion for parametric ampli�cation.

Using Taylor expansion to the second order for small currents (i P 1) we get

L J � � L J0 ‹ 1 �
1
2

i 2• (1.7)

which is an approximation we use later. The approximation is also plotted in Fig-
ure 1.4. As we see here, the approximation �ts well for low currents but approaches
1:5L J0 for I � I c.

0 0:1 0:2 0:3 0:4 0:5 0:6 0:7 0:8 0:9 1
0

L J0

2L J0

3L J0

4L J0

5L J0

Current i � I ~I c

Jo
se

ph
so

n
In

du
ct

an
ce

SL
J
S

Exact value
2nd order Taylor expansion

Figure 1.4: Absolute exact and approximate value of the Josephson inductance of a Joseph-
son junction for a current I > � 0; I c• . The inductance for I � 0 is L J0 , increases forI x 0 and
diverges asI � I c.

1.4 Cryostats and the dilution refrigerator

A cryostat2 is used to reach very low temperature, usually@4 K. Cryogenic tem-
peratures can be achieved with di�erent kinds of refrigeration techniques such as
helium-4 evaporation, helium-3 evaporation, Pomeranchuk cooling, nuclear mag-
netic refrigeration, helium-3-helium-4 dilution,etc [8]. All the experiments in this
thesis have been performed within a Bluefors LD dilution refrigerator which uses
the last of these refrigeration techniques.

2Cryo means cold andstat means stable.
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1. Introduction

The dilution refrigerator is a speci�c kind of cryostat which can reach ultra low tem-
peratures, typically @30 mK, and is currently the only known continuous refrigera-
tion method for temperatures below 300 mK [8]. Details about dilution refrigerators
and their cooling mechanism are described in Reference [8]. A shorter description
of the dilution refrigerator is described in Reference [9].

1.5 Parametric ampli�cation

The ampli�er studied in this thesis is a parametric ampli�er. A parametric ampli�er
is an ampli�er using some kind of energy source in order to modulate a parameter
of a dynamical system to add energy to the signal desired to amplify, instead of
adding the energy directly to the signal. Parametric ampli�cation does not require
any energy dissipation, making it possible for them to reach quantum-limited noise
performance [10].

1.5.1 An intuitive example: a massive particle in a parabolic
potential

The principle of parametric ampli�cation is presented in Figure 1.5.

�

(a) (b)

��

(c)

�

��

(d)

��

(e)

�

(f)

Figure 1.5: A visual representation of parametric ampli�cation. The signal we want to
measure is the movement of the particle and the parameter is the curvature of the parabolic
potential. (a) The signal is very weak, i.e. the particle only moves slightly back and forth.
(b) The particle has just reached its maximum height and is about to turn back. (c) The
parameter is changed,i.e. the curvature of the potential, right before the particle starts moving
in the other direction, which makes it go a little higher. (d) The particle has reached the
lowest point, now with more momentum than before, and the parameter is changed back.(e)
The particle has just reached its new maximum height and the parameter is changed again,
raising it even higher. (f) The parameter is changed back and the particle goes back and
forth in a much bigger parabola than before, i.e. the signal has been ampli�ed by changing
the parameter back and forth.

In this example the signal is a massive particle moving back and forth within a
parabolic potential and an ampli�ed signal would be equivalent to the particle reach-
ing a higher maximum position in the potential. To accomplish this we could push
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1. Introduction

the particle and hence directly add energy into the system. But alternatively we
could, by using parametric ampli�cation, change the curvature of the potential back
and forth. By increasing the curvature when the particle is at a high position we
increase its potential energy, hence giving it more total mechanical energy. Then by
decreasing the curvature when the particle is at a low position, we do not remove the
newly added mechanical energy while we make it possible to increase the curvature
again. Then we can increase the curvature once again when the particle reaches
its new maximum height. In this way the change in the parameter, by twice the
particle frequency, leads to signal ampli�cation.

1.5.2 The Josephson Travelling-Wave Parametric Ampli�er

The ampli�er treated in this thesis is a certain kind of parametric ampli�er called a
Josephson Travelling-Wave Parametric Ampli�er3, which uses the non-linear induc-
tance of Josephson junctions to achieve parametric ampli�cation of microwaves.

The speci�c JTWPA treated in this thesis is from MIT, by MIT referred to as �MIT
TWPA package 665�. In this thesis it is referred to only as �the JTWPA�. It is one
of MIT's 5 th generation JTWPAs.

Another kind of superconducting parametric ampli�er is the Josephson Parametric
Ampli�er (JPA), which is based on a cavity with few Josephson junctions. For this
design, the gain-bandwidth product [11] has a restriction which forces the designer
to choose between high gain in a narrow range or low gain in a wider range [12].
Due to the low number of junctions, it also features a low saturation power.

In comparison, the JTWPA is not based on a cavity and is thus not limited by
the gain-bandwidth product. It can therefore have a much larger bandwidth while
also having high gain. Due to the use of multiple junctions, instead of a few in the
JPA, it also has a higher saturation power. This makes it much more suitable for
multiple applications, e.g. multiplexed readout of qubits on the same readout line,
i.e. amplifying several signals at di�erent frequencies simultaneously.

1.5.3 Pumping types

Generally in parametric ampli�cation the signal that modulates the parameter is
usually referred to as the pump. More speci�cally for TWPAs there are both current
pumped and �ux pumped TWPAs (see more in Section 2.4.3),i.e. the pump is either
an alternating current travelling in the same line as the signal, or it is an alternating
magnetic �ux, inductively coupled to the signal line.

There are also two di�erent ampli�cation processes that can take place, either three-
wave mixing or four-wave mixing, and they can be either degenerate or nondegener-

3Short: JTWPA, or just TWPA, pronounced �two-pa�.
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ate, as shown in Table 1.1. For the di�erent types of ampli�cation there are di�erent
relations between the frequencies which can be found in Table 1.1.

Table 1.1: Frequency relations for di�erent types of parametric ampli�cation. Table is copied
from Reference [13].f p refers to the pump frequency,f s to the frequency of the signal to be
ampli�ed and f i the frequency of the idler. Note that degenerate four-wave mixing never is
used in reality since thenf s � f p .

