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Optimal Control of a SNAIL-resonator
NILS NERPIN
Department of Microtechnology and Nanoscience
Chalmers University of Technology

Abstract
In recent experiments done at Chalmers, universal control of a bosonic mode was
demonstrated for a superconducting cavity terminated by a Superconducting Nonlin-
ear Asymmetric Inductive eLement (SNAIL), while simultaneously cancelling Kerr
effects by applying an external magnetic flux to the SNAIL. The universal control
was demonstrated by generating a cubic phase state; however, generating other in-
teresting non-Gaussian states remains a non-trivial issue. The aim of this work is
to perform optimal control on the SNAIL-resonator. Due to the large Hilbert space
of the system and its fast time dependence, an effective Hamiltonian is derived from
the previously known full Hamiltonian in the regime of resonant driving, which sig-
nificantly speeds up the optimization process. The drives of the system are then
optimized to reach a target cubic phase state, both by simply tuning the amplitudes
and phases of the pulses used in the Chalmers experiment and by pulse shaping
optimization. Then, optimal control is used to generate two-photon cat states. The
results are analyzed in terms of the fidelity to target states and its susceptibility to
circuit parameter deviations. Finally, the potential for using optimal control to find
experimentally viable methods of generating non-Gaussian states is discussed.

Keywords: Quantum computing, bosonic modes, universal control, superconducting,
effective Hamiltonian, optimal control.
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Ĥe� ;1 (left) and ĤN =6 (right) with initial state (j0i + j2i )=
p

2, in a
Hilbert space truncated atNdim = 100. . . . . . . . . . . . . . . . . . 40

xiv



List of Tables

4.1 Circuit parameters used in all of the following simulations. The same
circuit parameters are given in Eriksson et al. [13]. Since~ = 2e =
1 is used, the SNAIL-resonator impedance is also given in units of
Rq = ~=(2e)2 ' 1027 
 . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

xv



List of Tables

xvi



1
Introduction

The purpose of a quantum computer is to harness the intrinsic properties of quantum
mechanics to solve problems that are ine�cient to solve on classical computers.
Today, there are multiple proposed platforms for building such computers, such
as trapped ions [1] and quantum dot spin systems [2]. Another method is to use
macroscopic quantum mechanical e�ects in superconducting circuits [3], which is
considered in this work.
The most common approach to this is coupling multiple superconducting qubits,
where the information is encoded in each qubit as a superposition of a two-level
system [4]. An alternative approach is to encode the information in bosonic modes
instead [5], [6], also referred to as Continuous Variable (CV) quantum computing.
Here, the quantum information can be protected against errors by making use of
the large Hilbert space [7], [8]. In superconducting circuits, universal control of
this mode can be achieved by dispersively coupling a cavity to a qubit [9]�[11].
However, the �delity of operations is limited, as the setup inherently comes with a
Kerr nonlinearity [12].
Recently, universal control of a bosonic mode was demonstrated experimentally in
[13] after being theoretically proposed in [14]. This was done by terminating a
�= 4 resonator with a Superconducting Nonlinear Asymmetric Inductive eLement
(SNAIL) [15], and then controlling the mode by driving the resonator through a
transmission line and tuning the SNAIL through a �ux pump. This tuning allows
for canceling Kerr e�ects by applying a static, external magnetic �ux. Notably, the
architecture was used to generate a cubic phase state, with an estimated �delity to
the closest pure cubic phase state of92%. Generating higher �delity cubic phase
states is yet to be achieved. Generating other non-Gaussian states, such as Cat
states [16] is of great interest due to their promises of being used for fault-tolerant
quantum computation [17], [18]. Due to the universal control of a bosonic mode, one
should expect that generating such states with this architecture could be possible.
Cat states have been experimentally achieved with a SNAIL-resonator [19], [20],
by combining the intrinsic Kerr e�ect of the SNAIL and two-photon driving [21].
However, the universal control in [13] was demonstrated while canceling out the
intrinsic Kerr e�ect, which yields the question of how cat states can be generated in
this regime by creating a driven Kerr e�ect.
Quantum optimal control has over the last few decades become an increasingly
common and successful approach to manipulate quantum dynamical processes [22],
[23]. This success has been led by the development of multiple optimal control
algorithms, most notably the GRadient Ascent Pulse Engineering (GRAPE) [24]
and Chopped RAndom Basis (CRAB) [25]�[28] algorithms. These methods are in
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1. Introduction

general based on �nding the controls of a system that generate a desired target
quantum state by means of optimization, often by shaping external electromagnetic
�elds applied to the system. Due to the lack of methods to generate other non-
Gaussian states in the SNAIL-resonator, the question arises if it is possible to achieve
this by means of optimal control.

1.1 Aim

The primary aim of this project is to develop an e�ective way to simulate the time
evolution of the SNAIL-resonator system described above, and subsequently �nd
experimentally feasible methods of controlling the system to generate non-Gaussian
states, such as cubic phase states and cat states.
The SNAIL consists of an array of Josephson Junctions (JJs) in parallel with one
smaller JJ. By piercing the loop with a static magnetic �ux, one can cancel the
inherent Kerr e�ect of the SNAIL. This, along with universal control when coupled
to a resonator, theoretically allows for generating arbitrary states within a small
Kerr-free region in phase space.
For the e�ective simulation of the system, the aim is to construct an e�ective Hamil-
tonian that emulates the dynamics of the full Hamiltonian. By constructing an ef-
fective Hamiltonian, one can simplify the complex algebraic structure of the system
while also eliminating its fast time dependence. This allows for enhanced physical
insight while signi�cantly reducing the computational cost of simulating the time
evolution of the SNAIL-resonator.
For the controls of the system, the aim is to develop optimal control methods that
�nd the optimal �ux and charge pulses applied to the system to generate a target
state. These optimal control methods require using an e�ective Hamiltonian, as the
time evolution of the system must be simulated at each optimization step, resulting
in the use of the full Hamiltonian being highly ine�ective.
The optimal control methods will then be used with the aim of generating cubic
phase states and cat states. The SNAIL-resonator has previously been used to
achieve cubic phase states in experiment [13], and is comparatively easy to achieve
due to the nature of the Hamiltonian. Achieving a cubic phase state by means of
optimal control serves as a way of demonstrating and evaluating the performance
of the optimal control methods. Achieving cat states should not be as easy as the
cubic phase states, as there is no obvious way of controlling the Hamiltonian to do
so. Hence, using optimal control for this would showcase that it is useful to achieve
non-Gaussian states in the SNAIL-resonator for which a method of doing so was
previously unknown.

1.2 Continuous Variable Quantum States

Bosons characteristically obey bosonic commutation relations
h
â; ây

i
= 1, for the

creation and annihilation operatorŝay and â. It is often useful to describe the state
of a bosonic system by the Fock space, de�ned as the eigenspace of the number

2



1. Introduction

operator âyâ
âyâ jni = n jni ; n = 0; 1; 2; :::: (1.1)

The commutation relation along with (1.1) inherently gives the following relations
for the creation and annihilation operators acting on the Fock space

ây jni =
p

n + 1 jn + 1i ; â jni =
p

n jn � 1i : (1.2)

From this, one can see that

jni =
âyn

p
n!

j0i ; (1.3)

where j0i is the vacuum state,â j0i = 0. This, along with normalisation h0j0i = 1,
shows that the Fock states are orthonormal

hmjni =
1

p
m!n!

h0j âm âyn j0i = � m;n ; (1.4)

sinceh0j âm âyn = 0 if n > m , âm âyn j0i = 0 if m > n , and âm âyn j0i =
p

m!n! j0i if
m = n. All bosonic states can thus be described as

j i =
1X

n=0

cn jni ;
1X

n=0

jcn j2 = 1; (1.5)

wheref cng1
n=0 are complex valued probability amplitudes.

The Fock space is particularly useful to describe states that are superpositions of
relatively few Fock states, e.g.j i = ( j1i + j3i )=

p
2, as this gives concise and easy-

to-work with expressions. There are, however, many cases in which the Fock space
does not give nice expressions, one example being coherent states, de�ned as the
unique eigenstates of the annihilation operator,̂a j� i = � j� i ; � 2 C. In Fock space
this becomes

j� i = e� j � j 2

2

1X

n=0

� n

p
n!

jni : (1.6)

However, these states are much easier to comprehend in phase space.

1.2.1 Phase Space

By using (1.2), one can notice that the coherent state in (1.6) can be rewritten as

j� i = e� j � j 2

2 e� ây
j0i = e� j � j 2

2 e� ây
e� � � â j0i : (1.7)

Using the Baker-Campbell-Hausdor� formula, this can be rewritten as a unitary
operation acting on the vacuum

j� i = e� ây � � � â j0i � D̂ (� ) j0i ; (1.8)

whereD̂ (� ) = exp
n
� ây � � � â

o
is called the displacement operator.

3



1. Introduction

By deconstructing the annihilation and creation operators into position and con-
jugate momentum operatorsx̂ and p̂ obeying a canonical commutation relation
[x̂; p̂] = i~ as

x̂ = xzpf (ây + â); (1.9)

p̂ = ipzpf (ây � â); (1.10)

with xzpf pzpf = ~=2 and zpf standing for zero-point-�uctuations, the displacement
operator can be rewritten as

D̂ (� ) = exp

(

i

 
Imf � g
xzpf

x̂ �
Ref � g

pzpf
p̂

!)

: (1.11)

One can also notice that the expectation values of the position and momentum
operators are given by

ĥxi � = 2 Ref � gxzpf ; (1.12)

ĥpi � = 2 Im f � gpzpf : (1.13)

Hence the expected position and momentum are proportional to the real and imag-
inary parts of � respectively. With this remark, one can de�ne position and mo-
mentum coordinates

~x = Ref � g =
ĥxi �

2xzpf
; ~p = Im f � g =

ĥpi �

2pzpf
: (1.14)

Any coherent state can thus be written as

j� i = j~x + i ~pi = exp

(

i

 

~p
x̂

xzpf
� ~x

p̂
pzpf

!)

j0i : (1.15)

Similarly to classical particles, one sees that coherent states have a natural represen-
tation in phase space. However, in contrast to a classical particle, a coherent state
can not be de�ned by a single point in phase space, as it is subject to the Heisenberg
uncertainty principle, which in this case is

� x � p = xzpf pzpf =
~
2

; (1.16)

where � � =
q

h�̂ 2i � h �̂ i 2. Notice that the inequality is exact for coherent states.
However, for arbitrary states� x � p � ~=2. This creates a desire to represent states
by a joint probability distribution in phase space. That is however not possible due
to x̂ and p̂ not commuting [29]. Instead one can use the Wigner distribution for a
pure state

W(~x; ~p) =
1

2� ~

Z 1

�1
 � (~x + s=2) (~x � s=2)ei ~ps=~ds; (1.17)

where (~x) = h~xj i , which is a quasiprobability distribution as it is not positive for
arbitrary  . Notably, integration over momentum gives

Z 1

�1
W(~x; ~p)d~p = j (~x)j2; (1.18)

4



1. Introduction

whereas Fourier transforming the distribution and integrating over position gives a
corresponding expression in the momentum basis. In Fig. 1.1 the Wigner distribu-
tions for a coherent state with� = 1 � 0:8i and a Fock state withn = 3 are shown
for example. Notice that the Wigner distribution is negative for the Fock state in
some parts of phase space.

