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Introduction

A random measure on a complete separable metric space (c.s.m.s.) X

is called strictly a-stable (StasS) if
1+ (-t 2 e (o, 1], ()

where £ and £ are independent copies of £ and 2 denotes the equality
in distribution. Trying to extend the notion of strict stability to point
processes we face the problem that the scalar multiplication doesn’t
preserve the integer-valued nature of point processes. We need a well-
defined “multiplication" acting on point processes. The simplest way to
obtain it is to use a stochastic analogous of multiplication: independent
thinning, which we will denote by o. Thus we say that a point process

® on a c.s.m.s. X is discrete a-stable (DasS) if
tVeod+(1—t)Vd 20  wvieo1],

where ®" and ®” are independent copies of ¢. Davidov, Molchanov and
Zuyev in [3] study DasS point processes and prove that they are Cox
processes (doubly stochastic point processes) directed by StaS random
measures. Therefore DaS point processes inherit properties from StaS
random measures, like spectral and LePage representations. Davidov,
Molchanov and Zuyev also provide a cluster representation for such

processes based on Sibuya point processes. In the second chapter of



the present work, after having provided basic notions of point process
theory in the first chapter, we go through the main results of their ar-
ticle.

In the third chapter we propose a generalization of discrete stability
for point processes considering a stochastic operation which is more
general then thinning. We allow every point to be replaced by a ran-
dom number of points rather than just deleting it or retaining it as
in the thinning case. We refer to this operation as branching. Every
branching operation is constructed from a subcritical Markov branching
process (Y (t)) 1~ With generator semigroup F = (F});>o and satisfying
Y (0) = 1. Following what Steutel and Van Harn did in the integer-
valued random variables case (see [4]) we denote this operation by or.
In this setting when a point process is “multiplied" by a real number
t € (0,1] every point is replaced by a bunch of points located in the
same position of their progenitor. The number of points in the bunch
is stochastically distributed according to the distribution of Y (— In(¢)).
This operation preserves distributivity and associativity with respect
to superposition and generalize thinning.

Then we characterize stable point processes with respect to branching
operations or, which we call F-stable point processes. Let Y., denote
the limit distribution of the branching process (Y(t)) 1~o conditional to
the survival of the process. We prove that if we replace every point of a
DasS point process with a stochastic number of points on the same lo-
cation according to Y,, we obtain an F-stable point process. Viceversa
every JF-stable point process can be constructed in this way. Further
we deduce some properties of F-stable point process.

Trying to move to a broader context we asked ourselves which class of

operations is the most general and appropriate one to study stability.



Given a stochastic operation o on point processes the associative and
distributive property of o are enough to prove that ® is stable with

respect to o if and only if
VYneN3Te, €0,1] : 2 ¢, 0 (@D + ...+ M),

where (&™) ... &) are independent copies of ®. In such a context sta-
ble point processes arise inevitably in various limiting schemes similar
to the central limit theorem involving superposition of point processes
and therefore are worth being considered. That’s why in the fourth
chapter we study and characterize this class of stochastic operations.
We prove that a stochastic operation on point processes satisfies asso-
ciativity and distributivity if and only if it presents a branching struc-
ture: “multiplying" by t a point process is equivalent to let the process
evolve for —In(¢) time according to some general Markov branching

process (therefore including diffusion and general branching).



Chapter 1

Preliminaries

1.1 Definition of a Point Process

Spaces of measures

This first chapter follows Daley and Vere-Jones approach ([I] and [2]).
In the whole chapter X will be a complete separable metric space

(c.sm.s.), B(X) its Borel o-algebra, and u will denote a measure on

B(X).
Definition 1. 1. My is the space of all finite measures on B(X),
i.e. measures j such that (X)) < +oo;

2. Nx is the space of all finite, integer-valued measures on B(X),

i.e. finite measures p such that u(A) € N for every A € B(X);

3. Mﬁ is the space of all boundedly finite measure on B(X), i.e.

measures p such that u(A) < +oo for every A bounded, A €
B(X);

4. N f 18 the space of all boundedly finite, integer-valued measure

(counting measures for short) on B(X);

d. Nf* is the space of all simple counting measures on B(X), i.e.



counting measure j1 such that p(x) =0 or 1 for every z € X.

Counting measures play a central role in this work, we therefore

give the following results.

Proposition 1. A boundedly finite measure p on B(X) is a counting

measure iff

p=> kib, (1.1)
iel
where {x;}icr s a set of countable many distinct points indexed by I,

with at most finitely many in every bounded set, k; are positive integers

and o, represents the Dirac measure with center in x;.

Definition 2. Let p be a counting measure written in the form of

equation : p="> s kibz,. The support counting measure of  is

p= Z Oz,

iel
Proposition 2. Let o be a counting measure on X.  is simple (i.e.

peNE ) iff u=p* as.
Topologies and o-alebras

We will need to define random elements on /\/lf( and N ff . In order to

do that we need o-algebras.

Definition 3. (w#-convergence) Let {ji, bnen, it € M%. Then i, — pu
weakly® if [ fdu, — [ fdu for all f bounded and continuous on X that

vanishes outside a bounded set.

Remark 1. The w”-convergence can be seen as metric convergence
thanks to the Prohorov metric, which is defined as follows. Given u,v €

My
d(p,v) =inf{e>0: pu(F) <v(F)+e and
V(F) < u(F)+e VF CX closed subset}

8



where F< = {x € X : p(z,F) < €}. The Prohorov metric d, whose
convergence s equivalent to the weak convergence, can be extended to
a metric d¥ on M7%. Given p,v € M,

oo (), )
d* (u, v :/ e " A dr
U= Jy T G, o)

where, having fived a point O € X to be the origin of the space X, ")
(and analogously v ) is defined as

WO(A) = (ANS(O,1) VA€ B)
where S(O,r) denotes the open sphere with radius v and centre O.

Proposition 3. Let { i, }nen, pt € M. p1n, — 1 weakly® iff d# (pn, u) —
0.

Given the w”-topology we have a Borel o-algebra on Mﬁ, which we
will call B (Mﬁ) It is a very natural o-algebra, as the next proposition

shows.

Proposition 4. B(M?) is the smallest o-algebra such that the map-
pings . — pu(A) from M% to (R,B(R)) are measurable for every
Ae B(X).

Since N7 is a measurable (indeed closed) subset of M¥, we have

an analogous result for the Borel o-algebra of N7: B(NF).
Proposition 5. 1. Ac B(N) iff Ac B(M%) and AC NE;
2. B(/\/’;ﬁ) is the smallest o-algebra such that the mappings p — p(A)
from NF to (R, B(R)) are measurable for every Ac B(X).
Random measures and point processes

We can now define the main notions of this section.



Definition 4. 1. A random measure & with phase space X is a mea-

surable mapping from a probability space (Q, F, P) to (M7%, BIM%));

2. A point process (p.p.) ® with phase space X is a measurable
mapping from a probability space (Q, F,P) to (NT,BNT)). A
point process ® 1s simple if & € /\/?f* a.s. (i.e. =" a.s.).

From this definition and Propositions [ and [l we obtain the follow-

ing result.

Proposition 6. A mapping & [®] from a probability space (Q, F,P)
to M7, [/\/’ff] is a random measure [point process| iff £(A,-) [®(A,-)]

is a random variable for every bounded A € B(X).

A random measure is uniquely characterized by its finite dimen-

sional distributions.

Definition 5. Let ® be a point process on X. The finite dimensional
distributions (fidi distributions) of ® are the distributions of the random
variables (@(Al), s @(Ak)). For every finite family of bounded Borel

sets {Aq, ..., Ax} and nonnegative integers {ny,...,ny}
Pk(Al, ...,Ak;nl, ,nk) = PT(CI)(Al) =MN1,... @(Ak) = nk)

Proposition 7. The distribution of a random measure on X s totally
determined by the finite dimensional distributions of all finite families

{A1, ..., Ay} of bounded disjoint Borel sets.

1.2 Intensity Measure and Covariance Measure

We firstly need to introduce the notion of moment measures.

Lemma 1. Given a point process ® M : B(X') — R defined by

M(A) = E(®(A)) (1.2)



is a measure on B(X)

Proof. M inherits the finite additivity from the finite additivity of ®
and of the expectation. Moreover M is continuous from below because
if A, T A then ®(A,) 1T ®(A) pointwise and for the monotone conver-
gence M(A,) T M(A). O

Definition 6. Given a point process ®, M defined as in equation

is the first-order moment measure of ®.
There exist also higher order moment measures.

Definition 7. Let ® be a point process. We denote by ®™ the n-th
fold product measure of ®, i.e. the (random) measure ®™ on B(X x

. X X) = B(&X™) defined by
DM(A; x ... x A,) = B(Ay) - ... - B(A,)
with A; € B(X) for i=1,...,n.

The definition is well-posed and the measure is uniquely determined

because the semiring of the rectangles generates the product o-algebra

B(x™).

Definition 8. Let ® be a point process. The k-th order moment mea-

sure, M,, is the expected value of ™
M, (A) = E(®™(A)) VA € B(&A™").

We now turn to the intensity and correlation measures. In order
to introduce the notion of intensity measure we need the definition of

dissecting system.