Three-wave mixing Four-wave mixing

Degenerate
ampli�cation
(phase-sensitive)

f p � f s � f i

f s � f i � 1
2 f p

2f p � f s � f i

f s � f i � f p

Nondegenerate
ampli�cation
(phase-insensitive)

f p � f s � f i

f s x f i

2f p � f s � f i

f s x f i

For energy to add up, all ampli�cation processes involve the generation of another
signal called the idler, and the type of mixing a�ects the frequency it will get. For
three-wave mixing the idler frequency is symmetrically placed around half the pump
frequency, with respect to the signal frequency, while for four-wave mixing the idler
frequency is placed symmetrically around the pump frequency.

For degenerate ampli�cation, also known as phase-sensitive ampli�cation, it is pos-
sible to achieve noiseless ampli�cation. This is possible due to �quantum squeezing�.
The information of a signal is stored both in its amplitude and its phase. When
using quantum squeezing, we amplify one of the quadratures4 while we de-amplify
the other [13].

In the regime of degenerate 3-wave mixing, to get parametric ampli�cation it is im-
portant that the pump power is below a certain threshold, otherwise the parametric
ampli�cation turns into parametric oscillations. Parametric oscillations can also be
used for certain applications [14]�[18], also in the nondegenerate case [19], but it has
not been studied in this thesis.

For a current pumped TWPA the non-linear inductance of the Josephson junctions
permits four-wave mixing [20]. Furthermore we want the ampli�cation to be phase-
insensitive, otherwise the signal frequency will be equal to the pump frequency
making it hard to distinguish, so the relevant type of ampli�cation in our case is
the nondegenerate four-wave mixing, see the lower right corner of Table 1.1. Note
that as mentioned above, for four-wave mixing the frequency of the idler will be
symmetrically placed around the pump with respect to the signal,i.e. if the signal
frequency is 1 GHz below the pump, the idler frequency will be 1 GHz above the
pump.

4The two quadratures can be regarded as the real- and imaginary parts of the complex valued
signal.



2
Theory

This chapter aims to give the reader a su�cient understanding of the relevant the-
ories for this project. First there is a section about microwave theory, since the
signals that we use and amplify are microwave signals. Then we go to something
completely di�erent, namely qubit theory, since we will use qubits for several mea-
surements throughout this thesis. Then there is a part about noise theory, since our
goal is to reduce the noise and to do this we need to understand where the noise
comes from and how to avoid it. Finally there is a section about JTWPA theory
where the JTWPA structure and gain derivation are presented.

2.1 Microwave theory

This section will give a brief overview of some microwave theory relevant for the
project. Microwaves are typically in the range 3 - 300 GHz, corresponding to wave-
lengths of 10 cm to 1 mm in vacuum. Because of these short wavelengths, standard
circuit theory cannot be used directly in many cases since it assumes the wave
lengths to be much longer than the elements they propagate through. For further
reading on the subject the reader is recommended to see Reference [21].

2.1.1 Scattering theory and the scattering matrix

When describing waves travelling through some sample and interacting with some
kind of elements, scattering theory turns out to be useful to characterise the observed
e�ects. If we have anN -port1 network, whereU�

i is the amplitude of the incoming
voltage wave at porti and U�

i is the amplitude of the outgoing voltage wave at port
i , then the scattering matrix relates the incoming and outgoing voltage amplitudes
in the following way:

<@@@@@>

U�
1
�

U�
N

=AAAAA?

�

<@@@@@>

S11 � S1N

� � �
SN 1 � SNN

=AAAAA?

<@@@@@>

U�
1
�

U�
N

=AAAAA?

(2.1)

1A port is simply a connection point between one system and another.
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2. Theory

or simply just
ÑU� � S ÑU� (2.2)

which describes the scattering of the voltage amplitude of each wave. A general
picture of a 3-port network is depicted in Figure 2.1.

If a system is characterised by a symmetric scattering matrix,i.e. Sij � Sji ¦ i; j , we
call it reciprocal, while if Sij x Sji for at least one pair of indicesi; j , then we call it
non-reciprocal [21].

S
U�

1
U�

1

U�
2U�

2

U�
3

U�
3

Figure 2.1: A general scattering for a 3-port network. Microwaves with the voltage am-
plitudes U �

i enter the network at port i > ˜ 1; 2; 3• and leave the network with the voltage
amplitudes U �

i .

In general the diagonal elements of the scattering matrix describe the re�ection at
the ports, while the o�-diagonal elements describe the transfer between ports. In
a more speci�c example, for a 2-port network with port 1 = IN-port and port 2 =
OUT-port it follows that S21 relates to the transmission through the device while
S11 relates to the re�ection at the IN-port.

2.1.2 Impedance matching

When a signal travels from one medium to another it is either re�ected or trans-
mitted depending on the characteristic impedance of the two media. The re�ected
power is given by the re�ectanceR which is given by

� �� S11 �
Z2 � Z1

Z2 � Z1
; (2.3a)

R �� S� S2 � V
Z2 � Z1

Z2 � Z1
V
2

(2.3b)

whereZ i ; i >˜ 1; 2• are the characteristic impedances of the two media. We see that
R � 0 if Z1 � Z2 while R x 0 for Z1 x Z2. In order words, if the two media have the
same characteristic impedance, the impedance is matched and there is no re�ection,
while if there is a di�erence, the impedance is mismatched and we have a non-zero
re�ection. In other words, the S11-element of the scattering matrix directly relates
to the impedance matching as well as the re�ection at the IN-port.
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2.1.3 Directional coupler

The directional coupler is one of the components used in this thesis, which we are
now going to describe using scattering theory. It is a 4-port network which consists
of two lines coupled to each other, usually called the �main line� (port 1 to port 2)
and the �coupled line� (port 3 to port 4), see Figure 2.2a. Ideally, if we send a signal
into port 1, some of the power2 P1 going into port 1 will exit out of port 4 given by
the coupling C, P4 � P1 � C, while the rest goes out of port 2 given by the insertion
lossL, P2 � P1 � L . Equivalently the same applies to the coupled line; some of the
power going into port 3 exits out of port 2,P2 � P3 � C, while the rest of the power
goes out of port 4,P4 � P3 � L .