Figure 1.1: Wigner distributions for the coherent statej1 � 0:8i i and the Fock
state j3i .

1.2.2 Squeezed States

Another important kind of state is the squeezed coherent state. Whereas for normal
coherent states, the uncertainty is given by� x = xzpf ; � p = pzpf , it is possible
to squeeze the state so that it is more uncertain in either position or momentum
and less in the other. A squeezed coherent statej�; � i is de�ned by the squeezing
operator Ŝ(� )

j�; � i � Ŝ(� ) j� i � exp
� 1

2

�
� � â2 � � ây2

� �

j� i ; (1.19)

for � 2 C. Notice that Ŝ is unitary, Ŝ(� )Ŝ(� )y = Ŝ(� )Ŝ(� � ) = 1 . To explicitly
see how the uncertainty changes with the squeezing parameter� , one can look at
the standard deviation of the position and momentum� x ; � p. To do this, it is �rst
useful to calculate the transformations

Ŝ(� � )âŜ(� ) = âcoshr � âyei� sinhr; (1.20a)

Ŝ(� � )âyŜ(� ) = ây coshr � âei� sinhr; (1.20b)

where� = rei� . This gives the following composite transformations

Ŝ(� � )( ây + â)Ŝ(� ) = ( ây + â)(coshr � ei� sinhr ) (1.21a)

Ŝ(� � )( ây � â)Ŝ(� ) = ( ây � â)(coshr + ei� sinhr ): (1.21b)

5



1. Introduction

Using this along with the unitarity of the squeezing operator one can calculate the
standard deviation of position

� x = xzpf

q
h� j Ŝ(� � )( ây + â)2Ŝ(� ) j� i � h � j Ŝ(� � )( ây + â)Ŝ(� ) j� i 2

= xzpf (coshr � ei� sinhr )
q

(� + � � )2 + 1 � (� + � � )2

= xzpf (coshr � ei� sinhr ): (1.22)

Similarly, one �nds the standard deviation of momentum

� p = pzpf (coshr + ei� sinhr ): (1.23)

Assuming that the squeezing parameter is real, i.e.� = 0, the uncertainty relations
become

� x = xzpf e� r ; � p = pzpf er : (1.24)

From this, it is clear that a positive squeezing parameter exponentially decreases
the uncertainty in position while increasing it in momentum, and vice versa.
Apart from the states mentioned above, three more states will be explicitly con-
sidered in this work, namely trisqueezed states, cubic phase states, and cat states.
Trisqueezed statesj� i ; � 2 C are de�ned as

j� i � T̂s(� ) j0i � exp
n
� ây3 � � � â3

o
j0i : (1.25)

Cubic phase statesj�; � i ; � 2 R are de�ned as

j�; � i � Ĉ(� )Ŝ(� ) j0i ; Ĉ(� ) � exp

8
<

:
i�

 
ây + â

p
2

! 3
9
=

;
: (1.26)

Lastly, cat states are usually de�ned as the equal superposition of opposite phase
coherent states. In this work, the cat states considered will be of the form

N (j� i + j� � i ); � 2 C; (1.27)

with a normalization constant N . From (1.6) one can easily �nd that

N =
1

q
2(1 + e� 2j� j2 )

: (1.28)

The Wigner functions of squeezed, trisqueezed, cubic phase, and cat states are shown
in Figure 1.2.

6



1. Introduction

Figure 1.2: Wigner functions of squeezed (top left), trisqueezed (top right), cubic
phase (bottom left) and cat (bottom right) states.
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2
Theory

This chapter aims to give the theoretical background for this thesis to an extent
which is necessary to understand the following chapters. The reader is assumed to
have a basic understanding of quantum mechanics and undergraduate-level mathe-
matics.
First, the formalism for deriving quantum Hamiltonians for superconducting cir-
cuits is described in Section 2.1 and methods for deriving e�ective Hamiltonians in
Section 2.2. Lastly, the system used in this work is described in Section 2.3.

2.1 Circuit Quantum Electrodynamics

Circuit Quantum Electrodynamics (cQED) is a framework developed to quantize the
electromagnetic �eld of superconducting circuits in the microwave frequency domain
[30]. This allows for studying the non-linear quantum e�ects of such circuits. In
the following, cQED is brie�y explained to the extent necessary to understand the
SNAIL-resonator circuit considered in this work. For more detail, see e.g. [31].

2.1.1 Circuit Elements

With the goal of deriving a Hamiltonian for a superconducting circuit, it is necessary
to describe the energy of each circuit element, which is given by

E(t) =
Z t

�1
V(t0)I (t0)dt0; (2.1)

with V and I being the voltage and current of the element respectively. In order
to de�ne a Lagrangian for the circuit, it is necessary to express these energies in a
generalized circuit coordinate, here chosen to be the magnetic �ux

�( t) =
Z t

�1
V(t0)dt0: (2.2)

Note that circuits with multiple nodes must be described with the same number of
separate coordinates, i.e. a circuit withN nodes can be described by �ux coordinates
� 1; :::; � N .
Beginning with a capacitance, its voltage is given byV = Q=C, which can be
rewritten as I = C _V. Hence its energy is given by

EC (t) = C
Z t

�1
V(t0) _V(t0)dt0 =

CV(t)2

2
=

C _�( t)2

2
: (2.3)

9
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For an inductor, the �ux-current relation is given by � = LI . This gives the energy

EL (t) =
1
L

Z t

�1

_�( t0)�( t0)dt0 =
�( t)2

2L
: (2.4)

Then, there is the Josephson Junction (JJ), which obeys the Josephson relations

I = I C sin'; V =
� 0

2�
_'; (2.5)

with I C being the critical current of the junction, ' = 2� � =� 0 being the reduced
�ux and � 0 = h=2e being the magnetic �ux quantum. The energy is given by

EJJ (t) =
I C � 0

2�

Z t

�1
_' (t0) sin ' (t0)dt0 = EJ (1 � cos' (t)) ; (2.6)

where EJ = I C � 0=2� is the junction-speci�c Josephson energy. Note that if one
neglects the constant terms and assumes the reduced �ux is small,j' j � 1,

EJJ (t) =
EJ

2
' (t)2 + O(' 4); (2.7)

so the JJ acts approximately as a linear inductor withL J = � 2
0

4� 2EJ
. For larger

amplitudes of the reduced �ux, however, the JJ introduces non-linearities.

2.1.2 Quantization

The quantization of superconducting circuits can be performed by using the
Lagrange-Hamilton formalism to derive a classical Hamiltonian, followed by pro-
moting the classical coordinates to quantum operators. Explicitly, one �rst de�nes
the Lagrangian as

L = T � U ; (2.8)

with T and U being the kinetic and potential energy respectively. With magnetic
�ux � as a generalized coordinate, the kinetic energy is then related to the capacitive
energies depending on_� and the potential energy to the inductive energies depending
on � . The Lagrangian is then related to the classical Hamiltonian via a Legendre
transformation. For this, one �rst de�nes the conjugate momentum as

Q =
@L
@_�

: (2.9)

Note that if the only kinetic energy in the circuit is a simple capacitor, the conjugate
momentum is equal to the charge of the capacitor. The Hamiltonian is subsequently
given by

H = Q _� � L ; (2.10)

or for a circuit of N nodes

H =
NX

i =1

Qi
_� i � L ; Qi =

@L
@_� i

: (2.11)

10
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This Hamiltonian is still classical, with the �ux and charge coordinates� and Q
ful�lling the Poisson bracket

f � ; Qg = 1: (2.12)

To arrive at a quantum Hamiltonian, one must promote the coordinates to quantum
operators ful�lling the canonical commutation relations

h
�̂ ; Q̂

i
= i~: (2.13)

It is often convenient to instead use the reduced �ux'̂ and reduced chargên =
Q̂=2e,which then ful�l [ ^'; n̂] = i . The reduced �ux is also referred to as the super-
conducting phase, and the reduced charge as the number of excess Cooper pairs.

2.1.3 Second Quantization

Dealing with linear and non-linear oscillators can often be made easier by rewriting
the Hamiltonian to a second quantization form. Let the Hamiltonian for some linear
or non-linear oscillator circuit be given by

Ĥ = E1n̂2 + E2'̂ 2 + (N :L:); (2.14)

whereE1; E2 are some energy constants and(N:L) are all the non-linear terms. One
can then de�ne ladder (elimination and creation) operatorŝa and ây ful�lling the
bosonic commutation relation

h
â; ây

i
= 1, such that

'̂ = ' zpf (ây + â); (2.15)

n̂ = in zpf (ây � â); (2.16)

with ' zpf = ( E1=4E2)1=4; nzpf = ( E2=4E1)1=4 being the zero-point-�uctuations of
the �ux and charge. Hence, the Hamiltonian can be rewritten as

Ĥ = ! r (âyâ + 1=2) + (N :L:); (2.17)

with ! r = 2
p

E1E2 being the oscillator frequency. Note that the eigenspace ofâyâ
is the Fock space, i.e.̂ayâ jni = n jni , n = 0; 1; 2; :::.