Definition 9. A dissecting system for X is a sequence {T,,}n>1 of

partitions of X, 1, = { Ani }ier,,, that satisfies the following properties:

11



e Nesting property: An—1; N Anj = 0 or Apj;

e Separating property: given x,y € X, x # y there exists an n =
n(x,y) and an i € I, such that x € A, and y & A,,;.

Definition 10. The intensity measure of a point process ® is a measure

A on B(X) defined as

A(A) =sup Y P(®(A,) >1) VA€ BX)

n2lier,
where {T,}n>1 15 a dissecting system for A.

We can give also another characterization of the intensity measure,
which will guarantee the intensity measure to be a well-defined mea-

sure, not depending on the dissecting system chosen.

Theorem 1. (Khinchin’s existence theorem)

Given a point process ® on X, and its intensity measure A it holds
A(A) = M*(A) VA € B(X)
where M* is the first-order moment measure of the support ®*.

The next proposition follows as an immediate consequence of Khinchin’s

existence theorem and Proposition [2]

Proposition 8. Let ® be a simple point process. Then M(A) = A(A)
for every A € B(X).

We now define the notion of covariance measure.

Definition 11. Given a point process ®, its covariance measure Cy s

a measure on B(X x X). For every Borel sets A and B

Cy(A x B) = My(A x B) — M(A) - M(B).

12



1.3 Probability Generating Functional

Dealing with random measures a useful tool is the Laplace functional.

Definition 12. Let £ be a random measure. For every f € BM,(X),
the space of positive, bounded and measurable functions with compact

support defined over X, the Laplace functional is

Le[f] = Elexp { /X f(2)€(d)}]

The distribution of a random measure is uniquely fixed by its Laplace
functional. An analogous instrument that is more appropriate for point

processes is the probability generating functional.

Definition 13. V(X)) denotes the set of all measurable real-valued func-
tions defined on (X,B(X)) such that 0 < h(z) < 1 for every x € X

and 1 — h vanishes outside a bounded set.

Definition 14. Let ® be a point process on X. The probability gener-
ating functional (p.g.fl.) of ® is the functional

G[h| = ]E[exp (/Xlog h(:r)dq)(:v))},

defined for every h € V(X). Since h = 1 outside a bounded set this

expression can be seen as the expectation of a finite product
Gln] = E| [T hlz:).

where the product runs over the points of ® belonging to the support of
1—h. In case no point of ® falls into the support of 1 — h the product’s

value 1s one.

Theorem 2. Let G be a real-valued functional defined on V(X). G is
a p.g.fl. of a point process ® if and only if the following three condition
hold.

13



1. For every h of the form

n

L= h(z) =) (1-z)la,(2),

k=1

where Ay, ..., A, are disjoint Borel sets and |z;| < 1 for every k,
the p.g.fl. G[h] reduces to the joint p.g.f. P,(A1, ..., An; 21, .., Zn)
of an n-dimensional integer-valued random variable;

2. if {hp}nen C V(X) and h,, | b € V(X) pointwise then G[h,] —
G[hl;

3. G[1] = 1, where 1 denotes the function identically equal to unity
n X.

Moreover, whether these conditions are satisfied, the p.g.fl. G uniquely

determines the distribution of ®.

1.4 Some examples: Poisson, Cluster and Cox.

1.4.1 Poisson Process

Definition 15. Let A be a boundedly finite measure on (X,B(X)), X
being a complete separable metric space (c.s.m.s.). The Poisson point
process ® with parameter measure A is a point process on X such that

for every finite collection of disjoint Borel sets {A;}ic1,

n _A(Ai) AN
Pr(®(A) =n;: i=1..n)=][° n/}(AJ

i=1

We give now a first result about Poisson process characterization.

Theorem 3. Let ® be a point process. ® is a Poisson process iff there
exists a boundedly finite measure A on B(X) such that ®(A) has a
Poisson distribution with parameter A(A) for every bounded Borel set

A.

14



Remark 2. A Poisson process ® can have fixed atoms, i.e. points
x € X such that Pr(®({z}) > 0) > 0. z is a fived atom for a Poisson
process © if and only if A({zo}) > 0.

There is another property of p.p. which will be fundamental for the

next results: the orderliness.

Definition 16. A p.p. ® is said to be orderly if for every xr € X
Pr(®(S(z,€)) > 1) = o(Pr(®(S(z,€)) > 0)) €— 0,

where S(x,€) denotes the open sphere of centre x and radius €.

It can be shown that for a Poisson process to be orderly is equivalent
to have no fixed point. Using orderliness we can give two more results

regarding Poisson process characterization.

Theorem 4. Let ® be an orderly p.p.. Then ® is a Poisson process iff
there exists a boundedly finite measure A with no atoms (A({z}) =0

Vo € X) such that
Py(A) = Pr(®(A) =0) =e ™ VA e B(X).

The Poisson process can also be identified using the complete inde-

pendence property.

Theorem 5. Let ® be a p.p. with no fized atoms. ® is Poisson process

iff the following conditions hold.
(i) ® is orderly;

(i1) for every finite collection Ay, ..., Ay, of disjoint, bounded Borel sets
the random variables ®(A), ..., P(Ay) are independent (complete
independence property).

The p.g.fl. of a Poisson process ® with parameter measure A is

Galh] = exp{— /X 1 — h(z)A(dz)}. (1.3)

15



1.4.2 Cox Process

In order to define the Cox process, also called doubly stochastic Poisson

process, we need some instruments.

Definition 17. A family {®(-|y) : y € Y} of p.p. on the c.s.m.s. X,
indexed by the elements of a c.s.m.s. Y, is a measurable family of p.p.
if P(Aly) = Pr(@(-|y) € A) is a B(Y)-measurable function of y for
every bounded set A € BN).

Proposition 9. If we have a measurable family of point processes on
X {®(-ly) : y € YV}, and a random measure & on the c.s.m.s. Y with
distribution 11 then

P(A) = /y P(Aly)TI(dy). (1.4)

defines a probability on ./\/';?E and therefore a point process ® on X.

Whether relation (1.4]) holds we say that P(:|y) is the distribution
of @ conditional to the realization y of £&. We can now define the Cox

process.

Definition 18. Given a random measure &, a Cox Process directed by
& 15 a point process ® such that the distribution of ® conditional on &,

O (-|€), is the one of a Poisson point process with parameter measure .

In order to show that such a process is well-defined we can use
Proposition [9] but we need to check that the indexed family of p.p.

we're using is a measurable family.

Lemma 2. A necessary and sufficient condition for a family of p.p. on
X indezed by the elements of Y to be a measurable family is that the fids
distributions Py(By, ..., Bx;ny, ...,ngly) are B(Y)-measurable functions
of y for all the finite collections {By, ..., By} of disjoint sets of B(X),

and for all the choices of the nonnegative integers ny, ..., ny.

16



In the definition of Cox process we have Y = N }f and the fidi
distributions are the ones of a Poisson process directed by &, which are

measurable functions of (f (Bl))z , which themselves are random

=1,...,n
variables. Therefore we can apply the lemma.

Using Proposition [9] we can evaluate the fidi probabilities for a Cox

Process. For example, given B € B(X) and k € N

ko—&(B) +oo k-
P(B,k) = Pr(®(B) =k) = E(%) = /0 o Fg(dr)

where Fp is the distribution function for {(B).
A Cox point process ® directed by £ has p.g.fl.

Galt] = E [exp(- [

X

(1- h(x))g(dx)}} = Le[1 — ). (1.5)

1.4.3 Cluster Process

Definition 19. A point process ® on a c.s.m.s. X is a cluster process
with centre process ®. on the c.s.m.s. Y and component processes (or
daughter processes) the measurable family of point processes {®(-|x) :
y € Y} if for every bounded set A € B(X)
o) = [ @A) = T Blly)
Y yePe

The component processes are often required to be independent. In

that case we have an indipendent cluster process and if ®({y;}) > 1

multilpe indipendent copies of ®(A|y;) are taken.

We give an existence result for indipendent cluster processes.

Proposition 10. An independent cluster process exists iff for any

bounded set A € B(X)

/y pa)Ody) = 3 paly) < +00 Meas,

yi€¢’c

17



where pa(y) = Pr(®(Aly) > 0) and I1. is the distribution of the centre

process P..

From now on we will deal only with independent cluster processes,
and we will just call them cluster processes. Using the independence

property we obtain that

11 = B(GIhI0d) =E(exp { - [ (~logGulhly)@.(ds)}) =

= G.[G4[h]]]

(1.6)

1.5 Campbell Measure and Palm Distribution

Definition 20. Giwen a p.p. ® on a c.s.m.s. X and the associated
distribution P on B(Nf), we can define the Campbell measure Cp as
a measure on B(X) @ B(NT) such that

Cr(AxU) =E(®(A)1y(®)) VA€ B(X),UcBWNE). (L7

Remark 3. The set function defined in equation 15 clearly o-
additive, and it can be shown to be always o-finite. Therefore, being
the rectangles a semiring generating B(X) ® B(./\/'f), the set function

extends to a unique o-finite measure. Thus Cp is well-defined.

Lemma 3. Let P be a probability measures on B(NZ) and § denote
the zero measure on X. Then P is uniquely determined on BINT)\{0}

by its Campbell measure Cp.

