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Entropy Production of a Harmonically Driven Order Parameter Field
A Field Theoretic Approach to Ultrafast Thermodynamics

ERIK KARLSSON OHMAN

Department of Physics

Chalmers University of Technology

Abstract

Ultrafast thermodynamics is an emerging field of research that aims to model
the non-equilibrium dynamics of laser-excited materials. A central quantity of
interest is the entropy production, which quantifies how far a system is from
equilibrium. While previous theoretical works have modeled the entropy pro-
duction in terms of lattice vibrations and magnetization dynamics, this work
models the entropy production of a scalar order parameter field coupled to a
time-dependent harmonic driving field. In doing so, this thesis takes the first
steps in bridging the gap between ultrafast thermodynamics and statistical field
theory.

The evolution of the field is modeled by the time-dependent Ginzburg-Landau
equation, which is solved numerically. In the absence of a driving field, the va-
lidity of this method is confirmed through a finite-size scaling analysis in which
equilibrium critical exponents are extracted and shown to agree with known val-
ues of the Ising/F* universality class.

An analytical expression for the entropy production is also proposed. This ex-

pression is compared with numerical simulations and, for a selected range of

driving frequencies, exhibits clear quantitative agreement in the high-temperature
phase. A finite-size scaling analysis of the entropy production further suggests

that, for the driving protocol in question, the entropy production converges to

a smooth function around the critical temperature, and as such does not exhibit

any critical scaling.

Keywords: Entropy production, criticality, time-dependent Ginzburg-Landau
equation, ultrafast thermodynamics
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1

Introduction

This chapter provides the background motivating this field of inquiry. Moreover,
the aim of this thesis along with relevant delimitations is presented, followed by
an overview of the thesis structure.

1.1 Background

Ultrafast spectroscopy is a field that aims to study the non-equilibrium behav-
ior of materials by exciting them with laser pulses, typically in the terahertz
frequency range. In recent years, the field has progressed significantly. New
experimental methods and technologies — such as high-harmonic generation
(HHG), chirped pulse amplification (CPA) and Ti:sapphire lasers, to name a
few [1] — have enabled physicists to probe materials on unprecedentedly short
timescales, ranging from picoseconds down to attoseconds [2]. This has enabled
the realization and investigation of photo-induced phenomena such as high-
temperature superconductivity in organic compounds [3], the anomalous Hall
effect in graphene [4] and ultrafast switching of magnetization [5]. Most impor-
tantly, these are properties that are not exhibited in equilibrium and they are in
many cases driven by mechanisms that cannot solely be explained with a ther-
mal description of the system in question — in other words: some mechanism
beyond heating is at play [6].

A key quantity to understanding non-equilibrium phenomena is entropy produc-
tion. The concept of entropy production is one of the cornerstones of stochastic
thermodynamics — a relatively new field that extends traditional thermodynamics
into the non-equilibrium microscopic regime, by assigning entropy to individual
fluctuating trajectories. Originally conceived of to study active matter such as
colloidal particles and single biomolecules [7], the framework of stochastic ther-
modynamics has also proven to be a useful tool in modeling entropy production
in ultrafast spectroscopy experiments. This emergent branch of research is aptly
known as ultrafast thermodynamics [8, 9].

Since entropy production is related to heat dissipated through irreversible pro-
cesses in a system, modeling of entropy production could be of great practical
importance in the future design of electronics that rely on ultrafast light-matter
interaction, such as THz spintronics and all-optical switches [10]. On a deeper
level, however, the entropy production rate is innately connected to how non-
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1. Introduction

equilibrium systems evolve [11] and it provides a quantitative measure of to
what extent a system is out of equilibrium [12].

Previous theoretical studies on ultrafast thermodynamics have modelled the
stochastic dynamics of materials in terms of collective excitations, such as lattice
vibrations [8] and magnetization dynamics [9]. Notwithstanding the success of
these models, this picture is inherently limited - it cannot accurately describe
critical phenomena such as phase transitions. This work seeks to move beyond
that limitation by calculating the entropy production of a scalar order parameter
field. In doing so, it takes the first steps towards formulating a field-theoretic
framework for ultrafast thermodynamics and understanding the critical behav-
ior of ultrafast entropy production.

1.2 Aim

This thesis aims to assert the validity of the time-dependent Ginzburg-Landau
model for simulating the critical phenomena of the Ising/f* universality class.
This will be done by extracting the static critical exponents of some relevant ther-
modynamic quantities through numerical finite-size scaling simulations. Fur-
thermore, previous work on ultrafast entropy production will be extended to
now encompass a field-based formalism. As such, an expression for the en-
tropy production of a scalar order parameter field coupled to an external time-
dependent magnetic field will be derived. This expression, in combination with
numerical time-dependent Ginzburg-Landau simulations, will be used to inves-
tigate the temperature dependence of the entropy production in the vicinity of
the field’s critical temperature, Tc.

1.2.1 Delimitations

This thesis will only focus on classical physics, and as such will not treat the rich
theory of quantum phase transitions. Moreover, the external fields investigated
in this thesis are restricted to periodic, spatially homogeneous sinusoidal fields.
This choice of field will be further motivated in Section 3.2.2.

1.3 Structure

Chapter 2 covers the theoretical background needed to approach the contents of
this thesis, starting with a brief introduction to critical phenomena, followed by
sections on finite-size scaling theory, time-dependent Ginzburg-Landau theory
and stochastic thermodynamics.

Chapter 3 outlines the methods used for the numerical simulations.

Chapter 4 presents results and interpretations of numerical simulations, per-
taining both to equilibrium and non-equilibrium phenomena.

2



1. Introduction

Chapter 5 summarizes the conclusions drawn from this work, and details possi-
ble future research directions building on this work.
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Theory

In this chapter, the theoretical underpinnings of this thesis are presented. Critical
phenomena are introduced and motivated through the mean-field Ising model.
This description is then further generalized to admit the study of critical ex-
ponents, universality classes, and finite-size scaling. Furthermore, the time-
dependent Ginzburg-Landau equation is introduced, and it is made clear how it
can be used in the framework of stochastic thermodynamics to compute quanti-
ties such as entropy production.

2.1 Phase Transitions and Critical Phenomena

Its a peaceful Wednesday morning in May. You wake to the sound of birds
chirping and a gentle beam of sunlight hitting your face. After getting out of
bed, you step into the bathroom for a warm shower. As you towel off, you notice
the mirror fogging up. In the kitchen, you put a kettle on the stove and crack an
egg into a hot frying pan.

Phase transitions might at first seem deceptively mundane — we are surrounded
by them all the time. In fact, during this hypothetical May morning, you have
already encountered three: condensation on the mirror, boiling water for your
tea, and the denaturation of proteins as the egg cooks. Despite this, we will
soon see that the concept of phase transitions — and the closely related notion
of critical phenomena, possess an immense theoretical depth, which can give us
profound insights into the laws governing our universe.

Generally speaking, a phase transition is the process of some system transition-
ing from one distinct state to another. Associated with a phase transition is an
order parameter — some quantity of the system that unambiguously characterizes
which phase the system is in.

In statistical physics, the Ising model is ubiquitous in its role of describing phase
transitions. The model was originally conceived of to describe ferromagnetism,
but has since found applications across a wide range of fields, including epi-
demiology [13], traffic flow modelling [14] and social science [15], to name a few.
The system of interest in the Ising model consists of discrete magnetic moments,
sj, that can take one of two values, s; = f 1,1g. These magnetic moments, or
spins, are, as illustrated in Figure 2.1, situated on a d-dimensional lattice and the

5



2. Theory

resulting Hamiltonian of the system is given by

N
Hising = é Jisisi hé S, (2.1)
ij [
where J; is some correlation matrix that describes the interaction of the spins and
his an external magnetic eld. Despite its innocuous appearance, this Hamilto-

nian can become, due to the interaction of spins, notoriously hard to compute
exactly.

Figure 2.1: A 2D Ising model, consisting of magnetic moments on a lattice that
either point upwards or downwards.