2.2 E�ective Hamiltonian Theory

Driven bosonic systems inherently come with an in�nite dimensional Hilbert system,
and some time dependence for the system Hamiltonian induced by the driving.
This means that the dynamics of the system are both di�cult to simulate and to
understand in general simply by examining the full Hamiltonian. A common way to
deal with this is to de�ne an e�ective Hamiltonian, which emulates the dynamics of
the original Hamiltonian while operating on a reduced Hilbert space and eliminating
or simplifying the time dependence.
For this work, the system will be weakly driven, so one can safely assume that the
amplitudes of higher-level Fock states are quickly decreasing. The Hilbert space
can hence be reduced simply by truncating it at some dimension of Fock space, for

11
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which the dynamics left out by excluding the remaining dimensions are negligible.
Determining this dimension can be done by simulating the time evolution of the
system for increasing truncation levels until it converges. The method for doing so
in this work is further explained in Chapter 3.
The driving of the system in this work is limited to harmonic drives with slowly vary-
ing pulse envelopes, which induces quickly oscillating terms in the driving Hamil-
tonian. Below, the theoretical frameworks used to derive an e�ective Hamiltonian
which eliminates the quickly oscillating driving terms while keeping the slow time-
dependence of the pulse envelopes are described.

2.2.1 The Rotating Frame

The Hamiltonian of a quantum system can be divided as

Ĥ (t) = Ĥ0 + V̂ (t); (2.18)

whereĤ0 contains some rather trivial rotational dynamics of the system, and̂V(t)
contains the dynamics that one is interested in studying. In this case, one can
move into a rotating frame of reference of the system which cancels outĤ0, by
performing a so-called rotating frame transformation. This is a special case of a
unitary transformation, determined by Û(t) such that Û(t)Ûy(t) = 1 .
Considerj (t)i to be the state of the system in the original lab frame, andj� (t)i =
Û j (t)i the state in the transformed frame. By using the Schrödinger equation, the
product rule of derivatives and the unitarity of Û(t), it follows that

i@t j� (t)i = ( Û(t)Ĥ (t)Û(t)y + i@t (Û(t))Û(t)y) j� (t)i : (2.19)

So the transformed state obeys the Schrödinger equation for a modi�ed Hamiltonian

Ĥ I (t) = Û(t)Ĥ (t)Û(t)y + i@t (Û(t))Û(t)y: (2.20)

Now, considering the Hamiltonian in (2.18), and lettingÛ(t) = exp
n
i Ĥ0t

o
, one can

easily see that the Hamiltonian in the rotating frame is given by

Ĥ I (t) = Û(t)V̂ (t)Û(t)y = ei Ĥ 0 t V̂ (t)e� i Ĥ 0 t : (2.21)

In this work, one can in general always set̂H0 = ! r âyâ, for some frequency! r and
bosonic ladder operators obeying

h
ây; â

i
= 1. Moreover, V̂ (t) will in general consist

of terms proportional to some product of ladder operators. It is only necessary to
see hoŵa transforms in this rotating frame, as the transformation of̂ay follows from
the conjugate transpose. All arbitrary products of ladder operators must trans-
form as the same product of the individually transformed ladder operators. The
transformation is given by

â ! ei! r ây ât âe� i! r ây ât : (2.22)

To rewrite this transformed operator, one can use the following special case of the
Baker-Campbell-Hausdor� formula:

eX Y e� X = Y + [ X; Y ] +
1
2!

[X; [X; Y ]] +
1
3!

[X; [X; [X; Y ]]] + ::: : (2.23)

12
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Since
h
âyâ; â

i
= � â, the transformation becomes

â !
1X

k=0

(� i! r t)k

k!
â = e� i! r t â: (2.24)

2.2.2 Rotating Wave Approximation

One of the most famous method of treating rapid oscillations in the Hamiltonian is
known as the Rotating Wave Approximation (RWA), �rst observed experimentally
by Rabi et al. in 1938 [32]. The RWA is here introduced for a resonantly driven
Hamiltonian in the rotating frame of a resonator of some frequency! 0, where it is
assumed that the Hamiltonian can be expressed as

Ĥ I (t) =
X

k2 Z

ĥkeik! 0 t : (2.25)

The RWA in this situation boils down to approximating the e�ective Hamiltonian
Ĥe� ' ĥ0. Note that this is equivalent to approximating Ĥe� ' 1

T

RT
0 Ĥ I (t)dt, with

T = 2�=! 0 being the period time of the resonator, i.e. the time-average of the
rotated Hamiltonian. The accuracy of this approximation relies on the rates of
change for the system under eacĥhk ; k 6= 0, being small compared to! 0 [33]�[35].
Under this condition, the system evolves under the in�uence of the time-independent
Hamiltonian Ĥe� such that

j (t)i = e� i Ĥ e� (t � t0 ) j 0i ; (2.26)

for some initial state j 0i = j (t0)i .

2.2.3 Higher-order corrections to RWA

There are many popular methods of calculating e�ective Hamiltonians of a higher
degree of accuracy, or equivalently, higher-order corrections to the RWA. These
include the Floquet-Magnus expansion [36], the van-Vleck expansion [37] and the
James' e�ective Hamiltonian method [38]. A general, recursive formula for calcu-
lating the e�ective Hamiltonian of arbitrary order for a rapidly driven non-linear
system (quantum or classical) was introduced in [35]. Here, this formula is applied
to the Hamiltonian given by (2.25). One sees that the RWA follows the zeroth-order,
and the expression for the evolved state at the �rst-order is relatively simple.
In the quantum mechanical case, the formula is based on transforming the density
matrix �̂ to %̂= e� i Ŝ �̂e i Ŝ for some Hermitian operatorŜ. Considering the origi-
nal density matrix obeys the Liouville-von Neumann equation@t �̂ = � i

h
Ĥ; �̂

i
, the

transformed density matrix obeys@t%̂= � i
h
Ĥe� ; %̂

i
. Here, Ĥe� = e� i Ŝ(Ĥ � i@t )ei Ŝ.

By imposing Ĥe� to be time-independent, and choosinĝS accordingly, one �nds
that the original density matrix at some time t is given by

�̂ (t) = ei Ŝ(t )e� i Ĥ e� (t � t0 )e� i Ŝ(t0 ) �̂ 0ei Ŝ(t0 )ei Ĥ e� (t � t0 )e� i Ŝ(t ) ; (2.27)

for some initial state �̂ 0 = �̂ (t0).
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Consider the rotated Hamiltonian in (2.25), and denotêH I = Ĥ for simplicity. Take
for Ansatz Ŝ =

P
k2 N Ŝ(k) , Ĥe� =

P
k2 N Ĥ (k)

e� , Ŝ(0) = 0 and Ŝ(k) ; Ĥ (k)
e� / 1=! k

0 . By
imposing Ĥ (k)

e� to be time-independent at each step, and decomposing it aŝH (k)
e� =

P
m2 N Ĥ (k)

e� ;[m], the following recursive formula is found [35]

Ĥ (k)
e� ;[m] =

8
>>>>>>><

>>>>>>>:

Ĥ; k = m = 0

@t Ŝ(k+1) + 1
i

h
Ŝ(k) ; Ĥ

i
; m = 1

k� 1P

l=0

1
im

h
Ŝ(k� l ) ; Ĥ (l )

e� ;[m� 1]

i
; 1 < m � k + 1

0 otherwise;

(2.28a)

Ŝ(k+1) =

8
>><

>>:

�
R

dtosc(Ĥ ); k = 0

�
R

dtosc

 
1
i

h
Ŝk ; Ĥ

i
+

k+1P

m> 1

k� 1P

l=0

1
im

h
Ŝ(k� l ) ; Ĥ (l )

e� ;[m� 1]

i
!

; k > 0:
(2.28b)

Here, osc(f ) = f � 1
T

RT
0 dtf . For k = 0, one �nds that Ĥ (0)

e� = Ĥ + @t Ŝ(1) +
1
i

h
Ŝ(0) ; Ĥ

i
= Ĥ � osc(Ĥ ) = 1

T

RT
0 dtĤ = ĥ0, i.e. one recovers the RWA. At the

�rst-order, k = 1, one can �nd that

Ĥ (1)
e� =

X

k

h
ĥk ; ĥ� k

i

2k! 0
; Ŝ(1) =

X

k

ĥk

k! 0
eik! 0 t : (2.29)

So for the �rst-order correction to the RWA, the time evolution is given by

�̂ (t) = ei Ŝ(1) (t )e� i (Ĥ (0)
e� + Ĥ (1)

e� )( t � t0 )e� i Ŝ(1) (t0 ) �̂ 0ei Ŝ(1) (t0 )ei (Ĥ (0)
e� + Ĥ (1)

e� )( t � t0 )e� i Ŝ(1) (t ) : (2.30)

For higher-order corrections, one can then recursively �nd the next order of the ex-
pansion using (2.29). Note that at orderk, the e�ective Hamiltonian will be of order
� Ĥ k+1 ! � k

0 . Hence, one can explicitly see that the accuracy of the approximation
depends on the rate of change under̂H being much smaller than! 0. The smaller
this rate of change is compared to! 0, the smaller the higher-order corrections will
be.
The �rst-order correction in (2.29) is derived under the assumption that allĥk

are time-independent. In the system studied in this work, all̂hk will depend on
the pulse amplitudes of the drives applied to the system. In general, these pulse
amplitudes will have a time dependence that is slow compared to the resonator
frequency! 0. Formally, it is required that this time dependence is slow enough for
all ĥk to be considered static during one period of the resonator frequency,2�=! 0,
for the e�ective Hamiltonian to be accurate.

2.3 SNAIL-Resonator Circuit

The main circuit considered in this work consists of a�= 4 coplanar waveguide res-
onator capacitively coupled to an input transmission line and terminated by a SNAIL
[15]. This will be referred to as the SNAIL-resonator circuit. Below, the potential of
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a SNAIL is motivated through the framework of cQED, and thereafter the Hamilto-
nian of the SNAIL-resonator. Then, it is explained how driving the SNAIL-resonator
by charge pumping through the transmission line and applying an external magnetic
�ux piercing the SNAIL gives rise to universal control of a bosonic mode, while lim-
iting unwanted Kerr e�ects.

2.3.1 The SNAIL

The SNAIL (shown schematically in Fig. 2.1) is comprised ofnJ Josephson junctions
(JJs) in parallel with one smaller JJ. The smaller JJ is described by a parameter� ,
such that its Josephson energy is given by�E J , whereEJ is the Josephson energy
of each of the larger JJs. If one denotes the superconducting phase over the smaller
JJ by ' , the inductive energy of the SNAIL is given by

U(' ) = � EJ

 

� cos (' ) + nJ cos

 
� e � '

nJ

!!

; (2.31)

where� e is the external �ux piercing the SNAIL (from here and onwards~ = 1 = 2 e
is used) [15].

Figure 2.1: Schematic of SNAIL characterized by the Josephson energyEJ , the
parameter � , and the number of JJsnJ . The loop is pierced by some magnetic �ux
� e.