Remark 4. There is a strong relationship between Campbell measure
and the first-order moment measure. In fact from the definition of

Campbell measure it follows that M is the marginal distribution of Cp:

Cp(A X NF) =E(®(A)) = M(A)  VAe B(X).

18



From this remark it follows that given a point process ®, its Camp-
bell measure Cp and a fixed set U € B(NF) the measure Cp(- x U) is
absolutely continuous with respect to M(-). We therefore can define a

Radon-Nikodin derivative, P,(U) : X — R, such that
Co(Ax U) = / P.(U)M(z) VA€ B(X).
A

For every U € B(N. j ) P.(U) is fixed up to sets which have zero measure
with respect to M. We can chose a family {Px(U) s x e XU €
B(NF)} such that the following conditions hold.

1. YU € B(N%), P,(U) is a measurable real-valued, M-integrable
function defined on (X, B(X));

2. Vx € X, P,(-) is a probability measure on B(NF).

Definition 21. Given a point process ®, a family {Px(U)}zeX defined
as above and satisfing condition 1) and 2) is called Palm kernel for ®.
For each point x € X the probability measure P,(-) is called local Palm

distribution.

Proposition 11. Let ® be a point process with finite first moment

measure M. Then ® admitts a Palm kernel {PI(U)} Every local

TeEX”
Palm distribution P,(-) is uniquely fized up to zero measure sets with
respect to M. Moreover for any function g measurable with respect to

B(X) ® B(NT), that is positive or Cp-integrable

E(/Xg(x, <I>)<I>(da:)> :/XXM# gz, ®)Cp(drxdD) :/)(Ew(g(x,q)))]\/[(dm),
) (1.8)

where for every x € X

E.(g(z, ®)) = /M# g(x, )P, (dD).

X

19



1.6 Slivnyak Theorem

Lemma 4. Let ® be a poisson process with first moment measure M
finite. Let L[f] be the Laplace functional associated to ®, and L.[f]
the ones associated to the Palm kernel {P,(U)}
f,9 € BM,(X)

wex” Then for every

lim
el0

L{f] —L€[f+€9] _ /Xg(x)Lx[f]M(d:c). (1.9)

Theorem 6. (Slivnyak, 1962). Let ® be a p.p. with finite first moment
measure M. P denotes the distribution of ® and P, its Palm kernel.

Then ® is a Poisson process iff
P =P x0d, (1.10)

where x denotes the convolution of distributions, which corresponds to
the superposition of point processes, and ¢, denotes the random measure

wdentically equal to the Dirac measure with centre x.

Proof. Let ® be a Poisson process with parameter measure p. The

Laplace functional for a Poisson process has the following form

log L{f] = = [ (1= e ®)u(as).

Then
L /1—e =49 ()
~ if + el / @-au(n) (11
—>L[]/ u(dz)  ase— 0.

Comparing with (1.9)) we notice that the left-hand terms are the same,
and using that M (-) = u(-) we deduce

Llf] = LIfle '@ = LfILs, [/l A—as.

20



Thanks to Laplace functional properties this relation is equivalent to
(1.10]).

We now prove the converse. Suppose P and P, satisfy . Then,
using equation (1.9), we obtain

L —tien [ et

Since log (L[0]) = log(1) =0

—log (L // f(x)e <T@ de M (dz) = /(1—e—f<l’>)M(dx),

which is the Laplace functional of a Poisson process with parameter

measure equal to M. [

1.7 Infinitely Divisibile Point Processes and KLM
Measures

In the proceding of the work the notion of infinite disibility will be of

great importance.

Definition 22. A point process ® is said to be infinitely divisible if
for every positive integer k, there exists k independent and identically

distributed (i.i.d.) point processes {@Ek)} k such that

.....

o =0 4 4o (1.12)
If we move to p.g.fl. condition (1.12) becomes

Glh) = (Gyln)",
where G/, denotes the p.g.fl. of one of the i.i.d. point processes Cbgk).

Therefore being infinitely divisible for a point process means that for

every positive integer k the positive k-th root of the p.g.fl. G, we call

21



it Gk, is a p.g.fl. itself.
We give a characterization for the infinite divisible p.p. in the case of

finite point processes.

Theorem 7. Let ® be a p.p. with p.g.fl. Go[h]. Then ® is a.s. finite
and infinitely divisible iff there exist a point process &J, a.s. finite and

nonnull, and ¢ > 0 such that
Glolh] = exp{—c(1 — Gylh])}. (1.13)
where G 1is the p.g.fl. of D,

Remark 5. Representation has a probabilistic interpretation. It
means that every finite and infinitely divisible p.p. ® can be obtained
as a Poisson randomization of a finite p.p. 5, and conversely that
every Poisson randomization of a finite p.p. disa finite and infinitely
diwvsible p.p. ®. By Poisson randomization of a p.p. ® we mean the
superposition of a Poisson distributed random number of independent
copies of ®. The expression was introduced by Milne in [6]. Using (@
and recalling that the p.g.f. of a Poisson random variable with mean
c>01s

P(2) = exp{—c(l — 2)},

it 18 itmmediate to deduce that the p.g.fl. expresses in 18 exactly
the one of the Poisson randomization of ®. In such a context the
infinite divisibility of ® follows immediately from the infinite divisibility

of Poisson distributed random variables.

This result can be generalized to the case of infinite divisible p.p.

(not necessarily finite) using KLM measures.

Definition 23. A KLM measure Q(-) is a boundedly finite measure
on the space of nonnull counting measures N7 \{0} (see Deﬁm’tz’on
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such that

Q{y € NI{0} 1 o(A) > 0}) < +oo VA measurable and bounded.
(1.14)

Theorem 8. A p.p. @ is infinitely divisible if and only if its p.g.fl.

can be represented as

Golh] = exp{ — /N - [1 — ellosM-A)] Q(dgo)}, (1.15)

where (log(h), o) is a short notation for [, log (h(z))p(dz) and Q(-)
1s a KLM measure. The KLM measure satisfying 1S unique.

Example 1. The Poisson p.p. is infinitely divisible, therefore there
must exist a KLM measure Q(-) such that reduces to (1.9). If

we consider counting measures consisting of one point (p = 0§, with
x € X) then
1 — ellog(h)p) — 1 _ h(x).

Let us consider a KLM measure Q(-) which is concentrated only on

such counting measures, which means that
Q{v e N w(A) #1}) =0,
and such that
Q({y € NE o p(A) = 1}) = A(A) VA measurable,

where A is a boundedly finite measure on X. With this KLM measure

Q) becomes
Galh] = exp{ - /X (1- h(x))A(da:)},

which is exactly the p.g.fl. of a Poisson point process with intensity

measure A.
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Using the association with KLM measures it is possible to define

regular and singular infinite divisible point processes.

Definition 24. An infinitely divisible point process ® is called regular

if its KLM measure Q(-) is concentrated on the set
Np = {0 € NP\{0} : () < +oo},
and singular if it is concentrated on
Noolp € NE\{0} (&) = +o0}.
Theorem 9. Fvery infinitely divisible p.p. ® can be written as
b=, + b,

where ®,. and @4 are independent and infinitely divisible point processes,

the first one being reqular and the second one singular.
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Chapter 2

Stability for random measures

and point processes

2.1 Strict stability
A random vector X is called strictly a-stable (StaS) if
tex' + (1-n/x"2Xx  vtelo1],

where X’ and X” are independent copies of X and 2 denotes the
equality in distribution. It is well-known (Feller, 1971, An Introduction
to Probability Theory and its Application, 2nd Volume, Ch 6.1) that
non-trivial StaS random variables exist only for a € (0,2]. Moreover
if X' is nonnegative o must belong to (0, 1].

If we provide a definition of sum and multiplication for a scalar in the
context of random measures on complete separable metric spaces, then

we can extend the definition of stability to that context. Let

(1 + p2)(+) = pa () + pa(e) Vi, pa € M,

2.1
(t)() =tu() Ve RVue M, Y
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Definition 25. A random measure & on a c.s.m.s. X is said to be

strictly a-stable (StaS) if
theg (1—pVee" e wielo,1], (2.2)
where £ and " are indipendent copies of €.

Remark 6. implies that £(A) is a StaS random variable for every
measurable set A. Since £(A) is always nonnegative non-trivial StaS

random measures exist only for a € (0, 1].

Definition 26. A Levy measure A is a boundedly finite measure on
MIN{0} homogeneous of order —a (i.e. A(tA) = t7*A(A) for every
A€ BIME\{0}) and t > 0), such that

/M#\{ }(1 — e A(dp) < 400 Vh € BM(X), (2.3)
*\{0

where (h, 1) stands for [, h(z)pu(dz).