Solutions exist; in 1925 Ernst Ising solved it for a one dimensional chain with
only nearest-neighbor interactions between spins [ 16], and in 1944 Lars Onsager
famously proposed his solution for a two dimensional in nite lattice with no
external eld, also restricting himself to nearest neighbor interactions [ 17]. For
three dimensions however, an analytical solution has yet to be discovered [ 18].
However, we will now see that by making simplifying assumptions we can arrive

at a very elegant and general solution of the Ising model.

2.1.1 Mean- eld Approximation

Let us start by revisiting the Ising Hamiltonian
Hising = é Jiss ha s (2.2)
ij i=1

To make this problem more tractable we will make the correlation matrix  J;
explicit and assume that it encodes only nearest-neighbor interactions. As such,

6



2. Theory

we can now rewrite the correlation matrix in the Hamiltonian as
a Jjss! Jass; (2.3)
ij hiji
where we let hiji denote summation over nearest neighbors and we assume
J> 0. We will now introduce an order parameter

18, .
m - a s, (2.4)

N2y
where the expectation value is formally de ned as
ml _ Tr(sle bHIsing)

Z

and Z = Tr(e bH'Si“g) denotes the canonical partition function. In the physical
context of magnetism, we may interpret the order parameter, m, as themagnetiza-
tion of our system. Moreover, when m = 0, our system is completely disordered
or in other words: paramagnetic Conversely, when m & 0, our system possesses
some amount of order and is thus ferromagnetic To proceed analytically, we will
perform a key simplifying assumption. We assume that thermal uctuations are
small and proceed to de ne the uctuation of the spins as

ds s h si, (2.6)

l.e. the deviation from the mean spin. Consequently, we may now express the
spin-spin interaction term as

(2.5)

« 0
ssj = (ds + hsi) dsj+ hsji = hsihsji + hsiids; + hsjids + dsids;. (2.7)

where we set the term quadratic in uctuations to zero, since the uctuations of
the spins were assumed to be small. This is known as the mean- eld approximation
and using it will simplify our calculations considerably. Now we can write the
spin-spin interaction term as

ss;  shsi + shsi h sihs;i. (2.8)
Moreover, since the Ising Hamiltonian is translationally invariant we may set
m = hsji. Consequently, the mean- eld Ising Hamiltonian becomes

N
Hwe= Jm3a s+s m h§s. (2.9)
hiji i=1
We may rewrite the sum over nearest neighbors further,

N
&(s+s)= 542, (2.10)
hiji i=1

]I
where g denotes the number of neighbors for each lattice site. At last, we arrive
at
m Y \ NgJn? \
Hue= 508 (2s m) has= o0 hgds,  (211)
2 i1 i=1 2 i=1

where heg  h+ qJm
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2.1.2 Thermodynamic Properties

Let us now revisit the partition function with the mean eld Hamiltonian
|

N
é e bHwr = ¢ bNqgJn?/2 CN) ehhett 4+ @ Dhet
S= 1 i=1 (212)

= e PNGINFI2 (5 coshbhey) N .

Having calculated the partition function we may now express the order param-
eter as !

1 5 Tr(se Pwe) 1 1 \

Lg Tr(se ™) _1 1 o 3 se PHw (2.13)
N2y Z\F N ZwF i=1

where we exploited the additivity of the trace in the last step. To proceed we
note that the derivate of the partition function with respect to the effective eld

is equal to

N
Zvr = 0O
i=1

1Z me
ﬂheff

Combining Equation ( 2.12), Equation (2.13 and Equation (2.14) thus gives us

m—i 1 1Zme _ 1 TInZye
bN Z e hesr bN  Theg

Recalling the de nition of the effective eld, we are nally left with
m = tanh (b (h+ qJn)). (2.16)

This equation lacks an analytical solution but may be solved numerically. In Fig-
ure 2.2 we see that the magnetization decays rapidly as we approach 1/ bgJ= 1
from below. We may also note that, since tanh is an odd function, Equation
(2.16 admits both a negative and positive solution. Both solutions are phys-
ically meaningful and correspond to the two directions of magnetization of a
ferromagnet. The lowest temperature for which Equation ( 2.16 is solved by
m = 0 is called the critical temperature

N
=bd Tr se PHw | (2.14)
i

= tanh (bhgg). (2.15)

Jq
k_By
and it is the temperature where the system transitions from the ferromagnetic
phase to the paramagnetic phase. What really interests us is how the order
parameter (and other thermodynamic quantities) behave in the vicinity of this
temperature. As such we will Taylor expand Equation ( 2.16 at T T, where
m is small,

Te (2.17)

Te 1 Te °
—m+ bh = —= 2.1
m —m+bh S —= (2.18)
where we only kept the leading order term in h. Solving for h! 0 we get
8 r
< T % 1T
m= 3% 1 T<Tc, (2.19)
"0 T> TC



2. Theory

Figure 2.2: Numerical, positive solution of Equation ( 2.16 for h = 0. When
%J = 1 the system crosses over from being having a non-zero magnetism to

being paramagnetic.

and for small jJT Tcj and when approaching Tc from below, we can say that
the magnetization behaves like

mjTc Tj° (2.20)

where b = % is a so-called critical exponent At the moment this result may not
look terribly interesting, but we will soon learn that studying the critical expo-
nents associated with a phase transition actually can give us profound insights
into the universal behavior shared by seemingly unrelated physical systems.
First, however, we will see that many other thermodynamic quantities also fol-
low a power law behavior near the critical temperature. Let us start by looking
at the zero external- eld magnetic susceptibility,

m
C= — . 2.21
T o o @20
Differentiating both sides of Equation ( 2.18 with respect to h yields
Tc L
—~c + — .
c T c+b T m-c, (2.22)
and after rearranging we get
b
c= . (2.23)
1 T4 Tc 3 2
T ¢ m

Using the expression for m from Equation (2.19, we nally get

1/ (kB(T Tc)) T> T¢

1/ (2kg(Te T)) T<Tc (2.24)
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Figure 2.3: Divergence of mean- eld susceptibility for h= 0and Tc = 1.

Now we can conclude that no matter which way we approach T, the suscepti-
bility diverges as

c jTc Tj 9 (2.25)
where g = 1 — which is another critical exponent. Now we will use the fact that

the free energy is given by
F= kgTInZ. (2.26)

Combining this with our expression of the mean- eld partition function, from
Equation (2.12 we get

Fue =  keT w + NIn (2) + NIncoshbhe . (2.27)
If we Taylor expand the last term, neglecting higher powers of h we obtain
" #
T T Tem? Tc °m* 1
— _ + —_—t = @ — @ — + ... .
FmE NkgTc Te In (2) > T 12 kBTmh (2 28)
This we may generalize to the following form
Fur = Fo+ aT Tg)m?+ bnf cmh (2.29)

where a, b and c are constant with respect to the order parameter. Let us now
turn our attention to the heat capacity. For a = 0, Equation (2.29 has a minimum

atm= Ofor T > Tc and minima at m = % for T < Tc. Consequently,
the equilibrium free energy in the two cases becomes
(
F _ Fo T> T¢ (2.30)
R —az(T4bTC)‘2 T< Tec. .

10



2. Theory

Figure 2.4: Plot of the mean- eld free energy as a function of m. Below the
critical temperature the free energy has two distinct minima, corresponding to
the two possible phases of magnetization. Above the critical temperature the
only minima is at m = 0, i.e, total disorder. At T = T¢, the minimum is also at
m = 0, but the approach towards the minimum is less steep.

De ning the heat capacity as

2F
C= T%, (2.31)
we get
C e T> Tc
_ 2
C=  F .2 1o (2.32)
ot T c

Here we see that the heat capacity does not diverge asT approaches T, however
it does have a discontinuity. Even though the heat capacity does not scale with
a power law, we may formally de ne a critical exponent for the heat capacity as

. . a _ _ In (C) B

C TI!|rnTCjT Tej © =) a= nGT Ta) 0. (2.33)
In Table 2.1 all critical exponents obtained in this section, as well as the critical
temperature, are compared to those of Onsager's exact 2D solution. Apparent is
that the mean- eld solution fails to accurately determine the value of the critical
exponents as well as the location of the phase transition. Nevertheless, mean-
eld theory does qualitatively capture the essential characteristics of a phase
transition — and thus serves as a valuable rst stepping stone in the effort to
understand critical phenomena.