Expanding this potential around its minimum, ' m , determined by � sin (' m ) =
sin ((� e � ' m )=nJ ), gives

U(' ) =
1X

k=2

1
k!

dkU
d' k

�
�
�
�
�
' m

(' � ' m )k ; (2.32)

where the zeroth-order term is omitted due to being constant and the �rst-order
term is equal to zero due to the potential being minimal at' m .

2.3.2 The SNAIL as a Non-Linear Oscillator

Consider a capacitor with charging energyEC in parallel with the SNAIL. The
circuit Hamiltonian is then given by

H =
EC

2
n2 + U(' ): (2.33)
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By �rst performing the shift ' � ' m ! ' , denoting

gk �
1
k!

dkU
d' k

�
�
�
�
�
' m

; (2.34)

and then promoting n and ' to quantum mechanical operators ful�lling

[ ^'; n̂] = i; (2.35)

the Hamiltonian becomes

Ĥ =
EC

2
n̂2 + g2'̂ 2 +

1X

k=3

gk '̂ k : (2.36)

As described in subsection 2.1.3, one can de�ne annihilation and creation operators
â and ây ful�lling

'̂ = � zpf (ây + â); n̂ = in zpf (ây � â);
h
â; ây

i
= 1; (2.37)

where

� zpf =

 
EC

8g2

! 1=4

; nzpf =
� g2

2EC

� 1=4

; (2.38)

and

g2 =
EJ

2

 

� cos (' m ) +
1

nJ
cos

 
� e � ' m

nJ

!!

: (2.39)

This gives the Hamiltonian of a non-linear oscillator

Ĥ = ! r âyâ +
1X

k=3

gk � k
zpf (â

y + â)k ; (2.40)

with oscillator frequency
! r =

q
2ECg2: (2.41)

2.3.3 The SNAIL-resonator Hamiltonian

A �= 4 coplanar waveguide resonator can be described by the continuous limit of a
discretized series of LC-oscillators, which gives the Hamiltonian of an in�nite series
of harmonic oscillators

Ĥ =
1X

i =0

! i â
y
i âi ; (2.42)

where the frequency of modei is ! i = ( i + 1) ! 0, with the frequency of the funda-
mental mode! 0 = ( �= 2)(v=d) for wave velocityv and resonator lengthd [30].
Coupling this resonator to a SNAIL, essentially means that the frequency of the
fundamental mode is shifted by the linear part of the SNAIL potential, while non-
linearities of the SNAIL potential are introduced to the Hamiltonian. Following [13],
one can model this by temporarily neglecting the non-linear terms of the SNAIL
potential, resulting in a linear inductor with L J = 1=2g2 coupled to the anti-node
of the discretized resonator, and then adding back the non-linearities retroactively.
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Only considering the fundamental mode of the SNAIL-resonator, it is shown that
the Hamiltonian is given by

Ĥ = ! 0âyâ +
1X

k=3

gk '̂ k ; '̂ = ' zpf (ây + â); (2.43)

with
! 0

! 1
=

2
�

arctan
� Z

L J ! 0

�

; (2.44a)

' zpf =

vu
u
t Z

�! 0=! 1

1 + cos(�! 0=! 1 )
1 + sinc(�! 0=! 1 )

; (2.44b)

whereZ is the impedance of the resonator and! 1 = ( �= 2)(v=d) is the fundamental
frequency of the resonator in the absence of the SNAIL. Note that (2.44a) is solved
numerically for ! 0.

2.3.4 The Kerr free point

From the Hamiltonian in (2.43), one can see that there exists a Kerr term

K (2) âyâyââ = 6g4' 4
zpf â

yâyââ: (2.45)

The external �ux piercing the SNAIL has yet to be speci�ed, and can be tuned to
remove this term by solving forg4 = 0, i.e.

� cos(' m ) +
1

n3
J

cos

 
� dc

e � ' m

nJ

!

= 0; (2.46)

for some �ux bias point � dc
e . Thus, unwanted Kerr e�ects are removed.

Although illustrative, the above is a rather naive argument asg4 does not fully
describe the full Kerr e�ects of the system. Considering a static �ux drive� e and
moving to the rotating frame of the resonator, one can derive an e�ective Hamilto-
nian of the form

Ĥe� = � âyâ +
X

n� 2

K (n) âyn ân ; (2.47)

where�; K (n) depend on� e [39]. Note thatK (2) 6= 6g4' 4
zpf exactly, but is determined

perturbatively following (2.28). For a coherent statej� i , it follows from de�nition
that h� j â j� i = � . Considering a small timeT such that �T; K (n)T � 1, the evolved
state j ~� i = exp

n
� i Ĥe� T

o
j� i gives

h~� j â j ~� i = h� j ei Ĥ e� T âe� i Ĥ e� T j� i ' h � j â j� i + iT h� j
h
Ĥe� ; â

i
j� i : (2.48)

In this regime of smallT, it then follows that for � 2 R> 0

arg ~� ' �

0

@� +
X

n� 2

nK (n) j� j2(n� 1)

1

A T: (2.49)

So for small timescales, coherent states have a rotation in phase space depending on
j� j2. The unwanted Kerr e�ects can thus be suppressed in a small region in phase
space by tuning the static �ux � e such that arg ~� ' 0 for j� j . 1. In this region,
the system will then behave as linear oscillator.
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2.3.5 Driven SNAIL-resonator

So far, the SNAIL-resonator circuit has been considered to be completely static,
resulting in a slightly non-linear oscillator. However, it is possible to apply time-
dependent drives to the circuit by either charge pumping through the input trans-
mission line or by adding a small time modulation to the external �ux piercing the
SNAIL. These drives give universal control of the fundamental mode of the SNAIL-
resonator through the ability to perform rotations (which are trivial), displacements,
squeezing, and trisqueezing [14].
By adding a small time modulation to the �ux drive

� e(t) = � dc
e + � ac

e (t); j� ac
e (t)j � 1; (2.50)

and a charge pump

� (t)( ây + â); � (t) = A cos(! 0t + 
 ); (2.51)

one can rewrite the SNAIL-resonator Hamiltonian ((2.43)) as

Ĥ (t) = ! 0âyâ + � (t)( ây + â) +
1X

k=1

1X

j =1

(gdc
k + gac

k;j � ac
e (t) j )( ây + â)k ; (2.52)

with gdc
1 = gdc

2 = 0 and the remaining coe�cients being given by

gdc
k =

' k
zpf

k!

 
@kU
@'k

!

' m ;� dc
e

; gac
k;j =

' k
zpf

k!j !

 
@j

@�je

@kU
@'k

!

' m ;� dc
e

: (2.53)

The coe�cients are decreasing withk and j , and the sums can hence be truncated
at some appropriate level while maintaining high accuracy to the full sums. This
will be further discussed in Chapter 4.
To study the e�ects of these drives, it is useful to move into the rotating frame of
the resonator and apply the RWA. Doing so for the charge pump term gives

A cos(! 0t + 
 )( ây + â) ! A(e� i
 ây + ei
 â): (2.54)

Looking only at the leading-order terms induced by the �ux drive
� ac

e (t) = B cos(n! 0t + � ); n = 1; 2; 3, the RWA gives

B cos(! 0t + � )gac
1;1(ây + â) ! Bgac

1;1(e� i� ây + ei� â); (2.55a)

B cos(2! 0t + � )gac
2;1(ây + â)2 ! Bgac

2;1(e� i� ây2 + ei� â2); (2.55b)

B cos(3! 0t + � )gac
3;1(ây + â)3 ! Bgac

3;1(e� i� ây3 + ei� â3): (2.55c)

From this, one can see that driving the system in tones of its resonator frequency for
some timeT gives displacement with� = iATe� i
 or � = iBTgac

1;1e� i� , squeezing
with � = � i2BTgac

2;1e� i� , and trisqueezing with � = iBTgac
3;1e� i� . Furthermore,

by including the second to leading-order term of the1! 0 �ux drive, 3Bgac
3;1(ây2â +

ây + h :c:), one can notice that applying� (t) = � gac
1;1B(t) cos(! 0t), and � ac

e (t) =
B(t)(cos(! 0t) + cos 3! 0t), the displacements cancel and generate a cubic phase gate
with cubicity � = �

p
2BTgac

3;1.
This gives a clear intuition for how driving the system a�ects its fundamental mode,
but is unfortunately not fully accurate. Many terms which have been neglected must
also be taken into account, and higher-order corrections to the RWA also turn out
to be non-negligible. This is further discussed in Chapter 4.
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3
Methods

In this section, the general methods used in this work are described. First, the
methods used for e�ectively simulating the dynamics of the SNAIL-resonator are
explained in Section 3.1. However, note that the actual e�ective Hamiltonian of
the system is found in Section 4.1. Then, the optimal control methods used are
described in Section 3.2.

3.1 E�ective Hamiltonian Simulation

The methods used to simulate the Hamiltonian of the SNAIL-resonator are described
below. This consists of solving the Schrödinger equation (Section 3.1.1) in a properly
truncated Hilbert space (Section 3.1.3) after tuning the static bias point to cancel
Kerr e�ects (Section 3.1.2).

3.1.1 Solving the Schrödinger Equation

Simulating the dynamics of a quantum system consists of solving the Schrödinger
equation

i@t j i = Ĥ (t) j i : (3.1)

For a general, time-dependent Hamiltonian that does not commute with itself at all
times, the solution to this is given byj (t)i = Û(t; t 0) j (t0)i , where

Û(t; t 0) = 1 +
1X

n=1

(� i )n
Z t

t0

dt1

Z t1

t0

dt2:::
Z tn � 1

t0

dtnĤ (t1)Ĥ (t2):::Ĥ (tn ); (3.2)

for some initial time t0 [40]. As one can see, calculating the unitary above analyti-
cally for a general Hamiltonian is incredibly di�cult if not impossible, leaving a need
for computationally solving the Schrödinger equation. In this work,sesolve from
QuTiP [41] is used which integrates the Schrödinger equation for a given Hamilto-
nian and initial state.
In this work, the Hamiltonian to be simulated will often be an e�ective Hamiltonian
derived according to Section 2.2. In this derivation, it is assumed that the slow
time dependence of the pulses is approximately constant over the resonator period
T = 2�=! 0 (see Section 4.1.3). Assuming that the Hamiltonian is also approximately
constant over a period, solving Schrödinger equation for initial timet = 0 gives

j (T)i ' e� i Ĥ (0)T j (0)i ; (3.3)
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and for n periods

j (nT)i '
n� 1Y

k=0

e� i Ĥ (kT )T j (0)i : (3.4)

Calculating this is signi�cantly faster than using sesolve , and is therefore used for
all e�ective Hamiltonians in this work.