Theorem 10. A random measure & is StaS if and only if there exists

a Levy measure A such that the Laplace functional of & has the form
Le[h] = exp{ - / (1- e<h’“>)A(du)} Vh e BM(X). (2.4)
MEN{0}

Since A is homogeneous we can decompose it into radial and direc-
tional components. To do that we have to define a polar decomposi-
tion for M%\{0}. Let By, Bo, ... be a countable base for the topology
of X made of bounded sets. Put By = X. Then for every u € Mﬁ
the sequence u(By), (B1), (1(Bz), ... is finite apart from pu(By), which
can be finite or infinite. Let i(u) be the smallest integer such that
0 < p(Byu) < +00. We define now the set

S={neMi: u(Biw) =1},
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which can be easily proved to be measurable. There exists a unique
measurable mapping p — i from M#%\{0} to S such that y = 1 Biguy) ft-
The measurable mapping p — (fi, p1(By(,))) is a polar decomposition of
MEN{0} into S x R,

The Levy measure A of a StaS random measure ¢ induces a measure
oonsS

6(A) =A({tp: pe At >1}),

for every A measurable subset of S. It is useful to define a scaled version
of this measure: ¢ = I'(1 — )&, which is called spectral measure of &.
Because of the homogeneity of A it holds A(A X [a,b]) = 6(A)(a™* —
b~%), which means that A = 6 ® ,,, where 0, is the unique measure on

R such that 6, ([a, +00)) = a=. Condition (2.3 becomes

/M(B)O‘J(du) < +oo VB € B(X) bounded. (2.5)
s

It holds the following result regarding the spectral measure o.

Theorem 11. Let £ be a StaS random measure with spectral measure

o and Laplace functional Le. Then

L] = exp { - /S (holdn)}  vhe BM(X).  (26)

We now give a result which provides a LaPage representation of a

StaS random measure.

Theorem 12. A random measure £ is StaS if and only if
D
§=D i
i

where ¥ is a Poisson point process on Mjﬁ with intensity measure A
being a Levy measure. The convergence is in the sense of the vague

convergence of measures. In this context A is the same Levy measure

of .
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2.2 Discrete Stability with respect to thinning

2.2.1 Definition and characterization

In trying to extend the definition of stability to point processes (p.p.)
we face the problem of the definition of multiplication: if we define
multiplication of a p.p. for a scalar as the multiplication of its values
(see ) it would no longer be a p.p., because it would no longer be
integer-valued. We therefore define a stochastic multiplication called

independent thinning.

Definition 27. Given a p.p. ® and t € [0,1] the result of an inde-
pendent thinning operation on ® is a p.p. t o ® obtained from P by
retaining every point with probability t and removing it with probability

1 —t, acting independently on every point.

The thinned process p.g.fl. is
Gion|h] = Golth+1 —t] = Go[1 + t(h — 1)], (2.7)

where G is the p.g.fl. of ® (see Daley and Vere-Jones, 2008, p.155 for
details). From (2.7)) it is easy to deduce that the thinning operation o
is associative, commutative and distributive with respect to the super-
position of point processes. Having such an operation we can give the

following definition.

Definition 28. A p.p. ® is said to be discrete a-stable or a-stable with
respect to thinning (DaS) if
tVeod +(1-t)V0d" 20  vieo1] (2.8)

where ® and ®” are indipendent copies of .

The next result gives a straightforward characterization of DaS
point processes, showing the strong link occuring between DaS point

processes and StaS random measures.
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Theorem 13. A point process ® is DaS if and only if it is a Cox

process 1l directed by a StaS intensity measure €.

Starting from Theorem [13| and using (1.5 and ({2.6)) we obtain the

following result.

Corollary 1. A point process ® with p.g.fl. G is DaS with o € (0,1]
if and only if

Calh] = exp { - /S<1 —upoldn)}  Yuev(x),  (29)

where o is a boundedly finite spectral measure defined on S and satis-
fying (2.3).

Another important consequence of Theorem [13]is that we can use
the LaPage representation for StaS random measures to obtain an

analogous result for DaS point processes.

Corollary 2. A DaS point process ® with Levy measure A can be

represented as

¢ = ZHMN

Hi €Y

where U is a Poisson process on Mﬁ\{O} with intensity measure A.

2.2.2 Cluster representation with Sibuya point processes

Since every DaS p.p. is a Cox process Il¢ directed by a StaS random

measure &, using ((1.5)) and ([2.4) we obtain
Grglb] = L1~ b =exp { - [

MEN{0}

where A is the Levy measure of £. Using ([1.3)) and (1.6)) we conclude

(1= e 0\ dpr) },

that every DasS p.p. can be represented as a cluster process with cen-

tre process being a Poisson process on ./\/lﬁ with intensity measure A
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and daughter processes being Poisson processes with intensity measure
€ supp(A).
We give now another cluster representation assuming that A is sup-

ported by finite measures.

Definition 29. Let p be a probability measure on X. A Sibuya point
process with exponent o and parameter measure [t 1S a point process

T =7(u) on X such that
Gylh]=1—(1—u,pu)*  VheV(X), (2.10)

where Gy is the p.g.fl. of T. We will denote the distribution of such a
process by Sib(a, ).

From this definition and from ({2.9)) it follows that given a DasS p.p.
® such that A is supported by finite measure it holds

Calh] = exp | /M (Grgolt] ~ Doldn)}  YheV(x),  (211)

1

where Gy, satisfies (2.10]), M is the space of probability measure on
X and o is the spectral measure of A. Together with (|1.3)) and (L.6)) it

implies the following result.

Theorem 14. A DaS point process with Levy measure supported by
finite measure can be represented as a cluster process driven by the
spectral measure o on My and with daughter processes being distributed

as Sib(a, p) with p € supp(o).

Since Sibuya processes are almost surely finite and different from
the zero measure it follows that whether a DaS p.p. is finite or not

depends only from the centre process.

Corollary 3. A DasS p.p. is finite if and only if its spectral measure

o 18 finite and supported by finite measures.
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2.2.3 Regular and singular DaS processes
[terating we obtain
oo @M 4 oo plm 2 g,

where ® is a DasS point process and @) ... &) are independent copies

of it. Therefore DaS processes are infinitely divisible.

Remark 7. We can obtain a KLM representation (equation (1.15)) for
them. From Theorem[13 every DaS process ® is a Cox process driven

by a StaS random measure . Therefore using we have that

Goltl =Lt~ =exp{ = [ (1= el han)

MZ\{0}

which, using the expression for the p.g.fl. of a Poisson p.p. 11, (equa-

tion (1.9)), becomes
expq — / 1 — G, [h]))A(dp) ¢ =
{ iy~ DAL )}
=exp{ — 1-— / eleMAp (dp))A(d
{ /Mﬁ\{o}( NE W (d)) A( M)}

— e1eMOD (dp)A(dp) b =
/M#\{U}/N#\{O} ( )( )}

o= [ polaun}
NFE\{0}
where Q) fM#\{O}P ()A(du). The last expression is the KLM

representation for DaS processes we were looking for.

Starting from the decomposition for infinitely divisible point pro-
cesses given in Theorem [9) we can obtain the following decomposition

for DaS point processes.
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Definition 30. Given a complete separable metric space (c.s.m.s.) X
we define

My = {u e ME\{0}: pu(X) < +oo}

and

My = {u € ME (X)) = +00}.

Theorem 15. A DaS p.p. ® with Levy measure A can be represented

as the sum of two independent DaS processes
O=o, + P,

the first one being reqular and the second one being singular. The first
one is a DaS p.p. with Levy measure being A’Mf = A(-Iy,) and the

second one is a DaS p.p. with Levy measure A!M .

Remark 8. With the decomposition given in Theorem [19 we ve sepa-
rated every DaS process into two components. The reqular one which
can be represented as a Sibuya cluster p.p. with p.g.fl. given by
with spectral measure being O"Ml, and the singular one is not a Sibuya

cluster p.p. and his p.g.fl. is given by with spectral measure being

Ol s\ty
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Chapter 3

F-stability for point processes

In this chapter we extend the discrete stability of point processes to an
operation more general than thinning. We will consider an operation
defined through branching processes and we will characterize stable
point processes with respect to this operation. This has already been
done in the context of random variables, see e.g. Steutel and Van
Harn [4], and random vectors, see e.g. Bouzar [5], but not for point
processes. Following Steutel and Van Harn’s notation we will denote
the “branching" operation by or and the related class of stable point
processes by F-stable processes (the reason to use the letter F will

become clear in the following).