Another important property of a directional coupler is the directivity, which relates
the amount of power going into port 3 to the amount going out of port 1. In other
words, if a signal with powerP3 goes into port 3 then a signal with powerP3 � C � D
exits out of port 1. For an ideal directional coupler the directivity isD � ª dB
which is equivalent to saying that none of the power going into port 3 goes out of
port 1. However, in reality it is �nite.

The arrows in the directional coupler in Figure 2.2a show how the ports couple to
each other. However, in this work we have always terminated port 4 and only used
the directional coupler to couple the pump to the input of the JTWPA. This is
illustrated in Figure 2.2b.

Port 1
P1 �

Directional
coupler

Port 4
P4 �

Port 3
P3 �

Port 2
� P2

(a)

P1 �

P3 � C � D � ö

Directional
coupler

50W P3 �

� P1 � L

� P3 � C

(b)

Figure 2.2: A directional coupler. (a) A general directional coupler without anything
connected to its ports and with directions of input and output powers de�ned for the usage
of this work. (b) A terminated directional coupler giving it the desired property of adding
two signals together. Two signals with the powersP1 and P3 enter the coupler as given in the
�gure and two signals exit through port 2 with the powers changed due to the e�ects of the
insertion lossL and the coupling C. Some of the powerP3 also exits out of port 1 due to the
directivity D , also shown in the �gure. There is also power going out of port 4, but it is not
shown in the �gure since port 4 is terminated with 50 W.

If port 4 is perfectly matched with a 50Wtermination, see Figure 2.2b, we get the
version of the directional coupler most commonly used. In this setup we get the
desired property of the coupler, for this thesis, that we can send both signals, signal
& pump, to the ampli�er.

2All powers here are expressed in dBm and all coe�cients in dB.
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A directional coupler is symmetric. We could just as well use port 2 for inputs,
terminate port 3 and send signals into port 4 and these signals would exit, at least
in theory, through port 1 exactly like the signals exit port 2 in Figure 2.2b.

2.1.4 Circulators and isolators

A circulator is one of the components used for this project. An ideal circulator is a
nonreciprocal network with N ports where all of the voltage at port 1 goes out of
port 2, the voltage of port 2 goes to port 3 and so on, and the voltage at portN
goes to port 1.

The elements of the general scattering matrix of the ideal circulator can be written

Sij;N � port circulator �
¢̈
¨
¦
¨̈
¤

1; if i � j � 1 ˆmod N •

0; otherwise
(2.4)

which is illustrated in Figure 2.3.

ý
Circulator

N

1
2

3

Figure 2.3: A general N -port circulator. The arrows indicate where a signal travels; a signal
entering port 1 exits out of port 2, a signal at port 2 exits out of port 3, and so on, and �nally
the signal entering port N exits out of port 1.

Even though a circulator in theory can have an arbitrary number of ports, it usually
has only 3 or 4 ports [22]. For a 3-port ideal circulator the scattering matrix is
reduced to

S3-port circulator �

<@@@@@>

0 0 1
1 0 0
0 1 0

=AAAAA?

: (2.5)

By terminating one of the ports of a 3-port circulator we get an isolator which works
like a diode for microwaves. In other words, if port 3 is terminated, microwaves can
travel from port 1 to port 2 but not the other way around, see Figure 2.4.
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IN
Isolator

OUT � IN ý
Circulator

OUT

50 


Figure 2.4: Similarities between isolators and circulators. (Left) An isolator. (Right) An
equivalent circuit using a circulator with a 50 Wtermination. Note that the circulator will act
as an isolator since signals travelling to the circulator from the OUT-port will exit into the
termination.

For the ideal isolator the scattering matrix is reduced to the very simple form

S isolator � �
0 0
1 0

	 : (2.6)

In reality we of course never have a completely ideal isolator so there will be some
tiny part re�ected at the ports, some power from port 2 going out of port 1 and some
power loss within the isolator. The re�ection at the ports is typically negligible but
power loss and power from port 2 to port 1 is not, therefore there are two important
quantities one should know about an isolator before using it, namely:

ˆ The insertion lossL isol., i.e. how much power the out-signal has lost compared
with the in-signal when travelling from port 1 to port 2. The insertion loss
reduces theS21-element of the scattering matrix in Equation (2.6) slightly
below 1.

ˆ The isolation I isol., i.e. how much power the out-signal has lost compared with
the in-signal when travelling from port 2 to port 1. A �nite isolation implies
that the S12-element of the scattering matrix in Equation (2.6) is slightly larger
than zero.

Both of them are typically dependent on frequency.

A double isolator is simply two isolators in a row, or in terms of circulators two
3-port circulators in a row both with a terminated port. This typically gives both a
higher isolation and a higher insertion loss.

2.2 Qubit theory

Now to something completelly else, basic theory of the qubit. The qubit can be any
two-level system [1]. Any qubit state can be described by Equation (2.7a), where
the coe�cients �; � ful�ll Equation (2.7b). The equations read

S e� � S0e� � S1e; (2.7a)

S� S2 � S� S2 � 1: (2.7b)
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Without loss of generality, we can think of the qubit as a spin-1/2 particle in a
magnetic �eld [23]. By putting the global phase to zero, we can then conveniently
rewrite Equation (2.7a) as

S e� cos‹
�
2

•V0h� sin‹
�
2

• ei ' V1h (2.8)

where � > �0; � � ; ' > �0; 2� • can be thought of as the angles within a unit sphere
called the Bloch sphere, see Figure 2.5. Note that� � 0 Ô� S e � S0e and
� � � Ô� S e� S1e, while ' contains the phase information of the qubit.

S0e

S1e

x

y

z

S e�

'

Figure 2.5: The Bloch Sphere with a general qubit stateS e, where the angle� > � 0; � �
determines the projection on thez-axis and ' >� 0; 2� � is the angle between thex-axis and the
projection of the state onto the xy-plane. Note that these two angles completely determine
the state of a single qubit.