3.1.2 Calibrating the Kerr-free Point

In order to calibrate the optimal �ux bias point to cancel Kerr e�ects, the rotations of
coherent states under static drives are studied. As seen in the theory of Section 2.3.4,
the rotation of a coherent statej� i depends onK (n) j� j2n ; n � 2 on su�ciently small
timescales. By tuning the �ux bias point, � dc

e , such that coherent states withj� j . 1
do not rotate, one should be able to �nd the optimal bias point.
By de�ning a set of coherent initial statesfj � k igN

k=1 = fj 0:1 + 0:05kigN
k=1 and the

corresponding evolved coherent statesfj ~� k igN
k=1 = f exp

�
� i Ĥ dc(� dc

e )T
�

j� i kgN
k=1 for

a given bias point� dc
e , evolution time T and set sizeN , one can measure the Kerr

e�ects � as

� (� dc
e ) =

X

k

j arg(~� k)j =
X

k

j arg(h� k j ei Ĥ dc (� dc
e )T âe� i Ĥ dc (� dc

e )T j� k i )j: (3.5)

Note that the absolute values of the rotations are needed to prevent that negative
and positive rotations cancel. For an ideal bias point, i.e.K (n) = 0 8n, one sees
from (2.49) that � = �NT . Since� only rede�nes the resonator frequency, it is not
necessary for this to equal zero. Hence, we rede�ne our measure of Kerr-e�ects as

~� (� dc
e ) =

X

k� 2

j arg(~� k) � arg(~� 1)j '
X

k� 2

j arg(~� k) � �T )j; (3.6)

meaning that the optimal bias point is given by

� dc
e;opt = arg min

� dc
e

�
~� (� dc

e )
�

: (3.7)

Since calculating~� (� dc
e ) is computationally inexpensive, it is in general su�cient to

�nd � dc
e;opt by sweeping a range of reasonable bias points.

As mentioned in Section 2.3.4, it is necessary that�T; K (n)T � 1 in order to study
the Kerr e�ects in terms of rotations of coherent states. One can thus setT to be
the period time of the resonator (T = 2�

! 0
) since this ensures that�T; K (n)T / gdc

k
! 0

for k = 3; 4; ::: (only considering the leading order in! � 1
0 ) which is guaranteed to

be small for normal circuit parameters.
A reasonable choice of the set size isN � 18, since this means� N � 1. However,
choosingN > 18 allows for generating a larger Kerr free zone, since then� N > 1.
Hence, a simple strategy for maximizing the size of the Kerr free zone is to increase
N in steps while ensuring that 1

N � 1 min(~� (� dc
e )) does not increase too much.
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3.1.3 Truncating the Hilbert Space

To accurately simulate the dynamics of the system, its Hilbert space must be trun-
cated at some appropriate dimensionNdim . To �nd this truncation level, one can
simulate the dynamics of the system forn = 1; 2; ::: dimensions and de�ne the vector
representations of the simulated states forn-dimensional Fock space asvn . By writ-
ing the d-dimensional scalar product of two vectorsun ; vn0 of dimensionsn; n0 � d
as hun ; vn0i d, one can de�ne the measures

F (n) = jhvy
n ; vn+1 i n j2; FN (n) = jhvy

n ; vN i n j2: (3.8)

By the d-dimensional scalar product, it is meant that the standard scalar product
is calculated using only the �rst d Fock levels. Note that herevn+1 and vN are �rst
normalized to n dimensions. Using these measures, the aim is to determine when
the simulation converges asF (n) and FN (n) approach1 for some largeN .

3.2 Optimal Control Methods

With the aim of generating non-Gaussian target states with the SNAIL-resonator
by means of optimal control, the method of doing so is described below.

3.2.1 De�ning the Optimization Problem

The optimization problem to be solved is to �nd some controls for the SNAIL-
resonator that evolves a given initial state to some desired target state. The controls,
in this case, meaning a set of �ux and charge pulses applied to the system over a
set duration. De�ning the realized state by some speci�c controls asj ci and the
target state asj target i , the aim is to maximize the overlapj h target j ci j 2.
To initialize the controls (i.e. pulses) as optimization variables, it is �rst necessary
to determine the total duration of the pulsesTdur . Then, the duration is split into
a number of segments,Ns, and corresponding segment durationsf Ti gN s

i =1 such that
P

i Ti = Tdur . A pulse f (t) can thus be de�ned by its type (charge or �ux), its
frequencyn! 0, a phase� and a set of amplitudesf A i gN s

i =1 . Without �ltering the
signal and applying an envelope function (which will be done below), the pulse is
then given by

f (t) = A(t) cos(n! 0t + � ); A(t) = Ak for k = max f k0 :
k0� 1X

i =1

Ti < t g: (3.9)

The set of amplitudes can then be used as optimization variables. Moreover, the
phase can either be �xed or also used as an optimization variable.
Since the pulse amplitude above is discrete, one can enforce it to be continuous by
convolving it with some �ltering function (i.e. a convolution kernel). In this work,
a sinc-function is used, such that

f f iltered (t) =
N sX

i =1

A i

Z � i +1

� i

sin(! c(t � � ))
� (t � � )

d�; � 1 = 0; � i> 1 =
i � 1X

k=1

Tk : (3.10)
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The frequency! c is referred to as the cuto�-frequency. In the frequency domain
sin(! ct)=�t is constant in the range[� ! c; ! c], such that all frequencies outside of this
range are �ltered. E�ectively, this limits the rate of change for the pulse amplitude.
Lastly, it is also necessary that the start and end of the pulses are tied to zero,
f (0) = f (Tdur ) ' 0. This is done by multiplying the pulse by a Gaussian envelope


( t) =

8
>>><

>>>:

exp
�
� (t � t1 )2

2� 2

�
; t < t 1

1; t1 � t � t2

exp
�
� (t � t2 )2

2� 2

�
; t > t 2;

(3.11)

where t1 = t0 � t f lat =2; t2 = t0 + t f lat =2, for center-time t0 = Tdur =2, �at duration
t f lat and width � . The �nal pulse is then given by

f (t) = f f iltered (t) � 
( t): (3.12)

For a set of �ux pulsesf � i (t)gi and charge pulsesf � i (t)gi , the Hamiltonian is de�ned
as in (2.52) with � ac

e (t) =
P

i � i (t) and � (t) =
P

i � i (t). Given some initial state, the
dynamics of the system are then simulated by means of an e�ective Hamiltonian,
resulting in a state j (� i ; � i )i . The amplitudes (and possibly phases) of the pulses
can then be optimized to minimize the cost function

C(� i ; � i ) = 1 � j h  target j (� i ; � i )i j 2: (3.13)

3.2.2 Optimization

The optimization of the problem described above is performed by using the Python
package Boulder Opal [42] from Q-CTRL. This is done by performing closed loop
optimization with the Covariance Matrix Adaption Evolution Strategy (CMA-ES)
algorithm. The cost function for some speci�c controls is written entirely using
QuTiP, where the evolution from some initial state is simulated according to (3.4)
and the cost is calculated according to (3.13). Furthermore, the optimizer requires
setting bounds on the optimization variables, a target cost, a maximum number of
iterations and some initial controls. The bounds are determined according to the
relations found between the accuracy of the Hamiltonian and the pulse amplitudes
found in Section 4.1.4. The initial controls are then chosen randomly within the
bounds, and the target cost and maximum number of iterations are chosen to give
a low cost without being too computationally expensive.
For an optimization problem with n optimization variables, the CMA-ES algorithm
works by drawing� samples from an-dimensional multivariate normal distribution.
The cost function is then evaluated for each sample, and this information is used
to update the normal distribution from which the next generation of samples will
be drawn. In general, this is done by generating a new mean vector and covariance
matrix from weighted functions of the� � � best samples, based on maximizing the
likelihood of selecting those� samples in the next generation. In order to increase
the performance and speed of the algorithm, it is also typical to include two evolution
paths in order to generate the new covariance matrix as well as controlling the overall
step-size of the algorithm. Notably, this algorithm does not require the calculation
of a gradient of the cost function, and is e�ective for non-linear and non-convex
optimization problems. [43]
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4
Results

The results of this thesis are divided into two parts. First, e�ective Hamiltonian
modeling is covered in Section 4.1, where an e�ective Hamiltonian of the SNAIL-
resonator is derived and its accuracy to the full Hamiltonian is analyzed. Then, the
e�ective Hamiltonian is used to generate cubic phase and cat states by means of
optimal control in Section 4.2.

4.1 E�ective Hamiltonian Modelling

Below, an e�ective Hamiltonian for the SNAIL-resonator is derived from its full
Hamiltonian given by (2.52). This is done by truncating the series to �nite sums
(Section 4.1.1), and deriving e�ective Hamiltonian and micromotion operators to
reach a �nite accuracy to the full Hamiltonian (Section 4.1.2). Subsequently, the
relation between the rate of change of pulse amplitudes and the accuracy of the
e�ective Hamiltonian is studied (Section 4.1.3). Lastly, the accuracy of the ef-
fective Hamiltonian is studied by simulation of the time evolution of the system
(Section 4.1.4).
Throughout this section, the �ux bias point is set to � dc

e = 0:3912� 2� , which
approximately cancels Kerr e�ects, and the following circuit parameters are used:

Parameter Symbol Value
SNAIL-asymmetry � 0:097

SNAIL-resonator impedance Z 57:94 
 = 0 :05641Rq

Number of JJs in SNAIL leg nJ 3
Free resonator frequency ! 1 =2� 8:99GHz

Large JJ energy EJ 245GHz

Table 4.1: Circuit parameters used in all of the following simulations. The same
circuit parameters are given in Eriksson et al. [13]. Since~ = 2e = 1 is used, the
SNAIL-resonator impedance is also given in units ofRq = ~=(2e)2 ' 1027 
 .

4.1.1 Truncating the Hamiltonian to Finite Sums

The full Hamiltonian for a static �ux drive ( � ac
e (t) = � (t) = 0 ) is given by

Ĥ dc = ! 0âyâ +
1X

k=3

gdc
k (ây + â)k ; gdc

k =
' k

zpf

k!

 
@kU
@'k

!