3.1 Some remarks about branching processes

Before proceeding in this chapter we need to clarify which kind of
branching processes we will use and recall some useful properties (com-
plete proofs for this section can be found in the literature regard-
ing branching processes). We will consider a continuous-time Markov
branching process Y (s), with Y(0) = 1 a.s.. Such a branching process
is governed by a family of p.g.f.s F = (Fs)s>0, where Fy is the p.g.f. of
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Y (s) for every s > 0. The transition matrix (pij(s))ijeN of the Markov

process can be obtained by F from the following equation:
> pils)? = {R()}
=0

It is easy to prove that the family F is a composition semigroup, mean-
ing that
Foi(r) = Fs(Ft()) Vs, t > 0. (3.1)

Throughout the whole chapter we will require the branching process
{Y'(-) }ien to be subcritical, which in our case means E[Y'(1)] < 1. We
can also suppose F’(1) = e* without loss of generality (it can be obtain
through a linear transformation of the time coordinate). Moreover we

require the following conditions to hold:

lsig)l Fi(z) = Fy(z) = z, (3.2)
Sli_glo Fy(z)=1. (3.3)

Some reasons for these requirements will be given in Remark [I0] Equa-
tions (3.1) and (3.2]) implies the continuity Fy(z) with respect to s. It
can be also shown that Fy(z) is differentiable with respect to s and thus

we can define

U(z) = %Fs(z)

U () is continuous and we it can be use to obtain the A-function relative

0<2<1.

s=0

to the branching process

A(2) = exp [— /0 ng)dx} 0<z<1, (3.4)

which is a continuous strictly decreasing function such that A(0) =1

and A(1) = 0. Since it holds that
U(Fs(2)) = U(2)F.(z) s>0,0<2<1,

s
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we obtain the first property of A-functions we’re interested in:
A(Fy(2)) =e"A(z)  $>0,0<z<1. (3.5)
Moreover it can proved that

B(z);l—A(z)—sETm% 0<z<1.  (36)

From the last expression we can see that B(-) is a p.g.f. of a Z,-
valued distribution, which is the limit conditional distribution of the
branching process Y'(-) (we condition on the survival of Y(s) and then
we let the time go to infinity). We will call B(-) the B-function of the
process Y (), and the limit conditional distribution Y,,. It is worth
noticing that since both A and B are continuous, strictly monotone,
and surjective functions from [0, 1] to [0, 1] then they are bijective and
they can be inverted obtaining A~! and B~!, which will be continuous,
strictly monotone and bijective functions from [0, 1] to [0, 1].

We give now two examples of branching process where A and B have

known and explicit expressions.

Example 2. Let Y(-) be a continuous-time pure-death process starting

with one indiwvidual, meaning that

1 ifs<Tt
YOS SARE (5.7
0 ifs>71
where T 1s an exponential random variable with parameter 1. The com-
position semigroup F = (Fs)s>0 driving the process Y () is
Fiz)=1—e"+e°z 0<z<1. (3.8)

It is straightforward to see that F = (Fs)s>

previously listed (, , and F!(1) = 6*3). The generator

U(z) and the A-function of Y (s) are given by

0 satisfies the requirements

Ul)=A(z)=1-= 0<z<1, (3.9)
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while the B-function equals the identity function
B(z) =z 0<z<1. (3.10)

Example 3. Let the semigroup F = (Fs)s>0 be defined by

2¢75(1 — z2)

. (1_ps)
2+(1—e)(1—=2

z
=(1- s s
] (L =)+~ s

Fi(z) =1 . (3.11)

where vs = 2¢7°/(3 —€%), ps = 5(1 — ;) and 0 < z < 1. The second
expression for Fy can be recognized as the composition of two p.g.f.s,
P (Py(z)). The first one is the p.g.f. of a binomial distribution with
parameter s

Pi(z) = (1= 7s) + 782,

and the second one the p.g.f. of a geometric distribution with parameter

ps (number of trials to get the first success)

PQ(Z) = Z]Fl——_pi):’)

This implies that Fy is a p.g.f. itself. Using the first and the second
expression for Fy conditions (5.1), (3.9), and F!(1) = e™* can
be easily proved. The functions U, A and B defined on [0,1] have the

following expressions:

1—=2 2z
B(z) = 3.12
. B() (312)

U(z) = %(1 —2)3—=2), A(z)=3

where we can notice that B(-) is the p.g.f. of a geometric(3) distribution

on N.

3.2 F-stability for random variables

We can interpret a Z,-valued random variable X as a point process

on a space X reduced to a single point. Given ¢ € [0, 1] the thinning
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operation works on X as a discrete multiplication. We can express the

thinned process t o X in the following way:

X X
toXEZZi EZK(—ln(t)),
=1 =1

where {Z;},en are independent and identically distributed (i.i.d.) ran-
dom variables with Bernoulli distribution Bin(1,t) and Y;(-) are i.i.d.
pure-death processes starting with one individual (see definition .
We can now think of a more general operation which acts on X by
replacing every unit with a more general branching process then the

pure-death one.

Definition 31. Let {Y;(:)}ien be a sequence of i.i.d. continuous-time
Markov branching processes driven by a semigroup F = (Fs)s>0 satis-
fying the conditions listed in the previous section. Given t € (0,1] and

a Z-valued random variable X (independent of {Yi(-)}ien) we define

tor X = Z}g(—ln(t)). (3.13)

Let P(z) be the p.g.f. of X and P, x(z) be the p.g.f. of tor X. It
follows from (3.13)) and from the independence of the random variables
{Yi(-) ien that

Pio,yx(z) = P(Fy(z)) withs=—-In(t)and0<2z<1. (3.14)

Remark 9. The or operation for random variables includes the thin-
ning one and is more general. In fact if we consider the branching
process driven by the semigroup defined by @ (i.e. the pure-death

process) we obtain
Prosx(2) = P(Fon(2)) = P(1 =@+ eM02) =
ot P(l _t+t2’) = -PtoX<Z),
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which implies that in this case the two operations, or and o, are equiv-
alent. Ezample [J shows that the or operation involves also different

situation from the thinning.
Using equation (3.14)) it is easy to verify the following proposition.

Proposition 12. The branching operation or is associative, commu-

tative and distributive with respect to sum of random variables, i.e.
t10F (tgor X) L (tity) o X L tyor (t1 or X),
tor (X +X)2tor X +tor X",
fort, t1,ts € [0,1] and X, X" independent random variables.

Remark 10. As shown in Steutel and Van Harn (2004), Section V.8,
equations and turn out to be good requirements to have some
“multiplication-like" properties of the operation ox. In particoular
implies (besides the continuity of the semigroup) that limy t or X =
lor X =X and together with F!(1) = e~® implies that, in case
the expectation of X is finite, E[t or X] = tE[X].

Proceeding in the same way as for strict and discrete stability we

can define the notion of F-stability.

Definition 32. A Z, -valued random variable X is said to be F-stable

with exponent o if
teor X' +(1-t)"0r X" 2X  Wteo,1], (3.15)
where X' and X" are independent copies of X.

Let P(z) be the p.g.f. of X. Then (3.15) turns into the following

condition on P(z):

P(2) = P(F_@)/a(2)) - P(F-ma-1/a(2)) 0<z<1. (3.16)
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Remark 11. [terating m times we obtain
m V% r XU+ 4+ m Yooy xm 2 x, (3.17)

where (X(l), ...,X(m)) are independent copies of X. Thus an F-stable
random variable is infinitely divisible. Equation (3.25) can be written
as

P(z) = [P(Famya(2))]”  meN0< 2z <1, (3.18)

where P(z) is the p.g.f. of x. As it is shown in Steutel and Van Harn
(2004), Section V.5, a p.g.f. P(z) satisfies if and only if it

satisfies
P(z) = [P(F_u(2)]"  tel0,1,0<z<1. (3.19)

Moreover equation (or equivalently ) s not only a neces-

sary condition for a distribution to be F-stable but also sufficient. In
fact using the associativity of the operation ox it is easy to show that if
a p.g.f. P(z) satisfies condition then it also satisfies condition
, and thus is F-stable. Therefore we can say that a distribution

1s F-stable if and only if it satisfies .

The following theorem gives a characterization of F-stable distri-

bution through their probability generating functions.

Theorem 16. Let X be a Z -valued random variable and P(z) its p.g.f.,
then X 1s F-stable with exponent o if and only if 0 < a <1 and

P(z) = exp { — cA(2)*} 0<z<1, (3.20)

where A is the A-function associated to the branching process driven by

the semigroup F and ¢ > 0.

Proof. See Steutel and Van Harn (2004), Theorem V.8.6. O
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3.3 F-stability for point processes

3.3.1 Definition and characterization

Let Y(:) be a continuous-time Markov branching process driven by
a semigroup F = (Fj)s>o satisfying conditions described in Section
B.1 We now want to extend the branching operation oz to point
processes. Given a point process ® and ¢ € (0,1], t or ¢ will be a
point process obtained from ® by replacing every point with a bunch
of points located in the same position, where the number of points is
given by an independent copy of Y( — ln(t)). A good way to provide
a formal definition of ¢ o ® is through a cluster structure. We first

define the component processes.

Definition 33. Given a continuous-time Markov branching process
Y () and a point x € X, Y,(s) is the point process having Y (s) points
in x and no points in X\{z}, or equivalently having p.g.fl. defined by

Gy, o[h) = E[h(2)" )] = F(h(x)). (3.21)
We can now define the operation ox for point processes.

Definition 34. Let ® be a point process (p.p.) and t € (0,1]. Then
tor ® is the (independent) cluster point process with center process ®

and component processes {Ym( — ln(t)), x € X}.

Equivalently ¢t o ® can be defined as the p.p. having p.g.fl.
Gto;@[h] =Gy [F, ln(t)(h)]v (322)

where G is the p.g.fl. of &. We are now ready to define the F-stability

for point processes.
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Definition 35. A p.p. ® is F-stable with exponent o (a-stable with

respect to ox) if
Ve or® +(1—t) Y0z ® 20  Vte(0,1], (3.23)
where ®" and ®” are independent copies of P.