2.2.1 The transmon qubit

The transmon qubit [24] is a type of superconducting qubit based on the Cooper-pair
box3 [25] with an extra capacitor, and is the one that is used in the experimental
work of this thesis. The qubit itself consists of a parallel-plate capacitance in parallel
with either a Josephson junction or a SQUID4. The transmon used in this thesis
had a SQUID making the qubit frequency �ux-tuneable, see Figure 2.6. Another
qubit that is used is a non-�ux-tuneable Xmon, which has a very similar design, see
Figure 2.7.

The qubit is capacitively coupled to a quarter-wave resonator which is inductively
coupled to a feed line. The interactions between a qubit and a resonator can be
described using circuit quantum electrodynamics [26], [27]. Due to the inductive
coupling photons travelling through the feed line may interact with the resonator,
which interacts with the qubit. If the resonator and the qubit frequencies are well

3Also known as a charge qubit, a simple circuit with a Josephson junction and a capacitor.
Read more in [25].

4The SQUIDs (Superconducting Quantum Interference Devices) used here are superconducting
loops with two identical Josephson junctions.
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detuned we can use the dispersive approximation to describe the interaction, which
will be explained further in Section 2.2.3.

Feed line

Qubit

� ~4 Resonator

IN OUT

I

(a)

Feed line

Qubit

� ~4 Resonator

IN OUT

IInductive coupling

Grounded Capacitive
coupling

SQUID

(b)

Figure 2.6: (a) A �ux-tunable transmon qubit with a quarter-wave resonator and a feed
line. (b) The former with additional comments.

Feed line

Qubit

� ~4 Resonator

IN OUT

I

(a)

Feed line

Qubit

� ~4 Resonator

IN OUT

IInductive coupling

Grounded Capacitive
coupling

J.J.

(b)

Figure 2.7: (a) A non-�ux-tunable xmon qubit with a quarter-wave resonator and a feed
line. (b) The former with additional comments. J.J. is short for Josephson junction.

2.2.2 Qubit control

In the spin-1/2 particle in a magnetic �eld-analogy, a magnetic �eld makes the qubit
state rotate along the direction the magnetic �eld points. As long as the magnetic
�eld remains pointing in the same direction, it is easily shown [23] that the exact
shape of the pulse is not of importance to determine how the pulse changes the
qubit state, but only its amplitude-time-integral. For example, a 100 ns-100 mV
rectangular pulse will a�ect the qubit equally as a 50 ns-200 mV will do.

There are then two kinds of pulses of speci�c interest for qubit control in this thesis.
First let us consider the� -pulse. The� -pulse is a pulse with the integral such that
it rotates the qubit state � radians around the some axis, in Figure 2.8 we choose
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the y-axis. For a qubit in the ground state, as in Figure 2.8a, a perfect� -pulse will
put the qubit in the excited state with a 100 % probability.

The second especially interesting pulse is the� ~2-pulse, which only rotates the qubit
state � ~2-radians, see Figure 2.9, making a qubit in ground state go to the equator
of the Bloch sphere,i.e. S0e( 1º

2
‰S0e� S1eŽ. A similar pulse is the� � ~2-pulse which

rotates � � ~2-radians in the opposite direction,i.e. 1º
2

‰S0e� S1eŽ( S0e.

S0e

S1e

�

(a)

S0e

S1e

(b)

Figure 2.8: Illustration of the � -pulse. (a) The qubit is in its ground state when a � -pulse
is applied. (b) The qubit was just exposed to a� -pulse and is now in its excited state.

S0e

S1e

� ~2

(a)

S0e

S1e

(b)

Figure 2.9: Illustration of the � ~2-pulse. (a) The qubit is in its ground state when a � ~2-
pulse is applied. (b) The qubit was just exposed to a� ~2-pulse and is now in the superposition
state given by � � � ~2; ' � 0.

2.2.3 Qubit readout

Below we �rst explain the Hamiltonian for this system, and then how this is prac-
tically a�ects the choice of readout frequency.
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2.2.3.1 The Jaynes-Cummings Hamiltonian

To fully quantum mechanically describe a qubit in a cavity we use the Jaynes-
Cummings Hamiltonian [28], [29], which reads

ĤJ.C. �
�h! 0

2
� z � �h! ‹ â„ â �

1
2

• � �hg‰̂a� � � â„ � � Ž: (2.9)

Here ! 0 is the qubit frequency, ! is the angular frequency of the cavity,g is the
coupling between the cavity and the qubit,â; â„ are the annihilation and creation
operators for photons in the cavity,� � are the excitation and de-excitation operators
of the qubit and � z is the Pauli z spin matrix.

In the case of large detuning between the qubit frequency and the resonator fre-
quency,i.e. the dispersive regime whereS� SQ g;� �� ! 0 � ! , we can use perturbation
theory to rewrite this Hamiltonian. We assume that the number of photons is below
a certain critical photon number [30] and we can thus rewrite the Jaynes-Cummings
Hamiltonian [31] as

Ĥdisp � �hŠ! � �� z• n̂ �
�h~! 0

2
� z; (2.10)

where� �� g2~� is the dispersive shift,̂n � â„ â is the number operator and~! 0 � ! 0 � �
is the new e�ective qubit frequency. This Hamiltonian is known as the dispersive
Hamiltonian.

In this dispersive region the photons in the resonator cannot induce any transitions
in the qubit, but the state of the qubit still a�ects the e�ective cavity frequency.
We also see that the shift depends on the number of photonsn in the cavity.

2.2.3.2 Choosing readout frequency

To readout the state of the qubit, we probe the resonator by sending a pulse at the
resonator frequency along the feedline (recall Figure 2.6) and measure the transmis-
sion. Study Figure 2.10. We can probe the resonator at a frequency which either
give us a big di�erence of the output in magnitude or in phase, in the �gure marked
at a frequency with big di�erence in magnitude. Then we can deduct the state of the
qubit depending on whether we get high or low transmission. The readout contrast
is determined by the di�erence between the two curves, see �Readout contrast� in
Figure 2.10. The signal we are interested in measuring is hence the resonator probing
pulse, to see whether many or a few of these photons are transmitted. Information
about the state can also be given by the phase of the probing signal, if one probes
at another frequency with high di�erence in phase between the states.
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� � 4:67 MHz
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� � 16:7 GHz

Figure 2.10: A measurement of the dispersive shift, illustrating the e�ect the state of the
qubit has on the resonator. The readout frequency is swept while measuring transmission
magnitude SS21Swhile the qubit is either in its ground state or its excited state. To readout
the qubit state we pick a frequency in this range where the di�erence between the two curves is
large, e.g. the frequency marked in the �gure, and measure the transmission at this frequency.
Note that the parameters in the box, the coupling strength � , the dispersive shift � and
the resonator-qubit-detuning � , all are expressed in angular frequency, so to get them in
non-angular frequency one has to divide by2� .