' m ;� dc
e

: (4.1)
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For the e�ective Hamiltonian, one needs to �rst truncate the sum to somek = N .
An appropriate choice for this is given by the smallestN such that gdc

N +1 =gdc
4 < 10� 3.

As gdc
k decreases withk, this ensures that the neglected terms are much smaller than

the leading-order contribution to the Kerr e�ect. By calculating gdc
k for k = 4; 5; 6; :::,

one will see thatgdc
N +1 =gdc

4 < 10� 3 for N � 6. Hence, we choose the truncation such
that the static Hamiltonian is given by

Ĥ dc
N =6 = ! 0âyâ +

6X

k=3

gdc
k (ây + â)k : (4.2)

One can also note that this truncation is also appropriate when applying a time
dependent drive, as the leading-order contributions of these drives are given bygac

1;j
and gac

7;j =gac
1;j � ' 6

zpf � 10� 6. By truncating the Hamiltonian at N = 6 also when
applying a time-dependent �ux drive, it reads as

ĤN =6 (t) = ! 0âyâ +
6X

k=1

1X

j =1

(gdc
k + gac

k;j � ac
e (t) j )( ây + â)k ; (4.3)

with gdc
1 = gdc

2 = 0 and the remaining coe�cients gdc
k and gac

k;j given by (2.53).
Naturally, the very next step in deriving an e�ective Hamiltonian is to truncate the
second sum to somej = M . By considering a similar condition as before, namely
gac

k;M +1 j� ac
e (t)M j=gac

k;1 < 10� 3 8k, one can chooseM = 2 if j� ac
e (t)j � 0:03697� 2� at

all times t. By also considering a time-dependent charge drive, the Hamiltonian is
given by

ĤM =2 (t) = ! 0âyâ + � (t)( ây + â) +
6X

k=1

(gdc
k + gac

k;1� ac
e (t) + gac

k;2� ac
e (t)2)( ây + â)k ; (4.4)

where

gdc
k =

' k
zpf

k!

 
@kU
@'k

!

' m ;� dc
e

;

gac
k;1 =

' k
zpf

k!

 
@

@�e

@kU
@'k

!

' m ;� dc
e

;

gac
k;2 =

1
2

' k
zpf

k!

 
@2

@�2e

@kU
@'k

!

' m ;� dc
e

;

(4.5)

and gdc
1 = gdc

2 = 0.

4.1.2 The Resonantly Driven Hamiltonian

As discussed in Section 2.3.5, universal control of the fundamental mode of the
SNAIL-resonator is obtained from applying �ux pulses of frequencies! 0; 2! 0; 3! 0

and charge pulses of frequency! 0. One can thus constrain� (t) and � ac
e (t) to be

resonant drives of the form

� (t) =
X

m
vm (t) cos(! 0t + 
 m ); (4.6a)

� ac
e (t) =

3X

n=1

X

m
un;m (t) cos(n! 0t + � n;m ); (4.6b)
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wherevm (t) and un;m (t) are slowly varying pulse amplitudes andm is an index over
di�erent pulses of the same frequency. What is meant by slowly varying will be
de�ned in Section 4.1.3. Furthermore, moving into the rotating frame of frequency
! 0 gives the rotated Hamiltonian

Ĥ I (t) = � (t)( âyei! 0 t + âe� i! 0 t )+

+
6X

k=1

(gdc
k + gac

k;1� ac
e (t) + gac

k;2� ac
e (t)2)( âyei! 0 t + âe� i! 0 t )k :

(4.7)

By combining (4.6) and (4.7), it is evident that the Hamiltonian can be rewritten
to the form

Ĥ I (t) =
12X

m= � 12

ĥm (t)eim! 0 t ; (4.8)

where ĥm (t) are slowly varying in time along with the drive amplitudes. To avoid
confusion, note that this m is not related to the sum over pulses in (4.6). The
rotating terms ĥm (t) all have relatively complicated forms, and are hence given in
Appendix A. An e�ective Hamiltonian can now be derived by applying the theory of
Section 2.2 and assuminĝhm (t) to be constant in time. This assumption will induce
errors, as they are not constant in time. These errors are studied in Section 4.1.3,
and by constraining the drive amplitudes to vary slowly enough, one can limit the
errors to some �nite magnitude.
As mentioned in Section 2.2.3, the e�ective Hamiltonian and its corresponding mi-
cromotion operator are given byĤe� =

P
k02 N Ĥ (k0)

e� and Ŝ =
P

k02 N Ŝ(k0) , where
Ŝ(k0) ; Ĥ (k0)

e� / 1=! k0

0 . For some general rateg = 1 GHz, (g=! 0)2 > 10� 3 and
(g=! 0)3 � 10� 3, it seems appropriate to truncate these sums tok0 = 2 as long
as the rate of evolution under the Hamiltonian is less thang, i.e. Ĥe� =

P 2
k0=0 Ĥ (k0)

e�
and Ŝ =

P 2
k0=0 Ŝ(k0) , such that

Ĥe� = ĥ0 +
X

m6=0

0

@

h
ĥm ; ĥ� m

i

2m! 0
+

hh
ĥm ; ĥ0

i
; ĥ� m

i

2m2! 2
0

+
X

l6= m;0

hh
ĥl ; ĥm� l

i
; ĥ� m

i

3ml! 2
0

1

A ; (4.9)

Ŝ(t) = i
X

m6=0

0

@ ĥm

m! 0
+

h
ĥm ; ĥ0

i

m2! 2
0

+
X

l6= m;0

h
ĥl ; ĥm� l

i

2ml! 2
0

1

A eim! 0 t ; (4.10)

also referred to as the second-order van Vleck expansion [35]. However, the expres-
sions for the e�ective Hamiltonian at expansion orderk0 are increasingly complex,
making it di�cult to exactly predict the magnitudes of the neglected terms. Hence,
this truncation will be further studied in Section 4.1.4.

4.1.3 Errors Induced by Slowly Varying Amplitudes

As the rotating terms ĥk(t) are slowly varying with the time-dependent drive am-
plitudes, not constant, errors will be induced in the e�ective Hamiltonian at each
perturbation order resulting from time-averaging. Most notably, the zeroth-order
(RWA) e�ective Hamiltonian comes from

Ĥ (0)
e� =

1
T

Z T

0
Ĥ I (t)dt = ĥ0(t); (4.11)
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which is not exactly true for time-dependent drive amplitudes. Noting that the
period T = 2�=! 0 ' 0:2393ns is relatively short and the drive amplitudes are sup-
posed to vary slowly, the drive amplitudes are expanded to linear-order asvm (t) '
vm (t0) + _vm (t0)( t � t0); un;m (t) ' un;m (t0) + _un;m (t0)( t � t0) for t0 < t < T + t0. Set-
ting t0 = 0, and assumingj _vm (0)jT; j _un;m (0)jT � 1, givesĥk(t) ' (1 + � k t)ĥk(0) for
0 < t < T where � k ĥk(0) = @t ĥk j t=0 . Since� k is proportional to all _vm (0); _un;m (0),
it should satisfy j� k jT � 1. Denoting ĥk(0) = ĥk for simplicity, one can get the
zeroth-order e�ective Hamiltonian from

Ĥ (0)
e� =

1
T

Z T

0
Ĥ I (t)dt =

1
T

Z T

0

12X

k= � 12

(1 + � k t)ĥkeik! 0 tdt; (4.12)

which, under the simpli�cation � k = �; 8k gives

Ĥ (0)
e� = ĥ0 +

�
! 0

0

@� ĥ0 � i
X

k6=0

ĥk

k

1

A ; (4.13)

where j� j=! 0 = j� jT=2� � 1. If one assumes that� � _u(0) for some arbitrary
pulse amplitudeu(t), and imposesj _u(0)j=! 0 < 10� 3, then _u(0) must be in the order
of hundreds of MHz or less. Under this condition, (4.11) is a good approxima-
tion. Note that similar errors occur also for higher orders of the e�ective Hamil-
tonian, but since Ĥ (k)

e� / 1=! k
0 , these must be notably smaller than the errors for

the zeroth-order. Hence, this chapter concludes that the e�ective Hamiltonian and
its corresponding micromotion operator given in (4.9) and (4.10) should be valid if
_vm ; _un;m . 100MHz.

4.1.4 E�ective Hamiltonian Accuracy

The e�ective Hamiltonian derived above includes analytical arguments for why trun-
cating the sums in the full Hamiltonian and only including second-order perturba-
tion terms gives a certain �nite accuracy. These accuracies are here studied inde-
pendently for the two truncated sums and the perturbative expansion by means of
simulation of the system dynamics. Then, the two major limitations of the e�ective
Hamiltonian are studied, namely, the pulse amplitudes and their rate of change.

4.1.4.1 Truncation of the Hilbert Space

To determine the truncation level of the Hilbert space for simulations, the method
described in Section 3.1.3 is used. The pulses chosen for this simulation are

� (t) = � gac
1;1A(t) cos(! 0t); � ac

e (t) =
3X

n=1

A(t) cos(n! 0t) (4.14)

with gac
1;1 given in (2.53), for Gaussian pulse envelope

A(t) =

8
<

:
2� � 0:015e� ( t � t 0 ) 2

2� 2 ; 0 � t � 60 (ns)

0; otherwise;
(4.15)

26



4. Results

with t0 = 30 ns and � = 10 ns. This pulse is chosen because both charge and
�ux pulses of all three frequencies are applied, and the amplitude and duration are
representative for typical pulses that are considered in this thesis. Note that the
amplitude of � (t) is chosen so that it approximately cancels the displacement of
the 1! 0-�ux pulse, since the state will be heavily displaced even for small values
1! 0-�ux pulse and thus require a very large Hilbert space. The Hamiltonian used
for simulation is given by

Ĥ (t) = ! 0âyâ+ � (t)( ây + â)+
6X

k=1

gk(t)( ây + â)k ; gk(t) =
' k

zpf

k!

 
@kU
@'k

!

' m ;� e

; (4.16)

with � e = � dc
e + � ac

e (t), � dc
e = 0:3912� 2� . Note that this is equivalent to keeping

all orders in the ac-�ux expansion, i.e.M ! 1 . The simulation is then performed
by letting an initial state j (t = 0) i = j0i evolve under the Schrödinger equation
i@t j (t)i = Ĥ (t) j (t)i .
The simulated results are presented in Fig. 4.1 showing1� F (n) and 1� F N =400 (n)
for n = 3; :::; 100. As one can see, both measuresF (n) and FN =400 (n) increase
steadily until n = 42. After that point, both measures �uctuate between values of
roughly 1 � 10� 4 to 1 � 10� 8. The reason why they do �uctuate is likely related
to errors in the simulation or the normalization of truncated vectors. It may be
wise to chooseNdim > 42, to safeguard for pulses that generate states with higher
occupation for larger Fock states. Hence, it seems reasonable to chooseNdim = 60.
This truncation is used for all remaining simulations in this section.