Condition (3.23)) can be rewritten in the p.g.fl. form obtaining

Golh] = Go[Foinwa(h)]-Go [Foma—nsa(h)] YVt € (0,1],Vh € V(X).
(3.24)

Iterating this formula m-times as done in Remark [11] we obtain

m Yoz dW 4 pm Yoo pm 2 g, (3.25)

where (CID(I), - (IJ(m)) are independent copies of ®. Therefore an F-

stable point process is infinitely divisible.

Remark 12. The branching operation ox for point processes is a gen-
eralization of the thinning operation. In fact if we take as a branching
process the pure-death process with semigroup F = (Fs)s>0 defined by
equation (@ we obtain

GtO]:(I) [h] — G(I) |:F_ 1H(t)<h)j| = Gq) [1 — eln(t) + eln(t)h] —

Goll —t+th] = Gualh]  Vh e V(X),

which implies that the process t ox ® has the same distribution as the
thinned process to®, meaning that the two operations become equivalent.
Therefore DaS point processes can be seen as a particular case of JF-

stable point processes, obtained by choosing F = (Fs)s>0 as in equation
We prove the following result which gives a characterization of F-

stable point processes.
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Theorem 17. A functional Gg[-] is the p.g.fl. of an F-stable point
process ® with exponent of stability o if and only if there exist a StaS

random measure & such that
Golh| = Le¢ [A(h)} Vh € V(X), (3.26)
where A(z) is the A-function of the branching process driven by F.

Proof. Sufficiency: We suppose . Le¢ [1 — h} as a functional of h is
the p.g.fl. of a Cox point process and the B(z) is the p.g.f. of a random
variable (the limit conditional distribution of the branching process
Y (t). Therefore the functional Gelh] = L¢[A(h)] = L¢[1 — B(h)] is
the p.g.fl. of a (cluster) point process, say ®. We need to prove that
® is F-stable with exponent a. Given ¢ € (0, 1] it holds

Go [F_ln(t)/a(h)} -Gy [F—ln(l—t)/a(h)} =

= L [A(F—lna)/a(h))} - Le [A(F—lnu—t)/a(h))}

= L[t AR)] - Le[(1 — )V A(h)],

for every h € V(X). Since £ is a-stable we can use its spectral repre-

sentation:
e[ Q] = esp{ = [ (@A), otd) } -
—exp{ - /S (A). ) (dm)} = (Le[AM)])"
Therefore

1-t

Le[tYA(R)] - Le[(1 — )Y A(h)] = Le[A(R)]" - Le[A(R)] " =

= L¢[A(h)] = Galh],

and thus ¢ is F-stable with exponent «.
Necessity: We now suppose that ® is F-stable with exponent «. Firstly
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we need to prove that
Lu] = Ge[A™ (u)] (3.27)

is the Laplace functional of a StaS random measure. While the func-
tional L in the left-hand side should be defined on all (bounded) func-
tions with compact supports, the p.g.fl. Gg¢ in the right-hand side
of is well defined just for functions with values on [0, 1] because
A=1:0,1] — [0, 1]. To overcome this difficulty we employ which

can be written as
Golh] = (GalFun(W))"  Vh € V(X),
and define
L[] = (GalFun (A7 ))& (Gala m Vow))" . (3.28)

Since u € BM(X), for sufficiently large m the function A~(m~'/u)
does take values in [0, 1] and equals 1 outside a compact set. Since
holds for all m, it is possible to pass to the limit as m — oo to
see that

Llu] = exp{ — lim m(1 — Gq,[A’l(m’l/o‘u)])}

m—ro0

= exp{ — lim t7%(1 — G(p[A_l(tu)])}.

t—0t

We need the following fact

lim (1 — Go[A " (tu)]) = lim ¢~ *(1 — Gq)[eA’l(tU)—l]) :

t—0+ t—0+

which using the p.g.f. B(z) of the limit conditional distribution can be

also written as

lim ¢~%(1 — Go[l — B~ (tw)]) = lim ¢t (1 — Go[e 2 ®]). (3.29)

t—0t t—0t
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Indeed, for any constant ¢ > 0 and sufficiently small ¢t > 0,
l1—tutg) <e™<1—tlu—yg)

for a function g that vanishes outside of the support of v and otherwise
is bounded by ¢. From B~'(tu) = tu(B~')'(0) + o(t) as t — 0, with
(B71)(0) # 0, it can be obtained, under the same hypotheses for c,t
and g,

Then
Llu—g] < lim t (1 — Go[e ™)) < L[u + g],

t—0+

and the continuity of L yields (3.29). By the Schoenberg theorem
(see [7] Theorem 3.2.2), L is positive definite if limm(l — Gg[l —
B~Y(m~Yu)]) is negative definite, i.e. in view of (3.29)

]ZZI cicjlim (1 — Gole " itwl]) < 0
for all n > 2, uy,...,u, € BM(X) and ¢q,...,c, with > ¢; = 0. In
view of the latter condition, the required negative definiteness follows
from the positve definiteness of Gg.

Thus, Lg[Zletihi] as a function of ¢1,...,¢, > 0 is the Laplace
transform of a random vector. Arguing as in the proof of sufficiency in
Theorem 77, it is easy to check the continuity of L, so that L is indeed
the Laplace functional of a random measure £.

To prove that £ is StaS we consider the case of functions u with values
in [0, 1] to simplify the calculations (the general case can be done with

analogous calculations). Given t € (0, 1] we have

Le[u] = Go[A™H(u)] = Ga [Foin(n) oA (R)]-Ga [Foina-1)/a(A7 (R))]

44



Go[AT'(tVR)] - Ge[ATH (1 —1)/*R)] = Le[t"/*h] - Le[(1 — t)"/*h],
which implies that £ is StasS. O

Corollary 4. A p.p. ® is F-stable with exponent a if and only if it
1s a cluster process with a DaS centre process W on X and component
processes {?x, x € X}. ?z denotes the p.p. having Y., points in x and
no points in X\{x}, where Y, is the conditional limit distribution of

the branching process Y, with p.g.f. given by (3.6]).

Proof. From Theorem [17|and (3.6)) it follows that ® is F-stable if and
only if its p.g.fl. satisfies

Golh] = L¢[1 — B(h)],

where B(-) is the p.g.f. of Y, and ¢ is a StaS random measure. Then
from Theorem |17| and equation (1.5 we obtain

Golh] = Gy [B(h)],

where U is a DaS point process. The result follows from the cluster

representation for p.g.fl. (1.6)). O

Remark 13. These corollary clarify the relationship between JF-stable
and DaS point processes. F-stable processes are an extension of DaS
ones where every point is giwen an additional multiplicity according
to independent copies of a Z. -valued random variable Y, fixed by the
branching process which is being considered. We notice that when the
branching operation reduces to the thinning operation the random vari-
able Y, reduces to a deterministic variable equal to 1 (see Example @)
This implies that the cluster process described in Corollary[] reduces to

the DasS centre process itself.
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Corollary 5. Let o € (0,1]. A p.p. ® is F-stable with exponent o if

and only if its p.g.fl. can be written as

Gold =exp{ = [ (1= B, wro@w)}.  (330)
S
where o s a locally finite spectral measure on S satysfying

Proof. This result is a straightforward consequence of Theorems|11{and
17 In fact if ® is an F-stable point process with stability exponent «
thanks to Theorem [I7] there exist a StaS random measure { such that

Golh] = LeJA(h)]  heV(X).

Then follows from spectral representation . Conversely if
we have a locally finite spectral measure o on S satisfying and
a € (0,1] then o is the spectral measure of a StaS random measure
&, whose Laplace functional is given by . Therefore (3.30) can be

written as

Go[h] = L¢[1 — B(h)],

which, by Theorem [I7) implies the F-stability of ®. O

3.3.2 Sibuya representation for F-stable point processes

Thanks to Theorem |17 every F-stable point process (p.p.) is uniquely
associated to a StaS random measure and thus to a Levy measure
A and a spectral measure o. Corollary [5| enlightens the relationship
between an F-stable p.p. ® and the associated spectral measure o. If
we consider the case of F-stable processes associated to Levy measures
A supported by finite measures, representation becomes

Golh] =exp{— [ (1= B(h), )0 (dp)} Vh e V(X), (3.31)

My
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where M is the space of probability measures on X'. Using the defini-
tion of Sibuya point processes (see equation (2.10])) we can rewrite this
equation as

Golh] =exp{ — [ 1—(1—(1—=B(h),m)*)o(du)} =

Y (3.32)

=exp{ — [ (1= Gr[BW])oldun)}  VheV(X),

My
where YT(u) denotes a point process following a Sibuya distribution
with parameters («, 1). We notice that, since B(:) is the p.g.f. of the
distribution Y., (see ), Gr(w[B(h)] is the p.g.fl. of the point pro-
cesses obtained from a Sib(«, 1) by giving to every point a multiplicity
according to independent copies of Y,,. Therefore we can generalize

Theorem [14] in the following way.

Theorem 18. An F-stable point process with Levy measure A sup-
ported only by finite measures can be represented as a cluster pro-
cess with centre process being a Poisson process on My driven by the
spectral measure o and daughter processes having p.g.fl. Gy [B(h)],
where Y(u) are Sib(a, ) distributed point processes and B(-) is the
B-function of the branching process driven by F.

3.3.3 Regular and singular F-stable processes

We can extend the decomposition in regular and singular components

for DaS processes (see Theorem to F-stable processes.