11



2. Theory

Table 2.1: Mean- eld critical exponents and mean- eld critical temperature com-
pared to the Onsager solution of the 2D Ising model.

a b g Tc

Mean- eld theory 0 1/2 1 Jq kg D
Onsager's 2D solution (q= 4)[19] 0 1/8 7/4 2 J(kgln(1+ 2))

2.1.3 Limitations of Mean- eld Theory

The mean- eld Ising model provides a description of phase transitions that is,
for the most part, qualitatively correct. In fact, as the dimensionality increases,
the mean- eld approximation also becomes increasingly more accurate. More-
over, at the upper critical dimensiorthe approximation becomes exact. For the
Ising model, it is fairly straight-forward to use the Ginzburg Criterionto show
that the upper critical dimension is dyc = 4. Conversely, there also exists alower
critical dimension Below this dimension no phase transition occurs. For the Ising
model the lower critical dimension is d,. = 2. Consequently, mean- eld theory
— which predicts a phase transition in low dimensions — fails qualitatively below
this point.

So far, we have only discussed thermodynamic quantities derived from the free

energy. This, however, does not capture the full picture of a phase transition,
as many important physical quantities are related to the correlation of the order

parameter rather than its average value alone. As such, we must go beyond the
mean- eld description.

2.1.4 Beyond Mean- eld Theory

Having discussed the limitations of mean- eld theory, it is natural to ask:  Can
we extend mean- eld theory to describe phase transitions in dimensions betow?d
The most obvious way to improve upon mean- eld theory is to modify the free
energy, see Equation .29, to include terms that account for spatial variations
and correlations between spins — effects that were previously neglected in the
mean- eld approximation. To this end, let us rede ne our order parameter as

1 Z
mo d% f (x), (2.34)
where f (x) is a continuous eld representing the local order parameter density.
Later, we will establish a formal connection between this eld-theoretic descrip-
tion and the discrete spin lattice of the Ising model. For now, however, we treat
f (x) as a coarse-grained, continuous approximation that captures the spatial
variation of the system. Now we can de ne a free energy as

Z
F= dxa(T To)f (x)2+ bf (x)* cf (x)h+ d(r f(x))?, (2.35)

12



2. Theory

where the term proportional to (r f (x))2 captures the spatial variation of the

eld. But why (r f(x))2 and not just r f (x)? We will now see that the answer
lies in symmetry. In the absence of an external eld, the free energy must be in-
variant under m! m. In the case of the ferromagnet, this is easy to convince
oneself of: Equation (2.16 admits one negative and one positive solution, and
for spontaneous magnetization one spin direction should not be preferred over
the other. When we derived the free energy from mean- eld theory, we did not
explicitly enforce any symmetries, beyond the construction of the Hamiltonian.
However, an alternative approach is to assume only that the free energy is in-
variant under inversion of the order parameter and to expand it in even powers
of the order parameter. This approach — known as Landau theory- remarkably
reproduces the same form of the free energy as the mean- eld Ising model:

F(T)= a(T)m?+ b(T)m*+ ..., (2.36)

without relying on any microscopic details of the system, suggesting a duality
between the Ising model and any other system that is invariant under inversion
of the order parameter. At rst, this may sound unintuitive, but soon we will
see how this notion ts into a greater framework of thought. For now, how-
ever, we will focus on understanding the implications of the generalized free
energy introduced above, see Equation (2.35, commonly referred to as a f - or
a Landau-Ginzburg-Wilsorfree energy functional. To this end, we will generalize
the external eld to having a spatial dependence h! h(x). Moreover, we will
nd the equilibrium eld con guration by setting the functional derivative of
the free energy to zero

Z

0f i
0=dF = dx¢ —_—df + ——d(r f
SRR (PR .
z qf qf 0 Vanishing surface term
= dxd4__df r df +r ——df 5
it 1(ry) 1(r f) (2.37)
VA
f qf
= dxd __df df
SRR AR (XD i
=)  2a(T To)f (x)+ 4bf (x)® ch(x) 2dr %f(x) = 0.

In the vicinity of T = T¢ the f(x)3 can be assumed to be small and can be

neglected, as such we can express the following linearized equation
h [
AT To) dr2f(x)= gh(x). (2.38)

If we now restrict ourselves to the case when the external eld is an impulse at
the origin, we can set $h(x) hod@ (x) and Equation (2.38 may now readily
interpreted as a linear operator acting on a Green's function. To further empha-
size this connection, we will by C(x) denote the eld con guration/correlation

function that solves Equation ( 2.39
h [
aT To) dr 2 C(x)= hod¥(x), (2.39)
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and by using the Fourier transform we can easily nd the solution to Equation

(2.39

Z .
_ did hoek*
C(x) = (2p)d 2+ a(T To)’ (2.40)
which for d = 3 simply becomes
_ ho d} x = & :
C(x) = 2 re , X = . (T To) : (2.41)

where n = % Thus we have found yet another critical exponent — this one
describes the divergence of the spin-spin correlation length, x, asT! Tc.

2.1.5 Ciritical Exponent Identities

Starting from the mean- eld Ising model, and investigating its thermodynamic
guantities as T ! T¢, we discovered three different critical exponents: a, b and
g. a and g characterize the divergence of the heat capacity and the susceptibil-
ity as the temperature approaches the critical temperature — while b quanti es
the decay of the order parameter as the critical temperature is approached from
below. These exponents, we found, are valid for all systems that are symmetric
under the inversion of the order parameter, not just the Ising model.

By coarse graining, i.e. de ning the global order parameter as the integral over
a local order parameter density eld, and including a term capturing spatial
variation in the Landau free energy, we could derive a nal critical exponent n,
which characterizes the divergence of the correlation length at criticality.

This list of critical exponents is not exhaustive, in theory any number of crit-
ical exponents could be conceived of by considering high order derivatives of
thermodynamic quantities — however two of the most common equilibrium crit-
ical exponents yet to be mentioned are d and h. d relates the order parameter to
the external eld at criticality

m j hjt'q, (2.42)
and h governs the decay of the correlation function at criticality

C(r) r 92 h (2.43)

Since the different thermodynamic quantities (except for the correlation length)
all ultimately are derived by differentiating the free energy with respectto T or
h, it is not unfounded to suspect that the exponents should be related to each
other somehow. We will expand upon this notion by generalizing some of the
results above. Let us rst revisit Landau's expansionin m

fue = atm?+ bm* cmh (2.44)

where t TTCTC (and a factor Tc has been absorbed intoa). Here we use the

notation fyr to emphasize that we are working with the free energy densityan
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intensive quantity. For fi,mf = 0 the free energy density has minima, solving for
thelimits t ! Oandh! O gives us

ME B 0 t? (2.45)

and _
o h*/3 (2.46)

Knowing this, we can construct a homogenous function ! that captures the be-
havior of the free energy density

. h
fwe(t,h) = jtj?gs itio (2.47)

where D = 3/2, lim y1 0g¢(X) = const. and limy ¥ g;(x)  x*3 to recover the
limits of the control parameters above. We may now generalize this expression
beyond the mean- eld approximation, for systems where a does not necessarily
have to equal 0 (and D need not be 3),

_ .2 h

f(t,h) = jtj° %gs R (2.48)
The notion that the free energy, in general, may be expressed by a homogeneous
function is sometimes called the homogeniety assumptionThis assumption was
rst introduced by Widom in 1965, then in the context of van der Waals uids
[20]. From Equation (2.48 it is straightforward to calculate relevant thermo-
dynamic quantities. For instance, the order parameter may be de ned as the
derivative of the free energy density with respect to the external eld