Figure 4.1: 1 � F (n) and 1 � F N =400 (n) for n = 3; :::; 100 in logarithmic scale.
Both measures increase untiln = 42, which is noted as a star in the plot.
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4.1.4.2 Truncation of the Full Hamiltonian

In Section 4.1.1, the two sums of the Hamiltonian in (2.52) are truncated toN =
6; M = 2 giving (4.4). To measure the accuracy of the �rst truncation,N = 6, the
Hamiltonians

ĤN (t) = ! 0âyâ+ � (t)( ây+ â)+
NX

k=1

gk(t)( ây+ â)k ; gk(t) =
' k

zpf

k!

 
@kU
@'k

!

' m ;� e

(4.17)

for N = 4; :::; 7 are used to perform the same simulations as in the section above, with
initial states j N (t = 0) i = j0i and pulses given by (4.14). This results in four states
j N (t = 60)i ; N = 4; :::; 7, and the accuracy of the truncation can be measured
by the overlaps of the states forN = 4; 5; 6 to N = 7. This gives the following
overlaps: j h 4j 7i j 2 ' 0:985743; j h 5j 7i j 2 ' 0:985074and j h 6j 7i j 2 ' 0:999442.
Moreover, j h 4j 5i j 2 ' 0:971107and j h 5j 6i j 2 ' 0:985827. This shows that the
terms of N � 7 are negligible and thatN = 6 is indeed an appropriate truncation.
The Wigner plots for N = 4; :::; 7 are shown in Fig. 4.2.

Figure 4.2: Wigner functions for N = 4; :::; 7, i.e. the statesj 4i ; :::; j 7i .

For the second truncation,M = 2, one can compare the Hamiltonian

ĤM (t) = ! 0âyâ + � (t)( ây + â) +
6X

k=1

MX

j =1

(gdc
k + gac

k;j � ac
e (t) j )( ây + â)k (4.18)
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to ĤN =6 (t), which in the limit M ! 1 are exactly equal. Performing exactly the
same simulations as above forM = 1; 2; 3 gives three new statesj 6;1i ; j 6;2i ; j 6;3i .
To measure the accuracy of this truncation, one can calculate their overlap toj 6i ,
which gives j h 6;1j 6i j 2 ' 0:941827; j h 6;2j 6i j 2 ' 0:997165and j h 6;3j 6i j 2 '
1:00000. From this it is clear that M = 2 is a good approximation, but also that
M = 3 is much better. However, it is di�cult to include � ac

e (t)3 in the e�ective
Hamiltonian, so it is for now decided thatM = 2 is adequate. The Wigner plots for
M = 1; 2; 3 are shown in Fig. 4.3.

Figure 4.3: Wigner functions for M = 1; 2; 3, i.e. the statesj 0
1i ; j 0

2i ; j 0
3i .

4.1.4.3 Perturbative Expansion Order

In Section 4.1.2, the e�ective Hamiltonian and its corresponding micromotion op-
erator were presented in (4.9) and (4.10) to include terms up to order1=! 2

0. Here,
the accuracy of the e�ective Hamiltonian is studied by simulating the system for
Ĥe� ;0; Ĥe� ;1 and Ĥe� ;2, whereĤe� ;k is the e�ective Hamiltonian including terms up
to order 1=! k

0 , derived usingN = 6; M = 2 in the expansion of the full Hamiltonian.
More precisely, the exact same simulation as above is performed, but according to
(2.27), by letting the initial state exp

n
� i Ŝk(t = 0)

o
j0i evolve underĤe� ;k (t) from

t = 0 to t = 60, resulting in a set of statesj 0
k i . The �nal states are then given by

j e� ;k i = exp
n
i Ŝk(t = 60)

o
j 0

k i , and their Wigner plots are shown in Fig. 4.4. The

e�ective Hamiltonian is formally derived from ĤM =2 (t), but is ultimately also an
approximation of ĤN =6 (t). Thus, one would like to compare the e�ective Hamilto-
nian to both of these. This is done by calculating the overlap forj e� ;k i to j 6;2i and
j 6i . For ĤM =2 (t), this gives j h e� ;0j 6;2i j 2 ' 0:688971; j h e� ;1j 6;2i j 2 ' 0:994239
and j h e� ;2j 6;2i j 2 ' 0:999502. For ĤN =6 (t), the overlaps arej h e� ;0j 6i j 2 '
0:683113; j h e� ;1j 6i j 2 ' 0:992798and
j h e� ;2j 6i j 2 ' 0:995452. This shows, that for the given pulse, only including terms
up to order 1=! 0 is already a good approximation. It also indicates that, in order
to achieve a more accurate e�ective Hamiltonian, the next step would be to use the
truncation M = 3 rather than including terms up to order 1=! 3

0 in the e�ective
Hamiltonian, since1 � j h  e� ;2j 6;2i j 2 < 10� 3 but 1 � j h  6;2j 6i j 2 > 10� 3. In other
words, Ĥe� ;2 is a much better approximation ofĤM =2 , than ĤM =2 is of ĤN =6 . The
comparison betweenĤe� ;1; Ĥe� ;2; ĤM =2 and ĤN =6 will be further studied in the
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next subsection.

Figure 4.4: Wigner functions for Ĥe� ;k ; k = 0; 1; 2, i.e. the statesj e� ;0i ; j e� ;1i ;
j e� ;2i .

4.1.4.4 Bound on Pulse Amplitude

As mentioned in Section 4.1.1, the accuracy of the Hamiltonian is dependent on
� ac

e being small. More preciselyj� ac
e (t)j � 0:03697� 2� at all times t ensures

that gac
k;M +1 j� ac

e (t)M j=gac
k;1 < 10� 3 8k. Moreover, the e�ective Hamiltonian is derived

under the assumption that the driving strength is small enough that





 ĥk






 =! 0 �

1; 8k, ensuring that its accuracy increases with each expansion order. The norm




 ĥk






 is not properly de�ned here, but note that it must consider that the average

occupation number for the state of the system is low. The accuracy of̂HM =2 and
Ĥe� are thus limited by the amplitude of the applied pulses.
To measure this dependence, one can rede�ne the pulse envelope from (4.15) to

A(t; r ) =

8
<

:
2� � re� ( t � t 0 ) 2

2� 2 ; 0 � t � 60 (ns)

0; otherwise;
(4.19)

where t0 = 30 ns and � = 10 ns. Then, one can perform the same simulations as
before forr 2 [0:005; 0:030], resulting in the set of statesj 6(r )i for ĤN =6 , j 6;2(r )i
for ĤM =2 , j e� ;1(r )i for Ĥe� ;1 and j e� ;2(r )i for Ĥe� ;2. The overlaps betweenj 6(r )i
and the remaining states are shown in Fig. 4.5. From this, one can see thatĤe� ;2

emulatesĤN =6 very well for amplitude r . 0:010� 2� , but starts to perform poorly
for r & 0:015� 2� . Hence, the amplitude should be kept below this to ensure that
the e�ective Hamiltonian is accurate.
Moreover, one can notice that bothj h e� ;1j 6i j 2 and j h e� ;2j 6i j 2 are very close
to j h 6;2j 6i j 2. This further strengthens the argument in Section 4.1.4.3, that to
increase the accuracy of the e�ective Hamiltonian one should truncate the ac-�ux
expansion atM = 3 rather than including the third-order perturbative expansion
terms.
Lastly, the results show that Ĥe� ;1 and Ĥe� ;2 perform almost equally well forr .
0:015� 2� . So in this regime,Ĥe� ;1 can be used to reduce the computational cost
of simulation without losing much accuracy.
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Figure 4.5: Overlaps between the four states on a logarithmic scale for amplitudes
r 2 [0:005; 0:030].

4.1.4.5 Rise and Fall Time Limitation

In Section 4.1.3, it is shown that the rate of change of the pulse amplitudes induces
errors in the e�ective Hamiltonian. An approximate bound on the rate of change is
derived to limit these errors. However, this derivation involves the assumptions that
the rate of change of eacĥhk is similar to the rate of change of the pulse amplitudes
and that it is the same for eachk. As this is not necessarily true or easy to check
analytically, this is tested by simulating pulses with di�erent rise and fall times. A
longer rise (or fall) time is of course equivalent to a slower rate of change, and vice
versa.
To do this, the pulse envelope will again be rede�ned. This time as

A(t; t f lat ) =

8
>>>>>>>><

>>>>>>>>:

2� � 0:015e
�

( t � t 0+ t f lat =2) 2

2� 2b( t f lat ) ; 0 � t < 30� t f lat =2

2� � 0:015; 30� t f lat =2 � t < 30 + t f lat =2

2� � 0:015e
�

( t � t 0 � t f lat =2) 2

2� 2b( t f lat ) ; 30 + t f lat =2 � t � 60

0; otherwise;

(4.20)

where t0 = 30 ns, � = 10 ns, t f lat 2 [0; 22]ns is some time for which the envelope is
�at, and b(t f lat ) is a parameter determined such that

Z 60

0
A(t; t f lat )dt =

Z 60

0
A(t; 0)dt; (4.21)

i.e. the e�ective gate duration is always the same. When increasingt f lat , the
rise time of the pulse envelope decreases since the width of the Gaussian function,
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�
q

b(t f lat ), decreases. To measure howt f lat a�ects the accuracy of the e�ective
Hamiltonian, one can perform the exact same simulations as in the previous subsec-
tion, resulting in a set of statesj 6(t f lat )i , j 6;2(t f lat )i , j e� ;1(t f lat )i and j e� ;2(t f lat )i .
The overlaps between these states are shown in Fig. 4.6.
From these results, one can note that the e�ective Hamiltonians are accurate even
for faster rise and fall times. This is likely an e�ect of the pulse amplitudes already
being limited to be small, since even if the rise time is equal to the period of the
oscillator, T = 2�=! 0; the rate of change will be small: _A(t)T ' 0:015� 2� � 1.
The results also show that the accuracy of the e�ective Hamiltonians decrease with
the accuracy ofĤM =2 . This is likely an e�ect of the amplitude being large for a
longer duration as the �at duration increases, and at larger amplitudeŝHM =2 is an
increasingly worse approximation. Hence, most of the decrease in accuracy of the
e�ective Hamiltonians can be attributed to that of ĤM =2 , rather than the actual
rise and fall times themselves.