2.3 Noise theory

In a noiseless environment any di�erence between two quantum states,e.g.the states
of a qubit, would su�ce in order to unambiguously distinguish one state from the
other. However, in reality there is always noise, making the readout result of a
quantum state distributed in the IQ -plane [10]. In most cases the distribution is
Gaussian. Then, depending on the overlap between the state distributions, there
will be some uncertainty when trying to determine a state.

The noise has multiple origins; there is vacuum noise, there is noise added by the
ampli�er due to Heisenberg's uncertainty principle, there may be non-idealities in
the equipment used and also losses between the signal source and the �rst ampli�er
which appear as added noise [10], [31].
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2.3.1 System noise temperature

The system noise temperatureTsys, which describes the total noise temperature of
a chain ofk ampli�ers, is given by Friis' formula,

Tsys �
k

Q
i � 1

TN;i

i � 1
L
j � 1

Gj

� TN;1 �
TN;2

G1
�

TN;3

G1G2
� :::; (2.11)

whereTN;i is the noise temperature of ampli�eri and Gj is the gain of ampli�er j .
This formula can easily be derived, see Appendix C.1.

Note that when G1 � ª then Tsys � TN;1. In other words, if the �rst ampli�er has
a large gain, the noise temperature of the system as a whole will be dominated by
the noise temperature of the �rst ampli�er.

2.3.2 Signal-to-Noise Ratio

As mentioned above, if we measure and plot a quantum state in theIQ-plane, the
data points will display a Gaussian distribution. The width of the distribution will
correspond to the noise while the distance between the state and the origin will
correspond to the signal strength and the direction from the origin to the state will
correspond to the phase information about the state.

If we have two states,e.g. the states of a qubitS0eand S1e, it is the overlap between
the distributions that determine the �delity, i.e. how well we can distinguish the
states. If we amplify the signal and the noise equally then the overlap remains
unchanged. It is hence not only the gain that is an important factor, but the ratio
between the signal and the noise, known as Signal-to-Noise Ratio (SNR).

In other words, if the JTWPA in one case has mediocre gain but a low noise tem-
perature and in another case has a larger gain but also a higher noise temperature,
the former might distinguish the two states better than the latter. For some cases
the JTWPA might even have a large gain but adding so much noise that it actually
makes the readout resolution worse than compared with not using the JTWPA at
all. An illustration of this is presented in Figure 2.11.
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I

Q � V
� � 1

(a)

I

Q � V
� � 1:8

(b)

I

Q � V
� � 0:8

(c)

Figure 2.11: An illustration of distributed quantum states. The dot signi�es the expectation
value of the quantum state and the circle one standard deviation away from the expectation
value. The value � V

� is the di�erence between expectation values divided by one standard
deviation. (a) The two states have some overlap when only using the other ampli�ers.(b) The
states are ampli�ed also with a JTWPA and not much noise is added, resulting in a decreased
overlap. (c) The states are greatly ampli�ed but also much noise is added, resulting in an
increased overlap.

2.3.3 The Standard Quantum Limit

The quantum state distributions depicted in Figure 2.11 cannot get arbitrarily small
standard deviations. Due to Heisenberg's uncertainty principle, there is a fundamen-
tal lowest value in accuracy possible to achieve, caused by so called �vacuum noise�.
This noise limit corresponds to adding half a noise photon. This limit not even
noiseless degenerate ampli�cation, as described in Section 1.5.3, can surpass.

However, when using non-degenerate ampli�cation, another half a photon must be
added [12] unless the gain is very low [13]. This results in a new lowest limit of
adding one whole noise photon, one half from the vacuum noise and one half from
the non-degenerate ampli�cation. This limit we call the Standard Quantum Limit
(S.Q.L.). As long as we use non-degenerate ampli�cation, we cannot surpass this
limit.

2.4 JTWPA theory

Below the theory to understand the JTWPA, its structure and the theory for the
ampli�cation process, is presented.

2.4.1 Structure and unit cell

The structure of the JTWPA is nothing more than a long chain of JTWPA unit
cells, see Figure 2.12, where the unit cells are built as presented in Figure 2.13.
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Each unit cell consists ofn Josephson cells followed by an RPM5 resonator.

IN OUT

= unit cell

Figure 2.12: A basic overview of the JTWPA structure. Each gray box signi�es a JTWPA
unit cell. The JTWPA used in this thesis has approximately 700 of these unit cells.
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L r Cr
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Figure 2.13: A circuit diagram of the JTWPA unit cell. The unit cell consists of n Josephson
cells, in this �gure n � 3, followed by an RPM resonator. The Josephson cell consists of a
Josephson junction with a Josephson inductanceL J , an intrinsic capacitanceCJ and a critical
current I c and a capacitive shunt Cg, g > ˜ 0; 1• , to ground. The RPM resonator is coupled
to the line with a strength set by the capacitance Cc and consists of a capacitanceCr in
parallel with an inductance L r . The capacitance C1 of the n:th Josephson cell is slightly
less than the capacitanceC0 of the other Josephson cells in order to compensate forCc. The
relations between these inductances and capacitances are designed such that the characteristic
impedanceZchar is expected to be close to 50W.

There is also another convention used in other papers to de�ne the unit cell,e.g.
in Reference [20]. Then the unit cell would either be just a Josephson cell or a
Josephson cell followed by an RPM resonator. In this thesis I have chosen to use
the de�nition of the unit cell above so that �unit cell� only refers to one kind of cell
and not two di�erent kinds of cells.