T

o h
il tj2 @ Py — (2.49)

m jtjP

where gn 119+ is @a new homogeneous function. Consequently, we get
m(t,h=0) jtji?3P =) b=2 a D, (2.50)

but also

m(t! Oh)=jtj2 3P (2.51)

jtoj
where pD= 2 a D since thet -dependence should vanish. As such we get

mt! 0h) hab/bD=y g=p/(2 a D). (2.52)
Similarly, the susceptibility can be expressed as

_fim . 54 h
c=gn 107 P (2.53)

LA homogenous function f of order k, is one that satis es f(sx) = sKf(x).
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where gc  Thdm, and we get the following relation
c(t,h=0) jtj?22° =) g=2 a 2D (2.54)

Remarkably we see that b,d and g all can be expressed by the two indepen-
dent exponents a and D. Moreover, combining the expressions for the critical
exponents in Equations (2.50, Equation (2.52 and Equation (2.53 gives us the
following identities

at+2b+g=2 (2.55)

d
an g

d= 1+ = 2.56
% (2.56)
which are known as Rushbrooke's Identity21] and Widom 's Identity[22], named
after the scientists that rst proposed them. To derive the remaining two critical
exponents, n and h, which are not directly related to the free energy density, we

may pose a similar ansatz for the correlation length:

X jtj "oy TP (2.57)

In addition, we demand that:

At criticality — the correlation length should be the only length scale that
contributes to thermodynamic singularities.

The second condition implies that the logarithm of the partition function, which
importantly is both extensive and dimensionles$ss to be of the following form

d

d

L

nzZ = — +
X Ox

Lot (2.58)
where g are dimensionless functions that do not give rise to singularities, and a
Is some microscopic length scale of the system. As such, the rst term must cap-
ture the singular behavior, while the remaining terms encode only subleading,
non-singular corrections. Consequently, we can relate the free energy density to
the correlation length

nz 1 L% h
f @ @ x ! t)7 0x itjp (2.59)
and obtain a new exponent identity
2 a=nd, (2.60)

which is known as Josephson's ldentitj23]. Lastly, we can extract one nal ex-
ponent identity by expressing the susceptibility as the spatial integral over the
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correlation function. For r X the correlation function vanishes exponentially,
and as such, we can set the upper integration bound to x to study the power-law

behavior of the correlation function. Consequently, we nd

Zy

ddrr d+2 h X2 h J tJ n(2 h) (261)
0

c

and we retrieve
g=n(2 h), (2.62)
which is known as Fisher's Identity[24].

2.1.6 Universality Classes

In the previous section we saw that the critical exponents were interrelated
through exponent identities (also known as scaling law$. This is a convenient
result — the exponents represent measurable quantities and as such an exper-
imentalist would only need to extract two exponents to fully characterize the
critical behaviour of a system. Since a vast number of different physical sys-
tems undergo phase transitions — a naive assumption would be that there exists
equally many sets of critical exponents. This however is not the case — there are
actually only around O(10%) distinct, physically realizable universality classes
[25]. This should come as no surprise. In previous sections we argued that all
systems which were invariant under order parameter inversion should exhibit

a free energy of the same form. Moreover, we know that some of the exponent
identities have an explicit dependence on dimensionality. As such we may con-
jecture that there exist far fewer sets of critical exponents than the number of
phase transitions — and that the values of the exponents are solely dependent on
the symmetries and dimensionality of the phase transition. More concisely, the
Universality Hypothesisstates:

All phase transitions, characterized by their sets of critical exponents, fall
into a nite number of classes, uniquely determined by the dimensionality
of the system d and the dimensionality of the order parameter n [26].

These classes, commonly referred to adJniversality Classesontain many curious
connections. For instance, the Ising model is in the same universality class as
the liquid-vapor transition, two systems that share no microscopic similarities
[27]. Likewise, the 3D XY model, originally a model for planar magnets, shares
universality class with the super uid transition of Helium-4 [ 28].

2.2 Finite-size Scaling Theory
To numerically compute critical exponents is generally not as easy as it may seem
at rst. The fundamental issue that arises is that we should only expect thermo-

dynamic properties to adhere to critical scaling in the thermodynamic limit, i.e.
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when L9= V I ¥ . For numerical studies, the size of the lattice is nite. Natu-
rally, with abundant computational resources, we may simulate suf ciently large
lattices and get acceptable estimates of the critical exponents anyhow; however,
we will see that there exists a far more computationally tractable approach that
actually leverages the limitations that nite-size systems incur.

2.2.1 The Finite-size Scaling Hypothesis

At the thermodynamic limit we expect critical uctuations of the system to be
correlated over a length scale given by x. Let us now suppose that some dimen-
sion of the system is nite with a length given by L. When the nite dimension is
signi cantly smaller than the correlation length, L  x, the correlation length is
effectively saturated to L. Consequently long range correlations are absent and
uctuations are suppressed. Moreover, we don't expect a proper phase transi-
tion in this regime. In the case that L  x, we don't expect to see any nite size
effects and the thermodynamic properties of the systems are unaffected by the
nite dimension. However, at the critical point, where we observe the critical
scaling, the correlation length x diverges (x ! ¥ ). Thus we can never pick a
nite lattice size that is suf ciently large to capture the true critical scaling of
the system at the critical point. As such, we should only expect to see mean-
ingful nite size effects when the correlation length is on the same order as the
system size,x L. Let us revisit Equation (2.59, where the free energy density
was related to the homogenous scaling function of the correlation length and the
reduced temperature

- h
dn
fojt)™ oy j_tjD . (2.63)

Since near criticality
jti ™ x L (2.64)
and we can express the free energy density as

f oL @alnge 1 Vnjej LM (2.65)

where we made use of Josephson's Identity. Moreover, we have made explicit
the dependence on a dimensionless factor LY "jtj that quanti es the distance
from the critical point. Comparing Equation ( 2.65 with Equation ( 2.48, any
thermodynamic quantity z (with a critical exponent q) derived from the free
energy density will have the following form

z=L Y"g, LY"jtj, L h . (2.66)

This is an ansatz which we may call the nite-size scaling hypothesjgven though it
follows directly from the homogeneity assumption of the correlation length. The
implications of this new expression are however profound. Instead of calculating
the critical exponent explicitly, i.e. by tting a power law to  z at criticality, we
may now simulate the system for different values of L and observe how the
value of z scales with L at criticality. Moreover, we also expect the location of
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the critical point to shift with system size. Consequently, the term pseudocritical
pointis often used to denote the point where nite-size systems undergo a phase
transition, and the true critical point is only approached in the thermodynamic
limit. This is a result of the fact that the crossover point where the correlation
length is comparable to system size is itself subject to nite-size effects

t LY"=) T Te+cL YN (2.67)

As such, by tting a power law to the location of the pseudocritical point for dif-
ferent system sizes, we may extract the location of the true critical point and an
independent estimate of the exponent n. In practice, the estimation of pseudo-
critical points can be hard since phase transitions by nature are less pronounced
in nite-size systems.

2.2.2 Estimating the Critical Point

An alternative approach to estimating n and t: is to calculate the Binder cu-
mulant. Introduced by Kurt Binder in 1981 [ 29|, the Binder cumulant is given
by
hM 4

u=1 IMZi2" (2.68)
i.e. the excess kurtosis of M, divided by 3. The physical interpretation of
this expression is of secondary nature to its usefulness in determining the point
of phase transition. The Binder cumulant scales weakly with system size at
the critical point, and thus in the context of a nite size scaling analysis, the
critical point is often taken to be the point of intersection between the cumulants
corresponding to the largest and second largest systems simulated.