Figure 4.6: Overlaps between the four states on a logarithmic scale fort f lat =
0; 2; 4; :::; 22.

4.2 Optimal Control

In this section, cubic phase states and cat states are generated by means of optimal
control. In both cases, this is done by using the e�ective Hamiltonian̂He� ;1 and
a Hilbert space truncated at Ndim = 42 in order to speed up the optimization.
The cut-o� frequency of the �ltering function is set to ! c = 200 MHz and the
Gaussian envelopes are de�ned to have center timet0 = Tdur =2 and �at duration
t f lat = 2Tdur =3, with the exception of Section 4.2.1.1. The �ux bias point is set
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to � dc
e = 0:391028� 2� to cancel Kerr e�ects. The found pulses are analyzed by

comparing the �delity to the target states for both Ĥe� ;1 and the full Hamiltonian
ĤN =6 .
During the initial attempts of optimizing the pulses, it appeared that the optimizer
consistently chose to heavily displace the state, which consequently pushed it out
of the computational basis. As no e�cient solution was found to remedy this, the
1! 0 �ux and charge pulses were de�ned to always cancel each others displacement.
This clearly limits the control of the system. It is not, however, a problem for the
cubic phase state. For the cat state, it is taken into account by using di�erent initial
states.

4.2.1 Cubic Phase States

The optimal control methods in Section 3.2 are �rst used to generate a cubic phase
state. First, by tuning the amplitude and phases of a speci�c set of pulses, and then
by pulse shaping. Generating the state from pulse shaping shows that it is possible
to generate non-Gaussian states by full optimal control. Lastly, the pulses found are
tested in terms of robustness to deviations in Hamiltonian parameters.
In both cases, the maximum amplitudes of the �ux pulses were set to be0:015� 2�
as a result of Section 4.1.4.4 and the total duration to60ns.

4.2.1.1 Optimizing the Cubic Phase Gate

In Eriksson et al. [13], a cubic phase state was experimentally realized by �rst
applying a squeezing (2! 0) �ux pulse for 20ns, followed by1! 0 and 3! 0 �ux pulses
and a 1! 0 charge pulse for40ns. The amplitudes and phases of the pulses were
calibrated such that the displacement of the1! 0 pulses cancel and to achieve desired
squeezing� and cubicity � . The closest pure cubic phase state to the measured state
was then found with92%�delity, with � = � 0:61 and � = 0:11.
A relatively simple optimal control problem can be de�ned by recreating the above
result in simulation by means of optimal control, rather than manual calibration.
However, due to di�ering de�nitions, the target state is chosen as� = � 0:61; � =
� 0:11. To this end, following the notation of Section 3.2, the number of segments
was chosen asNs = 2, with respective durationsT1 = 20 ns and T2 = 40 ns. The
set of pulses chosen were a2! 0 �ux pulse u2(t), 1! 0 and 3! 0 �ux pulses u1(t)
and u3(t), and 1! 0 charge pulsev(t). The amplitudes were then �xed such that
u1(t); u3(t); v(t) = 0 for t < T 1; and u2(t) = 0 for t > T 1. Furthermore, in order
to enforce the cancellation of displacement of the two1! 0 pulses, the amplitude
and phase of the charge pulse was �xed such thatv(t) = � gac

1;1u1(t). Hence, the
six remaining optimization variables were the amplitudes and phases ofu1(t); u2(t)
and u3(t): The number of test points chosen at each iteration is� = 40. Since the
amplitudes were �xed to be non-zero in only one segment each, the pulse amplitudes
were not �ltered and the Gaussian envelope was de�ned so that the amplitudes were
tied to zero in t = 0; T1; T1 + T2: This means that for u2(t); a Gaussian envelope
with t0 = T1=2 and t f lat = 2T1=3 was applied. For the remaining pulses,t0 =
T1 + T2=2; t f lat = 2T2=3.
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Figure 4.7: Wigner functions of the target cubic phase state
j� = � 0:11; � = � 0:61i (left), and the states generated by the optimized pulses for
Ĥe� ;1 (center) and ĤN =6 (right), in a Hilbert space truncated at Ndim = 100.

For a maximum number of iterationsNmax = 500 and target cost Ctarget = 0:01;
the minimum cost was found to beCopt = 0:01247(which was found already after
N iter = 211 iterations). By simulating the full Hamiltonian ( ĤN =6 ) with the same
pulses, the overlap to the e�ective Hamiltonian is0:98058resulting in the overlap
0:97263to the target state. The Wigner functions of the target state, as well as the
simulated states using the e�ective and full Hamiltonians are shown in Figure 4.7.
Note that a lowerCopt could have probably been achieved by being more careful with
�xing the amplitude and phase of the charge pulse. Simply settingv(t) = � gac

1;1u1(t)
means that only the zeroth order (in1=! 0) displacement contributions fromu1(t)
are taken into account. For example, by including �rst order corrections to the
RWA, one can �nd a displacement contribution proportional togac

1;1gdc
4 =! 0 � 1MHz.

However, even withCopt = 0 the overlap for the full Hamiltonian to target would
still not surpass0:98058, and hencev(t) = � gac

1;1u1(t) was deemed su�cient.

4.2.1.2 Pulse Shaping Optimization

After the above results, it is also of interest to see if one could generate the same
cubic phase state without strictly enforcing the optimizer to �rst squeeze the vacuum
state and then perform a cubic phase gate. In other words, try to generate the target
cubic phase state by pulse shapingu1(t); u2(t) and u3(t), with v(t) = � gac

1;1u1(t). The
total duration of the pulses was set toTdur = 60 ns, which was split into Ns = 6
even segments of durationTi = 10 ns, i = 1; :::; 6. Thus, the optimization were
set to be the amplitude of each pulse in each segment, as well as their overall
phase, amounting to21 variables in total. The number of test points chosen at each
iteration is � = 100. The pulses were then �ltered and multiplied by a Gaussian
envelope as described in Section 3.2. With a target costCtarget = 0:005; the optimizer
reachedCopt = 0:004965in N iter = 583 iterations. However, the overlap between
the simulated states fromĤe� ;1 and ĤN =6 was 0:949591when applying the found
pulses. As a result, the overlap between the target state and the simulated state from
ĤN =6 was only 0:950428. The Wigner functions of the simulated states are shown
in Figure 4.8. The shaped pulse amplitudes that were found in the optimization are
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Figure 4.8: Wigner functions of the states generated by the shaped pulses forĤe� ;1

(left) and ĤN =6 (right), in a Hilbert space truncated at Ndim = 100.

shown in Figure 4.9.

4.2.1.3 Parameter Robustness

In a realistic experimental setup, the Hamiltonian of the SNAIL-resonator will de-
viate from the ideal, full Hamiltonian. There will always be some uncertainty for
the measured and designed circuit parameters, and the SNAIL-resonator will be
coupled to a read-out qubit which will slightly shift the Hamiltonian parameters.
Hence, one would like to study how robust the found pulses are to deviations of the
Hamiltonian parameters. Here, the e�ect of deviations up to5% in the parameters
gdc

3 ; gdc
4 ; gac

1;1; gac
2;1 and gac

3;1 will be studied, as well as deviations in frequency (! 0) and
Kerr (K (2) ) in the range of hundreds of kHz will be studied. This will be done for
both the tuned pulses found in Sections 4.2.1.1 and 4.2.1.2, from here on referred to
the standard pulsesand shaped pulsesrespectively.
To study this, the following method is used. For a parameterp, the parameter
instead takes the valuep0 = p + � p; where � p is swept over a range of values.
For each value ofp0, the new optimal bias point is found (except! 0; gac

1;1; gac
2;1; gac

3;1
as it does not change), and the Hamiltonian is rede�ned. The time evolution of
the system is then simulated, both using the standard and shaped pulses, with the
rede�ned Hamiltonian. The �delity (state overlap) to the target cubic phase state
is then calculated.
The results show that the pulses are more resilient to deviations in Kerr than to
frequency, as seen in Figure 4.10. However, one can also notice that the shaped pulses
are more susceptible to changes in frequency than the standard pulses. Forgdc

3 and
gdc

4 , Figure 4.11 shows that both sets of pulses are very robust towards changes ingdc
4 ,

and slightly less so towards changes ingdc
3 . Moreover, one can note that the �delity

increases with higher values ofgdc
3 . The �delities for deviated values ofgac

1;1; gac
2;1; gac

3;1
are shown in Figure 4.12. From these heatmaps, one can notice that the pulses are
generally robust towards deviations up to5% in these parameters. Additionally, the
standard pulses seem to give higher �delity for deviated parameters, especially an
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Figure 4.9: Pulse amplitudes found to generate the target cubic phases state in
pulse shaping optimization. Flux pulses are blue in color, and the charge pulse is
orange.
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Figure 4.10: Fidelity of standard and shaped pulses for deviated values of fre-
quency! 0 (left) and Kerr K (2) (right).

Figure 4.11: Fidelity of standard and shaped pulses for deviated values ofgdc
3 (left)

and gdc
4 (right).

increasedgac
1;1.

4.2.2 Cat States

Here, cat states are generated by means of optimal control. In contrast to previous
optimizations, the optimizable pulses are chosen to beu(r )

n (t) = A (r )
n (t) cos(n! 0t)

and u(i )
n (t) = A (i )

n (t) cos(n! 0t + �= 2) for n = 1; 2; 3, where A (r=i )
n (t) are the pulse

amplitudes. Again, the charge pulses are de�ned such thatv(r=i )(t) = � gac
1;1u(r=i )

1 (t).
Since there are now2 pulses for each frequency, the maximum amplitude is set to
0:015� 2�=

p
2. The total duration of the pulses is set to120ns, evenly split into

Ns = 12 segments of durationTi = 10 ns for all i . The number of optimization
variables hence grows to72, and the number of test points for each iteration is
chosen to� = 200.
The optimization variables are chosen as above due to the fact that all leading-order
driven terms in the e�ective Hamiltonian will be proportional to A(t)e� i� if the pulses
are of the type A(t) cos(n! 0 + � ). These terms are hence con�ned to a line in the
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Figure 4.12: Heatmaps showing �delity of standard and shaped pulses for deviated
values ofgac

1;1; gac
2;1; gac

3;1.
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