5RPM = Resonant phase matching, see Section 2.4.2.
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2.4.2 Resonant phase matching and the stopband

In previous versions of JTWPAs, the JTWPA unit cell only consisted of a Josephson
cell. Then the gain was limited because exponential gain is only achieved for a
low phase mismatch between the signal and the pump, something which will be
shown further down in Section 2.4.4. For a strong pump the phase velocities are
changed due to self- and cross-modulation which gives a phase mismatch and hence
no exponential gain [32].

By adding a resonator, the RPM resonator, to the unit cell the dispersion relation
diverges to in�nity close to the resonance frequency of the RPM resonator. Then,
if the pump frequency is set to be just below the resonance frequency of the RPM
resonator, the new dispersion relation will give the wave vector of the pump the
increase necessary to make the phase mismatch small enough to get exponential
gain [32].

Due to these resonators the dispersive feature will e�ectively work like a stopband
around the resonator frequency. However, when the pump is on, there will be an
e�ective stopband twice as wide. The reason for this is that we use 4-wave mixing
and hence, recall Table 1.1, the idler frequency will be symmetrically placed around
the pump frequency. Assume that the stopband of the dispersive feature reaches
from f disp

lower to f disp
upper with a bandwidth BWdisp �� f disp

upper � f disp
lower , and that the pump

frequency f p � f disp
lower . If the signal frequencyf s is inside the stopband it cannot

be ampli�ed. But also, if f s is less thanBWdisp below f p then the idler frequency
f i will end up in the stopband. Then the signal cannot be ampli�ed either, since
parametric ampli�cation requires that the idler also is ampli�ed. We can hence
conclude that the e�ective stop-bandwidth should have the same upper limit as the
dispersive feature, while the lower limit should reach the distance between the pump
and the upper limit. In other words,

f stopband
upper � f disp

upper �� f upper ; (2.12a)

f stopband
lower � f disp

lower � BWdisp � 2f p � f upper ; (2.12b)

BWstopband � f upper � ˆ2f p � f upper • � 2ˆ f upper � f p•: (2.12c)

where f p is the pump frequency,f disp
i are the lower and upper bounds of the dis-

persive feature (fori > ˜ lower,upper• ), f stopband
i are the lower and upper bounds of

the e�ective stopband when the pump is on, andBW j are the bandwidths of the
dispersive feature and the e�ective stopband respectively (forj >˜ disp,stopband• ).

2.4.3 Current pumping versus �ux pumping

In this thesis I have only worked with implementing a current based JTWPA, using
the Josephson cell as shown above. But there are also �ux pumped TWPAs, which
are based on SQUID cells instead. The structure of the �ux based JTWPA is very
similar to the current pumped one. It also consists of a chain of similar unit cells,
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except that they do not contain any RPM resonators since the phase matching is
inherently good [33]. The other di�erence is that the unit cell does not contain
Josephson cells, as in Figure 2.14a, but SQUID cells, see Figure 2.14b.

IN
I c ; CJ

Cg

Josephson cell

OUT

(a)

IN
I c ; CJ

I c ; CJ

L 0
Cg

SQUID cell

OUT

(b)

Figure 2.14: The di�erent subcells for the current pumped JTWPA and the �ux pumped
JTWPA. (a) The Josephson cell, the basis for the current pumped JTWPA, just as in Fig-
ure 2.13. (b) The SQUID cell, the basis for the �ux pumped TWPA. In the SQUID cell the
Josephson junction is replaced with a DC-SQUID,i.e. two Josephson junctions in parallel
with each other. An inductance L 0 is inductively coupled to the SQUID which induces the
�ux.

2.4.4 Analytical calculation of JTWPA gain

In this section I will present a reduced version of the derivation of the gain of a cur-
rent pumped JTWPA. The full derivation can be found in Reference [12] Chapter 7
and Appendix A.

2.4.4.1 Derivation of the discrete wave equation

In this section I go through the derivation of the discrete wave equation very similar
to the one done in Reference [12], but slightly di�erent in order to use what we have
already de�ned and derived.

Study Figure 2.15 and its de�nitions, where each Josephson junction in each Joseph-
son cell has been split up into an ideal junction and a capacitor.

2-15



2. Theory

: : : : : :

: : : : : :

CJ

I c

CJ

I cCg Cg Cg

a

Un� 1 Un Un� 1�
I n� 1

�
I n� 2

�
I n� 1

�
I n�I g;n� I g;n� 1 �I g;n� 1�I J;n

�I C;n

Figure 2.15: A chain of Josephson cells with de�nitions for voltages and currents. Note that
the Josephson junctions have been split up in ideal junctions in parallel with a capacitor, as
discussed in Section 1.3.1.

We know from Section 1.3.2 that for then:th Josephson junction

UJ;n � L J;n
dI J;n

dt
� L J0 Œ1�

1
2

I 2
J;n

I 2
c

‘
dI J;n

dt
(2.13)

for I J;n P I c. By noting that the voltage over the n:th Josephson junction with
current I J;n equals the di�erence between the node voltages,i.e. UJ;n � Un � Un� 1,
we can rewrite Equation (2.13) as

Un� 1 � Un � � L J0
dI J;n

dt
�

L J0

2
‹

I J;n

I c
•

2 dI J;n

dt
� � L J0

dI J;n

dt
�

L J0

6I 2
c

� 3I 2
J;n �

dI J;n

dt
: (2.14)

Then by noting that
d
dt

I 3
J;n � 3I 2

J;n
dI J;n

dt
(2.15)

we get

Un� 1 � Un � � L J0
dI J;n

dt
�

L J0

6I 2
c

d
dt

I 3
J;n : (2.16)

Now by de�ning the node �uxes � n such that

Un ��
d� n

dt
(2.17)

and integrating Equation (2.16) over time we get

� n� 1 � � n � � L J0I J;n �
L J0

6I 2
c

I 3
J;n : (2.18)

By rewriting this for I J;n and assuming that the nonlinear term is small we get

I J;n � �
1

L J0
ˆ � n� 1 � � n• �

�
�

�
��>

0
1

6I 2
c

I 3
J;n � �

1
L J0

ˆ � n� 1 � � n• (2.19)