2.3 Microscopic Derivation of Landau-Ginzburg-Wilson
Free Energy

In previous sections we have discussed the connection between the Ising model
and the f 4-model through the mean- eld approximation followed by a coarse-
graining step. To further emphasize this connection we will now see that the
f 4/Landau-Ginzburg-Wilson free energy can be directly derived from a general
Ising Hamiltonian,

Hising = a Jjsisj, (2.69)
J

where J; is a translationally invariant correlation matrix that describes the in-
teraction of the spins. An alternative approach to the mean- eld approximation
is to perform a so-called Hubbard-Stratonovich transformation, which resolves
the interaction of the spins at the cost of introducing an auxiliary scalar order
parameter eld, f. For tractability, we have omitted external magnetic elds, but
the derivations below can easily be generalized to also admit a non-zero external
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eld. Let us motivate this transformation by rst revisiting the solution of a 1D
Gaussian integral, where a> 0:

r— z z
¥ 2 ¥ 2
%: ) dxe Ax 3)" = ) dxe a¥+2x & (2.70)
Rearranging the terms we may express
r—z
2 a ¥
e = o, dxe e+ 2bx, (2.71)

Let us further generalize this expression by letting b and x be vectors s and
y,b! s, x! vy;and 1/ abe a matrix J, %1 I bJ;, with inverse (bJ;) 1
Consequently Equation (2.71) may now be written as
CLUREE 1 z ¥ &;jyi(bd) 'yj+2aisy
idisS = p = Dy e 2iYilbdj) “yj+2aisyi 2.72
det(4pbJ) ¥ Y ( )

Letting N pﬁ, the partition function takes the following form

Zy
7 = N Dy é e &ivi(bd) ly;+2a;sy; (2.73)
fsg

where we no longer have a spin-spin interaction term! Thus we can easily per-
form the summation over spins
Zy

Z =N Dy e é.ij)’i(b‘lj) 1yj 6 ZCOSh%/i, (274)
¥ [

where we will absorb a factor ;2 into N . If we change the variable of integra-
tionto fi = &;(bJ;) 1yj, rearrange and absorb any factors related to the change
of variables into N, we end up with
Z
¥

From here on we will focus on the action, i.e. (minus) the argument of the expo-
nential, and also make the assumption that we are working at low temperatures.
Consequently, b = kBiT will have a high value and suppress uctuations of f,
thus we may perform a Fourier expansion of the eld and the correlation matrix.
By then Taylor expanding In (cosh(...)), transforming back to position-space and
taking the continuum limit we get
Z
S[f]=  dixci(r f)%+ cof 2+ caf 4 (2.76)

where ¢; = 2°00) (1 4bJ(0)), c; = bJ0) (1 2bJ(0)) and cz = 4TbAJ(O)4 2
Although somewhat more obtuse at rst, we see that the form of the quadratic

2See Appendix A for full derivation.
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coef cient in the free energy implies a phase transition, just like in the mean-
eld case. Since J(0) has to be positive, ¢, will switch signat T = 2J(0)/ kg. To
conclude, from this derivation we have shown the direct connection between the
Ising model and f #-theories. In Figure 2.5, a roadmap of the different methods
used in this thesis to derive the f 4-model is illustrated.

Figure 2.5: Sketch illustrating the connection between the Ising model, Landau
theory and f 4-theory.

2.4 Time-dependent Ginzburg-Landau Theory

As of yet we have only considered the static behavior of the f#-model. A natu-
ral next step would be to extend the model to also encompass time-dependent
uctuations near equilibrium. A reasonable (and phenomenological) assump-
tion would be that the relaxation rate of f is proportional to the deviation from

equilibrium of the free energy, %. This description is not quite correct. The

free energy function need not necessarily be convex, and thus the order pa-
rameter may evolve to a localminimum, however, the equilibrium state should
always correspond to the globalminimum. To remedy this we will, in analogy to
stochastic optimization, introduce some noise h. Consequently, the time depen-
dent Ginzburg-LandaTDGL) equation becomes

dF [f ]

Mif (x,t) = 95 x.1)

+ h(x,t), (2.77)

where g is some phenomenological relaxation constant. The physical interpre-
tation of h is that the term represents the thermal uctuations inherent to the
system due to its microscopic degrees of freedom [30]. Moreover, the noise is
assumed to be Gaussian

Z
P, exp é dtdxdh(x,t)? , (2.78)
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with hh(x,t)i = 0 and hh(x,t)h(x%t9%i = gd(x x%d(t 9, i.e. uncorrelated in
time and space. Here the angle brackets denote ensemble averages.

Since we used very general assumptions to motivate Equation (2.77), it should
come as no surprise that many expressions of similar or functionally equivalent
form are known in physics. These are most often referred to as overdamped
Langevin dynamics, but in the context of super uids, a closely related equation
Is known as the (stochastic) Gross-Pitaevskii equation [31], and in critical dynam-
ics it is commonly known as model A[32]. Lastly, we note that the probability
distribution of the TDGL dynamics obeys the Fokker-Planck equation

z

=g ad P dF [f]

+
df (x,1) df (x,t)

(2.79)

and as such the equilibrium distribution of the TDGL dynamics will be the
Boltzmann distribution associated with the f 4-free energy functional [ 32]

Peq p € PFIFI, (2.80)

Consequently, the TDGL dynamics is not only useful for probing the behaviour
of the eld out of equilibrium — if we let the eld evolve according to the TDGL
equation for suf ciently long times we should in theory recover the static equi-
librium behaviour associated with the f#-model. As such, TDGL simulations
can serve as an alternative to both static and kinetic Monte Carlo schemes.

One important distinction to be made is that upon the inclusion of noise, the
phase transition will no longer occur at t = 0 [33]. In practice, the coef cient of
the quadratic term in the free energy will be shifted

Ltatf 2+ 1 L+ alt to)fl+ L (2.81)

so that the phase transition now occurs at an effective critical point t = tc.

2.4.1 Fluctuation-dissipation Theorem

If we want to use the TDGL equation to probe the critical behaviour of ther-
modynamic quantities, it is essential that we make clear the temperature depen-
dence of the noise-noise correlatorq. For a Ginzburg-Landau-Wilson free energy
functional with zero external eld
Z h [
FIf]=  dxd taf (x,t)2+ bf (x,t)*+ (xor f(x,1))? | (2.82)

the corresponding TDGL equation is
h [
T (x,t)= g 2atf (x,t)+ 4bf (x,t)® 2x3r %f (x,t) + h(x,1), (2.83)

where hh(x,t)i = 0 and hh(x,t)h(x%t%i = gd(x x9d(t 9. For the sake of
simplicity, we will now restrict the free energy functional to only the  f 2-term.
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Near criticality, this approximation is valid since in that regime, we expect the
order parameter to be small and, as such, the term linear in f will be leading.
Equation (2.83 now becomes

Tf (x,t) = 2gatf (x,t)+ h(x,t). (2.84)

This enables us to derive an analytical expression for g. In the long time limit
the ensemble average may be approximated with a time average
Z t+ E

. 1 2
hA(X,t)i T . ™ A(x,s) ds (2.85)

where Ty is a time much longer than the characteristic time scale of the system
butalso To<< T = %. Solving equation (2.84) gives us

Z t
f(x,t)= fo(x)e @2t+  dse 293t Ip(x g), (2.86)
0

which we may plug into Equation ( 2.85 and thus obtain
b (x,t)i = fo(x)e 293tt, (2.87)

In a similar fashion, we may obtain the mean square uctuations
Z

t
f(x,1)2= fo(x)%e 493t + 2f o(x)e 29t (ge 292t p(x g)
Z t VA t
+ ds dfe a2 s Dy 9h(x, Y (2.88)
0 0
and the average squared velocity
h [
hf t 2 — f 2 4gatt q 1 2gat t ) 2.89
(x. )% = fo(x)% dgat L (2.89)

For long time scales, i.e. t | ¥, the mean squared uctuations go to hf 2j !
49%. By means of the equipartition theorem we may express the average energy
of the eld at every point as

D E
atf (x,t)? = kBTT (2.90)
Consequently, we obtain the following equality
q= 2gkgT. (2.91)

This result is known as the uctuation-dissipation theorem. In its most general
form, the theorem relates the impedance in a linear dissipative system to the
uctuations of the associated forces [34]. In Equation (2.91) we see that the
existence of dissipative forces proportional to g, i.e. (‘é—?), implies the existence
of uctuations @, and vice versa.
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2.5 Stochastic Thermodynamics

The eld of thermodynamics traces its origin to the mid 19th century. At the
time, the industrial revolution was nearing its apex, and the rapid industrializa-
tion of the western world had suddenly facilitated a host of urgent and practi-
cal questions that engineers and physicists sought to answer. Speci cally — the
steam engine was of great interest. Originally the catalyst of the industrial rev-
olution itself — the theoretical study of steam engine ef ciency came to be the
start of the eld of thermodynamics [ 35]. In this effort, one of the most impor-
tant quantities in the eld of thermodynamics was introduced, namely  entropy.