Theorem 19. An F-stable p.p. ® with Levy measure A can be repre-

sented as the sum of two independent F-stable point processes
b=, + D,
where ®,. is reqular and P, singular. P, is an F-stable p.p. with Levy
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measure being Ale = A(Ing;) and @, is a DaS p.p. with Levy measure

A

Moo

Remark 14. In an analogous way to the StaS case (see Remark @)

the reqular component of ®, that we call ®,, can be represented as a

Stbuya cluster p.p. with p.g.fl. given by

Golh] = exp{ - (1 — Gy [B(h)])‘}(dﬂ)} Vh € V(X),
My
with spectral measure 6 = 0|M1, where o is the spectral measure of ®.
On the other hand the singular component ®4 is not a Sibuya cluster

p.p., and his p.g.fl. can be represented by (@/ with spectral measure

being O"S\Ml .
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Chapter 4

Definition of the general

branching stability

4.1 Markov branching processes on Ng»

In this section we follow Asmussen and Hering treatment in [8], Chapter

V.

4.1.1 Definition

Let (U7)i>0,0enzn be astochastic process on (NRn, B(NRn)) wheret > 0
is the time parameter and ¢ € Ny~ is the starting configuration. We
require (U7)is0,0enqn t0 be a time-homogeneous Markov branching pro-
cess, meaning that, if we denote by (P(¢, -))i>0,0enpn the probability
distribution of WY, given ¢, s > 0 we have
Pese A) = [P0 A)R(p.d0)
Nrn
In this framework it can be shown (see [§], Chapter V, section 1) that

the following two conditions are equivalent.
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Condition 1.

No immigration : P,(0,{0}) =1 Vt > 0;

k
Independent branching : Voo € Ngn, po = Z 0y, with z; € R"

=1

Pt(SOOa {(10 € NR” : QP(AJ) = njaj = ]-7 am}) =

k
= Z HPt((SIM{QOGNR” :W(Aj):njmjzlﬁ“wm})'

{njy +..Anj, =n;, Vj=1,.m} i=1

Condition 2. Let G;,[-| be the p.g.fl. of V7. Then
Grolh] = GGy, [R]] Vh € BC(R"), Vt >0, Vo € Ngn. (4.1)

Definition 36. A Markov branching process on Ngn is a (time-homogeneous)
Markov process on (NRn,B(NRn)) which satisfies the two equivalent

conditions above.

4.1.2 Construction

Given the definition of Markov branching processes on Ng» (which are
sometimes called branching particle systems) we ask ourselves if such
processes exist and how they can be constructed. For our purposes it’s
enough to give the main ideas on how such processes can be obtained
and then provide some references where details can be found.

We follow the construction given by [8], Chapter V. Firstly we add
two points, {0, A}, to R™ making a two point compactification R™ :=
R™ U {9,A}. The intuitive meaning of 9 and A will be clear in a

few lines. Let (X (t)) be a strong Markov process on R™, right

>0
continuous with left limit. Let its transition semigroup be denoted by
Qi(z, B), where t > 0, z € R™ and B € B(R™). 0 and A work as

traps for the process (X (t)) ie.

>0 1.

Qu(0,{0}) =1 and Qi(A,{A}) =1 Vi > 0.
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Let us define a kernel F(x, A)
F:R" x B(Ng») — [0, 1],

such that for every z € R™ F(z, ) is a probability measure on (Ngn, B(Ngn))
and for every A € B(Ngn) F(-, A) is B(R™)-measurable.
A Markov branching process (¥f);~0.0enp. can be defined in the fol-

lowing way:

1. every particle moves independently according to the transition

semigroup of (X(t))t>0, Q:(x, B);
2. if a particle hits 0 it dies out;

3. if a particle hits A it branches: if the hitting time was T" the par-
ticle is replaced by an offspring according to F'(X(7),-), where
X(T~) represents the left limit of X (¢) as ¢t 1 7. Branching op-

erations of different particle are independent.

Asmussen and Hering in [§] show that such processes are well defined
and are indeed Markov branching processes on Ng» (they work with
more general space then R™). They do not prove that every Markov
branching processes on Ng» can be represented in this way. A result of
that type is given in [9],[10] and [I1]: given a compact metrizable space
X every Markov branching process on Ny which is an Hunt process
with reference-measure admits a representation as the one shown above

(with diffusion (X(t)),., and branching given by the kernel F(z, A)).

>0
Another classical way of constructing Markov branching processes on
Nrr doesn’t use the two-point compactification as above, and particles’
life-times are distributed according to exponential distributions (see

[12] section 3.2 for details).
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4.2 The general branching operation for point pro-

cesses

Let us consider a finite configuration of points in R, which we represent
as a finite counting measure on R", ¢ € Ng«. In this section we want to
define a stochastic “multiplication" of ¢ for a real number. We denote
such an operation with the symbol o and we define it for the couples
(t,) € (0,1] x Ngn. Although ¢ is deterministic ¢ o ¢ is a stochastic
point process on R™. This operation can be viewed as acting on the
probability distributions on Ng» so that:

Groalh] = Giop|h|Pa(dyp) Vh € BC(R"), (4.2)

Ngn

where ® is any finite p.p. on R”, Pg its probability distribution and
Giop and Gyo, the p.gfls of t o @ and ¢ o ¢ respectively.

Definition 37. Let o be an operation defined on the couples (t, D),
where t € (0,1] and ® is a finite p.p. on R™, such that the outcome
to® is a finite p.p. on R™. Let o satisfy ([4.2)). Such an operation is a
(general) branching operation if it satisfies the following three require-

ments:

1. Associativity with respect to superposition: ¥ ¢ € N(R™) and V
t1,t9 € (0,1]

Giro(tz00) [N = Gtata)oplh] = Gao(tiop) 1] Vh € BC(R");
(4.3)

2. Distributivity with respect to superposition: ¥ o1, ps € N (R™) and
Vte(0,1]

Go(pr+¢2) 1] = Grop, [N Grop, [h], Vh € BC(R"); (4.4)
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3. Continuity: ¥ ¢ € N(R")

top — ¢ t11, (4.5)
where — denotes the weak convergence of measure.

The reason to call these operations “branching operation" is that
there is a bijection between them and right-continuous Markov branch-

ing processes on N (R™), as it is proved in Theorem [13]

Remark 15. Using (4.2) it is easy to prove that the three conditions
that characterize (general) branching operations are equivalent to the

followings:

1°. Associativity with respect to superposition: for every finite p.p.

on R™ ® and V t1,ts € (0, 1]
tho(tgofb) [h] - G(tltg)o‘b [h] = GtQO(th(b) [h] Vh e BC(R”)’

2’ Distributivity with respect to superposition: ¥ t € (0,1] and for
every couple of finite independent p.p.s on R™ ®; and P,

Gto(q>1+q>2)[h] == Gtoq>1 [h]Gtoq)2 [h], Vh c BC(Rn>
3. Continuity: for every finite p.p. on R™ ® and for every ty € (0, 1]

tod = d  t1t, (4.6)

where — denotes the weak convergence of measure.

Example 4. The simplest non trivial example of such a multiplication

s thinning. Also the F-operation described in chapter 3 satisfies the

requirements above.
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Proposition 13. Let o be an operation acting on point processes and
satisfying (4.2). Then o is a general branching operation if and only if
there exists a right continuous Markov branching process on (NRn, B (NRn)),

(\I[:‘,P>t>0,<p€./\/‘mn Such tha/t
Ul top  Vie[0,400), ¢ € N(RY). (4.7)
Proof. Necessity: Give a general branching operation o we denote the

probability distribution of e fop by Pi(¢, ). We want (P;(¢p, -))t>0 o Nan

to be the transition probability functions of a Markov branching process
on Ngn. Therefore we need to prove Chapman-Kolmogorov equations.
Since o is defined on Nk~ and then extended to point processes (see

(4.2))) for every finite point process ® and ¢ > 0 we have that

Pritode A} = /N P, A)Po(de) YA€ B(Nan),  (4.8)

wn
where Pg(-) is the probability distribution of ®. Using this equation
we obtain that given t;,t; > 0 and ¢ € N« the distribution of e™2 o
(e 0 ) is given by
Prico(e oy) € A} = /N P (0, APy (g, dib) WA € B(Nan).
From the associativity of o we k]l:ow that
eofeop) 2 (e ) 0p,

from which Chapman-Kolmogorov equations follow

/N P (6, A)Pyy (0. d) = Pony(n A) VA € B(Nan).

We denote the Markov process on Ng» associated to (Pt(cp, -))t>0 PN

by U¢ and its p.g.fl. by G;,[-]. The independent branching property
of U7 (see (4.1))) follows from the distributivity of o. In fact using the
definition of P(¢,-) and the distributivity of o we obtain

Griolh] = Gertog[h] = Gy [Gerton. 1] = Gy [Gerron, [M] = Gy [Grs. [1].
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From the left continuity of o it follows immediately that W, , is right
continuous in the weak topology.