And by now putting this approximate value of I J;n into the cubic term in Equa-
tion (2.18) we get

� n� 1 � � n � � L J0I J;n �
1

6I 2
c L2

J0

ˆ � n� 1 � � n•3 (2.20)
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which we can solve for the current to be

I J;n � �
1

L J0
ˆ � n� 1 � � n• �

1
6' 2

0L J0
ˆ � n� 1 � � n•3: (2.21)

Now let us note that current conservation implies that

I n � I J;n � I C;n ; (2.22a)

I g;n � I n� 1 � I n ; (2.22b)

Ô� � I g;n � I J;n � I J;n� 1 � I C;n � I C;n � 1: (2.22c)

The current to ground is given by

I g;n � � Cg
d
dt

ˆ0 � Un• � Cg
dUn

dt
� ˜ Equation (2.17)• � Cg

d2� n

dt2
(2.23)

and the current corresponding to the current going through the intrinsic capacitance
of the Josephson junction is given by

I C;n � � CJ
d
dt

ˆUn� 1 � Un• � ˜ Equation (2.17)• � � CJ
d2

dt2
ˆ � n� 1 � � n•: (2.24)

Now, let us rewrite Equation (2.22c). By using Equation (2.21) to expressI J;n � I J;n� 1

of Equation (2.22c), Equation (2.24) to expressI C;n � I C;n � 1 of Equation (2.22c) and
Equation (2.23) to express the left-hand side of Equation (2.22c), we �nally arrive
at the discrete wave equation for the JTWPA,

� Cg
d2� n

dt2
� � � CJ

d2

dt2
�

1
L J0

� ‰� n� 1 � 2� n � � n� 1Ž

�
1

6' 2
0L J0

Š‰� n� 1 � � nŽ
3

� ‰� n � � n� 1Ž
3
• :

(2.25)

2.4.4.2 Derivation of the continuum wave equation

Now we would like to take the discrete wave equation and turn it into a continuous
equation. The length of the Josephson cella � 16µm [20] and the wave length of
the shortest waves that are going to be used (f � 8 GHz) is � 9.43 mm (on silicon),
giving us that a~� � 1:7 � 10� 3. We can hence use the approximation that the wave
length of a propagating wave is much longer than the cell,a~� P 1, and then we can
replace the node �uxes� n ˆ t• with a continuous �ux variable � ˆx; t • dependent on
the continuous positionx and replace the di�erences of the discrete wave equation
with their continuous counterparts to the second order ina~� and we get

� n� 1 � � n � a
@�
@x

�
1
2

a2 @2�
@x2

; (2.26a)

� n � � n� 1 � a
@�
@x

�
1
2

a2 @2�
@x2

; (2.26b)

Ô� � n� 1 � 2� n � � n� 1 � a2 @2�
@x2

(2.26c)
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and

‰� n� 1 � � nŽ
3

� ‰� n � � n� 1Ž
3

� 3a4 @2�
@x2

‹
@�
@x

•
2

: (2.27)

Thus we can now rewrite Equation (2.25) as a continuous equation,

� Cg
@2

@t2
� CJa2 @2

@t2
@2

@x2
�

a2

L J0

@2

@x2
� � �

a4

2' 2
0L J0

@2�
@x2

‹
@�
@x

•
2

� 0; (2.28)

which we will call the continuum wave equation of the JTWPA.

2.4.4.3 Summary of JTWPA parametric ampli�cation derivation

The full calculation of the parametric ampli�cation of the JTWPA is rather tedious
but can be found in Reference [12] Appendix A. Here I will only summarise the most
important parts of this derivation. First we use the continuum wave equation of the
JTWPA as derived above with the ansatz that the solutions are forward travelling
waves given by

� � Q
j

� j ; � j �
1
2

A j ˆx•eiˆ k j x� ! j t • (2.29)

for j >˜ s,i,p• where `s' denotes signal, `i' idler and `p' pump. Then we use the slowly
varying envelope approximation6, we neglect the small frequency dependence of the
wave impedances and the small dispersion due toCJ and we use the sti� pump
approximation7. Then with the de�nitions

As � asei � sx ; (2.30a)

A i � aiei � i x ; (2.30b)

kj �
! j

»
CgL J0

a
¼

1� CJL J0! 2
j

; (2.30c)

� �
a2k2

p SZcharS
2

16L2
J0! 2

p
‹

I p

I c
•

2

; (2.30d)

� s �
� ˆ2kp � ki•kskia2

L J0Cg! 2
s

; (2.30e)

� i �
� ˆ2kp � ks•kskia2

L J0Cg! 2
i

; (2.30f)

� kL � 2kp � ks � ki ; (2.30g)

� k � � kL � 2kp� (2.30h)

6The approximation that the second derivative with respect to unit length is much smaller than
the �rst derivative times the wave vector.

7we assume the that the energy of the pump remains the same over the length of the transmission
line
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we arrive at the coupled equations

@as
@x

� i� s�aiei� kx � 0; (2.31a)

@ai
@x

� i� i �asei� kx � 0: (2.31b)

Here theaj are the slowly-varying amplitudes of the signal and the idler,� kL is the
phase mismatch in the low pump power limit and� k is the phase mismatch taking
the self-phase and cross-phase modulation into consideration. Note the approxima-
tion done in Equation (2.30h) is the one done by neglecting the small frequency
dependence of the wave impedances, as well as the small dispersion due toCJ.

Assuming that aiˆ0• � 0, i.e. that initially there is no idler, the solution to Equa-
tions (2.31a) and (2.31b) is then shown to be

asˆx• � asˆ0• ‹ cosĥ gx• �
i� k
2g

sinhˆgx•• ei� kx ~2 (2.32)

where the gain coe�cient g is given by

g �
»

� s�� i � ˆ � k~2•2 : (2.33)

For perfect phase matching� k � 0 we get that

asˆx• � asˆ0• cosĥ gx•
xQ 0
ÐÐ�

1
2

asˆ0•egx; (2.34)

i.e. the gain scales exponentially with length. By studying Equation (2.33) we
see that for increasing phase mismatch� k the gain coe�cient g decreases, and
in Equation (2.30h) we see that for increasing pump power, the phase mismatch
increases.