First coined by Clausius in 1865 [36], entropy is a measure of the energy that
cannot be converted into work in a closed system — an idea closely linked to the
nite ef ciency and dissipation of heat in steam engines [ 37]. Clausius de ned
the change in entropy DS, as being greater than or equal to the quotient between
the heat exchangeDQ, and the absolute temperature T

DS % (2.92)

T

where the equality holds only for reversible processes. Later, Ludwig Boltzmann
came to give entropy its statistical interpretation as being proportional to the
logarithm of the number of possible con gurations of a system W — also known
as microstates

S kglnW. (2.93)

The eld of stochastic thermodynamids an extension of the traditional thermo-
dynamics discussed above. Being a relatively young eld, it was rst introduced

in the 1990s in the study of systems such as colloidal particles, molecular motors
and biopolymers [ 38]. The main difference between traditional thermodynamics
and stochastic thermodynamics is that observables in traditional thermodynam-
ics are macroscopic, and uctuations will be on the order of O(V), V being the
volume of the system. Consequently, two states that differ from each other by
less than O(V) are considered thermodynamically equivalent. Stochastic ther-
modynamics, on the other hand, admits microscopic observables at arbitrarily
high resolution. Moreover, in stochastic thermodynamics, the macroscopic state
is replaced by a probability distribution over microscopic states [ 39]. In the fol-
lowing subsection, we will introduce one of the central quantities in stochastic
thermodynamics: entropy production

2.5.1 Entropy Production

In equilibrium, physical systems exhibit an invariance under time-reversal trans-
formations. More concretely, detailed balance is observed

pIf xgjxolp (xo) = P'[f xgjxrlp (xT), (2.94)

where p[f xgjxo] denotes the path probability of a trajectory fx(t)g/_, condi-
tioned on an initial value xo, p'[f xgjx7] denotes its time-reversed counterpart
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Figure 2.6: Sketch illustrating the entropy production of an irreversible trajec-
tory. When the path probability of the forward trajectory differs from that of the
time-reversed trajectory, entropy is produced.

conditioned on the nal value xt and p (x) is the corresponding stationary dis-
tribution. Beyond equilibrium this does, however, not hold. Moreover, the extent
to which this equality is broken tells us how irreversible a certain process is and
how far the corresponding system is from the equilibrium regime. Along these
lines we may de ne the following quantity

S kgln PLFX9iXol

P xaixr]’ (2:99)

which is the entropy productionof a trajectory [40]. In the case of a scalar eld
f (x,t) propagated by Langevin dynamics, the probability of the eld trajectories
may not necessarily be directly accessible. As such, it is advantageous to switch
to a path integral representation of the dynamics. For the TDGL equation, we
may express the noise eld as

dF [f ]
df (x,t) '

h(x,t) = pl—q Mif (x,t)+ g (2.96)

where we made the magnitude of the noise explicit by including a factor P [e}
Furthermore, since the noise eld is Gaussian and uncorrelated in time and

space, we may express the probability of a noise trajectory, given an initial noise
ho, as

. 1R 2
p[fhgjhg] e 2 dtdxh(x)? (2.97)

Since the mapping between eld and noise h 7! f is purely deterministic, any
eld trajectory with given initial conditions can be uniquely determined from a
realization of the noise. In practice, this means that the probability of the eld
trajectories is proportional to that of the noise trajectories [ 8]

p[ffajfol pIlfhgjh], (2.98)
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which enables us to express the associated entropy production as

. Z h [
plffgjfol ks 2 2
fl=kgln ——== —= h(x, h'(x,t)* . 2.99
The only terms which will not cancel are the terms that are odd under time
reversal. Consequently, we are left with

z

S[f]:% dtdx  fif (x,1)

dF [f ]
df (x,t)

(2.100)

where we through h.i have made explicit that the entropy production is ob-
tained by averaging over trajectories. For the case when the eld is coupled to
an external, time-dependent eld F®(t) we may decompose the free energy into

F[f]1= FEI[f] f(x t)FY(1), (2.101)

such that the entropy production becomes

1 D E Z

S[f]= >t DFEA + dtdx Tf (x, t)F(t) (2.102)
where the term DF B4 hF B9(tgna) F E9(to)i is neglected to focus on the
direct contribution to the entropy production of the external eld. Moreover,
this term will for a periodic drive be bounded, and will vanish upon long time
averaging [12]. As such, the nal expression for the entropy production becomes

Z
1
S[f]= o7 dtdx fif (x, t)FY(t) . (2.103)

In Figure 2.7 the entropy production of a eld coupled to an external drive is
illustrated.

Figure 2.7: Sketch illustrating the entropy production (in red) of a scalar order
parameter eld coupled to an external eld (in blue).
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Methods

To study the critical nature of entropy production, numerical simulations of the
TDGL equation are performed. As a validation of the numerical implementation
of the model, equilibrium critical exponents, a, b, g and n are extracted and
compared to known theoretical values, for a 2D and a 3D lattice.

3.1 Solving the TDGL Equation

To numerically solve the TDGL equation, the python library py-pde has been
used. py-pde employs nite-difference time-domain methods to solve par-
tial differential equations as well as stochastic partial differential equations.
For stochastic partial differential equations, the solver uses the explicit Euler-
Maruyama method [ 41]

dF (1) P

fOGEH D= 1(x0) Dlggee o+ Dt” gh(x. 1), (3.1)

where the timestep has been set toDt = 0.01, for all simulations. The initial eld
con gurations are drawn from a uniform distribution  f(x,t=0) U [ 0.5,0.9,
and periodic boundary conditions are enforced f (x+ L,t) = f(x,t). Moreover,
the parameters of the free energy are settoa = 2b = 2(xg)? = % such that the
dissipative force becomes

dF (t)
Iar(x. 0

= tf (x,t)+ f(x1)3 %r %f (x,1), (3.2)

for equilibrium simulations and

A ), (3.3)

dF (t)

gdf(x,t) = tf (x,t)+ f(x1t)3

for non-equilibrium simulations. The magnitude of the noise is related to the
control parameter t by

g= 2gkgT = 2(1+t)G (3.4)
where G= 0.861.
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(@) In the ordered phase P(m) is a bi- (b) Near criticality P(m) approaches a
modal distribution. unimodal distribution centered at m =
0.

Figure 3.1: Probability distributions of the instantaneous order parameter, m, in
(a) the ordered phase and (b) near criticality, for a 16x16 lattice.

3.2 Meaningful Observables

For nite-size systems, the instantaneous magnetization

1,

m Fai fi (3.5)
will, during the course of a simulation, occasionally ip between opposite phases
m ! m. Thus the time average of the magnetization M hmi will vanish even
in the ordered phase, M = hmi = 0, as illustrated in Figure 3.1 To remedy this
we may dene jMj hjmji as our new order parameter, which does not vanish
in the ordered phase, M & 0. Since the magnetic susceptibility is de ned as

_ M
=

we could apply an external eld and calculate the rate of change of M for varying
eld strengths. An alternative way is to instead calculate

Cwm (3.6)

: h [
_IM _ fhmi _ T Tr(me M) 4 5. 5
which is another manifestation of the uctuation-dissipation theorem. More-
over, this expression is also valid in the absence of an external eld. Since we
used jMj as the order parameter, we may, for consistency, de ne the magnetic
susceptibility as h i
Cjmj = L% hm?i hj mji? , (3.8)

which, in a strict sense is not the "true” magnetic susceptibility, cm. cjy; will,
however, in the thermodynamic limit be equivalentto ¢ and will exhibit equiv-
alent nite-size scaling properties. The advantage of calculating c;y; instead of
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cw Iis that the former will be less "noisy” for nite time simulations. Similarly,
we may also use the uctuation-dissipation theorem to express the heat capacity
as _

Liph

C=— hE% h Ei? (3.9)

where E ﬁ a F is the instantaneous mean of the free energy eld. To de ne
an appropriate measure for the entropy production we note that we can rewrite
Equation (2.103 in the following way

v 4z

S dtdx T (x,t)F(t) = '2‘—T dt TemP(t) (3.10)

1
2T
such that we integrate out the internal degrees of freedom of the order param-

eter eld, f. This has the practical advantage of eliminating the need to store
complete eld con gurations when computing entropy production trajectories.