Sufficiency: Let (U] )1~ penpn be @ Markov branching process on Ngn.
We consider the operation o induced by , ie.

top2we (4.9)

)
We start proving associativity of o, which means that V ¢ € Nr» and
Y ty,ty € (0,1]
D
t1 0 (ta 0 ) = (t1t2) o . (4.10)

Using (4.9) and (4.2)) we obtain that the distribution of ¢; o (5 0 ¢) is

PT’(tl o (tQOQO) c A) = / Pflntl (1/}, A)PflntQ(QO, dw> \V/A c B(NRn),
N]Rn

where P;(ip,-) is the distribution of ¥f. Using Chapman-Kolmogorov

equations the right hand side of the equation becomes Py, (¢, A)

and therefore associativity (i.e. (4.10])) holds. We prove distributivity.

Using the definition of o and the independent branching property of

U7 it follows

1.9) (4.1) n
Gt0(<p1+<p2)[h] ! G- Int,p1+p2 [h] ! th1+902 [Gflnt,éz [hH Vh € BC<R )
Since 7 and 9 are deterministic measure they’re independent and so

G<P1+<,02 [Gt05x [hH = G<P1 [Gto&c [h” Gsoz [Gt05x [hH = Gtocﬂl [h] Gtom [h]

From the last two equations distributivity of o follows. Finally the
continuity of o follows immediately from the definition of o (see (4.9))

and the right continuity of ¥} € Ngn. O
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4.3 Two simple examples of general branching op-

erations

As shown before every general branching operation for point processes
corresponds to a general Markov branching process in Ng~. Such pro-
cesses are basically made of two components: a diffusion one and a
branching one (see . We present here two examples of these pro-

cesses and of the induced branching operation on point processes.

4.3.1 Simple diffusion

The first case we consider is the one in which there is only diffusion
and no branching. Let X (¢) be a strong Markov process on R™, right
continuous with left limits. We can associate to X a diffusion process
(Wt o )t0,0enan: Starting from a point configuration ¢ every particle
moves according to an independent copy of X (t). We denote by o, the
branching operation associated through (£.7). o, acts on a finite point
process ® by shifting every point x; by Xi( — ln(t)), where (X;);en are
independent copies of X. We denote by f; the density function of the
distribution of X( — ln(t)). Then, given a p.p. ® with p.gfl. Gg[h],
the p.g.fl. of t oy ® is

Giroga[h] H h(x:)] H h(wi + Xi(—In(t)))] =

E[]] hla: + Xi(=In(t)))|@]] = H E[h(z; + Xi(—In(t)))]] =
= B[] fixhz:)] = Galfi 1.

4.3.2 Thinning with diffusion

The second case of general Markov branching process that we consider

is the following: every particle moves independently according to X (t),

o6



a strong Markov process on R” right continuous with left limits, and
after exponential time it dies. We call this operation thinning with
diffusion and denote it by o,y. This operation acts on a point process
® as the composition of the thinning and the diffusion operation (the

order in which the operations are applied is not relevant, see Remark

. We give the following definition.

Definition 38. Let X (t) be a strong Markov process on R™ right con-
tinuous with left limits. Let f; denotes the density function of the distri-
bution ofX( - ln(t)). We denote the thinning with diffusion operation
associated to X (t) by oy. Given a finite p.p. on R™ ®, the process
t oyq P is defined through its p.g.fi.:

Giroylh] = Ga[l =t +t(fixh)]  Vh € BO(R"), (4.11)
where Gg is the p.g.fl. of ®.

Remark 16. The density function f; has mass 1, therefore 1 —t+t( f*
h) = fy % (1 —t+th). This means that for every finite point process ®
on R™

tou®Ztoy (to D) gto(todfb),
where o denotes thinning and o4 the diffusion operation described in
subsection[4.3.1 This means that thinning with diffusion is the compo-
sition of the thinning and the diffusion operation where the order with

which these two operations are applied is not relevant.

4.4 Notion of stability for subcritical general branch-

ing operations

Let o be a general branching operation for point processes associated

to a Markov branching process on Ng» ¥7. U7 is obtained from o as
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shown in Theorem [I3, We say that the operation o is subcritical in the
case it is associated to a subcritical branching process ¥y (meaning that

the mean number of particle is decreasing, i.e. E[¥7(R™)] < p(R"™).

Proposition 14. Let o be a subcritical branching operation for point
processes. Let ® be a finite point process on a c.s.m.s. X and (1), ..., &™)
independent copies of it. ® is called (strictly) stable with respect to o

if it holds one of the following equivalent conditions:

1. ¥ neN3Ie¢, €(0,1] such that
® 2,0 (@0 + .+ o)

2.V A>03te|0,1] such that

Calh] = (Grealh])™
3. 3 a >0 such thatVn eN

2 (nw)o (dW 4 .. 4 &) (4.12)

4. 3 a>0 such that ¥V t € [0,1]

Galh] = (Groalh])"

5. 3 a >0 such that V t € [0,1]

1iS]

tVeodW 4 (1 -0 d® = o (4.13)

Proof. 4) = 2) = 1) are obvious implications. If we prove 1)=-4) then
1),2) and 4) are equivalent.

1)=4) : Ym,n € N using distributivity and associativity we get
dZc,0@W 4 . +0M)E
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2 0,0 (em 0 (@D + .+ O™ 4 g 0 (@I 4y plrm)y) 2
2 (cnCm) 0 (W 4 . 4+ @m)y,
which implies that
Cnm = CnCm. (414)

Given n,m € N since we are considering the subcritical case we have
n>m=c, < Cp. (4.15)

We then define a function ¢ : [1, +00) NQ — (0, 1]. For every 1 < m <

n<4oo, mnéeN
Cn

c<—> = (4.16)

Cm

The function ¢ is well defined because of (4.14) and has value in (0, 1]
because of (4.15]).

Using associativity, distributivity and hypothesis 1)

Iz
3z

(Ganealt) ™ = (@ quirs, ) )

3=

= ((CensalB)™) " = (Geronlh))" = Galh].
Therefore
Golh] = (Geapalh])” Vz € [1,400) NQ. (4.17)

We want to extend this relationship for z € [1,4+00) N R. Firstly
we notice that from (4.15) and (4.16) we obtain that ¢ is a strictly
decreasing function. Therefore we can define a function ¢ : [1, +00) —

(0, 1] in the following way

é(x) == inf{c(y)| y € [1,2) NQ}.

Since é(z) = ¢(x) for every z € [1,400) NQ we will call both functions

c. It is easy to see from (4.14) and (4.15)), taking limits over rational
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numbers, that c(zy) = c(x)c(y) for every x,y € [1,4+00). The only
monotone functions ¢ from [1,400) to (0, 1] such that ¢(0) = 1 and
c(zy) = c(x)e(y) for every z,y € [1,4+00) have the following form
c(x) = 2" with r € R. Since our function is decreasing then r < 0. We
fix r:= —i with a > 0 exponent of stability.

Let {zy}nen C [1,+00) N Q be such that =, | z as n — +oo, and
therefore z, g T z=% as n — 400. Since o is left-continuous in the
weak topology it holds

1

_1
In*0oP —=~x 20d n — 400,

where — denotes the weak convergence. From (4.17) we have

8l

(Golh))* = lim G yoelh] = lim G _1 [h].

n—+oo n—4+o0o xz, *od

If we have a sequence of point processes {, }nen such that their p.g.fl.,
Gn[h], converge pointwise to a functional G[h| such that G[h] — 1 for
every h T 1, then there exist a random measure p such that pu, — p
and GJh] is the p.g.fl. of u (see Exercise 5.1 in Kallenberg (1983)).
Since Gglh] T 1 as h 1 1 then also (G@[h])% 1T 1as h 11, and thus
(ch[h])% is the p.g.fl. of z7a o ®.

4) = 3) = 1) are obvious implications and so also 3) is equivalent to
1),2) and 4).

4)=5): Let x,y € [1,+00). Then because of 4)

_1 : _1 — _1 _1
(z+y) Yok (r+y) *o0d (z+y) ao¢+(z+y) < od!
x Y x Y

where @' is an independent copy of ®. From the arbitrariness of z,y €

[1,400) follows the thesis.
5)=3): (4.12)) is obviously true for n = 1. We suppose (4.12)) true for
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n — 1 and we prove it for n. Putting ¢ = % in (4.13) we obtain

n— 1)% OCI)”7

|iS]

Q=

)

n-

1
o¢'+(1——)§o¢)"2n_ioq>'—l—(
n n

and using (4.12) for n — 1

1 - ]_ 1 1 - 1 1 1
n~dod +(L ) d0d” 2 aod + (1 )Eo<(n—l)*ao(q><1)+,,,+q)("*1))>,
n n
which is exactly (4.12)) for n. O
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Future perspectives

The natural continuation of this work is to study and try to characterize
stable point processes with respect to the general branching operation
described in the fourth chapter. We are working on this problem and
we are hopeful to succeed. We already obtained some results in the case
branching operations made by a diffusion and a thinning components.
In this case stable point processes admit a Cox representation similar
to the one given for DasS p.p. in Chapter 2 (Theorem . We are now
trying to understand how to deal with the case of a general branching
(i.e. when the particle branches it is replaced by particles on different
locations). The first aspect that could be worth exploring is the role of
the limit conditional distribution of the branching process (Y in the

notation of Chapter 3) in this general case.
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