This is why we use the RPM resonators. As mentioned in Section 2.4.2, using
the resonators the dispersion relation just below the resonance frequency diverges,
hence by using a pump frequency in this region we can give the pump wave vector the
increase for the phase mismatch to be close to zero and thereby enable exponential
gain. The full derivation is once again found in Reference [12], while a summary is
presented here. By introducing the cuto� frequency! 0 � ˆL J0Cg• � 1

2 together with
the impedancesCc; L r ; Cr shown in Figure 2.13 on page 2-13, we get that the wave
vector now can be approximated by

ˆkj a•2 � ‹
! j

! 0
•

2

�
! 2

j L J0Ccˆ1 � ! 2
j L rCr•

1 � ! 2
j L rˆCr � Cc•

(2.35)

which for certain pump frequencies and pump powers may make the phase mismatch
small enough to get exponential gain.
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3
Methods

In this chapter all the methods used throughout this thesis are described. Firstly
there is a section about cryogenic measurements, where the cryogenic setup is de-
scribed. Then there is a section about CAD designs,i.e. the designs used to mount
and thermalise the components. Then the methods to characterise a qubit are
described and �nally the section describing the characterisation methods for the
JTWPA. Even though the section about the JTWPA characterisation is the most
central one for this thesis, the others are also necessary in order to get the whole
picture and to understand the JTWPA characterisation section.

3.1 Cryogenic measurements

Qubits and the JTWPA need to be operated at cryogenic temperatures (T P 1 K).
Therefore all experiments were performed in a dilution refrigerator, with a base
temperature � 10 mK. The refrigerator is made of multiple stages with di�erent
temperatures, successively reaching the base temperature at the lowest stage, see
Figure 3.1. The input signals all enter at room temperature and continue to the
50 K-stage, then go down to a 3 K-stage, then to the still at� 800 mK, then via the
�cold plate� at � 100 mK and then �nally reach the mixing chamber at� 10 mK. At
and between the stages there are attenuators. The high temperature plates (C3K)
are cooled using a pulse tube while the low temperature stages get their cooling
power from helium-3-helium-4-dilution refrigeration, as described in Section 1.4. At
the mixing chamber there might be �lters, isolators and switches, depending on the
setup, before the signals �nally reach their experimental setups respectively. Once
the signals have passed their respective experimental setup there might be more
isolators, �lters, etc. (not shown in the �gure) while travelling back through the
stages to room temperature again. At the 3 K plate they encounter a low-noise
ampli�er using a HEMT 1 ampli�er which ampli�es the signals before they exit the
cryostat and reach room temperature ampli�ers.

1High Electron Mobility Transistor.
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HEMT� x dB

� x dB

� x dB

� x dB

Room temp.
ampli�er

� 50 K

� 3 K

Still ( � 800 mK)

Cold plate ( � 100 mK)

Mixing chamber ( � 10 mK )

Experimental setups

Input signals Output signals

Room temperature

Figure 3.1: A simple schematic of the levels of the dilution refrigerator. Multiple signals,
here marked by the thick line, travel down through attenuators, which are thermally anchored
in the di�erent stages, to the mixing chamber where the experimental setups are placed. These
setups might include some �lters,isolators, cryogenic switches,etc. The output signals from
the setups then travel back up to room temperature and are ampli�ed by a low-noise HEMT
ampli�er at the 3 K stage and then ampli�ed at room temperature using room temperature
ampli�ers.

3.1.1 Magnetic shielding at low temperature

As mentioned in Section 1.2 the critical current of a superconductor, and hence of
a Josephson junction, is suppressed by external magnetic �elds. And as mentioned
in Section 1.3, the characteristic inductance of a Josephson junction is completely
determined by its critical current. Therefore, if the JTWPA experiences magnetic
�ux it will change the inductances of the Josephson junctions which in turn might
then a�ect its performance. To minimise the in�uence of external magnetic �elds
the JTWPA was magnetically shielded by being put into a box made of CryoPerm
10®, from MµShield®, which is a material speci�cally made for magnetic shielding
at cryogenic temperatures. Isolators and circulators nearby, which are magnetic by
default, were also put into boxes of CryoPerm. While common magnetic shield-
ing gets lower permeability when temperature is decreased, CryoPerm gets higher
permeability.
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3.2 Design of bracket using CAD

In order to mount the experimental setup2 onto the mixing chamber the necessary
components had to be mounted onto a plate and this plate, the �bracket�, had to
have screwing holes matching the ones in the cryostat and the components. This was
done by creating a model in Autodesk® Inventor ® Professional 2018, see Figure 3.2.
Most holes in the design were made elongated, so that the components could be
moved around a little if necessary. Then this model was fabricated of OFHC3

copper, see Figure 3.3.

One problem with this bracket design was that it was longer than the distance
between the mixing chamber plate and the cold plate. Therefore it could only be
mounted in areas where there was an opening in the cold plate. In order to be able
to mount the JTWPA module in any available area on the mixing chamber plate, a
new shorter design was made, see Figure 3.4, which was also fabricated. This design
�ts below the cold plate, and it is less wide than the original bracket (50 mm width
instead of 54 mm) and can still carry both JTWPAs. However, the drawback with
this design is that the cables now need to be drawn on the sides of the bracket, since
all the components now are mounted in a horisontal position rather than a vertical
one, e�ectively making it wider than the original design.

IN-isolators
mounting

holes

Directional
coupler

mounting
holes

JTWPA
mounting

holes

OUT-
isolators
mounting

holes

(a)

IN-isolatorIN-port

Directional
coupler

Termination

PUMP-port

JTWPA

OUT-isolator

OUT-port

(b)

Figure 3.2: The �rst bracket design of the JTWPA module, designed to be able to carry
two JTWPAs in parallel. (a) Front of the bracket without components. The white- and
yellow-dashed holes were never used for anything. Note that almost all holes are elongated, in
order to be able to adjust the position of the components in order to match the cable lengths.
(b) The bracket with the components for one JTWPA line.

2The experimental setup itself is shown in Section 3.4.
3Oxygen-Free High thermal Conductivity
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