3.2.1 Estimation of Equilibrium Critical Exponents

To obtain the static critical exponents: a, b, g and n, the eld has to be evolved
for a suf ciently long time so that it reaches an equilibrium or at least a near
equilibrium con guration. Consequently, the eld is evolved to  t = 1P, where
statistics are collected at every time unit. The evolution of the eld for three
different temperatures is exemplied in Figure 3.2 Moreover, the rst 15000
data points are regarded as burn-in and are thus discarded. To get reliable
statistics, the relevant quantities are averaged over 10 independently initialized
runs. These simulations are done for 2D and 3D elds with side lengths L =
8,16, 32,64, to enable a nite-size scaling analysis. To extract critical exponents,
a curve is tted to a log-log plot of the relevant thermodynamic quantities using
the curve_fit function from the scipy.optimize library [ 42].

Figure 3.2: Snapshot of 2D, L = 64 elds under TDGL dynamics at t = 100 at
three different temperatures.
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3.2.2 Beyond Equilibrium

To emulate an incident laser pulse, we will set the external eld to
FeX(t) = hgsin (wt), (3.11)

i.e. a spatially homogeneous sinusoidal eld. The approximation that the eld
has no spatial variation is well founded — since the diameter of the laser pulse
in ultrafast spectroscopy experiments often is much larger than the sample size.
While previous theoretical studies have modeled the laser eld as a gaussian
wavepacket [8, 9], our choice of a purely sinusoidal eld is a simpli cation that
serves as a rst step to understanding the dynamics of ultrafast magnetization.
The protocol for the laser is de ned as the following: The eld is initialized to

a random con guration and then evolved freely, without an external eld, from

t = 0tot = 100. Subsequently, external eld is turned on and then drives the
order parameter eld from t = 100 tot = 1100, wherein data is collected. This
process is then averaged over 500 separate initializations, for each value oft .
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Results

This chapter is divided into two parts. The rst part, Section 4.1, covers the
extraction of critical exponents of equilibrium thermodynamic quantities. The
second part, Section4.2, details the analytical derivation of a closed-form expres-
sion for the entropy production. The validity of this expression is then assessed
by comparing it to numerical simulations of the entropy production.

4.1 Equilibrium

This section contains the nite-size scaling analysis of the magnetization, mag-
netic susceptibility, and heat capacity for 2D and 3D scalar order parameter
elds with TDGL dynamics. In addition, the Binder cumulant is calculated to
ascertain the critical point and the value of the critical exponent n. Established
values of the critical exponents — along with values calculated in this work are
compiled and compared in Table 4.1

4.1.1 Binder Cumulant

Figure 4.1aand Figure 4.2ashow Binder cumulants obtained from TDGL sim-
ulations for 2D and 3D systems of varying sizes. From these gures, we can
obtain an estimate for the effective critical point t ¢, by extracting the point of in-
tersection of the Binder cumulants of the largest (L = 64) and the second largest
system (L = 32). These effective critical points were tc = 0.6844 for the 2D
system, andtc = 0.5265 for the 3D system. By shifting and rescaling the x-axis
t 1 (t tc)LY" we see in Figure 4.1band Figure 4.2bthat the Binder cumu-
lants for all system sizes collapse onto a single line. This is an indication that
the effective critical points were chosen correctly and that the known values for
the critical exponent n(n = 1 and n = 0.63 for 2D and 3D respectively) are in
agreement with the data obtained from the simulations.
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(a) Binder cumulants for different sys- (b) Binder cumulants collapsed onto a
tem sizes. single curve by choosing n = 1 and
tc= 0.6844

Figure 4.1: Finite-size scaling of the Binder cumulant in 2D.

(a) Binder cumulants for different sys- (b) Binder cummulants collasped unto
tem sizes. a single curve by choosing n = 0.63
andtc = 0.5265

Figure 4.2: Finite-size scaling of the Binder cumulant in 3D.

4.1.2 Magnetization

Figure 4.3a and Figure 4.4a show the magnetization jMj, plotted against the
control parameter t for a 2D and a 3D system, respectively. For both the 2D
and the 3D systems, the nite-size effects are striking. For systems with a side
length of L = 8, the magnetization is almost monotonic, and no distinct phase
transition is apparent. On the contrary, for a system with a side length of L = 64,
we can see a pronounced phase transition that separates the ordered and the
disordered phase. In Figure 4.3band Figure 4.4bthe value of the magnetization
at the effective critical point is plotted against system size in a log-log plot. The
slope of the tted line is equal to the negative ratio of the critical exponents b

and n. As such, we get that % = 0.1234 for the 2D system and% = 0.5499 for
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the 3D systems, and the deviation from the known values ( % = % = 0.125 for 2D

and % = 0.518 for 3D) are 1.28% and 6.16% for 2D and 3D, clearly showing that
the simulations exhibit a qualitative and, to some degre,e quantitative agreement

with known results.

(@) Plot of the magnetization jMj,
against the controll parameter t, for
different values of the system size L.

(b) Log-log plot of the magnetiza-
tion jMj, at the critical point plotted
against the system size L. The solid
black line shows the logarithm of an
exponential function that is tted to

the data.

Figure 4.3: Finite-size scaling of the magnetization in 2D.

(@) Plot of the magnetization jMj,
against the controll parameter t, for
different values of the system size L.

(b) Log-log plot of the magnetiza-
tion jMj, at the critical point plotted
against the system size L. The solid
black line shows the logarithm of an
exponential function that is tted to

the data.

Figure 4.4: Finite-size scaling of the magnetization in 3D.
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4.1.3 Susceptibility

Figure 4.5aand Figure 4.6ashow the magnetic susceptibility c;y; plotted against
the control parameter t. From these plots we see that the divergent tendency of
the magnetic susceptibility is only really apparent for the systems with a side
length of L = 64. For smaller systems nite-size effects inhibit the singularity
in susceptibility we expect at tc. In Figure 4.5b and Figure 4.6b the value of
the magnetic susceptibility at the critical point is plotted against system size, for
2D and 3D systems, in a log-log plot. Once again, the slope of the tted curves
reveals the critical exponent ratios. They are g/ n = 1.5916 for the 2D system
and g/ n= 1.8511 for the 3D system. This is a deviation of 9.1% and 5.7% from
the established critical exponent ratios of g/ n= 7/4 = 1.75 andg/ n=1.964 for
2D and 3D systems. Again, this shows that qualitatively the critical scaling of
the magnetic susceptibility has been captured to some extent.

(a) Plot of the magnetic susceptibility  (b) Log-log plot of the magnetic sus-

Cjmj. against the control parameter t, ceptibility cjy;, at the critical point

for different values of the system size  plotted against the system size L. The

L. solid black line shows the logarithm of
an exponential function that is tted to
the data.

Figure 4.5: Finite-size scaling of the magnetic susceptibility in 2D.
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(a) Plot of the magnetic susceptibility  (b) Log-log plot of the magnetic sus-

Cjmj. against the control parameter t,  ceptibility c;y;, at the critical point

for different values of the system size  plotted against the system size L. The

L. solid black line shows the logarithm of
an exponential function that is tted to
the data.

Figure 4.6: Finite-size scaling of the magnetic susceptibility in 3D.

4.1.4 Heat Capacity

Figure 4.7aand Figure 4.8ashow the heat capacity C, plotted against the control
parameter t . In 2D, the heat capacity is only logarithmically divergent, which is
evident from Figure 4.7bwhere the value of the heat capacity is plotted against
system size. Here we see that a logarithmic curve is successfully tted to the
data points. In 3D, the heat capacity is, however, divergent. From Figure 4.8Db,
where the value of the heat capacity at the critical point is plotted against the
system size in a log-log plot, we obtain that the associated critical exponent ratio
isa/ n= 0.2010. This is a deviation of 14.9% from the true value of a/ n= 0.175.
Even though the discrepancy is notable, the fact that the 3D system exhibits
a power law divergence whilst the 2D system is logarithmically divergent is
indicative that the method used qualitatively captures the critical scaling of the
heat capacity.
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(a) Plot of the heat capacity C, against (b) Plot of the heat capacity C, at the
the control parameter t, for different  critical point plotted against the sys-

values of the system size L. tem size L. The solid black line shows
a logarithmic function that is tted to
the data.

Figure 4.7: Finite-size scaling of the heat capacity in 2D.

(a) plot of the heat capacity C, against (b) Log-log plot of the heat capacity

the control parameter t, for different  C, at the critical point plotted against

values of the system size L. the system size L. The solid black line
shows the logarithm of an exponential
function that is tted to the data.

Figure 4.8: Finite-size scaling of the heat capacity in 3D.

4.1.5 Brief Summary

Table 4.1 summarizes all critical exponent ratios that were obtained from the
nite-size scaling analysis in the previous subsections. As stated previously,
these results clearly show that TDGL simulations are exhibiting a critical scaling
behaviour that is qualitatively correct: The critical exponent ratios are consis-
tently larger in 3D than in 2D; the heat capacity diverges logarithmically in 2D
and with a power law in 3D.
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Table 4.1: Critical exponent ratios for 2D and 3D systems obtained in this work
compared to known values. Known 2D values are obtained analytically from
the Onsager solution, known 3D values are obtained from state-of-the art nu-
merical Monte Carlo simulations. "0" indicates that a logarithmic function was
successfully tted to the data.

a/n b/ n g/ n
3D[43 | 0.175 0.518 1.964

Known values

2D [19] 0 1/8 714

3D 0.2010 0.5499 1.8511
Present work

2D "o" 0.1234 1.5916

To ascertain whether systematic errors are present, we may check if the scaling
laws/critical exponent identities introduced in Section 2.1.5hold for our numer-

ically obtained critical exponents. In 2D, Josephson's Identity (2 a = nd) is
trivially satis ed, and in 3D (where n = 0.63) we get an approximate agreement

0.633+ 0.2010 = 2.0223, (4.1)

with a deviation of 1.12%. Furthermore, in 2D, Rushbrooke's Identity ( a+ 2b +
g=2)
0+ 2 0.1234+ 1.5916= 1.8384 4.2)

holds to a lesser degree, deviating 8.3%, while in 3D
0.630.2010+ 2 0.5499+ 1.8511) = 1.9857 (4.3)

the agreement is stronger, only deviating 0.72%. As such, we can hypothesize
that there exists some internal consistency of errors for at least the 3D simula-
tions, since the deviations from the scaling laws are lower than the deviations
from the individual critical exponents.

4.2 Out of equilibrium

This section covers rst the analytical derivation of a closed-form expression of
the entropy production of a scalar order parameter eld coupled to an external
sinusoidal drive. This expression is then compared to numerical data — and its
validity is assessed.

4.2.1 Response of the Field

Under the in uence of an external oscillating eld, we may hypothesize that the
order parameter will oscillate as well

f(x,t) = mg+ fosin(wt+ j), (4.4)
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(a) Magnetization trajectory in the dis- (b) Magnetization trajectory in the or-
ordered phase, fort = 0.61. dered phase, fort = 0.75.

Figure 4.9: Plot of the instantaneous magnetization m against time t, for a 2D,
L = 64 eld driven by an external eld with w = 0.04p and hp = 0.1. The mean
over trajectories is plotted in blue and 1s in orange. A number of individual
trajectories in grey are also included.

around some xed value mg with an amplitude fo. This assumption is in part
phenomenological. In Figure 4.9 we see that under a harmonic drive, the in-
stantaneous magnetization oscillates more or less sinusoidally. Furthermore, we
posit that the response of the order parameter eld lags behind the driving laser,
thereby incurring a phase shift j . If we take this expression and insert it into the
TDGL equation we get

fowcos(wt+ j)= 2gatf gsin(wt+ j)+
ghgsin(wt) + h(x,t) 2gat mg, (4.5)
where we have neglected higher-order terms under the assumption that we are
near the critical pointand f is small. Moreover, to explicitly study how the phase

shift, j , depends on the driving frequency of the laser w, we may disregard the
last two terms. As such we are left with

fowcos(wt+ j)= 2gatf gsin(wt+ j)+ ghgsin(wt). (4.6)

To proceed we will shift the time wt ! wt | and rewrite the shifted eld as
sin(wt j)= sin(wt)cos(j) cos(wt)sin(j). After rearranging the terms we
get

cos(wt) (fow + ghgsin(j )) = sin(wt) (ghgcos(j ) 2gatf o). 4.7)
If the equation above is to hold for all t, we need

fow 2atf

sin(j)= ——, cos(j)= : 4.8
() aho () ho (4.8)
Combining these results we get
S\ W w
tan(j) = 2atg =) j = arctan Zatg (4.9)
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(a) Plot of the phase shift between the (b) Plot of the amplitude of the re-
laser eld and the response eld, | sponse eld, fagainstthe control pa-
against the control parameter t, for rametert, for w/ag = 1 and hg/ a =
w/ ag = 1. 1.

Figure 4.10: Analytic expressions for the amplitude, fq, and the phase shift, |
of the response eld.

Using Equation (4.8) and Equation (4.9) we may also extract an expression for
the amplitude of the response eld
ho 1

_ ho S ;
fo= Ecos(j)— T (4.10)

4.2.2 Analytical Expression for Entropy Production

Now that we have an ansatz for the response of the eld to the external eld we
may derive a closed form expression for the entropy production.

12 LdZ
S= o7 dxdt fi:f (x, t)FY(t) = o7 dtf gw cos(wt + j )hgsin(wt),
(4.11)
Since we are working with a periodic drive we may set the bounds of integration
to be one period of the laser eld, t 2 [0,2p/ w]. Furthermore we now de ne
an intensive expression for the entropy production $ %%S. Evaluating the

integral now gives us
1 Whofo N
= —_—— " 412
5T Sin (). (4.12)
tan?(j )
1+tan?(j )’
Using Equation (4.9 we arrive at

We may set sin(j ) = if we also set fg = hg/ P (2at )2+ (w/ g)2.

o= 1 gh? w2
~ 2T 2 (2atg)?+ w?’

(4.13)
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Figure 4.11: Entropy production as a function of the driving frequency w and
the control parameter t .

which constitutes one main result of this thesis. The (intensive) dissipated heat
which isdened as w T8, is thus a Lorentzian centered at the critical point.
In the high drive frequency limit we note that the entropy production becomes
inversely proportional to the temperature

g1 Loh
wox 2T 2

Conversely, in the low drive frequency limit we expect the entropy production
to peak at the critical point t = 0, albeit with a vanishing amplitude

(4.14)

1 ghgw?
I — 20" 4.1
w! 0 2T (2atg )2 0 (4.19)

which keeps it from diverging properly, as seen in Figure 4.11 Consequently,
since the entropy production does not diverge at the critical point, we do not
expect the entropy production to exhibit any nite-size scaling. Moreover, since
the entropy production is analytic at all points T 6 0, we do not expect the
derivative of the entropy production with respectto t, ; S, to scale either.

4.2.3 Comparison to Numerical Results

Figure 4.12shows the entropy production obtained from TDGL simulations be-

sides the entropy production computed analytically from Equation (  4.13, where
the inclusion of noise is accounted for by the shift t ! t tc. Some differences
are noticeable. In the ordered phase, for small t, the analytical expression over-
estimates the entropy production greatly. Moreover, in Figure 4.12awe see that
the peak of the entropy production shifts towards the ordered phase for lower

driving frequencies — away from the equilibrium critical point tc = 0.6844,
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